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We formulate a renormalizable complex extension of the bumblebee theory in which the bumblebee field
is promoted to a complex one and coupled to an Abelian gauge sector. Besides the minimal gauge covariant
interaction, the model includes a longitudinal kinetic term controlled by a dimensionless parameter gl and a
nonminimal magnetic-type coupling gm between the complex bumblebee and the photon. Using
dimensional regularization and minimal subtraction, we determine the one-loop UV divergences of
the two-, three-, and four-point functions relevant to the renormalization of the gauge, longitudinal, and
quartic sectors. We obtain the corresponding counterterms and derive the one-loop renormalization-group
functions for e, gl, gm, and the bumblebee self-couplings λ and λ̃. Motivated by the known gauge- and field-
reparametrization subtleties of the conventional Coleman-Weinberg analysis, we formulate an RG-
covariant leading-logarithmic improvement scheme for the Vilkovisky-DeWitt effective potential in normal
field coordinates, in which the RG operator is governed solely by the beta functions. We apply this
framework to a real constant bumblebee background and obtain the leading-logarithmic one-loop effective
potential, discussing the conditions under which a nontrivial vacuum is generated by dimensional
transmutation and thereby provides a dynamical realization of Lorentz symmetry breaking in this class
of models.
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I. INTRODUCTION

Spontaneous Lorentz symmetry breaking (LSB) is
actually treated as the most natural way to implement
Lorentz symmetry violation within the curved space-time
context where, in general, constant Lorentz-violating (LV)
vectors cannot be consistently defined, see the discussion in
[1]. Conceptually, within this scenario a LV vector is not
introduced a priori, as within the explicit Lorentz-breaking
scenario, but arises dynamically. Within the bumblebee
model, originally introduced in [1] and providing a most
efficient framework to break the Lorentz symmetry sponta-
neously, such a vector arises as one of minima of the
potential of some vector field called the bumblebee field.
Further, various issues related to the bumblebee model have
been considered, in particular, studies of its coupling to

gravity (for a general review on LV gravity see [2]) within
the black hole context [3–5], cosmological context [6,7],
weak gravity context [8], and metric-affine gravity [9,10]
have been performed.
At the same time, studies of the bumblebee model in a

flat space-time also present a certain interest, since they
allow to generate the known LV models dynamically. The
most interesting direction of study in this case is the
dynamical LSB where the bumblebee potential is generated
as a quantum correction [11–13]. Another direction is the
study of interaction of the bumblebee field with other fields.
Some examples of couplings of this field to scalar, spinor,
and gauge fields can be found in [10,14,15], where such
couplings were motivated by the metric-affine bumblebee
gravity originally introduced in [9].
In this paper we formulate a renormalizable complex

extension of the bumblebee model coupled to an Abelian
gauge field. Our construction differs from the previously
studied real bumblebee setups in several important respects.
First, promoting the bumblebee field to a complex one
allows for two independent renormalizable quartic invar-
iants in the self-interaction sector, rather than a single
quartic structure. Second, we carry out the complete
one-loop renormalization of the coupled Abelian theory,
determining the counterterms and beta functions for the
gauge, longitudinal, magnetic-type, and quartic sectors.
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Third, motivated by the gauge- and parametrization-
dependence of the conventional Coleman-Weinberg
(CW) analysis, we formulate an RG-covariant leading-
logarithmic (LL) treatment of the Vilkovisky-DeWitt
(VDW) effective potential and apply it to the real con-
stant-background sector of the model. Together, these
results provide a unified setting in which the richer self-
coupling structure of the complex theory, its renormaliza-
tion properties, and the possibility of radiatively induced
LSB can be analyzed on the same footing.
The paper is organized as follows. In Sec. II we define

the complex bumblebee model coupled to an Abelian
gauge field and present the renormalized and counterterm
Lagrangians that set the stage for perturbation theory. In
Sec. III we compute the one-loop UV divergences in
dimensional regularization and extract the minimal-sub-
traction counterterms and beta functions for all couplings of
the model. In Sec. IV we outline an RG improvement
scheme for the VDW effective potential formulated in RG-
covariant (normal) field coordinates, emphasizing the
resulting RG equation controlled solely by beta functions.
In Sec. V we apply this formalism to the real constant
bumblebee background, derive the LL one-loop effective
potential, and analyze the emergence of a radiatively
induced vacuum through dimensional transmutation. Our
conclusions and outlook are collected in Sec. VI.

II. THE MASSLESS COMPLEX
BUMBLEBEE MODEL

Let us define the model with the following renormaliz-
able Lagrangian density:

L ¼ −
1

4
FμνFμν −

1

2
ðDμBν −DνBμÞðDμBν −DνBμÞ�

−
1

gl
ðDμBμÞðDμBμÞ� − igmB�μBνFμν −

λ

4
ðB�μBμÞ2

−
λ̃

4
ðB�μBνB�

μBνÞ þ LCT; ð1Þ

where Dμ ¼ ∂μ − ieAμ is the usual covariant derivative,
Fμν is the field strength tensor associated with the elec-
tromagnetic field Aμ, and LCT denotes the counterterm
Lagrangian. The parameters gl and gm respectively char-
acterize the coupling associated with the longitudinal
kinetic term of the bumblebee field and the bumblebee
nonminimal magnetic-type interaction with the electro-
magnetic field.
In contrast to the usual real bumblebee setup, the

complex bumblebee allows for two independent renorma-
lizable quartic invariants. Besides the “single-trace” struc-
ture built from the scalar contraction ðB�μBμÞ, one can also
write an inequivalent quartic contraction in which Lorentz
indices are paired across the complex-conjugate fields.
The most general quartic self-interaction consistent with

Lorentz symmetry and the Uð1Þ phase symmetry Bμ →
eiαBμ therefore reads

VðB;B�Þ ¼ λ

4
ðB�μBμÞ2 þ

λ̃

4
ðB�μBνB�

μBνÞ; ð2Þ

where λ and λ̃ are a priori independent dimensionless
couplings. This feature is absent in the real bumblebee case,
for which only a single quartic invariant is available. As a
result, the complex theory exhibits a genuinely richer
renormalizable self-coupling sector, with two independent
RG flows that can affect the structure of radiative correc-
tions and the vacuum configuration.
The explicit form of the counterterm Lagrangian is

given by

LCT ¼ −
δ3
4
FμνFμν −

δ2
2
BμνB�μν

− e2δ4ðAμAμBνB�ν − AμAνBμB�νÞ

−
ieδ1
2

½BμνðAμB�ν − AνB�μÞ − B�
μνðAμBν − AνBμÞ�

−
δgl
gl

∂
μB�

μ∂
νBν þ ie

δ5
gl
ðAμBμ∂

νB�
ν − AμB�

μ∂
νBνÞ

− e2
δ6
gl
AμAνB�

μBν − iδgmB
�μBνFμν −

δλ
4
ðB�μBμÞ2

−
δλ̃
4
ðB�μBνB�

μBνÞ: ð3Þ

In the expressions above, all fields and couplings are to be
understood as renormalized quantities.
The counterterm Lagrangian is obtained by rewriting

the bare Lagrangian in terms of renormalized fields and
couplings. The relations between the bare quantities
(denoted by the subscript 0) and the renormalized ones
are established through the introduction of the wave-
function renormalization constants,

B0μ → Z1=2
2 Bμ; B0

�
μ → Z1=2

2 B�
μ; A0μ → Z1=2

3 Aμ; ð4Þ

from which the renormalized couplings are defined as

Z2 ≡ 1þ δ2; Z3 ≡ 1þ δ3;

e0Z
1=2
3 Z2 ≡ eð1þ δ1Þ; e20Z3Z2 ≡ e2ð1þ δ4Þ;
λ0Z2

2 ≡ λþ δλ; λ̃0Z2
2 ≡ λ̃þ δλ̃;

gm0Z
1=2
3 Z2 ≡ gm þ δgm ;

Z2

gl0
¼ 1þ δgl

gl
;

e0Z
1=2
3 Z2

gl0
¼ eð1þ δ5Þ

gl
;

e20Z3Z2

gl0
¼ e2ð1þ δ6Þ

gl
: ð5Þ

These relations will be employed in the computation of the
renormalization group functions.
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It is important to note that the inclusion of the longi-
tudinal term for the bumblebee field leads to the following
form for the propagator:

hBμðpÞB�νð−pÞi ¼ i
p2

ðTμνðkÞ þ glLμνðpÞÞ; ð6Þ

where the transverse and longitudinal projectors are
defined, respectively, as

TμνðpÞ ¼ ημν −
pμpν

p2
and LμνðpÞ ¼ pμpν

p2
: ð7Þ

It is important to emphasize that the inclusion of the
longitudinal term in the bumblebee field propagator
requires careful consideration to ensure the consistency
of the quantization procedure. In particular, the absence of
ghost states and the preservation of unitarity demand that
the norm associated with the longitudinal component of the
propagator be positive definite. Consequently, to avoid the
emergence of negative-norm states in the Hilbert space,
the coupling parameter gl, which controls the longitudinal
contribution, must satisfy the condition gl > 0. Under this
condition, the longitudinal mode contributes consistently
to the dynamics of the theory without violating unitarity.

