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The scattering cross section is the effective area of collision when two particles collide. Quantum
mechanically, it is a measure of the probability for a specific process to take place. Employing wave packets
to describe the scattering process, we compute the entanglement entropy in 2-to-2 scattering of particles in
a general setting using the S-matrix formalism. Applying the optical theorem, we show that the linear

entropy &, is given by the elastic cross section o, in unit of the transverse size L of the wave packet,
&, ~ 64/L?, when the initial states are not entangled. The result allows for dual interpretations of the
entanglement entropy as an area and as a probability. Since o, is generally believed, and observed
experimentally, to grow with the collision energy +/s in the high energy regime, the result suggests a
“second law” of entanglement entropy for high energy collisions. Furthermore, the Froissart bound places

an upper limit on the entropy growth.

DOI: 10.1103/3yg7-r5s9

I. INTRODUCTION

Entropy is among the most fundamental concepts in
physics and quantifies the number of possible microstates
giving rise to a particular macrostate. It is directly related to
probability—a macrostate containing more microstates has
a higher probability to occur and hence a higher entropy. A
physical system naturally evolves into more probable
states, thereby increasing the entropy, which defines an
arrow of time.

Entropy can also be understood as a measure of random-
ness, or disorder, since a more probable state is considered
to be more disordered. As such the entropy is also used to
quantify the amount of information in a physical system,
since a highly disordered system is capable of carrying a
large amount of information. Indeed, a single sentence
assembled from letters of a small alphabet is very ordered
but conveys little information. In classical information
theory the Shannon entropy, which measures the average
amount of information in an event drawn from a particular
probability distribution [1,2], features prominently.

One usually refers to the entropy defined in classical
systems as coarse-grained entropy, which focuses on a
subset of simple observables without knowing the full
microscopic configuration space. Even though the under-
lying dynamics is deterministic, the ignorance of the
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microstates necessitates the use of probability. Quantum
mechanics, on the other hand, is inherently probabilistic and
introduces intrinsic randomness in a quantum system. Such
randomness is described by the quantum, or fine-grained,
entropy [3.4]. The most prominent quantum entropy is the
von Neumann entropy [2], which can be generalized to two
classes of quantum entropies: the Rényi entropy [5] and the
Tsallis entropy [6].

Similar to their classical counterpart, quantum entropies
also quantify the amount of information present in a
quantum system, as well as quantum correlations, or
entanglement, between systems [2]. The latter, computed
from the (reduced) density matrices, are called entanglement
entropies. While by definition the entropy of a closed
system is invariant under unitary transformation, and hence
time evolution, this is not always the case for an open
quantum system interacting with an environment. In fact,
one often divides a closed system into a bipartite system
whose Hilbert space is H = H, ® Hp. The subsystem
entropy for A is then computed from the reduced density
matrix p, by tracing over B, and can be nonzero even when
the total system has vanishing entropy.

In many-body systems the entropy is usually an extensive
quantity and scales with the size of the system. Therefore it
is quite mysterious that in gravitational systems, the black
hole in particular, the Bekenstein-Hawking entropy scales
with the area of horizon [7,8]. Since then there have been
more examples of area laws for entropy both in gravitational
and nongravitational many-body systems [9-12], some of
which involves holography [4,13]. In these examples the
areas involved are often computed from a “boundary”
between two “regions.”

