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The relic abundance of thermal dark matter depends not only on its particle interactions but also on the
expansion history of the early Universe. We study the freeze-out of fermionic dark matter interacting with
the Standard Model through higher-dimensional electromagnetic operators in an early matter-dominated
cosmology. In particular, we consider magnetic-dipole, electric-dipole, anapole, and charge-radius
interactions and compute the interaction strengths required to reproduce the observed dark matter relic
abundance, accounting for the subsequent entropy injection from the decay of a long-lived heavy field. We
compare the resulting parameter space with that obtained in the standard radiation-dominated freeze-out
scenario and confront it with current constraints from direct-detection experiments and solar-neutrino
searches. We find that the entropy dilution associated with an early matter-dominated epoch significantly
reduces the interaction strength required to obtain the observed relic abundance, thereby opening regions of
parameter space that are excluded within the conventional cosmological history.
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I. INTRODUCTION

The nature of particle dark matter (DM) remains one of
the most intriguing puzzles in modern physics. In the
absence of a clear detection thus far, the characterization
of possible DM candidates is essentially governed by two
fundamental elements, namely, the precise nature of the
early Universe cosmology and the microscopic dynamics
dictating the interactions of the DM candidates among
themselves as well as with the Standard Model (SM)
particles.
On the cosmological side, the Universe is generally

understood to have been radiation-dominated during big
bang nucleosynthesis (BBN) [1]. Owing to our limited
knowledge of the pre-BBN era, a common assumption is,
therefore, that radiation domination persisted from post-
inflationary reheating until BBN. However, alternative
thermal histories of the early Universe remain viable, since
there is no direct evidence requiring the Universe to have
been radiation dominated throughout the entire period
between inflationary reheating and BBN. The possibility

of such nonstandard cosmologies has elicited extensive
studies of their attendant consequences, especially in the
context of DM physics [2–17].
The weakly interacting massive particle (WIMP) para-

digm has historically provided a compelling DM candidate,
since stable particles with weak-scale masses and weak-
strength interactions naturally produce the observed relic
abundance via thermal freeze-out [18].While DM freeze-out
calculations are typically performed under the assumption
of radiation domination, freeze-out may instead have taken
place during an era in which the dominant energy density
redshifted differently from radiation, thereby affecting the
DM freeze-out dynamics. DM freeze-out during an early
matter-dominated era is one of such scenarios that has been
studied in Ref. [19], following the original motivation of
Ref. [2]. It assumes the presence of a heavy field that comes
to dominate the energy density of the Universe, leads to an
early period of matter domination, and subsequently decays
into radiation prior to BBN, thereby injecting entropy into
the thermal bath. An important consequence of an early
matter-dominated era is that it allows for overproduction of
DM at freeze-out, which gets diluted later due to the entropy
injection. Equivalently, this allows for weaker annihilation
cross sections, which have been shown to reopen viable
parameter space for otherwise strongly constrained DM
freeze-out models [19–22].
As for the particle identity of DM and its interactions

with SM particles, there exist a plethora of possibilities,
most notably within the WIMP paradigm [23–28]. What
then serves to reduce the number of possibilities is the
assumption of minimality. One such minimal, albeit
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interesting, possibility is that DM interacts only electro-
magnetically with the SM sector. The scenario in which
DM carries an electric charge is strongly disfavored by
cosmological observations [29,30], astrophysical probes
[31–33], and direct detection experiments [34]. Therefore,
a well-motivated alternative is that DM is electrically
neutral and yet interacts electromagnetically through
higher-dimensional operators—the leading ones being
characterized by electromagnetic multipole moments
[35–43]. For a Dirac fermion DM, these comprise (up
to dimension 6) the magnetic dipole moment, electric
dipole moment, charge radius, and anapole operators. In
the case of a Majorana fermion DM, the only possible
electromagnetic couplings are furnished by the anapole
operator and its higher moments [40,44].
However, previous studies of multipolar DM candi-

dates have derived strong limits from direct detection
[38,43,45–50], astrophysical and cosmological observa-
tions [48,51–53], and collider experiments [54–56]. When
combined with the DM relic density requirement under the
assumption of a radiation-dominated freeze-out scenario,
these bounds leave the parameter space strongly con-
strained. In this work, our key goal is to consider the case
of matter-dominated freeze-out as discussed in the pre-
vious paragraphs and explore whether an alternative early
cosmology can help evade the existing experimental
bounds on the parameter space.
This paper is structured as follows. In Sec. II, we discuss

the matter-dominated freeze-out scenario and calculate the
DM relic abundance after freeze-out and the subsequent
entropy injection. In Sec. III, we mention several ways a
neutral DM candidate can interact with the SM electro-
magnetically and derive the DM annihilation cross section
to the SM for such models. In Sec. IV, we present the
allowed parameter space and discuss how an early matter-
dominated era relaxes the experimental constraints on the
multipolar DM models considered in this work. We finally
conclude in Sec. V.

II. MATTER-DOMINATED DARK
MATTER FREEZE-OUT

In this section, we discuss the DM freeze-out mechanism
in an early matter-dominated cosmology, originally pro-
posed in Ref. [19]. We elaborate on the differences between
the matter-dominated freeze-out from the conventional
radiation-dominated freeze-out mechanism, for example,
the change in the expansion history and the presence of a
heavy field that results in early matter-dominated era. We
present an analytic prescription for the Boltzmann analysis
for calculating the freeze-out temperature and DM relic
density.

A. General setup and dark matter relic abundance

Following the discussion of Ref. [19], we introduce a
sufficiently long-lived heavy scalar ϕ that starts evolving as
matter at a critical temperature T⋆ such that its energy
density ρϕ scales as a−3, where a is the cosmological scale
factor. Therefore, given ϕ is long lived enough, there will
be a matter-dominated period in the early Universe. In the
simplest scenario, ϕ decouples from the thermal bath so
that ϕ starts behaving as matter at T⋆ ∼mϕ, where mϕ is
the mass of the heavy scalar.1 This early matter domination
ends following the decay of the ϕ field and transitions to a
radiation-dominated era. From here on, every quantity with
subscript ⋆ is evaluated at T ¼ T⋆.
The fraction of energy density contained in radiation at

T⋆ can be defined as

r≡ ρR þ ρχ
ρR þ ρχ þ ρϕ

����
T¼T�

; ð1Þ

where, ρχ and ρR are the energy density of the DM, χ, and
the SM thermal bath, respectively.
When T > T⋆, both the DM and ϕ behave as radiation

along with the SM thermal bath. The energy density of the
radiationlike component is determined as ðπ2=30ÞgRT4,
where gR is the internal degrees of freedom in radiation.
The Hubble parameter is determined by the total energy

budget of the Universe,

H2 ¼ 8π

3M2
Pl

ðρR þ ρϕ þ ρχÞ; ð2Þ

which, for practical purposes, we rewrite in the following
form:

H2

H2
⋆
¼
�

g�r
g� þ gχ

�
a⋆
a

�
4

þð1− rÞ
�
a⋆
a

�
3

þ gχr

g� þ gχ

�
a⋆
a

�
4
�
:

ð3Þ

Here, the normalization factor is the Hubble para-
meter, H⋆ ≡HðT⋆Þ ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4π3=45

p
g1=2� ðT⋆ÞT2

⋆=MPl, because
g� ≫ gχ ; gϕ, where, g�; gχ , and gϕ are the internal degrees of
freedom of the SM, DM, and ϕ.
Assuming entropy conservation in the radiation bath

prior to significant ϕ decay, the scale factor a and temper-
ature T are related as�

a⋆
a

�
≃
�
g�ðTÞ
g�ðT⋆Þ

�
1=3 T

T⋆
; ð4Þ

1In general, if ϕ is decoupled from the thermal bath, T⋆
represents the Standard Model temperature at which ϕ becomes
matterlike. Also, ϕ could be a fermion or a vector boson instead
of a scalar. Importantly, ϕ is assumed to have no coupling with
the DM at the tree level.
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allowing the Friedmann equation to be expressed explicitly
in terms of T.