In contrast, for gl < 0, the longitudinal sector would exhibit
negative-norm states, leading to unphysical ghost excita-
tions that may render the theory inconsistent.

III. RENORMALIZATION GROUP FUNCTIONS

In this section, we present the UV renormalization of the
complex bumblebee model. We begin with the bumblebee
corrections to the photon propagator. The corresponding
Feynman diagrams are shown in Fig. 1. In order to compute
the Feynman diagrams we used a set of Mathematica
packages [16–22].
The expression corresponding to the diagram 1.1 is

given by

Πμν
1 ¼ e2

gl

Z
d4k
ð2πÞ4 ½ðgl − 1Þðηαμηγν þ ηανηγμÞ − 2glηαγημν�

�
ηαγ
k2

þ ðgl − 1Þkαkγ
k4

�
: ð8Þ

We observe that the amplitude above vanishes identically, as A0ð0Þ ¼ 0, as is expected for massless fields.
For the diagram shown in Fig. 1.2, we obtain the corresponding expression,

Πμν
2 ¼ 1

g2l

Z
d4k
ð2πÞ4 ½η

βνðeðglðp − kÞα þ kαÞ þ glgmpαÞ − ηανðeðglkβ þ ðp − kÞβÞ þ glgmpβÞ þ eglηαβðkν − ðp − kÞνÞ�

× ½ηδμðeðkγ − glðk − pÞγÞ þ glgmpγÞ − ηγμðeglkδ − eðk − pÞδ þ glgmpδÞ þ eglηγδðkμ þ ðk − pÞμÞ�

×

�
ηβδ

�
ηαγ

k2ðk − pÞ2 þ
ðgl − 1Þkαkγ
k4ðk − pÞ2

�
− ðgl − 1Þðp − kÞβðk − pÞδ

�
ηαγ

k2ðk − pÞ4 þ
ðgl − 1Þkαkγ
k4ðk − pÞ4

��

¼ iπ2

12
ðpμpν − p2ημνÞ½ðgl − 1Þð2ð2eðeþ 2gmÞ þ ðgl þ 1Þg2mÞB0ð0; 0; 0Þ

− 4p2ðe2 þ 2egm þ glg2mÞC0ð0; p2; p2; 0; 0; 0Þ þ ðgl − 1Þg2mp4D0ð0; p2; 0; p2; p2; p2; 0; 0; 0; 0ÞÞ
þ 2ð4e2ðgl − 2Þ − 4eðgl þ 5Þgm − ðgl þ 1Þðgl þ 5Þg2mÞB0ðp2; 0; 0Þ�; ð9Þ

where the scalar integrals B0, C0, and D0 follow the Passarino-Veltman prescription and are defined in Appendix A.
After evaluating the integrals, we obtain the relation for the amplitude, which contains both finite and UV-divergent

contributions, and is given by

iΠμν ¼ ðpμpν − p2gμνÞ
�

1

48π2ϵ
ðe2ð5 − 3glÞ þ 12egm þ 3ðgl þ 1Þg2mÞ

−
1

288π2

�
2e2

�
9glð1 − γÞ þ 3ð3gl − 5Þ ln

�
−4πμ2

p2

�
þ 15γ − 19

�

− 36egm

�
gl þ 2 ln

�
−4πμ2

p2

�
− 2γ þ 3

�
− 9ðgl þ 1Þg2m

�
gl þ 2 ln

�
−4πμ2

p2

�
− 2γ þ 3

���
; ð10Þ

FIG. 1. One-loop bumblebee contributions to the photon two-
point function (vacuum polarization). Wavy and wiggly lines
denote the photon and bumblebee propagators, respectively.
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where ϵ ¼ ð4 −DÞ=2. We employ dimensional regularization (DR) and the minimal subtraction (MS) scheme as our
renormalization prescriptions. By including the counterterm diagram shown in Fig. 1.3 and imposing the finiteness
condition, we obtain the corresponding counterterm,

δ3 ¼
1

48π2ϵ
ðe2ð5 − 3glÞ þ 12egm þ 3ðgl þ 1Þg2mÞ: ð11Þ

We now compute the self-energy of the bumblebee field corresponding to the Feynman diagram shown in Fig. 2. For the
first and second diagrams, the corresponding loop integrals are given by

Γμν
1 ¼ e2

2gl

Z
d4k
ð2πÞ4

�
ηαγ
k2

þ kαkγðξ − 1Þ
k4

�
½ðgl − 1Þðηαμηγν þ ηανηγμÞ − 2glηαγημν�; ð12aÞ

Γμν
2 ¼ 1

2

Z
d4k
ð2πÞ4

�
ηαγ
k2

þ ðgl − 1Þkαkγ
k4

�
½2λ̃ηανηγμ − λðηαμηγν þ ηαγημνÞ�: ð12bÞ

Analogously to the previous case, we observe that the integrals are proportional toA0ð0Þ and therefore vanish identically, as
they involve massless fields.
For the third diagram, Fig. 2.3, we have

Γμν
3 ¼ 1

g2l

Z
d4k
ð2πÞ4 ½eðglη

βνððp − kÞα þ pαÞ − glηαβðp − kÞν þ pνηαβÞ − ðηανðeðglpβ − ðp − kÞβÞ þ glgmkβÞÞ þ glgmkνηαβ�

× ½glgmkμηγδ − ðηγμðeðglpδ þ ðk − pÞδÞ þ glgmkδÞÞ þ eðglηδμðpγ − ðk − pÞγÞ þ glηγδðk − pÞμ þ pμηγδÞ�

×

�
kαkγηβδ

k4ðk − pÞ2 ðξ − 1Þ þ ηαγηβδ
k2ðk − pÞ2 − ðgl − 1Þðp − kÞβðk − pÞδ

�
ηαγ

k2ðk − pÞ4 þ
kαkγ

k4ðk − pÞ4 ðξ − 1Þ
��

: ð13Þ

After evaluating the integral and adding the counterterm contribution from Fig. 2.4, we obtain

iΓμν ¼ p2

�
Tμν

�
δ2
gm

− ΓT

�
þ Lμν

�
δgl
gl

− ΓL

��
; ð14Þ

where

FIG. 2. Bumblebee self-energy (two-point 1PI function).

FIG. 3. The bumblebee-bumblebee-photon three-point function (1PI vertex).
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ΓT ¼ 1

96π2gmϵ
ðe2ð3gl − 6ξþ 14Þ þ eðgm − 3glgmÞ þ ð2 − 3glÞg2mÞ −

1

288π2gm

�
e2
�
3ð3gl − 6ξþ 14Þ ln

�
−4πμ2

p2

�

þ 9glξ − 9γgl þ 18gl þ ξð18γ − 9Þ þ 49 − 42γ

�
þ egm

�
ð3 − 9glÞ ln

�
−4πμ2

p2

�
þ 9γgl − 3γ − 10

�

þ g2m

�
ð6 − 9glÞ ln

�
−4πμ2

p2

�
þ 9γgl − 9gl − 6γ þ 4

��
; ð15aÞ

ΓL ¼ 1

32π2g2l ϵ
ðe2ðg2l − 2glξþ 6Þ − eðgl − 3Þglgm þ g2l g

2
mÞ

−
1

32π2g2l

�
e2
�
ðg2l þ 6Þ ln

�
−4πμ2

p2

�
− 2ξ

�
gl ln

�
−πμ2

p2

�
þ lnð4Þ

��

þ eglgm

�
ð3 − glÞ

�
ln

�
−4πμ2

p2

�
− γ

�
− 2gl þ 4

�
þ g2l g

2
m

�
ln

�
−πμ2

p2

�
− γ þ 1

��
: ð15bÞ

By imposing finiteness through the MS scheme, we find the counterterms to be δ2 ¼ gmΓT and δgl ¼ glΓL. The divergent
part of these counterterms can be written as

δ2 ¼
1

96π2ϵ
½e2ð3gl − 6ξþ 14Þ þ eðgm − 3glgmÞ þ ð2 − 3glÞg2m�; ð16aÞ

δgl ¼
1

32π2glϵ
½e2ðg2l − 2glξþ 6Þ − eðgl − 3Þglgm þ g2l g

2
m�: ð16bÞ

In the following, we compute the counterterms corresponding to renormalization of the couplings e, e=gl, and gm. The
relevant Feynman diagrams required to determine the corresponding renormalization constants are shown in Fig. 3.
The UV-divergent part of the associated three-point function is given by

hTBμBνAγi ¼ ηνγpμ

�
i

192π2g2l ϵ
ð−2e3ð7g2l þ 6glξ − 18Þ − 2e2glgmð6g2l þ 6glξ − 4gl − 9Þ

− 2eg2l ðð3gl þ 4Þg2m − 3λ − 6λ̃Þ þ 3g2l gmððgl þ 1Þðλþ 2λ̃Þ − 2glg2mÞÞ −
i
gl
ðδ5eþ δgmglÞ

�

þ ημγpν

�
ie

96π2ϵ
ðe2ð3gl − 6ξþ 14Þ þ eðgm − 3glgmÞ þ ð2 − 3glÞg2mÞ − iδ1e

�

þ ημνpγ

�
iðδgm þ δ1eÞ −

i
192π2ϵ

ð2e3ð3gl − 6ξþ 4Þ − 2e2gmð9gl þ 6ξ − 8Þ

− 2eðð6gl þ 5Þg2m − 3λ − 6λ̃Þ þ 3gmð−2glg2m þ λþ glλþ 2glλ̃þ 2λ̃ÞÞ
�
: ð17Þ

Thus, using the MS renormalization scheme, the counterterms δ1, δ5, and δgm are readily determined from the divergent
part of the corresponding three-point functions. They are given by

