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We present SEOB-TML, an enhanced effective-one-body (EOB) framework for the test-mass limit,
optimized for quasicircular, spin-aligned binary black holes. On the dynamical side, we introduce a
quadrupole-factorized (Q-factorized) prescription that maps the total energy flux—including horizon
absorption—onto a single (2, 2) mode baseline. This approach effectively captures higher-order multipole
contributions without explicit mode summation, while simultaneously leading to a dramatic reduction in
fractional flux errors. To ensure a smooth transition to the postmerger stage, we replace traditional next-to-
quasicircular corrections with a phenomenological Ansatz, enabling a flexible, mode-dependent attachment
prescription. For the merger-ringdown stage, we utilize quasinormal mode coefficients extracted from
numerical waveforms via qnmfinder to explicitly model mode-mixing effects. These enhancements lead
to a substantial reduction in residuals, capturing the complex physical modulations prominent in retrograde
configurations. Additionally, we implement the (2, 0) mode across the full waveform, further extending the
model’s physical coverage and accuracy. Overall, our framework generates highly accurate late inspiral-
merger-ringdown waveforms for extreme-mass-ratio systems, significantly reducing dephasing and
improving the near-merger reconstruction. We demonstrate the performance of SEOB-TML against the
current state-of-the-art SEOBNRv5HM model, highlighting how our specialized developments extend the
reliability of the EOB framework into the test-mass limit.
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I. INTRODUCTION

The first detection of gravitational waves (GWs) by
LIGO-Virgo [1–4] in 2015 marked a milestone in gravi-
tational physics. Since then, the LIGO-Virgo-KAGRA
(LVK) [5–10] Collaboration has reported more than two
hundred signals from the coalescence of binary compact
objects, mainly stellar-mass black holes (BHs) and neutron
stars. Matched filtering, which is used to infer source
properties such as masses and spins, demands highly
accurate waveform models, and modeling errors will
become increasingly limiting as detector sensitivity
improves. Next generation observatories such as the

Einstein Telescope [11–13], Cosmic Explorer [14] and
LISA [15,16] will be characterized by higher sensitivity,
leading to increased detection rates by several orders of
magnitude and extending GW observations to lower
frequency regions. With upcoming detectors, signals from
binaries at increasingly asymmetric mass ratios will
become accessible, ranging from 10−4 − 10−2 for inter-
mediate-mass-ratio inspirals (IMRIs) to 10−7 − 10−4 for
extreme-mass-ratio inspirals (EMRIs). In this context, it
becomes essential to develop precise waveform models in
the test-mass limit (TML), both to capture the dynamics of
EMRIs and to strengthen the connection between wave-
form modeling across different mass-ratio regimes.
A central ingredient in the success of GW observations

has been the development of accurate and computationally
efficient waveform models for binary BH systems.
Numerical relativity (NR) simulations [17–19] provide
the most faithful description of the full coalescence and
are particularly valuable for comparable-mass binaries.
However, their high computational cost prevents dense
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coverage of the parameter space, making it essential to
construct models that combine analytical methods with NR
input. Several complementary strategies have been devel-
oped to produce complete inspiral-merger-ringdown
(IMR) waveforms. The NR surrogate models [20–33]
interpolate NR data in a reduced-order basis and thus
achieve very high accuracy, but they are restricted to the
region of parameter space covered by NR simulations.
Another widely used class is the phenomenological mod-
els known as IMRPhenom, built in both frequency-
domain (FD) [34–51] and time-domain (TD) [52–56].
Finally, the EOB formalism [57–61] provides a powerful
analytical framework that combines various analytical
approximation methods while maintaining the flexibility
to facilitate systematic calibration against NR results.
In the EOB approach, the binary dynamics are mapped to

those of an effective particle moving in a deformed
Schwarzschild or Kerr spacetime, with the deformation
parameter determined by the symmetric mass ratio. This
mapping enables the construction of accurate and efficient
waveforms through a close interplay between analytical
approximations and NR calibration. Among waveform
families, EOB-based models, including the SEOBNR mod-
els [62–80] and the TEOBResumS models [81–96] are
distinguished by their robustness across mass ratios and
spins, and by their ability to provide complete IMR wave-
forms at relatively low computational cost. By construction,
EOB models incorporate the TML, since the formalism is
built as a deformation of Kerr or Schwarzschild spacetime.
Historically, the systems composed of a small BH of mass μ
orbiting a large BH with mass M such that the symmetric
mass-ratio ν ¼ μ=M ≪ 1 served as a laboratory for devel-
oping physically motivated Ansätze to describe the inspiral,
plunge, merger and ringdown (RD) within the EOB
framework [97]. Indeed, several studies [97–115] have
shown that the insights from BH perturbation theory can
significantly improve EOB waveform modeling. Results
from the TML have already been successfully incorporated
to inform and refine waveform models across the full mass-
ratio spectrum.
From the wide range of existing EOB formulations, we

select the state-of-the-art SEOBNRv5HM model [74] as our
baseline. This multipolar IMR model, developed for quasi-
circular, spinning, nonprecessing BBHs, combines post-
Newtonian (PN) results for the Hamiltonian [116,117], the
radiation reaction (RR) force, and waveform modes [118]. It
includes the GW spin-weighted spherical harmonic modes
(2, 2), (2, 1), (3, 3), (3, 2), (4, 4), (4, 3), (5, 5) and is calibrated
to 442 NR waveforms, all produced with the pseudospectral
Einstein code (SpEC) of the Simulating eXtreme Space-
time (SXS) collaboration [20,21,23,24,29,71,119–130].
Additional inputs from a set of 13 Teukolsky waveforms
with q ¼ 1000 supplement the calibration in the small-mass-
ratio regime [100,102]. For comparable-mass binaries,
SEOBNRv5HM achieves good accuracy, validated by

unfaithfulness studies against NR simulations and is rou-
tinely employed in GW parameter estimation thanks to its
efficiency. However, in the TML its performance is more
limited: PN approximations degrade in the strong-field
regime, and calibration to the TML waveform data remains
sparse compared to NR coverage.
In this article, we present SEOB-TML, an enhanced

EOB framework optimized for the TML. This model
introduces a new factorized flux prescription that maps
the total energy flux—including horizon absorption—onto
a single (2, 2) mode baseline. To ensure a smooth transition
to the postmerger stage, we utilize a flexible, mode-
dependent phenomenological Ansatz that enables individu-
alized attachment prescriptions. For the merger-RD stage,
we explicitly model mode-mixing effects by incorporating
quasinormal mode (QNM) coefficients extracted via
qnmfinder [131,132]. Additionally, we extend the
model’s physical coverage by including the (2, 0) mode
throughout the entire waveform. We demonstrate the
performance of SEOB-TML by validating it against
SEOBNRv5HM within the TML. This study serves as a
preliminary exploration of integrating EMRI waveforms
into the EOB framework; while these results are explor-
atory, they aim to inform future refinements of the
SEOBNR family and ultimately extend its reliability
across a wider mass-ratio spectrum.
The article is structured as follows. In Sec. II, we describe

the numerical methods used to compute the fluxes and TD
waveforms. Section III provides a brief overview of the
EOB dynamics and details our specific implementation of
the analytical fluxes, which are then compared against
numerical data to assess the accuracy of the RR force. In
Sec. IV, we outline the construction of the multipolar
inspiral-plunge waveform modes, highlighting improve-
ments and differences with respect to SEOBNRv5HM.
The modeling of the merger-RD is detailed in Sec. V,
where we construct new Ansätze using QNM coefficients
extracted from numerical waveforms to capture the mode
mixing. Section VI details the construction of the merger-
RD waveforms with explicit incorporation of mixing
modes, addressing both l ¼ m retrograde configurations
and l ≠ m modes. Section VII highlights the improvement
in the total IMR waveform in the TML compared to
SEOBNRv5HM, while Sec. VIII reports the implementation
of the (2, 0) mode across the full IMR. Finally, Sec. IX
summarizes our main conclusions and outlines directions
for future work.

A. Notation

We adopt natural units where c ¼ G ¼ 1 and consider a
nonspinning test-mass (TM) μ ¼ νM orbiting a Kerr BH
with mass M and dimensionless spin a ¼ J=M2. The Kerr
spacetime is described using Boyer-Lindquist coordinates
ðT; R; θ;φÞ and the TM motion is characterized by the
canonical phase-space variables ðR;φ; PR; PφÞ. Throughout
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this work, we employ dimensionless, scaled quantities
defined as

t ¼ T
M

; r ¼ R
M

pr ¼
PR

μ
pφ ¼ Pφ

Mμ
ð1:1Þ

Correspondingly, the Hamiltonian and the RR force are
normalized by μ. The orbital frequency is denoted Ω, from
which we define a dimensionless velocity parameter x1=2 ¼
vΩ ¼ ðMΩÞ1=3. For ease of notation, we set M ¼ 1
throughout the remainder of the paper.

II. NUMERICAL APPROACH USING
PERTURBATION THEORY

In this section, we describe the numerical framework
used to compute equatorial TM trajectories from inspiral
through merger. We then outline the generation of the
corresponding TD Teukolsky waveforms, which serve as
the benchmark for our EOB prescriptions. We restrict our
system of interest to a nonspinning TM orbiting a Kerr
BH on a quasicircular orbit in the equatorial plane. Such a
system can be described using BH perturbation theory,
which approximates the dynamics of the binary by expand-
ing the Einstein field equations in powers of ν. At zeroth-
order, the motion is governed by a geodesic in the back-
ground geometry of the primary mass, while higher-order
perturbative corrections account for the gravitational field
of the smaller body and its backreaction on the spacetime.
In this work, we compute the waveforms at leading order in
ν by solving the Teukolsky master equation [133].
In Boyer-Lindquist coordinates, the Teukolsky equation

takes the form

−
�ðr2 þ a2Þ2

Δ
− a2sin2θ

�
∂ttΨ −

4ar
Δ

∂tφΨ

− 2s

�
r −

r2 − a2

Δ
þ ia cos θ

�
∂tΨþ Δ−s

∂rðΔsþ1
∂rΨÞ

þ 1

sin θ
∂θðsin θ∂θΨÞ þ

�
1

sin2θ
−
a2

Δ

�
∂φφΨ

þ 2s

�
aðr − 1Þ

Δ
þ i cos θ

sin2θ

�
∂φΨ − ðs2cot2θ − sÞΨ

¼ −4πðr2 þ a2cos2θÞT ; ð2:1Þ

with Δ ¼ r2 − 2rþ a2. The parameter s denotes the spin
weight of the field; for our purposes, we set s ¼ −2 to
describe the evolution of the curvature perturbations. In this
case, the Teukolsky master field Ψ is directly related to the
Weyl scalar ψ4, which represents outgoing gravitational
radiation, via the relation Ψ ¼ ðr − ia cos θÞ4ψ4. The
driving term of this evolution is the source term T , which
is constructed from the energy-momentum tensor of the
TM. Since T contains Dirac delta functions localized at the

particle’s coordinate position, the resulting field depends
explicitly on the prescribed trajectory. Consequently, the
numerical solution of Eq. (2.1) requires a high-fidelity
description of the orbital dynamics, which we detail below.

A. Numerical dynamics computation

To describe the dynamics entering the source term, we
integrate Hamilton’s equations [Eq. (3.3)] augmented by the
RR force that accounts for the dissipation of energy and
angular momentum due to gravitational radiation. The
generation of trajectories that faithfully reproduce the
equatorial quasicircular dynamics of a TM in Kerr space-
time at leading-order in ν follows the methodology estab-
lished in Refs. [101,102]. This approach utilizes numerical
fluxes computed for equatorial circular geodesics as a
function of the orbital frequency. To fully implement the
procedure introduced in Ref. [102], numerical fluxes are
required down to orbital radii approaching the inner light-
ring. To address this requirement, we compute the FD
Teukolsky fluxes using ModGEMS [134–137]. This code
solves the Teukolsky equation in FD with a geodesic source
using a semianalytical implementation of the Mano-Suzuki-
Takasugi formalism [138–141]. These fluxes are computed
on the same radial grid used in Ref. [102]. Once the total
numerical fluxes—comprising both infinity and horizon
contributions—are obtained, they are interpolated over the
orbital frequency to evolve the equations of motion toward
the event horizon, located at rþ ¼ 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
. Since

stable circular orbits do not exist beyond the photon orbit
radius rLR, we define a transition radius rmin ¼ rLR þ 0.01,
such that for r > rmin, the RR force is computed directly
from the interpolated FD Teukolsky fluxes as explicitly
shown in Eq. (2) of Ref. [101]. In the subsequent plunge
region rþ < r ≤ rmin, we turn off the RR force following
the strategy of Ref. [102]. This is justified because the
motion of the TM, in this regime, is well approximated by a
geodesic, and the influence of GW fluxes becomes negli-
gible compared to the conservative dynamics as the TM
approaches the horizon. Finally, we verify the consistency
of our ModGEMS implementation by comparing it against the
publicly available fluxes from the BH Perturbation Toolkit
[142]. This comparison covers the full extent of the
Toolkit’s available data—up to the innermost stable circular
orbit (ISCO)—which was produced in Refs. [102,143,144].

B. Numerical waveform computation

Having determined the TM trajectory, we compute the
emitted GWs by feeding the dynamics of the TM into the
source term T and numerically solving the Teukolsky
equation [Eq. (2.1)]. The specific implementation and
numerical infrastructure used to compute the TD
Teukolsky waveforms are detailed in Refs. [145–149].
This framework employs hyperboloidal time slicing, a
technique that enables the direct extraction of GW modes
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at future null infinity without the need for extrapolation. To
maintain high accuracy over long-duration simulations, the
code leverages GPU-based parallel computing. Although
this study does not focus on the late-time tails of the
radiation, the code is capable of evolving the system well
beyond the QNM phase, accurately capturing the sub-
sequent power-law decay regime once the QNMs have
sufficiently subsided. The complex GW strain hðt; ι;φÞ ¼
hþðt; ι;φÞ − ih×ðt; ι;φÞ is recovered at future null infinity
by performing a double time integration of the Weyl scalar
ψ4, which is related to the strain via

ψ4 ¼
1

2

d2

dt2
ðhþ − ih×Þ: ð2:2Þ

In general, the total strain hðt; ι;φÞ, is expanded in the
basis of −2 spin-weighted spherical harmonics

hðt; ι;φÞ ¼
X∞
l¼2

Xl
m¼−l

−2Ylmðι;φÞhlmðtÞ; ð2:3Þ

where ι denotes the binary’s inclination angle with respect
to the orbital plane, and φ is the azimuthal direction to the
observer.

III. COMPUTATION OF RADIATION
REACTION FORCE

In this section, we compare analytical and numerical
GW fluxes. We propose a refined factorization and
resummation of the EOB flux at infinity that offers
improved accuracy and a more streamlined structure in
the TML compared to that of SEOBNRv5HM. After
illustrating the effectiveness and precision of our proposed
analytical flux, we further enhance it by including the
absorption flux at the BH horizon, implemented using a
consistent factorized prescription.

