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Burgers equation for the bulk viscous pressure of quark matter
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The dissipative properties of relativistic strongly interacting nuclear matter significantly influence the
damping of stellar oscillations and density fluctuations during compact star mergers. In this work, we
derive the evolution equation for the bulk viscous pressure in unpaired quark matter under small deviations
from equilibrium. Our analysis reveals that it behaves like a two-component Burgers fluid. We identify four
key transport coefficients—two relaxation times and two bulk viscosity coefficients—expressed in terms of
equilibrium parameters and electroweak nonleptonic and semileptonic decay rates. The transport
coefficients are evaluated for two distinct equations of state: one based on perturbative quantum
chromodynamics and the other on a modified MIT bag model, valid in different density regimes. We
also determine the temperature and density region where nonleptonic electroweak processes dominate the
dissipation. Our formulation establishes a new way of describing bulk viscous effects in quark matter,
applicable for numerical simulations of compact star mergers.
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I. INTRODUCTION

Quantum chromodynamics (QCD), the fundamental
theory describing strong nuclear interactions, predicts the
existence of exotic phases of matter under extreme con-
ditions [1-3]. In particular, at the high densities anticipated
in the cores of compact stars quarks may become decon-
fined. There are many methods of detecting these novel
forms of matter [4]. While the equation of state (EOS) of
dense matter constrains the mass-to-radius ratio of compact
objects, out-of-equilibrium phenomena may give the key to
understanding their dynamical behavior. With recent and
future advances in gravitational-wave astronomy [5-8],
both the EOS and the transport properties of dense matter
will be constrained more stringently beyond what is
possible through electromagnetic observations alone. It
is then important to deepen our understanding of the
distinctive signatures of the quark matter phases in these
compact star scenarios, and also provide suitable methods
for their study.
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In this article we focus on the bulk viscous effects of
unpaired quark matter, that is, with the dissipation arising
from compression and rarefaction. These effects play a
crucial role in damping the rapid oscillations that follow the
merger of compact stars [9—11], as well as various stellar
oscillation modes in isolated stars [12,13], both of which
could influence gravitational wave signals [14]. Previous
studies have computed bulk viscosity coefficients for
different hadronic [15-20] and quark matter phases
[21-25] (see [26] for a review and a more complete set
of references), typically as functions of the oscillation
frequency, allowing quick estimates of energy dissipation.
However, such formulations are not readily implementable
in numerical simulations of the relativistic hydrodynamics
associated with the relevant astrophysical settings. Only
recently have efforts begun to incorporate bulk viscous
dissipation into simulations of neutron star mergers, typ-
ically assuming that the bulk viscous stress tensor satisfies
an Israel-Stewart (IS) equation [27-34]. This second-order
hydrodynamic framework introduces a relaxation time, an
additional transport coefficient, in addition to the bulk
viscosity itself, ensuring the causal propagation of hydro-
dynamical perturbations, in contrast to standard first-order
formulations.

In this work we show that the bulk viscous pressure in
unpaired quark matter evolves according to a Burgers-type
equation, also used in viscoelastic media [35]. In [36],
Gavassino has shown that the bulk pressure of systems with
three independent chemical potentials and two distinct
reaction rates, such as hadronic matter composed of
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neutrons, protons, electrons and muons, also follows
Burgers-type evolution. While quark matter does not fulfill
the above mentioned conditions, in this article we show that
its bulk viscous pressure is also governed by a Burgers
equation. Only in certain temperature and density regimes
does it reduce to the more familiar IS form. We compute the
full set of second-order transport coefficients entering the
Burgers equation, conveniently expressed in terms of two
partial bulk viscosity coefficients and two relaxation times.
Although our formulation is general, we explicitly evaluate
these transport coefficients for two distinct quark matter
EOSs at finite densities, temperatures, and for a finite
strange quark mass: one derived from perturbative QCD
(pQCD), applicable at very high densities [37-42], and
another based on a modified MIT bag model [43,44], more
suitable for lower densities. Our approach provides a
versatile framework that can accommodate more accurate
EOS models or updated reaction rates as they become
available, and can provide the proper description of the
limiting IS case as well.

