
Trivector symmetry of 11-dimensional supergravity

W. H. Baron ,1,* D. Marqués ,2,3,† C. A. Núñez ,2,‡ and N. Yazbek 4,§

1Instituto de Física de La Plata, (CONICET-UNLP), Diagonal113/63 y 64, s/n, B1900, La Plata,
Argentina and Departamento de Física, Universidad Nacional de La Plata,

Calle 115 s/n, B1900, La Plata, Argentina
2Instituto de Astronomía y Física del Espacio, (CONICET-UBA), Ciudad Universitaria,

Pabellón IAFE, CABA, C1428ZAA, Argentina
3Departamento de Física, Universidad de Buenos Aires, Ciudad Universitaria,

Pabellón 1, CABA, C1428ZAA, Argentina
4Instituto de Matemática Luis Santaló, (CONICET-UBA), Ciudad Universitaria,

Pabellón I, CABA, C1428ZAA, Argentina

(Received 23 May 2025; accepted 16 July 2025; published 8 August 2025)

Kaluza-Klein reductions of 11-dimensional supergravity lead to exceptional global symmetries in lower
dimensions. Certain nongeometric elements of these symmetries, parametrized by a trivector γ, are not
inherited from the higher-dimensional local symmetries, but represent instead a symmetry enhancement
produced by the isometries of the background. Here, we demonstrate how to realize this enhancement in 11
dimensions, as a symmetry principle with constrained parameters. We show that γ transformations
exchange the equations of motion of the metric and the three-form with their Bianchi identities, in a closed
form, structuring them into trivector multiplets. Implementing this principle as an off shell symmetry of the
theory requires the introduction of a hierarchy of dual fields, including a six-form and a dual graviton in the
initial levels.
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I. INTRODUCTION

Kaluza-Klein (KK) reductions of 11-dimensional super-
gravity on d-dimensional tori are invariant under continuous
exceptional EdðdÞ global symmetries when only the zero KK
modes are kept. The EdðdÞ groups contain geometric and
nongeometric elements. While the former derive from 11-
dimensional diffeomorphisms and three-form gauge trans-
formations, the latter are not associated with a symmetry of
the higher-dimensional theory, but constitute instead a
symmetry enhancement arising from the toroidal truncation.
Two important aspects of these exceptional groups are

crucial for our work. They contain: (a) an Oðd̃; d̃Þ sub-
group, with d̃ ¼ d − 1, and (b) a trivector generator γ that
produces nongeometric transformations of the descendants
of the metric and the three-form, mixing them into each

other. The bivector components of γ, usually named β, are
the generators of the nongeometric sector of Oðd̃; d̃Þ.
It has recently been demonstrated that β acts covariantly

in 10-dimensional supergravity, on the Neveu Schwarz-
Neveu Schwarz (NSNS) sector [1,2], in the democratic
formulation of the Ramond-Ramond (RR) sector [3], and
including the gauge and fermion fields of the heterotic
theory [4]. In essence, β possesses a GLð10Þ embedding
that preserves the structure of the higher-dimensional
fields, transforming them nonlinearly. This allows us to
examine the invariance of the higher-dimensional action by
applying β transformations. Strictly speaking, β does not
qualify as a symmetry, as it demands the constraint
βμν∂ν ¼ 0, which expresses the existence of isometries.
However, for practical purposes, it can be considered a
symmetry principle in 10-dimensional supergravity, whose
effects in 10 − d̃ dimensions ensure the enhancement of the
internal global symmetries into the full Oðd̃; d̃Þ group.
In this paper, we extend this idea to investigate the role

of the trivector γMNP, with M;N ¼ 0;…; 10, in
11-dimensional supergravity. Our results are presented as
follows:

(i) In Sec. II, we review the role of β symmetry in the
democratic formulation of 10-dimensional Type II
supergravity, and explore its impact in the standard
formulation. We show that this symmetry cannot be
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defined for the standard action, as it is not possible to
assign β transformations to the p-form potential
fields in the standard framework. Instead, one can
define the variations of the field strengths, and
demonstrate that the equations of motion and the
Bianchi identities transform into each other. This
implies that β transformations constitute an on shell
symmetry, which maps solutions into new solutions,
and can thus be employed as a solution-generating
technique. A β invariant action requires the introduc-
tion of dual fields within a democratic framework.

(ii) In Sec. III, we show that there is a unique uplift of
the β transformations of 10-dimensional Type IIA
supergravity to trivector transformations in 11-
dimensional supergravity. We present the γ trans-
formations of the metric and the curvature of the
three-form. As expected, we find that it is not
possible to define γ symmetry for the standard
action of 11-dimensional supergravity, but the equa-
tions of motion and the Bianchi identities transform
into each other, provided the isometry constraint
γMNP

∂P ¼ 0 is imposed.
(iii) In Sec. IV, we extend our results showing that the γ

transformation of the three-form (rather than its
curvature) requires the inclusion of a six-form and
the extension of the global symmetries, incorporat-
ing a six-vector transformation. These correspond to
the field content and symmetries of the first non-
trivial level of the E11 construction [5–9]. Thus, our
results fit into this context as a minimalist bottom-up
construction, with a permanent direct contact with
standard 11-dimensional supergravity.

