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We formulate a renormalizable complex extension of the bumblebee theory in which the bumblebee field
is promoted to a complex one and coupled to an Abelian gauge sector. Besides the minimal gauge covariant
interaction, the model includes a longitudinal kinetic term controlled by a dimensionless parameter g; and a
nonminimal magnetic-type coupling g, between the complex bumblebee and the photon. Using
dimensional regularization and minimal subtraction, we determine the one-loop UV divergences of
the two-, three-, and four-point functions relevant to the renormalization of the gauge, longitudinal, and
quartic sectors. We obtain the corresponding counterterms and derive the one-loop renormalization-group
functions for e, g;, g,,, and the bumblebee self-couplings A and 1. Motivated by the known gauge- and field-
reparametrization subtleties of the conventional Coleman-Weinberg analysis, we formulate an RG-
covariant leading-logarithmic improvement scheme for the Vilkovisky-DeWitt effective potential in normal
field coordinates, in which the RG operator is governed solely by the beta functions. We apply this
framework to a real constant bumblebee background and obtain the leading-logarithmic one-loop effective
potential, discussing the conditions under which a nontrivial vacuum is generated by dimensional
transmutation and thereby provides a dynamical realization of Lorentz symmetry breaking in this class

of models.
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I. INTRODUCTION

Spontaneous Lorentz symmetry breaking (LSB) is
actually treated as the most natural way to implement
Lorentz symmetry violation within the curved space-time
context where, in general, constant Lorentz-violating (LV)
vectors cannot be consistently defined, see the discussion in
[1]. Conceptually, within this scenario a LV vector is not
introduced a priori, as within the explicit Lorentz-breaking
scenario, but arises dynamically. Within the bumblebee
model, originally introduced in [1] and providing a most
efficient framework to break the Lorentz symmetry sponta-
neously, such a vector arises as one of minima of the
potential of some vector field called the bumblebee field.
Further, various issues related to the bumblebee model have
been considered, in particular, studies of its coupling to
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gravity (for a general review on LV gravity see [2]) within
the black hole context [3—5], cosmological context [6,7],
weak gravity context [8], and metric-affine gravity [9,10]
have been performed.

At the same time, studies of the bumblebee model in a
flat space-time also present a certain interest, since they
allow to generate the known LV models dynamically. The
most interesting direction of study in this case is the
dynamical LSB where the bumblebee potential is generated
as a quantum correction [11-13]. Another direction is the
study of interaction of the bumblebee field with other fields.
Some examples of couplings of this field to scalar, spinor,
and gauge fields can be found in [10,14,15], where such
couplings were motivated by the metric-affine bumblebee
gravity originally introduced in [9].

In this paper we formulate a renormalizable complex
extension of the bumblebee model coupled to an Abelian
gauge field. Our construction differs from the previously
studied real bumblebee setups in several important respects.
First, promoting the bumblebee field to a complex one
allows for two independent renormalizable quartic invar-
iants in the self-interaction sector, rather than a single
quartic structure. Second, we carry out the complete
one-loop renormalization of the coupled Abelian theory,
determining the counterterms and beta functions for the
gauge, longitudinal, magnetic-type, and quartic sectors.
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Third, motivated by the gauge- and parametrization-
dependence of the conventional Coleman-Weinberg
(CW) analysis, we formulate an RG-covariant leading-
logarithmic (LL) treatment of the Vilkovisky-DeWitt
(VDW) effective potential and apply it to the real con-
stant-background sector of the model. Together, these
results provide a unified setting in which the richer self-
coupling structure of the complex theory, its renormaliza-
tion properties, and the possibility of radiatively induced
LSB can be analyzed on the same footing.

The paper is organized as follows. In Sec. II we define
the complex bumblebee model coupled to an Abelian
gauge field and present the renormalized and counterterm
Lagrangians that set the stage for perturbation theory. In
Sec. III we compute the one-loop UV divergences in
dimensional regularization and extract the minimal-sub-
traction counterterms and beta functions for all couplings of
the model. In Sec. IV we outline an RG improvement
scheme for the VDW effective potential formulated in RG-
covariant (normal) field coordinates, emphasizing the
resulting RG equation controlled solely by beta functions.
In Sec. V we apply this formalism to the real constant
bumblebee background, derive the LL one-loop effective
potential, and analyze the emergence of a radiatively
induced vacuum through dimensional transmutation. Our
conclusions and outlook are collected in Sec. VL.

II. THE MASSLESS COMPLEX
BUMBLEBEE MODEL

Let us define the model with the following renormaliz-
able Lagrangian density:

1 1
L=~ F,F* -2 (D,B,~D,B,)(D'B" ~ D'B)*
1 o A
- (D*B,)(D"B,)" = ig,B*B'F,, = (B"B,)’

A
- (BYB'BB,) + Lo, (1)

where D, = d, —ieA, is the usual covariant derivative,
F,, is the field strength tensor associated with the elec-
tromagnetic field A,, and Lcr denotes the counterterm
Lagrangian. The parameters g; and g,, respectively char-
acterize the coupling associated with the longitudinal
kinetic term of the bumblebee field and the bumblebee
nonminimal magnetic-type interaction with the electro-
magnetic field.

In contrast to the usual real bumblebee setup, the
complex bumblebee allows for two independent renorma-
lizable quartic invariants. Besides the “single-trace” struc-
ture built from the scalar contraction (B**B,,), one can also
write an inequivalent quartic contraction in which Lorentz
indices are paired across the complex-conjugate fields.
The most general quartic self-interaction consistent with

Lorentz symmetry and the U(1) phase symmetry B, —
¢'B, therefore reads

A
V(B.B") = (B¥B,)* + 1 (B*B'BB,).  (2)

IS

where A and A are a priori independent dimensionless
couplings. This feature is absent in the real bumblebee case,
for which only a single quartic invariant is available. As a
result, the complex theory exhibits a genuinely richer
renormalizable self-coupling sector, with two independent
RG flows that can affect the structure of radiative correc-
tions and the vacuum configuration.

The explicit form of the counterterm Lagrangian is
given by

3 ) .
Leor = =5 Fuwk" == BuB™
— e?64(A,A*B,B* — A,A,B"B")
i€51

[B,,(A*B* — A*B**) — B, (A*B* — A*B")]

8 8
— LB B, + ie—(A"B,0" B} — A*B*B,)
91 91

56 % . % 5/1 *
- ezaA”A”BﬂBy ~id,,B"B'F,, — 7 (B"B,)’

5-
- f (B*B'B;B,). (3)

In the expressions above, all fields and couplings are to be
understood as renormalized quantities.

