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From the corner proposal for quantum gravity to the area law
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We provide an explicit realization of the corner proposal for quantum gravity in the case of spherically
symmetric spacetimes in four dimensions, or equivalently, two-dimensional dilaton gravity. We construct
coherent states of the quantum corner symmetry group and compute the entanglement entropy relative to
these states. We derive the classical corner charges and relate them to operator expectation values in
coherent states. For a subset of coherent states that we call classical states, we find that the entanglement
entropy exhibits a leading term proportional to the area, recovering the Bekenstein—-Hawking area law in

the semiclassical limit.
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For more than a century, the study of symmetries and
their realizations has been one of the principal driving
forces behind developments in fundamental theoretical
physics. It is often remarked that “elementary particle
physics is the study of the representations of the
Poincaré group” [1,2], underscoring the central role played
by the symmetry group of Special Relativity in shaping our
understanding of the microworld. In a similar vein—and
with only a modest degree of exaggeration—one might say
that string theory constitutes the representation theory of
the (super-)Virasoro algebra, while loop quantum gravity
may be viewed as the representation theory of the group of
spacetime diffeomorphisms.

In all these frameworks, representation theory furnishes
the formal backbone that enables one to impose quantum
constraints associated with local spacetime symmetries.
This is achieved by systematically reducing the original
kinematical Hilbert space to the physical Hilbert space; the
space of states annihilated by the relevant constraint
operators. For decades, this procedure was regarded as
the unique and internally consistent method of realizing
gauge symmetries at the quantum level, serving as both a
guiding principle and a test of theoretical coherence in
attempts to quantize spacetime itself.

In recent years, however, a potential shift in perspective
has emerged. It has been recognized [3—7] that the algebra

“Contact author: jerzy.kowalski-glikman @uwr.edu.pl
Contact author: ludovic.varrin@ncbj.gov.pl

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2026/114(4)/046026(8)

046026-1

of Noether charges associated with diffeomorphism invari-
ance in general relativity—anchored at the boundary S of a
finite region (a codimension-2 surface)—forms the so-
called extended corner symmetry (ECS) algebra, which is
universal and takes the form,

ecs = Hiff(S) @ (81(2,R) @ R?)S. (1)

As a consequence of its universality, it is natural to
consider that the ECS algebra may play, in quantum
gravity, a role analogous to that of the Poincaré
algebra—the algebra of Noether charges associated with
spacetime symmetries of Minkowski space—in particle
physics. This is the essence of the corner proposal for
quantum gravity [6-9], which we understand as a statement
that, as the first step towards the construction of full
quantum gravity, one should understand the representation
theory of the extended corner symmetry. Once the repre-
sentation theory of the algebra (1) is understood, we can
turn to addressing questions of interest. The first, obvious
one would be to see what happens when two regions are
glued together to form a single, larger region. Conversely,
given the large region, could we split it into two sub-
regions? If so, what would be the entanglement entropy
associated with the boundary separating the two subre-
gions? These questions were posed in [5], and recently we
were able to address them in the context of the corner
proposal [10,11]. The answer we have obtained is, in a
sense, purely quantum; the quantum operators and states do
not, a priori, correspond to any (semi)classical spacetime
or metrics within them. In particular, there is a priori no
way to associate the entanglement entropy with the area of
the entangling surface, simply because in quantum gravity
the concept of area makes sense only (semi)classically.
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Since we are in possession of the representation theory,
the entanglement entropy, which is abstractly defined in
terms of a functional on the C* algebra of operators, can
now be expressed as a sum over expectation values,
Sg = >_;(I|pg log pg|I), where py is the reduced density
matrix and |/) is an appropriate set of states. In order to
relate this entanglement entropy with the area, we must use
states that admit a semiclassical interpretation. The natural
choice is to use coherent states, which by construction are
“as close to classical as possible.” To compare the resulting
entanglement entropy with the area, one has to identify a
quantum operator that serves as the counterpart of the
classical geometrical notion of area. There is a remarkable
feature of the corner proposal that such an association can
indeed be made. Indeed, the Noether charges—the phase-
space functions forming, through their Poisson brackets,
the ECS algebra (1)—are in one-to-one correspondence
with quantum operators forming the quantum counterpart
of the ECS algebra through their commutators. In this way,
given semiclassical states, we can associate the expectation
values of these operators with the geometric data carried by
the classical Noether charges of the ECS. It is the aim of
this letter to make this idea explicit in the context of
spherically symmetric spacetimes in four dimensions
or, equivalently, in two-dimensional gravity coupled to a
dilaton field.