We use metric conventions (+, —, —, —) and natural units
kg = h = ¢ = 1 throughout, unless otherwise stated.

II. SETUP

For definiteness let us consider a situation relevant to the
astrophysical settings. We take into account the presence of
five species of particles: massless u, d quarks, massive s
quarks, massless electrons e, each with a chemical potential
Ui, as well as neutrinos v. After a disturbance, the chemical
(beta) equilibrium is achieved by W-boson-mediated
electroweak processes, namely,

u+d<u-+s,
Uute—d+v, d— u-+te+r,
ute—s+u, s—u+e+u. (1)

Of these, the first one is the only nonleptonic process,
whereas the remaining four are semileptonic. We assume
that neutrinos remain untrapped [45], restricting to temper-
atures below 10 MeV, ignoring neutrino chemical poten-
tials. The flavor-changing processes above lead to two
linearly independent chemical potentials which character-
ize deviation from equilibrium. We define

W= Py —fgs o =y — g F e (2)

noting that the chemical potential that characterizes the
reaction u+e <> s+v 1S p, —ps +p, =y —p;. In
terms of these two chemical potentials, we can write the
linearized reaction rates,

Fs+u—>d+u - Fd+u—>s+u = ﬂl’lla
- Fu-ﬁ-e—»d-&—z/ﬁ = _/"2/127
=T = (uy — p1)43. (3)

Fd—>u+e+z7€
r

s—ute+v, u+e—s+v,

The transport properties will also depend on (the partial
derivatives of) the equilibrium pressure p, specifically on
the particle number densities n, and susceptibilities y,;,
defined as

dp oan, ’p
ng2=——, == )
“Tou, T oy oaom,

a,bef{u.d,s.e}. (4)

As we will linearize our equations in y;, y,, susceptibilities
and densities are always taken to be evaluated in equilib-
rium, with the chemical potentials subject to two additional
beta-equilibrium constraints, u, = u,; =y, + p.. In addi-
tion to constraints arising from the reactions, the chemical
potentials have to fulfill the requirement of charge neutral-
ity, which is most conveniently written down as ny =
(2n, —ng—ny)/3 —n, =0.

III. BURGERS EQUATION

In order to study the out-of-equilibrium evolution of
quark matter, we write down equations for the bulk scalar
I = ppon-eq — P> measuring the difference of the nonequi-
librium and equilibrium pressures, as well as the fluid
velocity u* and 9 = d,u”. In the system we consider,

= ny (6/'41,: + 5”6 - 5:“\)

1
+ ny(8pq — Suy) + ny <5ﬂs - 3%) (5)

where op, measures the deviation of the chemical potential
of the particle a with respect to its equilibrium value, and
n,=n, +ng+ng is the quark density. Constraints of
charge neutrality and conservation of baryon number have
to be imposed [see Eqs. (B2), (B3) of Appendix B] to
express Il in terms of the algebraically independent
chemical potentials i, p,. This amounts to writing the
chemical potentials appearing in Eq. (5) in terms of y, u,,
densities n,, and (inverse) susceptibilities ;(i_bl). As a
consequence of the constraints, the equilibrium system is
characterized by a single free chemical potential which we
choose to be pg.