The counterterm Lagrangian is obtained by rewriting
the bare Lagrangian in terms of renormalized fields and
couplings. The relations between the bare quantities
(denoted by the subscript 0) and the renormalized ones
are established through the introduction of the wave-
function renormalization constants,

1/2 N 1/2 ps 1/2
By, — ZY’B,. By, — ZY’Bi, Ay, — ZY7A,.  (4)

from which the renormalized couplings are defined as

Z251+527 Z3EI+53,
e0Zy?Z, = e(1 +6)), €27, = (1 +6,),
WZi=A+3), J0Z3 =1+ 653,
Z 1+6
902y’ 2y =gy +6,,, L=—=
910 g1

EOZ;/ZZZ _ e(l + 65) 832322 _ 62(1 + 56) (5)

dio gi gio g

These relations will be employed in the computation of the
renormalization group functions.
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It is important to note that the inclusion of the longi-
tudinal term for the bumblebee field leads to the following
form for the propagator:

i
(B"(p)B™(=p)) = 7 (T (k) + gL (p)).  (6)
where the transverse and longitudinal projectors are

defined, respectively, as

p'p*
p2

p'p*
P (7)

™(p) =n" - and  L*(p) =

It is important to emphasize that the inclusion of the
longitudinal term in the bumblebee field propagator
requires careful consideration to ensure the consistency
of the quantization procedure. In particular, the absence of
ghost states and the preservation of unitarity demand that
the norm associated with the longitudinal component of the
propagator be positive definite. Consequently, to avoid the
emergence of negative-norm states in the Hilbert space,
the coupling parameter g;, which controls the longitudinal
contribution, must satisfy the condition g; > 0. Under this
condition, the longitudinal mode contributes consistently
to the dynamics of the theory without violating unitarity.
|

Hy 62 d4k fe7 v av a; v
I =— [ —— (g = (™0™ + n®n™) = 29 ] 2t

9) (2x)

B
B
Wﬁﬁmw :
A
|4 14 |4 |4
B

1 2 3

FIG. 1. One-loop bumblebee contributions to the photon two-
point function (vacuum polarization). Wavy and wiggly lines
denote the photon and bumblebee propagators, respectively.

In contrast, for g; < 0, the longitudinal sector would exhibit
negative-norm states, leading to unphysical ghost excita-
tions that may render the theory inconsistent.

III. RENORMALIZATION GROUP FUNCTIONS

In this section, we present the UV renormalization of the
complex bumblebee model. We begin with the bumblebee
corrections to the photon propagator. The corresponding
Feynman diagrams are shown in Fig. 1. In order to compute
the Feynman diagrams we used a set of Mathematica
packages [16-22].

The expression corresponding to the diagram 1.1 is
given by

Na (gl - l)kak
- Ty . (8)

We observe that the amplitude above vanishes identically, as Ay(0) = 0, as is expected for massless fields.
For the diagram shown in Fig. 1.2, we obtain the corresponding expression,

1 d*k

g ) @n)?

v
2

7 (e(gi(p — k) + k%) + g19,mp®) — 0™ (e(gik? + (p — k)P) + 919w P") + egm™ (k* — (p — k)")]

x [ (e(k” = g/(k = p)") + g1gmp”) — 1" (egik® — e(k — p)° + 919,p°) + egm?® (k* + (k — p)*)]

(gl - l)kak}/
k*(k - p)?

Na
8 {"'ﬁ‘s (m T
in?

12

)= (0= 000 =0tk = P (s + )

(p*p* = P91 — 1)(2(2e(e + 29,,) + (g, + 1)9,)Bo(0.0.0)

—4p*(e* + 2eg,, + 919%)Co(0, p*, p*.0,0,0) + (g, — 1)g2,p*Dy (0, p2,0. p*, p*, p,0.0,0,0))
+2(4€* (g —2) —4e(g; + 5)gm — (91 + 1) (g1 + 5)g2,)Bo(p*. 0,0)], )

where the scalar integrals B, Cy, and D, follow the Passarino-Veltman prescription and are defined in Appendix A.
After evaluating the integrals, we obtain the relation for the amplitude, which contains both finite and UV-divergent

contributions, and is given by

T = Ul _ 2
i (p'p pg”){48ﬂ2€

28872
2

{2e2 (991(1 -7)+3(3g,-5) ln<

(e(5-3g) + 12eg,, + 3(g; + 1)g%)

—4nu?
> > + 15y - 19)
p

—4 — 4
—36egm(g,+21n( p’;”)—2y+3)—9(gz+1)g51(g,+21n( p@”)-zym)]}, (10)
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FIG. 2. Bumblebee self-energy (two-point 1PI function).

where € = (4 — D)/2. We employ dimensional regularization (DR) and the minimal subtraction (MS) scheme as our
renormalization prescriptions. By including the counterterm diagram shown in Fig. 1.3 and imposing the finiteness
condition, we obtain the corresponding counterterm,

1
- 487%¢

53 (e(5-3g)) + 12eg,, + 3(g; + 1)g%). (11)

We now compute the self-energy of the bumblebee field corresponding to the Feynman diagram shown in Fig. 2. For the
first and second diagrams, the corresponding loop integrals are given by

[ Bk [ ek, (E—1)
L day , TarAe 7/ — 1) (poHprv Wtk — 2 g @ phv: 12
1 241 (2”)4 {kz + T ][(91 )(77 " +n%n ) gm'n ] ( a)

yo 1 d4k Moy (gl - l)kaky
2 i K

— oy 2;1 Atk _ ) (n®#Hprv ar pHv )] 12b
> =5 o) + ][nn (™0™ + n®n)] (12b)

Analogously to the previous case, we observe that the integrals are proportional to A((0) and therefore vanish identically, as
they involve massless fields.
For the third diagram, Fig. 2.3, we have

1 [ d*%
h = 7] aof le(gm”™((p — k)*+ p*) — g™ (p — k)* + p*n?) — 1™ (e(g:p” = (p = k)P) + 919K")) + 919k 1]
1
X [gigmkin’® — (1 (e(gip° + (k= p)°) 4+ 919mk®)) + e(gm®™ (p" — (k= p)") + g (k — p)* + p*n’®)]
kok p p kok
[ R e e ) W

After evaluating the integral and adding the counterterm contribution from Fig. 2.4, we obtain

5 )
imw = p? [T"” <—2—FT> + L™ (ﬂ—FLﬂ, (14)
Im 91

Y
B B Y v B Y Y
B Y
B § B 5 B B
B B

B

v B A B B

1 2 3 4 5

FIG. 3. The bumblebee-bumblebee-photon three-point function (1PI vertex).

where
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1 1 —4ru?
(e*(3g; — 6 + 14) + e(gm — 3919m) + (2= 39))g3) — s— | e* 3(3g, — 6£ + 14) In n;,u
28871 g,, p

A2
+ 996 — 9yg; + 189, + £(18y = 9) + 49 — 427) + ey, ((3 -9g,) ln< p’;ﬂ ) +9yg; =3y - 10)

I'y=—5-—
g 9612g,,€

—47u?
+ ga ((6—991)111( p@” ) + 979, - 99, —6y+4>}; (15a)

1
L 322

ko) () 1)
e 5 (o(5) ) ) (o) )

By imposing finiteness through the MS scheme, we find the counterterms to be 5, = g,,I'r and 6, = ¢;I';. The divergent
part of these counterterms can be written as

(62(912 —29£+6)—e(g—3)919m + 9129%1)

1
0y = [62(391 —6& + 14) + e(gyn — 3919m) + (2 = 391)91%:]2 (16a)
967°¢
1
S = 2ge [e*(g7 = 29:£ +6) — e(g, = 3)919m + 979m]- (16b)

In the following, we compute the counterterms corresponding to renormalization of the couplings e, ¢/g;, and g,,. The
relevant Feynman diagrams required to determine the corresponding renormalization constants are shown in Fig. 3.
The UV-divergent part of the associated three-point function is given by

(TB*B*A") =y’ p# {

i
719277:2926 (—293 (7912 + 69,6 —18) — 262919m(6912 +69,£—4g9,-9)
I

- - i
=2 (B30 + 455, - 34— 60) + dign(o-+ D+ 20) = 203) - - (3se + agmg»]

e .
+ 0 p¥ {967126 (e*(3g; — 6E+ 14) + e(gm — 3919m) + (2= 391)gm) — 1616}
i
19272¢

+ " p? {i(égm +51e) — (2¢3(3g; — 6& + 4) — 2€%g,,(9g, + 6& — 8)

—2e((6g; +5)g% — 34— 61) + 39, (29,95 + A + giA + 29,4 + 271))] - (17)

Thus, using the MS renormalization scheme, the counterterms 6;, s, and 5, are readily determined from the divergent
part of the corresponding three-point functions. They are given by

1

01 = ge2c 1€ (391 = 66+ 14) + e(gn = 39,90) + (2= 39.)g]; (18a)
1

55 = 32 ge (€2 (g7 = 29,6+ 6) — e(g; — 3)919m + T1G2); (18b)

I T [20€3 + 2¢%g,,(6g; + 6& = 7) — 2e(34 + 61 — (3g; + 7)g2,) = 39m((A +22) (g, + 1) = 2g,92,)].  (18¢)
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FIG. 4. One-loop 1PI bumblebee four-point function. Its UV divergence determines the counterterms required to renormalize the
quartic self-interactions governed by A and 4.