δ1 ¼
1

96π2ϵ
½e2ð3gl − 6ξþ 14Þ þ eðgm − 3glgmÞ þ ð2 − 3glÞg2m�; ð18aÞ

δ5 ¼
1

32π2glϵ
½e2ðg2l − 2glξþ 6Þ − eðgl − 3Þglgm þ g2l g

2
m�; ð18bÞ

δgm ¼ −
1

192π2ϵ
½20e3 þ 2e2gmð6gl þ 6ξ − 7Þ − 2eð3λþ 6λ̃ − ð3gl þ 7Þg2mÞ − 3gmððλþ 2λ̃Þðgl þ 1Þ − 2glg2mÞ�: ð18cÞ
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Finally, we proceed with the renormalization of the four-point function of the bumblebee field, as represented by the
diagrams in Fig. 4. Our calculations were performed in the limit where the external momenta of the bumblebee field legs are
set to zero, which is sufficient to study the effective potential. The associated UV divergent part is expressed as

hTBμBνBαBγi ¼ ðηναημγ þ ημαηνγÞΓð4Þ
1 þ ημνηαγΓð4Þ

2 ; ð19Þ

where

Γð4Þ
1 ¼ −

iδλ
2

þ i
192π2ϵ

½22e4 − 56e3gm − 6e2ð2ðgl − 6Þg2m þ 5λþ 2λξÞ þ eð8ð6gl þ 5Þg3m − 30ðgl þ 1ÞgmλÞ
þ 8g2l g

4
m − 2λð3ð2g2l þ gl þ 2Þg2m þ ð2g2l − gl þ 5Þλ̃Þ þ 4g2l g

2
mλ̃þ ð5g2l þ 2gl þ 17Þλ2 þ g2l λ̃

2 þ 8glg4m

− 8glg2mλ̃þ 4glλ̃
2 þ 6g4m þ 4g2mλ̃þ 7λ̃2�; ð20aÞ

Γð4Þ
2 ¼ iδλ̃þ i

384π2ϵ
½32e4 þ 128e3gm þ 24e2ðg2mð2gl þ 6Þ þ 2λ − λ̃ð3 − 2ξÞÞ þ 8egmð4ð3gl þ 1Þg2m þ 6ðgl þ 1Þλ

− 9ðgl þ 1Þλ̃Þ þ 4ð7g2l − 2gl þ 3Þg4m þ ðgl − 1Þ2λ2 − 8ð5g2l − gl þ 5Þg2mλ̃ − 4ð2g2l þ 5gl þ 11Þλλ̃þ 12ðgl þ 1Þ2g2mλ
þ 2ð7g2l − 2gl þ 19Þλ̃2�; ð20bÞ

where the first two terms arise from the counterterm
diagrams and can be determined by imposing finiteness
conditions on the expressions (20a) and (20b).
We also calculate the one-loop four-point func-

tion hTBμBνAαAγi to find the counterterms δ4 and δ6

represented in the diagrams of Fig. 5. The expression to the
divergent part is

hTBμBνAαAγi ¼ ðημαηνγ þ ηναημγÞΓð4Þ
3 þ ημνηγαΓð4Þ

4 ; ð21Þ

FIG. 4. One-loop 1PI bumblebee four-point function. Its UV divergence determines the counterterms required to renormalize the
quartic self-interactions governed by λ and λ̃.
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where

Γð4Þ
3 ¼ ie2

gl
ðδ4gl − δ6Þ þ

ie2

96π2g2l ϵ
½e2ð6ðgl − 1Þglξ − 3g3l − 11g2l þ 18Þ

þ eglgmð3g2l − 4gl þ 9Þ þ ð3gl þ 1Þg2l g2m�; ð22aÞ

Γð4Þ
4 ¼ −2ie2δ4 þ

ie2

48π2ϵ
½e2ð3gl − 6ξþ 14Þ þ eðgm − 3glgmÞ þ ð2 − 3glÞg2m�: ð22bÞ

The counterterms δ4 and δ6 are determined by imposing the finiteness condition on the equation above. The counterterms
associated with the four-point functions can be explicitly written as

δ4 ¼
1

96π2ϵ
½e2ð3gl − 6ξþ 14Þ þ eðgm − 3glgmÞ þ ð2 − 3glÞg2m�; ð23aÞ

δ6 ¼
1

32π2glϵ
½e2ðg2l − 2glξþ 6Þ − eðgl − 3Þglgm þ g2l g

2
m�; ð23bÞ

δλ ¼
1

96π2ϵ
½22e4 − 56e3gm − 6e2ð2ðgl − 6Þg2m þ 5λþ 2λξÞ þ eð8ð6gl þ 5Þg3m

− 30ðgl þ 1ÞgmλÞ þ 8g2l g
4
m − 2λð3ð2g2l þ gl þ 2Þg2m þ ð2g2l − gl þ 5Þλ̃Þ þ 4g2l g

2
mλ̃

þ ð5g2l þ 2gl þ 17Þλ2 þ g2l λ̃
2 þ 8glg4m − 8glg2mλ̃þ 4glλ̃

2 þ 6g4m þ 4g2mλ̃þ 7λ̃2�; ð23cÞ

δλ̃ ¼ −
1

384π2ϵ
½32e4 þ 128e3gm þ 24e2ðg2mð2gl þ 6Þ þ 2λ − λ̃ð3 − 2ξÞÞ þ 8egmð4ð3gl þ 1Þg2m

þ 6ðgl þ 1Þλ − 9ðgl þ 1Þλ̃Þ þ 4ð7g2l − 2gl þ 3Þg4m þ ðgl − 1Þ2λ2 − 8ð5g2l − gl þ 5Þg2mλ̃
− 4ð2g2l þ 5gl þ 11Þλλ̃þ 2ð7g2l − 2gl þ 19Þλ̃2 þ 12ðgl þ 1Þ2g2mλ�: ð23dÞ

With all counterterms evaluated, we can proceed to
determine the renormalization group functions. The beta
functions for the coupling constants of the model are
calculated using the counterterms along with the following
relationships between the bare and renormalized couplings:

e0 ¼ eμϵð1þ δ3Þ−1=2; ð24aÞ

Z2

gl0
¼ ð1þ δglÞ

gl
; ð24bÞ

λ0Z2
2 ¼ μ2ϵðλþ δλÞ; ð24cÞ

λ̃0Z2
2 ¼ μ2ϵðλ̃þ δλ̃Þ; ð24dÞ

gm0Z
1=2
3 Z2 ¼ μϵðgm þ δgmÞ; ð24eÞ

where, in the first relation, we used Z1 ¼ Z2, as follows
from Eqs. (16a) and (18a).
In contrast to the couplings e, gm, λ, and λ̃, the bare

definition of gl in Eq. (24b) does not require a

FIG. 5. One-loop 1PI contribution to the bumblebee-bumblebee-photon-photon four-point function.
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compensating factor of μϵ. This traces back to the canonical
dimensionality of the operator it multiplies, 1

2gl
ð∂μBμÞ2.

Indeed, if Bμ carries the standard Maxwell-type kinetic
term, then in D spacetime dimensions one has ½Bμ�¼
D=2−1, so that ½∂ ·B�¼D=2 and consequently ½ð∂ ·BÞ2�¼D.
Hence the coefficient 1=gl is canonically dimensionless for
arbitrary D, and gl remains a marginal coupling under
analytic continuation within dimensional regularization.
Accordingly, the scale dependence of gl is entirely induced
by UV renormalization, i.e., by its β function, rather than by

an explicit μ prefactor. In comparison, couplings that are
marginal only in four dimensions—such as the gauge
coupling e (and likewise gm in the present model)—acquire
a nonvanishing canonicalmass dimension upon continuation
to D ¼ 4 − 2ϵ, and therefore must be accompanied by an
explicit factor of μϵ so that the action remains dimensionless
in dimensional regularization.
The relationships (24), together with the expres-

sions for the counterterms, lead to the following beta
functions:

βðeÞ ¼ eðe2ð3gl − 5Þ − 12egm − 3ðgl þ 1Þg2mÞ
96π2

; ð25aÞ

βðλÞ ¼ 1

48π2
½22e4 − 56e3gm − 2e2ð6ðgl − 6Þg2m þ ð3gl þ 29ÞλÞ þ 4ðgl − 1Þ2g2mλ̃

þ 8egmðð6gl þ 5Þg2m − ð3gl þ 4ÞλÞ − 4ð3g2l þ 4Þg2mλ − 2ð2g2l − gl þ 5Þλλ̃
þ ð8glðgl þ 1Þ þ 6Þg4m þ ðglð5gl þ 2Þ þ 17Þλ2 þ ðglðgl þ 4Þ þ 7Þλ̃2�; ð25bÞ