We follow the logic of [36], adapting the notation and
derivation for our purposes. To obtain a differential
equation for the chemical potentials, we generalize the
equations found in the supplemental material of [24] to
nonoscillatory deformations of the fluid. That is, we start
from the evolution equations of the different particle
fractions, and after linearizing them around equilibrium,
we find that the chemical potentials fulfill the system of
differential equations
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D ur = [MAj]; — [MX]pn,9, re{l.2,s.e}, (6
where D, = u,d" is the convective derivative, and the
indices {u,d, s, e} refer to the particle species, whereas
{1,2} refer to combinations corresponding to u;, K
defined above. The matrix M contains elements of the
inverse susceptibility matrix, and 4 is a matrix of the rates of
the weak reactions, explicitly

(M) = (). (7)
=0 =0 (8)
=0+ DS = s 9)
b —ho—Is
r= —/11/11— X 2 10)
b —da—hy

Lastly, X = (n,,ng,n, — n, —ng,n, —n,/3)/n, is a vec-
tor of the (equilibrium) particle fractions and i = (uy, ).
Using the above quantities as well as M, the reduction of M
into its first two rows, we now define a two-by-two matrix
T, and a two-component vector b:

T-'=-M\,  b=n,TMX. (11)
We now readily find that
(idy + 7D, = —9b. (12)

Here, id, is the two-by-two identity matrix. By taking the
second convective derivative of this equation, noting that
the convective derivatives of equilibrium quantities vanish,
multiplying the equation by det(7)7 !, and using the
identity Tr(7 )id, — det(7)7 ~! = 7, valid for any non-
singular two-by-two matrix, we obtain

det(T) D2+ Tr(T)D i+ =—9 — (D,8)det(T)T~'b.
(13)

If we now write 7, for the eigenvalues of 7, define
(I}, 1,) =10 via IT =TIy, + u,, and contract (13)
with it, we get the Burgers equation valid for our system:

7,0 DX+ (z,. +7_)D,JI+ 1 = =(9 —¢D,Y9, (14)

with transport coefficients

"The matrix is well defined for reasonable EOSs as long as the
reaction rates are all nonzero; this is discussed in more detail
in [36].

¢ =(ILb), E=1,0 (I, T7'b), (15)
where (—, —) denotes the (here, two-dimensional) scalar
product. In Eq. (15) the coefficients I1* can be explicitly
solved after taking into account the constraints of electrical
neutrality and baryon number conservation. The explicit
but rather cumbersome forms of the bulk scalar and the
transport coefficients can be found in Appendix C.

The four quantities {z,,7_,{, &} characterize the sys-
tem. However, their interplay is somewhat subtle. A more
quantitative account can be obtained by examining the
corresponding Green’s function. As [36] points out, the
Green’s function of the Burgers equation in the fluid rest
frame reads, as a function of time ¢,

Gi<r>sf—ieﬁ<r>e-1/fa (16)

G(t)=G. (1) +G_(1),

where @y is the step function, and we have defined the
partial viscosities,

S I A

(17)

T_—1T,

We will find it more useful to use {z,{,,7_,{_}. Further,
while the above derivation is not formally valid when 7 is
singular, in the limit where one of the relaxation times is
very large, 7, — oo, one finds that the hydrodynamical
equation reduces to 7D, I1 +IT = —{_9 and the IS limit
is recovered. In particular, this occurs if one neglects the
semileptonic processes, as when 1,, 13 — 0, then 7_ — 0.
Otherwise, all three rates enter into the expressions of the
two relaxation times and viscosities.

IV. RESULTS

We apply the formulas derived above to two specific
EOSs, with different applicabilities. We consider a modi-
fied bag model at intermediate  densities
(uy = 400-600 MeV) and perturbative QCD (pQCD) at
high densities (u,; = 850 MeV), both at finite but small
temperatures. For reference, for the range of temperatures
we cover, below 7 <10 MeV, the lower bound
of the applicability range corresponds approximately to
ng~3.6ng, and ng~37ny,—38ng, where
0.16 fm™ is the value of the nuclear saturation density,
for the bag model and pQCD, respectively.

In addition to fixing the strong dynamics, we must fix the
electroweak rates ;. These are presently known only in a
leading-order expansion in the limit of small temperature
and strange quark mass (i.e., with the quark chemical
potentials as the dominant scales). Making such an
assumption, we have [45-52]

Ny R

64
/11 ~ y GIZ;SiHZGCCOSZGCﬂgTZ, (18)
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FIG. 1. The relaxation times 7z in seconds, for the bag model

and pQCD at p; = 400 and 850 MeV, respectively. We have
marked the millisecond scale, relevant for mergers or stellar
oscillation modes, and shown the uncertainty bands obtained by
varying the renormalization scale in pQCD.