B. Modified Hubble expansion and freeze-out condition

The freeze-out condition is defined by equating the DM
annihilation rate per DM particle Γann;χ , with the Hubble
parameter

Γann;χ ¼ HðTfÞ; ð5Þ

such that at a thermal bath temperature Tf the DM particles
cease to annihilate and their abundance freezes out.
Thus, the freeze-out conditions depend strongly on the

expansion history of the Universe—namely, the standard
radiation-dominated universe (H ∝ T2), early matter-domi-
nated universe (H ∝ T3=2) [2,19], particle decay/heating
(H ∝ T4) [3,57], kination (H ∝ T3) [58], etc.
We consider the simplest scenario of a purely matter-

dominated Universe such that the decay of ϕ can be
neglected when the DM freeze-out occurs. Apart from
the different expansion rate in an early matter-dominated
Universe, the entropy produced by the decay of ϕ dilutes
the DM abundance produced at freeze-out, reducing the
relic abundance by a factor ζ,

Ωrelic;χ ¼ ζΩf;χ ; ð6Þ

which we call as the entropy dilution factor.
We define the decay temperature TΓ as the point when

the ϕ decay width Γϕ becomes comparable to the Hubble
expansion rate HðTΓÞ. In the sudden decay approximation,
the reheating temperature, TRH,

2 corresponding to ϕ is
given as TRH ≃

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ΓϕMPl

p
, and the entropy dilution factor is

given as [11]

ζ ≡ sbefore
safter

≃
�

TΓ

TRH

�
3

; ð7Þ

where sbeforeðsafterÞ is the entropy density before (after) ϕ
decay. Using Eqs. (4) and (7), we can derive the following
form for TΓ, relating TRH and the dilution factor [20]

TΓ ≃
�

45

4π3g⋆ð1 − rÞ
T4
RH

T⋆

�
1=3

: ð8Þ

C. Dark matter yield and relic density

In the initially radiation-dominated Universe, at a tem-
perature T⋆, the ϕ field becomes nonrelativistic, and its
energy density grows relative to radiation and eventually
drives the Universe into matter domination. We denote by

TMD the temperature at which this transition occurs,
defined as the point where the ϕ field contributes half of
the total energy density. This temperature is related to T⋆
via [20,21]

TMD ¼ 1 − r
r

�
g�ðT⋆Þ
g�ðTMDÞ

�
1=3

T⋆: ð9Þ

In both matter- and radiation-dominated cosmologies,
the Hubble parameter scales inversely with time t. It is
therefore convenient to adopt the parametrization

H ¼ ν

t
; ð10Þ

with ν ¼ 2=3 and ν ¼ 1=2 for matter and radiation domi-
nation, respectively.
The Boltzmann equation for the DM relic abundance

Yχ is

dYχ

dt
¼ −hσvisðTÞðY2

χ − Y2
χ;eqÞ; ð11Þ

where x ¼ mχ=T, hσvi is thermally averaged annihilation
cross section, sðTÞ is the entropy density, and the equilib-
rium abundance for DM is [59]

Yχ;eq ¼ bx3=2e−x; ð12Þ

where b ¼ ð45gχÞ=ð4
ffiffiffi
2

p
π7=2g�SÞ and gχ is the DM internal

degrees of freedom (2 for complex scalar and 4 for Dirac
fermion). The DM annihilation cross section can be
expanded in a power series around x ¼ 0,

hσvi ¼
X∞
n¼0

σnx−n: ð13Þ

The DM abundance equation can, then, be reorganized as

dYχ

dx
¼ −

X
n

λnx−n−2g
1=2
eff ðY2

χ − Y2
χ;eqÞ; ð14Þ

where the quantity λn contains the cross section and is
defined as

λn ¼ ν

ffiffiffiffiffiffi
4π

45

r
mχMPlσn; ð15Þ

with geff being the effective internal degrees of freedom
given as

g1=2eff ≃g1=2⋆ ðT⋆Þ
�
3T⋆ð1− rÞx

4mχ
þ r

��
T⋆ð1− rÞx

mχ
þ r

�
−3=2

:

ð16Þ
2Not to be confused with the inflationary reheating temper-

ature.
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As we show in Appendix A, an approximate analytic
derivation of this differential equation provides the follow-
ing form for the freeze-out abundance:

ΩMD
relic¼ ζΩMD

f ;

ΩMD
f h2¼ 109

MPl

 X
n

ffiffiffiffiffi
g�

p ð1−rÞ−1=2x1=2⋆ σnGeV

ðnþ3=2Þxnþ3=2
f

!−1

: ð17Þ

For reference, in the case of radiation-dominated freeze-out
[60], the relic density is given as

ΩRD
relich

2 ¼ ΩRD
f h2 ≃

109

MPl

 X
n

ffiffiffiffiffi
g�

p
σn GeV

ðnþ 1Þxnþ1
f

!−1

: ð18Þ

The freeze-out temperature for matter domination and
radiation domination is given as

xMD
f ¼ ln

�
Ãm3=2

χ T−1=2
⋆ ð1 − rÞ−1=2

X
n

ðnþ 1Þσnx−n−1f

�
;

xRDf ¼ ln
�
Ãmχ

X
n

ðnþ 1Þσnx−n−1=2f

�
; ð19Þ

where the prefactor is defined as

Ã ¼
ffiffiffiffiffi
45

p
gχffiffiffiffiffi

32
p

π3
g−1=2⋆ MPl:

A detailed derivation of the above equations is given in
Appendix A. We also discuss in Sec. IV B the validity of
sudden decay of ϕ, an assumption that we made while
deriving the DM relic density during matter domination.

D. Consistency conditions

The freeze-out analysis presented before relies on several
assumptions, particularly regarding the hierarchy of cos-
mological energy scales and the ordering of the relevant
processes in the early Universe. In this section, we outline
the cosmological consistency requirements necessary for
the validity of our treatment.
With the characteristic scales defined, the parameter

space relevant for matter-dominated freeze-out is restricted
by the following consistency conditions:

(i) DM freeze-out happens during the matter-dominated
epoch, Tf < TMD ≲ T⋆.

(ii) The reheating resulting from ϕ decays must occur
before BBN, such that TRH > TBBN ∼ 10 MeV,
where TBBN is the characteristic BBN tempera-
ture [61].

(iii) Freeze-out must occur well before the decay of ϕ
becomes important. We therefore require Tf ≫
TΓ; TRH so that the matter-dominated freeze-out
treatment remains applicable. For a continuous

decay of ϕ, entropy production during freeze-out
may require a more careful treatment, as discussed in
Sec. IV B.

(iv) Finally, DM must be nonrelativistic at freeze-out,
Tf < mχ=3 [18].

When these conditions are satisfied, DM freeze-out
occurs in a purely matter-dominated background, and the
analytical treatment developed in the previous section
provides an accurate description of the relic abundance.
It is important to note, however, that the parameter space

beyond this region is not necessarily excluded but instead
requires a more careful analysis.