βðλ̃Þ ¼ −
1

192π2
½32e4 þ 128e3gm þ 8e2ð6ðgl þ 3Þg2m þ ð3gl þ 5Þλ̃þ 6λÞ þ 16egmðð6gl þ 2Þg2m

þ 3ðgl þ 1Þλ − 2ð3gl þ 2Þλ̃Þ þ 4ð7g2l − 2gl þ 3Þg4m − 4λðð2g2l þ 5gl þ 11Þλ̃ − 3ðgl þ 1Þ2g2mÞ
− 8ð5g2l þ 2gl þ 3Þg2mλ̃þ 2ð7g2l − 2gl þ 19Þλ̃2 þ ðgl − 1Þ2λ2�; ð25cÞ

βðgmÞ ¼
1

192π2
½−20e3 − 12e2ðgl þ 2Þgm − 2eð20g2m − 3λ− 6λ̃Þ− 2ð3gl þ 5Þg3m þ 3ðgl þ 1Þgmλþ 6ðgl þ 1Þgmλ̃�; ð25dÞ

βðglÞ ¼
1

24π2
½e2ð7gl − 9Þ − 4eglgm þ ð1 − 3glÞglg2m�: ð25eÞ

At this stage, the UV structure of the complex bumblebee
model is fully determined at one loop within the MS
scheme. Collecting the counterterms extracted from the
two-, three-, and four-point functions, we obtained the
complete set of renormalization constants required to
renormalize the gauge, longitudinal, magnetic-type, and
quartic sectors, and we derived the corresponding renorm-
alization-group functions in Eqs. (25a)–(25e). As expected,
the resulting beta functions are independent of the gauge-
fixing parameter, whereas gauge-parameter dependence
may enter only through anomalous dimensions.
It is worth stressing that the hypersurface in coupling

space defined by gm ¼ gl ¼ λ ¼ λ̃ ¼ 0 is not stable under
renormalization once the gauge interaction is switched on.
Indeed, Eqs. (25b)–(25d) exhibit genuine “source” terms
driven solely by the electric charge: βðλÞ contains an
additive contribution ∝ e4, βðλ̃Þ contains an additive con-
tribution ∝ e4, and βðgmÞ contains an additive contribution
∝ e3 even at gm ¼ gl ¼ λ ¼ λ̃ ¼ 0. Concretely, setting
gm ¼ gl ¼ λ ¼ λ̃ ¼ 0 in Eqs. (25b)–(25d) yields

βðλÞ ¼ 11e4

24π2
; βðλ̃Þ ¼ −

e4

6π2
;

βðgmÞ ¼ −
5e3

48π2
; βðglÞ ¼ −

3e2

8π2
; ð26Þ

so that gauge fluctuations radiatively regenerate the quartic
self-couplings and the magnetic-type interaction even if
they are tuned to vanish at some reference scale. From an
effective-field-theory viewpoint this reflects operator mix-
ing among the marginal interactions compatible with
Lorentz symmetry and the Uð1Þ phase symmetry of Bμ:
the gauge sector acts as a driver for a nontrivial RG flow in
the full coupling space, and a consistent renormalization
therefore requires including ðgl; gm; λ; λ̃Þ as running cou-
plings rather than treating them as optional deformations.
These RG functions, Eq. (25), provide the essential input

for the resummation of leading logarithms and for a
controlled discussion of radiative symmetry breaking. In
the next section, we therefore turn to the Vilkovisky-
DeWitt formulation of the effective potential and develop
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an RG-improvement scheme in RG-covariant (normal)
field coordinates, where the RG equation is defined solely
by the beta functions.

IV. RENORMALIZATION GROUP
IMPROVEMENT FOR THE VILKOVISKY-

DEWITT EFFECTIVE POTENTIAL

The study of the effective action provides a powerful
framework for encoding the quantum behavior of physical
systems in terms of classical fields. In particular, the
associated effective potential offers a natural setting con-
venient to analyze spontaneous symmetry breaking and the
dynamical generation of mass. In gauge theories, however,
the gauge dependence of the conventional effective poten-
tial obscures the physical interpretation of radiative sym-
metry breaking and vacuum stability analyses, especially in
the CW framework.
Concretely, the standard one-particle-irreducible (1PI)

effective action can be written schematically as

Γ½ϕ� ¼
Z

d4xL½ϕ� þ i
2
ln det

�
−

δ2L
δϕδϕ

�
þ � � �

¼
Z

d4xVeffðϕÞ; ð27Þ

where the ellipsis ð� � �Þ denotes higher-order quantum
contributions. When obtained from the standard gauge-
fixed path integral, Γ½ϕ� depends explicitly on the gauge-
fixing condition and on the particular choice of field
coordinates in field space [23]. Consequently, the ordinary
effective potential VeffðϕÞ is gauge dependent away from
its stationary points; gauge invariance is recovered only at
its extrema, as encoded in the Nielsen identity [24] (for
explicit verifications in scalar electrodynamics and for
discussions of gauge invariance in the presence of daisy
resummations in CW-type models, see Refs. [25,26]). In
general, the RG equation obeyed by Veff involves the
anomalous dimension of the field, which in gauge theories
is typically gauge dependent itself,

�
μ
∂

∂μ
þ βi

∂

∂λi
− γϕϕ

∂

∂ϕ

�
Veffðϕ; λi; μÞ ¼ 0: ð28Þ

As shown by Vilkovisky [27], this gauge dependence
arises because the second functional derivative S;AB of the
classical action S½ϕ�mixes physical and gauge directions in
field space. The Vilkovisky-DeWitt construction removes
these ambiguities by endowing the space of fields fϕAðxÞg
with a covariant geometric structure and by defining the
effective action as an unambiguous scalar on this manifold.
In order to characterize the geometry of field space, let us

define GABðϕÞ as a (DeWitt) metric on the field space that
defines the inner product of variations δϕA, and let KA

αðϕÞ
denote the generators of gauge transformations, so that an

infinitesimal transformation acts as δϵϕ
A ¼ KA

αϵ
α. The

induced metric on the space of gauge orbits (the depend-
ence of the effective action on this metric has earlier been
studied in [28]) is then

ωαβðϕÞ ¼ KA
αðϕÞGABðϕÞKB

βðϕÞ; ð29Þ

and the projector onto directions horizontal to the gauge
orbits (i.e., orthogonal to gauge directions) is given by

ΠA
B ¼ δAB − KA

αðω−1ÞαβKBβ; KBβ ≡GBCKC
β: ð30Þ

The VDW connection is chosen so that covariant deriva-
tives do not mix physical and gauge directions,

Γ̄A
BC ¼ ΓA

BC½G� þ KA
αðω−1Þαβ∇ðBKCÞβ; ð31Þ

where Γ½G� is the Levi-Civita connection associated with
GAB and ∇ denotes the corresponding covariant derivative.
The VDW effective action is defined by replacing the

ordinary second functional variations by the covariant
Hessian S;AB ≡∇A∇BS and restricting the functional traces
to the horizontal subspace:

ΓVDW½ϕ�¼S½ϕ�þ i
2
TrH lnðS;ABÞ−

i
2
TrlnðωαβÞþ��� ; ð32Þ

where TrH indicates that the trace is taken with the
projector Π inserted in the propagators, and the last term
accounts for the gauge-orbit measure. Equation (32) rep-
resents the one-loop approximation to the unique effective
action in the sense of Vilkovisky and DeWitt; higher-loop
contributions are obtained by the usual loop expansion with
VDW-covariant vertices and propagators. By construction,
ΓVDW is independent of the gauge-fixing condition and of
field reparametrizations off shell (for a review of this
effective action, see [29,30]).
For constant backgrounds (spacetime-independent

fields), the effective action reduces to

ΓVDW½ϕc� ¼
Z

dDxVVDWðϕcÞ; ð33Þ

which defines the VDW effective potential VVDW.
Operationally, VVDW is obtained by evaluating the func-
tional traces in Eq. (32) at constant fields, with the covariant
Hessian projected onto the physical (horizontal) subspace.
At the one-loop order this yields the familiar sum over
physical modes only,

Vð1Þ
VDWðϕcÞ ¼

i
2

Z
dDp
ð2πÞD

X
n∈ phys

lnðp2 þm2
nðϕcÞ − i0Þ;

ð34Þ
where fm2

nðϕcÞg are the field-dependent eigenvalues of
S;AB restricted by Π. Unphysical Goldstone, longitudinal,
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and ghost contributions cancel identically once the VDW
geometry is implemented. Consequently, VVDW is gauge
and parametrization independent for all field values (and
not only at its extrema); for explicit examples, see
Refs. [31–33].
While the VDW construction provides a unique gauge-

and parametrization-independent effective action, a fully
systematic RG-improved treatment of the corresponding
effective potential, in the spirit of CW, has not been
developed. In the following sections we will develop the
RGE improvement method to compute the VDW effective
potential and apply it in obtaining the VDW potential for
the complex bumblebee field.