(iv) In Sec. V, we explore the possibility of defining the γ
transformation of the six-form through the introduc-
tion of extra degrees of freedom related to the
gravitational sector. We note that the inclusion of
a mixed Young tableaux field, usually interpreted as
the dual graviton, leads to a natural expression for
the dual of the spin connection as well as for the γ
transformation of the six-form potential.

(v) Finally, we present some conclusions in Sec. VI.
Details on notation, definitions, and side computa-
tions are provided in the Appendixes.

II. BIVECTOR β SYMMETRY
IN TYPE II SUPERGRAVITY

In this section, we discuss the role of β symmetry in the
standard formulation of 10-dimensional Type II super-
gravity. To this end, we first recall the democratic and
standard formulations of the theory, focusing on the duality
relations that connect them. Then, we review the action of β
symmetry in the democratic formulation [3], where it is
well understood, with the purpose of extracting its impli-
cations for the standard formulation. Finally, although we
find that the action of the standard framework is not β

invariant, we show that the equations of motion and the
Bianchi identities (BI) can be organized into β multiplets.

A. Type II supergravity

The bosonic field content of 10-dimensional Type II
supergravity splits into the Neveu Schwarz-Neveu Schwarz
and the Ramond-Ramond sectors. The former contains the
vielbein eμa, the Kalb-Ramond field bμν, and the dilaton ϕ,
and the action is given by

SNSNS ¼
1

2κ10

Z
d10x

ffiffiffiffiffiffi
−g

p
e−2ϕ

×

�
Rþ 4□ϕ − 4ð∇ϕÞ2 − 1

12
HμνρHμνρ

�
; ð2:1Þ

where Hμνρ ¼ 3∂½μbνρ�.

The RR sector includes p-form potentials DðpÞ
μ1���μp , where

the allowed values of p depend on the theory and on the
formulation. To fix our conventions, in the following
subsections, we review the standard and the universal
democratic formulations of the RR sector of Type IIA
and Type IIB supergravities.

1. Standard formulation

In the standard formulation of 10-dimensional Type II

supergravity, the p-form potentialsDðpÞ
μ1���μp contain p ¼ 1, 3

in Type IIA and p ¼ 0, 2, 4 in Type IIB, respectively, ruled
by the actions

SIIARR ¼ −
1

4κ10

Z
d10x

ffiffiffiffiffiffi
−g

p ðjFð2Þj2 þ jFð4Þj2Þ

þ 1

4κ10

Z
b ∧ dðDð3Þ − b ∧ Dð1ÞÞ

∧ dðDð3Þ − b ∧ Dð1ÞÞ; ð2:2Þ

and

SIIBRR ¼ −
1

4κ10

Z
d10x

ffiffiffiffiffiffi
−g

p �
jFð1Þj2 þ jFð3Þj2 þ 1

2
jFð5Þj2

�

þ 1

4κ10

Z
b ∧ d

�
Dð4Þ −

1

2
b ∧ Dð2Þ

�

∧ dðDð2Þ − b ∧ Dð0ÞÞ; ð2:3Þ

where

jFðnÞj2 ¼ 1

n!
FðnÞμ1…μnFðnÞ

μ1…μn with

FðnÞ ¼ 1

n!
FðnÞ
μ1���μndxμ1 ∧ � � � ∧ dxμn ; ð2:4Þ

and the p ¼ 4 field is constrained to satisfy the self-duality
condition Fð5Þ ¼ ⋆Fð5Þ. The Hodge star is defined as
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⋆FðnÞ ¼ 1

ð10 − nÞ!n! εν1���νnμ1���μ10−nF
ðnÞν1���νndxμ1

∧ � � � ∧ dxμ10−n ; ð2:5Þ

and the field strengths can be written as the formal sum

F ¼ e−b ∧ dD; ð2:6Þ
so that in Type IIA, one has

Fð2Þ ¼ dDð1Þ; Fð4Þ ¼ dDð3Þ − b ∧ Fð2Þ; ð2:7Þ

and in Type IIB, one has

Fð1Þ ¼ dDð0Þ; Fð3Þ ¼ dDð2Þ − b ∧ Fð1Þ;

Fð5Þ ¼ dDð5Þ − b ∧ Fð3Þ −
1

2
b ∧ b ∧ Fð1Þ: ð2:8Þ

The equations of motion for Type IIA, calculated from
the action SIIA ¼ SNSNS þ SIIARR, in flat notation are

C¼−2e−2d
�
Rþ 4□ϕ− 4ð∇ϕÞ2− 1

12
H2

�
¼ 0;

ð2:9aÞ

Êab ¼ e−2dEab þ ΔEIIA
ab ¼ 0; ð2:9bÞ

B̂ab ¼ e−2dBab þ ΔBIIA
ab ¼ 0; ð2:9cÞ

D̂a ¼
ffiffiffiffiffiffi
−g4

p �
∇bFð2Þ

ba −
1

3!
Fð4Þ
abcdH

bcd

�
¼ 0; ð2:9dÞ

D̂abc ¼ −
1

3!

ffiffiffiffiffiffi
−g4

p �
∇dFð4Þ

abcd −
1

3!
ð⋆Fð4ÞÞabcdefHdef

�
¼ 0;