In the recent papers [10,11] we started this research
program by investigating the representation theory of ECS
in two spacetime dimensions. In this case, the corner S
reduces to a point, and (1) simplifies considerably due to
the disappearance of the diffeomorphism part,

ecs, = (8[(2,R) @ R?). (2)
As explained in [10,11] quantization of the theory is then
realized on projective representations of the ECS, group,
which correspond to standard representations of the max-
imally centrally extended group; the quantum corner
symmetry (QCS) group,
|

P_|n, k) :ﬂn,k—l>,

P |n k) =+/clk+1)|nk+1),

k 3
n k) = <s+§+n—|—Z>

Ly

n, k),

0CS = SL(2,R) X H;. 3)

where H; is the three-dimensional Heisenberg group.
Those representations can be found through the orbit
method [12], or Mackey’s theory of induced representa-
tions [13]. They are given by tensor products of the
representations of SL(2,R) with those of H3. The special
linear elements act through the Weil representation on the
Heisenberg side. In the present work, we will use the
positive discrete series representations. In order to
describe them, we introduce the ladder basis of the
QCS; {Ly,Ly,P.,C} with the following nonvanishing
commutator,

{LO’Li] - :]ZLi, [L_,L+} — 2L0,

1
(Lo Pe]=FPL, [Lo,Pi}:iEPi,
P_.P,]=C. (4)

The QCS algebra admits two Casimir. The first one is the
central generator C, and the second one is the following
combination

C —LL—N—g LL-|-L
Qcs = | Lo{ Lo T35 L+ 716

1
+oe (L_P2 +L, P> -2LyP_P_).

(5)
The constant shift 11—6 is added to ensure that the operator is
positive semidefinite in any of the positive discrete series
representations. Note that in the limit where the central
element goes to zero, the Casimir is dominated by the
second term which is the Casimir operator of the ECS.

The positive discrete series representations can
then be expressed in the orthonormal Fock basis
{|n, k)|n, ke N} as

L_|n k) =+/n(n+2s)|ln—1,k) —I—%\/k(k— 1)|n, k—2),

L,

n.k) = \/(”+1)(2S+n+1)|n—|—1,k>+%

(k+1)(k+2)

nk+2).

The lowest weight “vacuum” state |Q) = |0,0) is annihilated by lowering both operators,

L|Q) =P_|Q) =0,

(7)
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and the representations are labeled by the parameters
¢, s € R, which are related to the QCS Casimirs

Cln, k) = c|n, k), (8)
Cch|n,k> = s2|n,k>. (9)

While the above was written for ¢ > 0, the case ¢ < 0 can
be treated analogously, with the Weil sector realized as a
highest-weight representation instead.

It should be emphasized that the vacuum state (7),
like all other |n, k) states, carries no intrinsic spacetime-
geometrical meaning. At this stage, we are dealing
solely with the algebra of operators and their discrete
representations, distinguished by the presence of a lowest-
weight state. Some states—or particular subclasses among
them—may permit a semiclassical interpretation, wherein
the expectation values of the operators acquire a corre-
spondence with classical spacetime quantities. In general,
however, these states do not represent any spacetime
geometry.

We call quantum corner states those states that can be
expressed as a linear combination of the Fock basis states.
In order to describe a glued corner—the entangling
surface between two subregions—we perform the gluing
procedure first described in [10]. We begin with two
separate corners, each described by a single state in the
QCS representation, and construct their tensor product.
The identification of these two corners is then imposed by
requiring that the quantum charges take the same values
when acting on either the left or the right of the tensor
product. Since the underlying algebra is non-Abelian, the
strongest condition that can be imposed without annihi-
lating the state altogether is the equality of the charges
belonging to the maximally commuting subalgebra. In
order to explicitly construct the glued states, we introduce
a basis of (dimensionful) Hermitian operators, which will
later play a role in the identification with the correspond-
ing classical charges,

H:h<L0—%(L++L_)>,

D :%(L+ -L).