7
Ao @ G%COS2®casﬂdﬂuﬂeT4’ (19)
17 2.+ 2 24
/13 ~ mGFSIH GCMSmST ’ (20)

where Gg~ 1.166 x 107 GeV~? is the Fermi coupling
constant, ©¢ ~ 13.02° is the Cabibbo angle, a, is the strong
fine-structure constant, and m, is the strange quark mass,
my(A =2 GeV) %94 MeV [53], evaluated at a fixed
renormalization scale A and evolved according to the
renormalization group equations. Notably, the only rate
scaling with a fifth power of the quark chemical potentials
is 4;, with the semileptonic processes remaining formally
subdominant—nevertheless, we do not neglect them as
they turn out to be crucial for understanding the bulk
viscosity {_. We emphasize that in the expression for the
rates the values for mg and a; must be replaced by their
model counterparts in the bag model. In the figures shown
in the main text, we have always fixed m; to its bare value
and set the bag model coupling a, ~ 1-2a,/7 [54] to
as = 0.7. We discuss the parameter dependence in more
detail in Appendix B.

The predictions we obtain appear qualitatively unified,
with a caveat for the coefficient 7_ obtained in the bag
model at high densities. In Fig. 1, we see the relaxation
times 7. For both EOSs 7, is linear in 7 on a log-log
scale, while z_ is piecewise linear with an inflection point
tempering its slope at an O(MeV)-scale temperature.
There is a qualitative difference here present between
the bag model and pQCD, with the pQCD values for 7_
saturating to a nearly density-independent form above 7.
Meanwhile, the 7_ remains strongly density dependent
and attains much smaller values in the bag model,
becoming nearly equal to 7, past the inflection point.

(11 = 850 MeV; pQCD) T
(

10% Gt (pa =850 MeV; pQCD),
—_— C7
””” Cr
..... c

(g = 400 MeV; Bag)
1ta = 400 MeV; Bag)

LN B L B B S B B/ L

0.001 0.010 0.100 1 10
T [MeV]

FIG. 2. The bulk viscosity components ¢, for the bag model
and pQCD at u,; = 400 and 850 MeV, respectively. Values of the
bulk viscosity are given in CGS units. The uncertainty bands
describe the dependence on the renormalization scale in pQCD.

We believe that this is in large part due to the form
of the rates, where the (constant) effective coupling is
used for the bag model, while the standard running
coupling is used for pQCD. Thus, at larger temperatures,
particularly in combination with relatively large densities,
the coupling-dependent 4, is overestimated in the bag
model.

The bulk viscosities ¢, behave similarly (see Fig. 2), but
{_ saturates to a nearly constant value and, starting at
approximately 7 = 0.1 MeV, ¢, overtakes {_. The pQCD
error bands, obtained by varying the renormalization scale
(see Appendix B for details), are sizable for {_ before the
inflection point, and considerably more modest for all other
quantities.

The Green’s functions encode the effects of the transport
coefficients in nontrivial ways. In practice, at a fixed
density and time 7, the system will start with G_(#)
dominating over G_(¢'), and as the fluid heats up, the
picture rapidly flips, with G_(t) crossing over G, (') and
becoming the dominant contribution. We denote the tem-
perature where this happens, i.e., where G (') = G_(7'),
as T At extremely high temperatures, beyond those
considered here, neutrinos are trapped, and the behavior of
the system is further complicated.

Furthermore, we find that G, is well approximated
by the nonleptonic limit of 4,,1; < 4;, but G_ admits
no simple approximation. Thus, we find that bulk viscous
effects in quark matter require taking into account
both channels above T, and are well approximated
by a single-component fluid, ignoring the semileptonic
processes, below T, With a narrow intermediate
region.

