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Recent experimental advances in the baryon sector, including the observation of doubly charmed states,
have renewed interest in the production mechanisms of increasingly heavy hadronic systems, calling for
precision and uncertainty-controlled descriptions. We present the oMG3Ql.1 framework for the
fragmentation of same-flavor all-heavy Q3 baryons in high-energy hadronic collisions. The construction

combines diquark-inspired inputs for constituent-heavy-quark and gluon channels with threshold-aware
DGLAP evolution within the HF-NRevo scheme. A replica-based strategy consistently quantifies
perturbative missing-higher-order effects and nonperturbative wave-function uncertainties, yielding the
first uncertainty-resolved fragmentation-function set for the Q3 sector. The resulting LHAPDF6 grids are
employed to investigate semi-inclusive Q3 plus jet production at the HL-LHC and future circular collider
within the (sym)JETHAD environment. The OoMG3Ql1.1 framework establishes a precision-oriented
baseline for rare triply heavy baryons and provides a foundation for future studies of the heavy-flavor

baryon landscape.
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I. INTRODUCTION

Heavy-flavored hadrons provide a privileged laboratory
for investigating the interplay between perturbative and
nonperturbative quantum chromodynamics (QCD). Within
this sector, same-flavor all-heavy baryons such as 5. and
Qs offer an especially clean environment, as their valence
structure contains no light degrees of freedom and is
therefore directly governed by heavy-quark dynamics
[1-12]. Their spectroscopy and structural properties have
been extensively investigated through constituent-quark
and potential models, lattice QCD, effective approaches,
and nonrelativistic calculations [10,13-23], with recent
developments also exploring quantum-computing imple-
mentations of heavy-baryon dynamics [24]. The increasing
discovery potential offered by the high-luminosity Large
Hadron Collider (HL-LHC) [25], the future circular collider
(FCC) [26-28], and complementary e™ e~ facilities such as
Belle II [29] further motivates dedicated studies of these
rare systems.

This motivation is reinforced by recent experimental
progress in the multicharm sector. The discovery of all-
charm structures in double-J/y and J/w + y(2S) final
states [30], together with spin-parity information favoring
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a compact JP¢ = 27+ interpretation for the leading struc-
ture [31], has established fully heavy spectroscopy as an
experimentally accessible frontier. In parallel, the obser-
vation of the doubly charmed baryons Z/;F [32] and E/,
[33], followed by the recent report of the Q. state [34],
completes the ground-state doubly charmed sector and
demonstrates the growing experimental reach toward
complex heavy-baryon systems. Although triply heavy
baryons are expected to be considerably rarer, these
advances strengthen the case for dedicated searches and
for testing quark-diquark descriptions of baryonic struc-
ture. Connections with heavier multiquark configurations
further place Q3 states at the interface between conven-
tional heavy-baryon spectroscopy and the exotic-hadron
sector [35-38].

At sufficiently large transverse momentum, parton
fragmentation provides a natural leading-power descrip-
tion of multiply heavy hadron production, separating
short-distance partonic dynamics from the long-distance
formation of the observed bound state [39—44]. For triply
heavy baryons, diquark-inspired approaches provide an
economical description of this mechanism [45-48], and
dedicated calculations of heavy-quark- and gluon-initiated
fragmentation functions (FFs) have been developed at
different perturbative accuracies [49-54]. Their use in
collider phenomenology requires a consistent treatment
of DGLAP evolution and heavy-parton thresholds
[55-59], whose technical implementation is discussed in
the following sections.

Recent progress in threshold-aware fragmentation has
led to several variable-flavor number-scheme (VFNS)
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determinations for heavy and exotic hadrons, including the
TQHL1.1, TQ4Ql1.1, TQ4Q2.0, PQ5Q1.1, and NRFF1.0
families [60-68]. These rely on the Heavy-Flavor
NonRelativistic evolution (HF-NRevo) scheme [67,69—
74], which connects model-based heavy-hadron FF inputs
with DGLAP evolution. Within this program, OMG3Q1.0
[75] provided the first public VENS FFs for same-flavor
all-heavy Q;, baryons, establishing their fragmentation-
based description but remaining limited to central values
without systematic uncertainty assessment.

The present work introduces OMG3Ql.1, which extends
and supersedes the original determination by promoting
uncertainty quantification to an integral component of the
FF construction. Perturbative fragmentation missing-higher-
order uncertainties (F-MHOQOUs) are assessed through con-
trolled variations of the scales entering the initial FF
construction and evolution, while fragmentation nonpertur-
bative wave-function uncertainties (F-NPWFs) probe the
sensitivity to the transverse-momentum structure governing
bound-state formation. Both effects are organized within a
replica-based architecture, allowing their separate or com-
bined propagation from the FF level to physical observ-
ables. In this way, OMG3Q1.1 moves beyond the central-value
description of OMG3Q1.0 and provides an uncertainty-
aware framework for leading-power fragmentation into
same-flavor all-heavy baryons.

As a phenomenological application, we study semi-
inclusive €5, plus light-jet production at the HL-LHC and
FCC. Predictions are obtained within the NLL/NLO™
hybrid-factorization framework, combining NLL high-
energy resummation with NLO collinear ingredients,
and are evaluated through the JETHAD platform and its
symbolic module symJETHAD [76-82]. This setup per-
mits us to examine simultaneously the perturbative sta-
bility of the high-energy calculation and the propagation of
the newly introduced fragmentation uncertainties to col-
lider observables.

The manuscript is organized as follows. Section II
reviews the main ingredients of heavy-flavor fragmentation
and introduces the theoretical framework adopted for Q3
baryons. Section III presents the construction of the
OMG3Q1.1 FFs. The NLL/NLO™ hybrid-factorization for-
malism is outlined in Sec. IV. Phenomenological results for
30 plus jet production at the HL-LHC and FCC are
discussed in Sec. V. Our conclusions and outlook are
presented in Sec. VI.

II. FRAGMENTATION FUNCTIONS
OF ALL-HEAVY Q BARYONS

We start by reviewing a number of relevant aspects of
heavy-flavor fragmentation, with emphasis on heavy-light
hadrons, quarkonia, and exotic states (Sec. II A). Next, we
discuss the diquark-inspired framework employed for all-
heavy baryons (Sec. II B). The section concludes with an

overview of the general structure of the initial-scale Qs
FFs (Sec. I1C).

A. Heavy-flavor fragmentation in a VFNS

Heavy-flavor fragmentation differs structurally from its
light-hadron counterpart because heavy-quark masses
introduce perturbative scales already at the lowest Fock
level. Initial-scale heavy-hadron FFs therefore combine
short-distance partonic dynamics with nonperturbative
bound-state formation, providing the natural starting point
for their subsequent evolution within a variable-flavor
number scheme.

For singly heavy states, such as D and B mesons or A_
baryons, this structure can be represented as a two-stage
mechanism [56,83—-88]. A heavy quark Q is first generated
perturbatively, with the corresponding short-distance coef-
ficient (SDC) known up to NLO [55,89] and NNLO
accuracy [59,90-94], and subsequently hadronizes through
long-distance dynamics described by phenomenological
models [95-100] or effective approaches [86,101-104].
The corresponding initial-scale FF for a singly heavy
hadron H, can be written as [83,105]

1d
Eofemonls(3) 0

D] (2, prg) = s :

where Dl-Q denotes the perturbative SDC and D[ZS] the

nonperturbative hadronization component. These inputs are
then evolved through timelike DGLAP equations.

For quarkonia and multiply heavy states, the same
separation between short- and long-distance dynamics
persists, although the lowest Fock configuration acquires
aricher structure. In quarkonium production, this separation
is systematically realized through NRQCD factorization
[106—112]; see Refs. [113—117] for reviews. At sufficiently
large transverse momentum, single-parton fragmentation
provides the leading-power contribution, whereas direct
production of the heavy Fock state can be interpreted as a
higher-power fixed-flavor number-scheme (FENS) mecha-
nism [67,69-74,118-120].

Initial-scale heavy-quark and gluon FFs into S-wave
vector quarkonia were first obtained at LO [40,41] and
subsequently extended to NLO [121]. They provided the
basis for the ZCW19" [78,122] and ZCFW22 [123,124]
VENS determinations. The latter also yielded B, ('S,)-to-B
production rates below 0.1%, consistently with LHCb
measurements [124,125], supporting the applicability of
the fragmentation picture in the high-p; regime.

This strategy has progressively been extended to multi-
quark systems. NRQCD descriptions of the di-J/y struc-
tures observed at the LHC [30,37,126] and their
interpretation as compact all-charm tetraquarks [127,128]
motivated the first NRQCD gluon-fragmentation input for
color-singlet S-wave T, states [129]. Subsequent VFNS
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developments produced the TQHLI.0, TQ4QIl1.1, and
TQHLI1.1 families [60,79,130], incorporating additional
heavy-quark inputs [131] and enabling applications to
all-heavy tetraquark phenomenology [61,62,132], electro-
weak and Higgs decays [133], intrinsic-charm-sensitive
observables [134], and gluon fragmentation [135].

More recent developments include the NRFF1.0 deter-
mination for pseudoscalar quarkonia [67] and the uncer-
tainty-aware TQ4Q2.0 framework for all-heavy tetraquarks
[63]. Within the baryonic and higher-multiquark sectors,
the PQ5Q1.0 and OMG3QI1.0 sets were introduced in
Refs. [65,75,81], while the subsequent PQS5QI1.1 release
[66] incorporated multimodal inputs and a replica-based
uncertainty treatment. These developments provide the
methodological basis for the uncertainty-aware Q;, FF
construction presented below.

B. The diquark-inspired fragmentation framework

The quark-diquark picture offers an effective description
of baryon structure in which two quarks are treated as a
correlated subsystem interacting with a third constituent
quark [136]. Owing to its simplicity and phenomenological
success, this framework has been extensively employed in
hadron spectroscopy and in studies of baryon production
and decay, particularly in the heavy-flavor sector [ 137—-140].
Within this approach, diquarks are usually modeled as
scalar (J/ = 0) or axial-vector (J = 1) states, with their
nonperturbative internal structure encoded through effective
form factors.

Scalar diquarks are characterized by a single form factor
and a comparatively simple spin structure, whereas axial-
vector configurations require a richer set of form factors
and spin correlations. Both have been widely used in the
description of baryon formation and in spectator-model
studies of polarized and unpolarized partonic distributions
inside the nucleon [141-146].

Applications of the quark-diquark formalism to frag-
mentation processes date back to early studies of light and
heavy baryons [49,50,53,54,147—-149]. Similar ideas have
also been extended to exotic-hadron phenomenology,
including pentaquark configurations [150] and the spec-
troscopy of doubly and all-heavy tetraquarks in relativistic
quasipotential approaches based on diquark-antidiquark
dynamics [151-153].

In this work we follow the scalar-diquark implementation
adopted in several fragmentation studies [49,53,54,154].
Besides reducing the complexity of the spin algebra, this
choice minimizes the number of independent form factors
and leads to a tractable analytical framework. Scalar
diquarks have been successfully employed in perturba-
tive-QCD calculations of baryon FFs [49] and have been
shown to provide phenomenologically viable descriptions
while preserving analytical control [154,155].

Axial-vector diquarks, by contrast, require a more
elaborate treatment of spin correlations and additional

form factors. They are nevertheless indispensable for
describing spin-3/2 baryons and polarization effects. In
particular, a realistic treatment of polarized Q3 production
would require a vector-diquark configuration.

The scalar-diquark approximation employed here should
therefore be regarded as an effective starting point for a
perturbative-QCD description of fragmentation into unpo-
larized all-heavy baryons. Extensions incorporating spin-1
diquarks could provide a more complete account of
polarization and spin-dependent dynamics.

Our use of scalar diquarks in the description of unpo-
larized €3, and Qj, production is consistent with the
symmetry requirements of the baryonic wave function
when the process is interpreted within a two-step fragmen-
tation mechanism. In this picture, a heavy quark first
fragments into a color-antitriplet heavy diquark, which
subsequently evolves into the physical triply heavy baryon
through nonperturbative QCD dynamics.

Although a scalar diquark does not by itself reproduce
the full symmetrization pattern of a J = 1/2 state com-
posed of three identical fermions, the missing structure can
be effectively absorbed into the nonperturbative component
of the FF. Conceptually, this decoupling of perturbative and
nonperturbative regimes is analogous to the NRQCD
framework for quarkonium. In that case, SDCs govern
the creation of color-octet [QQ] states, which are then
projected onto physical color-singlets by means of LDME:s.