A. Renormalization group equation
for VDW effective potential

In the VDW formulation the effective action ΓVDW is a
scalar on field space. Its covariant RG equation can be
written as

�
μ
∂

∂μ
þ
X
i

βiðλÞ
∂

∂λi
−
Z

dDxγABðλÞϕBðxÞ∇ðϕÞ
A

�

×ΓVDW½ϕ;λ;μ� ¼ 0; ð35Þ

where fλig denotes the set of renormalized couplings and

masses, γAB is the anomalous–dimension tensor, and ∇ðϕÞ
A

is the VDW covariant functional derivative in field space.
The last term in (35) is the familiar field-rescaling piece.
We now show that in normal geodesic coordinates—the
RG-covariant field variables χ—this term is absorbed into
the definition of the μ derivative at fixed χ.
Let ϕ̄ be a background configuration and define the

normal geodesic coordinates χA via the exponential map on
field space,

ϕ ¼ Expϕ̄ðχÞ; Γ̄A
BCðϕ̄Þ ¼ 0; ∇ðϕÞ

A ⟶
ϕ→ϕ̄

∂

∂χA
: ð36Þ

By construction, χ transforms homogeneously under field
reparametrizations and gauge, and acts as the RG-covariant
field variable in a neighborhood of ϕ̄.
We define the field RG flow at fixed χ by

�
μ
dϕA

dμ

�
χ

¼ −γABϕB: ð37Þ

Equation (37) states that if the RG-covariant coordinate χ is
held fixed, then the renormalized field ϕ runs exactly
according to its anomalous dimension.
For any functional F½ϕ; λ; μ� we define the total deriva-

tive at fixed χ,

�
μ
d
dμ

�
χ

F≡ μ∂μF þ
X
i

βi∂λiF

þ
Z

dDx
δF

δϕAðxÞ
�
μ
dϕAðxÞ
dμ

�
χ

: ð38Þ

Using (37) and replacing ordinary by covariant derivatives
in field space, we obtain the operator identity

�
μ
d
dμ

�
χ

¼ μ∂μ þ
X
i

βi∂λi −
Z

dDxγABϕB∇ðϕÞ
A : ð39Þ

Applying the identity (39) to the covariant RG equa-
tion (35) yields

�
μ
d
dμ

�
χ

ΓVDW½ϕðχÞ; λ; μ� ¼ 0: ð40Þ

In normal coordinates at the background, where
∇ðϕÞ → ∂=∂χ, Eq. (40) reduces to

�
μ
∂

∂μ
þ
X
i

βiðλÞ
∂

∂λi

�
ΓVDW½χ; λ; μ� ¼ 0; ð41Þ

i.e., the anomalous-dimension term does not appear
explicitly when the RG operator is taken at a fixed
RG-covariant field χ (a more detailed derivation is found
in the Appendix).
For constant backgrounds the same algebra gives

�
μ
∂

∂μ
þ
X
i

βiðλÞ
∂

∂λi

�
VVDWðχ; λ; μÞ ¼ 0; ð42Þ

i.e., the RG equation for the unique (gauge/parametriza-
tion-independent) VDW potential in normal geodesic
coordinates, with no explicit anomalous dimension term.
In a conventional 1PI formulation one may have a term

βξ∂ξ in the RG operator. The Nielsen identity converts ∂ξ
into a field direction and it combines with the anomalous-
dimension piece exactly as above, so that in RG-covariant
variables the reduced operator is again μ∂μ þ

P
i βi∂λi . In

the VDW formalism, ∂ξΓVDW ¼ 0 off-shell, and no βξ term
appears.

B. Leading logarithms for the VDW potential

In classically scale-invariant theories, it is important to
investigate whether spontaneous symmetry breaking can
occur dynamically via the CW mechanism [34]. The
effective potential is one of the primary tools for addressing
this question. Among the available techniques, the com-
putation of the LL effective potential using RG improve-
ment is particularly powerful [35]. This procedure provides
a systematic framework for resummation of logarithmic
corrections and obtaining the LL approximation to the
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potential. The approach has proven remarkably effective in
a variety of field-theoretical contexts, as demonstrated in
Refs. [36–41].
However, the usual treatment based on Eq. (28) can be

gauge dependent, since the anomalous dimension is in
general gauge dependent in gauge theories. Instead, we will
develop an RG improvement for the VDW potential, which
is independent of gauge fixing and of field reparametriza-
tions off shell.
In four dimensions, the marginal operator in the tree-

level potential is proportional to χ4,

V0VDE
¼ λ

4!
χ4; ð43Þ

where χ is the RG-invariant field. On dimensional grounds,
the perturbative expansion of the VDW potential takes the
general form

VVDWðχÞ ¼ A0ðxÞχ4 þ A1ðxÞχ4Lþ A2ðxÞχ4L2 þ � � � ;
ð44Þ

where x collectively denotes the coupling constants,
L≡ lnðχ2=μ2Þ, and μ is the renormalization scale intro-
duced through dimensional regularization. Each coefficient

AiðxÞ ¼ aðiÞ1 xþ aðiÞ2 x2 þ aðiÞ3 x3 þ � � � represents a power
series in the couplings, whose order corresponds to the
number of loops in the perturbative expansion.
It is often convenient to reorganize the potential into a

series of logarithmic contributions:

VVDWðχÞ ¼ χ4
�X∞
n¼0

CðnÞ
LLðxÞLn

þ
X∞
n¼0

CðnÞ
NLLðxÞLn þ � � � þ δλ

4!

�
; ð45Þ

where CðnÞ
LLðxÞ ¼ aðnÞnþ1x

nþ1 and CðnÞ
NLLðxÞ ¼ anþ2xnþ2 re-

present the leading- and next-to-leading-logarithmic coef-
ficients, respectively. The quantity δλ is the counterterm
fixed by the CW renormalization condition,

∂
4VVDW

∂χ4

����
χ¼μ

¼ ∂
4V0VDE

∂χ4

����
χ¼μ

; ð46Þ

where we set μ as the renormalization scale.
The VDW potential must satisfy the RG equation (42),

�
μ
∂

∂μ
þ βx

∂

∂x

�
VVDW ¼ 0; ð47Þ

where βx ≡ μdx=dμ denotes the beta function of the
(collective) coupling x. Using the identity μ∂VVDW=∂μ ¼
−2∂VVDW=∂L, one obtains the compact form

�
−2

∂

∂L
þ βx

∂

∂x

�
VVDW ¼ 0: ð48Þ

Substituting the ansatz (45) into Eq. (48) and isolating
the LL contributions yields the recursion relation

CðnÞ
LLðxÞ ¼

1

2n

�
βx

∂

∂x

�
Cðn−1Þ
LL ðxÞ; n ≥ 1: ð49Þ

At the one-loop level, only the first correction term

Cð1Þ
LLðxÞ is required. To reproduce the tree-level potential,

we set Cð0Þ
LLðxÞ ¼ V0VDW

=χ4, and Cð1Þ
LLðxÞ is then obtained

from Eq. (49). The resulting VDW potential at one loop
reads

VVDW ¼ V0VDW
þ δλ
4!
χ4 þ 1

2
Cð1Þ
LLðxÞχ4 ln

�
χ2

μ2

�
; ð50Þ

where δλ is a finite counterterm determined by the CW
renormalization condition (46).
The conditions for the minimum of the VDW potential

are

∂VVDW

∂χ

����
χ¼μ

¼ 0; ð51aÞ

∂
2VVDW

∂χ2

����
χ¼μ

¼ m2
χ > 0; ð51bÞ

where the first condition fixes the renormalization scale μ to
coincide with the minimum of the VDW potential, and the
second one determines the radiatively induced mass for the
χ field.
It is important to emphasize the domain of validity of the

RG-improved VDW potential constructed here. Our analy-
sis is perturbative and relies on one-loop beta functions
together with a LL resummation, so the resulting VLL

VDWðχÞ
is reliable only as long as the couplings remain in the weak-
coupling regime and the logarithms are not large enough to
invalidate the truncation at LL order. In practice, the
approximation is most trustworthy for field values χ of
order the renormalization scale μ, where L ¼ lnðχ2=μ2Þ is
moderate, and well below any Landau-pole scale of the
theory. In addition, in a generic curved field manifold,
Riemann normal coordinates provide only a locally linear
parametrization around a chosen reference configuration,
with nontrivial curvature effects entering at higher orders in
the geodesic distance. Finally, as in the conventional 1PI
approach, the RG-improved potential should be regarded as
an approximate description of the vacuum structure rather
than as the exact convex effective potential: it accurately
captures the radiatively induced minimum and the asso-
ciated mass scale, but it is not expected to provide a
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quantitatively precise global description for arbitrarily large
field values or in strongly coupled regimes.
In order to use Eqs. (45) and (49) to compute the LL

VDW potential, it is important to note that the RG functions
differ slightly between the CW and MS schemes [42]. This
distinction plays no role at one-loop order, and thus
does not affect the LL VDW potential. However, it must
be taken into account when computing the next-to-leading-
logarithmic contributions, for which the two-loop beta
functions are required.