K = h(Lo +%(L+ +L_)>,
X = \/g(m +P_),
P=iy/=(P.-P_). (10)

Since our aim here is to extract semiclassical infor-
mation from quantum corners, we now turn to the

construction of an appropriate class of states that
approximate a semiclassical geometry as closely as a
quantum state can. In standard quantum mechanics, it is
well-known that the Glauber coherent states parametrize
the classical phase space (the x and p) [14] (for review
see [15]). It is possible to define a generalization of this
property for arbitrary Lie group G. For a group G with a
unitary irreducible representation D on a Hilbert space
‘H, such generalized coherent states are called Perelomov
coherent states. They are the “most classical” in the
sense that their parameters serve as coordinates on the
coadjoint orbits.

In the case of the QCS algebra, the construction of
Perelomov coherent states proceeds as follows. We first
pick a fiducial state |y) € H, which in our case is naturally
chosen to be the vacuum |Q). The QCS coherent state are
then defined as

£.a) = D(@)S(Q)[Q) = e ekl ) (11)

where, denoting ¢ = re',

c; = tanh™(r)e ™. (12)

This particular parametrization is a choice of coordinates
{,a€C. Any other parametrization would only alter the
phase of the coherent state.

As shown in [12], for the positive discrete series, the
complex ¢ coordinates should lie in the unit disk |{] < 1.
Moreover the coherent state (11) decomposes into a
product of a SL(2, R) Perelomov coherent state [16] and
a squeezed Glauber coherent state [17,18],

{.a)=10) ® |ag). (13)

The properties of the coherent states |{,a) have
been discussed in details in [11]. A particularly interesting
class of states is given by what we call classical states
defined by

CC:EC:_S' (14)

As we will see later, these states are the one that reproduce
the area law through their entanglement entropy. While it
would be of interest to better understand the nature of these
states, the present work simply aims to show that the area
law can be seen as emerging from the entanglement entropy
of underlying quantum states. We will therefore restrict our
attention to them in what follows and leave a detailed
discussion of the nature of these classical states to
future work.

In the basis |E) of states that diagonalize the H operator
the classical states are
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1C)ets = / ® y(B)E)

with
{ = —tanhs. (16)

The explicit form of the squeezed Glauber coherent state
), with squeezing parameter c;, in the basis of |p) states
that diagonalizes the P operator can be found in [11].

In the large representation-parameter s limit, the entan-
glement entropy of such classical states gives [11]

1
S~ 35 +=In(s),

3 s> 1. (17)

It is the linear dependence of entanglement entropy on s in
the large s limit that makes these states special. As we will
soon see, this is directly related to the area scaling as an
entropy in the semiclassical regime. It should be empha-
sized that the entanglement entropy in (17) is not the
entanglement entropy of a quantum field on a fixed
gravitational background, as introduced in the seminal
works [19,20]. Rather, it is an entanglement entropy arising
from quantum gravity itself.

Before turning to the area-entropy relation, let us first
consider the classical aspect of the problem; namely, the
expression of corner charges in terms of the metric
components for four-dimensional spherically symmetric
spacetimes. To connect with the framework developed in
our previous works [10,11], we begin by performing a
dimensional reduction from four to two dimensions and
then compute the corresponding charges. It is straightfor-
ward to verify the one-to-one correspondence between the
charges and their algebras in the theory dimensionally
reduced to two dimensions and those of spherically
symmetric configurations in four dimensions.

We start with the Finstein-Hilbert action in a four-
dimensional spacetime M (we work in units where ¢ = 1),

1
=— /=gd*xR,. 1
SEn l67rGA4 gad XXy (8)
|

- )

1-gP

) [Ce e[ L (e 09

In the case of spherically symmetric manifold M, the metric
can be written as

ds? = g,pdxdxb + p(x*)2dQ3, (19)

where a, b =0, 1, dQ?g is the metric on the two sphere and
p is a scalar field that only depends on the coordinates
(x%, x1). In order to compute the Ricci scalar of the above
metric, we rewrite it

a2 = 2 (B graqnd 4+ 12002 20
s =2 ?gab x° + s | (20)

where L is a length scale needed for dimensional reasons.
The Manifold M is therefore conformally equivalent to a

product manifold M, x S,

d3? = §,,dxdx? + L2dQ3, (21)
with
_ L?
Yab = ~75 YGab- (22)
P

The Ricci scalar R, of the spherically symmetric geometry
and the Ricci scalar R, of the conformally related geometry
are connected through the standard conformal transforma-
tion formula,