C. Anatomy of the €23, fragmentation functions

The initial-scale FFs employed throughout this work are
taken from existing perturbative calculations of color-
singlet all-heavy baryons. For the heavy-quark channel
we adopt the LO and NLO results of Refs. [52,53], while
for the gluon channel we use the NLO determination of
Ref. [54]. These studies describe the baryon as a color-
singlet state and model the correlated heavy-quark pair as a
spin-0 scalar diquark.

Two complementary fragmentation pictures are com-
monly considered. In the direct mechanism, the fragment-
ing heavy quark evolves into the baryon through a genuine
three-body process involving all constituent quarks. The
alternative diquark scenario, adopted here, assumes that
two quarks first form a compact scalar diquark, which
subsequently combines with the third quark to generate the
final baryon. Besides reducing the complexity of the
calculation, this approximation has become the standard
framework for describing unpolarized J = 1/2 triply heavy
baryons.

The indirect mechanism discussed in Refs. [53,54] can
be interpreted as the diquark realization of the two-stage
fragmentation picture introduced in Sec. I A. Within this
framework, perturbative dynamics produce an intermediate
colored diquark, while the formation of the physical baryon
is treated as a separate nonperturbative step. Since both
quark- and gluon-induced FFs are available at NLO
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accuracy, the formalism provides a consistent starting point
for VENS studies.

A central ingredient of this construction is the Suzuki
model [156], which plays a role analogous to that of
NRQCD in quarkonium production. Originally formulated
to describe heavy-hadron fragmentation, the model provides
a perturbative transition amplitude in which a constituent
heavy quark fragments into a diquark state and a spectator,
followed by the formation of the baryonic bound state.
Nonperturbative effects enter through the wave function at
the origin and an effective diquark form factor.

Although the Suzuki framework can be applied to both
direct and diquark mechanisms, its advantages are most
evident in the latter case. By replacing a full three-body
transition with an effective two-body process, it leads to
compact analytic expressions for the corresponding SDCs
and greatly simplifies the treatment of spin, color, and
kinematic structures. This feature is particularly valuable
for systems such as €3, where a complete perturbative-
QCD calculation becomes analytically cumbersome.

The analogy with NRQCD is instructive. In both
approaches, short-distance dynamics are separated from
long-distance hadronization through effective composite
degrees of freedom, allowing a transparent factorization
between perturbative production and bound-state formation.
The Suzuki picture therefore offers a practical realization of
perturbative/nonperturbative factorization for baryon frag-
mentation while retaining sensitivity to the underlying
hadronic structure.

In the implementation of Refs. [53,54], the nonpertur-
bative dynamics of the baryon are encoded through a
light-cone distribution amplitude. Following the Lepage-
Brodsky prescription [157], this amplitude is approximated
by a Dirac § function in the momentum-fraction variables,
forcing the constituents to move collinearly inside the
baryon. The resulting simplification yields compact ana-
lytic expressions in which the nonperturbative input is
effectively absorbed into the fragmentation amplitude.
Similar strategies have successfully been employed in
studies of all-heavy-light tetraquarks [130,158] and penta-
quark-charmonium systems [65,159,160].

A key ingredient of the initial-scale FF construction is
the nonperturbative transition from the constituent diquark
D to the physical baryon €3,. Following Refs. [53,54], we
describe this stage through the Peterson-Schlatter-Schmitt-
Zerwas (PSSZ) parametrization [97], a widely used model
for heavy-flavor fragmentation and particularly suitable for
hadrons containing multiple heavy constituents. We write

72(1-2z)?

Qi \ _ pPSSZ, y _
P (0 =P =N [

[np]

with normalization factor

2
vp—Orp+4 rp
Np= { arctan
(4 - }’P) Varp — 7% dyp — 7’%

2-yp l

1
——| +zlnyp+——>. (3)
VAp—71p 2 4_71”}

The normalization is obtained by summing over all hadrons
containing a constituent heavy quark Q quark [105]; see
also Sec. IV of Ref. [97]. As in the original formulation, the
parameter yp cannot be determined from first principles,
since it encodes genuinely nonperturbative dynamics.

For singly heavy hadrons, such as D or B mesons with
leading Fock states |Qg), one expects yp =~ A/m, where A
denotes a hadronic scale of the order of the constituent-
light-quark mass and m, stands for the charm- or bottom-
quark mass. In this case, the average momentum fraction
satisfies (z) = 1 — ,/yp, consistently with the expected
heavy-quark scaling behavior of FFs [83,161-163]. For
all-heavy baryons, on the other hand, the relevant scale is
determined entirely by heavy constituents. Following
Refs. [49,53,54], we therefore adopt

mQ 2 1
pu— _— = — . 4
" [mQ + ’”Q] 4 )

-+ arctan

This choice is consistent with previous studies of all-heavy
baryons [53,54], where the Peterson form is used to model
the hadronization of the intermediate diquark. The para-
metrization naturally complements the perturbative calcu-
lation by supplying a universal nonperturbative component
compatible with the Suzuki picture and with collinear
factorization.

The physical motivation is straightforward. The Peterson
model was originally devised for heavy-quark fragmenta-
tion, where the produced hadron inherits a large fraction of
the momentum of the parent parton. The same expectation
applies to all-heavy baryons, whose valence structure
contains only heavy constituents. Consequently, the FF
is expected to peak at large z and to be suppressed at small
Z, a behavior accurately reproduced by Eq. (2). The simple
analytic form of the model, controlled by the single
parameter yp, also facilitates its implementation within
collinear convolution frameworks and DGLAP evolution.

The resulting initial-scale FF for a parton i fragmenting
into a €3, baryon can then be written as

Id
D%mmwa/EW@mm%%9.6>

Equation (5) mirrors the general heavy-hadron expression
of Eq. (1), with the substitutions

DiQ(f, ﬂF,o) — DiD(f,ﬂF,o)’ (6a)
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Die @ — D @ (6b)

The perturbative component is therefore described by SDCs
for the splitting of a massless parton into a diquark state D,
Eq. (6a), while the nonperturbative stage is encoded in the
diquark-to-baryon transition of Eq. (6b). In this sense, the
diquark D plays the role of the heavy constituent entering
the lowest Fock state of the singly heavy hadron Hy. As
discussed above, the latter transition is modeled through the
PSSZ form of Eq. (2), whereas the quark- and gluon-induced
SDCs are presented in the next section.

III. CONSTRUCTION OF THE omMG3Q1.1
FUNCTIONS

In this section, we describe the procedure adopted to
construct the oMG3Q1.1 VENS fragment-ation-function set
for same-flavor all-heavy Q baryons. The determination
starts from diquark-inspired initial-scale inputs for both
constituent-heavy-quark and gluon fragmentation channels
and incorporates threshold-aware timelike DGLAP evolu-
tion within the HF -NRevo framework [67,69-74].

All ingredients entering the OMG3Q1.1 construction have
been derived with symJETHAD, the Mathematica [164]
symbolic component of the JETHAD environment [76-82],
developed for analytical calculations in hadron structure
and precision QCD studies.

The constituent-quark and gluon initial conditions are
presented in Secs. III A and III B, respectively. The result-
ing timelike DGLAP evolution and the main properties of
the oMG3Q1.1 set are discussed in Sec. III C.

A. Constituent-quark initial-scale input

The left panel of Fig. 1 illustrates the diquark-inspired
fragmentation mechanism considered in this work. Heavy

Q3Q

FIG. 1.

diquark and antidiquark states, D = |QQ) and D = |Q Q),
are represented by double lines. The green blob denotes the

nonperturbative transition function D%Q, whereas black
bullet vertices correspond to scalar-diquark form-factor
couplings.

Although omitted from the analytical expressions
reported below, the calculation includes the scalar-diquark
form factor associated with the vertex shown in Fig. 1.
Following Ref. [53], the diquark is modeled through a
simple-pole form in transverse-momentum space with a
characteristic scale of approximately 5 GeV. For compact-
ness, its contribution is absorbed into the normalization of
the perturbative amplitude.

The diagram in the left panel of Fig. 1 corresponds to the
splitting process [Q — (Q, D) + D]. Charge-conjugation
symmetry yields the corresponding antiquark channel
[0 = (Q,D) + DJ. In the present study, we assume iden-
tical formation mechanisms for all-heavy baryons and
antibaryons and focus on charge-averaged observables.
Under this assumption, the Q- and Q-fragmentation chan-
nels are treated symmetrically (see Ref. [165] for com-
parison with the light-hadron case).

Using symJETHAD [76-82] together with FeynCalc
[166-168], we independently derived the LO and NLO
heavy-quark SDCs and verified agreement with the results
of Refs. [52,53]. Keeping the accuracy at LO, one has

DD (2. uro) = a2dy ¥ (ziprg) + addy "Nz upg).  (7)

where a, = a,(5mg) and

LO
S[Q ](Z;RQT/Q)
O 9
T[é‘ ] (Z; R‘IT/Q)

A5z prg) = No(2)

(8)

with

92%)

Representative, leading-order contributions to the diquark-inspired proxy model for the initial fragmentation of constituent

heavy quarks (left) and gluons (right) into color-singlet S-wave Q3 baryons. Double lines represent D and D diquark degrees of
freedom, while green blobs account for the nonperturbative component of the fragmentation process. Black bullets denote effective

couplings associated with the scalar-diquark form factor.
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R0 = (@1)/mp, 9)
and
7[2
No(z) = %f%C%f(l -2’ (10)

Furthermore, one writes

S5 (2 Ry, 0) = 4(412% — 80z + 96 + 256/2)
+ R, (82 + 527 — 162 + 16)

+ R, 042 (11)

and

S[gLO] (23 Ry, 0) = 96mz[RY

10
+ R‘IT/Q

LO
T3 (@ Ryy0) = [R2, o + (4 = 32)2(R2, o2 + 22
— 162 4 16)2. (12)

In Eq. (10), the quantity Cr = (N?-1)/(2N,) corre-
sponds to the fundamental Casimir factor of SU(3),,
whereas the parameter fz stands for the decay constant
of the rare baryon. We set fz = 0.25 GeV, following
standard choices adopted in the literature [169].

The NLO heavy-quark SDC employed in this work was
originally derived in Ref. [47] and later adapted to the triply
heavy baryon case in Ref. [53]. One has

NLO
S[Q ](Z; R‘IT/Q)

[0} sHF,0 c NLO

. (13)

where

017 =202)2" + R 2, (240z* — 16642 + 38132% — 4130z + 1711)z"*
(43682° — 390727° + 140635z* — 2691447> + 30049072 — 1896167 + 52243)°

+RE | ,(209762° — 20804077 + 8701512° — 20706342 + 3255115z*

— 35337402° + 260020122 — 1202330z + 268205)z

+ RS o4(1 = 2)2(1125628 — 7503527 — 15177928 + 25358862°
—89134607* + 158643552% — 1584461977 + 8395110z — 1823490)2°
+RY A1 —2)*(123242% — 2283077 — 204597328 + 146412062

— 42277675z* + 6533859073 — 573871862% + 263308327 — 4933872)z*

+R?

2 0%8(1 = 2)%(5632% + 227277 — 25231425 + 17520162°

— 5068605z* + 7770780z% — 68005447% + 35050327 — 849528)7>
+ 144(1 — 2)3(412% + 43877 — 36063z° + 2582407> — 833328z*
+ 1614600z° — 17930162 + 676512z — 198288)], (14)

and

NLO
Ty @Ry, 0) =[R2 1o +4(3 =22 P[R2 o% + (6 - 2))
x [R} 028+ (1=2[R} 02* +36(1 = 2)°]*[R 2 + 2% — 352 + 36]. (15)

The initial scale of the Q-quark fragmentation channel is
chosen as yi o = 5my, consistently with the kinematics of
the LO process shown in the left panel of Fig. 1.

Our heavy-quark FF differs from the construction of
Ref. [53] in two respects. First, the normalization factor
N o(z) entering Eq. (10) is computed explicitly rather than
fixed through an external normalization condition. Second,

we revisit the choice of the transverse-momentum param-
eter (%), which constitutes one of the key phenomeno-
logical ingredients of the Suzuki framework.

Within the Suzuki picture, the transverse momentum of
the outgoing heavy quark is replaced by its average value,
(g3), effectively reducing the underlying TMD description
to a collinear one. The parameter therefore controls the
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shape of the FF and must be determined phenomenologi-
cally. Larger values of (g3) shift the distribution toward
smaller z and reduce its overall normalization [170].

The FF of Ref. [53] was obtained using (g3) = 1 GeV?,
interpreted as an upper estimate of the average transverse
momentum. Here, we adopt a different strategy, inspired
by our previous studies of all-heavy tetraquarks and
pentaquarks [65,66,171]. In those analyses, (g%) was fixed
by requiring physically reasonable momentum-fraction
distributions together with a balanced normalization of
quark- and gluon-initiated channels. The resulting values,
(G7)r, =70 and (§7)p. = 90 GeV?, were found to yield
fragmentation patterns consistent with the kinematic
region most relevant for collider phenomenology.