Published by the American Physical Society


https://orcid.org/0000-0002-7570-9597
https://orcid.org/0000-0002-4767-4876
https://ror.org/05gvnxz63
https://ror.org/000e0be47
https://crossmark.crossref.org/dialog/?doi=10.1103/3yg7-r5s9&domain=pdf&date_stamp=2026-03-06
https://doi.org/10.1103/3yg7-r5s9
https://doi.org/10.1103/3yg7-r5s9
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

IAN LOW and ZHEWEI YIN

PHYS. REV. D 113, 065004 (2026)

In this work we will consider the entanglement entropy
in a very different setting: The 2-to-2 scattering of particles
in quantum field theories, using the S-matrix formalism.
This is hardly a many-body system, and it is not obvious at
all if there is a “boundary” for which to define an area.
Nevertheless, using the wave packet formalism to describe
the particle scattering, we show that for the final state
entanglement, the linear entropy is given by the elastic
cross section in unit of the transverse size of the wave
packet when the initial states are not entangled; here the
linear entropy &, for density matrix p,

& =1 —Tf(ﬂ)2’ <1)

is the n = 2 case of the Tsallis entropy &, = (1 — Trp")/
(n—1) [6]. From the von Neumann entropy &N =
—Tr(plogp), €, can be obtained by expanding with respect
to p=1 and keeping the leading term. Recently the
entanglement entropy in particle scattering has attracted
considerable attention, although the calculation has mostly
been done in specific quantum field theories and differing
contexts [14-37]. Here we will not commit to a specific
theory and will instead use the S-matrix formalism to make
general statements which are nonperturbative in the cou-
plings. Importantly, the wave packet formalism, mentioned
recently in [36,37], gives a clear physical interpretation of
the outcome.

Our result allows for novel, dual interpretations of the
entanglement entropy as an area, in the cross-sectional
sense, and a probability, in the information-theoretic sense.
Moreover, it is generally accepted that the elastic cross
section grows with the collision center-of-mass (c.m.)
energy /s [38,39], which has been verified experimentally
[40,41]. This suggests a version of the second law of
thermodynamics where the entanglement entropy grows
with energy, and the Froissart bound [42,43] now gives an
upper limit on the growth.

II. THE SETUP

We consider the scattering of two distinguishable par-
ticles: A(lice) and B(ob). The kinematic data are labeled by
the momentum p, /g, which can be either massive or
massless. All other nonkinematic quantum numbers are
denoted by {i} for A and {i} for B, respectively. These
could include spacetime quantum numbers, such as the spin,
or the internal quantum numbers like the isospin.

The scattering process we focus on is AB — AB, from
which we construct a bipartite system Hyg = Ha ® Hp,
where H, /g is the Hilbert space associated with particle-
A/B. For a general incoming state |in), the density matrix is
p' = |in)(in| and the linear entropy &, for A is computed
from the reduced density matrix pi, = Trgp',

€ = 1 - Tr(ph )% @)

We will start with a pure initial state and comment on the
mixed initial state later. We will also make the realistic
assumption that there is no entanglement between p,, pg,
and between the momenta and the other quantum numbers.
The initial state is then written as

in) = Y Qulva) @ N @ ) ® ). ()

where |i) and |i) are normalized such that (i|j) = &7,
(ilj) = 67, and Q describes the nonkinematic configura-
tion of the initial state, which is normalized such that
Tr(QQ") = 1. When the quantum numbers of two particles
are not entangled, Q; = ;@) and |w|* = |@'|* = 1. On the
other hand, |y ) and |wg) are described by the momentum
wave packets of A and B, respectively,

am = [ van(pln) Lz/@ﬁgﬁj<®

where the one-particle state is normalized as follows,

(pla) = (27)%2E,8*(p - §). (5)

The momentum wave packets are normalized such that

.
wh) = [ SEweE=1. ©)

With Eq. (6), the initial density matrix p' is properly
normalized, Trp! = 1. If we had used the one-particle states
|ka) and |kg) in place of |y,) and |wg), the S-function
normalization in Eq. (5) would have introduced divergences
in Trp, which is often regularized by introducing a finite box
in spacetime. We will not be using such a box normaliza-
tion. In the CM frame, EA = —I:B =k

In an experimental setup the incoming particles are
prepared with fairly well-defined momenta, subject to
experimental resolution. Therefore we expect w(p), /g 1O

be sharply peaked at +k. That is, if &, characterizes the
linear width of the momentum wave packet, we expect