ð2:9eÞ

where the unconventional measure
ffiffiffiffiffiffi−g4

p
is introduced for

later convenience, the generalized dilaton d is defined
through e−2d ¼ ffiffiffiffiffiffi−gp

e−2ϕ, and

Eab ¼ −2
�
Rab þ 2∇a∇bϕ −

1

4
HacdHb

cd

�
; ð2:10aÞ

Bab ¼
1

2
∇cHc

ab −∇cϕHc
ab; ð2:10bÞ

ΔEIIA
ab ¼ −

ffiffiffiffiffiffi−gp
2

�
ðgabjFð2Þj2 − 2Fð2Þ

ac Fð2Þ
b
cÞ þ gabjFð4Þj2

−
1

3
Fð4Þ
acdeF

ð4Þ
b
cde

�
; ð2:10cÞ

ΔBIIA
ab ¼

ffiffiffiffiffiffi−gp
4

�
Fð4Þcd
ab Fð2Þ

cd þ
1

4!
⋆Fð4Þ

abcdefF
ð4Þcdef

�
: ð2:10dÞ

For Type IIB, the field equations obtained from the action
SIIB ¼ SNSNS þ SIIBRR are

Êab ¼ e−2dEab þ ΔEIIB
ab ¼ 0; ð2:11aÞ

B̂ab ¼ e−2dBab þ ΔBIIB
ab ¼ 0; ð2:11bÞ

D̂ ¼ ffiffiffiffiffiffi
−g4

p �
∇aFð1Þ

a −
1

3!
Fð3Þ
abcH

abc

�
¼ 0; ð2:11cÞ

D̂ab ¼
ffiffiffiffiffiffi
−g4

p �
∇cFð3Þ

abc −
1

3!
Fð5Þ
abcdeH

cde

�
¼ 0; ð2:11dÞ

D̂abcd ¼
ffiffiffiffiffiffi−g4

p
2 × 4!

�
∇eFð5Þ

abcde þ
1

3!
ð⋆Fð3ÞÞabcde1e2e3He1e2e3

�

¼ 0; ð2:11eÞ

where

ΔEIIB
ab ¼ −

ffiffiffiffiffiffi−gp
2

�
ðgabjFð1Þj2 − 2Fð1Þ

a Fð1Þ
b Þ

þ gabjFð3Þj2 − Fð3Þ
acdF

ð3Þ
b
cd

þ 1

2
gabjFð5Þj2 − 1

24
Fð5Þ
acdefF

ð5Þcdef
b

�
; ð2:12aÞ

ΔBIIB
ab ¼

ffiffiffiffiffiffi−gp
2

�
Fð3Þ
abcF

ð1Þc þ 1

3!
Fð5Þcde
ab Fð3Þ

cde

�
; ð2:12bÞ

and the self-duality relation must be imposed after deriving
the equations of motion.
The RR fields verify the Bianchi identities

dðeb ∧ FÞ ¼ 0; ð2:13Þ

which are specifically, for Type IIA,

dFð2Þ ¼ 0; dFð4Þ þH ∧ Fð2Þ ¼ 0; ð2:14Þ
and for Type IIB,

dFð1Þ ¼ 0; dFð3Þ þH ∧ Fð1Þ ¼ 0;

dFð5Þ þH ∧ Fð3Þ ¼ 0: ð2:15Þ

2. Democratic formulation

In the universal democratic formulation of Type II
supergravity, the “electric” and “magnetic” potentials of
all RR fields are treated on equal footing. The p-form

potentials DðpÞ
μ1���μp include p ¼ 1, 3, 5, 7 in Type IIA and

p ¼ 0, 2, 4, 6, 8 in Type IIB. These fields obey the
pseudoaction [10–13]

SII ¼ SNSNS þ SIIRR; ð2:16Þ
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where

SIIRR ¼ −
1

8κ10

Z
d10x

ffiffiffiffiffiffi
−g

p X
n

jFðnÞj2

¼ 1

8κ10

Z X
n

FðnÞ ∧ ⋆FðnÞ; ð2:17Þ

with n ¼ 2, 4, 6, 8 in type IIA and n ¼ 1, 3, 5, 7, 9 in
Type IIB.
The equations of motion are obtained by treating all the

RR potentials as independent fields. In flat notation, they
take the form

C ¼ −2e−2d
�
Rþ 4□ϕ − 4ð∇ϕÞ2 − 1

12
H2

�
¼ 0;

ð2:18aÞ

Ẽab ¼ e−2dEab −
1

4

ffiffiffiffiffiffi
−g

p X
n

1

n!
ðgabFðnÞ

c1…cnF
ðnÞc1…cn

− 2nFðnÞ
ac1…cn−1F

ðnÞc1…cn−1
b Þ ¼ 0; ð2:18bÞ

B̃ab ¼ e−2dBab þ
1

4

ffiffiffiffiffiffi
−g

p X
n

1

ðn − 2Þ!F
ðnÞ
abc1…cn−2

FðnÞc1…cn−2

¼ 0; ð2:18cÞ

ẼðpÞ
a1…ap ¼−

ffiffiffiffiffiffi−gp
2 ·p!