A. Overview of the factorized-mode flux

The EOB approach [57–61] maps the two-body problem
onto the effective motion of a single body of mass μ in a
deformed Schwarzschild or Kerr spacetime. This mapping
facilitates the construction of an EOB Hamiltonian that
encapsulates the conservative dynamics of the system.
Dissipative effects are subsequently incorporated via the
RR force, which accounts for the energy and angular
momentum flux carried by gravitational waves to both
null infinity and the BH horizon. Together, these yield
Hamilton’s equations, which can be integrated to obtain the
effective dynamics from which the multipolar gravitational
waveform at null infinity can be analytically computed.
In order to obtain a first-order description of extreme-

mass-ratio binaries, we set the ν corrections to zero in the
conservative sector and retain the leading-order contribu-
tions to the RR force. The Hamiltonian of interest reduces

to the Kerr Hamiltonian restricted to equatorial orbits
ðθ ¼ π=2; pθ ¼ 0Þ

H ¼ Λ−1

 
2apϕ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δp2

ϕr
2 þ Δ2Λ

p2
r

r
þ ΔΛr

r !
ð3:1Þ

where Λ ¼ r3 þ 2a2 þ a2r. Instead of the radial momen-
tum pr, we use pr� , the momentum conjugate to the tortoise
radial coordinate r�. The tortoise coordinate is related to the
Boyer-Lindquist coordinate r by

dr� ¼
r2 þ a2

Δ
dr ¼ 1

ξðrÞ dr;

pr� ¼ ξðrÞpr: ð3:2Þ

This is a common practice [68,99] to avoid spurious
numerical singularities near the event horizon.
The evolution of the TM dynamics is provided by

Hamilton’s equations of motion

ṙ ¼ ξ
∂H
∂pr�

; ṗr� ¼ −ξ
∂H
∂r

þ pr�
pϕ

Fϕ;

ϕ̇ ¼ ∂H
∂pϕ

; ṗϕ ¼ Fϕ: ð3:3Þ

where the RR forceFϕ is obtained by summing GWmodes
in the factorized form hFlm [97,99,150,151],

Fϕ ¼ −
Ω
8π

Xlmax

l¼2

Xl
m¼1

m2jdLhFlmj2 ð3:4Þ

with dL being the luminosity distance of the binary to
the observer. In SEOBNRv5HM, Eq. (3.4) is truncated at
lmax ¼ 8 since the contribution of the higher modes is
negligible in the comparable-mass case. The factorized
inspiral modes [97,99,151] are written as

hFlm ¼ hNlmŜeffTlmflmeiδlm; ð3:5Þ

where the first factor hNlm is the leading (Newtonian) order
waveform and its explicit expression is [97,151]

hNlm ¼ ν

dL
nlmclþϵlmðνÞvlþϵ

Ω Yl−ϵlm;−m

�
π

2
;ϕ

�
ð3:6Þ

Here, vΩ ≡ x1=2 ¼ Ω1=3 while Ylm denotes the scalar
spherical harmonics. The parity of the mode is defined as

ϵlm ¼
�
0; lþm is even

1; lþm is odd
ð3:7Þ

with the function nlm given by
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nlm ¼

8>><
>>:

8πðimÞl
ð2lþ1Þ!!

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ1Þðlþ2Þ
lðl−1Þ

q
; lþm is even

−16iπðimÞl
ð2lþ1Þ!!

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ1Þðlþ2Þðl2−m2Þ
ð2l−1Þðlþ1Þlðl−1Þ

q
; lþm is odd

ð3:8Þ

where the coefficient ckðνÞ is

ckðνÞ ¼
 
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4ν

p

2

!
k−1

þ ð−1Þk
 
1þ ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 4ν
p

2

!
k−1

ð3:9Þ

Note that the SEOBNRv5HM model employs the variable

vφ ≡Ω
�
∂HEOB

∂pϕ

�
−2=3

����
pr¼0

ð3:10Þ

instead of vΩ in Eq. (3.6), which simplifies to vφ ¼
Ωðr3=2 þ aÞ2=3 in the TML. Since choosing vΩ instead of
vφ is more applicable to generic TML orbits [77,112]—as
the requirement of pr ¼ 0 can be problematic for eccentric
motion—we make this change which does not significantly
impact the accuracy of the quasicircular model. The leading
contribution of the tail factor Tlm [152], generated by the
backscattering of the GWs off the Kerr background is

Tlm ¼ Γðlþ 1 − 2ikÞ
Γðlþ 1Þ eπke2ik ln ð2kr0Þ ð3:11Þ

where ΓðzÞ is the Euler gamma function, k ¼ mΩ
and r0 ¼ 2=

ffiffiffi
e

p
. The effective source term Ŝeff is given

by either the effective energy or the orbital angular
momentum, such that

Ŝeff ¼
�
H; lþm is even

pϕvΩ lþm is odd
ð3:12Þ

The remaining components of the factorized modes are
expressed as an amplitude flm and a phase δlm, which are
computed such that the expression for hFlm agrees with the
PN-expanded modes. Following the prescription in [97],
flm is further resummed as flm ¼ ðρlmÞl. This trans-
formation mitigates the growth of the 1PN coefficient,
which otherwise increases linearly with l and could
degrade the accuracy of the resummation at higher multi-
poles. In the original SEOBNRv5HM model, the factor flm
for odd-m modes is decomposed into nonspinning and
spinning contributions, such that flm ¼ ðρNSlmÞl þ fSlm [see
Eq. (34) in Ref. [74] ]. However, we find that maintaining
flm ¼ ρllm for all m leads to better agreement in both the
energy flux and waveform amplitudes when compared
against Teukolsky data. Consequently, the SEOBNRv5HM

results reported throughout this paper incorporate this
modification. Returning to our framework, we note that
the waveform is considered at leading order in ν, and
therefore all the subleading ν-dependencies are switched
off in the factors of Eqs. (3.4) and (3.5), except for the
leading Newtonian contribution in Eq. (3.6).
The mode-sum factorized flux in Eq. (3.4) has been

widely explored and its effectiveness and accuracy have
been validated for the comparable-mass case. However, in
the TML, PN-expanded formulas begin to perform poorly
before reaching the ISCO, particularly for systems with
large prograde spins. This behavior is expected: as the BH
spin increases, the ISCO shifts toward smaller radii and
higher orbital frequencies, leading to a progressive deg-
radation of the PN expansion in this higher relativistic
regime. The accuracy of the flux is a crucial bottleneck for
EMRI modeling, as the accumulated dephasing can lead to
significant systematic biases in parameter estimation. As
demonstrated in Ref. [153], the relative flux error must
remain below the mass-ratio of the system to preserve
waveform reliability for LISA data analysis. In principle,
one could improve the fidelity of the EOB flux by
leveraging the high-order PN terms available in the
TML—up to 11PN for the spinning case and 22PN for
the nonspinning case. However, increasing the PN order
does not necessarily reduce the relative error near the ISCO
for prograde orbits [154]. Furthermore, reaching the
required accuracy for rapidly rotating primaries (a≳ 0.9)
would necessitate truncating the multipolar sum at
lmax ≳ 30 [153]. Such high-order expansions and large
mode-sums introduce a prohibitive computational cost,
making them unsuitable for fast waveform generation. To
overcome these challenges, we propose an alternative
approach that avoids the multipole sum entirely. This
method models the total energy emission by mapping the
full flux onto a single (2, 2) mode baseline—a strategy
designed to reduce complexity while maintaining high
accuracy even in the strong-field regime.

B. Q-factorized flux at infinity

In this section, we formalize the alternative factorization
method hinted at above. We focus specifically on the
flux at infinity, as the horizon absorption contributions
will be incorporated later in our analysis. Recall that, in
SEOBNRv5HM, the normalized energy flux at infinity is
computed by summing the factorized modes as follows:

1

ν2
Ė ¼ 1

ν2
x3

8π

Xlmax

l¼2

Xl
m¼1

m2jdLhFlmj2 ð3:13Þ

which relates to Eq. (3.4) via Fϕ ¼ −x−3=2dE=dt. For the
remainder of this work, we refer to Eq. (3.13) as the mode-
sum factorized (M-factorized) flux. In contrast, our pro-
posed analytical flux is constructed solely from the
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factorized (2, 2) mode. We denote this expression as the
quadrupole-factorized (Q-factorized) flux, defined as

1

ν2
Ė ¼ 1

ν2
Ė22β

4

¼ 1

ν2
x3

2π
d2LjhN22ŜeffT22ρ

2
22j2β4ðxÞ ð3:14Þ

where the multiplicative parameter βðxÞ is expressed as a
PN series

βðxÞ ¼ 1þ ffiffiffi
x

p
β1

2
þ xβ1 þ x

3
2β3

2
þ � � � þ xnβn: ð3:15Þ

The exponent of 4 in β4ðxÞ is chosen to remain
consistent with the structural form of the dominant (2, 2)
mode contribution in the standard EOB framework.
Specifically, as seen in Eq. (3.5) and its substitution into
Eq. (3.13), the flux contribution of the l ¼ 2 mode results
in an overall factor of ρ422. By adopting the same scaling for
our calibration factor βðxÞ, we ensure that our proposed
flux preserves the established resummation features
already implemented within the SEOBNRv5HM model.

Furthermore, while we also tested exponents of 1, 2, and 3,
we found that a fourth-power scaling yields the best
numerical performance.
In order to determine the coefficients β1=2; β1;…; βn in

Eq. (3.15), we match the right-hand side (rhs) of Eq. (3.14),
evaluated in the circular limit, with the PN-expanded flux
for circular orbits, which is known up to 11th-PN order in
the spinning case [154] and 22nd-PN order in the non-
spinning case [155]. In the circular-orbit limit, the indi-
vidual components entering the factorized Ė22 on the rhs
reduce to

hN22ðxÞ ¼
ν

dL
8

ffiffiffi
π

5

r
x; ð3:16Þ

Ŝðϵ22Þeff ðx; aÞ ¼
1 − 2

r þ a
	
1
r



3=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 3

r þ 2a
	
1
r



3=2

r ; ð3:17Þ

T22ðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πx3=2ð1þ 16x3Þð4þ 16x3Þ

1 − e−8πx
3=2

s
: ð3:18Þ

FIG. 1. Absolute value of the fractional difference between the analytical EOB fluxes and FD Teukolsky data for spins
a∈ f−0.9; 0; 0.9; 0.95g. The 9PN M-factorized flux is shown in shades of blue, corresponding to truncation at lmax ¼ 8, 9, 10,
while the 9PN Q-factorized flux is shown in red. The x-axis corresponds to a dimensionless velocity parameter x ¼ Ω2=3 and all fluxes
are extended up to the ISCO. The dashed lines indicate the expected x9.5 scaling. The Q-factorized flux effectively captures higher-
multipole contributions, as evidenced by its low-frequency alignment with the lmax ¼ 10 M-factorized flux. Furthermore, the
Q-factorized prescription demonstrates superior accuracy in the strong-field regime across all considered spins.
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Here, the radius of circular orbit is determined as a function
of the velocity x and spin a.

r ¼ ðx−3=2 − aÞ2=3 ð3:19Þ

For the ρ22 factor in the analytical flux, we adopt the
expression expanded to 5PN order in the TML. This choice
ensures the most accurate behavior in the strong-field
regime for high prograde spins without requiring additional
resummation within our framework. The highest PN order
of the β-coefficients, βn, is determined by the PN order to
which the circular-orbit flux on the left-hand side (lhs) is
expanded. In this work, we carry out the matching up to
9PN order. The motivation for this choice, which balances
accuracy across the entire frequency range, is detailed at the
end of this subsection.
In the following, we compare two analytical energy

fluxes; (i) the M-factorized flux truncated at lmax ¼ 8, 9,
10, and (ii) theQ-factorized flux, both implemented at 9PN
order. Figure 1 shows the fractional difference between
analytical EOB fluxes with respect to the FD Teukolsky
flux, both at infinity. We consider circular orbits with spins
a ¼ −0.9, 0.0, 0.9, and 0.95, and all data are extended up to
the ISCO, where the radius rISCO is given by [156]

rISCO ¼ 3þ Z2 ∓
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3 − Z1Þð3þ Z1 þ 2Z2Þ

p
;

Z1 ¼ 1þ ð1 − a2Þ1=3½ð1þ aÞ1=3 þ ð1 − aÞ1=3�;
Z2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3a2 þ Z2

1

q
: ð3:20Þ

In the low-frequency region, for all spin values consid-
ered, the Q-factorized flux achieves an accuracy compa-
rable to the factorized-mode flux that requires summation
of modes up to l ¼ 10. The slopes of the fractional
residuals are compatible with the expected scaling,
xðnþ1=2Þ at low x, where n ¼ 9 corresponds to the PN
order of the analytical fluxes we considered. This dem-
onstrates that the Q-factorized flux effectively encodes
higher-mode contributions without explicitly summing
over each mode, leading to substantial computational
savings. In the strong-field regime, the Q-factorized flux
also outperforms theM-factorized flux. For a ¼ −0.9, it is
approximately an order of magnitude more accurate at the
ISCO, while for a ¼ 0.9, it is roughly half an order of
magnitude more accurate.
As previously noted, the series for βðxÞ in Eq. (3.15) are

truncated at n ¼ 9. We justify this choice by observing the
behavior of the PN expansion at high orders. Figure 2
shows the fractional difference between the Q-factorized
flux at different PN orders and the numerical Teukolsky
data for a ¼ 0.9. From 8PN to 9PN, the fractional error in
the low-frequency regime decreases significantly. However,
increasing the order to 10PN or 11PN yields only minor
additional improvement at low frequencies but noticeably
worsens the accuracy in the strong-field regime. We

observe these features for other a ≥ 0.9 cases as well.
Since modeling fluxes for high prograde spins is particu-
larly challenging, we adopt the 9PN order in this work, as it
offers the best balance between low- and high-frequency
accuracy.

C. Q-factorized flux at the horizon

While the majority of gravitational radiation typically
escapes to future null infinity, a non-negligible fraction of
the energy and angular momentum is absorbed by the BH
horizon. This effect has been extensively studied in the
literature [157–162]. For comparable-mass, quasicircular
binaries, this contribution is typically negligible. However,
in systems with extreme mass ratios [163–166] or signifi-
cant eccentricity [167], the cumulative effect over long
inspirals can lead to non-negligible phase shifts. In BH
perturbation theory, horizon absorption enters at 2.5PN
order relative to the leading flux to infinity for spinning
BHs, and at 4PN order for nonspinning cases [157,168].
Figure 3 shows the ratio of the flux at the horizon to the flux
at infinity, FTeuk

H =FTeuk
∞ , as a function of x for different spin

parameters, extended up to rmin ¼ rLR − 0.01. The location
of the ISCO is indicated as a dot for each spin. At the ISCO,
the horizon flux typically contributes only a few percent of
the flux to infinity for spins a≲ 0.7, but the effect grows
substantially for rapidly spinning BHs, reaching almost
14% in the extremal case [169]. A distinctive feature is that

FIG. 2. Absolute value of the fractional difference between
Q-factorized fluxes at various PN orders and the FD Teukolsky
flux for a ¼ 0.9, all extended up to the ISCO. While increasing
the PN order beyond 9PN yields only marginal improvement at
low frequencies, it degrades the accuracy in the strong-field
regime; for this reason, the 9PN flux (red) is adopted in this work.
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the horizon flux becomes negative for prograde spins. This
behavior arises from the factor ðΩ − ΩHÞ in the horizon
flux, predicted by BH perturbation theory, where ΩH is the
horizon frequency

ΩH ¼ a
2rþ

; rþ ¼ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2

p
: ð3:21Þ

Hence, for a > 0 with Ω < ΩH, the horizon flux is
negative. This reflects the extraction of rotational energy
from the BH through superradiance, known as a Penrose-
like process in which energy is transferred from the
ergosphere to the orbital motion. Beyond the ISCO, the
orbital frequency exceeds the horizon frequency, which
drives the flux back to positive values [101].
Neglecting horizon absorption can lead to significant

dephasing in the waveforms. As Fig. 3 illustrates, for a ≤ 0,
the horizon flux increases the rate of dissipation, leading to
a shorter inspiral. By contrast, for a > 0, the inversion of
energy flow due to superradiance causes the inspiral to last
longer. For instance, Ref. [102] compared two trajectories,
one including and one excluding the horizon flux, and
constructed the corresponding (2, 2) waveforms spanning
100 GW cycles before the ISCO, aligned at low frequen-
cies. They found that the phase difference at ringdown was
approximately −2 rad for the nonspinning case, whereas it
grew to nearly þ23 rad for a ¼ 0.99. For long inspirals
relevant to space-based detectors, lasting ∼106 cycles, the

accumulated impact of horizon absorption is even more
significant.
Several EOB models have integrated horizon

absorption effects into their analytical flux prescriptions.
For the Schwarzschild case, it was first implemented
into the EOB framework via a resummation FHðx; νÞ ¼Plmax

l¼2

P
l
m¼1 F

HLO
lm ðx; νÞŜ2effðxÞðρHlmðx; νÞÞ2l where FHLO

lm
indicates the leading order contribution to the absorbed
fluxes and ρHlm is the residual amplitude correction given
at 1þ3 PN (effective 4PN approximation using the poly-
nomial obtained Taylor-expanding up to formal 4PN) for
l ¼ m ¼ 2 and l ¼ 2, m ¼ 1 cases [170]. Later, higher
modes ρlm were included, up to l ¼ 4 [171], resulting in a
reduction of the phasing error for the nonspinning case
[106]. In the present work, we introduce a new factorization
for the horizon flux that mirrors the structural form of the
Q-factorized flux at infinity.
For the factorized resummation of the horizon flux, the

modal energy flux is decomposed as [101]

ĖH
lm ¼ 32

5
ν2
�
1 −

Ω
ΩH

�
x15=2ηN;H

lm ðŜeffÞ2ðρHlmÞ2l ð3:22Þ

Recall that when 0 < Ω < ΩH, ĖH becomes negative. The
factor ð1 −Ω=ΩHÞ is included to account for the sign of the
modal energy flux at the horizon due to superradiance. The
factor ηHlm represents the leading term and takes the form

ηNlm ¼ x2ðl−2ÞþϵnHlmc
H
lm ð3:23Þ

where

nHlm¼

8><
>:
− 5

32

ðlþ1Þðlþ2Þ
lðl−1Þ

2lþ1
ðð2lþ1Þ!!Þ2

ðl−mÞ!
ððl−mÞ!!Þ2

ðlþmÞ!
ððlþmÞ!!Þ2 ; ϵlm¼0

− 5
8l2

ðlþ1Þðlþ2Þ
lðl−1Þ

2lþ1
ðð2lþ1Þ!!Þ2

ððl−mÞ!!Þ2
ðl−mÞ!