Finally, we proceed with the renormalization of the four-point function of the bumblebee field, as represented by the
diagrams in Fig. 4. Our calculations were performed in the limit where the external momenta of the bumblebee field legs are
set to zero, which is sufficient to study the effective potential. The associated UV divergent part is expressed as

(TBB'B*BY) = (nn” + i n )T\ + pponr T (19)
where
- .
i = - ’7 n ﬁ [22¢* — 56¢%g,, — 6¢2(2(g; — 6) g% + 54+ 24€) + e(8(6g; + 5)g%, — 30(g, + 1)gnd)
+ 8794 —24(3(2g7 + g, + 2) g% + (297 — g, + 5)A) + 4gr 2 A+ (5g7 + 29, + 17)2% + 772 + 8g,9%,
— 8G,92, A + 4g,2% + 644, + 4g2 0+ T2%; (20a)

@ _ s,
Y — isi
T

[32¢* + 128¢3g,, + 24€*(2,(2g; + 6) + 24 — A(3 = 2&)) + 8eg,(4(3g, + 1)g2 + 6(g, + 1)A

e
—9(g;+ DA) +4(7g7 — 29, + 3) g, + (9 — 1)22> = 8(5g7 — g, + 5)gaA — 4(2g7 + 59, + 11)A4 + 12(g; + 1)? g2 2
+2(7g7 = 29, +19)2°], (20b)

|
where the first two terms arise from the counterterm  represented in the diagrams of Fig. 5. The expression to the
diagrams and can be determined by imposing finiteness  divergent part is
conditions on the expressions (20a) and (20b).
We also calculate the one-loop four-point func- . .
tion (TB*B’A%A") to find the counterterms &, and 8,  (TB'BYA%A") = (n'*n*" + n*“n" y)l“g Vo D”yarz(l ) (21)
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B B B B B
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5 Y B v B B, v y
B
5 y B B y g B8 Y B =8 B v B
7 8 9 10 11 12

FIG. 5. One-loop 1PI contribution to the bumblebee-bumblebee-photon-photon four-point function.

where
e iez((s 5¢) + ie” [€2(6(g; — 1)gi& = 37 — 117 + 18)
= — — _— e —_— — [~ —
3 4 491 6 9671’29[2(9 91 91 91 91

+eg19m (397 =49, +9) + (391 + Dgi gl (22a)

+ 2

) ie
1) = i€, + 1o [*(3g) = 66+ 14) + e(gn = 30190) + (2= 39) 3. (220)

The counterterms o4 and ¢ are determined by imposing the finiteness condition on the equation above. The counterterms
associated with the four-point functions can be explicitly written as

04 = gz [e*(3g1 — 6E + 14) + e(gm — 3919m) + (2 = 39)) g l: (23a)
1
86 = e [e*(97 = 29:6 + 6) — e(9 = 3)919m + Gi 9m): (23b)
5, = 6.2 [22¢* — 56€3g,, — 6€>(2(g; — 6) g2, + 54 + 24&) + e(8(6g, + 5)g;,
T~€
—30(g; + 1)gnd) + 8979k — 24(3(2¢7 + g, + 2) g2, + (207 — g1 + 5)A) + 4g g2, 2
+ (597 + 29, + 17)2% + g22% + 8g,9%, — 891924 + 49> + 64}, + 4624 + T7%); (23c)
1 B
5 = T [32e* + 128¢%g,, + 24€*(g2, (29, + 6) + 24 — A(3 = 2¢)) + 8eg,,(4(3g; + 1),
€
+6(g;+ 1)A—9(g, + 1)2) + 4(7g7 — 29, + 3)gh + (91 — 1)22> = 8(5¢7 — g1 + 5) g2
—4(2g7 + 59, + 11)A4 4+ 2(7g7 — 29, + 19)2% + 12(g; + 1)2g2,A]. (23d)

I
With all counterterms evaluated, we can proceed to

AZ3 = p*(A+65)); 24
determine the renormalization group functions. The beta 02z =#E(A+0) (24¢)
functions for the coupling constants of the model are o0 2er% L s,
calculated using the counterterms along with the following M2y = (A 5y); (24d)
relationships between the bare and renormalized couplings: 12 '

ngZ3 ZZ = /’le (gm + 59,,,)’ (246)
= euc(1+83)712% 24 . . .
eo = ep'(1+6;) ’ (242) where, in the first relation, we used Z; = Z,, as follows
from Egs. (16a) and (18a).
2 - M; (24b) In contrast to the couplings e, g,,, 4, and A, the bare
Y10 9 definition of g; in Eq. (24b) does not require a
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compensating factor of €. This traces back to the canonical
dimensionality of the operator it multiplies, zigl(a”Bﬂ)z.
Indeed, if B, carries the standard Maxwell-type kinetic
term, then in D spacetime dimensions one has [B,]
D/2—1,sothat [0- B] =D/2 and consequently [(0-B)?] = D.
Hence the coefficient 1/g; is canonically dimensionless for
arbitrary D, and g; remains a marginal coupling under
analytic continuation within dimensional regularization.
Accordingly, the scale dependence of g; is entirely induced
by UV renormalization, i.e., by its f# function, rather than by

|

e(e*(3g;—5) — 12eg,, — 3(g1 + 1)gm)

an explicit u prefactor. In comparison, couplings that are
marginal only in four dimensions—such as the gauge
coupling e (and likewise g, in the present model)—acquire
anonvanishing canonical mass dimension upon continuation
to D =4 — 2¢, and therefore must be accompanied by an
explicit factor of y¢ so that the action remains dimensionless
in dimensional regularization.

The relationships (24), together with the expres-
sions for the counterterms, lead to the following beta
functions:

_ , 25
pe) = (252)
1 4 3 2 2 227
ﬁ(’l) = W [226 — 56e Im — 2e (6(9[ - 6)gm + (391 + 29)2) + 4(91 - 1) gml
+ 8eg,, (69, + 5)g3, — (39 + 4)2) = 4(3g7 + ) g4 — 2(27 — g+ 5)24
+ Bgi(gr + 1) + 6)gi + (9,59, +2) + 17)22 + (91(91 +4) + 1) A); (25b)
) = — o [32¢* 4 128¢3g,, + 8¢2(6(g; + 3)g2, + (3g; + 5)A + 64) + 16eg,,((6g, + 2)g2
+3(g 4+ 1)A =239, + 2)A) + 4(7g7 — 29, + 3) g — 44((29} + 59, + 11)A = 3(g; + 1)*g%)
—8(5g7 + 29+ 3)gnA + 2(797 — 29, + 19)2° + (g9, — 1)*4%; (25c¢)
Bgm) = e [—20e® — 122(g; + 2)g,, — 2€(20g%, — 34 = 64) —2(3g; + 5) g5, +3(g; + 1) gd + 6(g; + 1)g,A]; (254)
1
Pl91) = 55212 (79 = 9) = 4egigm + (1 = 39)910]- (25¢)
At this stage, the UV structure of the complex bumblebee 11e* ~ et
model is fully determined at one loop within the MS pi) = 2477’ pi) = 672’
scheme. Collecting the counterterms extracted from the 53 302
two-, three-, and four-point functions, we obtained the B(gn) =— 182 plg) = - Fpal (26)
T T

complete set of renormalization constants required to
renormalize the gauge, longitudinal, magnetic-type, and
quartic sectors, and we derived the corresponding renorm-
alization-group functions in Egs. (25a)—(25¢e). As expected,
the resulting beta functions are independent of the gauge-
fixing parameter, whereas gauge-parameter dependence
may enter only through anomalous dimensions.