½⋆dðe−b ∧⋆FÞ�a1…ap ¼ 0; ð2:18dÞ

where Eab and Bab coincide with those defined in the
standard formulations (2.10a) and (2.10b), respectively.
The logic of this formulation comes from supplementing

the field equations with the duality relations of the RR
curvatures, as follows:

⋆FðnÞ ¼ ð−Þnðn−1Þ=2Fð10−nÞ: ð2:19Þ

In Type IIA, one must replace the curvatures Fð8Þ and
Fð6Þ in Eq. (2.18) by Fð2Þ and Fð4Þ, respectively, using
Eq. (2.19). After dualization, Eq. (2.18a) remains invariant,
Eqs. (2.18b) and (2.18c) become (2.9b) and (2.9c), respec-
tively, Ẽð1Þ and Ẽð3Þ in Eq. (2.18d) become Eqs. (2.9d) and
(2.9e), respectively, and finally, ⋆Ẽð5Þ and ⋆Ẽð7Þ in
Eq. (2.18d) become the BI (2.14), which in flat indices read

Iabcde ¼
ffiffiffiffiffiffi
−g4

p �
5∇½aF

ð4Þ
bcde� þ

5!

2! × 3!
H½abcF

ð2Þ
de�

�
¼ 0;

ð2:20aÞ

Iabc ¼
ffiffiffiffiffiffi
−g4

p
3∇½aF

ð2Þ
bc� ¼ 0: ð2:20bÞ

In Type IIB, one must replace the curvatures Fð9Þ and
Fð7Þ in Eq. (2.18) by Fð1Þ and Fð3Þ using Eq. (2.19), and
self-dualize Fð5Þ. After dualization, Eq. (2.18a) remains
invariant, and Eqs. (2.18b) and (2.18c) become Eqs. (2.11a)
and (2.11b), respectively. The field equations Ẽð0Þ, Ẽð2Þ and
Ẽð4Þ in Eq. (2.18d) become Eqs. (2.11c), (2.11d), and
(2.11e), respectively. Finally, ⋆Ẽð4Þ, ⋆Ẽð6Þ, and ⋆Ẽð8Þ in
Eq. (2.18d) become the BI (2.15), which in flat indices read

Iabcdef ¼
ffiffiffiffiffiffi
−g4

p �
6∇½aF

ð5Þ
bcdef� þ

6!

3!3!
H½abcF

ð3Þ
def�

�
; ð2:21aÞ

Iabcd ¼ 4
ffiffiffiffiffiffi
−g4

p ð∇½aF
ð3Þ
bcd� þH½abcF

ð1Þ
d� Þ; ð2:21bÞ

Iab ¼ 2
ffiffiffiffiffiffi
−g4

p ∇½aF
ð1Þ
b� : ð2:21cÞ

B. β symmetry in Type II supergravity

The purpose of this section is to understand the action of
β symmetry in the standard formulation of Type II super-
gravity. To this end, we first review how it works in the
democratic formulation [3], and then use the results of the
previous subsections to analyze its behavior in the standard
version.

1. Democratic formulation

The β transformations of the fields in the democratic
formulation of Type II theories are [3]

δβeμa ¼ −eμbbbcβca; ð2:22aÞ

δβbμν ¼ −βμν − bμρβρσbσν; ð2:22bÞ

δβϕ ¼ 1

2
βμνbμν; ð2:22cÞ

δβD
ðpÞ
μ1���μp ¼ −

1

2
βρσDðpþ2Þ

ρσμ1���μp : ð2:22dÞ

These transformations must be supplemented with an
isometry constraint

βμν∂ν… ¼ 0; ð2:23Þ

where the dots refer to any field and/or gauge parameter in
the theory. The transformations (2.22) imply

δβð
ffiffiffiffiffiffi
−g

p
e−2ϕÞ ¼ 0; ð2:24aÞ

δβωcab ¼ β½adHb�cd −
1

2
βc

dHabd; ð2:24bÞ

δβHabc ¼ −3∇½aβbc�; ð2:24cÞ
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δβð∇aϕÞ ¼
1

2
βcdHacd; ð2:24dÞ

δβð∇a∇bϕÞ ¼
1

2
∇ðaðβcdHbÞcdÞ − βcðaHbÞcd∇dϕ; ð2:24eÞ

δβR ¼ −2∇aðβbcHabcÞ −
1

2
∇aβbcHabc; ð2:24fÞ

δβF
ðnÞ
a1���an ¼ −

1

2
βcdbcdF

ðnÞ
a1���an þ

nðn − 1Þ
2

β½a1a2F
ðn−2Þ
a3���an�

−
1

2
βcdFðnþ2Þ

cdaa���an : ð2:24gÞ

These β variations mix the equations of motion and the BI
as follows [3],

δβẼab ¼ −4βcðaB̃bÞ
c; δβB̃ab ¼ βc½aẼb�

c; ð2:25aÞ

δβẼ
ðpÞ
a1…ap ¼

pðp− 1Þ
2

β½a1a2 Ẽ
ðp−2Þ
a3…ap�−pβ½a1

cẼðpÞd
a2…ap�bcd;