So/lkl <1, (k) ~1/5,. (7)

We compute the entanglement entropy in the limit 6, — 0

and to the first nonvanishing order in 6,/ |7$|

Now let us consider the final state produced by the
scattering process, which is given by |out) = S|in), where
S =1+ T is the scattering matrix and 7 is the transition
matrix, which is related to the scattering amplitude M
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({ke}, fI Tk}, f)
= (27)*s* (Z = ki>Mfi.fl_({ki}; {ke}), (8)

where fj;; labels the discrete quantum numbers of the
initial and final states. Unitarity of the S-matrix implies
2ImT = T'T, which gives rise to the optical theorem.

In general, |out) is a linear superposition of all possible
outcomes from the collision of A and B. Since we will
focus on the elastic scattering AB — AB, the outgoing state
is also consisted of A and B, which can be selected by
manually applying a projection operator P,z on |out),
lout),; = Paglout). Applying the Liiders rule [44], the
properly normalized final state density matrix p' after
the projection is

£ PAB|Out><Out|PAB _
Tr(Pglout)(out|) 1

_ Pinel |0ut>el el<out ’ (9)

where
Pinet = (out|1 — Pxglout) = <in|TT(1 — Pg)Tlin)  (10)

is the probability for AB to scatter inelastically into
anything but AB.

III. ENTANGLEMENT ENTROPY

The initial state reduced density matrix for A is

P = Zﬂﬁ(@);ﬂw,}'llﬂg,7>|1//A, iy(wa. Jj|
AN}
= (QQ"),lwa. i) (wa. jl. (11)

]
and the entanglement entropy is
& =1-Tr(Q'Q)>. (12)

Clearly, if there is no entanglement between the initial
states, (Q7Q)? = Q'Q and the entropy &, = 0.

For concrete computation of the final state reduced
density matrix from Eq. (9), it becomes necessary to
specify the form of the initial wave packets. We choose
the momentum-space wave packet to be a cube with a side
length of 25,, as shown in Fig. 1(a). The wave packet is
chosen to be uniform in the p_-direction but not in the p, -
directions as we would like the wave packet to approach the
plane wave in position space. Specifically, we define the
regularized delta functions

82(1_5) = 80(px)50<py)81(pz)’ (13)

8o (k) = g@(k +S§1p(23_l,?2(;€ =) ZL—ﬂsinc%, (14)
P
50— @(k+5p)2; Ok~3,) )

p

where sinc(k) = (sink)/k is the Fourier transform of a
uniform rectangular function and Si(x) = [} dysinc(y).
The parameter L characterizes the linear size of the wave
packet in the position space in the xy-plane. We assume
8oL > 1 such that lim; _ 53) (k) = 60) (k). The correctly
normalized wave function is

(P — kap)- (16)

WA/B(ﬁ) =

Choosing the form of the wave packet in the transverse
direction to be given by Eq. (14), we are able to make the
wave packet in the position space, shown in Fig. 1(b), to be
transversely uniform inside a cross-sectional square of size
L?, confined within the shaded sides, up to O(1/(5,L))
corrections; we will see in the following that this choice
makes an additional, clear interpretation of our results
possible. In the z-direction it is unbounded, with the width
of the peak characterized by 1/5,. It is useful to set
1/(6,L) <6,/ |l_<' so that taking the plane wave limit
amounts to expanding around the single small parameter
5/ |l€| This requirement is equivalent to LA> 1/5.2,
where 4 is the Compton wavelength for momentum k.