III. MULTIPOLE DARK MATTER:
THEORETICAL RECIPE

In this section, we define the electromagnetic interactions
of an electrically neutral DM candidate and delineate their
implications for DM annihilation and scattering processes.
As previously stated, such a DM species can have effective
couplings with the photon through electromagnetic
moments. Up to mass dimension 6, these electromagnetic
interactions are most generally specified by the CP-even
magnetic dipole moment (MDM), charge radius (CR) and
anapole (AP) operators, and the CP-odd electric dipole
moment (EDM) operator. Assuming a spin-1=2 fermion
(χ) as the DM candidate, these operators are explicitly
defined as

Lð5Þ
MDM ¼ g

Λ
χ̄σμνχFμν ðmagnetic dipoleÞ

Lð5Þ
EDM ¼ ig

Λ
χ̄σμνγ5χFμν ðelectric dipoleÞ

Lð6Þ
CR ¼ g

Λ2
χ̄γμχ∂νFμν ðcharge radiusÞ

Lð6Þ
AP ¼ CAP

g
Λ2

χ̄γμγ5χ∂νFμν ðanapoleÞ; ð20Þ

with coefficients characterized by a dimensionless param-
eter g and a cutoff scale Λ.3 Here, Fμν is the electromagnetic
field strength, and σμν ¼ ði=2Þ½γμ; γν� denotes the spin
tensor. Although the preceding list of operators is most
generally allowed for a Dirac fermion, it must be noted that
for a Majorana fermion the dipole moments and the charge
radius operator vanish identically, leaving the anapole
moment as the leading gauge-invariant coupling to the
photon [40,44]. Accounting for this possibility, we include
in LAP the prefactor CAP ¼ 1ð1=2Þ for Dirac (Majorana)
fermions.
As the processes governing the DM phenomenology are

annihilation (to SM particles) and scattering (off nucleons),
it is perhaps instructive to get a qualitative idea of the

3Presumably, these operators are loop-induced moments gen-
erated by a heavy, charged, dark sector particle running in the
loop with a characteristic scale ∼Λ.
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possible effects of the aforementioned higher-dimensional
operators on the nature of the corresponding cross sections.
In particular, an estimate of the energy-momentum depend-
ence of the said cross sections would be directly relevant in
the discussions to follow regarding the DM’s freeze-out
dynamics as well as the constraints derived from direct
detection experiments and indirect observations. To address
these aspects systematically, we note that DM annihilations
proceed either through an s-channel exchange of a photon
or through a t-channel process mediated by the DM
propagator itself. On the other hand, the DM-nucleon
scattering, understandably, proceeds solely via a t-channel
photon exchange. For brevity, we discuss the photon and
DM mediated processes individually as follows.
Photon exchange: The 2 → 2 s-channel processes in this

case are χχ̄ → ff̄;WþW−, where f denotes the SM
fermions. The t-channel exchange corresponds to the
DM-nucleon scattering χN → χN. The amplitudes of these
processes can be written in a general current-current
interaction form, namely,

M ¼ Jμχðp1; p2; qÞJμ;SMðk1; k2; qÞ
q2

; ð21Þ

where the factor Jμχ specifies the dark sector current
originating from the multipole operators and JμSM denotes
the contribution emanating from a purely SM current. The
currents in general depend on the momenta of the DM and
the visible sector particles, namely, ðp1; p2Þ and ðk1; k2Þ,
respectively. The variable q denotes the momentum
exchange flowing through the photon propagator, which
goes as q2 ¼ s for s-channel annihilations and q2 ¼ t for
scatterings, where s and t are the usual Mandelstam
variables. With the above definition in place, the following
remarks are now in order:

(i) First, the derivatives in the operators have a con-
trasting, and in fact opposite, role to play in DM
annihilations as compared to scattering processes.
The mentioned processes being mediated by a
photon, the derivative couplings simply translate to
an additional dependence on the momentum ex-
change (q) via the photon propagator. Therefore,
the net dependence of the dark sector currents on q
can be readily factored out as

Jχ;μ ∝ ðqρημσÞJ ρσ
χ ðfor dipolesÞ

∝ ðq2ημν − qμqνÞJ ν
χ ðfor AP and CRÞ ð22Þ

where J χ’s encapsulate the spinorial pieces of the
currents.
Clearly then, the explicit dependence on momen-

tum transfer in the currents leads to an enhancement
in the cross sections in the case of DM annihilations
(when q2 ¼ s) and to a suppression in the case of a

low-energy scattering off a nucleon (when q2 ¼ t).
By comparing the Lorentz structure of the currents,
we see that the annihilation cross section in the case
of an anapole or charge radius DM is expected to
receive a larger enhancement (by a factor of s ∼ 4m2

χ)
as compared to that for a dipole DM. By the same
argument, then, the scattering cross section involving
an AP or CR DM would be relatively more sup-
pressed.

(ii) Apart from the dependence on the momentum ex-
change, the amplitudes also depend on the momenta
of the incoming DM particle(s). The order at which
the 3-momenta of the DM particles enter the ampli-
tudes determines the nature of the annihilation cross
sections vis à vis their dominant partial-wave behav-
ior. The expected behavior can already be gleaned at
the Lagrangian level, at least qualitatively, by looking
at the transformation properties of the operators under
parity. With the P-even operators (MDM and CR),
the DM annihilation cross sections is understood to
be dominantly s-wave in nature, whereas a p-wave
nature is expected with an odd number of insertions
of the P-odd ones (AP and EDM). This is most
explicitly realized by reducing the spinor structure of
the operators in the nonrelativistic (NR) limit and
keeping terms to lowest order in the DM 3-momenta.
For instance, for the specific case of an anapole DM
which is a Dirac fermion annihilating to a pair of SM
fermions (f), the amplitude in the center of mass
frame in the NR limit reduces to

½v̄χðp2Þγμγ5uχðp1Þ�½ūfðk1Þγμvfðk2Þ�
!NR2imf½ξ†2ðp⃗1 × σ⃗Þiξ1�½ϕ†

1σiϕ2� þOðp⃗3Þ; ð23Þ

where σi are the usual Pauli spin matrices and ξ1;2
are the two-component Pauli spinors corresponding
to ðu; vÞχ , respectively, and so are ϕ1;2 for the SM
fermions. Being linear in p⃗ at the leading order, the
NR amplitude clearly suggests a p-wave nature of
the cross section associated with it. For reference, a
complete list of the NR limits and the corresponding
partial-wave behavior of the multipole operators is
summarized in Table I. In the following subsection,
we show explicitly the velocity dependence of
thermally averaged cross section hσvreli for self-
annihilation and scattering processes. We show, in
particular, for the case of Anapole DM, that in-
deed hσvreli ∝ v2rel.

DM exchange: The remaining channel for DM annihi-
lation, viz., χχ̄ → γγ, is a t-channel process involving a DM
propagator. Notably, the cross section for the process
vanishes identically in the case of anapole and charge
radius operators. For insertions of dipole operators, the
general form of the amplitudes can be written as
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Mt ∝
v̄χðp2ÞΓμνð=p1 − =k1 þmχÞΓρσuχðp1Þ

t −m2
χ

k2μk1ρ

× ϵ�νðk2Þϵ�σðk1Þ ð24Þ

Mu ∝
v̄χðp2ÞΓμνð=p1 − =k2 þmχÞΓρσuχðp1Þ

u −m2
χ

k1μk2ρ

× ϵ�νðk1Þϵ�σðk2Þ ð25Þ

for the t and u-channels, respectively. Here, k1;2 are the
photon momenta, and Γμν acts as a placeholder for the
gamma matrices present in the MDM and EDM operators.
Following the arguments made in the preceding segment,

it is readily inferred that the cross section for the diphoton
process will always be dominantly s-wave in nature. This is
true even for an EDM DM due to the presence of two
insertions of the P-odd operator in the amplitude. Also,
since in the NR regime t ¼ u ≈ −m2

χ and mχ is the only
mass scale present in the process, it is easy to estimate from
dimensional analysis that the cross section would scale as
σγγ ∝ m2

χ=Λ4 for both MDM and EDM couplings.
Having illustrated the salient features of the various

processes involving multipole DM operators, we present in
the following subsection the expressions for the thermally
averaged annihilation cross sections hσvreliann. We find that
the explicit momentum dependence of hσvreli is in agree-
ment with the preceding assertions. The detailed deriva-
tions of hσvreli are given in Appendix B. The expressions
for the DM-nucleon scattering cross sections for these
operators can be found in Refs. [50,62].