ð2:25bÞ

where it is implicitly assumed that Ẽðp−2Þ vanishes for
p < 2. δβC is not included here because C ∼ SNSNS is β
invariant.
We conclude the discussion on β symmetry in the

democratic formulation of Type II supergravity with a
comment on the consistency between duality relations and
β transformations. The combination

ΓðnÞ ¼ FðnÞ þ ð−Þnðnþ1Þ
2 ⋆Fð10−nÞ; 0 ≤ n ≤ 9; ð2:26Þ

which vanishes as a consequence of the duality relations
(2.19), transforms as

δβΓ
ðnÞ
μ1…μn ¼ −

1

2
βρσbρσΓ

ðnÞ
μ1…μn − nb½μ1jρjβ

ρσΓðnÞ
jσjμ2…μn�

þ nðn − 1Þ
2

β½μ1μ2Γ
ðn−2Þ
μ3…μn� −

1

2
βρσΓðnþ2Þ

ρσμ1…μn :

ð2:27Þ

Hence, β transformations preserve the duality condition
ΓðnÞ ¼ 0. This property will be important when trying to
apply this symmetry principle in the standard formulation
of the theory.

2. Standard formulation

Due to the β covariance of the duality relations, the
variations (2.24) also apply to the equations of motion (2.9)
and (2.11) and the BI (2.20) and (2.21) in the standard
formulation. In particular, applying the duality relations to
Eq. (2.24g) yields the variations of the RR curvatures of
Type IIA, as follows:

δβF
ð2Þ
ab ¼ −

1

2
βcdbcdF

ð2Þ
ab −

1

2
βcdFð4Þ

cdab; ð2:28Þ

δβF
ð4Þ
a1a2a3a4 ¼ −

1

2
βcdbcdF

ð4Þ
a1a2a3a4 þ 6β½a1a2F

ð2Þ
a3a4�

−
1

2
βcdð⋆Fð4ÞÞcda1a2a3a4 ; ð2:29Þ

and Type IIB

δβF
ð1Þ
a ¼ −

1

2
βcdbcdF

ð1Þ
a −

1

2
βcdFð3Þ

cda; ð2:30Þ

δβF
ð3Þ
a1a2a3 ¼−

1

2
βcdbcdF

ð3Þ
a1a2a3 þ3β½a1a2F

ð1Þ
a3� −

1

2
βcdFð5Þ

cda1a2a3
;

ð2:31Þ

δβF
ð5Þ
a1…a5 ¼ −

1

2
βcdbcdF

ð5Þ
a1…a5 þ 10β½a1a2F

ð3Þ
a3…a5�

þ 1

2
βcdð⋆Fð3ÞÞcda1…a5 : ð2:32Þ

Two important results on the action of β symmetry in the
standard formulation can be obtained:

(i) The field equations (2.9) and (2.11) and the BI
(2.20) and (2.21) form a closed set of equations
under β transformations. Explicitly, for Type IIA,
one has

δβÊab ¼ −4βcðaB̂bÞ
c; δβB̂ab ¼ βc½aÊb�

c; ð2:33aÞ

δβD̂a ¼ 3βbcD̂abc; δβD̂abc ¼ −
1

2
β½abD̂c� þ

1

12
βdeð⋆Î5Þabcde; ð2:33bÞ

δβÎabc ¼ −
1

2
βdeÎabcde; δβÎ abcbd ¼ 10β½abÎcde� − 3βfgð⋆D̂3Þabcdefg; ð2:33cÞ

and for Type IIB

δβÊab ¼ −4βcðaB̂bÞ
c; δβB̂ab ¼ βc½aÊb�

c; ð2:34aÞ
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δβD̂ ¼ −
1

2
βabD̂ab; δβD̂ab ¼ βabD̂ −

1

2
βcdD̂abcd; ð2:34bÞ

δβD̂abcd ¼ 6β½abD̂cd� −
1

2
βefð⋆Î4Þabcdef; ð2:34cÞ

δβÎab ¼ −
1

2
βcdÎabcd; δβÎabcd ¼ 6β½abÎcd� þ

1

2
βefð⋆D̂4Þabcdef: ð2:34dÞ

(ii) Importantly, while the BI Îabc ¼ 0 is β invariant off
shell, we find that Îa1…a5 ¼ 0 is only on shell
invariant in the standard formulation of Type IIA,
due to the presence of the equation of motion D̂3 in
its transformation (2.33c). This implies that off shell,
there is no way to assign a β transformation to Dð3Þ,
and then there is no chance to assess β symmetry in
the standard action (2.2), because Dð3Þ appears
explicitly (and not only through its curvature) in
the Chern-Simons term. The same conclusion ap-
plies for the action of Type IIB (2.3), since δβÎabcd

depends on D̂4.
There are other ways to reach the same result. On

the one hand, it is not possible to extract the β
transformation forDð3Þ from Eq. (2.24g). The reason
is that since Fð4Þ ¼ dDð3Þ − b ∧ Fð2Þ, it turns out
that δβðFð4Þ þ b ∧ Fð2ÞÞ is not exact, and indeed it is
not even closed (off shell). Then, in the standard
formulation of Type IIA, one is forced to work with
the curvature field Fð4Þ instead of its potential Dð3Þ.
On the other hand, the duality relation cannot be
imposed on δβDð3Þ in Eq. (2.22d), because it
depends on the dual potential Dð5Þ. Hence, a con-
sistent β variation for Dð3Þ requires the presence of
dual potentials. Equivalent arguments apply to Dð4Þ
in Type IIB.