We also note that these temperatures are of relevance for
physical neutron star mergers. In merger simulations, the
relevant timescales are of millisecond order [10,11]. In
Fig. 3, we show the crossing temperature as a function of
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FIG. 3. The approximate crossing temperature 7', at which

the two Green’s functions G, coincide as a function of baryon
density ng. Only the central value of the renormalization scale is
shown for pQCD. The band represents the timescales
t=10"*...10"2s, with the thick line corresponding to the
millisecond scale. For T <« T, dissipation is dominated by
the nonleptonic processes.

the baryon density,” with a band whose width is determined
by the relevant timescales, here taken to be from 10 to
1072 s for illustrative purposes. The region below the band
corresponds to the nonleptonic regime dominated by G,
the region above it corresponds to the regime dominated by
G_, and the band to the region where either or both
components G, can be relevant.

V. DISCUSSION

Simple relativistic hydrodynamic formulations of vis-
cous effects suffer from significant shortcomings, including
acausal signal propagation and inherent instabilities. These
issues were addressed long ago through the development of
a more advanced framework, incorporating second-order
gradients of hydrodynamic variables. In second-order
hydrodynamics, the dissipative component of the stress-
energy tensor is elevated to the status of an independent
dynamical variable, alleviating the problems of first-order
hydrodynamics. In this work, we have derived an evolution
equation for the bulk viscous pressure in unpaired quark
matter, to be incorporated in second-order hydrodynamical
formulations. While bulk viscous dissipation in the simu-
lation of mergers of neutron stars has been studied with an
IS evolution equation [10,11], we have shown that unpaired
quark matter is more accurately described with a Burgers
equation. It would be very interesting to extend our
formulation to other quark matter phases [55-58].

After using two different EOSs, valid for either very
large or moderate densities, we delineate the temperature

To be specific, as we have finite resolution due to the
numerics required to solve u,, we find for each density the
temperature minimizing 1 — G (#)/G_(1).

and density regimes where the nonleptonic electroweak
processes dominate the dissipation, in timescales that may
be relevant for mergers, and could influence the damping of
oscillation modes in the star. Let us recall here that in these
events the effect associated to the shear viscosity [59],
dominated by the quark-quark scattering mediated by one-
gluon exchange, is negligible [14] in the temperature
regime we considered.

Finally, let us comment that while the Burgers equa-
tion (14) describes the close-to-chemical-equilibrium evo-
lution of quark matter, the same effects could be described
by taking into account the individual evolution of the
densities of the quarks and electrons, after imposing the
constraints of charge neutrality and baryon number con-
servation in their evolution. However, our proposed for-
mulation is considerably simpler and will be of great use in
analytical models and could facilitate numerical studies of
both stellar oscillation modes and mergers of quark or
hybrid stars. In the future, the treatment found here could
also be further extended by considering the variety of
superconducting phases found in dense matter.
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APPENDIX A: FREQUENCY-DEPENDENT BULK
VISCOSITY

From the Burgers equation, one can recover the same
value of the frequency-dependent bulk viscosities as found
using first-order hydrodynamics. One simply has to assume
that the time dependence of the bulk viscous pressure is
harmonic IT « e’ After solving the Burgers equation, and
computing the bulk viscosity as (.(@w) = —Rell/d, one
finds

K| + Kyw?

() (A1)

:—,
K3 + Kq0* + o*

with the following identifications:
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1 K
= ) —= +c¢_,
K3 (T+T_)2 K3 €+ é’
K—“zﬁ—l—r%, &:C+Ta—|—§_ri. (A2)
K3 K3

We have checked that with the values of the second-order
coefficients found in this manuscript we reproduce the
frequency-dependent bulk viscosity computed in [25).°
One can even use the above relations to obtain the
associated Burgers equation fulfilled by any system that
has a frequency-dependent bulk viscosity with the same
dependence as in Eq. (Al).