ððlþmÞ!!Þ2
ðlþmÞ! ; ϵlm¼1;

ð3:24Þ

cHlm ¼ 1

a

Yl
k¼0

½k2 þ ðm2 − k2Þa2�; ð3:25Þ

The definition for the effective source Ŝeff is the same as
Eq. (3.17) and ϵ is the parity. The remaining factor ρHlm is
the 2lth root of the residual amplitude of the modal
energy flux.
To ensure consistency with ourQ-factorized treatment of

the flux at infinity in Eq. (3.14), we model the horizon flux
using only the dominant (2, 2) mode weighted by a
correction factor αðxÞ

FIG. 3. Ratio of the energy flux absorbed by the horizon, FH , to
the energy flux radiated to infinity, F∞, for different spin values,
computed from the FD Teukolsky fluxes. The fluxes are extended
up to r ¼ rLR þ 0.01, and the locations of the respective ISCOs
are indicated by dots.
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1

ν2
ĖH ¼ 1

ν2
Ė22HαðxÞ

¼ 32

5
x15=2

�
1 −

Ω
ΩH

�
ηN;H
22 Ŝ2effðρH22Þ4αðxÞ; ð3:26Þ

Following the form of βðxÞ in Eq. (3.15), this multiplicative
factor is defined as

αðxÞ ¼ 1þ ffiffiffi
x

p
α1

2
þ xα1 þ x

3
2α3

2
þ � � � þ xnαn: ð3:27Þ

In order to obtain the α coefficients, we expand the rhs of
Eq. (3.26) evaluated in the circular limit, in terms of x and
match it with the PN-expanded horizon flux at each PN
order. This PN-expanded horizon flux is known up to 11PN
for Kerr BHs and 22.5PN for Schwarzschild BHs [154].
For ρH22, we adopt the expression extended up to 5PN order
in the TML, and match the lhs and rhs up to 6.5PN order
relative to FN

∞ (4PN order relative to FN
H), which results in

αðxÞ including up to α4. This choice of PN order provides
the best agreement with numerical fluxes in the strong-field
region. Since higher PN terms offer diminishing improve-
ments at an increased computational cost, this represents a
practical compromise between accuracy and efficiency.

D. Total flux comparison

Finally, we assess the performance of the proposed
Q-factorized prescriptions by comparing them against
the FD Teukolsky fluxes generated using ModGEMS

[172]. We assess four different analytical fluxes:
(i) SEOBNRv5HM (TML): The M-factorized flux pre-

scription of the SEOBNRv5HM model, evaluated at
the TML (ν ¼ 0).

(ii) M-factorized (9PN): The traditional mode-sum fac-
torized flux calculated to 9PN order and truncated at
a high multipolar order of lmax ¼ 10.

(iii) Q-factorized (∞): The prescription for the flux at
infinity defined in Eq. (3.14). The multiplicative
parameter βðxÞ is determined by matching up to
9PN order.

(iv) Q-factorized (total): The full prescription which
combines the 9PN Q-factorized flux at infinity with
the horizon absorption flux described in Eq. (3.26).

Figure 4 illustrates the absolute fractional difference
jFtot=FTeuk

tot − 1j between these analytical models and the
FD Teukolsky fluxes across the spin-frequency parameter
space. To facilitate comparison across all spins, the orbital
frequency x is rescaled by its value at the ISCO. A standout
feature of these results is that the inclusion of horizon
absorption in the Q-factorized prescription yields a dra-
matic reduction in error for the low-frequency and retro-
grade-spin regimes. Specifically, in the weak-field regime,
the absorption contribution is essential for achieving high-
fidelity agreement, as seen in the bottom-right panel. For
retrograde spins, this improvement persists up to the ISCO;

ata ≈ −0.95, the totalQ-factorized flux provides a 2.5-order-
of-magnitude improvement over the other three prescriptions
(see Table I). Naively, one might expect the improvement to
be on the order of the horizon flux contribution itself—
approximately 0.3% at a ¼ 0 and 1.2% for a ¼ −0.9, as
shown in Fig. 3. However, the Q-factorized flux at infinity
already possesses small residual errors that happen to be of
similar magnitude but opposite sign of the horizon contri-
bution. As a result, the two effects partially cancel near the
ISCO, leading to a total error that is significantly lower than
that of either component alone.
While the relative gains are less pronounced for inter-

mediate prograde spins (0≲ a≲ 0.8), the totalQ-factorized
flux still exhibits a marked improvement in the low-
frequency regime compared to the traditional M-factorized
flux. As the orbital frequency increases toward the ISCO,
the performance of the Q-factorized flux becomes compa-
rable to the 9PN M-factorized flux, maintaining a similar
error profile in the strong-field region. Crucially, our
prescription achieves this level of accuracy while relying
solely on a dominant (2, 2) mode baseline, whereas the
traditional approach requires a computationally expensive
summation up to lmax ¼ 10. This demonstrates that the
Q-factorized approach offers a significantly more efficient
computational path without sacrificing accuracy across the
majority of the parameter space. We note, however, that in
the extremal prograde regime (a≳ 0.95), the model’s
performance degrades, with errors reaching ∼70% at the
ISCO, as summarized in Table I. This extremal regime is
discussed further in Appendix A.
Despite these limitations in the high-prograde regime,

the Q-factorized prescription provides a substantial
improvement in accuracy in the TML. By effectively
capturing the interplay between radiation to infinity and
to horizon through a single quadrupole-based framework,
the model eliminates the need for expensive multipolar
summations while reaching subpercent accuracy across the
vast majority of the inspiral parameter space. These results
demonstrate that Q-factorization is a robust and computa-
tionally efficient candidate for enhancing analytical flux
formulations within the EOB framework.

IV. MODELING THE INSPIRAL-PLUNGE
WAVEFORM

Up to this point, we have focused on improving the EOB
dynamics through the implementation of new analytical
fluxes. In this section, we turn our attention to the
construction of the multipolar waveform modes hlm for
spinning, nonprecessing quasicircular binaries. Our
approach builds upon the framework established in
SEOBNRv5HM [74], while highlighting the modifications
and improvements introduced in our proposed model,
SEOB-TML.
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A. Attachment time

In the EOB framework, the GW modes are further
decomposed into inspiral-plunge and merger-RD sectors.

hlmðtÞ ¼
8<
: hinsp−plungelm ðtÞ; t < tlmmatch

hMR
lm ðtÞ; t > tlmmatch

ð4:1Þ

FIG. 4. Fractional error in the energy flux across the spin-frequency parameter space for four analytical prescriptions. The color map
represents the absolute fractional difference jFtot=FTeuk

tot − 1j relative to the numerical FD Teukolsky flux. The x-axis spans the
dimensionless spin range a∈ ½−0.993; 0.998�, and the y-axis denotes the orbital frequency parameter x rescaled by its value at the ISCO.
Top left: the SEOBNRv5HM flux evaluated in the TML. Top right: 9PN M-factorized flux truncated at lmax ¼ 10. Bottom left: the
proposed Q-factorized flux at infinity [Eq. (3.14)]. Bottom right: the full Q-factorized flux including horizon absorption [Eq. (3.26)].
The inclusion of horizon absorption in the Q-factorized prescription dramatically reduces errors in the low-frequency regime, an
improvement that extends to the ISCO for retrograde spins. While performance degrades for high prograde spins near the ISCO, the Q-
factorized approach generally outperforms the M-factorized flux across the majority of the parameter space using significantly fewer
multipolar modes.
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The attachment time tlmmatch represents a conventional choice
aimed at ensuring a smooth transition between the two
modeling sectors. For example, in SEOBNRv5HM, the
merger-RD part is attached at the peak of the (2, 2) mode
amplitude for all modes except (5, 5). In this work, we
adopt a more flexible, mode-dependent prescription to
account for the physical complexities of the merger.
During the merger-RD phase, the radiation emitted by

the remnant BH is described by a superposition of QNMs
[173]. These modes are characterized by discrete complex
frequencies, labeled by angular numbers ðl; mÞ and the
overtone index n ¼ 0; 1;…, where n ¼ 0 denotes the
fundamental mode. At the transition to the ringdown,
two distinct mechanisms cause a given ðl; mÞ spherical
harmonic mode to be composed of a superposition of
QNMs beyond the primary ðl; m; nÞ state. First, a basis
mismatch arises because the waveform strain is usually
decomposed in terms of −2 spin-weighted spherical har-
monics, whereas the Teukolsky equation separates natu-
rally into −2 spin-weighted spheroidal harmonics. This
mismatch introduces mixing between modes with the same
m but different l. Second, mixing is induced by the so-
called retrograde modes, whose frequency equals the
(negative complex conjugate of) the ðl;−m; nÞ state.
These are excited when the orbital frequency changes sign
during the last stage of plunge [102]. A detailed analysis of
both effects will be presented in Sec. V B. Here we note
only that, for l ≠ m cases with negative spins, the onset of
mixing occurs promptly, to the extent that even the
amplitude peak is affected.
Figure 5 displays the amplitudes of the l ≠ m modes in

the top panel and the evolution of the orbital frequencyΩ in
the bottom panel. Across both panels, different line styles
are used to distinguish specific spin magnitudes: a ¼ −0.9
(solid), a ¼ −0.7 (dash-dotted), and a ¼ −0.5 (dashed).
The time axis is shifted such that t ¼ 0 denotes the instant
when the orbital frequency crosses zero. Notably, the
amplitude modulation caused by mode mixing begins

almost simultaneously with Ω ¼ 0 for the (2, 1) mode.
For the (3, 2) and (4, 3) modes, the onset of mixing occurs
with a delay of approximately 2.5 and 3.5, respectively.
While the specific offset varies slightly with the BH spin,
this dependence is negligible; consequently, we employ
spin-independent offsets throughout this work. Since the
last stage of the inspiral-plunge is modeled using phenom-
enological hyperbolic functions, it is unable to reproduce
the complex amplitude modulations introduced by mode
mixing. We therefore defer the description of these features
to the merger-RD sector.
Based on these considerations, we define the attachment

time in this work as

tlmmatchða ≥ 0Þ ¼ tlmpeak; for all modes;

tlmmatchða < 0Þ ¼

8>>>>><
>>>>>:

tlmpeak; ð2; 2Þ; ð3; 3Þ; ð4; 4Þ; ð5; 5Þ
tlmΩ¼0; ð2; 1Þ;
tlmΩ¼0 þ 2.5; ð3; 2Þ;
tlmΩ¼0 þ 3.5; ð4; 3Þ:

ð4:2Þ

where tlmpeak denotes the time of the ðl; mÞ mode amplitude

peak, and tlmΩ¼0 is the time when the orbital frequency
crosses zero. Within the EOB framework, the attachment
time is typically expressed in terms of the time interval
Δtlm with respect to a reference time associated with a
particular configuration of the dynamics of the binary
[72,74,88]. For example, SEOBNRv5HM defines the

FIG. 5. Evolution of the l ≠ m mode amplitudes (top panel)
and the orbital frequency Ω (bottom panel) for various negative-
spin configurations (a ¼ −0.5;−0.7;−0.9). Solid, dash-dotted,
and dashed lines correspond to decreasing spin magnitudes, as
indicated in the legend. The time axis is centered at t ¼ 0,
corresponding to the zero-crossing of Ω.

TABLE I. Relative fractional errors (in percent) of various
analytical flux prescriptions compared to the numerical FD
Teukolsky results. All values are evaluated at the ISCO for
selected dimensionless spin parameters a. For high retrograde
spins (a ≈ −0.94), the total Q-factorized flux provides a 2.5-
order-of-magnitude improvement over the three alternative pre-
scriptions. While the model remains high-fidelity up to relatively
high prograde spins, performance degrades in the near-extremal
regime (a≳ 0.95).

Spin
(a)

SEOBNRv5HM
(TML)

M-factorized
(9PN)

Q-factorized
(∞)

Q-factorized
(total)

−0.942 1.48% 1.24% 1.24% 0.00395%
0.019 1.15% 0.332% 0.287% 0.0259%
0.900 10.8% 16.0% 15.7% 0.685%
0.959 30.2% 955% 43.9% 70.3%
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attachment time via the calibration parameter ΔtlmISCO

tlmmatch ¼ tISCO þ ΔtlmISCO ð4:3Þ

where tISCO is the time at which r ¼ rISCO. This ISCO-
based prescription is not well suited for the TML. When the
spin is large and negative, the particle continues to plunge
for a long time after passing the ISCO. By contrast, for
large positive spins, the plunge is rapid and, in some cases,
the mode amplitude even peaks before the ISCO. For
example, when a ¼ −0.95 (a ¼ 0.95), the orbital fre-
quency at the ISCO is ΩISCO ¼ 0.039 (0.27), and the radial
separation between the ISCO and the light ring is 4.90
(0.55), yielding ΔtlmISCO ≃ 455 (−25). Thus, the low orbital
frequency at the ISCO together with a large ISCO-horizon
separation lead to significant delays in the peak amplitude
for large negative spins, while the opposite occurs at large
positive spins. To avoid this wide variation across spins, we
adopt the orbital frequency peak as a more robust reference
time [100].

tlmmatch ¼ tΩpeak þ ΔtlmΩpeak ð4:4Þ

To determine ΔtlmΩpeak, we extract the mode-dependent
matching times from TD Teukolsky waveforms and the
peak orbital frequency times from trajectories computed
employing FD Teukolsky fluxes. These values are then
interpolated as a function of spin.
A subtlety arises when the spin approaches the nearly

extremal regime (a ≳ 0.95). In this case, the amplitude of
several modes becomes almost flat, which makes it
extremely difficult to robustly determine the time of the
peak [102,114]. Physically, this is explained by the fact that
the ISCO approaches the horizon as a → 1, leading to a
very short plunge following an extended quasicircular
inspiral, causing the amplitude peak to occur many cycles
before the plunge and merger stage [174]. This indicates
that the mode amplitude peak does not universally corre-
spond to the merger stage across the entire parameter space
[114]. To prevent this unreliable peak location at a > 0.95
from contaminating the spin fits, we freeze the calibration
at a ¼ 0.95 and use the same value of ΔtlmΩpeak for all
larger spins.