In summary, in the standard formulation of
10-dimensional Type II supergravity, β transformations
can be defined for the NSNS fields and for the curvatures
of the p-form potentials. The equations of motion and the
BI are transformed into each other, in a closed form.
Defining β transformations for the p-form potentials
requires a democratic formulation with dual fields. In
the following sections, we will explore the uplift of this
symmetry to 11-dimensional supergravity.

III. TRIVECTOR γ SYMMETRY IN
11-DIMENSIONAL SUPERGRAVITY

The bosonic field content of the standard formulation of
11-dimensional supergravity comprises the metric GMN
and a three-form AMNP, and the action is given by

S11 ¼
1

2κ211

Z
d11x

ffiffiffiffiffiffiffi
−G

p �
R −

1

2 · 4!
FMNPQFMNPQ

−
�
2

4!

�
4

εM1…M11AM1M2M3
FM4M5M6M7

FM8M9M10M11

�
;

ð3:1Þ

withFMNPQ ¼ 4∂½MAMNP�. A circle reduction of this theory
gives rise to the standard formulation of 10-dimensional
Type IIA supergravity, with the following KK
decomposition:

Gμν ¼ e−
2
3
ϕgμν þ e

4
3
ϕDð1Þ

μ Dð1Þ
ν ; ð3:2aÞ

Gμ10 ¼ −e4
3
ϕDð1Þ

μ ; ð3:2bÞ

G1010 ¼ e
4
3
ϕ; ð3:2cÞ

Aμνρ ¼ −ðDð3Þ
μνρ − 3b½μνD

ð1Þ
ρ� Þ; ð3:2dÞ

Aμν10 ¼ −bμν: ð3:2eÞ

The uplift of the 10-dimensional bivector βμν will be a
trivector γMNP in 11 dimensions, with

γμν10 ¼ −βμν: ð3:3Þ

γ is a generator of the nongeometric sector of EdðdÞ,
where nongeometric refers to the fact that it mixes the
gravitational and p-form scalar fields. In addition, it
contains a 10-dimensional trivector component γμνρ, whose
effect we ignored in the previous section. The isometry
constraint (2.23) uplifts to a GLð11Þ covariant constraint

γMNP
∂P… ¼ 0; ð3:4Þ

where again, the dots represent any field or gauge
parameter.
In this section, we explore the action of γMNP trans-

formations on the bosonic fields of the standard formu-
lation of 11-dimensional supergravity, building on the
results of the previous section, where we analyzed in detail
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the action of β transformations on the right-hand side of
Eq. (3.2). We start with the gravitational sector, recalling
the β variations of the 10-dimensional components of GMN
(2.22), as follows:

δβϕ ¼ 1

2
βμνbμν; ð3:5aÞ

δβgμν ¼ −gμρβρσbσν − gνρβρσbσμ; ð3:5bÞ

δβD
ð1Þ
μ ¼ −

1

2
βρσDð3Þ

μρσ: ð3:5cÞ

It is easy to see that the only possible uplift of these
transformations to 11 dimensions is given by

δγGMN ¼ GRðMγRPQANÞPQ −
1

9
GMNγ

PQRAPQR; ð3:6Þ

after taking γμνρ ¼ 0. This determines the γ transformation
of the 11-dimensional vielbein,

δγEM
A ¼ −

EM
A

18
ANPQγ

NPQ þ 1

2
EM

BγADEABDE; ð3:7Þ

which is defined up to Lorentz transformations.
We cannot follow the same procedure to find the γ

transformation of the three-form AMNP, because δβDð3Þ is
not available in the standard formulation of Type IIA
supergravity, as discussed at the end of the previous section.
However, we can try to uplift the transformation of its
curvature δβFð4Þ, expecting that the circle reduction of the γ
variation of FMNPQ ¼ 4∂½MAMNP� reproduced the β trans-

formations of Hμνρ and Fð4Þ
μνρσ in Eq. (2.24). We find by

inspection that the only possibility is given by

δγFMNPQ ¼ −
1

3!
ARSTγ

RSTFMNPQ − 2γRSTARS½MFNPQ�T

− 4∂½MγNPQ� þ
1

3!
γRSTð⋆FÞRSTMNPQ: ð3:8Þ

Indeed, considering that F10μνρ ¼ Hμνρ and Fμνρσ ¼
−Fð4Þ

μνρσ þ ðH ∧ Dð1ÞÞμνρσ, one obtains the expected trans-
formation rules of the Type IIA components, as follows:

δβHμνρ ¼ −ðdβÞμνρ þ 3βσλbσ½μHνρ�λ; ð3:9Þ

δβF
ð4Þ
μνρσ ¼ −

1

2
βλτbλτF

ð4Þ
μνρσ − 4βλτbλ½μF

ð4Þ
νρσ�τ

þ 6β½μνF
ð2Þ
ρσ� −

1

2
βλτð⋆Fð4ÞÞλτμνρσ; ð3:10Þ

when γμνρ ¼ 0.
Although the transformations δγEM

A and δγFMNPQ are
now available, we are unable to explicitly explore γ

symmetry in the action (3.1), due to the absence of the
transformation for the three-form δγAMNP. This limitation
was expected, as the Type IIA truncation lacks off shell
invariance. Additionally, we demonstrate in Appendix B
that the circle reduction of the most general proposal for
trivector transformations of the metric and the three-form
potential is not compatible with the β transformation rules
of the NSNS fields of Type IIA supergravity.
We can, however, hope that the Bianchi identity

Zð5Þ
ABCDE ¼

ffiffiffiffiffiffiffi
−G

p
ðdFÞABCDE ¼ 0 ð3:11Þ

and the equations of motion

Eð2Þ
AB ¼ −2

ffiffiffiffiffiffiffi
−G

p �
RAB −

1

12
FðACDEFBÞCDE þ 1

6
ηABjFj2

�

¼ 0; ð3:12aÞ

Eð3Þ
ABC ¼

ffiffiffiffiffiffiffi
−G

p

3!

�
∇DFD

ABC

−
1

48
ð⋆FÞABCD1D2D3D4

FD1D2D3D4

�
¼ 0; ð3:12bÞ

transform into each other through γ variations. Before
examining this question, it is instructive to look at the γ
transformations of the tensors and connections that are
involved, namely

δγωABC ¼ ðA · γÞ
18

ωABC−
1

9
ηA½BðF · γÞC� þ

1

2
γ½BDEFC�ADE

−
1

4
γA

DEFBCDE; ð3:13aÞ

δγRAB ¼
ðA · γÞ
9

RABþ
ηAB
18

∇CðF · γÞCþ
1

2
∇C½γEFðAFBÞCEF�

−
1

6
∇ðA½γCDE�FBÞCDE; ð3:13bÞ

δγFABCD ¼ 1

18
ðA · γÞFABCD − dγABCD

þ 1

6
γFGHð⋆FÞFGHABCD; ð3:13cÞ

where A · γ ¼ AMNPγ
MNP and ðF · γÞM ¼ FMNPQγ

NPQ. We
see that γ transforms the geometric sector into the gauge
sector, exposing its nongeometric nature, and suggesting
an underlying 11-dimensional generalized geometric
structure.
Applying these variations to the BI (3.11) and the field

equations (3.12), we find that they transform into each
other, as expected:

TRIVECTOR SYMMETRY OF 11-DIMENSIONAL SUPERGRAVITY PHYS. REV. D 112, 046008 (2025)

046008-7



δγE
ð2Þ
AB ¼ −

2

3
ηABγ

FGHEð3Þ
FGH þ 6γEFðAEð3Þ

BÞEF;

ð3:14aÞ

δγE
ð3Þ
ABC ¼ −

1

2
Eð2Þ½A
E γBC�E −

1

ð3!Þ2 γ
DEFð⋆Zð5ÞÞDEFABC;

ð3:14bÞ

δγZ
ð5Þ
ABCDE ¼ γFGHð⋆Eð3ÞÞFGHABCDE: ð3:14cÞ

These equations are the GLð11Þ covariant uplift of
Eq. (2.33).
We then reach similar conclusions for γ symmetry to the

ones displayed at the end of the previous section for β
symmetry in the standard formulation. The equations of
motion (3.12) and the BI (3.11) constitute a closed set of
equations under γ transformations, as can be seen in

Eq. (3.14). Importantly, we find that Zð5Þ
ABCDE ¼ 0 is only

on shell invariant, owing to the presence of the field
equation Eð3Þ in its transformation δγZð5Þ (3.14c). This
implies that there is no chance to realize γ transformations
as an off shell symmetry of the action (3.1), which is
independently verified in Appendix B without invoking RR
fields.
It is also not possible to extract the γ transformation for

AMNP from Eq. (3.8), because δγFMNPQ is not exact, and
indeed it is not even closed, as follows from Eq. (3.14c).
Then, γ symmetry in the standard formulation requires to
work with the curvature field FMNPQ, and not with the
potential AMNP.
Following the lessons of the previous section, we can

then speculate that examining γ invariance of the action
requires a democratic formulation with dual fields.

IV. DIVING INTO THE LEVEL
DECOMPOSITION OF E11

We have seen that trivector γ transformations cannot be
defined for the potential AMNP in the standard formulation
of 11-dimensional supergravity. The obstruction is equiv-
alent to what we found for the β transformations ofDð3Þ and
Dð4Þ in the standard formulation of 10-dimensional Type
IIA and IIB supergravity, where it was circumvented by
moving towards a democratic formulation, introducing
extra fields and duality relations. In this section we show
that the addition of a six-form A6 to the bosonic field
content of 11-dimensional supergravity allows to assess the
γ transformation of the three-form A3. This paves the way
to study closure conditions, which further imply the
existence of an 11-dimensional six-vector global symmetry.
The importance of the six-form gauge field in 11-

dimensional supergravity was first realized in Refs. [14,15],
and was later related to central charges in the M theory
superalgebra in Ref. [16]. Actually, a dual formulation of the

standard theory containing a six-form A6 is known to be
necessary, since the M theory membrane couples naturally to
the three-form, but the coupling of the magnetic dual five-
brane requires a seven-form field strength FM1���M7