V. THE VDW EFFECTIVE POTENTIAL FOR THE
BUMBLEBEE COMPLEX FIELD

Having examined the UV behavior of the model, we now
turn to investigate whether LSB can occur dynamically via
the CW mechanism [34]. To this end, we now apply it to a
real constant background of the complex bumblebee model.
Our purpose is to extract the corresponding RG-improved
one-loop LL VDW potential and to analyze whether it
supports a radiatively induced LSB vacuum.
It is important to emphasize that the classical poten-

tial must be expressed in terms of the real components
of the complex bumblebee field, Bμ ¼ Bμ

1 þ iBμ
2, with

ðBμÞ� ¼ Bμ
1 − iBμ

2, where Bμ
1 and Bμ

2 are real vector
fields. In this representation, the classical potential can
be rewritten as

V0 ¼
λ

4
ðB�μBμÞ2 þ

λ̃

4
ðB�μBνB�

μBνÞ

¼ λþ λ̃

4
ðB4

1 þ B4
2Þ þ

λ − λ̃

2
B2
1B

2
2 þ λ̃ðB1 · B2Þ2; ð52Þ

where B2
i ≡ Bμ

i Biμ (i ¼ 1, 2). The effective potential is
then evaluated for a real constant background configura-
tion, hBμi ¼ hBμ

1 þ iBμ
2i ¼ Bμ

c.
In four dimensions, the marginal operator in the tree-

level potential is proportional to B4,

V0VDW
¼ λþ λ̃

4
B4
c ≡ λr

4
B4
c: ð53Þ

On dimensional grounds, the perturbative expansion of
the effective potential takes the general structure

VeffðB2
cÞ ¼ A0ðxÞB4

c þ A1ðxÞB4
cLþ A2ðxÞB4

cL2 þ � � � ;
ð54Þ

where x collectively denotes the coupling constants,
L ¼ lnðB2

c=μ2Þ, Bμ
c is the classical background field,

and μ is the renormalization scale introduced through

dimensional regularization. Each coefficient AiðxÞ ¼
aðiÞ0 xþ aðiÞ1 x2 þ aðiÞ2 x3 þ � � � represents a power series in

the couplings, whose order corresponds to the number of
loops in the perturbative expansion.
It is often convenient to reorganize the potential into a

series of logarithmic contributions:

VeffðB2
cÞ ¼ B4

c

�X∞
n¼0

CðnÞ
LLðxÞLn þ

X∞
n¼0

CðnÞ
NLLðxÞLnþ1

þ � � � þ δ

4

�
; ð55Þ

with CðnÞ
LLðxÞ ¼ aðnÞn xnþ1 and CðnÞ

NLLðxÞ ¼ aðnÞnþ1x
nþ2 repre-

senting the leading- and next-to-leading-log coefficients,
respectively. The quantity δ is the counterterm fixed by the
CW renormalization condition,

d4V0

dBμ
cdBcμdBν

cdBcν
¼ d4Veff

dBμ
cdBcμdBν

cdBcν

����
B2
c¼μ2

¼ 6λr; ð56Þ

where we set μ as the renormalization scale.
A crucial consequence is that the RGE for the VDW

potential reduces to a form controlled solely by the beta
functions of the couplings as we can see in the Eq. (42). The
logarithmic ansatz for the potential, Eq. (55), leads to the
following LL recursive relation,

CðnÞ
LLðλ; λ̃Þ ¼

1

2n

�
βλ

∂

∂λ
þ βλ̃

∂

∂λ̃

�
Cðn−1Þ
LL ðλ; λ̃Þ; n ≥ 1;

ð57Þ

with Cð0Þ
LLðλrÞ ¼ λr=4. Although both the VDW effective

potential and the LL coefficient are, in principle, functions
of all the couplings, they effectively depend only on βλ and

βλ̃. This is because Cð0Þ
LL is determined by the tree-level

potential, and therefore depends explicitly on λ and λ̃.
The resulting one-loop effective potential then reads

Veff ¼
ðλr þ δÞ

4
B4
c þ Cð1Þ

LLðλ; λrÞB4
c ln

�
B2
c

μ2

�
: ð58Þ

In order to determine its minimum, Veff has to satisfy the
following stationary conditions:

dVeff

dBμ
c
¼ 0 for some B2

c ¼ μ2; ð59aÞ

m2
B ¼ d2Veff

dBμ
cdBcμ

����
B2
c¼μ2

> 0: ð59bÞ

The CW renormalization condition (56) fixes the counter-
term to be
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δ ¼ −
25

2304π2
½56e4 − 352e3gm þ 4ð3þ 10gl þ g2l Þg4m þ ð53þ 2gl þ 17g2l Þλ2 þ ð24 − 12gl þ 12g2l Þλλr

þ ð−10þ 20gl − 10g2l Þλ2r þ 16egmðð8þ 6glÞg2m − 15ð1þ glÞλþ 2ð2þ 3glÞλrÞ
− 8e2ð6ð−3þ 2glÞg2m þ 30λþ ð5þ 3glÞλrÞ − 4g2mðð29þ 2gl þ 29g2l Þλ − 2ð5 − 2gl þ 7g2l ÞλrÞ�: ð60Þ

Using the minimization condition, we find the value of the minimum, which can be written perturbatively as an expansion
in powers of the coupling constants for λr

λr ¼
11

1152π2
½56e4 − 352e3gm þ 4ð3þ 10gl þ g2l Þg4m − 4ð29þ 2gl þ 29g2l Þg2mλþ ð53þ 2gl þ 17g2l Þλ2

− 48e2ðð−3þ 2glÞg2m þ 5λÞ þ 16eðð8þ 6glÞg3m − 15ð1þ glÞgmλÞ� þ � � � : ð61Þ

In this process, the dimensionless parameter λr is replaced by the mass scale μ generated by the vacuum, in a mechanism
known as dimensional transmutation [34]. Since λr ∼Oðe4; g4m; � � �Þ, terms of order λ2r can be consistently neglected.
Accordingly, the one-loop VDW effective potential can be expanded up to Oðe4; λ2; g4mÞ as

Veff ¼ ½56e4 − 352e3gm þ 4ð3þ 10gl þ g2l Þg4m − 4ð29þ 2gl þ 29g2l Þg2mλþ ð53þ 2gl þ 17g2l Þλ2

− 48e2ðð−3þ 2glÞg2m þ 5λÞ þ 16eðð8þ 6glÞg3m − 15ð1þ glÞgmλÞ�
B4

1536π2

�
−
1

2
þ ln

B2

μ2

�
: ð62Þ

The expression (62) for the effective potential is valid only in the region of classical field space where lnðB2
c=μ2Þ remains

small. In particular, it is not reliable for very small or very large values of B2
c.
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FIG. 6. Two-dimensional slices of the parameter space ðe; λ; gm; glÞ illustrating the domain where m2
B=μ

2 > 0. Each panel shows the
ðe; λÞ region (shaded) satisfying m2

Bðe; λ; gm; glÞ > 0 for a fixed choice of ðgm; glÞ displayed in the panel label, with 0 < e < 1 and
0 < λ < 1. The thick contour denotes the locus m2

B ¼ 0.
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From the stationarity conditions, Eqs. (59a) and (59b), the bumblebee field acquires a dynamically generated mass.
Explicitly,

m2
B ¼ ½56e4 − 352e3gm þ 4ð3þ 10gl þ g2l Þg4m − 4ð29þ 2gl þ 29g2l Þg2mλþ ð53þ 2gl þ 17g2l Þλ2

− 48e2ðð−3þ 2glÞg2m þ 5λÞ þ 16eðð8þ 6glÞg3m − 15ð1þ glÞgmλÞ�
μ2

192π2
: ð63Þ

The characterization of B2
c ¼ μ2 as a minimum of Veff is

therefore controlled by the sign of m2
B. To delineate the

regions of the parameter space ðe; λ; gm; glÞ for which
m2

B > 0, we fix two couplings and scan the remaining
two-dimensional subspace. Figures 6–8 display represen-
tative slices in the ðe; λÞ plane, where the shaded region
corresponds to m2

Bðe; λ; gm; glÞ > 0 for the fixed values of
ðgm; glÞ indicated in each panel.
In Fig. 6 we set gm ¼ 0 and vary gl within the

perturbative regime. We find that changing gl has only
a mild impact on the shape of the allowed domain. In
Fig. 7 we fix gl ¼ 0

1 and vary gm over positive values,

0 ≤ gm ≤ 1, while in Fig. 8 we again set gl ¼ 0 and
consider negative values, −1 ≤ gm ≤ −0.01. Altogether,
these plots show that there exist perturbative regions of
parameter space in which m2

B > 0, supporting a radiatively
induced symmetry-breaking vacuum in the present model.
To further assess the robustness of the positivity con-

dition m2
B > 0, we extended the LL analysis beyond the

lowest nontrivial order and compared the region in the
ðe; λÞ plane defined by m2

B=μ
2 > 0 at lower LL order with

the corresponding result including the L4 LL contributions.
The explicit expression obtained in this higher-order LL
improvement is rather lengthy and was therefore omitted
from the main text, since its full form does not pro-
vide additional conceptual insight. Instead, its effect is
summarized in Fig. 9, where we display the corresponding
comparison for representative values of gm at fixed gl ¼ 0.
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FIG. 7. Two-dimensional slices of the parameter space ðe; λ; gm; glÞ illustrating the domain where m2
B=μ

2 > 0. Each panel shows the
ðe; λÞ region (shaded) satisfying m2

Bðe; λ; gm; glÞ > 0 for a fixed choice of ðgm; glÞ displayed in the panel label, with 0 < e < 1 and
0 < λ < 1. The thick contour denotes the locus m2

B ¼ 0.