B. Inspiral-plunge state

As discussed in Sec. III A, improving the strong-field
behavior of the PN-expanded waveform within the EOB
formalism requires each waveform mode to be factorized
and resummed, as prescribed in Eq. (3.5). The residual
amplitude corrections ρlm are central building blocks in
any EOB waveform model and require careful analytical
treatment. As they are originally defined as PN series, their
accuracy often degrades in the strong-field regime. To
improve their behavior in the TML, various resummation

strategies for ρlm have been employed in the literature,
such as Padé or inverse-Taylor constructions, notably in the
TEOBResum family [81–96]. However, such resummation
prescriptions typically require mode-dependent choices of
resummation order and structure. Therefore, in this work,
for the modes (2, 2), (2, 1), (3, 2), (3, 3), (4, 3), (4, 4), and
(5, 5), we truncate the PN expansion of ρlm at 5PN order
and introduce calibration parameters at 5.5PN and 6PN,
obtained by fitting to numerical ρlm data extracted from TD
Teukolsky waveforms. In particular, as discussed in
Sec. III, since the analytical EOB flux does not depend
explicitly on ρlm for each mode, their primary role is to
provide an accurate description of the early inspiral wave-
form amplitudes, for which this calibrated truncation is
sufficient. For the phase δlm, we use the same expression as
SEOBNRv5HM, while setting ν ¼ 0.
Even with these treatments, the factorized waveform in

Eq. (3.5) becomes increasingly inaccurate as the system
approaches the plunge. To capture deviations from quasi-
circular motion during the late inspiral and plunge,
SEOBNRv5HM employs nonquasicircular (NQC) correc-
tions such that the inspiral-plunge waveform is modified as

hinsp−plungelm ¼ hFlmNlm: ð4:5Þ

where the NQC factor Nlm is given by

Nlm ¼
�
1þ p2

r�

ðrΩÞ2
�
ahlm1 þ ahlm2

r
þ ahlm3

r3=2

��

× exp

�
i

�
bhlm1

pr�
rΩ

þ bhlm2

p3
r�

rΩ

��
; ð4:6Þ

The NQC corrections are calibrated so that the waveform’s
amplitude and frequency agree with numerical waveform
values at the attachment point tlmmatch. In practice, the five

constants (ahlm1 ; ahlm2 ; ahlm3 ; bhlm1 ; bhlm2 ) are fixed by impos-
ing continuity conditions at this matching point. During the
early inspiral, where jpr� j ≪ rΩ, the NQC factor naturally
approaches unity. As the system evolves toward merger, the
NQC correction is gradually activated, ensuring that it only
modifies the waveform in the strong-field regime and
avoids introducing spurious effects during the early inspi-
ral. In SEOBNRv5HM, this construction is appropriate
because the merger-RD attachment is performed near the
peak of the (2, 2) mode amplitude for most modes. In our
model, however, directly attaching the inspiral-plunge
waveform using the NQC is less suitable. For positive
spins, the attachment is performed at the peak of each
individual mode, resulting in Δtlm ¼ tlmpeak − t22peak > 0 in
most cases. At such late times, some EOB dynamical
quantities become unreliable. Furthermore, as explained in
Sec. IVA, for certain modes with negative spins, the
attachment occurs after the orbital frequency Ω has already
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crossed zero (e.g. tmatch
43 ¼ tΩ¼0 þ 3.5), rendering the NQC

basis ill defined and causing unphysical oscillations.
To circumvent these issues, we model the final stage of

the inspiral-plunge without the NQC corrections. Following
the approach in Ref. [52], we instead employ phenomeno-
logical expressions based on the hyperbolic functions used
in IMRPhenomT. The waveform amplitude Hinter

lm and
gravitational frequency ωinter

lm for the intermediate region
is expressed as

Hinter
lm ðtÞ ¼ b0 þ b1τ2lm þ b2sech1=7ð2σIlm0τlmÞ

þ b3sechðγσIlm0τlmÞ þ b4eτlm=4; ð4:7Þ

ωinter
lm ðtÞ ¼ σRlm0

�
1 −

X4
k¼0

akarcsinhkðλσIlm0τlmÞ
�
; ð4:8Þ

where τlm ¼ t − tmatch
lm , σlmn ¼ σRlmn − iσIlmn with σlmn

denoting the QNM frequencies for the ðl; mÞ mode with
overtone n. The complex strain is then reconstructed as
hinterlm ðtÞ ¼ Hinter

lm ðtÞeiϕinter
lm ðtÞ, with the phase defined by

ϕinter
lm ðtÞ ¼ ϕinsp−plunge

lm jtcut þ
Z

t

t0¼tcut

dt0ωinter
lm ðt0Þ ð4:9Þ

The phenomenological coefficients ai and bi are fixed by
enforcing continuity and differentiability with the EOB
inspiral waveform and with numerical input values, spe-
cifically the amplitude and frequency data extracted from
Teukolsky waveforms. Matching is performed at three
points: the cutoff time of the factorized waveform,
tcut ¼ tmatch

lm − 150; an intermediate collocation point,
tcp ¼ tmatch

lm − 25; and the merger-RD attachment time,
tmatch
lm . The specific choices of tcut and tcp are empirical,
providing a sufficiently wide window for the phenomeno-
logical Ansatz while incorporating numerical waveform
information for accurate late inspiral-plunge modeling.
Equations (4.6) and (4.7) define a linear system that

uniquely determines all phenomenological coefficients. At
tcut, the Ansatz is constrained to agree with the factorized
EOB waveform

Hinter
lm ¼ HF

lmjt¼tcut ; Ḣinter
lm ¼ ḢF

lmjt¼tcut ; ð4:10aÞ

ωinter
lm ¼ ωF

lmjt¼tcut ; ω̇inter
lm ¼ ω̇F

lmjt¼tcut ; ð4:10bÞ

At tcp and t
peak
lm , the Ansatz is matched to the corresponding

Teukolsky waveform values

Hinter
lm ¼ HTeuk

lm jt¼tcp ; Hinter
lm ¼ HTeuk

lm jt¼tmatch
; ð4:11aÞ

Ḣinter
lm ¼ ḢTeuk

lm jt¼tmatch
; ð4:11bÞ

ωinter
lm ¼ ωTeuk

lm jt¼tcp ; ωinter
lm ¼ ωTeuk

lm jt¼tmatch
; ð4:11cÞ

ω̇inter
lm ¼ ω̇Teuk

lm jt¼tmatch
: ð4:11dÞ

Figure 6 shows a comparison of the amplitude and
frequency of the four dominant modes—(2, 2), (3, 3),
(2, 1), and (4, 4)—constructed using the hyperbolic Ansatz
(colored dashed curves) against the corresponding
Teukolsky waveforms (black solid curves) for the non-
spinning case. The shaded region marks the time interval
where Eqs. (4.6) and (4.7) are applied, and the vertical lines
mark t ¼ tcut; t ¼ tcp, and t ¼ tmatch. Within this window,
the phenomenological hyperbolic Ansatz reproduces both
the amplitude and frequency of the Teukolsky waveforms
with good accuracy, demonstrating its effectiveness in
modeling the late inspiral-plunge regime prior to merger.
There are two main differences between our implemen-

tation and the original phenomenological Ansatz of
Ref. [52]. First, we have implemented an additional
parameter b4 in the amplitude Ansatz. In their work, the
attachment was always performed at the peak of each mode,
yielding a vanishing amplitude derivative at τlm ¼ 0. In our
model, however, the attachment time is modified for certain
modes, particularly l ≠ m modes for the negative spin
cases, where tmatch

lm does not necessarily coincide with the

FIG. 6. Amplitude (top) and frequency (bottom) of the four
dominant modes for the nonspinning case. Colored dashed lines
show the waveform modeled with the hyperbolic Ansatz,
while black solid lines show the TD Teukolsky waveforms.
The shaded gray region indicates the time interval over which the
hyperbolic Ansatz is applied, with vertical gray lines marking
tcut, tcp, and tmatch.
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amplitude peak. To accommodate a nonzero derivative at
the attachment, we introduce an additional term b4eτlm=4.
This modification affects only the very late inspiral region,
producing a nonzero derivative at τlm ¼ 0 without degrad-
ing the behavior of the original Ansatz. In cases where the
attachment time is not shifted from the amplitude peak, we
recover the original Ansatz by setting b4 ¼ 0. Second, in the
original Ansatz, the parameters γ in Eq. (4.6) and λ in
Eq. (4.7) were fixed to unity. We find that, in TML, this
choice is insufficient to reproduce the amplitude and
gravitational frequency accurately for modes characterized
by a steep growth in the late plunge, most notably the (2, 1)
mode at large negative spins.
Figure 7 shows the (2, 1) mode during the inspiral–

plunge, comparing three cases: the numerical Teukolsky
waveform (black solid), the hyperbolic Ansatz with the
original parameters γ ¼ λ ¼ 1 (dashed), and the hyperbolic
Ansatz with γ and λ fitted to improve agreement (colored
solid). The comparison demonstrates that the original
Ansatz underestimates both the amplitude and the fre-
quency evolution. By allowing γ and λ to vary, the model
captures the (2, 1) mode more accurately, particularly for
retrograde spins where the signal evolves more steeply near
the attachment time. While the default parameters remain

sufficient for prograde cases, large negative spins require an
increase in both γ and λ. The optimized coefficients are
subsequently interpolated and fitted as a function of spin
for implementation in the model.
Overall, implementing the hyperbolic Ansatz in the late

inspiral-plunge instead of the traditional NQC corrections
offers several key advantages. First, it allows the attach-
ment of the merger-RD sector to occur after the peak of the
(2, 2) mode. This flexibility is crucial, as a mode-
dependent attachment point improves the modeling of
the merger-RD transition for higher-order modes (see
Sec. V for further details). Furthermore, while the NQC
approach matches numerical inputs only at the attachment
time, the hyperbolic Ansatz includes an additional collo-
cation point, tcp, prior to attachment. By utilizing more
numerical data points, this approach better constrains the
late-plunge behavior and ensures a smoother transition to
the merger-RD sector.

V. MODELING MERGER-RD WAVEFORM

We now turn to the final stage of the waveform: the
merger-RD. SEOBNRv5HM is calibrated to a large set of
spin-aligned, quasicircular NR simulations covering com-
parable-mass binaries. However, it incorporates limited
information from the TML, relying primarily on attachment-
time values from 13 TD Teukolsky waveforms [100,102].
This limited reliance explains why SEOBNRv5HM performs
poorly in the TML, particularly for large positive or negative
spins. In this work, we follow the same fundamental merger-
RD construction as in SEOBNRv5HM, but introduce several
modifications to improve its performance in the TML. In
particular, we focus on modeling mode-mixing effects,
which are significantly enhanced in the TML. By utilizing
QNM coefficients extracted from numerical Teukolsky
waveforms, we construct an Ansatz that accurately captures
this mixing behavior. In the following, we first present the
phenomenological merger-RD Ansatz, highlighting its
key departures from the SEOBNRv5HM framework.
Subsequently, we detail our treatment of mode mixing
and its implementation using the extracted QNM data.

A. Phenomenological Ansatz

The damped gravitational emission from the remnant BH
can be accurately described as linear perturbations of the
Kerr solution, typically expressed as a linear combination
of damped QNMs [173]. Within this perturbative frame-
work, the merger-RD modes, hMR

lm , are constructed using a
phenomenological Ansatz informed by the TD Teukolsky
waveforms. Following the approach in Refs. [71,72,74], we
factorize the contribution of the fundamental QNM from
the total waveform. The resulting rescaled waveform is
expressed as

hMR
lm ðtÞ ¼ Ãlm0ðtÞeiϕ̃lm0ðtÞe−iσlm0ðt−tlmmatchÞ; ð5:1Þ

FIG. 7. Amplitude (top) and gravitational frequency (bottom)
of the (2, 1) mode during the inspiral-plunge for different spin
values. The black solid line shows the TD Teukolsky waveform,
the dashed line shows the hyperbolic Ansatz [Eqs. (4.6) and (4.7)]
with original parameters γ ¼ λ ¼ 1, and the colored solid line
shows the hyperbolic Ansatz with fitted γ and λ. The shaded gray
region indicates the time interval over which the hyperbolic
Ansatz is applied, with vertical lines marking tcut, tcp, and tmatch.
Fitting γ and λ improves agreement with the Teukolsky wave-
form, particularly for the negative-spin cases.
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where the amplitude Ãlm0ðtÞ is parametrized by

Ãlm0ðtÞ ¼
	
clm1;c tanh ½clm1;fðt − tlmmatchÞ þ clm2;f � þ clm2;c



1=clm

3;c ;

ð5:2Þ

The exponent 1=clm3;c is motivated by the approach in
Ref. [103], where such a term is introduced to enforce
continuity of the second-order time derivative of the
amplitude at the attachment time. This parameter is
essential for suppressing unphysical amplitude peaks that
otherwise tend to appear in the high-spin regime. The phase
ϕ̃lm0ðtÞ is given by

ϕ̃lm0ðtÞ ¼ ϕlm
match − dlm1;c log

"
1þ dlm2;fe

−dlm
1;fðt−tlmmatchÞ

1þ dlm2;f

#
; ð5:3Þ

where ϕlm
match is the phase of the inspiral-plunge mode

ðl; mÞ at the attachment time.
The coefficients dlm1;c and c

lm
i;c (i ¼ 1, 2, 3) are determined

by enforcing that the amplitude and phase of the merger-
RD modes in Eq. (5.1) are continuously differentiable at
t ¼ tmatch

lm . The amplitude Ansatz depends on free param-
eters clmi;f (i ¼ 1, 2), the imaginary part of the QNM
frequency, and input values extracted from the numerical
waveforms. Moreover,

clm1;c ¼ ðḢmatch
lm þ Hmatch

lm σIlm0Þcosh2clm2;f
clm1;fc

lm
3;c

ðHmatch
lm Þclm3;c−1;

ð5:4aÞ

clm2;c ¼ ðHmatch
lm Þclm3;c − clm1;c tanh c

lm
2;f; ð5:4bÞ

clm3;c ¼ 1

ðḢmatch
lm þHmatch

lm σIlm0Þ2
h	

Ḣmatch
lm



2
−Hmatch

lm Ḧmatch
lm

− 2clm1;fH
match
lm ðḢmatch

lm þHmatch
lm σIlm0Þ tanh clm2;f

i
ð5:4cÞ

where Hmatch
lm ; Ḣmatch

lm , and Ḧmatch
lm represent the ðl; mÞmode

amplitude and its first and second time derivatives, evalu-
ated at the attachment time. Similarly, the phase Ansatz
depends on free parameters dlmi;f (i ¼ 1, 2), the real part of

the QNM frequency,1 and the mode frequency at t ¼ tmatch
lm :

dlm1;c ¼ ðωmatch
lm þ σRlm0Þ

1þ dlm2;f
dlm1;fd

lm
2;f

: ð5:5Þ

By applying the hyperbolic Ansatz at the end of the
inspiral-plunge (Sec. IV), the waveform amplitude and
phase are ensured to match the value of Teukolsky wave-
forms at the attachment time. This decouples the merger-
RD modes from the EOB inspiral, allowing for an
independent calibration of the two sectors. The free
parameters clmi;f and dlmi;f are first obtained from least-
squares fits to individual Teukolsky waveforms and then
interpolated across spin a using rational function fits.
Potential divergences could occur if clm1;f or clm3;c vanished;
however, in the explored parameter space a∈ ð−1; 1Þ, these
coefficients remain nonzero, preventing any pathological
behavior.
There are two key differences between the present

merger-RD model and that used in SEOBNRv5HM. The
first difference concerns the attachment time. In
SEOBNRv5HM, the merger-RD portion is attached at the
peak of the (2, 2) mode for all modes except the (5, 5)
mode. In contrast, as shown in Eq. (4.2), for positive-spin
cases, we attach the merger-RD portion at the peak of each
individual mode. The top panel of Fig. 8 illustrates the
necessity of this approach for spin a ¼ 0.9. Here, the (4, 4)
Teukolsky waveform (black) is shown with the time axis

FIG. 8. Mode amplitude comparison for prograde spin
a ¼ 0.9, where the waveforms in both panels are compared
against the corresponding Teukolsky waveform (black). The top
panel displays the (4, 4) mode constructed by attaching the
merger-RD Ansatz at tpeak22 (blue) versus its own peak at tpeak44

(red), demonstrating that the latter improves the agreement. The
bottom panel shows the (2, 2) mode constructed with the
SEOBNRv5HM Ansatz (blue) and our new model (red), illustrat-
ing how the inclusion of the 1=clm3;c parameter provides a more
faithful representation.