When 7_ — o0, the frequency-dependent viscosity
reduces to

Cr

o+ 13

Z.:ﬁ:ff(a)) - (A3)

This frequency-dependent bulk viscosity can be recovered
from the IS equation 7, D IT+ 11 = = 9.

APPENDIX B: DETAILS OF CONSTRAINTS AND
THE EQUATIONS OF STATE

As we explain in the main text, linearizing quantities in
deviations of chemical potentials Sy, from their equilib-
rium values leads to formulas dependent only on equilib-
rium susceptibilities and densities. To evaluate them, we
enforce beta-equilibrium constraints of p; = p; = p, + U.
as well as a charge neutrality constraint ny =
(2n, —ng—ny)/3 —n, = 0. These three constraints leave
us with only a single free equilibrium chemical potential
used to characterize quark matter close to equilibrium. In
practice, we choose this to be the d-quark chemical
potential p,;, and solve the (small) electron chemical
potential u, from the charge-equilibrium constraint numeri-
cally. We do so by assuming that the pressure of the
electrons decouples from that of the quarks and that the
electrons can be treated as free particles,

1 [ud 7
Pe=15 (ﬂ—; + 24T +EH2T4). (B1)

While a simple form of the electron pressure simplifies
matters, solving the electron chemical potential remains the
most numerically involved part of the calculation. Once it is
known, the equilibrium densities and susceptibilities are
readily evaluated in both pQCD and the bag model, and
their values can be substituted to the formulas for the
transport coefficients presented in the main text. In addi-
tion, there are constraints for the deviations du, of chemical

Note that in [25], the chemical potential y, is denoted —us3,
and the chemical potential y, found there corresponds to our
linear combination u, — u;. The rates 4, 5 are likewise swapped.

potentials from their equilibrium values. We impose that
these constraints also keep the system electrically neutral,
and that the total baryon number is conserved. The
constraints can be written in terms of the (equilibrium)
susceptibilities as

0=06ng =Y (x& = xil)oua, (B2)

0=dn, = (zd + & —28)oa- (B3)

Combined with the definitions of y, from (2), we can
obtain the resulting Sy, in terms of the u,. They, on the
other hand, can be substituted into the definition of bulk
scalar (5), which then uniquely gives us the coefficients I1;,
I1, used for defining the transport coefficients £, &.

As evidenced by the main text, the two equations of state
provide us with a unified qualitative picture of the behavior
of the transport coefficients.

A standard way of gauging the uncertainty of the pQCD
description is by varying the renormalization scale by a
factor of 2 around a central value, which results in the band
shown in the main text (see, e.g., [37] for details). We note
that this also affects the rates, as the coupling and the
masses run with the scale (see [37] for details). The {_ in
Fig. 2, strongly dependent on the semileptonic rates, shows
a considerable uncertainty band, but the other quantities are
kept well under check at these densities.* This is to be
expected from other pQCD computations.

On the other hand, the bag model depends on certain
parameters: The bag model pressure has the general
form [43,44]

P =Pet a4 Z Py + Begrs (B4)
fe{uds}

where p, is the electron pressure defined above, p are the
individual quark contributions (each taken to be a free
fermion), and a4 and B are model parameters. Of the
quark pressures, the u, d quarks have the same form as the
electron pressure, while the massive s-quark pressure
cannot be expressed in closed form for general T, p,,

and reads
3T [ k? PR
Ps=— dkkz{ln [1 + exp (— M)}
Vs 0 T

(BS)

=l

+In [1 + exp <—

“We have also checked that the expected behavior persists with
increasing densities, with the band shrinking and the transport
quantities gradually shifting.
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Here, the m, parameter should be thought to represent
the constituent quark mass, and acts as a third model
parameter. Indeed, as the parameter responsible for break-
ing conformal invariance, it is the one most relevant
for bulk viscosities. Densities and therefore also suscep-
tibilities are independent of the bag constant, whereas the
pressure depends approximately linearly on a4. For small
variations of ay, its impact is essentially imperceptible on
the doubly logarithmic scale used here for the bulk
viscosities. To be more quantitative, we set a4 = 0.7
[14] having checked explicitly that varying it between
0.6-0.8 changes 7, by <15%, { by <30%, and both 7_
and {_ orders of magnitude less.