1Since the consistency of the longitudinal sector requires
gl > 0, the point gl ¼ 0 is approached only as a boundary limit
from the physical side of parameter space.
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The main outcome is that, throughout the more perturbative
regions of parameter space, the inclusion of the L4 LL
terms produces only very small deformations of the
boundary of the domain where m2

B=μ
2 > 0. Even when

the effect becomes more visible for larger magnetic-type
coupling, particularly for jgmj ∼Oð1Þ, the additional
excluded portion of parameter space remains quantitatively
narrow.
At the same time, this result should be interpreted with

the appropriate perturbative caution. What the comparison
shows is a local robustness of the positive-mass region
within the truncated LL approximation considered here; it
does not establish that the sign of m2

B is protected under the
full renormalization-group flow at arbitrarily high energies.
Since m2

B is determined by a specific combination of
running couplings, the exact RG evolution may in principle
drive the theory across the hypersurfacem2

B ¼ 0. Moreover,
as usual in quantum field theory, the perturbative RG-
improved expansion should be viewed as an asymptotic
construction rather than as a globally convergent one. For
this reason, our results support the statement that the
radiatively induced vacuum is perturbatively stable in the
weak-coupling regime probed here, but they should not be
taken as a proof of all-orders or global sign preservation of
the dynamically generated mass.

VI. CONCLUSIONS AND OUTLOOK

We investigated a complex extension of the bumblebee
scenario coupled to an Abelian gauge field, focusing on its
one-loop renormalization and on the radiative structure of
its effective potential. The theory generalizes the usual real
bumblebee dynamics by promoting the LV vector to a
complex field and by allowing, besides the minimal
coupling, a longitudinal kinetic term controlled by gl
and a magnetic-type nonminimal interaction controlled
by gm. Among results of our paper, we can emphasize,
first, formulation of a new coupling between gauge and
bumblebee models, developing further ideas proposed in
[15], second, generalization of the bumblebee theory to the
complex case. Then, working in dimensional regularization
within the minimal-subtraction scheme, we determined the
one-loop UV divergences of the Green’s functions required
to renormalize the gauge, longitudinal, and quartic sectors.
The corresponding counterterms yield the one-loop beta
functions for e, gl, gm, and for the quartic self-couplings λ
and λ̃.
It is also worth emphasizing a structural consequence of

the one-loop RG functions. Once the gauge interaction is
switched on, the hypersurface in coupling space defined by
gm ¼ gl ¼ λ ¼ λ̃ ¼ 0 is not preserved by the RG flow: even
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FIG. 8. Two-dimensional slices of the parameter space ðe; λ; gm; glÞ illustrating the domain where m2
B=μ

2 > 0. Each panel shows the
ðe; λÞ region (shaded) satisfying m2

Bðe; λ; gm; glÞ > 0 for a fixed choice of ðgm; glÞ displayed in the panel label, with 0 < e < 1 and
0 < λ < 1. The thick contour denotes the locus m2

B ¼ 0.

COMPLEX BUMBLEBEE MODEL PHYS. REV. D 113, 125003 (2026)

125003-15



if these interactions are tuned to vanish at some reference
scale, gauge fluctuations radiatively regenerate them
through genuine source terms in the beta functions,
cf. Eqs. (25b)–(25e). In particular, at gm ¼ gl ¼ λ ¼ λ̃ ¼ 0

one finds nonzero βðλÞ ∝ e4, βðλ̃Þ ∝ e4, βðgmÞ ∝ e3, and
βðglÞ ∝ e2, see Eq. (26). From an effective-field-theory
viewpoint, this reflects operator mixing among the mar-
ginal interactions compatible with Lorentz symmetry and
the Uð1Þ phase symmetry of Bμ, so that a consistent
renormalization requires treating ðgl; gm; λ; λ̃Þ as running
couplings rather than as optional deformations.

We also developed an RG-covariant LL improvement
scheme, motivated by the Vilkovisky-DeWitt formulation
in normal field coordinates, and applied it to the constant
real bumblebee background. This allowed us to obtain the
corresponding one-loop LL effective potential and to
identify perturbative regions of parameter space in which
dimensional transmutation may trigger a nontrivial vac-
uum, providing a dynamical route to LSB in the present
model. We expect that this methodology can be generalized
to our LV models, in particular, those ones including
gravity.
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FIG. 9. Comparison of the regions in the ðe; λÞ plane where m2
B=μ

2 > 0, evaluated at lower LL order and after inclusion of the L4 LL
corrections, for representative values of gm and fixed gl ¼ 0. The green region represents the subset of parameter space that remains
positive in both approximations, whereas the orange region identifies points that are allowed at lower LL order but become excluded
once the L4 LL contributions are included. The black and dark-red curves mark the corresponding boundariesm2

B ¼ 0 at lower LL order
and at L4 LL order, respectively. One observes that the higher-order LL terms induce only mild deformations of the positivity domain in
the perturbative regime, although for jgmj ∼Oð1Þ a somewhat more visible excluded strip emerges.
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Several directions deserve further study. Extending the
analysis beyond the LL approximation requires the two-
loop renormalization-group functions and would enable a
more stringent assessment of the vacuum structure. It is also
of interest to investigate the spectrum of fluctuations about
the radiatively induced minimum and to quantify the role of
the longitudinal sector governed by gl. Also, the notorious
problem of the bumblebee model is related with its classical
evolution, see the discussion in [43,44]. While our theory
essentially differs from the usual real bumblebee model due
to the presence of the longitudinal term in the classical
action, which certainly changes the algebra of Dirac
constraints, a detailed study of this problem for our model
certainly must be performed. Finally, coupling the model to
gravity [15,45]—including possible nonminimal curvature
interactions of the type considered in Ref. [45]—may help
to elucidate the interplay between radiative Lorentz sym-
metry breaking and gravitational dynamics, and may
further sharpen phenomenological constraints.
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APPENDIX A: BASIC INTEGRALS

Wework in dimensional regularization withD ¼ 4 − 2ϵ,
with the renormalization scale μ. Following the standard
FeynCalc [16] normalization, the scalar one-loop integrals
are defined by

ð2πμÞ4−D
iπ2

Z
dDq

1Q
j½ðqþ rjÞ2 −m2

j �
; ðA1Þ

where the shifts rj encode the external kinematics. In
particular, the scalar Passarino-Veltman functions used
throughout this work are

A0ðm2Þ ¼ ð2πμÞ4−D
iπ2

Z
dDq

1

q2 −m2
¼ m2

ϵ
þ finite; ðA2Þ

B0ðp2;m2
1; m

2
2Þ ¼

ð2πμÞ4−D
iπ2

Z
dDq

1

ðq2 −m2
1Þððqþ pÞ2 −m2

2Þ
¼ 1

ϵ
þ finite; ðA3Þ

C0ðp2
i ;m

2
i Þ ¼

ð2πμÞ4−D
iπ2

Z
dDq

1

ðq2 −m2
1Þððqþ p1Þ2 −m2

2Þ
1

ððqþ p1 þ p2Þ2 −m2
3Þ

¼ finite; ðA4Þ

D0ðp2
i ;m

2
i Þ ¼

ð2πμÞ4−D
iπ2

Z
dDq

1

ðq2 −m2
1Þððqþ p1Þ2 −m2

2Þ
1

ððqþ p1 þ p2Þ2 −m2
3Þððqþ p1 þ p2 þ p3Þ2 −m2

4Þ
¼ finite:

ðA5Þ

APPENDIX B: CHANGE OF VARIABLES
TO RG-COVARIANT COORDINATES

AND CANCELLATION OF THE
ANOMALOUS-DIMENSION TERM

We consider a renormalized functional F½ϕ; λ; μ�
(e.g., the effective action) of renormalized fields ϕAðxÞ,
renormalized couplings λi, and scale μ. Introduce the
RG-covariant field coordinates χA via a nonsingular map
ϕ ¼ ϕðχ; λ; μÞ (in the VDW construction this is the

exponential map on field space, i.e., normal geodesic
coordinates). Define

F̃ðχ; λ; μÞ≡ Fðϕðχ; λ; μÞ; λ; μÞ: ðB1Þ

Our goal is to transform the anomalous-dimension term

I ≡
Z

dDxγABϕBðxÞ δF
δϕAðxÞ ðB2Þ
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to χ variables and show how it cancels in the RG operator
taken at fixed χ.
By the functional chain rule,

δF
δϕAðxÞ ¼

∂F̃
∂χC

δχC

δϕAðxÞ ; ðB3Þ

so that (B2) becomes

I ¼
Z

dDxγABϕBðxÞ δχC

δϕAðxÞ
∂F̃
∂χC

≡KC ∂F̃
∂χC

;

KC ≡
Z

dDxγABϕB δχC

δϕA : ðB4Þ

“Fixed χ” means by definition

�
μ
d
dμ

�
χ

χCðxÞ ¼ 0 ⇒ μ
∂χC

∂μ
þ
X
i

βi
∂χC

∂λi

þ
Z

dDy
δχC

δϕAðyÞ
�
μ
dϕAðyÞ
dμ

�
χ

¼ 0:

ðB5Þ

At fixed χ the renormalized field runs according to its
anomalous dimension,

�
μ
dϕA

dμ

�
χ

¼ −γABϕB: ðB6Þ

Inserting (B6) into (B5) yields the key identity

KC ¼ μ
∂χC

∂μ
þ
X
i

βi
∂χC

∂λi
: ðB7Þ

Consider the total μ derivative at fixed χ acting on F,

�
μ
d
dμ

�
χ

F ¼ μ∂μF þ
X
i

βi∂λiF −
Z

dDxγABϕB δF
δϕA :

ðB8Þ

Change variables ðϕ → χÞ in the explicit derivatives:

μ∂μF ¼ μ∂μF̃ þ ðμ∂μχCÞ
∂F̃
∂χC

;

∂λiF ¼ ∂λi F̃ þ ð∂λiχCÞ
∂F̃
∂χC

: ðB9Þ

Using (B4) and (B7) one has

I ¼
�
μ∂μχ

C þ
X
i

βi∂λiχ
C

�
∂F̃
∂χC

: ðB10Þ

Substituting (B9) and (B10) into (B8), the cross terms
cancel exactly:

�
μ
d
dμ

�
χ

FðϕðχÞ;λ;μÞ ¼ μ∂μF̃ðχ;λ;μÞþ
X
i

βi∂λi F̃ðχ;λ;μÞ:

ðB11Þ

Thus, when the RG operator is taken at fixed RG-covariant
field χ, the anomalous-dimension term in the ϕ represen-
tation is absorbed by the implicit ðμ; λÞ dependence of χ.