The same strategy is adopted here. A dedicated numeri-
cal scan of the initial-scale FFs leads to the reference choice

(G7)a,, = 60 GeV?, (16)

which places the maximum of the distribution in the
phenomenologically relevant region, (z) = 0.4, while pre-
serving a realistic balance between the heavy-quark and
gluon fragmentation channels.

Although the value in Eq. (16) lies well above the
characteristic hadronic scale, its interpretation should be
regarded as effective rather than directly connected to soft
nonperturbative dynamics. In all-heavy systems, the
absence of light constituents prevents the emergence of a
natural scale governed by Aqgcp, while the presence of
multiple heavy quarks is expected to generate a broader
intrinsic momentum distribution inside the bound state.
Consequently, (g%) should not be viewed as a direct
measure of low-energy nonperturbative physics, but rather
as an effective parameter encoding the momentum-space
structure of the all-heavy Fock state.

This interpretation is consistent with the original heavy-
flavor fragmentation picture [97,161-163], where the
large-z behavior of the FF is primarily driven by the
heavy-quark mass. Unlike ordinary heavy hadrons, how-
ever, all-heavy baryons and exotic multiquark states do not
contain a light constituent capable of fixing the position of
the FF maximum through simple kinematic arguments.
The absence of a characteristic soft scale in their leading
Fock configurations makes the shape of the FF more
sensitive to the dynamics of multiquark binding. As
already observed for all-heavy tetraquarks and pentaquarks
[65,171], a phenomenological determination of (g2) there-
fore becomes necessary.

Within the Suzuki framework, (g%) governs the trans-
verse-momentum structure of the bound state and can be
interpreted as an effective parameter entering the non-
perturbative wave function. Following the strategy adopted
in our previous 1.0 determinations [75], we identify (g%) as
the quantity controlling the nonperturbative-wave-function

component of the FF. In the oMG3Q1.1 framework, uncer-
tainties associated with this contribution are estimated
through systematic variations of (g%) around the central
value of Eq. (16), as discussed in Sec. III C.

B. Gluon initial-scale input

The right panel of Fig. 1 illustrates the gluon-initiated
fragmentation mechanism considered in this work. As for
the heavy-quark channel, the final-state baryon is produced
through the formation of an intermediate heavy diquark
state, followed by its nonperturbative transition into the
physical €23, baryon.

Although both channels represent the leading contribu-
tions within their respective topologies, they enter the
perturbative expansion at different orders. The heavy-quark
channel is known at both LO and NLO accuracy
(Sec. T A), whereas the gluon channel starts at O(a?)
and is currently available only at that order. This hierarchy
originates from the absence of heavy-flavor quantum
numbers in the initial gluon state, which requires the
perturbative generation of the heavy constituents needed
to form the final all-heavy baryon.

Throughout this work, we follow the convention adopted
in Ref. [54] and refer to the O(a?) gluon contribution as the
NLO initial-scale FF, consistently with the perturbative
counting used for the heavy-quark channel.

Using symJETHAD [76-82] together with FeynCalc
[166-168], we independently reconstructed the analytical
expression of the gluon SDC and verified agreement with
the result of Ref. [54]. We write

D!JD(Z’//‘F,O) = a?d[gNLO] (z3pr0), (17)
with a; = a,(6m,) and

NLO
8[9 ](Z; R(IT/Q)

NLO
A0 (2 ) = Ny (2) e L
with
273
Ny(z) = Tf?gC%?(l -2)%. (19)
Furthermore, one has
SNz R, 10) = 8(162% — 327+ 15)
+ R, 0277 (427 =20z +17)
+ RS o2t (20)
and
Ty @Ry 0) = (4+ 2R2, ) (21)
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As in Sec. III A [see Eq. (9)], we define thzr/Q = (g7)/mp.
using the reference value (§7)q,, = 60 GeV? introduced in

Eq. (16). This choice defines the central member of the
OMG3Ql.1 replica ensemble, while F-NPWF uncertainties
are estimated through systematic variations around this
reference configuration, as discussed in Sec. III C.
Unlike the heavy-quark channel, the kinematics of the
lowest-order gluon fragmentation process naturally set a
higher initial scale. We therefore choose up o= 6m,
which corresponds to the characteristic scale associated
with the diagram shown in the right panel of Fig. 1.

C. The oMG3Q1.1 sets from HF -NRevo

The oMG3Ql1.1 release combines the initial-scale FFs
derived in the previous sections with a threshold-aware
DGLAP evolution performed within a VFNS framework.
Unlike ordinary light-hadron fragmentation, the present
case involves two independent parton sectors, namely the
constituent heavy-quark and gluon channels, each charac-
terized by its own activation scale. This structure reflects
the perturbative production mechanisms of the lowest all-
heavy baryonic configuration and requires a dedicated
treatment of evolution thresholds.

For an €3, state, kinematics fixes the onset of heavy-
quark fragmentation at yp = Sm, whereas gluon fragmen-
tation becomes active at the larger threshold pp = 6m. The
evolution between and beyond these scales is implemented
through the HF-NRevo framework [69-74], which was
specifically developed to evolve heavy-hadron FFs origi-
nating from nonrelativistic inputs while preserving a con-
sistent connection between threshold dynamics and VFNS
evolution.

The HF -NRevo framework is built upon three comple-
mentary pillars: interpretation, evolution, and uncertainty
quantification. The first provides a physical interpretation
of low-scale heavy-hadron production in terms of effective
fragmentation mechanisms, enabling a consistent connec-
tion between FFNS and VENS descriptions. The second
implements threshold-aware DGLAP evolution across
multiple heavy-parton sectors, organized into two sequen-
tial stages, denoted as EDevo and AOevo.

The EDevo stage provides a semianalytical, expanded
treatment of the evolution between the lowest and highest
initial fragmentation thresholds, with the relevant partonic
channels activated according to their corresponding starting
scales. This intermediate stage is particularly useful for
retaining parton-dependent activation thresholds, including
those associated with gluon and light-(anti)quark fragmen-
tation channels, whose independent implementation can be
less straightforward within standard all-order numerical
DGLAP evolution codes. At the highest threshold, the
resulting FFs define a common evolution-ready boundary
condition at the scale Q.

The subsequent AOevo stage performs the standard
coupled, all-order numerical DGLAP evolution from Q,
toward higher factorization scales. The third introduces a
systematic treatment of theoretical uncertainties through
controlled perturbative and nonperturbative variations,
which in the present OMG3Q1.1 release are encoded through
a replica-based structure.

Initially conceived for quarkonium phenomenology,
HF-NRevo has progressively evolved into a general
framework for heavy-flavor and multiquark fragmentation
studies. Recent applications to fully heavy tetraquarks
[60,62,63,171] and early studies on all-heavy baryons
[75] have demonstrated its capability to accommodate
systems characterized by independent heavy-quark and
gluon FF inputs defined at distinct initial scales.

In the specific Q3 case, this structure is particularly
transparent: independent initial-scale inputs are currently
available only for the constituent-heavy-quark and gluon
fragmentation channels, whereas all remaining partonic
components are dynamically generated through the sub-
sequent coupled DGLAP evolution. Such a dual-input
structure represents one of the defining features of
heavy-hadron fragmentation and motivates the adoption
of a dedicated evolution strategy.

The first stage of the evolution is confined to the interval
between the heavy-quark and gluon thresholds. In this
region only the constituent heavy-quark channel is active,
so the corresponding FF evolves independently through the
P,, splitting kernel. For Q;, fragmentation, this EDevo
stage therefore extends from pup = 5mg to pup = 6mg and
proceeds without quark-gluon mixing. Owing to the
absence of channel mixing, this step can be carried out
semianalytically within the symJETHAD environment
[76-82], providing the boundary condition for the sub-
sequent coupled evolution above the gluon threshold. More
specifically, the constituent-heavy-quark input is evolved
from 5m up to 6m, where its evolved value is combined
with the independently calculated gluon FF, whose initial
condition becomes active precisely at that scale.

The FFs obtained at the gluon threshold define the
evolution-ready scale (g, corresponding to the highest
active partonic threshold, Q, = 6m, for the all-heavy
baryons considered here. At this scale, the constituent-
heavy-quark FF evolved through EDevo and the independ-
ently calculated gluon FF provide the two nonzero boun-
dary conditions for the subsequent AOevo stage. From this
common starting point, all partonic species are evolved
through the full NLO timelike DGLAP equations using
APFEL++ [172-174]. In this second stage, the evolution
becomes fully coupled: quark-gluon mixing is restored
through the corresponding splitting kernels, and the initially
vanishing light- and nonconstituent heavy-quark FFs are
dynamically generated as the factorization scale increases.
The AOevo evolution is then continued from Q up to the
factorization scales relevant to the phenomenological
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analysis, and the resulting OMG3Q1.1 sets are released in
LHAPDF format.

Since no calculation is currently available for the
fragmentation of nonconstituent quarks into all-heavy
baryons, light- and nonconstituent heavy-quark channels
are not assigned independent FF inputs at the initial scale.
Instead, they are generated dynamically through the
numerical AOevo DGLAP evolution above Q,. This
approximation is expected to be well justified, as analogous
studies of heavy-quarkonium fragmentation indicate a
strong suppression of nonconstituent-quark channels rela-
tive to constituent heavy-quark and gluon contributions
[40,41,175-179].

Should dedicated initial-scale calculations for these
channels become available, they can be incorporated at
their corresponding activation scales within the same
threshold-aware construction. The EDevo stage would then
sequentially activate and evolve the enlarged set of inde-
pendently initialized channels up to the highest threshold,
thereby preserving their distinct physical starting scales
before constructing the common boundary conditions
required by AOevo.

The two-stage HF -NRevo construction described above
is summarized in Fig. 2 for the Q3. and €3, cases. The
horizontal direction represents the evolution from the initial

fragmentation thresholds toward increasingly larger fac-
torization scales when read from right to left, thus follow-
ing the actual construction of the FF sets. Starting from the
constituent-heavy-quark input at 5mg, the EDevo stage
evolves this channel up to the evolution-ready scale
Qo = 6m, where the independently calculated gluon input
becomes active. The resulting heavy-quark and gluon FFs
then provide the boundary conditions for the AOevo stage,
which performs the fully coupled NLO DGLAP evolution
toward the hard scale and dynamically generates the
remaining partonic components.

Conversely, reading the diagram from left to right
provides the chronological fragmentation picture: a high-
energy parton produced in the short-distance scattering
undergoes partonic evolution toward lower scales and
ultimately fragments into the observed €3, state. The
same workflow applies to both the all-charm and all-bottom
sectors, with the corresponding thresholds determined by
the relevant heavy-quark mass.

A distinctive feature of the omMG3Ql.1 release is the
incorporation of uncertainty quantification directly into
the FF construction. Perturbative effects are probed through
variations of the evolution-ready scale around its natural
value, Qy — K,Qy, with 1/2 < K, <2. These variations
define the fragmentation missing higher-order uncertainties

HF-NRevo for €;. collinear fragmentation

DGLAP AQevo DGLAP EDevo Initial-scale input
I 'qu‘l?n‘lc X All-Order evolution (numeric) Expanded Decoupled evolution
hard factor NP FF
SDCs
¢
C——————1§
1 .
. e it = [ 0P o BRI
Energy Evolution-ready scale 0y = 6m, Time
HF-NRevo for Q;, collinear fragmentation
DGLAP AQevo DGLAP EDevo Initial-scale input
h:;l(;lg:;r All-Order evolution (numeric) Expanded Decoupled evolution NP R
5 1 )
l " D) = [ E0P € e BR(E)
Energy Evolution-ready scale 0y = 6m, Time

FIG. 2. Two-stage evolution workflow for Q. (upper) and Q3;, (lower panels) collinear FFs within the HF-NRevo scheme. The
construction is based on a sequential DGLAP evolution: a first, semianalytical EDevo stage extends from the lowest threshold, 5m, to
the evolution-ready scale Qg = 6m, where the independently calculated gluon input becomes active. A fully numerical AOevo stage
then performs the coupled NLO DGLAP evolution from Q toward higher factorization scales.

054038-9



FRANCESCO GIOVANNI CELIBERTO

PHYS. REV. D 114, 054038 (2026)

[c = Q3] collinear fragmentation

le-2

1.4 } SYMJETHAD v0.5.6

OMG3Q1l.1_cs_nlo
HF =40 GeV
ur =80 GeV

1.2
1.0 = Hrp=160 GeV ]
0.8

0.6

2D%e(z, uf)

0.4

F-MHOU
=
o

F-NPWF
=
o

0.0

0.0 0.2 0.4 0.6 0.8 1.0

z

FIG. 3.