Ry = L2 (p~*Ry — 6p=°Lp). (23)
Furthermore, the curvature of the conformal geometry is

simply the sum of the curvature of the two-dimensional
manifold M, and the one of the sphere,

2
Ry=Ry+ 5. (24)

This allows us to write the action (18) as

1 ~
d*xy/— R — 6p1
Sen = 161 GL2 x { ( 2+ ) 6p P]
- 2 ~
E dzx\/ [ <R2 +L2> —6,0Dp}
~ 2
— d2 Ry +— 60,p0°p| —— dx 3240, (p 25
4G xy/— [ <2+L2>+ P ] 4GA o/ =970, (p (25)
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In order to connect the above action to two-dimensional
dilaton theories, we define the dimensionless field,

o=L__" (26)

where [p = /Gh is the Planck length. Using this new field,
the action reads

- ® 39,000
= 2x\/—G| DRy +2— + =4
SEH fl/hzdx g( 2+ L2+2 ) >

~3h / dZ,\/=55"0,D. (27)
oM,

We can now perform a final conformal transformation on
the two-dimensional metric,

g =0, (28)

to get the final action
2. /=~ 7 a2
SEH:fl d=x —q (I)R2+(I) 2—2
i, L
3 2 nab
—=h dZ,\/ =55 0,®. (29)
2 Joir,

This proves the dynamical equivalence between spherically
symmetric Einstein-Hilbert theory in four-dimensions and a
two-dimensional dilaton gravity model with a O poten-
tial. In this work, the boundary M, is a null hypersurface
defined by the level set ® = const. Its null normal is
k* = Ve®, with k“k, = 0. Since the normal k* enters both
the integrand and the surface element d¥,, the correspond-
ing boundary contribution vanishes on a null hypersurface.
We will thus discard it for the rest of this work. Finally we
write the dictionary between the original four-dimensional
metric (19) and the fields in the action (27),
_r

43
. pL?
Yab = (41%))3/2 Yab-

@
(30)

We are now ready to compute the charges of the
dimensionally reduced theory. We follow the extended
phase space formalism of [21]. For convenience, we
temporarily work in units where # = 1 and comment on
how to restore 7 at the end. Varying the bulk action yields
the following equations of motion,

~ 1 A oA
<D<I> - ﬁ> Jap = V(Vip @ =0, (31)

[N

PO O

and the following symplectic potential current,
ok — oVPg , — 6, VP, (33)
where
Oub = 8Gab = Jab T80 ca- (34)

The contraction of the symplectic potential with a field
space vector gives

e - 3
I~ Vs (40V0 1+ @VPe) + Sotien (35)

Denoting the bulk Lagrangian density by Ly, the Noether
current is given by [22]

Jg — Ifggulk - éa’cbulk' (36)
We can thus write
J4AV, 08, (37)
with
Q¢ = 4¢PV + oV, (38)

Finally, the Noether charge is given by

€bc
= (éa (4917(100(1) + q)abgac) + q)gacabéa) ’
2§ oS

Hy =
(39)

where €%’ is the Levi-Civita symbol and we used the fact
that the connection is torsion free. We note that the charges
(39) were obtained after discarding boundary Lagrangian
contributions, both in the four-dimensional theory and in its
dimensionally reduced version. Although these charges
satisfy Hamilton’s equations for arbitrary diffeomorphisms
within the extended phase space formalism [21], they are
not invariant under the ambiguity transformations of the
symplectic structure in the covariant phase space (see, e.g.,
[23] for a modern review). In the present work, we
nevertheless adopt this choice of charges as a convenient
arena to illustrate how the area law emerges within the
corner proposal. While a systematic treatment of boundary
terms and the construction of ambiguity-free charges is
deferred to future work, we will show later that the
ambiguities do not change the conclusion of this paper.
The corner is a single point dS = pg, we denote the
coordinates of the corner point as ¢(pg) = x“. We can then
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expand the fields and diffeomomrphisms around this point
at first order,