Now let us apply the wave packets to computing the
inelastic scattering probability P;, in Eq. (9). We can
insert an identity matrix, Y ¢ [ dII¢|f)(f|, between T" and T
in Eq. (10) and get

i
Px <+ 25[} —»| E
Pe=a=g i
}*pz T
Py o i i i
k z! | !
S e
L
¥
(a) (b)
FIG. 1. The wave packet (a) in momentum space and (b) in

position space, respectively. In the limit 6,L > 1 and 5, — 0, it
approaches the plane wave in z-direction in the position space.
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Pinelz/ WA(PI)WB(pZ)WZ(QI)WE(QZ)
P1:P2:91.92
x (27)*6*(q1 + 92— p1 — P2)

/ dT;(2x)*s* (pl +p2 —Zh) > Qe

fé{AB} i.i.jj
XMz, (p1. p2s{ke M (91,25 {ke}). (17)

where the sum for the final state |f) include any outcome
that is not AB, with f dl; being the phase space integral
for |f). In the plane wave limit, the above integral only
receives significant contributions when pq, ¢, are close to
ka and p,, g, to kg, thus at the leading order one can pull
the last two lines of Eq. (17) out and convert it to the
inelastic cross section oy, for AB — anything but AB

Pinet = Lo([K]) [Gine + O(8,/|K])]. (18)

where

Io(R)) = 41R1v/5 / walp)ws(P2)wa (@)

P1:P2:91-92

X yp(q2)(27)*6* (q1 + 2 = p1 = p2) (19)

For our choice of wave packets in Eq. (16), we show in the
Appendix that

(R =21+ 0G,/R). (20

In other words, I, (|k|) is the inverse of the cross-sectional
area of the wave packet at the leading order in 5, — 0, in
which limit L > 1/5,. Then

Pinel = Iin;l + O(6p5/|k‘5)’ (21)
which can also be seen from the definition of cross section,
Oinel = Ninet/(daladplgA), where dy/p are the number
density of uniform beams, /5,5 are the length of these
beams, A is the cross sectional area of both beams and N,
is the expectation value for the number of inelastic
scattering events. In our case we are scattering two single
particles head-to-head, thus dplsA = dglgA =1, A = L?
and Ny = Pine- Such a direct interpretation of 6, /L>
as Pi, 1s made possible by our choice of the initial
wave packets to be transversely uniform, as guaranteed
by Eq. (14).

Now, Eq. (21) suggests that the inelastic scattering
probability is an O(|k|72/L?) = 0(5p4/|1?|4) small quan-
tity. The physical picture here is that the wave packet is
traveling at a high speed in the z-direction, which is
Lorentz-contracted, so in the CM frame the two wave

packets look like two thin pancakes whose linear size in the
transverse direction is much bigger than that in the
longitudinal direction. In the strict plane wave limit, when
L — o0, the two incoming wave packets are so spread out in
the transverse direction in position space that the probability
of them interacting with each other is very small. This
consideration means that we can expand P;, in Eq. (9) as a
small parameter.

Similarly, we can express the total scattering probability
Pt and the elastic scattering probability P, in terms of the
total cross section oy, and the elastic cross section oy

Pi = (in|T7Tlin) = 75 + 06,/ [K9),  (22)

Py = <m|TTPABT|m> 0 5/|k| ). (23)

Clearly, P, as well as P, = Py + Pine are also sup-
pressed by 1/L? in the plane wave limit, L — oo; the
overwhelmingly probable outcome, associated with the
probability 1 — Py, is when no scattering happens.

Now we are ready to compute the final state entangle-
ment entropy using the reduced density matrix computed
from p; in Eq. (9). In the 5, — O limit, we have

E0 =1 - Tr(Q'Q)2(1 4 2Pyer)

+ ﬁ'\[') {Im Tr[QTQQMF(Q)] + O(5,/|k])}
Io(JK|)

=1-Tr(Q'Q)? + 22U 7 {Im Tr[Q' QQ'MF (Q)]

N

— 2/k|V/561,a Tr(QTQ)% + O(5,/IK|)}. (24)

F _ X L0 F
where [M"(Q)]; = ;5 ijijﬂ and

b= M
i M3 j;

kAﬂkB$kA7kB) (25)
is the elastic forward scattering amplitude for A(i)B(i) —
A(j)B(j). We demonstrate in the Appendix that terms
dropped in Eq. (24) are higher orders in 6,/ |12| Now

consider the case where the initial states are not entangled;
specifically, Q7 = w;w;, where