[b - Q3] collinear fragmentation

1.50 {2
symJETHAD v0.5.6

OMG3Q1.1_cs_nlo
M =40 GeV
ur =80 GeV

1.00 HF=160 GeV |

0.75

2D (z, jiF)

0.50

F-MHOU
=
o

F-NPWF
-
o

0.0
0.0 0.2 0.4 0.6 0.8 1.0

z

Momentum-fraction distributions of the oMG3Q1.1 FFs describing constituent-heavy-quark fragmentation into 5. (left) and

Qs (right) states. Results are reported for three representative factorization scales, yr = 40, 80, and 160 GeV. Shaded bands in the upper
panels represent the total uncertainty obtained from the combination of F-MHOU and F-NPWF effects. The lower panels isolate the
corresponding perturbative and nonperturbative uncertainty components. The replica structure adopted in the OMG3Ql.1 set is

summarized in Table I of Appendix A.

and provide a measure of the sensitivity to subleading
perturbative contributions beyond the nominal accuracy.

Nonperturbative uncertainties are estimated through
variations of the transverse-momentum parameter (G7),
which controls the shape of the wave-function sector
entering the Suzuki-inspired construction. Although (g7)
does not represent a genuinely soft scale in all-heavy
systems, it effectively parametrizes the internal momentum
distribution of the bound state. The corresponding frag-
mentation nonperturbative wave-function variations there-
fore probe the dependence of the FFs on the underlying
hadron-structure assumptions.

Both F-MHOUs and F-NPWF effects are encoded
through a replica-based organization of the FF sets. Each
replica corresponds to a specific combination of perturbative
and nonperturbative parameters, allowing the resulting
uncertainty envelope to be propagated directly to collider
observables. Unlike the Monte Carlo replicas employed in
modern PDF analyses, these replicas do not represent
samples drawn from a probability distribution. Rather, they
provide a structured exploration of physically motivated
theory variations, combining the practical advantages of
replica-based methodologies with a transparent interpreta-
tion of the underlying uncertainty sources. The complete
correspondence between replica indices and parameter
configurations is reported in Appendix A.

Figure 3 displays the z dependence of the oMG3Q1.1 FFs
describing constituent-heavy-quark fragmentation into the
all-heavy baryons ;. (left panels) and €3, (right panels).
The central prediction is defined as the average over the full
replica ensemble, while the shaded bands in the upper
panels represent the total uncertainty envelope obtained
from the replica set. To illustrate the effects of DGLAP
evolution, the FFs are shown at three representative fac-
torization scales, pp =40, 80, and 160 GeV. In both
baryonic systems, the distributions exhibit a smooth scale
dependence. As . increases, the FFs become progressively
broader, their maxima decrease, and part of the momentum
is redistributed toward smaller-z values. This behavior
reflects the expected action of perturbative parton radiation
and confirms the stability of the oOMG3Ql.1 evolution
framework across the explored scale range.

The FFs display a bell-shaped profile, with support
concentrated in the intermediate-z region and maxima
located around z ~ 0.5. This indicates that the produced
baryon typically retains a substantial fraction of the
momentum carried by the fragmenting heavy quark, leading
to a relatively hard fragmentation pattern. While the overall
shapes of the Q. and 3, FFs are similar, the bottom-
initiated distributions are more suppressed in normalization
and exhibit a slightly harder profile, with their maxima
shifted toward larger values of z. Such a trend is consistent
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with the larger bottom-quark mass and the reduced momen-
tum degradation expected during hadronization.

A useful comparison can be made with the recently
released TQ4Q2.0 FFs for all-heavy tetraquarks [63]. In
that case, the distributions exhibit a pronounced enhance-
ment toward small z, reflecting the structure of the under-
lying NRQCD short-distance coefficients entering the
initial-scale inputs. By contrast, the oMG3Q1.1 FFs remain
localized in the intermediate-z region and display a smooth
bell-shaped profile. This difference highlights the distinct
physical origin of the two constructions. Whereas the
tetraquark FFs retain a direct imprint of perturbative
splitting dynamics, the present baryonic FFs are driven
by a Suzuki-inspired framework in which bound-state
formation plays a more prominent role in shaping the
momentum-fraction distribution.

The uncertainty decomposition is shown in the two lower
ancillary panels. The first one isolates the fragmentation
missing higher-order uncertainties, obtained through cor-
related variations of the evolution-ready scale and of the
scales entering the initial FF construction. The second
panel displays the fragmentation nonperturbative wave-
function uncertainty, generated by variations of the param-
eter controlling the bound-state wave-function profile. In
both cases, uncertainties are reported as ratios to the
corresponding central prediction.

A clear hierarchy emerges between the two uncertainty
sources. F-MHOUs provide the dominant contribution over
most of the phenomenologically relevant z range, particu-
larly in the intermediate- and large-z regions where the FFs
attain their maximum values. By contrast, F-NPWF effects
remain very small throughout the bulk region and become
appreciable only in a narrow region where the FFs attain
very small values, causing ratio-based representations to
amplify otherwise modest absolute differences. This pat-
tern indicates that the perturbative construction and evo-
lution of the FFs constitute the leading source of theoretical
uncertainty, while the dependence on the specific wave-
function modeling remains under good control.

Overall, the heavy-quark sector of the oMG3Qi.1 FFs
provides a stable and physically transparent description of
heavy-quark fragmentation into all-heavy baryons. Their
regular shape, controlled scale dependence, and well-
understood uncertainty structure support their use in
precision phenomenological studies of rare-baryon produc-
tion at present and future colliders. They also provide the
baseline input for the uncertainty-aware collider phenom-
enology discussed in the following sections.

Figure 4 displays the z dependence of the oMG3Q1.1 FFs
describing gluon fragmentation into the all-heavy baryons
Qs (left panels) and 5, (right panels). As in Fig. 3, the
central prediction is obtained as the average over the
full replica ensemble, while the shaded bands represent
the combined uncertainty generated by F-MHOU and
F-NPWF variations.

In both baryonic systems, the FFs exhibit smooth bell-
shaped profiles with support concentrated in the small- and
intermediate-z region. The distributions reach their maxi-
mum around z ~ 0.15-0.25 for 5. and at slightly larger
values, z ~ 0.20-0.35 for Qj,. Compared with the con-
stituent-heavy-quark FFs, the gluon distributions are
noticeably softer, indicating that the produced baryon
typically carries a smaller fraction of the momentum of
the fragmenting parton.

A distinctive feature of the gluon channel is its visible
dependence on the factorization scale. As p increases, the
distributions gradually broaden and exhibit a moderate
redistribution of strength toward smaller values of z. This
behavior reflects the combined effect of the initial-scale
gluon input and its subsequent DGLAP evolution.
Compared with the constituent-heavy-quark channel, the
gluon FF experiences a more noticeable modification of its
shape, leading to a stronger scale dependence over the
range explored here.

As in the constituent-heavy-quark case, a useful com-
parison can be made with the recently released TQ4Q2.0
FFs for all-heavy tetraquarks [63]. However, the contrast is
even more pronounced in the gluon sector. In the scalar
T4o(0"") channel, the gluon FF exhibits a marked
enhancement toward small z, inherited from the NRQCD
short-distance coefficients entering the initial-scale input.
The oMG3Q1.1 gluon FFs instead remain concentrated in the
intermediate-z region and display a smooth bell-shaped
profile. This difference reflects the distinct physical origin
of the two constructions. While the tetraquark FFs retain a
direct imprint of NRQCD fragmentation dynamics, the
baryonic FFs originate from the Suzuki-inspired framework
discussed above, where bound-state formation plays a
more prominent role in shaping the momentum-fraction
distribution.

A further noteworthy feature is the strong suppression of
the gluon channel relative to constituent-heavy-quark
fragmentation. As already discussed in the original
OMG3Q1.0 analysis [75], this hierarchy is not a peculiarity
of the present implementation, but rather reflects a struc-
tural property of all-heavy baryon production. While fully
heavy tetraquarks can be naturally generated through
gluon-initiated cascades producing heavy-quark pairs,
the formation of an Qj, state requires the assembly of
three valence heavy quarks into a color-singlet baryonic
configuration. Such a final state is considerably less
compatible with direct gluon fragmentation mechanisms,
leading to a substantial suppression of the gluon FF. The
persistence of this pattern in the uncertainty-aware
OMG3Ql.1 framework further supports its interpretation as
a genuine feature of the underlying production dynamics
rather than a model-dependent artifact.

As for the heavy-quark FFs case (see Fig. 3), the
uncertainty decomposition of gluon FFs is shown in the
lower ancillary panels of Fig. 4. The first one isolates
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FIG. 4. Momentum-fraction distributions of the oMG3Q1.1 FFs describing gluon fragmentation into Q3. (left) and Q3 (right) states.
Results are reported for three representative factorization scales, ur = 40, 80, and 160 GeV. Shaded bands in the upper panels represent
the total uncertainty obtained from the combination of F-MHOU and F-NPWF effects. The lower panels isolate the corresponding
perturbative and nonperturbative uncertainty components. The replica structure adopted in the OMG3Q1.1 set is summarized in Table I of

Appendix A.

the fragmentation missing higher-order uncertainties,
obtained through correlated variations of the evolution-ready
scale and of the scales entering the initial FF construction,
while the second displays the fragmentation nonperturbative
wave-function uncertainty associated with variations of the
bound-state wave-function parameter. A clear hierarchy
emerges between the two effects. F-MHOUSs dominate the
uncertainty budget across most of the phenomenologically
relevant z range, reflecting the strong sensitivity of the
evolution-generated gluon channel to perturbative scale
variations. By contrast, F-NPWF effects remain very small
and become visible only in the vicinity of the node where the
FF approaches zero, where ratio representations naturally
amplify tiny absolute differences.

Overall, the gluon sector further confirms the internal
consistency of the 0MG3Q1.1 framework. Although strongly
subleading with respect to constituent-heavy-quark frag-
mentation, consistently with the structural suppression
discussed above, the gluon FFs display regular shapes,
controlled scale dependence, and a well-understood uncer-
tainty pattern. These features support the robustness of the
underlying fragmentation picture and reinforce the use of
the OMG3Q1.1 sets in precision phenomenological studies of
all-heavy baryon production.

For completeness, we examine in Fig. 5 the evolution of
the omG3Q1.1 FFs as functions of the factorization scale for
Q. (left panel) and Q5 (right panel). The momentum
fraction is fixed at z = 0.45, a representative value within
the bulk region of the FFs and close to the maxima of the
constituent-heavy-quark distributions discussed above.

To isolate the genuine evolution effects, only the central
OMG3QI.1 replica is shown, with F-MHOU and F-NPWF
variations switched off. Unlike the previous figures, where
uncertainty bands summarize the behavior of the full
replica ensemble, the present representation focuses on
the scale evolution of each active partonic species and
therefore provides a more direct view of the internal
structure of the HF -NRevo framework.

The distributions reveal a well-defined hierarchy among
partonic channels. For Q. production, the constituent-
charm contribution remains by far the dominant FF over the
entire scale range explored. Likewise, in the €5, case, the
constituent-bottom channel clearly governs the fragmenta-
tion process. The gluon contribution occupies an inter-
mediate position, while all remaining quark species stay
strongly suppressed and are generated only through
DGLAP evolution above the corresponding thresholds.

A noteworthy feature is the remarkable smoothness of
the evolution pattern. The constituent-heavy-quark FFs
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Scale dependence of the oMG3Q1.1 FFs at fixed z = 0.45 for Q5. (left) and €Q;, (right) production. The distributions of all

active parton species are shown as functions of the factorization scale y. Predictions correspond to the central replica (replica 0), with F-
MHOU and F-NPWF variations switched off. For details on the replica indexing and parameter mapping, see Table I in Appendix A.

exhibit only a mild dependence on pup, indicating that their
normalization and overall shape are largely determined by
the initial-scale construction and remain stable under
evolution. The gluon channel displays a more visible scale
dependence, reflecting the combined action of its initial-
scale input and subsequent partonic mixing. Nevertheless,
its evolution remains regular and monotonic throughout the
explored region, with no indication of pathological behav-
ior or excessive sensitivity to threshold crossings.

The persistence of the constituent-heavy-quark domi-
nance across a broad range of scales provides additional
support for the physical picture underlying the OMG3Q1.1
construction. At the same time, the controlled evolution of
the gluon sector confirms the consistency of the threshold-
aware HF-NRevo strategy. Together, these features
establish a robust foundation for the phenomenological
predictions discussed in Sec. V, where the interplay between
constituent-heavy-quark and gluon fragmentation channels
will be seen to play a central role in shaping collider
observables.