A. Expressions for annihilation cross sections

Here, we make a list of the thermally averaged annihi-
lation cross section formulas in the NR limit as a power
series expansion in the relative velocity vrel of the incoming
DM particles.4 We invoke for the relevant processes only

one multipole DM operator at a time5 and categorize the
expressions accordingly as follows:

1. For anapole

hσvreliχχ̄→ff̄ ¼ C2AP
2CFαg2m2

χ

3Λ4

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

m2
f

m2
χ

s  
1þ m2

f

2m2
χ

!
hv2reli;

hσvreliχχ̄→WþW− ¼ 2αg2m6
χ

3Λ4m4
W
hv2reli; ð26Þ

2. For electric dipole moment

hσvreliχχ̄→ff̄ ¼ CFαg2

3Λ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

m2
f

m2
χ

s �
1þ m2

f

2m2
χ

�
hv2reli;

hσvreliχχ̄→WþW− ¼ αg2m4
χ

3Λ2m4
W
hv2reli;

hσvreliχχ̄→γγ ¼
g4m2

χ

πΛ4
ð8þ 5hv2reliÞ; ð27Þ

TABLE I. Nonrelativistic structure of the multipole operators which appear in the amplitudes (Mann) of the DM
annihilation processes at the leading order in DM momenta. The partial-wave behavior of the corresponding cross
sections is also listed for one insertion of the individual operators. Here, ðξ1; ξ2Þ are the two-component Pauli
spinors corresponding to the Dirac spinors ðu; vÞ of the DM field χ. The vector J denotes the SM electromagnetic
current.

Interaction Relativistic operator P and C p roperties NR structure in Mann Partial-wave scaling of hσviann
MDM χ̄σμνχFμν P even, C even ξ†2σ⃗ · E⃗ξ1 s-wave

EDM χ̄σμνγ5χFμν P odd, C even ξ†2p⃗ · E⃗ξ1 p-wave
Anapole χ̄γμγ5χJμ P odd, C odd ξ†2ðp⃗1 × σ⃗Þ · J⃗ξ1 p-wave
Charge Radius χ̄γμχJμ P even, C even ξ†2σ⃗ · J⃗ξ1 s-wave

4The thermally averaged relative velocity depends on the bath
temperature T as hv2reli ¼ 6x−1, where x ¼ mχ=T.

5While this might seem an ad hoc assumption, it is quite
possible to have DM models that dominantly induce only one of
these operators in the IR. For example, the anapole operator is the
only electromagnetic interaction possible for a Majorana DM as
previously mentioned; for a Dirac fermion DM, the specific CP
nature of the UV physics can lead to the generation of either the
EDM or the MDM operator at the leading order. Naively, it is
only in the case of the CR operator that one needs to assume a
fine-tuned C and P-symmetric UV model so as to suppress the
possible dimension-5 MDM operator in the IR relative to the
dimension-6 CR operator. However, a discussion on the possible
UV completions is beyond the scope of this work.
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3. For magnetic dipole moment

hσvreliχχ→ff̄ ¼
4CFαg2

Λ2

�
1 −

1

24
hv2reli

�
;

hσvreliχχ→WþW− ¼ 4αg2m4
χ

Λ2m4
W

�
1þ hv2reli

3

�
;

hσvreliχχ→γγ ¼
g4m2

χ

πΛ4
ð8þ 5hv2reliÞ; ð28Þ

4. For charge-radius operator

hσvreliχχ→ff̄ ¼
CFαg2m2

χ

Λ4

�
4þ 7

6
hv2reli

�
;

hσvreliχχ→WþW− ¼ αg2m6
χ

Λ4m4
W

�
4þ 19

6
hv2reli

�
ð29Þ

where α is the electromagnetic fine-structure constant and
CF denotes the QCD color factor with a value CF ¼ 3ð1Þ
for quarks (leptons). It is immediately apparent from the
above expressions that the s-channel annihilations for the
P-even operators are dominantly s-wave in nature while
those involving the P-odd operators are p-wave sup-
pressed, as was expected. The t-channel annihilation to
γγ also, expectedly, exhibits an s-wave behavior for both
MDM and EDM operators. Although the t-channel cross
sections are 1=Λ4 suppressed, the additional m2

χ scaling of
the same can render them comparable to the s-channel rates
for large enough DMmasses. For an EDMDM, the relative
enhancement can be more pronounced due to the p-wave
suppression of the s-channel processes. We further note that
beyond the W-mass threshold, mχ > mW , the WþW−

channel dominates due to the apparent scaling of the cross
sections as σ ∼m4

χ ; m6
χ obtained for dimension-5 and

dimension-6 operators, respectively. However, these scal-
ings are spurious in nature and should be understood as
artifacts of the limited validity of the effective field theory
(EFT) that we assume. We further elaborate on this point in
the following section.

B. Note on EFT validity

As pointed out in the preceding section, the WþW−

annihilation cross section through a photon exhibits a
spurious energy growth, viz., σ ∼ s2; s3 for dimension-5
and dimension-6 operators, respectively. While a patho-
logical energy growth is indeed expected on account of the
nonrenormalizable nature of the multipole operators, a
naive dimensional analysis suggests that the cross sections,
at the worst, should scale as σ ∼ sD−5 for one insertion of an
operator of mass dimension D. For instance, the process
involving the anapole operator should have a scaling σ ∼ s,

i.e., similar to what is obtained for the ff̄ annihilation. This
implies that the enhanced energy growth obtained in the
computations must be unphysical. The regime mχ > mW ,
therefore, warrants caution since a naive inclusion of the
WþW− channel can result in misleading identifications of
viable regions in the dark sector parameter space.6

The bad high-energy behavior can be simply attributed to
the fact that the inclusion of the W bosons as physical
degrees of freedom breaks the manifest gauge invariance of
the theory since the operators in Eq. (20) are written in
terms of the electromagnetic field strength Fμν. Thus, the
EFT description employed in Eq. (20) should be under-
stood as the low-energy limit of a fully gauge-invariant
theory defined above the electroweak (EW) symmetry
breaking scale. In the unbroken phase, the multipole
interactions are minimally expressed in terms of the
hypercharge field strength Bμν, ensuring invariance under
the full SUð2ÞL ×Uð1ÞY gauge symmetry. After EW
symmetry breaking, these induce couplings of the DM
to both the photon and the Z boson. Understandably, then,
DM annihilation to WþW− must necessarily include the Z
mediated channel as well in order to restore gauge
invariance in the computations. This indeed gets rid of
the spurious energy scalings as shown in Refs. [64,65].
Formχ > mW, a gauge-invariant treatment also opens the

χχ̄ → Zh channel, and, therefore, a more comprehensive
analysis may require DM operators involving the SMHiggs
as well.7 Pursuing this, however, is beyond the scope of the
present work, and for the sake of simplicity, we restrict our
analysis to the regime mχ < mW where the operators
defined in Eq. (20) provide a sufficient and well-behaved
description of the target phenomenology.
In summary, the point of this discussion is to draw the

readers’ attention to the fact that the validity of the assumed
EFT is not merely defined by the violation of perturbative
unitarity near the UV cutoff scale Λ but also by the
breakdown of gauge invariance beyond the EW scale.

IV. MULTIPOLE DARK MATTER:
PHENOMENOLOGY, RESULTS, AND

DISCUSSIONS

In the following, we first discuss the experimental
constraints (direct detection and IceCube observations)
employed in our analysis. We then consider a spin-1=2
fermionic DM candidate and study one effective operator at
a time (i.e., setting the coefficients of all other operators to
zero). For each operator, we present the DM relic density
contours obtained for both the matter-dominated and

6This can be gleaned, e.g., from Ref. [63], which includes the
WþW− annihilation channel mediated by a photon and retains the
spurious divergence in the DM analysis.

7For example, if the multipole moments are generated by a
(hypercharged) heavy scalar field, it will in general couple to the
SM Higgs as well.
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radiation-dominated freeze-out and subsequently examine
the viability of the corresponding parameter space in light
of the current direct detection constraints.