It is worth stressing that the hypersurface in coupling
space defined by g,, = g; = A = A = 0 is not stable under
renormalization once the gauge interaction is switched on.
Indeed, Egs. (25b)—(25d) exhibit genuine “‘source” terms
driven solely by the electric charge: (1) contains an
additive contribution  e*, ﬁ(i) contains an additive con-
tribution  e*, and (g,,) contains an additive contribution
x e’ even at g, =g, =A=1=0. Concretely, setting
Gn =g =1 = 2=0in Egs. (25b)—(25d) yields

so that gauge fluctuations radiatively regenerate the quartic
self-couplings and the magnetic-type interaction even if
they are tuned to vanish at some reference scale. From an
effective-field-theory viewpoint this reflects operator mix-
ing among the marginal interactions compatible with
Lorentz symmetry and the U(1) phase symmetry of B,:
the gauge sector acts as a driver for a nontrivial RG flow in
the full coupling space, and a consistent renormalization
therefore requires including (g;, g, 4, ;1) as running cou-
plings rather than treating them as optional deformations.

These RG functions, Eq. (25), provide the essential input
for the resummation of leading logarithms and for a
controlled discussion of radiative symmetry breaking. In
the next section, we therefore turn to the Vilkovisky-
DeWitt formulation of the effective potential and develop
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an RG-improvement scheme in RG-covariant (normal)
field coordinates, where the RG equation is defined solely
by the beta functions.

IV. RENORMALIZATION GROUP
IMPROVEMENT FOR THE VILKOVISKY-
DEWITT EFFECTIVE POTENTIAL

The study of the effective action provides a powerful
framework for encoding the quantum behavior of physical
systems in terms of classical fields. In particular, the
associated effective potential offers a natural setting con-
venient to analyze spontaneous symmetry breaking and the
dynamical generation of mass. In gauge theories, however,
the gauge dependence of the conventional effective poten-
tial obscures the physical interpretation of radiative sym-
metry breaking and vacuum stability analyses, especially in
the CW framework.

Concretely, the standard one-particle-irreducible (1PI)
effective action can be written schematically as

| 2
rigl = / L]+ 1in de {_5‘; ;}] L

- / BV (). 27)

where the ellipsis (---) denotes higher-order quantum
contributions. When obtained from the standard gauge-
fixed path integral, I'[¢)] depends explicitly on the gauge-
fixing condition and on the particular choice of field
coordinates in field space [23]. Consequently, the ordinary
effective potential Vi (¢) is gauge dependent away from
its stationary points; gauge invariance is recovered only at
its extrema, as encoded in the Nielsen identity [24] (for
explicit verifications in scalar electrodynamics and for
discussions of gauge invariance in the presence of daisy
resummations in CW-type models, see Refs. [25,26]). In
general, the RG equation obeyed by V. involves the
anomalous dimension of the field, which in gauge theories
is typically gauge dependent itself,

0
op

As shown by Vilkovisky [27], this gauge dependence
arises because the second functional derivative S 45 of the
classical action S[¢] mixes physical and gauge directions in
field space. The Vilkovisky-DeWitt construction removes
these ambiguities by endowing the space of fields {¢*(x)}
with a covariant geometric structure and by defining the
effective action as an unambiguous scalar on this manifold.

In order to characterize the geometry of field space, let us
define G43(¢) as a (DeWitt) metric on the field space that
defines the inner product of variations 5¢*, and let K4 ,(¢)
denote the generators of gauge transformations, so that an

0 0
<”@+ﬂia_,1i‘7¢¢ )Veff(dhﬁi,ﬂ)zo. (28)

infinitesimal transformation acts as 5,¢* = K4, The
induced metric on the space of gauge orbits (the depend-
ence of the effective action on this metric has earlier been
studied in [28]) is then

wa/}(¢) = KAa(qﬁ)GAB(fﬁ)KBﬁ(fﬁ)’ (29)

and the projector onto directions horizontal to the gauge
orbits (i.e., orthogonal to gauge directions) is given by
HAB = 6AB - KAa(a)_l)aﬂKBﬂ, KBﬂ = GBcKCﬂ. (30)
The VDW connection is chosen so that covariant deriva-
tives do not mix physical and gauge directions,

Mpe =TG4+ KA (07" )V 3K cpp.  (31)

where I'[G] is the Levi-Civita connection associated with
G,p and V denotes the corresponding covariant derivative.

The VDW effective action is defined by replacing the
ordinary second functional variations by the covariant
Hessian S.,3 = V4 VS and restricting the functional traces
to the horizontal subspace:

Pyow )= S4] + T In(S.5) =1 Trhn() 4, (32)

where Try indicates that the trace is taken with the
projector IT inserted in the propagators, and the last term
accounts for the gauge-orbit measure. Equation (32) rep-
resents the one-loop approximation to the unique effective
action in the sense of Vilkovisky and DeWitt; higher-loop
contributions are obtained by the usual loop expansion with
VDW-covariant vertices and propagators. By construction,
I'ypw is independent of the gauge-fixing condition and of
field reparametrizations off shell (for a review of this
effective action, see [29,30]).

For constant backgrounds (spacetime-independent
fields), the effective action reduces to

Cyvpw(de] :/dDXVVDW(¢c)v (33)

which defines the VDW effective potential Vypw.
Operationally, Vypw is obtained by evaluating the func-
tional traces in Eq. (32) at constant fields, with the covariant
Hessian projected onto the physical (horizontal) subspace.
At the one-loop order this yields the familiar sum over
physical modes only,

o
Vbl =5 [ G5gp 3 n(p? + mi(g) - 0),

n € phys

(34)

where {m2(¢.)} are the field-dependent eigenvalues of
S.ap restricted by IL Unphysical Goldstone, longitudinal,
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and ghost contributions cancel identically once the VDW
geometry is implemented. Consequently, Vypw is gauge
and parametrization independent for all field values (and
not only at its extrema); for explicit examples, see
Refs. [31-33].

While the VDW construction provides a unique gauge-
and parametrization-independent effective action, a fully
systematic RG-improved treatment of the corresponding
effective potential, in the spirit of CW, has not been
developed. In the following sections we will develop the
RGE improvement method to compute the VDW effective
potential and apply it in obtaining the VDW potential for
the complex bumblebee field.

A. Renormalization group equation
for VDW effective potential

In the VDW formulation the effective action I'ypw is a
scalar on field space. Its covariant RG equation can be

written as
[@srtsp e

d d
(gt Sop 5~
X FVDW [Qb;/l, /4 = O’ (35)

where {4;} denotes the set of renormalized couplings and

masses, y is the anomalous—dimension tensor, and Vy’)
is the VDW covariant functional derivative in field space.
The last term in (35) is the familiar field-rescaling piece.
We now show that in normal geodesic coordinates—the
RG-covariant field variables y—this term is absorbed into
the definition of the u derivative at fixed y.