IV. SEMI-INCLUSIVE Q;3,-JET PRODUCTION
IN HIGH-ENERGY QCD

The first part of this section (Sec. IV A) reviews selected
developments in semihard QCD phenomenology and high-
energy resummation. The second part (Sec. IV B) intro-
duces the NLL/NLO™ hybrid factorization framework
employed in this work and its application to semi-inclusive
€230 plus jet production.

A. Semihard dynamics and theoretical background

The production of heavy-flavored hadrons provides a
powerful laboratory for exploring the semihard regime of
QCD, where large energy logarithms can spoil the con-
vergence of fixed-order perturbative calculations. In this

domain, the Balitsky-Fadin-Kuraev-Lipatov (BFKL) for-
malism [180-182] systematically resums logarithmic con-
tributions in the center-of-mass energy, including both
leading-logarithmic (LL) terms &/ In"(s) and NLL correc-
tions &2 In"(s).

More specifically, the semihard, or Regge-Gribov regime
is characterized by perturbative transverse scales that
remain well above the QCD scale while being much
smaller than the collision energy [183]. In this hierarchy,
powers of energy logarithms compensate the smallness of
the strong coupling and eventually spoil the convergence of
a purely fixed-order expansion. The role of BFKL resum-
mation is therefore to reorganize these enhanced contribu-
tions to all orders while retaining the hard transverse scales
of the tagged final-state objects.

Within high-energy factorization, the reaction is organ-
ized into two process-dependent impact factors connected
by the universal BFKL Green’s function [184,185]. The
impact factors describe the production of the tagged objects
in the fragmentation regions of the two incoming protons
and contain the corresponding collinear partonic informa-
tion, whereas the Green’s function controls the energy
evolution across the rapidity interval separating them. The
latter is independent of the nature of the tagged final states
and resums the unresolved real and virtual radiation emitted
in the central rapidity region. Since proton PDFs and, when
an identified hadron is observed, collinear FFs are
embedded in the external impact factors, this organization
naturally realizes a hybrid description in which collinear
and high-energy QCD dynamics act on distinct components
of the factorized cross section.

BFKL resummation has been successfully applied to a
broad class of semihard reactions, including Mueller-
Navelet jets [186-196], dihadron [77,192,197-199] and
hadron-jet systems [76,199-204], multijet production
[192,205-209], forward-Higgs emissions [203,210-219],
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FIG. 6. Schematic illustration of the hybrid collinear/high-energy factorization employed for semi-inclusive €23, -plus-jet production
at hadron colliders. Firebrick-colored blobs denote proton PDFs, whereas green ovals represent collinear FFs for the observed all-heavy
€23 baryon. The orange arrow identifies the associated jet. The emission functions are connected through the universal BFKL Green’s
function (gray blob) via Reggeized-gluon exchanges. The diagram was generated with JaxoDraw 2.0 [265].

Drell-Yan processes [220,221], and heavy-flavored final
states [78,122-124,222-231]. Complementary studies of
single-forward emissions have provided valuable con-
straints on small-x gluon dynamics through unintegrated
gluon distributions (UGDs) at HERA [232-242] and at the
forthcoming electron-ion collider (EIC) [239,243-246].
These investigations have, in turn, stimulated the develop-
ment of small-x resummed PDFs [247-253] and improved
TMD parton densities [143,144,254-262].

A particularly important development emerged from
heavy-flavor phenomenology. Studies of A. [227] and
b-hadron production [228] revealed a natural stabilization
mechanism in semihard observables, driven by collinear
VENS fragmentation [229]. Unlike light-particle emissions,
which are often affected by large NLL corrections and
threshold-enhanced effects [76,200,263], heavy-flavored
final states display improved perturbative stability.

This observation motivated the construction of VFNS
fragmentation frameworks based on NRQCD inputs
[40,41,121,179], initially developed for vector quarkonia
[78,122] and later extended to B,('S,) and B.(*S,) mesons
[123,124]. The same mechanism subsequently opened a
phenomenological pathway toward exotic hadrons, enabling
studies of doubly heavy tetraquarks [60,130], all-heavy

tetraquarks [60-63,134,171,264], and all-charm pentaquarks
[65,66].

B. NLL-resummed cross section

We consider the hadroproduction reaction depicted in
Fig. 6

p(r1) +p(P2) = Q30(q1.y1. ¢1) + X +jet(ga. 2. $).
(22)

where the incoming protons, carrying momenta p ,, define
the initial state of the collision. The symbol €5, denotes the
observed all-heavy baryon, produced with momentum ¢,
rapidity y;, and azimuthal angle ¢,. A jet is simultaneously
tagged in the final state, characterized by momentum g,,
rapidity y,, and azimuthal angle ¢,. The system X
collectively represents all additional particles that remain
unobserved. Our analysis is performed in the semihard
kinematic domain, where both final-state objects carry
large transverse momenta, |§T1>2|, and are separated by a

wide rapidity interval, AY =y, — y,. This configuration
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guarantees the applicability of a VFENS description based
on leading-power fragmentation, which is expected to
dominate the production mechanism of the €3, states.
The proton momenta are chosen as Sudakov light-cone
vectors satisfying p? = p3 =0 and (p; - p,) = 5/2, from
which one obtains

2
9121

GQ12=%X12P12 = SP2.1+(]1.2¢’ ‘ﬁ]_zz—éﬁ,u- (23)
12

The longitudinal momentum fractions, x; ,, are related to
the rapidities of the observed final-state particles through
|

d GLO

1. x2,s dx
yip=%t-In=Z and dy,=+—2. (24)
2 qar,, X122
One writes
AY =y —y, = 1n (_> (25)
|‘IT|||qT2|

At LO in collinear QCD factorization, the differential
cross section factorizes into the convolution of an on-shell
partonic subprocess, the proton PDFs, and the FFs asso-
ciated with the production of the observed rare baryon,

daaﬂ—»y?( (ﬁ)

[coll] B L / 1 / ! d¢ o, (X
> > =4q.9.9 dxa dx fa(-xa>f (.X ) D = > - (26)
dx,dx,d*Gr, d*qr, Z 0 o A - dx,dx,d*Gr, d*Gy,

apy

Here, @ and p label the incoming partons, whereas y
denotes the outgoing parton that fragments into the
observed baryon. The sums over a and  and y run over
all active partonic species, excluding the top quark, whose
contribution to fragmentation is negligible. For brevity, the
explicit dependence on the factorization scale y has been
suppressed in Eq. (26). The functions f,, 4(x, . #r) denote

the proton PDFs, whereas D%Q(xl /&, up) describes the
fragmentation of the outgoing parton y into the observed
baryon. The variables x,, represent the longitudinal
momentum fractions carried by the incoming partons,
while ¢ parametrizes the longitudinal momentum of the
fragmenting parton relative to that of the observed baryon.
The quantities dé,4_,+(8) are the corresponding partonic
hard-scattering coefficients, with § = x,x,s denoting the
squared center-of-mass energy of the underlying subpro-
cess.

Equation (26) provides a useful collinear reference, but
the organization of the perturbative series changes in the
semihard limit relevant to the present reaction. When the
two tagged objects carry hard transverse momenta and are
separated by a large rapidity interval, enhanced energy
logarithms originate from additional partonic radiation
emitted between the two fragmentation regions. In the
hybrid-factorization description, these contributions are not
assigned to a single fixed-order hard subprocess. Instead,
the production of the Q3;, baryon and of the tagged jet is
encoded in two separate emission functions, which are
connected by the BFKL Green’s function that resums the
radiation spanning the rapidity gap.

The emission functions provide the interface between
high-energy resummation and the collinear description of

|

the external fragmentation regions. They embed the rel-
evant collinear inputs, namely proton PDFs and, whenever
an identified hadron is tagged, the corresponding FFs,
together with the perturbative coefficients governing the
production of the observed final state.

In the present case, the Q3 emission function therefore
combines proton PDFs with the oMG3Q1.1 FFs, whereas the
jet emission function involves the appropriate quark,
antiquark, and gluon PDF contributions together with
the perturbative jet-production vertex. The collinear inputs
evolve according to DGLAP dynamics, while the BFKL
Green’s function independently governs the high-energy
evolution across the rapidity interval separating the two
tagged objects. The two evolution mechanisms thus act on
distinct but complementary components of the hybrid-
factorization framework.

At the level of the external emission vertices, all
active gluon, quark, and antiquark species are included.
The resulting flavor combinations comprise gluon-gluon,
gluon-quark, quark-gluon, and quark-quark channels,
together with the corresponding antiquark combinations
and flavor crossings. At NLO, the baryon emission
function further contains diagonal and mixed gluon-quark
coefficient functions, so that the species extracted from the
proton and the parton fragmenting into the observed €23,
need not coincide. These flavor combinations characterize
the partonic content of the impact factors and should not be
interpreted as an independent decomposition of the
resummed result into collinear [2 — 2] subprocesses.

It is convenient to project the resulting cross section onto
azimuthal harmonics by expanding it as a Fourier series in
the relative azimuthal angle, ¢ = ¢; — ¢p, — 7, so that
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do
dy1d)’2dzlrl dz]rzdfﬁld(ﬁz

= (2711)2 [CO +2 ;cos(lqﬁ)(ﬁ,} )
(27)

The first building block of the NLL resummation frame-
work is the BFKL Green’s function,

ONLL(AY. L v, ) = 2Bl (0e), (28)
where @,(ug) = a,(ug)N./7, and py = 11N./3 —2n;/3
denotes the leading coefficient of the QCD f function. The
quantity yN-(/,v) appearing in the exponent is the Mellin-

space eigenvalue of the NLL BFKL kernel and embodies
|

Po
2N,

x(v)=x(v)

the all-order resummation of high-energy logarithms. Its
explicit expression reads

NO(Lw) = (L) + ag(l.v), (29)

where the LO kernel eigenvalues y(/,v) read

2(Lv) = =25 — zRe{q/G + é + iu) } (30)

with yg being the Euler-Mascheroni constant and y(z) =
I(z)/T'(z) representing the digamma function. The NLO
kernel correction, y(/,v) in Eq. (29), reads

2.0) (=gl +5 4 ), (31)

vV |61T1||QTZ|

with 7(/,v) being calculated in Ref. [266] and explicitly reported in Appendix B.
The resummed cross section further requires the NLO baryon emission function in the representation of the LO BFKL
eigenfunctions. Following the formalism of Ref. [267], particularly suitable for heavy-hadron production in the semihard

regime, one obtains

gg?(?(l’ya |§T|?x>

The corresponding LO function reads

Ea,, (v

with the NLO correction, 293 0 (L,v,|qr|, x), taken from the
identified-hadron NLO impact factor derived in Ref. [267],
specifically Eq. (4.58), and expressed in terms of the
coefficient functions given in Eqgs. (4.59) to (4.62). The
structure of the complete NLO emission function in
Eq. (32) can be schematically represented as

ENY~ D Sa @ DI 3 Zfa ® chy @Dy (34)

where @ and f independently run over the active gluon,
quark, and antiquark species, while cgﬁ denote the NLO

coefficient functions. At LO, the emission function exhibits

Q
a purely flavor-diagonal convolution structure, f, ® Dg ',

in which the partonic species entering through the proton
PDF coincides with the one fragmenting into the observed
baryon.

At NLO, this structure is supplemented by the convo-

lutions f, ® cgﬁ ® D/?”, where the coefficient functions
c’;ﬂ allow the PDF and FF flavor indices to be independent

x) + as(ﬂR)ng(L v,1q

= gQ}Q (U’ q ’

-2 e [ SO oot (2)

,X). (32)

> fal®)

a= qq

() o

and therefore encode both diagonal and mixed partonic
channels. These coefficient functions collect the real and
virtual radiative contributions together with the collinear-
subtraction terms. After PDF and FF renormalization, the
infrared and ultraviolet singularities cancel, yielding a finite
NLO emission function. The €23, FFs thus enter through
the flavor-diagonal LO contribution as well as through the
full set of NLO convolutions, providing the interface
between the perturbative emission vertex and the fragmen-
tation dynamics of the observed baryon.