= o+ (e — 3°), (40)
®(x) = ®(X) + 9,D(x)(x* — )
= () + L (x — 5, (41)
£9(x) = E9(F) + 0,£(%) (x* — )
= 5?0) + fl(ll)b(xb - x). (42)
The charge can then be written,
H: = &) ta + fﬁl)bNZ, (43)
where, reinstating the explicit value of # we get
= (4ah0l’ +@all,).  (@4)
a zm ba <€ (0)Fach ) >
N—h 9o (45)
‘ 2y/-50 ()

The seemingly unusual appearance of 7 in the formulas
above stems from the definition of @ in (26), which
explicitly involves 7.

In terms of the Poisson bracket of the charges z,
generates the commuting normal translations R?, whereas
the traceless N’ generates the special linear group
SL(2,R). Using the dictionary (30), we can write the
charges in terms of the four-dimensional data,

bc

¢ O (1) PO 1) 0 ()
t,=—F—=12 c — ac s
G g | e OP +4 (Ph ac +P(0)9ach)
(46)
€bc p%o) 0
Nb = 7 [(,l(,) 47
= 5 8G° (47)

Let us also note that the translation charges have dimension
of energy while the special linear charge have dimension of
energy multiplied by length,
t)=E. [N} =EL. (48)

After these preliminaries, we can now turn to the main
issue we wish to address; namely, the relation between
(entanglement) entropy and area. Here we encounter a
significant obstacle. Unlike in quantum field theory [19,20],
where the geometry is fixed and the notion of area is

well-defined, in quantum gravity the area itself becomes a
quantum gravitational observable. Consequently, comparing
the entanglement entropy (17) computed for the classical
coherent state in Egs. (13) and (15), with the horizon area—
understood as a function(al) of the spacetime metric—is, in
general, meaningful only in the semiclassical limit.

To associate the classical value of the area with the
quantum representation theory of the QCS, we will make
use of the fact that the QCS coherent states (11) realize an
embedding of the coadjoint orbits in the projective Hilbert
space. That is, the parameters {, a can be understood as
coordinates on the coadjoint orbits of the QCS.
Additionally, the expectation value of the operator in a
coherent state provides a quantum moment map [24],

Wo: qes — (I,

Vi g V) = (CarVIC ar),  (49)
where I' is the classical phase space—the coadjoint orbit
—V is the quantum operator associated with the Lie
algebra generator, and the expectation value is understood
as a function on the coadjoint orbits. On the other hand, the
Noether charges of the covariant phase space provides a
classical moment map,

u©ecs — C2(I),

Vi V) = H,. (50)
where &, is a diffeomorphism of the type (42) that is
associated with a generator V € ec8 in such a way that

[\fv,’fvz]ue = f[v,,vz]’ (51)
and H;, is the associated Noether charge (43). The
connection between the quantum and classical data is
made by simply identifying those two moment maps
u@ = u(©) This identification is justified by the fact that
the coherent states provide a Kéhler embedding of the
coadjoint orbits into the projective Hilbert space. A detailed
derivation and discussion of this identification is given
in [24]."

Let us now move to the description of spherically
symmetric static spacetimes (SSS). We consider the SSS
in Kruskal-type null coordinates (U, V, @, ¢) such that the
two-dimensional metric can be written

'More precisely, quantum moment maps live on the qc8, while
classical moment maps live on the ecd. One can therefore relate
the former to the twisted moment maps on the ec3, and recover
the classical theory by sending the central extension to zero (see
the companion paper [24] for more details). In the present work,
however, the central charge cancels in all quantities of interest, so
this step is entirely trivial.
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PERAC)
KUV

duav, (52)

where f(p) is a function whose largest root defines the
horizon f(p,) = 0, and k = 1 f'(p,) is the surface gravity.
We take the spacetime subregion as the exterior of the black
hole and we define our symplectic structure at a constant
(Schwarzschild) time slice. The corner—the intersection
between the boundary of the subregion and the constant
time slice—is the bifurcating 2-sphere U = V = 0, which
allows to identify the null coordinates with the coordinates
in the expansion (42). From Egs. (47) and (52), it is easy to
see that the only nonvanishing SL(2, R) charge is the one
associated with the boost,

Shoost = (VaV - UaU)' (53)

N =

The boost is in the hyperbolic conjugacy class of the special
linear transformation and as such, must be associated with
an hyperbolic generator in the abstract Lie algebra. Using
the equivariance condition (51) further imposes the iden-
tification with the D generator in (10) &0 = Ep. We
obtain

P}
H, =" 54

This is an expression of the famous relationship between
the boost Noether charge and the area of the bifurcating
horizon [3,25,26].