Let ¢ be a background configuration and define the
normal geodesic coordinates ¥ via the exponential map on
field space,

v 9 (36)

Mpe(dh) =0,
BC(¢) D a)(A

¢ = Expy(x),

By construction, y transforms homogeneously under field
reparametrizations and gauge, and acts as the RG-covariant
field variable in a neighborhood of ¢.

We define the field RG flow at fixed y by

A
( %) —— (37)

Equation (37) states that if the RG-covariant coordinate y is
held fixed, then the renormalized field ¢ runs exactly
according to its anomalous dimension.

For any functional F|¢, A, u] we define the total deriva-
tive at fixed y,

d
K/ x i

Jeratea (), oo

Using (37) and replacing ordinary by covariant derivatives
in field space, we obtain the operator identity

d y
(/4 E)z = puo, + Zﬁiai, —/ xy PV W, (39)

Applying the identity (39) to the covariant RG equa-
tion (35) yields

(u %)erw 600 3.4 = 0. (40)

In normal coordinates at the background, where
V@) - d/dy, Eq. (40) reduces to

( +Zﬂ,

i.e., the anomalous-dimension term does not appear
explicitly when the RG operator is taken at a fixed
RG-covariant field y (a more detailed derivation is found
in the Appendix).

For constant backgrounds the same algebra gives

( +Zﬁ,

i.e., the RG equation for the unique (gauge/parametriza-
tion-independent) VDW potential in normal geodesic
coordinates, with no explicit anomalous dimension term.

In a conventional 1PI formulation one may have a term
p:0: in the RG operator. The Nielsen identity converts o
into a field direction and it combines with the anomalous-
dimension piece exactly as above, so that in RG-covariant
variables the reduced operator is again ud, + ), f;0,.. In
the VDW formalism, d:'ypw = 0 off-shell, and no f3; term
appears.

>FVDWb( A pu] =0, (41)

>VVDW()( Au) =0, (42)

B. Leading logarithms for the VDW potential

In classically scale-invariant theories, it is important to
investigate whether spontaneous symmetry breaking can
occur dynamically via the CW mechanism [34]. The
effective potential is one of the primary tools for addressing
this question. Among the available techniques, the com-
putation of the LL effective potential using RG improve-
ment is particularly powerful [35]. This procedure provides
a systematic framework for resummation of logarithmic
corrections and obtaining the LL approximation to the
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potential. The approach has proven remarkably effective in
a variety of field-theoretical contexts, as demonstrated in
Refs. [36-41].

However, the usual treatment based on Eq. (28) can be
gauge dependent, since the anomalous dimension is in
general gauge dependent in gauge theories. Instead, we will
develop an RG improvement for the VDW potential, which
is independent of gauge fixing and of field reparametriza-
tions off shell.

In four dimensions, the marginal operator in the tree-
level potential is proportional to y*,

A
VOVDE = _)(47 (43)

4!
where y is the RG-invariant field. On dimensional grounds,
the perturbative expansion of the VDW potential takes the
general form

Vypw (7)) = Ag(x)y* + A (X)y*L + Ay (x)y*L> + - -,
(44)

where x collectively denotes the coupling constants,
L =1In(y*/u?), and p is the renormalization scale intro-
duced through dimensional regularization. Each coefficient
Ai(x) =a\"x +al’x? + al'x3 + - represents a power
series in the couplings, whose order corresponds to the
number of loops in the perturbative expansion.

It is often convenient to reorganize the potential into a
series of logarithmic contributions:

Vyow(r) = x* [i CEHL) (x)L"

0

+ ZcﬁyL)L(x)L" +otgy (49)

where C<LnL) (x) = afﬁﬂ”*l and C](\;lL)L (x) = a2 re-

present the leading- and next-to-leading-logarithmic coef-
ficients, respectively. The quantity &, is the counterterm
fixed by the CW renormalization condition,

*Vypw
0)(4

_ 64 VOVDE
- 4
P oy

, (46)

X=H

where we set u as the renormalization scale.
The VDW potential must satisfy the RG equation (42),

0 0
B ) Vypw =0 47
(M P + B 6x) VDW (47)

where f, = pdx/du denotes the beta function of the
(collective) coupling x. Using the identity uoVypw/du =
—20Vypw/0L, one obtains the compact form

0 0
-2— —|V =0. 48
[ 5L+ﬁxax] VDW (48)

Substituting the ansatz (45) into Eq. (48) and isolating
the LL contributions yields the recursion relation

] (0N
) = (B )@ w1 @)

At the one-loop level, only the first correction term

C(Ll,z (x) is required. To reproduce the tree-level potential,

we set C\) (x) = Vo, /x*, and C')(x) is then obtained

from Eq. (49). The resulting VDW potential at one loop
reads

1) 1 ;(2
Vvow = Voypw T 4—/:)(4 + 3 CQL) (x)7*In (E) . (50

where 0, is a finite counterterm determined by the CW
renormalization condition (46).

The conditions for the minimum of the VDW potential
are

oV
2 VDW =0, (51a)
% =
*Vypw
5 =m2 >0, (51b)
G P

where the first condition fixes the renormalization scale u to
coincide with the minimum of the VDW potential, and the
second one determines the radiatively induced mass for the
y field.

It is important to emphasize the domain of validity of the
RG-improved VDW potential constructed here. Our analy-
sis is perturbative and relies on one-loop beta functions
together with a LL resummation, so the resulting VELo (1)
is reliable only as long as the couplings remain in the weak-
coupling regime and the logarithms are not large enough to
invalidate the truncation at LL order. In practice, the
approximation is most trustworthy for field values y of
order the renormalization scale u, where L = In(y?/p?) is
moderate, and well below any Landau-pole scale of the
theory. In addition, in a generic curved field manifold,
Riemann normal coordinates provide only a locally linear
parametrization around a chosen reference configuration,
with nontrivial curvature effects entering at higher orders in
the geodesic distance. Finally, as in the conventional 1PI
approach, the RG-improved potential should be regarded as
an approximate description of the vacuum structure rather
than as the exact convex effective potential: it accurately
captures the radiatively induced minimum and the asso-
ciated mass scale, but it is not expected to provide a
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quantitatively precise global description for arbitrarily large
field values or in strongly coupled regimes.

In order to use Egs. (45) and (49) to compute the LL
VDW potential, it is important to note that the RG functions
differ slightly between the CW and MS schemes [42]. This
distinction plays no role at one-loop order, and thus
does not affect the LL VDW potential. However, it must
be taken into account when computing the next-to-leading-
logarithmic contributions, for which the two-loop beta
functions are required.

V. THE VDW EFFECTIVE POTENTIAL FOR THE
BUMBLEBEE COMPLEX FIELD

Having examined the UV behavior of the model, we now
turn to investigate whether LSB can occur dynamically via
the CW mechanism [34]. To this end, we now apply it to a
real constant background of the complex bumblebee model.
Our purpose is to extract the corresponding RG-improved
one-loop LL. VDW potential and to analyze whether it
supports a radiatively induced LSB vacuum.

It is important to emphasize that the classical poten-
tial must be expressed in terms of the real components
of the complex bumblebee field, B* = B + iB}, with
(B*)* = BY —iB;, where B| and B are real vector
fields. In this representation, the classical potential can
be rewritten as

2 pl

Vo =, (B¥B, )+ 2 (B"B'B.B,)

A+ A=
:—(B“+B4)+TB232+/1(B1 B,)?,  (52)

where 82 B”Bm (i =1, 2). The effective potential is
then evaluated for a real constant background configura-
tion, (B*) = (B} + iBy) = B:.