The relative weighting of the gluon- and quark-initiated
terms in Eq. (33) originates from the color structure of the
LO forward-parton impact factors. With the overall nor-
malization convention adopted here, the quark contribution
is normalized to the fundamental color factor Cr, whereas
gluon emission carries the corresponding adjoint factor C,
thus generating the relative weight C,/Cr multiplying the
gluon PDF-FF convolution. These color factors therefore
belong to the perturbative emission vertex and are inde-
pendent of the nonperturbative structure encoded in the
Q30 FFs.
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The resummed description is completed by the jet
emission function,

EMO(L v,

LX),

(35)

) + s (ur)€ (L v, |G

,x) = 51(’#

qr qr

whose LO expression is

5J(”v

N Cr . C
arlo) = 2y Ll [C—ﬁfgu) n Zfﬂu)]

$=4q.9

(36)

The NLO term &, (1, v, |G|, x) is sensitive to the choice of
jet definition. In this work, we follow the formalism
|

+ eAY [+oo o
CTLL/NLO —T/ dv G (AY, lyy,ﬂk)a%(ﬂk){gmo(l’”,|QT1|,X1)[5§LO(Z’V’

(5]

developed in Ref. [268], adopting a formulation specifi-
cally designed for efficient numerical implementations. The
corresponding jet-selection function is constructed within
the small-cone approximation for cone-based algorithms
(see Ref. [188] for a detailed discussion). Consistently with
recent CMS measurements of forward-jet production [269],
the jet radius is fixed to R; = 0.5.

The preceding construction makes explicit the factorized
roles of the three ingredients: the two emission functions
encode the process-dependent fragmentation-region
dynamics, while the BFKL Green’s function provides
the universal high-energy evolution connecting them.

Combining the Green’s function with the baryon and jet
emission functions, one obtains the master formula for the
NLL/NLO™" azimuthal coefficients in the MS renormali-
zation scheme,

Qs 5T2|7x2)]*

. id, &g,
+ @) AY R (1) [ (1, )+ 55 | )

The NLL/NLO™ designation refers to the resummation of
energy logarithms at full NLL accuracy combined with
NLO impact factors. The superscript “+” indicates the
inclusion of contributions beyond strict NLL accuracy,
originating from products of NLO corrections to the
emission functions.

Within our notation, the labels LL/LO and NLL/NLO*)
refer exclusively to the logarithmic accuracy of the universal
BFKL kernel. The LL/LO approximation resums terms of
the form [a,In(s)]" through the LO kernel, whereas
NLL/NLO™) additionally incorporates a;[a,In(s)]" con-
tributions generated by the NLO kernel. The resulting

|

AY i
LL/LO _ € O (AY. Lvpg) 2
& = T/ dy e (AT Lvsr) g2 (ur)Eqy, (L v,

[Se]

A meaningful assessment of high-energy resummation
effects requires a comparison with predictions based on
fixed-order perturbation theory. Since fully differential NLO
calculations for inclusive hadron-plus-jet production are not
currently available in a numerical implementation, we adopt
a high-energy fixed-order approximation to quantify the
impact of resummation. This procedure, first introduced in
studies of di-jet [189] and hadron-jet [76] correlations,
consists in truncating the resummed high-energy series at
NLO accuracy, thereby reproducing the asymptotic high-
energy limit of a fixed-order NLO calculation. Specifically,

dv &

I
kernel is then convoluted with impact factors evaluated
either at LO or NLO. This kernel-based classification
provides a process-independent definition of logarithmic
accuracy, avoiding ambiguities associated with the pertur-
bative order of specific impact factors. Indeed, the leading
power of a, carried by the impact factors depends on the
process under consideration, as exemplified by the differ-
ence between Higgs and jet/hadron production chan-
nels [212].

For reference, we also consider the pure LL limit in the
MS scheme,

7x1)[51(lv v,

éT, 6T2 vxz)]*- (38)

|

the azimuthal coefficients of Eq. (37) are expanded up to
O(a?), leading to the high-energy fixed-order (HE-NLO™)
representation

HENLOY _ € [t 2 ©0)
e = T/ dva;(ug) |1+ Gni (AY, L v, pg)

)
,)Cz)}*,

(39)

) ENO (L,

NLO ~ ~
X 593Q (Lv,|qr, qr,

with

054038-17



FRANCESCO GIOVANNI CELIBERTO

PHYS. REV. D 114, 054038 (2026)

GO LAY, Lv,ug) = a,(ur)AYy(Ly)  (40)

standing for the first-order expansion of the resummation
kernel.

The factorization and renormalization scales are chosen
according to the characteristic hardness of the final state.
Throughout this work, we adopt the reference choice
Up = g = uy, where the natural scale is defined as

py =mq,,1 +|gr,|. Here, mg , = \/mgzw + |dr, |?

denotes the transverse mass of the produced baryon.
This prescription, based on the sum of the transverse scales
associated with the tagged final-state objects, is widely
employed in precision-QCD calculations and Monte Carlo
implementations (see, e.g., Refs. [270,271]). Residual
missing-higher-order uncertainties (MHOUS) are estimated
through the standard scale-variation procedure, varying yp
and pp around py within the range py /2 < ppp < 2uy, as
controlled by the parameter C,,.

= dlgr,|
day ar ™ S|

min
qr,

do(AY,s) /wrl s G, ™
|

where the label [res] collectively denotes NLL/NLOT,
HE-NLO™, or LL/LO accuracy. The integration over one
rapidity variable is removed through the kinematic con-
straint AY = y; — y,.

The quantities |Gz, | and |gr, | entering Eq. (41) explicitly
denote the magnitudes of the transverse momenta of the
tagged €23 baryon and light jet, respectively. The notion of
“large transverse momentum” adopted throughout our
analysis refers to the scale hierarchy underlying the semi-
hard, or Regge-Gribov regime [183]: the transverse scales of
the tagged objects must remain well above the infrared QCD
domain while being much smaller than the hadronic center-
of-mass energy. For the identified €3, baryon, its mass
provides an additional physical scale, and the leading-power
VENS fragmentation description is expected to become
progressively more reliable as |Gy, |/mq,, increases and
mass-suppressed contributions become less relevant. No
universal sharp criterion of the form |g7, |/mg,, > C, witha

process-independent constant C, is implied by the factori-
zation framework. We therefore assess the practical
adequacy of the selected transverse-momentum domain
by studying the stability of the predictions under progres-
sively harder transverse-momentum cuts.

Our reference selection is the asymmetric range
50 < |gr,|/GeV < 120 for the Qj, baryon and 30 <
|gr,|/GeV < 120 for the associated jet. Asymmetric trans-
verse-momentum cuts are commonly employed in semihard
phenomenological studies [269] and are known to enhance
sensitivity to high-energy dynamics. In particular, they

d|é)T2|

V. PRECISION PHENOMENOLOGY
AT HADRON COLLIDERS

All numerical results presented in this work are obtained
within the Python+Fortran JETHAD multimodular framework
[76-82]. Proton PDFs are described by the NNPDF4.0
NLO set [272], interfaced through LHAPDF6 [273].

A. Fiducial selection and uncertainty estimates

Our phenomenological study is centered on the rapidity-
separation distribution, namely the cross section differential
in AY = y; — y,, where y; and y, denote the rapidities of
the produced €3, baryon and the associated light jet,
respectively.

This observable is obtained from the azimuthal coef-
ficient C, introduced in Sec. IV B, after integration over the
remaining final-state phase space at fixed AY. It can be
written as

mln( ,mﬁX,AY+ ,max)
Vi Yy dy1 Cges] ) (41)

max (¥, AV +y5) yo=y—AY

|

suppress the relative importance of fixed-order contributions
[76,189], reduce Sudakov-enhanced effects associated with
nearly back-to-back configurations [274,275], improve
perturbative stability [276], and mitigate violations of
energy-momentum conservation [277].

To examine whether this reference choice lies within a
sufficiently stable semihard domain, and to assess the
impact of the hierarchy between the two tagged transverse
scales, we complement it with three additional selections.
The first is a symmetric range, 50 < |gr, |/GeV < 120 and
50 < |gr,|/GeV < 120. We then consider an intermediate
asymmetric range, 80 < |gr, |/GeV < 120 and 50 < |gr,|/
GeV < 120, followed by a higher asymmetric range, 100 <
|Gr,|/GeV < 120 and 70 < |gr,|/GeV < 120. These pro-
gressively more restrictive selections permit us to test the
stability of the resummed predictions as the tagged trans-
verse scales are moved farther into the perturbative domain,
while simultaneously monitoring the reduction of the
available production rate.

Concerning rapidity acceptance, we adopt representative
LHC-inspired selections. The Q3 baryon is assumed to be
detected in the central region, —2.5 < y; < 2.5, corre-
sponding to the tracking and central-detector coverage
[278], while the accompanying jet can extend into the
forward region, —4.7 < y, < 4.7, consistently with current
experimental capabilities [269].

A realistic phenomenological study requires a systematic
assessment of theoretical uncertainties. In the present
analysis, the dominant uncertainty sources are identified

054038-18



TOWARD PRECISION FRAGMENTATION OF €3 ...

PHYS. REV. D 114, 054038 (2026)

and treated separately before being consistently combined
at the observable level. The considered contributions are

®

(i)

(iii)

Perturbative H-MHOU . These originate from the
residual dependence on the renormalization and
factorization scales entering the hard-scattering sub-
process. Their effect is estimated by varying the
corresponding scales around their central values by a
factor between 1/2 and 2, thereby probing the size
of missing higher-order contributions in the high-
energy resummed cross section.

Perturbative F-MHOUs. These uncertainties are
associated with the perturbative input of the FFs
at their initial scale. As discussed in Sec. I, they are
modeled through variations of the evolution scales
entering the FF construction and are encoded in the
replica structure of the OMG3Q1.1 set.
Nonperturbative F-NPWF uncertainties. These re-
flect the modeling of the nonperturbative wave
function entering the initial-scale FFs. In the present
framework, they are controlled through variations of
the transverse-momentum parameter (g%), which
governs the effective momentum-space structure
of the all-heavy bound state within the Suzuki-
inspired approach.

p(p1) + p(p2) = Qsc(|Gr,l, y1) + X + jet(|Gr, |, y2)

g NLL/NLO*
10t
N LL/LO
=) s 2% HE-NLO*
Q ANNNNANNANNNNN
— 100} My
1; N
Sl .
3 JETHAD v0.5.6
[S)
©l 107!} NNPDF4.0 nlo + OMG3Q1.1_cs_nlo
Vs = 13 TeV (HL-LHC)
102 | lyil < 2.5; |y2| < 47
50 < |Gr,l/GeV < 120; 30 < |gr,|/GeV < 120
> 10 [ ratio to NLL
g 5
= 1
I 05 R R I R H KK AR KKK A A AN NSNS
S 150
2
L 100
o
0.50
1.50
=
& 1.00
o
0.50
4 5 6
AY=y; -y,

(iv) Proton PDFs. An additional source of uncertainty

)

originates from the proton PDFs, which are extracted
from global fits and therefore contain an intrinsic
nonperturbative component. However, previous stud-
ies of heavy-flavor and all-heavy hadron production
have shown that PDF-induced variations are typi-
cally subleading with respect to fragmentation-re-
lated uncertainties. For this reason, we restrict our
analysis to the central member of the NNPDF4.0
set [272].

Phase-space numerical integration. The leading
numerical uncertainty originates from the multidi-
mensional integration over the final-state phase space
[see Eq. (41)] and over the Mellin variable v [see
Egs. (37), (38), and (39)]. These integrals are
performed using the native routines of JETHAD,
with numerical errors systematically kept below the
1% level. Subleading contributions arise from the
integration over the longitudinal momentum frac-
tions entering the PDF-FF convolution [see Eq. (33)]
and are found to be negligible.

In practice, F-MHOU and F-NPWF effects are simulta-
neously encoded within the OMG3Ql1.1 replica ensemble,
which provides a unified framework for uncertainty

) [pb]

do(AY, s

dAY

F-MHOU  H-MHOU

F-NPWF

p(p1) + p(p2) = Qsp(|dr,|, y1) + X + jet(|Gr,], y2)
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FIG.7. Rapidity-separation distributions for semi-inclusive Q5 plus jet production at /s = 13 TeV (HL-LHC), shown for the triply
charmed state Q5. (left) and the triply bottom state €3, (right). The reference asymmetric transverse-momentum range is defined by
50 < |gr,| < 120 GeV for the Q3 baryon and 30 < |gr,| < 120 GeV for the jet. Predictions are presented at the NLL/NLO™, LL/LO,
and HE-NLO™ accuracy levels. The uncertainty envelopes in the upper panels correspond to the total uncertainty obtained by combining
H-MHOU, F-MHOU, F-NPWF, and integration effects. The lower panels show, from top to bottom: (i) the ratios of LL/LO and
HE-NLO™ results to the NLL/NLO™ prediction, including H-MHOU variations only; (ii) the F-MHOU uncertainty band; and (iii) the
F-NPWF uncertainty band, both normalized to the corresponding prediction.
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propagation (see Sec. II and Appendix A). At the level of
rapidity distributions, these contributions are consistently
combined with H-MHOUs, allowing for a comprehensive
assessment of the total theoretical uncertainty affecting the
observable.