1Our nomenclature for the QNM frequencies follows
the convention σlm0 ¼ σRlm0 − iσIlm0. This differs from
SEOBNRv5HM, where the real and imaginary components are
swapped in the notation (i.e., their σIlm0 corresponds to
our −σRlm0). Consequently, while the underlying Ansatz is
identical to Eq. (53) of Ref. [74], the resulting expression for
dlm1;c appears with a different index.
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shifted such that t ¼ 0 corresponds to the peak of (2, 2)
mode. The (4, 4) peak, marked by the vertical line, occurs
significantly later at t ≈ 30. Attaching the merger-RD
model at the (2, 2) peak (blue) forces a premature transition
and leads to poor agreement, whereas attaching at the
mode’s natural peak (red) accurately captures the amplitude
evolution.
The second difference lies in the amplitude Ansatz.

Unlike SEOBNRv5HM, our model explicitly enforces sec-
ond-derivative continuity through the parameter 1=clm3;c in
Eq. (5.2), which prevents unphysical amplitude peaks in
large-spin cases. As illustrated in the bottom panel of
Fig. 8, the new Ansatz (red) reproduces the waveform
amplitude more accurately than the QNM-rescaled Ansatz
of SEOBNRv5HM (blue), eliminating the spurious early
time peak and improving the late-time agreement. This
consistency is essential for refining the merger-RD model
detailed in the following section, which incorporates
both the fundamental ðl; m; 0Þ mode and mode-mixing
contributions.

B. Mode mixing

As discussed in the previous section, the standard
EOB framework models each spin-weighted spherical
harmonic ðl; mÞ mode by factoring out the contribution
of the fundamental ðl; m; 0Þ QNM. The remaining time-
dependent amplitude Ãlm0ðtÞ and phase ϕ̃lm0ðtÞ are then
modeled using phenomenological Ansätze, as shown in
Eq. (5.1). This approach, however, breaks down when
mode mixing is significant, since the amplitude and phase
of the waveform no longer evolve monotonically. In this
subsection, we outline the two main physical origins of
enhanced mode mixing observed in the TML and illustrate
how it appears in the waveform, before introducing our
modeling prescription.

1. Spheroidal-spherical basis mismatch

As shown by the postmerger oscillations in the (3, 2) and
(4, 3) modes [62,175], one major source of mixing arises
from the projection of the gravitational strain onto different
harmonic functions bases. Specifically, while the Teukolsky
waveforms are naturally decomposed in −2 spin-weighted
spheroidal harmonics, our EOB model utilizes a −2 spin-
weighted spherical basis. The two bases are related by an
expansion of the form

−2Sl0mn ¼
X

l≥maxðjmj;2Þ
μ�mll0n−2Ylm; ð5:6Þ

where μ�mll0n are complex mode-mixing coefficients
[176,177]. Substituting this expansion into the waveform
gives the relation

hlmðtÞ ¼
X

l0≥maxðjmj;2Þ

X
n≥0

Shl0mnðtÞμ�mll0n: ð5:7Þ

which shows that the spherical-harmonic mode hlm receives
contributions from all spheroidal modes with the same m,
but different l. We account for this effect in our model
following the same strategy as in SEOBNRv5HM; details
will be provided in Sec. VI D.

2. Change in the sign of orbital frequency

A second source of mode mixing arises from the orbital
motion of the particle during the plunge, in particular when
the orbital frequency changes its sign in the case of negative
BH spin. For a < 0, the BH’s spin angular momentum is
antialigned with the orbital angular momentum. During the
final plunge, frame dragging causes the particle’s angular
velocity to reverse sign and eventually lock onto the
horizon frequency. This orbital reversal excites retrograde
ðl; mÞmodes, whose complex frequencies are related to the
prograde frequencies by σretro ¼ −σ�l;−m;n. This effect
intensifies as the spin becomes more negative, driven by
the widening gap between the light-ring and horizon
frequencies. For instance, when a ¼ −0.5 (a ¼ −0.95),
we find ΩLR ¼ 0.0495 (0.0393) and ΩH ¼ −0.134
(−0.362), yielding a frequency difference of ΩH −ΩLR ¼
−0.183 (−0.401).
In Ref. [102], the merger-RD waveform hMR

lm was
modeled as a linear superposition of ðl; m; nÞ modes in
order to capture mode mixing. Schematically, their Ansatz
can be written as

hMR
lm ðtÞ ¼

XN−1

n¼0

Al;m;ne
−iσl;m;nðt−tlmmatchÞ

þS ðtÞ
h
Al0;m;0e

−iσl0 ;m;0ðt−tlmmatchÞ

þ Al;−m;0e
iσ�l;−m;0ðt−tlmmatchÞ

i
ð5:8Þ

where N denotes the number of included overtones. The
term S ðtÞ ¼ ½1þ tanh½ðt − tsÞ=τs��=2 is a sigmoidlike
window function used to gradually activate the mixing
terms after merger; the parameters ts and τs characterize the
timing and duration of this transition, respectively. The
Al;m;n are the coefficients of the fundamental mode and its
overtones, while Al0;m;0 and Al;−m;0 quantify the strength of
the interfering QNMs. Here, the index l0 ≠ l denotes the
spheroidal-mode contribution arising from the basis mis-
match, while the −m index accounts for the excitation of
retrograde modes due to orbital frequency reversal. These
constants were determined phenomenologically: whenever
mode mixing was clearly visible, Al0;m;0 and Al;−m;0 were
fixed by fitting the model GW frequency to the corre-
sponding Teukolsky frequency over a suitable fitting
window. Once the mixing amplitudes were fixed, the
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remaining Al;m;n were obtained through a hybrid matching
procedure detailed in Ref. [65]. In this way, all mixing-
mode coefficients were calibrated numerically against the
Teukolsky waveforms.
A key distinction in our approach is that while Ref. [102]

explicitly sums over overtones to model the ðl; mÞ con-
tribution, our phenomenological Ansatz—Eq. (5.1)—factors
out the fundamental ðl; m; 0Þ mode. Consequently, the
residual signal (which includes overtone contributions) is
represented through the time-dependent amplitude and
phase defined in Eqs. (5.2) and (5.3). Furthermore, while
our strategy for incorporating additional mixing modes—
detailed in Sec. VI—follows a similar logic to Ref. [102], we
have refined the numerical extraction of the QNM coef-
ficients. To determine the QNM content of the TD
Teukolsky waveforms, we utilize qnmfinder [131], a
reverse-search algorithm designed for robust QNM identi-
fication as presented in Ref. [132].

C. Extracting QNM coefficients

As noted above, we utilize qnmfinder to extract the
QNM coefficients from the TD Teukolsky data. The method
combines variable projection for free-frequency fits with a
stability criterion on the complex amplitudes, ensuring that
only physically meaningful QNMs are retained. A detailed
discussion of the algorithm can be found in Ref. [132]; here
we summarize its main features. First-order BH perturbation
theory predicts additional non-QNM content in the ring-
down waveform, including the prompt response (the direct
propagation of the perturbation to the observer [178]) and
power-law tails from backscattering off the BH potential
[179,180]. These features are not simple damped sinusoids
and can contaminate QNM fits. To guard against this,
qnmfinder imposes a stability requirement: over a range
of extraction times, the projected QNM amplitudes must
consistently track the expected damped sinusoid evolution.
If stability is violated, the candidate QNM is rejected as
spurious. The algorithm further improves robustness in two
key ways. First, the QNM model is constructed over the
entire 2-sphere rather than restricted to a single ðl; mÞ
spherical harmonic mode, which helps constrain mixing and
suppress spurious solutions. Second, the procedure exploits
the fact that QNMs have different decay times: the longest-
lived modes are identified from the late portion of the
ringdown, while faster-decaying modes are extracted by
progressively shifting to earlier time.
After the prompt response, the emitted GW strain can be

expressed as a sum of damped sinusoids

hðt; θ;ϕÞ ¼
X

l≥2;jmj≤l;n≥0
Clmne−iσlmnt

−2Slmnðθ;ϕÞ: ð5:9Þ

where Clmn are the complex amplitudes and −2Slmn are the
spin-weighted −2 spheroidal harmonics. Since numerical
waveforms are typically decomposed in the spherical rather

than spheroidal basis, one expands the spheroidal harmonics
into spherical harmonics using spherical–spheroidal mixing
coefficients [181]. As a result, within a given ðl; mÞ
spherical harmonic mode, qnmfinder can also identify
contributions from spheroidal QNMs. These QNM frequen-
cies are fully determined by the remnant BH’s massMf and
spin a, in accordance with the no-hair theorem. In contrast,
the complex amplitude CQNM

lmnp depends on the progenitor
binary’s parameters and must be extracted from numerical
waveforms. To mitigate errors from residual supertransla-
tions in numerical data, qnmfinder performs the fits in
terms of the news—the first time derivative of the strain—
rather than the strain itself, since the news always decays to
zero in any gauge [182]. The corresponding strain-domain
amplitudes are then obtained directly from the news-domain
fits via

Cstrain
QNM ¼

Z
Cnews
QNMe

−iσQNMtdt=e−iσQNMt;

¼ Cnews
QNM=ð−iσQNMÞ ð5:10Þ

To illustrate the extraction of QNM amplitudes using
qnmfinder, we consider the TD Teukolsky waveform for
the negative-spin cases, which, as noted earlier, exhibits
enhanced mode mixing in the TML. Figure 9 displays the
resulting fits for the QNM strain amplitudes, which are
defined as the magnitude of the complex coefficients CQNM

lmn
in Eq. (5.9). In the figure, thin lines represent the extracted
amplitudes across all candidate start times, while the thick
segments highlight the stability interval. The vertical
dashed line marks the peak of the (2, 2) spherical mode.
We restrict our analysis to the fundamental modes and
neglect overtones (n > 0). This is due to their rapid decay
and the fact that the early merger-RD is already handled by
our phenomenological modeling; our focus here is on the
longer-lived modes that dominate the late-time mixing. To
maintain clarity and avoid overlap, the figure is split into
two panels: the left for l ¼ m and the right for l ≠ m.
Within these panels, dark colors indicate the prograde
modes ðl; m; 0Þ, while lighter colors represent the corre-
sponding retrograde modes ðl;−m; 0Þ.
This visualization confirms that for negative-spin cases,

the retrograde QNM contribution is most significant for the
(2, 1) mode. This is reflected by the high ratio of
jCQNM

2−10=C
QNM
210 j, indicating that retrograde-mode mixing is

strongest in this specific harmonic. These findings connect
directly to the behavior observed in Fig. 5, where the (2, 1)
mode exhibits the most prominent mode-mixing effects in
the negative-spin regime. Figure 9 also shows that the
retrograde mode contribution increases as the spin becomes
more negative, reflecting the longer portion of the orbit
with Ω < 0. This trend is quantified in Fig. 10, which
shows the amplitude ratio AQNM

l−m0=A
QNM
lm0 as a function of the

spin. Here, AQNM
lmn represents the amplitude of the ðl; m; nÞ
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spheroidal QNM coefficients after they have been mapped
onto the ðl; mÞ spherical harmonic basis. This mapping
ensures that the QNM contributions are expressed in a form
that is easily incorporated into our EOB framework, where
the multipolar waveforms are constructed in the spherical
basis. While stable QNMs are identified within their
specific stability windows, we evolve the extracted
QNM amplitudes back to the attachment time using their
respective complex frequencies. We specifically choose
this reference point because the merger-RD model starts at
the attachment time, where this QNM information is
required for the construction (see Sec. VI for more details).
In this figure, two observations are noteworthy. First, stable
retrograde modes could not be identified for (3, 2) at a ¼ 0
and for (3, 3) at a > −0.5, which are indicated by nonfilled
circles at zero ratio. Inspection of the corresponding
Teukolsky waveforms confirms that mode-mixing behavior

was negligible in these cases, so excluding them does
not highly affect the accuracy of our waveform model.
Second, even in the nonspinning case, the retrograde
contribution for the (2, 1) mode is non-negligible; in fact,
a stable ð2;−1; 0Þ QNM was found for a ¼ 0.3, but not
for a ¼ 0.5, showing that retrograde-mode excitation can
persist even for small positive spins. When incorporating
this extracted QNM information into our model, we must
fit not only the parameters c1;f; c2;f; d1;f and d2;f from
Eqs. (5.2) and (5.3), but also the ratio of Al−m0=Alm0

across the range of spin values. As shown in Fig. 10, the
retrograde-mode contribution generally increases as the
spin decreases. Consequently, we interpolate these ratios
across the spin parameter space by fitting them with
rational functions.

VI. MODELING MIXING MODES

Having established the phenomenological Ansatz for the
EOB framework, identified the necessity of including
mixing modes in the TML, and demonstrated the extraction
of QNM coefficients, we now proceed to construct the
merger-RD waveforms. This construction explicitly incor-
porates the contributions from mixing modes.

A. Retrograde spin (l=m modes)

We first focus on l ¼ mmodes in the negative-spin case.
As discussed in Sec. V B, the reversal of the orbital

FIG. 10. Ratio of QNM amplitude jAl−m0=Alm0j as a function
of spins. Here, the amplitudes Almn correspond to the ðl; m; nÞ
spheroidal QNMs mapped onto the ðl; mÞ spherical harmonic
basis and evolved back to the attachment time. Data are shown for
the four dominant ðl; mÞ modes; nonfilled circles indicate cases
where no stable retrograde mode was identified by qnmfinder.