APPENDIX C: SCALAR QED
AS A STANDARD EXAMPLE

To illustrate the general procedure of introducing the
RG-covariant coordinates, we apply it to scalar QED and
compute the LL VDW effective potential. The classically
scale-invariant Lagrangian density reads

L ¼ −
1

2
FμνFμν þ ðDμϕÞ�Dμϕ −

λ

4!
ðϕ�ϕÞ2; ðC1Þ

where Fμν ¼ ∂μAν − ∂νAμ is the Maxwell field strength,
Dμϕ ¼ ð∂μ − ieAμÞϕ is the covariant derivative, ϕ is a
complex scalar field, and Aμ denotes the Uð1Þ gauge field.
From the geometric viewpoint, the RG-covariant fields

introduced in Sec. IVA are defined via the exponential map
on field space, so that the original fields are obtained as

ϕAðχÞ ¼ expϕ̄ðχÞA; ðC2Þ

along geodesics emanating from a reference configuration
ϕ̄A. Expanding this relation in powers of the geodesic
coordinate χA yields the standard normal-coordinate series

ϕAðχÞ ¼ ϕ̄A þ χA −
1

2
Γ̄A

BCðϕ̄ÞχBχC þOðχ3Þ; ðC3Þ

where Γ̄A
BCðϕ̄Þ is the connection evaluated at the base

point. By definition of Riemann normal coordinates, one
chooses χA so that Γ̄A

BCðϕ̄Þ ¼ 0, implying that the leading
nonlinearities in (C3) arise at order χ3 and are controlled by
the curvature of the field manifold. In a generic curved field
space this construction is inherently local, providing a
locally linear parametrization only in a neighborhood
of ϕ̄A.
In the scalar models considered here, however, the

physical orbit space relevant for the VDW potential is
one dimensional and flat. For a single real scalar with
canonical kinetic term the DeWitt metric is trivial, so
the background field itself is a global normal coordinate.
For a complex scalar with potential V0ðϕ�ϕÞ ¼ λðϕ�ϕÞ2=4!
[with or without the Uð1Þ gauge interactions of scalar
QED], the physical configuration space after quotienting by
the Uð1Þ orbits is parametrized by the radial modulus
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ρ ¼ ðϕ�ϕÞ1=2, and the induced line element is ds2 ¼ dρ2.
In this one-dimensional flat manifold the connection vani-
shes identically, Γρ

ρρ ¼ 0, so the exponential map reduces
to a global affine relation and ρ itself is a Riemann normal
coordinate. Consequently, within the perturbative domain
of the theory we can simply identify the RG-covariant field
with this radial coordinate, χ ¼ ρ, or equivalently

χ2 ≡ ϕ�ϕ; ðC4Þ

and formulate the VDW potential and its RG improvement
directly in terms of the single normal, RG-invariant field χ.
Although, in general, the base point ϕ̄ for the normal-
coordinate construction can be chosen arbitrarily in field
space, in vacuum applications it is natural to take ϕ̄ to be
the vacuum configuration, i.e., the minimum of the effec-
tive potential. In our scalar-QED example, however, the
one-dimensional flat orbit space implies that the radial
modulus χ serves as a global Riemann normal coordinate,
essentially independent of the specific choice of reference
point, as long as the perturbative description remains valid.

With this choice of background variable, the RG input to
the LL resummation is provided by the one-loop beta
functions, which for scalar QED are well known [47,48],

βλ ¼
5λ2 − 18λe2 þ 54e4

24π2
;

βe ¼
e3

48π2
: ðC5Þ

The LLVDWeffective potential is then constructed from
the ansatz (55), with the LL coefficients obeying the
general recursion relation (57). In the present case, this
relation takes the explicit form

CðnÞ
LLðλ; eÞ ¼

1

2n

�
βλ

∂

∂λ
þ βe

∂

∂e

�
Cðn−1Þ
LL ðλ; eÞ; n ≥ 1;

ðC6Þ

with Cð0Þ
LLðλ; eÞ ¼ λ=24. Up to order L4, the LL coefficients

of the VDW effective potential are

Cð1Þ
LL ¼ 54e4 − 18e2λþ 5λ2

1152π2
; ðC7aÞ

Cð2Þ
LL ¼ −432e6 þ 423e4λ − 135e2λ2 þ 25λ3

55296π4
; ðC7bÞ

Cð3Þ
LL ¼ 7182e8 − 7116e6λþ 3630e4λ2 − 900e2λ3 þ 125λ4

2654208π6
; ðC7cÞ

Cð4Þ
LL ¼ −88884e10 þ 124695e8λ − 76200e6λ2 þ 27750e4λ3 − 5625e2λ4 þ 625λ5

127401984π8
: ðC7dÞ

It is important to note that, for power-counting purposes, we treat both e2 and λ as quantities of order x, i.e., e2 ∼ x
and λ ∼ x.
The CW renormalization condition (46) fixes the quartic counterterm to be

δλ ¼
1

331776π8
½88884e10 − 45e8ð2771λþ 9576π2Þ þ 120e6ð635λ2 þ 3558π2λþ 6048π4Þ

− 30e4ð925λ3 þ 7260π2λ2 þ 23688π4λþ 51840π6Þ þ 225e2λð25λ3 þ 240π2λ2 þ 1008π4λþ 2304π6Þ
− 125λ2ð5λ3 þ 60π2λ2 þ 336π4λþ 1152π6Þ�: ðC8Þ

Inserting Eq. (C8) into the LL VDW effective potential, we obtain

VLL
VDW ¼ χ4

�X4
n¼0

AnLn

�
; ðC9Þ
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with

A0 ¼ −
625λ5

7962624π8
þ ð5625e2 − 7500π2Þλ4

7962624π8
þ ð−27750e4 þ 54000π2e2 − 42000π4Þλ3

7962624π8

þ ð76200e6 − 217800π2e4 þ 226800π4e2 − 144000π6Þλ2
7962624π8

þ ð−124695e8 þ 426960π2e6 − 710640π4e4 þ 518400π6e2 þ 331776π8Þλ
7962624π8

þ 88884e10 − 430920π2e8 þ 725760π4e6 − 1555200π6e4

7962624π8
; ðC10aÞ

A1 ¼
5λ2 − 18e2λþ 54e4

1152π2
; ðC10bÞ

A2 ¼
25λ3 − 135e2λ2 þ 423e4λ − 432e6

55296π4
; ðC10cÞ

A3 ¼
125λ4 − 900e2λ3 þ 3630e4λ2 − 7116e6λþ 7182e8

2654208π6
; ðC10dÞ

A4 ¼
625λ5 − 5625e2λ4 þ 27750e4λ3 − 76200e6λ2 þ 124695e8λ − 88884e10

127401984π8
: ðC10eÞ

The location of the minimum follows from the condition (51), which can be solved perturbatively for λ in powers of e:

λ ¼ 33e4

8π2
−
503e6

64π4
þ 56197e8

2048π6
−
4745009e10

49152π8
þOðe12Þ: ðC11Þ

Substituting this expression into VLL
VDW, we arrive at

VLL
VDW ¼ −

e4χ4

2359296π8

�
55296π6 − 76032π4e2 þ 231984π2e4 − 837753e6 þ 6ð279251e6 − 77328π2e4

þ 25344π4e2 − 18432π6Þ ln
�
χ2

μ2

�
þ 48ð4997e6 − 1551π2e4 þ 384π4e2Þln2

�
χ2

μ2

�

þ 4ð6523e6 − 1596π2e4Þln3
�
χ2

μ2

�
þ 1646e6ln4

�
χ2

μ2

��
: ðC12Þ

The dynamically generated mass of the scalar mode is obtained from the curvature at the minimum, Eq. (51b), which
yields

m2
χ ¼

e4μ2

8π2

�
3 −

37e2

8π2
þ 3739e4

256π4
−
106409e6

2048π6

�
þOðe12Þ > 0: ðC13Þ

Thus, the VDW framework, combined with the RG-improved LL resummation, sharpens the determination of the
radiatively generated mass starting from one-loop beta functions, while maintaining manifest gauge and parametrization
independence of the effective potential throughout.
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