B. Numerical results and
phenomenological implications

Figures 7 and 8 display our predictions for semi-inclusive
€230 plus light-jet production as a function of the rapidity
separation AY between the baryon and the jet. Results are
shown for the triply charmed state Q5. (left panels) and the
triply bottom state €23, (right panels), at the HL-LHC energy
of /s =13 TeV and at the nominal FCC energy of
/s = 100 TeV, respectively. The rapidity spectra are pre-
sented in bins of width AY = 0.5, a choice motivated by
future experimental studies and by the need to retain a direct
connection with realistic detector-level analyses.

At the nominal FCC energy, this reference analysis is
further complemented by the symmetric, intermediate
asymmetric, and higher asymmetric transverse-momentum
selections displayed in Figs. 9-11, respectively. For sim-
plicity and to avoid a redundant proliferation of numerical
results, we perform this dedicated cut-dependence study at a

p(p1) + p(P2) = Qsc(|Grl. y1) + X + jet(|dr,], y2)

= NLL/NLO*
NN LL/LO
w53 HE-NLO™
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single collider energy. We select the nominal FCC setup
since, as the highest-energy configuration considered in this
work, it provides the most exploratory environment and the
widest kinematic lever arm for testing the semihard regime.
We do not display the corresponding cut-dependence results
at the 13 TeV HL-LHC, for which we have verified that the
same qualitative pattern is recovered. These additional FCC
configurations are designed to assess the perturbative
stability of the resummed predictions against progressively
harder transverse-momentum requirements.

A common feature of the reference predictions shown in
Figs. 7 and 8 is the progressive suppression of the cross
section as the baryon-jet rapidity interval increases. This
trend originates from the interplay between two competing
mechanisms. While the BFKL ladder enhances the cross
section through the growth of high-energy logarithmic
contributions at large rapidity separations, the convolution
with proton PDFs and €3, FFs increasingly restricts the
available longitudinal phase space. Within the kinematic
region investigated here, the phase-space suppression pre-
vails over the BFKL enhancement, leading to a steadily
decreasing AY spectrum for both 5. and €3, production.

For the reference transverse-momentum selection, a
substantial enhancement of the overall normalization is

p(p1) + P(P2) = Qsp(|Gr, |, y1) + X + jet(|Gr, |, y2)
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FIG. 8. Rapidity-separation distributions for semi-inclusive Q34 plus jet production at /s = 100 TeV (FCC, nominal), shown for the
triply charmed state €3, (left) and the triply bottom state €3, (right). The reference asymmetric transverse-momentum range is defined
by 50 < |gr,| < 120 GeV for the Q34 baryon and 30 < |gz,| < 120 GeV for the jet. Predictions are presented at the NLL/NLO™,
LL/LO, and HE-NLO™ accuracy levels. The uncertainty envelopes in the upper panels correspond to the total uncertainty obtained by
combining H-MHOU, F-MHOU, F-NPWF, and integration effects. The lower panels show, from top to bottom: (i) the ratios of LL/LO
and HE-NLO™ results to the NLL/NLO™ prediction, including H-MHOU variations only; (ii) the F-MHOU uncertainty band; and
(iii) the F-NPWF uncertainty band, both normalized to the corresponding prediction.
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FIG.9. Rapidity-separation distributions for semi-inclusive €3, plus jet production at /s = 100 TeV (FCC, nominal), shown for the
triply charmed state Qs. (left) and the triply bottom state €23, (right). The symmetric transverse-momentum range is defined by
50 < |gr,| < 120 GeV for the Q54 baryon and 50 < |Gr,| < 120 GeV for the jet. Predictions are presented at the NLL/NLO™, LL/LO,
and HE-NLO™ accuracy levels. The uncertainty envelopes in the upper panels correspond to the total uncertainty obtained by combining
H-MHOU, F-MHOU, F-NPWF, and integration effects. The lower panels show, from top to bottom: (i) the ratios of LL/LO and
HE-NLO™ results to the NLL/NLO™ prediction, including H-MHOU variations only; (ii) the F-MHOU uncertainty band; and (iii) the
F-NPWF uncertainty band, both normalized to the corresponding prediction.

observed when moving from HL-LHC to FCC energies. For
both Q5. and Q3 production, the cross sections increase by
more than 1 order of magnitude across most of the explored
rapidity range, with the largest gains occurring at small and
intermediate values of AY. At /s =13 TeV, the Qs.
distributions lie in the pb-to-tens-of-pb regime, while the
corresponding s, rates are typically 1 to 2 orders of
magnitude smaller. At /s = 100 TeV, the Q3. spectra
reach the O(10%) pb level in the low-AY region and remain
sizable throughout the explored interval, whereas €3,
production attains cross sections ranging from a few pb
to several tens of pb. This pronounced energy dependence
reflects the rapid growth of partonic luminosities and the
much larger high-energy phase space available at FCC
energies. Compared with the previous OMG3Q1.0 study
[75], the lower transverse-momentum thresholds adopted
here for both the Qj, baryon and the accompanying jet
enlarge the accessible phase space and contribute to the
enhancement of the predicted cross sections.

We now examine the dependence of the FCC predic-
tions on the transverse-momentum selection through the
additional configurations shown in Figs. 9-11. Figure 9
first replaces the reference asymmetric selection,
50 < |gr,| <120 and 30 < |gr,| < 120 GeV, with the

symmetric range 50 < |gr | <120 and 50 < |gr,| <
120 GeV. This comparison directly tests the sensitivity
of the predictions to the relative transverse scales of the
tagged baryon and jet, without modifying the lower
transverse-momentum threshold of the €3, state.
Figures 10 and 11 then progressively raise the trans-
verse-momentum thresholds to the intermediate asymmet-
ric range, 80 < |gr,| < 120 and 50 < |gr,| < 120 GeV,
and to the higher asymmetric range, 100 < [g7,| < 120
and 70 < |gz,| < 120 GeV, respectively.

Taken together, these configurations provide a direct
stability test of the resummed predictions as the tagged
transverse scales are moved progressively farther into the
perturbative domain. The simultaneous presentation of the
Qs and €3, channels is especially useful in this respect,
since the same absolute transverse-momentum selection
corresponds to substantially different ratios of the baryon
transverse momentum to its mass. The comparison there-
fore permits us to assess whether the larger mass of the Q5
state leads to an enhanced sensitivity to the lower trans-
verse-momentum boundary, while also quantifying the
phenomenological cost, in terms of the available produc-
tion rate, associated with increasingly restrictive selections.
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FIG. 10. Rapidity-separation distributions for semi-inclusive Q3 plus jet production at /s = 100 TeV (FCC, nominal), shown for
the triply charmed state Q5. (left) and the triply bottom state €3, (right). The intermediate asymmetric transverse-momentum range is
defined by 80 < |gr, | < 120 GeV for the Q3, baryon and 50 < |G7,| < 120 GeV for the jet. Predictions are presented at the
NLL/NLO™, LL/LO, and HE-NLO™ accuracy levels. The uncertainty envelopes in the upper panels correspond to the total uncertainty
obtained by combining H-MHOU, F-MHOU, F-NPWF, and integration effects. The lower panels show, from top to bottom: (i) the ratios
of LL/LO and HE-NLO™ results to the NLL/NLO™ prediction, including H-MHOU variations only; (ii) the F-MHOU uncertainty
band; and (iii) the F-NPWF uncertainty band, both normalized to the corresponding prediction.

Here and in what follows, stability under variations of
the transverse-momentum cuts refers to the perturbative
stability of the resummed description, rather than to the
absolute normalization of the cross section. The latter
necessarily decreases as the lower transverse-momentum
bounds are raised, owing to the corresponding reduction of
the available phase space. Our stability criterion instead
concerns the persistence of a controlled hierarchy among
the LL/LO, NLL/NLO", and HE-NLOT predictions,
together with a regular behavior of the associated pertur-
bative uncertainty bands, as the tagged transverse scales are
progressively increased.

The comparison between Figs. 8 and 9 provides a first
consistency check of the transverse-momentum dependence
anticipated in Sec. VA. Moving from the reference asym-
metric selection to the symmetric one leads to a visibly
closer agreement between the LL/LO and NLL/NLO™
predictions, signaling an enhanced perturbative stability
when the two tagged transverse scales are more closely
balanced. At the same time, the separation between the
NLL/NLO™ result and its high-energy fixed-order counter-
part, HE-NLO™, is reduced. This behavior is consistent with
the expected phenomenological role of asymmetric trans-
verse-momentum selections: while symmetric cuts favor a

stronger numerical stability among successive resummed
accuracies, asymmetric configurations enhance the dis-
criminating power between the resummed prediction and
its fixed-order high-energy truncation. The symmetric-cut
result therefore provides a nontrivial consistency check of
the high-energy framework and confirms the rationale
underlying the reference asymmetric selection.

The intermediate asymmetric configuration of Fig. 10
provides the first direct test of this stability criterion under
simultaneously harder transverse-momentum requirements.
As expected, raising the lower bounds from the reference
(50, 30) GeV selection to (80, 50) GeV produces a
substantial reduction of the absolute cross section for both
baryon species. This loss of rate is primarily driven by the
reduction of the available phase space and does not signal a
deterioration of the resummed description. Indeed, the
characteristic hierarchy among the three perturbative accu-
racies remains regular throughout the explored AY interval.
For Q5. the LL/LO prediction continues to lie systemati-
cally above the NLL/NLO™ result, while the HE-NLO™
contribution remains below it and approaches the
resummed prediction toward larger rapidity separations.
A similarly controlled pattern is observed for Qs;,, with no
indication that the larger baryon mass induces an enhanced
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FIG. 11.
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Rapidity-separation distributions for semi-inclusive Q54 plus jet production at /s = 100 TeV (FCC, nominal), shown for

the triply charmed state Q5. (left) and the triply bottom state €25, (right). The higher asymmetric transverse-momentum range is defined
by 100 < |Gz, | < 120 GeV for the Q54 baryon and 70 < |gr,| < 120 GeV for the jet. Predictions are presented at the NLL/NLO™,
LL/LO, and HE-NLO™" accuracy levels. The uncertainty envelopes in the upper panels correspond to the total uncertainty obtained by
combining H-MHOU, F-MHOU, F-NPWF, and integration effects. The lower panels show, from top to bottom: (i) the ratios of LL/LO
and HE-NLO™ results to the NLL/NLO™ prediction, including H-MHOU variations only; (i) the F-MHOU uncertainty band; and
(iii) the F-NPWF uncertainty band, both normalized to the corresponding prediction.

perturbative instability when the lower transverse-momen-
tum thresholds are raised.

This picture is reinforced by the higher asymmetric
configuration of Fig. 11, where the lower transverse-
momentum bounds are further increased to 100 GeV for
the Q;, baryon and 70 GeV for the jet. Despite the
substantial reduction of the available production rate, the
perturbative structure of the predictions remains regular
over the entire explored rapidity interval. For Qj., the
LL/LO prediction remains systematically above the
NLL/NLO™ result, while the HE-NLO™ contribution stays
below it and progressively approaches the resummed
prediction toward larger AY. For €5, which provides the
more stringent test because of its larger mass, no qualitative
rearrangement of the perturbative hierarchy is observed
when moving from the reference to the substantially harder
transverse-momentum selection. In particular, the relative
behavior of the LL/LO, NLL/NLO®, and HE-NLO*
predictions evolves smoothly, with no evidence of an
instability associated with the lower transverse-momentum
boundary.

The sequence of transverse-momentum selections there-
fore indicates that the reference range already lies within a
perturbatively controlled semihard regime. Raising the

lower transverse-momentum bounds primarily reduces
the available event rate, as expected from the steeply
falling transverse-momentum spectrum, rather than induc-
ing a qualitative stabilization that was absent at lower
scales. This conclusion is particularly relevant for Qs
production: although the ratio |G7 |/mg,, is smaller than in
the triply charmed channel for the same absolute cut,
increasing |Gz, |™" from 50 to 100 GeV does not reveal a
qualitatively different perturbative pattern. Our results thus
support the use of the reference selection for phenomeno-
logical studies, while the harder configurations provide
increasingly conservative alternatives at the price of a
substantial loss in production rate.

Quantitatively, considering the asymmetric selections,
the cross section decreases by approximately 1 order of
magnitude when moving from the reference (50, 30) GeV
configuration to the intermediate (80, 50) GeV range, and
by a further factor of about 5 when the lower transverse-
momentum bounds are raised to (100, 70) GeV. The higher
asymmetric selection therefore retains only a small fraction
of the production rate available in the reference setup,
providing a direct measure of the phenomenological cost
associated with increasingly conservative transverse-
momentum requirements.
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The first ancillary panels of Figs. 7 and 8, as well as of
the additional FCC results in Figs. 9, 10, and 11, quantify
the impact of high-energy resummation by displaying the
ratios of the LL/LO and HE-NLO™ predictions to the
NLL/NLO™ reference, including H-MHOU variations
only. A clear hierarchy emerges at both collider energies
and persists across the different transverse-momentum
selections. The LL/LO predictions systematically exceed
the NLL/NLO™ ones, indicating that NLL corrections
provide a sizable stabilization of the resummed series. This
effect is particularly pronounced for €5, production at the
HL-LHC, where the LL/LO over NLL/NLO" ratio
reaches several units over a broad region in AY. By
contrast, the enhancement is significantly milder for Q5
production, corresponding to a reduced separation between
the LL/LO and NLL/NLO™ predictions in the heavier
system.