=(1,0,0,...), =(1,0,0,...).  (26)

Then
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gf - Io(ll—c’DIm(Mll:I]I) - 2|]_<’|\/Eo-inel + O<5p/|]_€|)
5= =
|k[/s
= 21(|k])[610r = iner + O(8,/|k])]
o, -
=274 06,5/ RP), 27)

where we have used the optical theorem to rewrite
Im(MfmI) in terms of the total cross section oyy.
Comparing with Eq. (23), we observe that the entropy
EL is just 2P, (at the leading order); such a relation is
actually insensitive to the details of the wave packets, as
long as we stay in the plane wave limit [45].

The factor of 2 in Eq. (27) clearly comes from the fact that
the linear entropy is computed from the second power of
the density matrix. Then the computation can be directly
generalized to, e.g., the n-Tsallis entropy &,(p) =
(1 =Trp")/(n —1) where n > 2 is an integer

n o, -
Ealph) = — 73+ 06 /IkF). (28)

We have been focusing on pure initial states; now we
discuss briefly the case of mixed initial states. Let us
consider unentangled states characterized by the following
density matrix:

P =pl, ®ph, ® Py ®ppy, (29)

where p}A/B and p},, =~ are density matrices for the discrete

and momentum subsystems of the two initial particles,
respectively. Let us consider mixed states in discrete
quantum numbers, such as the spin

o, = DIl

where f; > 0, f; > 0, and Y, f; = >_; f; = 1. Suppose the
momentum  states are still pure: pipA = [ya)(wal,
phy = |lwg)(wsl, the subsystem entropy of A is

oy = S EIGE (30

€5 n = 2o([KND_fHi((0u) s + O,/ [K)].  (31)

ii

where (o,); is the total elastic cross section where the
initial discrete quantum numbers are i and i. On the other
hand, the elastic scattering probability for colliding mixed
states is

1 ) -
Pa = ﬁzfiff(del)ﬁ +0(8,°/ k)

Gol -
=25+ 03,/ k). (32

from which we see that, when the density matrix satisfies
(P}, )* « p} , the subsystem entropy can again be inter-
preted as a cross section,

2 64

Eon= g3 T OB /IKP). (33)

The condition (p) )* o p is satisfied when f; is zero or

the nonzero entries are all given by the same constant value,
f; = 1/n,, where n, counts the number of nonzero entries
in f;. The same criteria was proposed in Ref. [30], which
ensures the subsystem entropy to not decrease upon time
evolution. A realistic scenario fulfilling this criteria is the
unpolarized scattering, in which case 6, is simply the
unpolarized elastic cross section.

IV. DISCUSSIONS AND CONCLUSION

Having shown that the entanglement entropy in 2-to-2
particle scattering is given by the elastic cross section in
units of the transverse size of the wave packets, several
interesting observations follow.

Since the cross section is the effective area of collision
when particles collide, we have essentially discovered an
area law for the entanglement entropy in a two-body system.
In other examples of area laws for the entropy, the area is
often given by the boundary of a spatial region [7-12]. In
the present case it is not clear if a similar interpretation could
be given. We speculate that, perhaps, the cross section could
be viewed as the area of the spacelike surface connecting the
past and the future light cones of the two particle scattering.
On the other hand, cross section measures the probability
that a quantum mechanical process would happen, in
accordance with the thermodynamic and information-theo-
retic interpretations of the entropy as probability.