In four dimensions, the marginal operator in the tree-
level potential is proportional to B*,

Y
Ovpw — 4

A
B} = ZrB‘C‘. (53)
On dimensional grounds, the perturbative expansion of
the effective potential takes the general structure

Veie(BZ) = Ag(x)Bt 4+ Ay (x)BEL + Ay (x)BEL? +

(54)

where x collectively denotes the coupling constants,
L =1n(B%/u?), B is the classical background field,
and p is the renormalization scale introduced through

dimensional regularization. Each coefficient A;(x) =

(e 4 a2 4 g3 ...

2 . .
ay'x +ayx*+a, represents a power series in

the couplings, whose order corresponds to the number of
loops in the perturbative expansion.

It is often convenient to reorganize the potential into a
series of logarithmic contributions:

Ver(BZ) = Bt {Z CiL ) Z CE\’/%L (x)L" !
n=0
)
+- 4_1] , (55)

with CV"(x) = a"'x"*1 and CY}, (x) = a'”) x"*? repre-
senting the leading- and next-to-leading-log coefficients,
respectively. The quantity ¢ is the counterterm fixed by the
CW renormalization condition,

d*V,
dBdB,,dB"dB,,

_ d4 Veff
~ dBldB,,dB'dB,,|p_,

=64, (56)

where we set u as the renormalization scale.

A crucial consequence is that the RGE for the VDW
potential reduces to a form controlled solely by the beta
functions of the couplings as we can see in the Eq. (42). The
logarithmic ansatz for the potential, Eq. (55), leads to the
following LL recursive relation,

U
Ciﬁ@@‘ﬂ(a +5; >( "D, nx1,

(57)

with C\*)(4,) = 4,/4. Although both the VDW effective
potential and the LL coefficient are, in principle, functions
of all the couplings, they effectively depend only on 3, and
p;. This is because C<LOL) is determined by the tree-level

potential, and therefore depends explicitly on A and .
The resulting one-loop effective potential then reads

(A, +6)
Vo =
eff — 4

B0 pa el 2,)B41n (52). (58)

In order to determine its minimum, V. has to satisfy the
following stationary conditions:

dv,
dBeéf =0 for some B2 = u?, (59a)
d*v
mi = = > 0. (59b)

dBLdB,, |5,

The CW renormalization condition (56) fixes the counter-
term to be
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25
§=— 3042 [56e* —352¢3g,, +4(3 + 10g; + g7)gm + (53 + 2g; + 17¢7)2% + (24 — 12g, + 12g7) 24,
JT
+ (=10 +20g, — IOg%)/I% + 16eg,,((8 + 6g;) g% — 15(1 + g;)A +2(2 + 3g,)A,)
—8e%(6(=3 + 2¢,) g2, + 304+ (54 3g;)4,) — 465 ((29 + 29, 4+ 29¢7) A — 2(5 = 2g; + 7g}),)]. (60)

Using the minimization condition, we find the value of the minimum, which can be written perturbatively as an expansion
in powers of the coupling constants for 4,

11
— 48e%((=3 +29,) g2 + 54) + 16e((8 + 6g,)g2, = 15(1 + g))gnA)] + - - -. (61)

In this process, the dimensionless parameter 4, is replaced by the mass scale y generated by the vacuum, in a mechanism
known as dimensional transmutation [34]. Since A, ~ O(e*, g%,,--+), terms of order 42 can be consistently neglected.
Accordingly, the one-loop VDW effective potential can be expanded up to O(e*, 4%, g},) as

Vet = [56€* —352¢3g,, + 4(3 + 10g; + ¢2) g — 4(29 + 2g; + 2997) g2, A + (53 + 2g, + 17g7)*

B* 1 B2
—48¢%((—3 + 2g;) g2, + 54) + 16¢((8 + 6g) g3, — 15(1 + g1)gnA) = | =5 + In— ). (62)
1536x 2 U

The expression (62) for the effective potential is valid only in the region of classical field space where In(B2/u?) remains
small. In particular, it is not reliable for very small or very large values of B2.

In=0, =0 gm =0, g =01 In=0, g/=025
1.0 ‘ ‘ ‘ : 1.0 ‘ ‘ : : 1.0 ‘ ‘ : :
0.8 1 0.8 0.8
0.6 1 0.6 0.6
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0.2 i 0.2 / 0.2
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e e e
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0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 08 1.0 0.0 0.2 0.4 0.6 0.8 1.0
e e e

FIG. 6. Two-dimensional slices of the parameter space (e, 4, g,,, g;) illustrating the domain where m% /u? > 0. Each panel shows the
(e, 2) region (shaded) satisfying m%(e, 2; g,n» g;) > O for a fixed choice of (g,,, g;) displayed in the panel label, with 0 < e < 1 and
0 < A < 1. The thick contour denotes the locus m% = 0.
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Two-dimensional slices of the parameter space (e, 4, g,,, g;) illustrating the domain where m%/u? > 0. Each panel shows the

(e, 1) region (shaded) satisfying m%(e, 2; g,,, g;) > O for a fixed choice of (g,,, ;) displayed in the panel label, with 0 < ¢ < 1 and

0 < A < 1. The thick contour denotes the locus m3 = 0.

From the stationarity conditions, Eqgs. (59a) and (59b), the bumblebee field acquires a dynamically generated mass.

Explicitly,

m3 = [56¢* — 352¢%g,, + 4(3 + 10g; + g7)gh — 4(29 + 2g; + 29¢7) g2 A + (53 + 2g; + 17g7) 2%

—48¢%((—3 + 2g;) g2, + 54) + 16¢((8 + 6g) g3, — 15(1 + 1) gmA)]

The characterization of B2 = x> as a minimum of Vg is
therefore controlled by the sign of m%. To delineate the
regions of the parameter space (e,4,¢,,9;) for which
m% > 0, we fix two couplings and scan the remaining
two-dimensional subspace. Figures 6—8 display represen-
tative slices in the (e, 1) plane, where the shaded region
corresponds to m%(e, 4; g,,, g;) > 0 for the fixed values of
(gm» g;) indicated in each panel.

In Fig. 6 we set g, =0 and vary g, within the
perturbative regime. We find that changing g, has only
a mild impact on the shape of the allowed domain. In
Fig. 7 we fix g; = 0' and vary g, over positive values,

'Since the consistency of the longitudinal sector requires
g; > 0, the point g; = 0 is approached only as a boundary limit
from the physical side of parameter space.

2

u
19272 (63)

|
0<g, <1, while in Fig. 8 we again set g; =0 and
consider negative values, —1 < g,, < —0.01. Altogether,
these plots show that there exist perturbative regions of
parameter space in which m% > 0, supporting a radiatively
induced symmetry-breaking vacuum in the present model.

To further assess the robustness of the positivity con-
dition m% > 0, we extended the LL analysis beyond the
lowest nontrivial order and compared the region in the
(e, A) plane defined by m%/u* > 0 at lower LL order with
the corresponding result including the L* LL contributions.
The explicit expression obtained in this higher-order LL
improvement is rather lengthy and was therefore omitted
from the main text, since its full form does not pro-
vide additional conceptual insight. Instead, its effect is
summarized in Fig. 9, where we display the corresponding
comparison for representative values of g,, at fixed g; = 0.
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FIG. 8.