A. Experimental constraints

1. Direct detection limits

For the direct detection limits, we extract the exclusion
bounds for the anapole, dipole, and charge radius operators
from Refs. [49,66,67]. Across the considered DM mass
range, the leading bounds come from the electron recoil,
Migdal, and nuclear recoil searches—PandaX-4T electron

recoil limits [67] dominate at the lowest masses, the
DarkSide-50 Migdal limit [49] dominates at the GeV scale,
followed by the PandaX-4T nuclear recoil limits [66], after
which the LUX-ZEPLIN (LZ) nuclear recoil limits [49]
provide the strongest constraints. The LZ limits are deter-
mined up to 103 GeV in Ref. [49] utilizing WimPyDD [68].
For larger DM masses, the limits from different direct
detection experiments are presented in Ref. [50]. The
combined direct detection exclusion limits considered in
our analysis are shown as the blue curve for each operators
in Figs. 1 and 2.

2. Solar DM capture and GeV neutrinos

Another compelling direction to look for DM signatures
is via the capture of DM particles inside celestial bodies due
to DM scattering with nuclei and their annihilation into SM
states, which would eventually give rise to neutrinos. These
neutrinos can propagate through the stellar interior, escape

FIG. 1. Dimension-6 operators: relic density contours in the
ðmχ ; g=Λ2Þ plane for the anapole interaction (top panel) and
charge radius interaction (bottom panel), obtained by requiring
the observed DM relic abundance, Ωχh2 ¼ 0.12, in the standard
radiation-dominated (RD) cosmology and an early matter-domi-
nated (MD) cosmology with varying reheating temperature TRH,
and r ¼ 0.99. Current constraints from direct detection and solar
neutrino searches are also shown. Along the MD relic density
contours, the solid black segments correspond to Tf > TEV

[Eq. (35)], while the gray segments correspond to Tf < TEV,
where the freeze-out calculation requires a more careful treatment
due to the significant decay of the matter field.

FIG. 2. Dimension-5 operators. relic density contours in the
ðmχ ; g=ΛÞ plane for the magnetic dipole interaction (top panel)
and electric dipole interaction (bottom panel) operators, together
with the corresponding constraints from direct detection con-
straints and solar neutrino searches. The contour definitions and
color codings are the same as in Fig. 1.
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the celestial body, and eventually reach the terrestrial
detectors [48,69–79]. Null observations of GeV neutrinos
from the Sun can put limits on the DM couplings. In this
work, we extract the limits on the anapole and dipole
operators from Ref. [48]. For the charge radius operator, we
derive the limit, and a brief discussion follows.
The capture rate of DM particles inside the Sun is given

by [48,80,81]

C⊙ ¼
X
k

�
ρ0
mχ

�Z
R⊙

0

4πr2dr

×
Z

uesc

0

duχ

�
fv⊙ðuχÞ

uχ

�
wðrÞΩ−

k ðwÞ; ð30Þ

where ρ0 and uχ are the local DM density and ambient DM
velocity, respectively. The velocity distribution profile in
the rest frame of the Sun, fv⊙ðuχÞ, is assumed to follow a
Maxwell-Boltzmann distribution.8 In Eq. (30), the velocity
wðrÞ denotes the DM velocity at a distance r from the
center of the Sun, and the summation over k runs over the
different nuclei inside the Sun. The term Ω−

k ðwÞ encapsu-
lates the capture probability of a DM particle with velocity
wðrÞ interacting with the kth nucleus and is given by [51]

Ω−
k ðwÞ ¼ nkðrÞwðrÞ

Z mχwðrÞ2ζk
2ζ2
k;þ

mχu2χ
2

dEnr
dσk
dEnr

; ð31Þ

where nk andmk are the density and mass of the kth nucleus
inside the Sun, with ζ ¼ ðmχ=mkÞ and ζk;þ ¼ ðζk þ 1Þ=2.
The solar profile is extracted from Ref. [83]. The differ-
ential recoil rate for the charge radius operator is given by
[50,62]

�
dσk
dEnr

�
CR

¼ 2g2α
Λ4

Z2
kmk

u2χ
F2ðEnrÞ; ð32Þ

where Zk is the atomic number of the kth nucleus and
FðEERÞ is the nuclear form factor, assumed to be the Helm
form factor [84]. For the DM mass mχ > 5 GeV, evapo-
ration is negligible [85,86], and the number of DM particles
inside the Sun is dictated by capture and annihilation.
Under the equilibrium condition, the annihilation rate can
be related to the capture rate as Γann ¼ C⊙=2. The anni-
hilation of DM particles inside the Sun can produce
secondary neutrinos, and the differential neutrino flux
reaching the Earth can be written as

E2
ν
dΦν

dEν
¼ Γann

4πD2
⊙
×

�
E2
ν
dNν

dEν

�
; ð33Þ

whereD⊙ is the distance between the Sun and the Earth and
dNν=dEν is the differential neutrino spectrum within the
solar environment, generated using χAROν [87] for each of
the SM final states and then summed over with the
appropriate branching ratios. The neutrinos produced at
the center of the Sun propagate through the solar interior,
vacuum, the Earth, and its atmosphere, which is computed
using NUSQUIDS [88], including neutrino oscillation, scat-
tering, and tau regeneration.
After calculating the differential flux from Eq. (33), we

compute the differential event rate following Refs. [48,73].
In Ref. [69], IceCube and DeepCore published three years
of data on muon tracklike events as a function of the solar
opening angle. Using the expected DM-induced neutrino
flux from the solar direction together with the observed data,
we perform a χ2 analysis to determine the limits on the DM
couplings at the 95% confidence level. Later, the IceCube
Collaboration also analyzed 6.75 years of DeepCore data
from the solar direction and provided upper limits on the
DM annihilation rate for different SM final states [72]. We
have recast those bounds in our scenario using the appro-
priate branching ratios and found that the τþτ− channel
provides the most stringent bounds. The envelope of the
bounds obtained above is calculated for the charge radius
operator and is shown as the green curve in Fig. 1. For the
anapole and magnetic dipole operators, the limits are shown
in Figs. 1 and 2, respectively. For the electric dipole
operator, the annihilation rate into fermions is suppressed,
making the limits much weaker than those from direct
detection. Therefore, we do not show them in this work.

B. DM freeze-out phenomenology and results

In this section, we determine the coupling strength
required to reproduce the observed DM relic density within
this alternative cosmological framework, and we assess the
resulting parameter space in light of complementary con-
straints. Having set the stage in Sec. II by describing the
freeze-out mechanism during a radiation-dominated as well
as a matter-dominated era, we use the DM self-annihilation
cross sections derived in Sec. III A and construct contours in
the DM mass-coupling plane which satisfy the present day
DM relic density [89]. We superimpose the experimental
constraints over the relic contours to identify the allowed
parameter space and, thereby, illustrate the viability of the
aforementioned multipole DM models.
We show that the parameter space obtained under the

standard radiation-dominated freeze-out is already highly
constrained for electromagnetic multipole DM, in agree-
ment with previous studies [48,49]. In contrast, we find that
an early matter-dominated epoch substantially enlarges the
viable parameter space through entropy dilution, allowing
considerably weaker couplings while reproducing the
observed relic abundance, which is the key result of our
work. Among the four operators considered here, the

8The deviation from this distribution and its impact on the
capture rate are discussed in Ref. [82].
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electric dipole interaction remains strongly constrained even
in the presence of an early matter-dominated era.
Using the analytic expressions in Eqs. (17)–(19), we

determine the couplings required to reproduce the
observed DM relic abundance for each electromagnetic
multipole operator. The resulting relic density contours for
the anapole, charge radius, electric dipole, and magnetic
dipole interactions are shown in Figs. 1 and 2, together
with the envelopes of the current direct detection and
IceCube constraints from Sun. Throughout this analysis,
we fix T⋆ ¼ 105 GeV; r ¼ 0.99, and consider three
representative reheating temperatures, TRH ¼ 0.1, 10,
and 103 GeV, characterizing the different amounts of
entropy dilution while remaining safely above the BBN
temperature.
As expected, the interaction strength required to obtain

the observed relic abundance decreases as the reheating
temperature is lowered. This effect can be understood
directly from Eqs. (7) and (8) as the DM abundance dilution
by entropy injection is correlated with the reheat temper-
ature. Note that the matter-dominated freeze-out depends on
an extra energy scale T⋆ and, therefore, has a different
relation to mχ compared to the radiation-dominated freeze-
out as can be seen from Eqs. (17)–(19). This results in the
apparent morphological difference between the correspond-
ing relic contours.
The morphology of the relic density contours can be

understood by dividing the parameter space into two
physically distinct regimes. The first corresponds to the
region where annihilation is dominated by fermionic final
states for DMmassmχ < mW . For the dimension-6 anapole
and charge radius operators, the only relevant channel in
this region is χχ̄ → ff̄, since these operators do not induce
the χχ̄ → γγ final state at leading order. Consequently, the
corresponding relic density contours vary smoothly below
the mW threshold.
The second regime also lies below the mW threshold

but is specific to the magnetic and electric dipole
operators, which receive contributions from both χχ̄ →
ff̄ and χχ̄ → γγ. The fermionic contribution scales as
hσviχχ̄→ff̄ ∝ ðg=ΛÞ2, whereas the diphoton channel scales
as hσviχχ̄→γγ ∝ ðg=ΛÞ4m2