Scaling properties of cross sections, in particular the total
and elastic cross sections, with respect to the collision
energy /s, have been studied intensively for high energy
collisions many decades ago. Froissart and Martin showed
that the total cross section is bounded from the above by
log? s [42,43] in the S-matrix formalism. Cheng and Wu
argued very generally in quantum field theory that both the
total and the elastic cross sections rise when /s grows
[38,39,46], which is a somewhat surprising result because
cross sections for elementary processes at a fixed order in
perturbation always decrease with /s. However, in a high
energy scattering process there is abundant energy to create
radiations and splittings of soft and collinear particles,
which necessitates the resummation of higher order dia-
grams, akin to the soft photon resummation in quantum
electrodynamics. These effects enhance the cross section to
increase with the energy. In fact, Ref. [39] proposed a “black
disk” picture of a total absorption area of radius log s for
high energy collisions, which is similar in spirit to the wave
packet adopted in this work. The growth of the cross section
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with respect to /s has been measured over several orders of
magnitude in /s in pp and pp collisions at the Tevatron
and the Large Hadron Collider [40,41,47,48]. "Even though
many of the studies are based on hadron-hadron collisions,
it has become clear recently in the study of a multi-TeV
muon collider that radiations and splittings are also impor-
tant in high energy collisions of leptons [49-51]. Therefore,
similar considerations for cross sections for lepton-lepton
collisions should apply.

These observations lead to a “second law” of entangle-
ment entropy with respect to the CM energy +/s, in which
the area (cross section) grows with the energy and so does
the entanglement entropy. The Froissart bound now con-
strains the growth of the entropy with respect to energy. It
would be interesting to explore whether there is a holo-
graphic understanding of the relation between the entan-
glement entropy and the cross section.

Last but not least, certain other cross sections, for
instance the deep inelastic scatteringlike cross section,
can also be related to entanglement entropies correspond-
ing to different ways to construct a bipartite system in 2-to-
2 scatterings [45]. It will be interesting to see if all cross
sections can be interpreted this way.
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APPENDIX: DETAILS OF IMPLEMENTING
THE WAVE-PACKET FORMALISM

Here we detail the computations involving wave packets.
First, let us see that in general, how the universal factor

10(|1€|) appears at the leading order in the relevant compu-
tations. For example, consider P;,. in Eq. (10), which is
given by

Pinet = / WA(Pl)WB(PﬁWR(Ql)WE(%)
P1-P2:91-92

_pZ)finel(plvp%ql’CIZ)v
(A1)

x (2m)*6*(q1 + g2 — P

with

lSee, for example, Fig. 94 in Ref. [41], as well as Fig. 20.7 and
Sec. 53.5 of [48].

_p2>~7:inel(P1’p2vQI’(’I2)
T (1= Pag)T|py.i: pas i),

(27)*6*(q1 + g2 — P

- ZQ”QH QIv

llj]

(A2)

which can be expressed in terms of inelastic amplitudes
using Eq. (8). Now, without specifying the detail of the
wave packets, we require that in momentum space the wave
functions are bounded within an O(4,) radius, thus

finel(plvPZvQIvQ2)

= Finel(ka, kg, ka, kg)[1 + 0(5p/|]z|)] (A3)
can be pulled out of the integral in Eq. (A1)
Pinel - mel kAv an kA’ kB)[ + O(ép/|%|)]
X / AlPD)we(P2)wWa(g)wi(492)
P1:P2:41- 42
x (27)*6*(q1 + q2 = p1 = P2)
= Ly([k])[oiner + OB,/ IK])]. (Ad)
with
1 2
Oinel = =~ Z /dnf‘zgﬁMif.f (ka. kg {ke})
41k|\/s téiany i '
(A5)

and we arrive at Eq. (18). In general, we see in compu-

tations other wave packet integrals similar to 7, (|k|).
However, we will argue that all other integrals encountered
are higher in g, and can be neglected. (See Ref. [37] for an
argument in a similar spirit.)