Two-dimensional slices of the parameter space (e, 4, g,,, ;) illustrating the domain where m%/u? > 0. Each panel shows the

(e, ) region (shaded) satisfying m%(e, 2; g,,, g;) > O for a fixed choice of (g,,, g;) displayed in the panel label, with 0 < e < 1 and

0 < A < 1. The thick contour denotes the locus m% = 0.

The main outcome is that, throughout the more perturbative
regions of parameter space, the inclusion of the L* LL
terms produces only very small deformations of the
boundary of the domain where m%/u*> > 0. Even when
the effect becomes more visible for larger magnetic-type
coupling, particularly for |g,|~ O(1), the additional
excluded portion of parameter space remains quantitatively
narrow.

At the same time, this result should be interpreted with
the appropriate perturbative caution. What the comparison
shows is a local robustness of the positive-mass region
within the truncated LL approximation considered here; it
does not establish that the sign of m% is protected under the
full renormalization-group flow at arbitrarily high energies.
Since m% is determined by a specific combination of
running couplings, the exact RG evolution may in principle
drive the theory across the hypersurface m% = 0. Moreover,
as usual in quantum field theory, the perturbative RG-
improved expansion should be viewed as an asymptotic
construction rather than as a globally convergent one. For
this reason, our results support the statement that the
radiatively induced vacuum is perturbatively stable in the
weak-coupling regime probed here, but they should not be
taken as a proof of all-orders or global sign preservation of
the dynamically generated mass.

VI. CONCLUSIONS AND OUTLOOK

We investigated a complex extension of the bumblebee
scenario coupled to an Abelian gauge field, focusing on its
one-loop renormalization and on the radiative structure of
its effective potential. The theory generalizes the usual real
bumblebee dynamics by promoting the LV vector to a
complex field and by allowing, besides the minimal
coupling, a longitudinal kinetic term controlled by g,
and a magnetic-type nonminimal interaction controlled
by g,,- Among results of our paper, we can emphasize,
first, formulation of a new coupling between gauge and
bumblebee models, developing further ideas proposed in
[15], second, generalization of the bumblebee theory to the
complex case. Then, working in dimensional regularization
within the minimal-subtraction scheme, we determined the
one-loop UV divergences of the Green’s functions required
to renormalize the gauge, longitudinal, and quartic sectors.
The corresponding counterterms yield the one-loop beta
functions for e, g, g,,, and for the quartic self-couplings A
and 1.

It is also worth emphasizing a structural consequence of
the one-loop RG functions. Once the gauge interaction is
switched on, the hypersurface in coupling space defined by
gm = g; = A = 4 = 0is not preserved by the RG flow: even
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FIG. 9. Comparison of the regions in the (e, 4) plane where m%/u? > 0, evaluated at lower LL order and after inclusion of the L* LL
corrections, for representative values of g,, and fixed g; = 0. The green region represents the subset of parameter space that remains
positive in both approximations, whereas the orange region identifies points that are allowed at lower LL order but become excluded
once the L* LL contributions are included. The black and dark-red curves mark the corresponding boundaries m% = 0 at lower LL order
and at L* LL order, respectively. One observes that the higher-order LL terms induce only mild deformations of the positivity domain in
the perturbative regime, although for |g,,| ~ O(1) a somewhat more visible excluded strip emerges.

if these interactions are tuned to vanish at some reference
scale, gauge fluctuations radiatively regenerate them
through genuine source terms in the beta functions,
cf. Eqs. (25b)—(25¢). In particular, at g,, = g =A=1=0
one finds nonzero (1) x e*, f(1) x e*, f(g,) x €3, and
B(g)) x €2, see Eq. (26). From an effective-field-theory
viewpoint, this reflects operator mixing among the mar-
ginal interactions compatible with Lorentz symmetry and
the U(1) phase symmetry of B,, so that a consistent
renormalization requires treating (g, g,,. 4.4) as running
couplings rather than as optional deformations.

We also developed an RG-covariant LL. improvement
scheme, motivated by the Vilkovisky-DeWitt formulation
in normal field coordinates, and applied it to the constant
real bumblebee background. This allowed us to obtain the
corresponding one-loop LL effective potential and to
identify perturbative regions of parameter space in which
dimensional transmutation may trigger a nontrivial vac-
uum, providing a dynamical route to LSB in the present
model. We expect that this methodology can be generalized
to our LV models, in particular, those ones including
gravity.
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Several directions deserve further study. Extending the
analysis beyond the LL approximation requires the two-
loop renormalization-group functions and would enable a
more stringent assessment of the vacuum structure. It is also
of interest to investigate the spectrum of fluctuations about
the radiatively induced minimum and to quantify the role of
the longitudinal sector governed by g;. Also, the notorious
problem of the bumblebee model is related with its classical
evolution, see the discussion in [43,44]. While our theory
essentially differs from the usual real bumblebee model due
to the presence of the longitudinal term in the classical
action, which certainly changes the algebra of Dirac
constraints, a detailed study of this problem for our model
certainly must be performed. Finally, coupling the model to
gravity [15,45]—including possible nonminimal curvature
interactions of the type considered in Ref. [45]—may help
to elucidate the interplay between radiative Lorentz sym-
metry breaking and gravitational dynamics, and may
further sharpen phenomenological constraints.
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APPENDIX A: BASIC INTEGRALS

We work in dimensional regularization with D = 4 — 2e,
with the renormalization scale u. Following the standard
FeynCalc [16] normalization, the scalar one-loop integrals
are defined by

A I
in® / A=’

where the shifts ri encode the external kinematics. In

particular, the scalar Passarino-Veltman functions used
throughout this work are

(A1)

2 4-D 1 2
Ag(m?) = Z / dPq——— = + finite, (A2)
in q-—m €
(27u)*P 1 1 _
Bo(p*m? m3) =~——5— [ d°q = — + finite, (A3)
e in? (@ -m})((g+p)P-m) e
(2mpu)*P 1
Co(pismi) = -— dPq
0 in (q* —m?)((g+ p1)* —m3)
1
= finite, (A4)
((q+ p1 + p2)* —m3)
(2zu)*=P 1 1 .
Dy(p?;m3?) =~——=— [ dPq = finite.
ol 2 @)@+ 2P —mD) (@ T 1+ 7o =) (g pr & Pt 3 =)
(A5)

APPENDIX B: CHANGE OF VARIABLES
TO RG-COVARIANT COORDINATES
AND CANCELLATION OF THE
ANOMALOUS-DIMENSION TERM

We consider a renormalized functional F[g, 4, u]
(e.g., the effective action) of renormalized fields ¢* (x),
renormalized couplings 4;, and scale u. Introduce the
RG-covariant field coordinates y* via a nonsingular map
¢ =a¢(y,A,u) (in the VDW construction this is the

exponential map on field space, i.e., normal geodesic
coordinates). Define

F(r, 2, 1) = F(p(r, 2 1), 2 ). (B1)

Our goal is to transform the anomalous-dimension term

S5F
o (x)

1= [ v (B2)
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to y variables and show how it cancels in the RG operator
taken at fixed y.
By the functional chain rule,

SF  oF ¢

= , B3
) A Y
so that (B2) becomes
Sy¢ oF oF
I—/deYAB¢B(x) =Ko,
5 (x) oy dy
Sy ¢

’CCE/dDX}/AngBw. <B4)

“Fixed »” means by definition
d\ . oy oy©
— =0= ut— .