χ . At low reheating temperatures,
the entropy dilution allows the observed relic abundance to
be reproduced with substantially smaller effective cou-
plings. The diphoton contribution is, therefore, suppressed
relative to the fermionic channel which dominates the total
annihilation cross section. This explains why the TRH ¼
0.1 GeV contours for the magnetic and electric dipole
operators remain nearly flat for mχ ≪ mW. As the reheat-
ing temperature increases, the larger coupling required to
obtain the correct relic abundance enhances the relative
importance of the diphoton channel, producing the
mild upward curvature observed below the electroweak
threshold.

The phenomenological implications differ substantially
among the four electromagnetic operators. For the anapole
interaction, the relic density contours corresponding to
TRH ¼ 10 GeV and 0.1 GeV remain compatible with
current direct detection and IceCube constraints over a
substantial range of DM masses. For the magnetic dipole
interaction and charge radius interaction, only the TRH ¼
0.1 GeV contour survives the existing limits, whereas the
contours corresponding to larger reheating temperatures are
excluded. In contrast, the electric dipole interaction is
considerably more constrained, with almost the entire
parameter space explored in this work being excluded
irrespective of the cosmological history.
The stronger direct detection sensitivity of the electric

dipole operator originates from its nonrelativistic interaction
with the target nuclei. Unlike the magnetic dipole operator,
the electric dipole interaction generates a coherent spin-
independent contribution in addition to spin-dependent
interactions [90], resulting in substantially stronger direct
detection limits. Similar considerations apply to the charge
radius operator, whose coherent interaction with nuclei also
leads to stringent constraints from direct detection and GeV
scale neutrino measurements from Sun at IceCube.
Nevertheless, the entropy dilution associated with an early
matter-dominated epoch enlarges the phenomenologically
viable parameter space relative to the standard radiation-
dominated freeze-out scenario.
The DM relic abundance calculation presented in

Sec. II C assumes entropy conservation until when ϕ
decays instantaneously at a time ∼Γ−1

ϕ . However, a more
natural expectation is that ϕ decays through an exponential
law [57]. In that case, while solving the Boltzmann
equation, the entropy injection in the thermal bath will
be non-negligible and, therefore, the freeze-out calculation
should be carried out in the line of Giudice-Kolb-
Riotto [3,91].
Thus, the total radiation energy density is the old

radiation in the thermal bath plus the new radiation
ρR;Decay produced by ϕ decay,

ρR;tot ¼ ρR;⋆

�
a⋆
a

�
4

þ ρR;Decay: ð34Þ

Scherrer and Turner [57] pointed out that entropy of the bath
remains nearly unchanged until the new radiation becomes
comparable to the old radiation. The entropy violation time
frame can be derived by equating the first and second term
of Eq. (34), and, as shown in Ref. [20], the temperature
corresponding to the entropy violation is given as

TEV ¼ T⋆

�
1þ r

1 − r
v
τ⋆

�ð1−vÞ=v
; ð35Þ

where v is defined as
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v ¼ 2

3
ð1þ wÞ−1 þ 1; ð36Þ

with w being the cosmological equation of state parameter
relating pressure p and energy density ρ as p ¼ wρ. The
dimensionless quantity τ ¼ Γϕt.
For a continuous decay of ϕ, the entropy of the radiation

bath remains approximately conserved for Tf > TEV. For
Tf ≲ TEV, radiation produced by the decay of ϕ becomes
important, and the evolution enters the decay-dominated
regime, where T ∝ a−3=8 [3]. The condition Tf > TΓ
identifies freeze-out before the instantaneous decay event
in our sudden-decay approximation. Continuous decay
introduces a distinct scale, TEV, at which the decay-induced
radiation becomes comparable to the preexisting bath. In
Figs. 1 and 2, we use TEV as the consistency condition, as
this is stronger by an order of magnitude9 compared to TΓ.
We also note that, while the assumption of the electro-

magnetic-only DM couplings is consistent in its own accord
as an EFT description below the EW scale, it disregards the
possible effects of invoking Z-boson couplings for sub-EW
scale DM masses. As shown in Ref. [64], these effects
include the opening of the DM annihilation channel to νν̄
and the resonance enhancement of the individual annihila-
tion cross sections around the Z-pole. Thus, in connection to
the relic-density calculations, this will invariably result in a
dip in the associated contours in the coupling-vs-mχ plane, a
feature missing in our results in Figs. 1 and 2. While these
deviations are quantitatively significant, their qualitative
effect is simply identified as that it weakens the exper-
imental and observational bounds on the parameter space
around the resonance region, viz., mχ ∼mZ=2. Therefore,
the expected changes will not invalidate any of our
qualitative conclusions made within the purview of this
work, which was to show how a nonstandard cosmological
history can evade existing constraints on electromagneti-
cally interacting DM. On the other hand, the aforemen-
tioned enhancement in the annihilation cross sections may
also affect the indirect detection limits, namely, those
derived from annihilations in galactic halos as well as from
signals due to possible DM capture within celestial bodies.
For the former, Ref. [64] (which assumes hypercharge
couplings) finds that the bounds are typically weaker than
those from direct detection; although they may probe parts
of the radiation-dominated relic-density contours, they are
not expected to exclude the lower-coupling contours for the
matter-dominated scenarios. A similar conclusion holds true
for the latter as well. This can be inferred by comparing the
limits derived in this work using IceCube observations of
solar neutrinos with those from a recent study [92] which
has extended such capture-based probes to Earth, Jupiter,
and white dwarfs.

V. CONCLUSIONS

Electromagnetic multipole interactions provide a natural
and minimal framework for an electrically neutral DM to
couple to photons. In this work, we have shown that such
interactions, although strongly constrained in the standard
radiation-dominated freeze-out scenario, can remain phe-
nomenologically viable in the presence of an early matter-
dominated epoch. We have considered four multipole
operators up to dimension 6, viz., the magnetic dipole
moment, electric dipole moment, anapole, and charge-
radius operators. For each case, we have determined the
coupling required to reproduce the observed DM relic
abundance in both radiation- and matter-dominated cos-
mologies and confronted the resulting parameter space
with current direct detection and IceCube solar neutrino
constraints.
A generic feature of freeze-out during an early matter-

dominated epoch is the entropy injection associated with the
decay of the heavy matter field, ϕ. The resulting dilution of
the DM abundance reduces the interaction strength required
to reproduce the observed relic density compared with the
standard radiation-dominated scenario. Consequently,
regions of parameter space that are strongly constrained,
or even excluded, by direct detection experiments and
IceCube observations of neutrinos from the Sun in the
conventional cosmological picture become viable in a
nonstandard early cosmological history, which constitutes
the key finding of this work. This effect is most pronounced
for the anapole interaction, while the electric dipole operator
remains strongly constrained over nearly the entire param-
eter space considered here. We have also identified the
region where DM freeze-out occurs after the onset of
significant decay of the heavy field. This region is not
excluded but instead indicates where the simple freeze-out
treatment adopted here should be refined by consistently
incorporating heavy-field decay and entropy production
during freeze-out. Such refinements are not expected to alter
the main conclusions of this work.
Several directions remain to be explored. For DMmasses

above the electroweak scale, additional annihilation chan-
nels become relevant. Although the inclusion of these
channels would be an improvement, a more comprehensive
treatment ultimately requires a complete gauge-invariant
operator basis including DM-Higgs interactions [93]. We
defer a dedicated investigation for the heavy-mass regime to
a future work, where we address these aspects in detail for
freeze-out as well as for the freeze-in production during the
decay-dominated phase.
Our results highlight that nonstandard cosmological

histories can qualitatively alter the phenomenology of
electromagnetic multipole DM, reopening regions of
parameter space that appear excluded under the conven-
tional radiation-dominated freeze-out paradigm.