Now let us consider the case of uniform wave functions
in the transverse directions of the position space.
Specifically, we define 6°(p) as in Eq. (13) and the wave
packet as in Eq. (16). The wave function is chosen in the
following spirit: We first bound the wave function strictly
inside a cube of size (26,)* in the momentum space, as
shown in Fig. 1(a). Next, we treat the transverse directions
separately compared to the z direction, as in Fig. 1(b): We
make the wave function in the z direction uniform within
the 26, sized window in the momentum space. On the other
hand, we require that the wave function is bounded and
uniform within a square of size L? in the x- and y-direction
of the position space, up to O(1/(5,L)) corrections; we
choose L > 1/4,,, with 1/, characterizing the width of the
peak along the z direction in the position space. We also set

1/(6,L) <6,/ |%| so there is a single small parameter &,/ y/?|
to expand.
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Let us first consider the general integral below

= /d351d3ﬁ2d351d35254(41 + 42— p1—p2)
X Fo(p1s P2s 415 42)8 (P1 = k)6 (B2 + k)

x 5 (G, - k)5 (G, + k).
As previously argued, we can pull F out of the integral at

the leading order (assuming F(kx, kg, ka, kg) to be non-
vanishing)

(A6)

Ty = Folkn kg, ka. kg)[1 + O((Sp/|]_é|)]
x / PP 5l 5351 — D)5 (Fa + )

x 5 (G1 = k)& (G2 + k)8 (g1 + g2 = p1 = p2). (A7)
We can first integrate out the spatial o-functions along the
p, direction, and then integrate out the energy 5-function in
the (p,). direction

5(EP1 + EPz - EP3

EkAEkB _r
(| |f+0<6/|k|>) 5((ps). o). (AS)

where the factor in front of the d-function on the right hand
side of the above can be pulled out of the integral like F,
and r is the root of (p,). in

_EP4)

V@ + &= 5+ w53+ mi
@+ md =3+ mh =0,

Then the integration we need in the (p,), direction is

(A9)

/ d(p2)3((p2). = r0)3-((p2). + 1K)

_ O(rg + [k + 8,) = ©(ro + [k = 5,)

25, ’

(A10)

which is nonvanishing within a 26, sized window if we
vary r in the above. Therefore, to get leading order effects
in ,, we need to solve ry up to linear order in J,, which

turns out to be ry = (g,), + (’)(51,2/|1_<'|2).2 Then one sees

*One can consider characterizing the size of the wave packet in
the p, direction by some 6, which is mdependent of 6. Then the
solution ry needs to be computed up to O(5,/[k|). but it will
admit an expansion of max(5 &, ). Therefore, we need to require
8, 2 6y, for our computation to still hold. In other words, 1/, is
the largest possible length scale which characterizes the spread of
the wave packet in the direction of the momentum. As 1/, < L,
the wave packet is much more compressed in the z direction
compared to the transverse directions.

that the integration of the different spatial dimensions
actually decouples.

In the transverse directions, notice that if we take
1/(8,L) = 0 in Eq. (14), we have

/dk50<k>->/°°d(kL)2ismc%L. (AL1)
oo 1

Therefore, as we are assuming &, > 1/L, at the leading
order the ®-functions as well as the normalization factor
related to Si(x) in Eq. (14) can be effectively omitted from
our computation

S<k)_§®(k+5p)—®(k—5p)£, kL
R Si(5,L/2) 2 2
L . kL
~ﬂs1n07 (A12)

The above approximation is valid up to O(1/(5,L)), and as
we would like an expansion of small 5p/\/?|, it is then

desirable to have 1/(5,L) < 6,/ |k|. The useful integral in
the transverse directions is then

for fon 0 fe

L(p s L(p2),

— §»),Jsinc 5 sinc 5

X 8[(py + pa —

L(g), . L<q2>x _ <2ﬂ>

X sinc sinc
2 2 L

(A13)

In the z direction we need

k5, k3, k+8,
[ . [ dwa). [C 7 dta),
k=5, —k—5, k=5,
—k+0, . N . . . .
X/k ; d(q2).0[(P1 + P2 — 41 — G2).16[(P2 — G2).]
%
= 45,°. (A14)
Then
7y = L b 2.7-"(k k. ka, kp)
0— 167'[ |k|\/_52 0\"A» B> *A> B
x [1+ O,/ k). (A15)