FIG. 9. The amplitude of stable QNM coefficients, jCQNM
lmn j, for

negative-spin Teukolsky waveforms. Thin lines show fits starting
from all candidate times, while thick lines indicate the most stable
interval for each amplitude. Dark colors correspond to prograde
modes ðl; m; 0Þ, and lighter colors to retrograde modes
ðl;−m; 0Þ. The figure is split into two panels: left for l ¼ m
modes and right for l ≠ mmodes. The vertical dashed line marks
the peak of the (2, 2) mode.
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frequency during the plunge excites retrograde QNMs. To
capture this retrograde-mode mixing, we include the
ðl;−m; 0Þ QNM contribution within the MR Ansatz in
Eq. (5.1), i.e.,

hMR
lm ðtÞ ¼ Ãlm0ðtÞeiϕ̃lmðtÞ

�
e−iσlm0ðt−tmatchÞ

þS ðtÞA
QNM
l−m0

AQNM
lm0

eiσ
�
l−m0

ðt−tmatchÞ
�

ð6:1Þ

Here, AQNM
lmn is the extracted complex amplitude of the

QNM coefficient ðl; m; nÞ evaluated at the attachment time

and translated into the spherical-harmonic basis. The
phenomenological Ansatz for the QNM-rescaled amplitude
and phase, Ãlm0ðtÞ and ϕ̃lm0ðtÞ, is the same as in Eqs. (5.2)
and (5.3). Four free parameters, c1;f; c2;f; d1;f; d2;f, are
determined by a least-squares fits to Teukolsky waveforms
while ensuring consistency with the ðl; m; 0Þ QNM ampli-
tude at late times. The functionS ðtÞ governs the activation
of the retrograde mode contribution. In Ref. [102], this role
was played by a sigmoid function ½1þ tanh½ðt − tsÞ=τs��=2.
Here we adopt a refined activation function,

S ðτÞ ¼ e
iγsech

	
τ
τp


"
τs tanh

	
ts
τs



− sech2

	
ts
τs



tanhðτÞ þ τs tanh

	
τ−ts
τs



τs − sech2

	
ts
τs



þ τs tanh

	
ts
τs



#

ð6:2Þ

with τ ¼ t − tmatch. This construction retains the overall
sigmoidlike behavior, approaching unity as t → ∞. Con-
sequently, in this asymptotic limit, Eq. (6.1) reduces to a
superposition of two fundamental QNMs,

hMR
lm → AQNM

lm0 e−iσlm0ðt−tmatchÞ þ AQNM
l−m0e

iσ�l−m0
ðt−tmatchÞ: ð6:3Þ

At the same time, the refined form S ðtÞ differs from
Ref. [102] in two important respects. First, it satisfies
S ð0Þ ¼ 0 and Ṡ ð0Þ ¼ 0, so that at the attachment point,
the waveform reduces smoothly to the pure ðl; m; 0Þ QNM-
rescaled mode of Eq. (5.1), thus ensuring the continuity and
differentiability of the merger-RD Ansatz. Second, the
prefactor eiγsechðτ=τpÞ provides additional phase flexibility,
which becomes especially important for large negative spins.
In this regime (a ≤ −0.9), the early ringdown contains not
only ðl;�m; 0Þ modes but also other QNMs that are absent
from our explicit model. The extra phase term therefore
plays a phenomenological role, compensating for this
missing physics. This treatment is purely phenomenological;
a physically motivated overtone structure would be a more
rigorous way to capture these contributions. However, we
rely on the added flexibility of S ðtÞ to handle these early
time transients in order to maintain a manageable level of
complexity. Finally, the parameters ðts; τs; τpÞ, introduced in
the activation function defined in Eq. (6.2) are tuned for each
mode to control the onset and steepness of the activation. For
the (2, 2) mode, for example, we use ðts; τs; τpÞ ¼
ð20; 7.5; 7.5Þ for a > −0.9, while for a ≤ −0.9 we increase
ts to 25 and tp to 10 in order to account for the delayed
excitation of the ð2;−2; 0Þ contribution, while allowing a
wider window for the phenomenological activation function
to capture the effects of the missing modes. As already
discussed in Sec. V B and illustrated in Fig. 10, the ratio of
QNM coefficients jAQNM

l−m0=A
QNM
lm0 j grows steadily as the spin

decreases, underscoring the increasing importance of retro-
grade-mode mixing in the highly retrograde regime.
The effectiveness of the merger-RD Ansatz for l ¼ m

modes with negative spins is illustrated in Figs. 11 and 12.
Figure 11 shows the case with spin a ¼ −0.8. The upper
panels display the real part of the waveform together with
its amplitude, while the lower panels show the GW
frequency for the (2, 2), (3, 3), and (4, 4) modes. The
Teukolsky waveforms are shown in black. The merger-RD
model following the SEOBNRv5HM approach—
constructed with only the ðl; m; 0Þ QNM contribution
[Eqs. (5.2) and (5.3)]—is shown in blue. Finally, the
SEOB-TML model, which includes the retrograde
ðl;−m; 0Þ mode [Eq. (6.1)], is shown in red. In the
frequency panels, the SEOBNRv5HM Ansatz asymptotes
to the fundamental QNM frequency σRlm0, around which the
Teukolsky frequency oscillates. These oscillations in fre-
quency in turn induce modulations in the waveform
amplitude. By contrast, the model with retrograde-mode
mixing reproduces both the frequency oscillations and the
associated amplitude modulation, achieving much better
agreement.
For more negative spins the limitations of the model

become evident. Figure 12 shows the a ¼ −0.9 case. In the
early merger-RD, the red curve does not align well with the
Teukolsky waveform, both in amplitude and in frequency.
Introducing the additional phase flexibility through the
prefactor eiγsechðτ=τpÞ in the activation function improves the
agreement, but does not fully resolve the discrepancy,
particularly at early times. This discrepancy becomes even
more pronounced for a ¼ −0.95, suggesting that a future
refinement of the activation function S ðtÞ [Eq. (6.2)] may
be needed to accurately model the large negative spin
regime. An additional noteworthy feature emerges for
a ≤ −0.9: the average gravitational frequency of the
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ðl; mÞ mode transitions from σRlm0 toward the retrograde
value σRl−m0. For example, in the (2, 2) mode, the bottom
panel of Fig. 12 shows that the Teukolsky frequency
initially oscillates around σR220, but at later times it drifts
and begins to oscillate about σR2−20, indicated by the gray
dashed line, leading to 2ΩH ∼ σR2−20. This transition to
retrograde behavior is also visible in the higher l ¼ m
modes, reflecting the growing dominance of retrograde-
mode contributions in the highly retrograde regime.

B. Retrograde spin (l ≠ m modes)

We now turn to the case l ≠ m, still with negative spin.
In contrast to l ¼ m modes, the merger-RD attachment

does not occur at the peak of each mode but rather at the
times prescribed in Eq. (4.2). For the (2, 1) mode, the
attachment is set when the orbital frequency crosses zero,
consistent with the onset of retrograde excitation. For the
(3, 2) and (4, 3) modes, the attachment is further delayed by
2.5 and 3.5, respectively. The merger-RD modeling of the
(2, 1) mode follows the same form as Eq. (6.1), incorpo-
rating the ðl;−m; 0Þ QNM. By contrast, the (3, 2) and (4,
3) modes also receive contributions due to spheroidal-
spherical translation, which introduces contributions from
spheroidal modes with the same m but different l.
Therefore, the merger-RD Ansatz for the (3, 2) and
(4, 3) modes becomes

FIG. 12. Merger-RD modeling for l ¼ m mode with retrograde spin a ¼ −0.9. The layout and color scheme follow Fig. 11. The
horizontal dashed line marks the retrograde QNM frequency σRl−m0, illustrating how the Teukolsky frequency drifts from the prograde
value σRlm0 toward the retrograde limit as the latter becomes the dominant contribution at late times.

FIG. 11. Merger-RD modeling for l ¼ m modes with retrograde spin a ¼ −0.8, compared against TD Teukolsky waveforms (black).
Top panels show the waveform amplitude and the real part of the strain, and bottom panels show the gravitational frequency for the (2,
2), (3, 3), and (4, 4) modes. Blue curves represent the SEOBNRv5HM merger-RD model, which includes only the fundamental ðl; m; 0Þ
QNM. Red curves represent the SEOB-TML model, which incorporates the retrograde ðl;−m; 0Þ mode via Eq. (6.1). The SEOB-TML
Ansatz successfully captures the modulations in both amplitude and frequency induced by mode mixing. The time coordinate is shifted
such that t ¼ 0 corresponds to the merger-RD attachment time.
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hMR
lm ðtÞ ¼ Ãlm0ðtÞeiϕ̃lm0ðtÞ

"
e−iσlm0ðt−tmatchÞ
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AQNM
lm0

eiσ
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!#

: ð6:4Þ

where l0 ¼ 2 for the (3, 2) mode and l0 ¼ 3 for the (4, 3)
mode. Higher-order spheroidal contributions with l0 > l
are neglected, as their effect is subdominant and would
overcomplicate the Ansatz. The comparison with the
Teukolsky waveforms is shown in Fig. 13 for spin
a ¼ −0.8. The (2, 1) mode exhibits rapidly growing
oscillations about σR210, well captured by the mixing
Ansatz at late times. For the (3, 2) and (4, 3) modes, the
GW frequency oscillates around σRlm0 while developing a
slower envelope modulation. These two timescales arise
from the interference of the ðl;−m; 0Þ and ðl0; m; 0Þ
QNMs with the dominant ðl; m; 0Þ mode, producing
high-frequency oscillations and low-frequency amplitude
beating, respectively. The overall mixing behavior is
reproduced, though the early ringdown again exposes
the limitations of a phenomenological activation. Strictly
speaking, the activation function S ðtÞ governing the
ðl;−m; 0Þ and ðl0; m; 0Þ contributions does not need to
be identical, since their decay times differ. A more
complete model would assign distinct activations to each
term, but for simplicity we employ a single commonS ðtÞ.
At larger negative spins (a ≤ −0.95), the modeling
becomes more challenging. For example, for the (3, 2)
mode, the frequency no longer cleanly asymptotes to σR320

but instead drifts between σR2−20 and σR3−20, showing
irregular patterns, illustrated in Fig. 14. This behavior
underscores the need for refined activation functions and
possibly additional QNM contributions in order to extend
the model reliably into the highly retrograde regime.

FIG. 13. Merger-RD modeling for l ≠ m mode with retrograde spin a ¼ −0.8. Blue curves represent the SEOBNRv5HM merger-RD
model, which includes only the fundamental ðl; m; 0Þ QNM. Red curves denote the SEOB-TML model, which incorporates the
retrograde ðl;−m; 0Þ mode; for the (3, 2) and (4, 3) modes, this model further includes the ðl − 1;−m; 0Þ contribution via Eq. (6.4).
Compared with the l ¼ m case, the amplitude and frequency modulations are less accurately reproduced, particularly at early times,
reflecting the limitations of the phenomenological Ansatz in capturing multiple interfering contributions immediately after attachment.

FIG. 14. Teukolsky GW frequency for the (3, 2) mode (top) and
(4, 3) mode (bottom) for a ¼ −0.95, shown as a function of time
relative to the mode peak. Horizontal lines indicate the real parts
of selected QNM frequencies: the prograde ðl; m; 0Þ mode (solid
blue), the neighboring prograde ðl − 1; m; 0Þ mode (dashed
blue), the retrograde ðl;−m; 0Þ mode (solid red), and the
neighboring retrograde ðl − 1;−m; 0Þ mode (dashed red). At
late times, those frequencies oscillate between the negatives of
the two retrograde QNM frequencies.

ADVANCING THE EFFECTIVE-ONE-BODY FRAMEWORK IN THE … PHYS. REV. D 113, 124034 (2026)

124034-21



C. Prograde spin (l=m mode)

So far, we have focused on modeling the merger-RD
waveform for negative-spin cases. We now turn to positive-
spin configurations. In principle, similar to the retrograde
case, one could include an additional QNM contribution to
capture mode mixing in the prograde regime. For l ¼ m
modes with positive spin, the ðlþ 1; m; 0Þ mode is the
dominant secondary contributor. Applying the same for-
malism, the merger-RD Ansatz becomes

hMR
lm ðtÞ ¼ Ãlm0ðtÞeiϕ̃lm0ðtÞ

"
e−iσlm0ðt−tmatchÞ

þS ðtÞA
QNM
l0m0

AQNM
lm0

e−iσl0m0ðt−tmatchÞ
#

ð6:5Þ

In this configuration, l0 corresponds to lþ 1. The
results for spin a ¼ 0.8 are shown in Fig. 15. The top
panel compares the merger-RD model with and without the
ðlþ 1; m; 0Þ QNM contribution against the TD Teukolsky
waveform. Visually, the two waveforms are nearly identical,
completely overlapping and indistinguishable. However, the
bottom panel shows the absolute residual, where the
modulation is noticeably flattened for the model including
the additional QNM. This indicates that the late-time mixing
behavior is slightly better captured when ðlþ 1; m; 0Þ is
included. Although this confirms the validity of the
extended Ansatz, the improvement is minor. Therefore,
for the sake of simplicity, we do not include this additional
QNM information in the model, at least for the quasicircular
spin-aligned case. Consequently, for l ¼ m modes with
positive spin, the merger-RD waveform reduces to the
original SEOBNRv5HM Ansatz given in Eq. (5.1).

D. Prograde spin (l ≠ m modes)

We first note that the (2,1) mode is modeled exactly as
the l ¼ m positive-spin modes discussed in the previous
section, since it does not exhibit noticeable mode mixing.
In principle, one could extend Eq. (6.5) to the (3, 2) and (4,
3) modes by including the additional QNMs A220 and A330,
respectively. While this Ansatz can capture the mixing
behavior using extracted QNM information, it relies
heavily on a phenomenological activation function,
which—as we have seen—may not fully capture the
early merger-RD behavior in some cases. To avoid this
complication, we instead adopt the strategy used in
SEOBNRv5HM, which effectively removes mode mixing
by modeling the waveform in the spheroidal basis. This
approach approximates the spherical-spheroidal transforma-
tion while neglecting overtones (n > 0) and higher-order
spheroidal modes (l0 > l). Despite these approximations,
this method accurately reproduces the main features of (3, 2)
and (4,3) modes.
As an example, consider the merger-RD of the (3, 2)

mode for spin a ¼ 0.8 (Fig. 16). The top panel shows the
amplitudes of the (2, 2) and (3, 2) spherical modes, while the
bottom panel shows their instantaneous frequencies. The (3,
2) mode exhibits pronounced oscillations in both amplitude
and frequency, whereas the (2, 2) mode is smooth. At late
times, ω22 asymptotes to the (2, 2, 0) QNM, while ω32

oscillates around the (3, 2, 0) QNM. Similar behavior is
observed for the (4, 3) mode. In principle, the spherical-
spheroidal transformation in Eq. (5.7) requires summing
over all overtones n and all l0. In practice, contributions
from n > 0 decay rapidly and spheroidal modes with l0 >
l have suppressed amplitudes, so we retain only n ¼ 0 and
l0 ≤ l. Under these approximations, the spherical modes
reduce to

FIG. 15. Merger-RD modeling for l ¼ m modes with prograde spin a ¼ 0.8, compared against TD Teukolsky waveforms (black).
Top panels show the real part of the strain, while bottom panels display the absolute residual for the corresponding modes. Blue curves
represent the SEOBNRv5HM merger-RD model which includes only the fundamental ðl; m; 0Þ QNM, whereas red curves additionally
include the ðlþ 1; m; 0Þ mixing contribution via Eq. (6.5). The two models are visually indistinguishable at the level of the strain. A
modest improvement from the additional mode is visible only in the residuals, where small late-time modulations are partially flattened.
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h22ðtÞ ≃ μ�2220
Sh220ðtÞ; ð6:6aÞ

h33ðtÞ ≃ μ�3330
Sh330ðtÞ; ð6:6bÞ

h32ðtÞ ≃ μ�2320
Sh220ðtÞ þ μ�2330

Sh320ðtÞ; ð6:6cÞ

h43ðtÞ ≃ μ�3430
Sh330ðtÞ þ μ�3440

Sh430ðtÞ; ð6:6dÞ

From these relations, the spheroidal (3, 2, 0) and (4, 3, 0)
modes can be reconstructed as

Sh320ðtÞ ≃
h32ðtÞμ�2220 − h22ðtÞμ�2320

μ�2330μ
�
2220

; ð6:7aÞ

Sh430ðtÞ ≃
h43ðtÞμ�3440 − h33ðtÞμ�3430

μ�3330μ
�
3440

ð6:7bÞ

As illustrated in Fig. 16, these spheroidal modes exhibit
much less modulation in amplitude and frequency than their
spherical counterparts, despite the truncation to n ¼ 0 and
l0 ≤ l. We exploit this monotonic behavior by applying the
phenomenological merger-RD Ansatz [Eqs. (5.2) and (5.3)]
directly to Sh320 and Sh430. Minor adjustments are made: in
Eq. (5.3), ϕmatch

lm is replaced with Sϕmatch
lm , the phase of Shlm0

at the attachment time, and in Eqs. (5.4a)–(5.4c), the
amplitude of hlm is replaced by the amplitude of Shlm0.
Once Sh320 and Sh430 are modeled, the spherical (3, 2) and
(4, 3) modes are obtained by inverting Eq. (6.7) using the
previously modeled (2, 2) and (3, 3) modes. Figure 17
shows the merger-RD model for a ¼ 0.8 and l ≠ mmodes.
The modulations in both amplitude and frequency for (3, 2)
and (4, 3) are well reproduced by modeling the spheroidal

FIG. 17. Merger-RD modeling of l ≠ m modes for prograde spin a ¼ 0.8, compared against TD Teukolsky waveforms (black). For
each mode, the upper panel shows the amplitude and the lower panel shows the GW frequency. The merger-RD model (red) is
constructed by modeling the reconstructed spheroidal modes Sh320 and Sh430 and transforming back to the spherical basis, following the
same procedure used in SEOBNRv5HM. This approach accurately reproduces the late-time amplitude and frequency modulations of the
(3, 2) and (4, 3) modes.