9For example, with TRH ¼ 10 GeV, T⋆ ¼ 105 GeV, and
r ¼ 0.99, we estimate TΓ ≃ 0.3 GeV and TEV ≃ 2.6 GeV.
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Note Added. Recently, Ref. [94] appeared on the arXiv,
presenting a related study of dipole DM models in the
context of nonstandard cosmology. However, our work
complements the authors’ analysis by considering all
possible electromagnetic operators for neutral DM up to
dimension 6. Moreover, we point out the possible concerns
and issues regarding the complete gauge invariance and
EFT validity for DM masses beyond the EW scale, in
contrast to the aforementioned paper.
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APPENDIX A: SOLUTION OF THE
BOLTZMANN EQUATION

We start by defining a quantity Δχ, which is a measure of
departure from the equilibrium abundance

Δχ ¼ Yχ − Yχ;eq; ðA1Þ

the Boltzmann equation in Eq. (14) can be rewritten as

dΔχ

dx
¼ −

dYχ;eq

dx
−
X
n

λnx−n−2g
1=2
eff ðΔ2

χ þ 2ΔχYχ;eqÞ: ðA2Þ

At sufficiently late times, well after freeze-out (x ≫ xf), the
temperature becomes low enough that Yχ no longer follows
its equilibrium value. In this regime, the abundance Yχ

becomes comparable to Δχ , since Yχ;eq is exponentially
suppressed. Consequently, terms in Eq. (A2) involving
dYχ;eq=dx and Yχ;eq can be neglected, and the evolution
equation simplifies to

dΔχ

dx
≃ −

X
n

λng
1=2
eff x

−n−2Δ2
χ : ðA3Þ

Integrating this expression over the interval ½xf;∞Þ yields
Z

∞

xf

dΔχ

Δ2
χ
≃ −

Z
∞

xf

dx
X
n

λng
1=2
eff x

−n−2: ðA4Þ

Evaluating the left-hand side gives

1

Δχ;∞
¼ 1

Δχ;f
þ
X
n

Z
∞

xf

dxλng
1=2
eff x

−n−2: ðA5Þ

Usually, the second term in the r.h.s. dominates.
It follows that the asymptotic anti-dark-matter abun-

dance is

Yχ;∞ ≃ Δχ;∞ ¼ 1P
n

R
∞
xf
dxλng

1=2
eff x

−n−2
: ðA6Þ

Thus, substituting for λn and g1=2eff ,

Yχ;∞≃
1ffiffiffiffi

π
45

p
mχMPlg

1=2
� ð1− rÞ−1=2Pn

σnx
−ðnþ3=2Þ
f

nþ3=2 x1=2⋆

; ðA7Þ

where we have observed that for our choice of parameters,
g1=2eff ≃ ð3=4Þg1=2⋆ ð1 − rÞ−1=2x−1=2x1=2⋆ . Therefore, including
the dilution factor, the DM relic density is

ΩRelic
DM h2 ¼ ζ

s0mχ

ρc
h2Yχ;∞

≃ ζ
1.0× 109 GeV−1

MPlg
1=2
⋆ ð1− rÞ−1=2

�X
n

σnx
−ðnþ3=2Þ
f

nþ 3=2
x1=2⋆

�−1

;

ðA8Þ

where ρc ¼ 3H2
0M

2
Pl=ð8πÞ, and s0 ≃ 2970 cm−3.

1. Calculation for the freeze-out temperature

At freeze-out, the DM relic abundance stops tracking the
equilibrium abundance; hence,

ΔχðxfÞ ≃ Yχ;eqðxfÞ ¼ δχYχ;eqðxfÞ; ðA9Þ

where δχ is a order of unity factor.
Neglecting dΔχ=dx near freeze-out, from Eq. (A2), we

may write

dYχ

dx

����
f
≈ −

X
n

λnδχðδχ þ 2Þx−n−2f g1=2eff ðxfÞY2
χ;eqðxfÞ: ðA10Þ

Also,

dYχ;eq

dx
¼ Yχ;eq

�
3

2x
− 1

�
; ðA11Þ
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thus, using the approximation dYχ;eq=dxjFO ≈ dYχ=dxjFO,
we obtain�

3

2xf
− 1

�
≈ −

�X
n

δχðδχ þ 2Þλnx−n−2f g1=2eff

�
Yχ;eqðxfÞ:

ðA12Þ

Substituting for the equilibrium abundance Yχ;eq from
Eq. (12) and using ð1 − 3

2xf
Þ ≈ 1, we obtain

xf ¼ ln

�
b

�X
n

δχðδχ þ 2Þλnx−n−1=2f g1=2eff

��
: ðA13Þ

As argued by Scherrer and Turner [60], the numerical
results suggest a best fit ð2δχ þ δ2χÞ ≃ nþ 1. Substituting
for geff, λn, and b, we obtain

xMD
f ¼ ln

" ffiffiffiffiffi
45

p
gχffiffiffiffiffi

32
p

π3
g−1=2⋆

MPlm
3=2
χ

ð1 − rÞ1=2T1=2
⋆

X
n

ðnþ 1Þσn
xnþ1
f

#
;

xRDf ¼ ln

" ffiffiffiffiffi
45

p
gχffiffiffiffiffi

32
p

π3
g−1=2⋆ MPlmχ

X
n

ðnþ 1Þσn
xnþ1=2
f

#
: ðA14Þ

APPENDIX B: THERMALLY AVERAGED
ANNIHILATION CROSS SECTION

CALCULATION

1. Anapole moment

The differential cross section for the DM annihilation to
the SM fermions (f) in the c.m. frame is given by

dσ
dΩ

����
χχ̄→ff̄

¼ 1

64π2s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4m2

f

s − 4m2
χ

s
jM̄ff̄j2; ðB1Þ

where the spin-averaged squared amplitude reads

jM̄ff̄j2 ¼ C2AP
2e2g2CF

Λ4
½2m4

χ − 4m2
χðm2

f þ sþ tÞ
þ 2m4

f − 4m2
ftþ s2 þ 2stþ 2t2�; ðB2Þ

in terms of Mandelstam variables s, t, and u and the SM
fermion masses mf. In the above, CF denotes the color
factor with a value CF ¼ 3ð1Þ for quarks (leptons), and the
parameter CAP specifies whether the DM is a Dirac or
Majorana fermion with the entry CAP ¼ 1ð1=2Þ for Dirac
(Majorana) fermion.
In the NR limit, the thermally averaged annihilation

cross section for the aforementioned process can be
obtained as a power series expansion in the relative velocity
of the incoming DM particles vrel. At the leading order in
vrel, this can be expressed as

hσvreliχχ̄→ff̄ ¼ C2AP
2CFαg2m2

χ

3Λ4

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

m2
f

m2
χ

s �
1þ m2

f

2m2
χ

�
hv2reli: ðB3Þ

Similarly, the differential cross section for the DM
annihilation to WþW− in the c.m. frame is given by