In contrast to a4, varying m, significantly changes the £
in particular. We show this in Fig. 4, displaying the two
viscosities for different values of the mass parameter with
the a4 parameter fixed to 0.7. The behavior seen here can be
approximated quite well by simple scaling laws, with ¢
scaling as ~(m?)?, and {_ scaling as ~(m?)> for small
temperatures (below the inflection temperature) and as
~(m?)3/? above the inflection temperature. Regardless of
the sensitivity of the { to m,, we have checked that 7' is
not significantly affected by the value of m.

APPENDIX C: EXPLICIT FORMULAS

For the sake of completeness and to possibly give the
reader some insight on the explicit form of the bulk scalar
and the transport coefficients, we list them below. We note
that, as the forms are rather complicated, it is often
simpler to obtain them using the methods outlined in
|

(i (ms =94MeV)

(- (my =94 MeV)

1035

..... (- (my = 1.5 x 94MeV

(
(

,,,,, i (my =15 x 94 MeV
( h
(
(

)
/)
m = 2.0 x 94 MeV)
)

o~

s = 2.0 x 94 MeV)—

¢ [gcm‘ls‘ }
S

1025

LA L B N B LIPS 8 B DL
RN

0.001 0.010 0.100 1 10
T [MeV]

FIG. 4. (. at m;e{94,1.5x94,2.0 x 94} MeV in the bag
model. Everything evaluated at u; = 400 MeV, a4 = 0.7.

the main text, as they require merely simple matrix
operations. To simplify formulas, we define the shorthands

xa =0y =200 + 0y

28 =0 =20+ GG+ G
e =0 =20l DS+ Ds (€D
and will make wuse of the Killén function
K(x,y,2) = x> +y2 + 22 = 2(xy + yz + zx) and the pair-
wise sum Q(x,y, z) = xy + yz + zx. In terms of these, we

find the components of the bulk scalar under the constraints
outlined above to read

1
LK (7t gt ) = nK (g o) + nq{ [(x“)u” +3 (;(“):} (2t + x5 —xch)

A Ty T 1

) =20 + Ut - +xa‘>x§1}

1
ILK (73" xg xc') = mK(ed st et + nq{—z [(){‘I)J‘ +§<x“):}x;1

A 25 ) D ) - (1 —161))(;1} (©3)

whereas the (inverse) relaxation times are

205! = (3" + 2 e + ) £ 0 25 26 )+ QU da K (R 5 ).

Lastly, the coefficients ¢, £ are given by

(C4)

>We opt for the notation K instead of the more common A to avoid confusion with the rates.
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CO(hdas K (i x5t xe) = [ + ng) A (I + ) + ngdoTly + n W IL)K (3t x5 e
1
+ {—0@:‘ —x3 )+ O +as' e = 0! - ) {(xﬁ)" +§(x§)‘1]

+ 20 )+ d —ast —ae) () ! }nqﬂs(ﬂl +11,)

+ {()(;1 — x5 Fxc s+ x +as —xe) [%)_1 +%(x5)“}

-t =g ) - 2x510(§)“}nqﬂznl

+ {—(xxl x5 —xc !

-2 |ttt + 3 )|

+ 0" =2 ) D+ ot st =2 )T }"qilnzﬁ (©5)

[NSAKIAN

O 0. 3)K(x3" x5t xe') = {”q[()(_l)g - )i+ (ng -

”s))ﬁl - nu(}(gl _XEI)}Hl

o |G- 0= 6] = s = - [ (9

from which one may evaluate ¢, using Eq. (17).
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