FIG. 16. For each mode, the upper subpanel displays the
amplitude of the Teukolsky waveform hlm together with the
reconstructed spheroidal mode Shlm0 defined in Eq. (6.7), while
the lower subpanel shows the corresponding GW frequencies. At
late times, the frequencies of Sh320 and Sh430 approach the
fundamental QNM frequencies (3, 2, 0) and (4, 3, 0), respectively,
indicated by dashed horizontal lines. The configuration shown
corresponds to a prograde spin a ¼ 0.8.
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modes Sh320 and Sh430 phenomenologically and then trans-
forming back to the spherical basis.

VII. COMPLETE IMR WAVEFORMS

Having constructed both the inspiral-plunge and the
merger-RD components of the waveform, we now assess
the performance of the complete SEOB-TML model. To
quantify the accuracy of our proposed formalism, we
compare our model against the TD Teukolsky waveforms,
while simultaneously comparing its performance to the
current SEOBNRv5HM model to demonstrate the specific
gains achieved by our updates. The key structural
differences between our framework and the original
SEOBNRv5HM model are summarized below:

(i) Q-factorized flux: Introduced a new factorization
that maps the total flux onto a single (2, 2) mode
baseline (Sec. III B).

(ii) Integrated horizon absorption: Incorporated the
dissipative effects of the BH horizon by applying
a consistent Q-factorized prescription to the absorp-
tion flux (Sec. III C).

(iii) Mode-dependent attachment time: Adopted a flex-
ible attachment prescription that anchors to the
individual mode peaks for prograde spins and to
the zero-crossing of the orbital frequency for retro-
grade l ≠ m modes, accounting for the onset of
mode-mixing (Sec. IVA).

(iv) Late inspiral-plunge: Replaced NQC corrections
with a phenomenological hyperbolic Ansatz, provid-
ing the flexibility to handle a wider range of attach-
ment times and spin configurations (Sec. IV B).

(v) Refined merger-RD amplitude Ansatz: Enforced
second-derivative continuity at the attachment time
(Sec. VA).

(vi) Physically motivated multimode ringdown:
Enhanced the phenomenological merger-RD Ansatz
by utilizing extracted QNM coefficients to better
capture mode-mixing effects (Sec. VI).

We present comparisons of the dominant (2, 2) mode
against TD Teukolsky waveforms for three representative
cases: the nonspinning limit (a ¼ 0), and high-spin con-
figurations with a ¼ 0.9 and a ¼ −0.9. These cases were
selected to highlight the main improvements of our model
relative to SEOBNRv5HM across distinct physical regimes.
Comparisons for the subdominant modes are provided in
Appendix C.
Figure 18 presents the (2, 2) mode comparison for a

nonspinning binary, covering approximately 95 GW cycles
from an initial orbital frequency of Ω0 ¼ 0.048 through the
merger and ringdown. The top panel displays the real part of
the strain, split into two temporal regions for visual clarity.
On the left, we focus on the long inspiral phase, comparing
the SEOB-TML model (orange dashed) directly against the
TD Teukolsky benchmark (black). On the right, we zoom
into the merger-RD stage and include the SEOBNRv5HM
model (cyan). We deliberately omit the SEOBNRv5HM data
from the dense inspiral panel to avoid visual overcrowding.
The bottom panel provides a quantitative assessment of the
performance by showing the phase difference and the
absolute amplitude residuals. To facilitate a consistent
comparison, the waveforms are aligned by matching the
time of the (2, 2) mode amplitude peaks. The phase offset
Δϕ is then fixed by minimizing the phase difference within
a timewindow close to the merger. Because the alignment is
anchored near the merger, the accumulated phase difference
is reflected at the initial time of the comparison. For
nonspinning configurations, the accumulated dephasing is
reduced from 1.06 rad in SEOBNRv5HM to 0.23 rad in
SEOB-TML, representing a nearly five-fold improvement in

FIG. 18. IMR waveform comparison for the nonspinning (2, 2) mode. The top panel displays the real part of the strain, with the TD
Teukolsky (black), SEOBNRv5HM (cyan), and SEOB-TML (dashed orange); the time axis is shifted such that t ¼ 0 corresponds to the
amplitude peak. Alignment is performed by matching peak times and minimizing the phase difference near the merger. The bottom
panel shows the phase difference (dashed) and absolute amplitude residuals (solid) for both models.
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accuracy. This improvement is a direct consequence of the
refined energy flux treatment discussed in Sec. III D. As
shown in Fig. 4, the Q-factorized prescription with inte-
grated horizon absorption maintains enhanced agreement
with numerical fluxes, with reduced errors persisting from
the low-frequency regime up to the ISCO. While these gains
are relatively modest at a ¼ 0, the resulting improvements
in the orbital dynamics become increasingly significant for
spinning configurations.
More substantial improvements are observed for large

aligned spins, as illustrated by the a ¼ 0.9 case in Fig. 19.
This waveform covers approximately 125 cycles starting
from an initial orbital frequency of Ω0 ¼ 0.115. In this
regime, the refined flux formulation leads to a notable
reduction in dephasing, decreasing from Δϕ ≈ 7.02 rad in
SEOBNRv5HM to 0.91 rad in SEOB-TML—representing a

nearly 90% reduction in accumulated error. While dephas-
ing naturally grows over longer evolutions—reaching
Δϕ ¼ 1.79 after 200 cycles and Δϕ ¼ 2.95 after 300
cycles—it is important to note that even after 300 cycles,
the accumulated error in our model remains significantly
lower than the 7.02 rad error found in SEOBNRv5HM over
a much shorter evolution. Although further refinements via
additional resummation or calibrated fits could reduce
these residuals even further, the current framework pro-
vides a much more faithful representation of high-spin
dynamics, and we leave such extensions to future work.
Another advancement is visible in the late-plunge through
ringdown (right panel of Fig. 19). In this region, our
refined model achieves a reduction in both amplitude and
phase residuals of more than an order of magnitude
compared to SEOBNRv5HM. This localized performance

FIG. 19. IMR waveform comparison for the (2, 2) mode with prograde spin a ¼ 0.9, following the same format and color scheme as
Fig. 18. The SEOB-TML model exhibits a substantial reduction in accumulated inspiral dephasing compared to SEOBNRv5HM due to
the refined flux formulation.

FIG. 20. IMR waveform comparison for the (2, 2) mode with retrograde spin a ¼ −0.9, following the same format and color scheme
as Fig. 18. The refined Q-factorized flux treatment reduces the accumulated inspiral dephasing by over an order of magnitude.
Significant gains are also observed during the merger-RD stage, where the inclusion of retrograde QNM contributions via our new
Ansatz captures characteristic oscillatory features in the amplitude and frequency that are absent from SEOBNRv5HM.
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gain is a direct result of replacing traditional NQC
corrections with our specialized phenomenological
Ansatz (Sec. IV B) and utilizing an updated merger-RD
prescription (Sec. VA) that eliminates unphysical ampli-
tude peaks in high-spin configurations.
Finally, Fig. 20 illustrates the performance for the

retrograde case with a ¼ −0.9, covering approximately
95 cycles from an initial orbital frequency of Ω0 ¼ 0.031.
Consistent with the trends observed in previous configu-
rations, the refined flux treatment leads to a substantial gain
in accuracy; the accumulated dephasing is reduced from
1.02 rad in SEOBNRv5HM to 0.09 rad in SEOB-TML, an
improvement of over an order of magnitude. As discussed
in Sec. III D, the most pronounced reduction in dephasing
is expected for retrograde configurations. In this regime, the
total Q-factorized flux—which explicitly incorporates
horizon absorption—maintains high fidelity from the
low-frequency regime all the way to the ISCO. Another
significant gain in this regime occur during the merger-RD
stage. Both the amplitude and phase behavior are repro-
duced with substantially higher fidelity than in the
SEOBNRv5HM model, which struggles to capture the
mode-mixing effects. As detailed in Sec. V, this improve-
ment stems from our revised merger-RD Ansatz, which
explicitly incorporates retrograde QNM contributions. By
utilizing a phenomenological transition function to
smoothly activate these modes, our model successfully
captures the characteristic oscillatory features in both
frequency and amplitude.

VIII. MODELING (2, 0) MODE

While preceding sections focused on enhancing the
accuracy of components already present within the
SEOBNRv5HM framework, a high-fidelity description of
the waveform requires incorporating previously omitted
multipoles. Most notable is the (2, 0) mode; as it is
intrinsically linked to the radiated energy flux, this mode
becomes critical during the late plunge where radial
acceleration is large [183]. The relevance of the (2, 0)
mode in the TML strongly depends on the Kerr spin
parameter a. Because m ¼ 0 multipoles are primarily
driven by radial dynamics, they are significantly more
prominent in retrograde configurations. In these cases, the
ISCO occurs at a larger radius, resulting in a more
prolonged plunge and a postmerger contribution that can
become comparable to the dominant (2, 2) mode (see
Fig. 21). Conversely, for prograde spins, the (2, 0) mode
remains relatively suppressed.
In this section, we describe our approach to modeling the

instantaneous, nonlinear memory effects of the (2, 0) mode
from inspiral through ringdown. Our construction closely
follows the implementation in TEOBResumS-GIOTTO
[111]. The main difference is that, in the late inspiral, we
employ the hyperbolic Ansatz described in Sec. IV B rather
than the usual NQC corrections. This choice allows us to

attach the merger-RD portion of the waveform at the peak
of the (2, 0) mode itself, instead of at the peak of the
dominant (2, 2) mode.

A. Inspiral modeling

As discussed in Ref. [184], the standard factorization
approach is ill suited for the m ¼ 0 mode. Because the
Newtonian factor for m ¼ 0 is inherently noncircular and
vanishes in the circular-orbit limit, factorization can
introduce spurious poles and numerical instabilities.
Additionally, it has been demonstrated that keeping all
time derivatives explicit in the Newtonian terms—rather
than reducing them using PN-expanded equations of
motion—generally produces more reliable results, as
supported in Refs. [111,184]. To avoid these issues, we
model the inspiral (2, 0) mode by retaining the explicit
time derivatives in the Newtonian term, rather than
reducing them via PN expansions, following the same
approach done in Ref. [185]. The inspiral contribution is
given by

hinsp20 ¼ 4

ffiffiffiffiffiffi
2π

15

r
νðr̈rþ ṙ2Þ ð8:1Þ

While higher-order PN corrections have recently been
derived in Refs. [185–187], we restrict our current imple-
mentation to the Newtonian term. Higher-order PN

FIG. 21. Comparison of the (2, 0) (solid) and (2, 2) (dashed)
mode amplitudes for spin values a ¼ 0.9, 0.5, and −0.9. The time
axis is shifted so that t ¼ 0 corresponds to the peak of the (2, 0)
mode. While the (2, 0) mode is suppressed for prograde spins, its
amplitude becomes comparable to the dominant mode in the
retrograde case (a ¼ −0.9).
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corrections may be included in future extensions, espe-
cially this is crucial when considering eccentric orbits.

B. Final stage of inspiral-plunge

For the (2, 0) mode, particularly in high positive-spin
cases, its peak is strongly delayed relative to the (2, 2)
mode. To improve merger-RD accuracy, we attach the
merger-RD waveform at the (2, 0) peak. As discussed in
Sec. IV, we use a phenomenological hyperbolic Ansatz
instead of the NQC corrections for the last stage of inspiral-
plunge. Similar to the (2, 1), (3, 2), and (4, 3) modes, we fit
the parameter γ and λ in Eqs. (4.6) and (4.7) to control the
steepness of amplitude and frequency approaching the
attachment time.

C. Merger-RD modeling

Following the approach in Ref. [111], we first complex-
ify the real (2, 0) mode in order to apply the standard
merger-RD Ansatz used for other modes. This is accom-
plished by utilizing the Hilbert transform to construct an
analytic signal, which provides a well-defined amplitude
and phase for the otherwise real-valued mode. The Hilbert
transform of a function vðtÞ is defined as

H½v�ðtÞ ¼ 2

π
lim
ϵ→0

Z
∞

ϵ

vðt − τÞ − vðtþ τÞ
2τ

dτ ð8:2Þ

Its Fourier-domain representation is

F ½H½v��ðωÞ ¼ −i signðωÞF ½v�ðωÞ ð8:3Þ

The Hilbert transform shifts negative frequencies by
π=2. Given a real signal vRðtÞ, the corresponding analytic
signal is

vHðtÞ ¼ vRðtÞ − iH½v�ðtÞ ð8:4Þ

After complexifying the (2, 0) mode via the Hilbert
transform, we apply the same merger-RD modeling pro-
cedure as for other modes, without mixing modes included,
as described in Eq. (5.1).

D. Comparison with Teukolsky waveform

We now construct the full IMR (2, 0) waveforms and
compare them with the TD Teukolsky waveforms.
Figure 22 shows the (2, 0) mode for spins a ¼ −0.9,
0.0, and 0.9, together with the residuals in the bottom
panels. The comparison demonstrates that the late-stage
IMR signal is accurately modeled overall. However, for
large positive spins, the merger-RD description becomes
less accurate than in the nonspinning case. In particular, the
complexified amplitude exhibits oscillatory features in the
postmerger regime that resemble mode mixing, leading to
noticeable amplitude discrepancies. We attempted to iden-
tify possible additional modes using qnmfinder, but no
further stable QNMs were detected. As already noted in
Ref. [111], such behavior may be an artifact of the Hilbert
transform: similar oscillations appear when complexifying
the real part of the (2, 2) mode, though they are less
pronounced than for the (2, 0) mode. This suggests that
improvements could be achieved by adopting alternative
representations for the QNM-rescaled amplitude Ansatz.
Nevertheless, since the main difficulties arise only for large
positive spins—where the (2, 0) mode is suppressed and
lies low in the mode hierarchy—we defer a more detailed
treatment to future work.