dσ
dΩ

����
χχ̄→WþW−

¼ 1

64π2s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4m2

W

s − 4m2
χ

s
jM̄WþW− j2; ðB4Þ

jM̄WþW− j2 ¼−
e2g2

2Λ4m4
W
½m4

χð12m4
W − 4m2

Wsþ s2Þ

− 2m2
χð12m6

W þ 4m4
Wð7sþ 3tÞ

−m2
Wsð7sþ 4tÞþ s2tÞþ 12m8

W

− 4m6
Wðsþ 6tÞþm4

Wð17s2þ 20stþ 12t2Þ
− 2m2

Wsð2s2þ 3stþ 2t2Þþ s2tðsþ tÞ�: ðB5Þ

The thermally averaged annihilation cross section reads

hσvreliχχ̄→WþW− ¼ 2αg2m6
χ

3Λ4m4
W
hv2reli: ðB6Þ

2. Electric dipole moment

If kinematically allowed, χ can annihilate into all the SM
leptons and quarks as well as into theW boson and photons.
The differential cross section for DM annihilation into SM
fermions (f) in the c.m. frame is given by

dσ
dΩ

����
χχ̄→ff̄

¼ 1

64π2s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4m2

f

s − 4m2
χ

s
jM̄ff̄j2; ðB7Þ

where the spin-averaged squared amplitude reads

jM̄ff̄j2 ¼
16CFe2g2

Λ2s
½2m2

χtþm2
fðsþ 2t − 2m2

χÞ −m4
χ

−m4
f − tðsþ tÞ�; ðB8Þ

in terms of the Mandelstam variables s, t, and u and the SM
fermion masses mf.
In the NR limit, the thermally averaged annihilation

cross section can be expanded in the relative velocity vrel.
At leading order, one obtains

hσvreliχχ̄→ff̄ ¼ αCFg2

3Λ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

m2
f

m2
χ

s �
1þ m2

f

2m2
χ

�
hv2reli: ðB9Þ

Similarly, the differential cross section for DM annihilation
into WþW− in the c.m. frame is given by
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dσ
dΩ

����
χχ̄→WþW−

¼ 1

64π2s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4m2

W

s − 4m2
χ

s
jM̄WþW− j2; ðB10Þ

where

jM̄WþW− j2 ¼ e2g2

2Λ2m4
Ws

½4m4
χð12m4

W − 4m2
Wsþ s2Þ

þ 4m2
χð24m6

W þ 12m4
Wðs − 2tÞ

− 2m2
Wsðs − 4tÞ − s2ðsþ 2tÞÞ

þ 48m8
W − 32m6

Wð2sþ 3tÞ
þ 16m4

Wtð5sþ 3tÞ − 8m2
Wstð3sþ 2tÞ

þ s2ðsþ 2tÞ2�: ðB11Þ

In the NR limit, the corresponding thermally averaged
annihilation cross section reads

hσvreliχχ̄→WþW− ¼ αg2m4
χ

3Λ2m4
W
hv2reli: ðB12Þ

DM can also annihilate into photons. The differential cross
section is

dσ
dΩ

����
χχ̄→γγ

¼ 1

64π2s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s

s − 4m2
χ

r
jM̄γγj2 ðB13Þ

with

jM̄γγj2 ¼
64g4

Λ4ðm2
χ − tÞðm2

χ − s − tÞ
× ½4m6

χðsþ tÞ − t2ðsþ tÞ2 þ 4m2
χtðsþ tÞ2

−m4
χðs2 þ 10stþ 6t2Þ −m8

χ �: ðB14Þ

In the nonrelativistic limit,

hσvreliχχ̄→γγ ¼
g4m2

χ

πΛ4
ð8þ 5hv2reliÞ: ðB15Þ

3. Magnetic dipole moment

Whenever kinematically accessible, χ can annihilate into
all the SM leptons and quarks as well as into gauge boson
final states such as WþW− and γγ. The differential cross
section for annihilation into SM fermions (f) in the c.m.
frame is given by

dσ
dΩ

����
χχ̄→ff̄

¼ 1

64π2s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4m2

f

s − 4mχ2

s
jM̄ff̄j2; ðB16Þ

where the corresponding spin-averaged squared amplitude
takes the form

jM̄ff̄j2 ¼
16CFe2g2

Λ2s
½2m2

χtþ 2m2
χsþm2

fðsþ 2tþ 2m2
χÞ

−m4
χ −m4

f − tðsþ tÞ�: ðB17Þ

Expanding in the relative velocity vrel, the thermally
averaged annihilation cross section in the NR regime
can be written as a velocity expansion. In the limit
mf → 0, the leading contribution is

hσvreliχχ̄→ff̄ ¼ 4αCFg2

Λ2

�
1 −

1

24
hv2reli

�
: ðB18Þ

For annihilation into WþW−, the differential cross section
in the c.m. frame is given by

dσ
dΩ

����
χχ̄→WþW−

¼ 1

64π2s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4m2

W

s − 4mχ2

s
jM̄WþW− j2 ðB19Þ

with the squared amplitude

jM̄WþW− j2 ¼ e2g2

2Λ2m4
Ws

½4m4
χð12m4

W − 4m2
Wsþ s2Þ

− 8m2
χð12m6

W þ 4m4
Wð7sþ 3tÞ

−m2
Wsð7sþ 4tÞ þ s2tÞ þ 48m8

W

− 32m6
Wð2sþ 3tÞ þ 16m4

Wtð5sþ 3tÞ
− 8m2

Wstð3sþ 2tÞ þ s2ðsþ 2tÞ2�: ðB20Þ

The associated thermally averaged cross section in the NR
limit is given by

hσvreliχχ̄→WþW− ¼ 4αg2m4
χ

Λ2m4
W

�
1þ hv2reli

3

�
: ðB21Þ

In addition, annihilation into photons proceeds via t- and u-
channel contributions. The corresponding differential cross
section is

dσ
dΩ

����
χχ̄→γγ

¼ 1

64π2s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s

s − 4mχ2

r
jM̄γγj2; ðB22Þ

where the squared matrix element is

jM̄γγj2 ¼
64g4

Λ4ðm2
χ − tÞðm2

χ − s − tÞ
× ½4m6

χðsþ tÞ − t2ðsþ tÞ2 þ 4m2
χtðsþ tÞ2

−m4
χðs2 þ 10stþ 6t2Þ −m8

χ �: ðB23Þ

In the NR limit, the thermally averaged annihilation cross
section takes the form
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hσvreliχχ̄→γγ ¼
g4m2

χ

πΛ4
ð8þ 5hv2reliÞ: ðB24Þ

4. Charge radius

χ can annihilate into all the SM leptons and quarks. The
spin-averaged squared amplitude is given by

jM̄ff̄j2 ¼
2e2g2CF

Λ4
½2m4

χ þ 4m2
χðm2

f − tÞ
þ 2m4

f − 4m2
ftþ s2 þ 2stþ 2t2�: ðB25Þ

In the NR regime, the thermally averaged annihilation cross
section can be expanded in powers of the relative velocity
vrel. In the limit mf → 0, the leading contribution takes the
form

hσvreliχχ̄→ff̄ ¼ αg2CFm2
χ

Λ4

�
4þ 7

6
hv2reli

�
: ðB26Þ

For annihilation into WþW−, the differential cross section
in the c.m. frame is given by

dσ
dΩ

����
χχ̄→WþW−

¼ 1

64π2s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s − 4m2

W

s − 4mχ2

s
jM̄WþW− j2; ðB27Þ

with the squared amplitude

jMWþW− j2¼−
e2g2

2Λ4m4
W
½m4

χð12m4
W −4m2

Wsþ s2Þ

−2m2
χð12m6

Wþ4m4
Wð7sþ3tÞ

−m2
Wsð7sþ4tÞþ s2tÞþ12m8

W

−4m6
Wðsþ6tÞþm4

Wð17s2þ20stþ12t2Þ
−2m2

Wsð2s2þ3stþ2t2Þþ s2tðsþ tÞ�: ðB28Þ
The thermally averaged cross section in the NR limit is
given by

hσvreliχχ̄→WþW− ¼ αg2m6
χ

Λ4m4
W

�
4þ 19

6
hv2reli

�
: ðB29Þ
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