Now we can compute IO(|I_€|) from I,,. Let us plug in the
explicit form of the wave packet from Eq. (16) into 10(|l_€ b

in Eq. (19), and compare with I, in Eq. (A6), we see IO(|%|)
is given by

065004-7



IAN LOW and ZHEWEI YIN

PHYS. REV. D 113, 065004 (2026)

2127105 24(k|\/5 Now let us see concretely other types integrals involving
Folka kg, ka, kg) = (27)82E, 2E, L* (A16) the overlap of wave packets which appear in the entangle-
AT ment entropy calculation. We will show that they are higher
. 7 f .
In the end we arrive at order in &,/ |k| and can be n.eglected. For example, &, in
Eq. (24) contains the following terms:
- 1 -
Lo([K]) = 75 (1 + O/ [K]))- (A17)
2Retr(QM(Q))? - 2 Tr[Q Q'Y (Q)]. (A18)
We see clearly here that at the leading order, Io(|k|) is
exactly the inverse of the cross-sectional area of the wave
packet. where
|
()] ZQH / wa(pOws(P)wa(a0)wi(a2)(27) 6" () + a2 — p1 = p)M 3 (p1. P23 41 02)
P1:P2:91.92
1
QM- -+ O(6,/|k } Al19
- i [Z M 2+ 06,/ (A19)
[ iz, = Z / E Qj;QkJEWZ(PI)WE(Pz)WB(PUV/A(C]l)WB(%)WE(%)
ij.jkk P1:P2:P3:P4-91-:92-94 P3
x (21)°6*(p3 + pa = p1 = P2)8* (a3 + 44 — 41 — 42)
M ; (P1. P2 P3. Pa)Miyg i, (41 423 43, Q4>| (A20)

Then the first term in Eq. (A18) is O(1/(|k|L)*) <O

1/(5,L)

X F1(p1. Pas P3: Pas 41 92. 44)0° (P

Here, pj; is constrained by the on-shell condition of type-
A particles, and the integrand in the above will constrain it
into a range of radius O(6,) around k. Similar to Iy, we
pull out F, first. Then we integrate out 5°(p; + P, — p3 —
P4) in the direction of p3, and the other spatial 5-function in
the direction of g,. Next, integrating out 6(E, + E,, —
E, —E,) in the (gq,), direction, we convert it to
8[(g2 — qGa).); integrating out §(E, +E, —E, —E,)

3
in the (p,), direction, we convert it to 6[(p,

- ﬁ 2)1] .
Again, the integrals in the spatial dimensions decouple,

and upon integration we have

G=0\+4—Gs

(6,%/ k) and can be dropped. (Recall we demand

<6,/ |l;|) The second term in Eq. (A18) involves the following integral:

I, = /d3f’1d3ﬁ2d3ﬁ3d3ﬁ4d351d352d35454(41 +q2 — p3 — 44)8*(p1 + P2 — 3 — Pa)

k)53<P2 + k)53(194 + k)53( - k)53(612 + k)53(94 + k) (A21)
|
71 =F (kA9kBskAkavaskB’kB)
E, E; )2 L2
+ O(6 (# —. A22
x 11+ O(3,/1f)] 555 N (A22)
Therefore,
N 1 2
1 @y, = (=)
4|k|/sL

X

> QQuMY My o +O(8 p/IkI)l
ijjkk
(A23)
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thus the second term in Eq. (A18) is also (’)(1/(|/€|L)4) and
can be dropped. Notice that we are dropping these higher
order terms because we are taking the plane wave limit

0, — 0, instead of any weak coupling limit as in, e.g.,
Ref. [36]. Therefore, our computation is valid to all orders
in the coupling strength.
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