IX. CONCLUSION

In this work, we introduce SEOB-TML, an advanced
EOB framework specifically optimized for the TML.
Central to this advancement is our shift away from the
traditional mode-sum factorized (M-factorized) flux, which
relies on an explicit summation over individual multipolar

FIG. 22. The late-inspiral merger-RD comparison for the (2, 0) mode at spins a ¼ −0.9, 0.0, and 0.9. The upper panels show the real
part of the strain, comparing TD Teukolsky waveforms (black) with our model (red), while the lower panels display the absolute
residuals. Overall, the waveforms are well modeled, though some discrepancies persist for high prograde spin.
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modes. Instead, we propose a quadrupole-factorized
(Q-factorized) prescription. In this framework, the total
energy flux is modeled using only the factorized (2, 2)
mode as a baseline, multiplied by a polynomial β4ðxÞ. This
polynomial is determined by matching its expansion to
high-order PN flux results in the TML, effectively captur-
ing the energy contribution of higher-order multipoles
within the dominant mode’s structure. Horizon absorption,
which is non-negligible in the TML, is also incorporated
into this formalism following a similar logic. We validated
theQ-factorized prescription by comparing its performance
against FD Teukolsky numerical fluxes. To evaluate the
impact of our proposed methodology, we compared it to the
traditional M-factorized approach using the same 9PN
order, summed to lmax ¼ 10.
The most striking improvement occurs in the nonspin-

ning and retrograde-spin regimes. In these regions, the
inclusion of horizon absorption in the Q-factorized pre-
scription leads to a dramatic reduction in fractional error
that persists from the low-frequency inspiral all the way to
the ISCO. While the gains are less pronounced for
intermediate prograde spins (0≲ a≲ 0.8), theQ-factorized
flux still provides superior accuracy in the low-frequency
regime and maintains a comparable error profile to the
M-factorized with lmax ¼ 10 sum in the strong field.
Although the model encounters accuracy degradation in
the extremely strong-field prograde regime (e.g., close to
the ISCO for a≳ 0.95), primarily due to the current
modeling of horizon absorption (see Appendix A), it
remains highly robust across the vast majority of the
inspiral. These results establish theQ-factorized framework
as a highly efficient methodology for modeling the EOB
energy flux. It offers a path to decouple the orbital
dynamics from the complexity of multipolar expansions
without sacrificing, and often enhancing, physical fidelity.
Building on these dynamical refinements, we then

addressed the modeling of the waveform itself. A key
improvement in our approach is a more flexible transition
to the postmerger stage, achieved by adopting a mode-
dependent attachment prescription that moves beyond the
reliance on the (2, 2) mode peak. For prograde spins, we
allow the merger-RD to begin at the amplitude peak of each
individual mode, while for retrograde spins, we specifically
account for the onset of mode-mixing in l ≠ m modes by
anchoring the attachment to the zero-crossing of the orbital
frequency. To enable this wider range of attachment times,
we replaced the NQC corrections with a phenomenological
hyperbolic Ansatz. By removing the dependence on the
dynamical orbital frequency, this framework provides the
necessary flexibility to accommodate the increased vari-
ability in attachment times. We introduced additional
parameters to the Ansatz that specifically improved the
modeling of subdominant modes characterized by steep
growth near merger, such as the (2, 1) mode at large
negative spins.

Furthermore, we refined the modeling of the merger-RD
stage to achieve better consistency in the strong-field
regime of the TML. While maintaining the standard
phenomenological Ansatz based on factorizing the funda-
mental QNM, we improved the amplitude construction by
enforcing continuity up to the second derivative at the
attachment time. This modification effectively eliminates
the unphysical amplitude peaks often observed in high-spin
configurations. Beyond these structural improvements, the
most significant advancement is the systematic inclusion of
mode-mixing effects. By employing the QNM coefficients
extracted via qnmfinder, we transitioned from purely
phenomenological fitting to a physically motivated frame-
work informed by the underlying QNM content.
For the negative spin configurations, our model explic-

itly captures the excitation of retrograde ðl;−m; 0Þ modes
triggered by the reversal of the orbital frequency during the
plunge. By introducing a refined activation function that
ensures a smooth attachment while providing the necessary
phase flexibility, we successfully reproduce the character-
istic modulations in both the waveform amplitude and
gravitational frequency. This multimode approach was
further extended for the (3, 2) and (4, 3) modes to account
for the simultaneous presence of retrograde excitations and
spheroidal-spherical basis mismatch. While the highly
retrograde regime (a≲ −0.9) presents an ongoing chal-
lenge due to late-time frequency drifts, our framework
provides a substantial accuracy improvement across the
majority of the retrograde parameter space. Furthermore,
while the current work focuses on quasicircular inspirals,
this framework for modeling mixing modes has been
extended to more general equatorial spin–eccentric mergers
in Ref. [188].
Regarding prograde configurations, our implementation

of ðlþ 1; m; 0Þ mixing for the l ¼ m modes led to
relatively insignificant changes in the overall waveform
strain. While we demonstrated that including these extra
QNM contributions effectively flattens the late-time resid-
uals, the visual impact remains negligible; consequently,
we retain the original simplified Ansatz restricted to the
fundamental ðl; m; 0Þ QNM. For prograde l ≠ m modes,
such as (3, 2) and (4, 3), where mode-mixing is more
physically prominent, we maintain consistency with the
SEOBNRv5HM strategy by modeling the signal in the
reconstructed spheroidal basis and transforming back to
the spherical basis.
Finally, we addressed the inclusion of the (2, 0) mode,

which is currently absent from the SEOBNRv5HM model.
Following the methodology introduced in Ref. [111], we
constructed the inspiral signal using the leading-order
Newtonian expression. The late-inspiral and plunge stages
were modeled using our phenomenological hyperbolic
Ansatz, ensuring a smooth transition to the merger. To
maintain consistency with our treatment of other multi-
poles, the real-valued (2, 0) mode was complexified via a
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Hilbert transform, enabling the application of our standard
merger-RD Ansatz. Comparisons with TD Teukolsky
waveforms show consistent agreement across all three
representative spin configurations.
In summary, while several technical challenges persist—

particularly in the near-extremal and highly retrograde
regimes—the results presented here establish a robust
foundation for future EOB development. This work extends
the reach of the EOB framework by providing a streamlined
architecture tailored for high-accuracy modeling in the
TML. Ultimately, this formulation serves as a promising
framework upon which next-generation waveform models
can be built and further refined.
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APPENDIX A: Q-FACTORIZED FLUX
AT NEAR-EXTREMAL SPIN

In Sec. III D, we demonstrated that the Q-factorized
prescription provides high-fidelity agreement with the FD
Teukolsky flux for retrograde and moderate prograde spins.
However, as the spin approaches the extremal limit
(a → 1), the total Q-factorized flux exhibits a notable
increase in fractional error near the ISCO. We investigate
this behavior here, focusing specifically on spins where
a≳ 0.95. Figure 23 presents the same absolute fractional
differences shown previously in Fig. 4, but expressed as a
function of log10ð1 − aÞ. The vertical white dashed and
solid lines mark a ¼ 0.95 and a ¼ 0.99, respectively; as
noted in Sec. III D, the former represents the threshold
beyond which the performance of the total Q-factorized
flux begins to degrade significantly. A key takeaway from
these results is that the Q-factorized prescription for the
flux at infinity (center panel) provides a significantly more
stable description in the strong field than the traditional
M-factorized flux at the same PN order (left panel). This
demonstrates that our proposed factorization remains
remarkably robust even as the system approaches the
extremal limit. However, the performance of the total
Q-factorized flux (right panel) is noticeably worse than

FIG. 23. Absolute fractional difference jFtot=FTeuk
tot − 1j across the spin-frequency parameter space, with an emphasis on the near-

extremal regime. The x-axis is scaled as log10ð1 − aÞ to resolve the strong-field behavior, and the y-axis is normalized to the ISCO
frequency. Vertical dashed and solid white lines indicate a ¼ 0.95 and a ¼ 0.99, respectively. The panels compare the 9PNM-factorized
flux with lmax ¼ 10 (left), the Q-factorized flux at infinity (center), and the total Q-factorized flux including horizon absorption (right).
Results show that while Q-factorization at infinity outperforms the M-factorized approach near extremal spins, the current
implementation of horizon absorption introduces inaccuracies that degrade the total flux performance in this limit.
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the infinity-only version, indicating that the current imple-
mentation of the horizon absorption flux introduces sub-
stantial inaccuracies that propagate to the total flux.
This breakdown is isolated in Fig. 24, which displays the

absolute fractional difference for the absorption flux alone.
While this prescription maintains relatively low errors at low
frequencies, its accuracy diminishes rapidly as the system
approaches the strong-field, high-spin limit. These inaccur-
acies become critical in the near-extremal regime where the
horizon contribution is no longer a negligible correction. As
shown in Fig. 3, this component can reach nearly 10% of the

total flux at the ISCO for a ¼ 0.99, directly impacting the
overall fidelity of the model. Consequently, the modeling
errors in the absorption term—which exceed 102 in the
high-frequency corner—become the dominant factor in the
degradation of the total flux model. These observations
indicate that future refinement of the horizon flux modeling
is required for the near-extremal regime. A potential
solution involves introducing a calibrated fitting parameter
at a higher PN order, such as α9=2 in Eq. (3.27). Crucially,
rather than determining this coefficient by matching to
higher-order analytical PN expansions—which may not
converge well near the horizon—this term would be
calibrated directly against numerical Teukolsky results.
Such an adjustment could effectively tune the total
Q-factorized prescription, ensuring the model remains
robust even in the extreme-spin limit. We leave this
optimization for future work.
Despite the identified inaccuracies in the absorption flux,

it is instructive to examine the resulting impact on the full
IMR waveform at these high spins. In Fig. 25, we compare
the (2, 2) mode for a ¼ 0.95 across the TD Teukolsky data,
SEOBNRv5HM, and SEOB-TML. To ensure a fair com-
parison, the analytical waveforms are aligned to the
Teukolsky data by minimizing the squared phase difference
over a low-frequency window ½t1; t2�Z

t2

t1

½ϕTeuk
22 ðtÞ − ϕModel

22 ðtþ ΔtÞ þ Δϕ�2dt ðA1Þ

We opt for this early time alignment rather than peak-
matching because the broad, flat nature of the amplitude at
high prograde spins makes the physical merger peak
difficult to resolve. As shown in the top panel, our model’s
time-to-merger is significantly closer to the Teukolsky
benchmark than the original SEOBNRv5HM implementa-
tion. The phase difference Δϕ22 in the bottom panel

FIG. 24. Absolute fractional difference jFH=FTeuk
H − 1j between

the Q-factorized horizon absorption prescription [Eq. (3.26)] and
the FD Teukolsky horizon flux. The axes and vertical lines are
consistent with Fig. 23. While the prescription remains accurate at
low frequencies, the fractional error grows significantly as the
system approaches the near-extremal regime (a≳ 0.95).

FIG. 25. Comparison of the (2, 2) mode for a near-extremal spin a ¼ 0.95. The top panel shows the real part of the strain for the TD
Teukolsky data (black), the SEOBNRv5HM model (cyan), and the SEOB-TML model (orange). The bottom panel displays the phase
difference relative to the Teukolsky waveform, with the gray shaded region indicating the low-frequency window used for alignment.
Despite the inaccuracies in the horizon flux, our model significantly reduces the accumulated dephasing and provides a more accurate
time-to-merger compared to the SEOBNRv5HM implementation.
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confirms that, while the agreement is not yet perfect, our
new flux formulation provides a substantial reduction in
dephasing relative to the baseline model, even as the model
approaches its limit of validity.

APPENDIX B: COEFFICIENTS
OF Q-FACTORIZED FLUX

In this appendix, we provide the explicit expressions for
the multiplicative correction factors βðxÞ and αðxÞ of the
Q-factorized flux, defined in Eqs. (3.15) and (3.27),
respectively. As discussed in Sec. III B, both factors are
constructed using a similar matching procedure: we evalu-
ate the Q-factorized prescriptions for the flux at infinity
[Eq. (3.14)] and the horizon [Eq. (3.26)] in the circular-
orbit limit, and then match them order-by-order to the

corresponding PN-expanded fluxes in the TML. For the
construction of both βðxÞ and αðxÞ, we utilize the (2, 2)
mode amplitude corrections, ρ22 and ρH22, extended to 5PN
order. This choice is primarily motivated by the PN order
employed in the SEOBNRv5HM model, as our analysis
indicates that maintaining this consistency provides the
most robust performance across the explored parameter
space. The specific expressions for ρ22 and ρH22 used in this
work are provided in Ref. [154]. While our matching
procedure for the flux at infinity extends βðvÞ to 9PN order,
and the horizon flux implementation includes coefficients
up to α4, we omit the full expressions for brevity. Instead,
we list the expansion for βðxÞ up to 5PN and αðxÞ up to
2.5PN; the complete results are available in the supple-
mental Mathematica notebook [189].

βðxÞ ¼ 1þ 155x
448
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APPENDIX C: COMPLETE IMR WAVEFORMS:
HIGHER MODES

Following the analysis of the dominant (2, 2) mode in
Sec. VII, we here extend the IMR comparison to the
subdominant sector for high-spin configurations
(a ¼ �0.9). To maintain physical consistency, the time

shift Δt and phase offset Δϕ for all higher-order multipoles
are held fixed at the values determined by the (2, 2) mode
alignment. Figure 26 illustrates this comparison for the (3,
3) and (4, 4) modes, which constitute the next-to-dominant
contributions in the multipolar hierarchy for a ¼ 0.9.
Adopting the format of Fig. 18, the plot displays the real

ADVANCING THE EFFECTIVE-ONE-BODY FRAMEWORK IN THE … PHYS. REV. D 113, 124034 (2026)

124034-31



part of the strain across the inspiral and merger-RD stages,
alongside the resulting phase and amplitude residuals.
Consistent with the results observed for the dominant mode,
the most striking improvement is an approximately 80%
reduction in accumulated dephasing. For instance, the
dephasing in the (4, 4) mode is reduced from approximately
7.57 to 1.60 rad, while the (3, 3) mode shows a similar
improvement, dropping from 6.24 to 1.22 rad. Furthermore,
the accuracy of the late-plunge through ringdown is
significantly enhanced. This local improvement stems from
two specific refinements to the waveform modeling: first,
the merger-RD signal is now attached at the peak of each
individual mode rather than the (2, 2) peak; second, the
coefficients dlm1;c and clmi;c (i ¼ 1, 2, 3) in the merger-RD
Ansatz [Eqs. (5.2) and (5.3)] have been recalibrated spe-
cifically for the TML. Collectively, these updates reduce

residuals in both amplitude and phase by more than an order
of magnitude.
Figure 27 presents the (2, 1) and (3, 3) modes for the

retrograde case a ¼ −0.9. Mirroring the performance gains
seen in the dominant sector, the refined flux treatment
significantly mitigates the accumulated dephasing in these
higher-order modes. Specifically, for the (2, 1) mode, the
dephasing drops from 0.52 to 0.054 rad, while for the (3, 3)
mode, it decreases from 1.58 to 0.21 rad. In addition to the
improved phase agreement during the inspiral, these panels
highlight the model’s ability to capture the complex merger-
RD dynamics. Specifically, the inclusion of physically
motivated QNM contributions in our revised Ansatz allows
the model to resolve mode-mixing features that are absent in
SEOBNRv5HM. These comparisons demonstrate that our
framework maintains a high degree of fidelity across the
most relevant modes.

FIG. 26. IMR waveform comparison for the next-to-dominant (3, 3) and (4, 4) modes at a ¼ 0.9. The top panel displays the real part of
the strain, with the TD Teukolsky (black), SEOBNRv5HM (cyan), and SEOB-TML (dashed orange); the time axis is shifted such that
t ¼ 0 corresponds to the amplitude peak. These waveforms are aligned using the time and phase shifts derived from the (2, 2) mode in
Fig. 19. The bottom panels show the phase difference (dashed) and absolute amplitude residuals (solid), demonstrating an 80%
reduction in dephasing and an order-of-magnitude improvement in merger-RD accuracy relative to SEOBNRv5HM.
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