The HE-NLO™ predictions remain considerably closer to
the NLL/NLO™ baseline across the explored transverse-
momentum configurations. Depending on the collider
energy, baryon species, and transverse-momentum selec-
tion, the HE-NLO™ over NLL/NLO™ ratio stays below or
moderately close to unity, supporting the consistency of our
hybrid factorization and confirming that the dominant
effects are already captured by the NLL/NLO™ description.

A further improvement is observed at FCC energies. In
particular, the separation between the LL/LO and
NLL/NLO™ predictions becomes noticeably smaller, while
the HE-NLO™ curves remain well controlled throughout the
explored rapidity range. This pattern suggests that the
resummed description becomes increasingly natural as
the available center-of-mass energy grows and the semihard
kinematics more efficiently probes the high-energy regime.
Consequently, the FCC environment offers not only sub-
stantially larger event rates, but also a more stable frame-
work for precision studies of high-energy QCD dynamics.

The second and third ancillary panels isolate the two
fragmentation-related uncertainty sources introduced in the
oMG3Ql.1 framework, for the reference setup as well as for
the additional transverse-momentum selections. Both
F-MHOUs and F-NPWF uncertainties remain under good
control over the entire rapidity range and across the explored
transverse-momentum configurations, typically inducing
only modest deviations from the central prediction and
exhibiting a weak dependence on AY. The F-NPWF bands
are particularly smooth, as variations of the nonperturbative
FF parameters primarily affect the normalization and
detailed shape of the fragmentation input while leaving
the underlying high-energy dynamics unchanged. Their
effect is therefore propagated through the fragmentation
convolution without generating significant distortions of the
rapidity spectrum. No sign of instability or anomalous
enhancement is observed across the explored kinematic
domain, either at HL-LHC or FCC energies, nor when

progressively harder transverse-momentum selections are
imposed.

A particularly noteworthy outcome of the OMG3Qi.1
analysis is the clear hierarchy among uncertainty sources,
which remains qualitatively preserved across the different
transverse-momentum  choices.  Fragmentation-related
uncertainties remain systematically smaller than the varia-
tions induced by changes in the high-energy perturbative
description, indicating that both the construction of the Q5
FFs and their DGLAP evolution are under good theoretical
control. The uncertainty envelopes shown in the main
panels combine H-MHOUs, F-MHOUs, F-NPWF effects,
and numerical integration uncertainties. Beyond providing
a realistic estimate of the overall theoretical accuracy, this
decomposition allows one to identify the physical origin of
the uncertainty budget.

Unlike earlier analyses based exclusively on central
predictions, the OMG3Ql.1 framework disentangles the
relative impact of high-energy resummation, perturbative
fragmentation, and nonperturbative FF modeling. The
resulting picture is remarkably consistent: the dominant
variations originate from the perturbative high-energy
sector, while the fragmentation component contributes only
a limited fraction of the total uncertainty. This observation
further supports the robustness of the 0MG3Q1.1 predictions
and strengthens their suitability for future precision studies
of triply heavy baryon production at hadron colliders.

From the perspective of high-energy phenomenology, the
results reveal a remarkably stable pattern despite the large
rapidity intervals explored. Although the LL/LO predic-
tions can differ substantially from the NLL/NLO™ baseline,
the matched resummed framework remains well behaved
and all fragmentation-related uncertainty sources stay under
quantitative control. The resulting rapidity spectra are
therefore characterized by a clear hierarchy of theoretical
effects, where high-energy resummation drives the domi-
nant variations while fragmentation uncertainties provide
comparatively small corrections. This makes semi-inclusive
€230 plus jet production a particularly attractive channel for
investigating the interplay between heavy-hadron fragmen-
tation and high-energy QCD dynamics.

Overall, Figs. 7 and 8, complemented by the transverse-
momentum-cut study of Figs. 9—11, demonstrate that the
OMG3Ql.1 functions lead to numerically stable and physi-
cally transparent predictions for triply heavy baryon pro-
duction at hadron colliders. The uncertainty decomposition
implemented in the framework provides direct access to the
relative impact of perturbative high-energy effects, pertur-
bative fragmentation dynamics, and nonperturbative FF
modeling. To our knowledge, this represents the first
systematic uncertainty-aware study of leading-power
Q23 fragmentation and one of the first applications of a
fully decomposed fragmentation-uncertainty framework to
rare heavy-baryon production in semi-inclusive collider
observables.
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VI. SUMMARY AND OUTLOOK

In this work we have presented the OMG3Q1.1 sets, a new
generation of collinear FFs for triply heavy baryons within
the HF -NRevo framework. These determinations extend
and supersede the previous OMG3Q1.0 release [75]
by introducing, for the first time, a systematic uncer-
tainty-aware treatment of heavy-baryon fragmentation.
Perturbative uncertainties are quantified through replica-
based missing-higher-order variations inspired by modern
PDF methodologies [279-282], while nonperturbative
effects are assessed through controlled variations of the
wave-function sector entering the fragmentation input.
Both ingredients are embedded into a unified replicalike
structure, yielding a flexible and systematically improv-
able framework for precision studies of rare-baryon
production.

Using the JETHAD numerical interface and its symbolic-
manipulation plugin (sym)JETHAD [76-82], we inves-
tigated semi-inclusive €234 plus jet production within the
NLL/NLO™ hybrid collinear/high-energy factorization
setup. Our phenomenological analysis covers collider ener-
gies ranging from the HL-LHC regime at /s = 13 TeV up
to the nominal FCC energy of /s = 100 TeV. The result-
ing rapidity distributions exhibit a clear and physically
interpretable pattern, characterized by a substantial enhance-
ment of production rates at FCC energies together with an
increasingly stable perturbative behavior.

A central outcome of the present study is the identifica-
tion of a well-defined hierarchy among theoretical uncer-
tainties. The dominant theoretical sensitivity originates from
the high-energy perturbative sector, including hard-factor
missing higher-order uncertainties (H-MHOUs), while
fragmentation-related effects associated with fragmentation
missing higher-order uncertainties and fragmentation non-
perturbative wave-function variations remain comparatively
small throughout the explored kinematic range. This result
demonstrates that both the construction of the oMmG3Q1.1 FFs
and their subsequent DGLAP evolution are under good
theoretical control. More broadly, it establishes triply heavy
baryons as theoretically robust probes for precision inves-
tigations of high-energy QCD dynamics.

The observed stabilization of the resummed predictions
further supports the concept of natural stability previously
identified in heavy-flavor fragmentation studies [229].
Although LL predictions can differ substantially from
the NLL/NLO™ baseline, the resummed high-energy
framework remains well behaved and increasingly stable
as the collider energy grows. This behavior is particularly
evident in the FCC regime, where the semihard kinematics
more efficiently activates high-energy logarithmic dynam-
ics and provides a favorable environment for precision tests
of resummation effects.

From a broader perspective, heavy-baryon fragmenta-
tion constitutes a privileged interface between hadron
structure and precision QCD. The production of triply

heavy states requires the simultaneous control of pertur-
bative short-distance dynamics, threshold-sensitive parton
evolution, and nonperturbative hadron formation. The
OMG3QI1.1 framework provides a quantitative tool to inves-
tigate this interplay and establishes a benchmark for future
studies of heavy-baryon production across different col-
lider environments.

An additional avenue of investigation concerns the
sensitivity of multicharm observables to intrinsic-charm
components of the proton wave function [283-286].
Although the production of triply heavy baryons is
expected to be largely dominated by gluon-initiated mech-
anisms, specific kinematic regions may enhance the con-
tribution of charm-initiated channels. Recent studies have
shown that axial-vector all-charm tetraquarks provide
particularly sensitive probes of intrinsic charm through
their production dynamics [134]. In this context, uncer-
tainty-aware fragmentation frameworks such as OMG3QI.1
offer a natural foundation for future investigations aimed at
connecting heavy-flavor production, hadron structure, and
exotic spectroscopy.

Beyond their immediate application to the still-unob-
served triply heavy baryons, the OMG3Q1.1 functions should
be regarded as part of a broader effort toward a unified
description of heavy-baryon formation across flavor sectors.
Recent years have witnessed remarkable progress in multi-
charm baryon spectroscopy, culminating in the observation
of the doubly charmed states =17 [32] and Zf. [33],
together with the recent report of the Q. baryon [34].
These discoveries complete the ground-state doubly
charmed sector and demonstrate that increasingly complex
heavy-baryon systems can now be reconstructed with high
precision. In this evolving experimental landscape, triply
heavy baryons naturally emerge as the next frontier.

The theoretical infrastructure developed in the OMG3Q1.1
program provides a quantitative baseline for this new
generation of studies. By combining uncertainty-aware
fragmentation with high-energy phenomenology, it enables
a systematic investigation of heavy-baryon production from
the HL-LHC to future collider facilities, including the FCC
[287-290] and other next-generation machines [291-297].
More broadly, it contributes to a long-term program aimed
at establishing a unified and systematically improvable
description of heavy-baryon formation, in which recently
discovered doubly charmed baryons and future triply heavy
states can be interpreted within a common QCD
framework.
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DATA AVAILABILITY

The fragmentation-function grids introduced in this work
are publicly available in LHAPDF6 format through the
Collinear_FFs repository [298]. The released dataset
includes the complete OMG3Ql1.1 determination, together
with all replica members used for the evaluation of
perturbative and nonperturbative uncertainties. Numerical
results presented in this study were obtained using
the JETHAD framework and can be reproduced from the
publicly available fragmentation-function grids and the
information provided in the manuscript.

APPENDIX A: REPLICA ORGANIZATION
OF THE omG3Q1.1 SETS

The oMG3Q1.1 release is built upon a structured ensem-
ble of nine replicas designed to quantify the impact of
perturbative and nonperturbative uncertainties on the
fragmentation process. The replica construction follows
a two-dimensional variation strategy in which factoriza-
tion-scale modifications and wave-function-profile defor-
mations are treated independently and subsequently
combined.

Perturbative uncertainties are estimated through the
variation of the characteristic fragmentation scale by
means of the multiplicative factor K, = 0.5, 1, 2, providing
the F-MHOU component of the uncertainty budget.
Nonperturbative effects are instead probed through varia-
tions of the transverse-momentum parameter (g=), which

TABLE I. Replica structure of the OMG3Q1.1 set. Variations of
K, provide the F-MHOU component, while changes in (47)
determine the F-NPWF contribution.

Replica ID K, (%) [GeV?]
0 1 60
1 1 55
2 1 65
3 0.5 60
4 0.5 55
5 0.5 65
6 2 60
7 2 55
8 2 65

controls the shape of the initial fragmentation input and
enters the F-NPWF uncertainty estimate. Three represen-
tative values are considered,

(g3) = 55,60,65 GeV>. (A1)

The complete replica ensemble is obtained by combining
all perturbative and nonperturbative configurations. The
central prediction corresponds to replica 0, defined by the
reference choice K, = 1 and (%) = 60 GeV=.

The correspondence between replica labels and param-
eter configurations is reported in Table 1.

APPENDIX B: NLO CORRECTION TO THE BFKL KERNEL

The characteristic function associated with the NLO correction to the BFKL kernel in Eq. (31) takes the form

1 (n* -4 d?
20.0) = = {75400 - 660 = 54 + 20000 + 2000, 1)
7 sinh(7v) ne\ 11+ 1202 ne\ 1+ 42
+2ycosh2(7w) [(3 i <1 +N_g> 16(1 + 1/2)>5”0 B <1 +N_§> 32(1 +12) 5’4 }7 (B1)
where §,,, denotes the usual Kronecker delta, and
1 —1/2+iv+1/2 1 ! 1
) = - [ (0 (5 @) Lo + Lisi
+lnx[l//(n—|—1)—y/(l)+ln(1+x)+z(k_ } 1)]}
k=1 = (
o 1)k+! / /
; AT {y/(k—l—l—I—l)—w(k—l—l)
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+ (=) B, (k+ 1+ 1)+ B, (k+1)] PNy (B2)
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By (2) :% [w’ (Z; 1) —y (%)} (B3)

Furthermore,

Liy(x) = A gy =) (B4)

stands for the dilogarithm function.
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