Let us now quickly discuss the issue of ambiguities.
Since our theory is defined by a bulk and boundary
Lagrangian, the remaining ambiguity is characterized by
a spacetime function that is linear in the field variations,
i.e., a field space one form f(5®,8g). The shift in the
Noether charge is then given by

Since the boost vector field (53) is Killing on the bifurcat-
ing surface, we get

for any ambiguity term f. While the other charges may
shift, we will see shortly that the identification of the boost
charge (54) with the area of the bifurcating surface is the
only classical input needed to realize the area law through
the entanglement entropy.

To connect with the quantum formalism, we need to find
a particular coherent state for which the expectation values
of the SL(2, R) generators reproduce the structure of the
classical charges. That is

(D)¢q, = He,, (57)

(H) g, = (K) gy, = 0. (58)

Cag Cag

The physical interpretation is the following. Whereas the
coadjoint orbits describe the phase space of the classical
theory, points on the coadjoint orbit describe particular
solutions. The solution to equations (57) and (58) in terms
of a, { are then answer to the question. Which points in the
coadjoint orbits can correspond to the SSS solution? A
lengthy but otherwise straightforward computation shows
that one may use the second condition, (58), to solve for «
(and the constant ¢) as functions of {. Substituting these
expressions back into (57), the remaining constraint col-
lapses to the remarkably simple relation,

4 2
ng = n(4s +3). (59)
P

We see that the classical limit in which the area of the
horizon is much bigger than the Planck area corresponds to
large values of the representation parameter s. This an
expected behavior of quantization via coherent states such
as Berezin quantization (see the companion paper [24] for
more details).

As we noted earlier, the ambiguity in the symplectic
structure does not affect the association (59), provided we
can find a coherent state that satisfies equality (58) with the
ambiguity modified charges. We emphasize that this is true
only at the bifurcating surface under consideration here.
The relationship between the ambiguity and the matching
of equations (57) and (58) deserves further study.

The identification (59) is independent of the particular
value of r = |{|. In particular, we may choose the classical
state (15). When the system is in this state, the entangle-
ment entropy between the spacetime regions inside and
outside the horizon exhibits an area law in the semiclassical
regime (17),

A 1 (/A
Sy~ () 4., 60
o 4l?,+2n(4lf,>+ (60)

where the dots denote terms subleading at large area (i.e.,
higher order in the inverse area in Planck units). Moreover,
the leading correction is logarithmic as is expected from a
quantum gravity theory. As was already pointed out in [11],
the coefficient in front of the quantum corrections is
universal.

In this paper, we have provided an explicit realization of
the corner proposal in the setting of four-dimensional spheri-
cally symmetric static spacetimes, establishing a direct
connection between the representation theory of the QCS
introduced and discussed in [10,11] and the classical
geometrical notion of area. By performing the dimensional
reduction of the four-dimensional Einstein-Hilbert action to
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a two-dimensional dilaton gravity model, we derived the
classical corner charges and demonstrated that their algebra
reproduces the semiclassical limit of the QCS algebra. The
use of Perelomov coherent states as “most classical” quan-
tum states enabled us to relate expectation values of operators
to classical geometric quantities.

We have shown that the entanglement entropy of such
classical coherent states obeys the characteristic area
scaling in the large-representation-parameter limit, repro-
ducing the Bekenstein-Hawking form thereby recovering
the area law from the representation theory of quantum
corners. This result provides concrete support for the corner
proposal, which is proven to be a framework capable of
reproducing the semiclassical structure of gravity directly
from the quantum algebra of boundary observables. Future
investigations will aim at understanding the gluing of
multiple quantum corners and the role of the central term
in encoding subleading quantum corrections to the entropy-
area relation.
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