(ﬂ dﬂ) x°(x) " +Zﬂl o

X
% <d¢A(y)) B
+/dyadf*(y) ),

(B5)

At fixed y the renormalized field runs according to its
anomalous dimension,

d A
(4 0°) = v (B6)
V"
Inserting (B6) into (BS5) yields the key identity
oy© ox©
K€ =pu2— ; . B7
o +Zi:ﬂ, o (B7)

Consider the total p derivative at fixed y acting on F,

d OoF
— | F =po,F 0, F— | dPxy?pp?® —.
<”dl’l>l HOy +Zﬂl A / XY B¢ 5¢A
(B8)
Change variables (¢ — y) in the explicit derivatives:
N oF
/IaﬂF = /,taMF-f— (ﬂaﬂ)(c)a—c,
/4
- oF
O F =0, F + (01,0°) 3¢ (B9)
i i i a)(
Using (B4) and (B7) one has
oF
_ c c
7= </lau)( +Z_:ﬁi5&,}( )a%—c (B10)

Substituting (B9) and (B10) into (BS8), the cross terms
cancel exactly:

(”%) F(pr).2om) = w0, F . 2ot) + D 10, F (. ).
(B11)

Thus, when the RG operator is taken at fixed RG-covariant
field y, the anomalous-dimension term in the ¢ represen-
tation is absorbed by the implicit (4, 1) dependence of y.

APPENDIX C: SCALAR QED
AS A STANDARD EXAMPLE

To illustrate the general procedure of introducing the
RG-covariant coordinates, we apply it to scalar QED and
compute the LL. VDW effective potential. The classically
scale-invariant Lagrangian density reads

1 A
[ — _EFWF”V + (D*¢p)*D,¢p - ] (@*¢)*, (C1)

where F,, =0d,A, —0d,A, is the Maxwell field strength,
D,¢ = (0, — ieA,)¢ is the covariant derivative, ¢ is a
complex scalar field, and A, denotes the U(1) gauge field.

From the geometric viewpoint, the RG-covariant fields
introduced in Sec. IV A are defined via the exponential map
on field space, so that the original fields are obtained as

¢ () = expy ()",

along geodesics emanating from a reference configuration
¢*. Expanding this relation in powers of the geodesic
coordinate y* yields the standard normal-coordinate series

(€2)

P@) =B+ 2 = T2+ O, ()
where T 0(¢) is the connection evaluated at the base
point. By definition of Riemann normal coordinates, one
chooses y* so that T 5(¢p) = 0, implying that the leading
nonlinearities in (C3) arise at order x> and are controlled by
the curvature of the field manifold. In a generic curved field
space this construction is inherently local, providing a
locally linear parametrization only in a neighborhood
of ¢*.

In the scalar models considered here, however, the
physical orbit space relevant for the VDW potential is
one dimensional and flat. For a single real scalar with
canonical kinetic term the DeWitt metric is trivial, so
the background field itself is a global normal coordinate.
For a complex scalar with potential V(¢*¢p) = A(¢p*¢)? /4!
[with or without the U(1) gauge interactions of scalar
QEDY], the physical configuration space after quotienting by
the U(1) orbits is parametrized by the radial modulus
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p = (¢*¢)"/?, and the induced line element is ds> = dp>.
In this one-dimensional flat manifold the connection vani-
shes identically, IV ,, = 0, so the exponential map reduces
to a global affine relation and p itself is a Riemann normal
coordinate. Consequently, within the perturbative domain
of the theory we can simply identify the RG-covariant field
with this radial coordinate, y = p, or equivalently
=40, (C4)

and formulate the VDW potential and its RG improvement
directly in terms of the single normal, RG-invariant field y.
Although, in general, the base point ¢ for the normal-
coordinate construction can be chosen arbitrarily in field
space, in vacuum applications it is natural to take ¢ to be
the vacuum configuration, i.e., the minimum of the effec-
tive potential. In our scalar-QED example, however, the
one-dimensional flat orbit space implies that the radial
modulus y serves as a global Riemann normal coordinate,
essentially independent of the specific choice of reference
point, as long as the perturbative description remains valid.
|

() S4e* —18¢2) 4 52

With this choice of background variable, the RG input to
the LL resummation is provided by the one-loop beta
functions, which for scalar QED are well known [47,48],

5% — 182e? + 54e*

b= 2472 ’

(C5)

The LL VDW effective potential is then constructed from
the ansatz (55), with the LL coefficients obeying the
general recursion relation (57). In the present case, this
relation takes the explicit form

, 1/ PA
C(LL)(/LE) :%(ﬂza+ﬂea>c(u )(/176), n>1,

(Co)

with C <LOL) (4, e) = 4/24. Up to order L*, the LL coefficients
of the VDW effective potential are

c , c7

LL 115272 (C7a)
o) —432¢5 + 423640 — 1356202 + 2513

) = , C7b
LL 552967* (C7b)

718268 — 711665 + 3630e* 22 — 900243 + 12544
) = catble s - Ahes ¥ I8 (CTe)
26542087

w  —88884e10 4 124695652 — 76200652% + 27750¢*2° — 5625¢22* + 6251°

) = . (C7d)

12740198478

2

It is important to note that, for power-counting purposes, we treat both e?> and 1 as quantities of order x, i.e., e ~ x

and A ~ x.

The CW renormalization condition (46) fixes the quartic counterterm to be

6 =—
4733177678

888840 — 45¢8(27712 + 957672) + 120¢°(63542 + 3558724 + 60487*)

—30e*(9254% + 72607242 + 2368874 + 518407°) + 225¢24(2523 4 2407242 + 100874 + 23047°)

—12522(523 + 6072222 + 3362*A + 115279)].

(C8)

Inserting Eq. (C8) into the LL VDW effective potential, we obtain

4
VEL =2 <Z AnL”>,
n=0
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with

62505 (56252 —750072)4%  (—27750¢* + 5400072¢> — 4200074)A3

Ay = —
0T T70626045° T 79626245 79626247°
. (76200¢° ~217800x%¢* + 226800x"¢” — 1440002°)2
79626247°
| (Z124695¢" + 426960%¢° — 710640x* + 518400x°* + 331776x%)
79626247°
88884¢10 — 43092072 + 7257607*¢® — 15552007%¢*
+ 5 : (C10a)
7962624
572 — 18¢2] + 54e
A = cAEoRe (C10b)
11527
2513 — 135622 + 423¢%) — 43265
L= e At ¢ (C10c)
552967
12574 — 900e2A% + 3630442 — 711657 + 7182¢8
Ay = et ‘ 5 et <. (C10d)
26542087
62515 — 5625¢21* + 27750¢*2% — 76200512 + 124695651 — 8888410
A, = . (C10e)

12740198478

The location of the minimum follows from the condition (51), which can be solved perturbatively for 4 in powers of e:

Z___33e4 503e6+56197e8 4745009¢10
872 64zt 2048x° 4915278

O(e'?). (C11)

Substituting this expression into Vik,,, we arrive at
ety

VEL Y = T 33592065 [55296716 —760327*e? 4 2319847%e* — 837753¢® + 6(279251¢° — 773287 ¢*

2 2
4—25344ﬂ4e2-18432n6)h1<§3> +—48(4997eﬁ——1551ﬂze44—384ﬂ462ﬂn2<§§>
x x
+ 4(6523¢8 — 15967%¢*)In? Q7) + 1646¢%1n* Q7)] . (C12)

The dynamically generated mass of the scalar mode is obtained from the curvature at the minimum, Eq. (51b), which
yields

4.2 2 4 6
2 _CH 3 37¢~ 3739 3 106409¢ Ole'?) > 0 C13
(A [ 87 " 256x%  20dsge | O >0 (€13)

Thus, the VDW framework, combined with the RG-improved LL resummation, sharpens the determination of the
radiatively generated mass starting from one-loop beta functions, while maintaining manifest gauge and parametrization
independence of the effective potential throughout.
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