.
To see the impact of including A6 on γ symmetry, we

begin by considering the field equation for AMNP (3.12b),
which can be conveniently written as

0 ¼ ð⋆Eð3ÞÞM1…M8
¼ −

�
dð⋆F4Þ þ

1

2
F4 ∧ F4

�
M1…M8

:

ð4:1Þ

This equation is reinterpreted as the BI of a dual curvature
F7 ¼ ⋆F4, as follows:

dF7 þ
1

2
F4 ∧ F4 ¼ 0: ð4:2Þ

Its potential A6 is now considered as an independent field,
defined from the equation above as

F7 ¼ dA6 −
1

2
A3 ∧ F4 ð4:3Þ

(see Ref. [17] for an alternative derivation motivated
from E11).
We can now try to define the γ transformation for A3.

Recall that it was not possible to define δγA3 in the standard
formulation because this would imply δγZð5Þ ¼ δγðdF4Þ ¼
d2ðδγA3Þ ¼ 0, while we found that δγZð5Þ ¼ 0 only holds
on shell. However, the inclusion of A6 provides extra tools
to bypass this issue. Indeed, ⋆Eð3Þ in Eq. (3.14c) can now

be reinterpreted as the BI of F7, Z
ð8Þ
A1…A8

¼ 0, so that δγZð5Þ

vanishes off shell.
Then, we proceed as follows: we begin by considering

the most general transformation for A3, in terms of
EM

A; AM1M2M3
, and AM1…M6

, with arbitrary coefficients.
From this, we first compute the transformation of the
curvature F4, then we impose the duality relation
F7 → ⋆F4, and finally, we require agreement with the
transformation obtained in the standard formulation (3.8),
which hopefully fixes all the coefficients in the Ansatz for
δγA3. Interestingly, this procedure leads to the unique
solution

δγAM1M2M3
¼ −γM1M2M3

−
1

12
ðA · γÞAM1M2M3

þ 1

6
γN1N2N3AM1M2M3N1N2N3

þ 3

4
γN1N2N3AN1N2½M1

AM2M3�N3
; ð4:4Þ

such that the curvature F4 transforms as
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δγFMNPQ ¼ −
1

3!
ARSTγ

RSTFMNPQ − 2γRSTARS½MFNPQ�T

− 4∂½MγNPQ� þ
1

3!
γRSTFRSTMNPQ; ð4:5Þ

which reduces to Eq. (3.8) after implementing the duality
relation F7 → ⋆F4, as expected. Of course, δγZð5Þ ¼ 0 is
now trivially satisfied, as the variation of the curvature is
defined through δγA3.
The question now is whether we can assign a γ trans-

formation to A6. To answer that, we express the trans-
formation of ⋆F4 as

δγð⋆F4ÞM1…M7
¼ −ð⋆dγÞM1…M7

− ðγ ∧ F4ÞM1…M7

−
1

3
ðA · γÞð⋆F4ÞM1…M7

þ 7

2
γN1N2N3ð⋆F4ÞN1½M1…M6

AM7�N2N3
:

ð4:6Þ

Then, guided by the experience in Type II supergravity, we
propose that the transformation rule for the dual F7 field is

1

δγFM1…M7
¼ −ð⋆dγÞM1…M7

− ðγ ∧ F4ÞM1…M7

−
1

3
ðA · γÞFM1…M7

þ 7

2
γN1N2N3FN1½M1…M6

AM7�N2N3
: ð4:7Þ

It turns out that δγðdA6Þ ¼ δγðF7 þ 1
2
A3 ∧ F4Þ is not

exact, and then there is no chance to define the variation of
A6. Indeed, δγðdA6Þ is not even closed, as the trans-
formation rules (4.4), (4.5), and (4.7) yield:

d

�
δγ

�
F7 þ

1

2
A3 ∧ F4

��

¼ −d½⋆ðdγÞ� þ A3 dependent terms ≠ 0: ð4:8Þ

This conclusion is robust and independent of our (mini-
malist) definition of δγF7, since the term d½⋆ðdγÞ� will
survive with any choice.
The problem we encountered in the previous section

reappears, albeit at a higher level. While before we dealt
with the set of fields ðEM

A; FMNPQÞ in the standard
formulation, now we managed to undress the variation
of the three-form potential at the expense of including its
dual six-form. The set of fields has now raised to
ðEM

A; AMNP; FM1…M7
Þ, and their γ variations are given

by Eqs. (3.7), (4.4), and (4.7), respectively. Although the γ
transformation of A6 cannot be defined at this level, we
managed to move one step further.
An interesting opportunity arises from this extension.

Notice that the variation of GMN in Eq. (3.14a) depends on
A3. If we wanted to explore the closure conditions
involving γ variations, we would have to face the problem
that the transformation of A3 is not accessible in the
standard formulation. However, in this democratic
improvement, we can evaluate the impact of γ trans-
formations on the closure of the symmetry algebra on
the metric ½δ1; δ2�GMN , since we have the transformation
(4.4) at hand. We find that closure is achieved as

½δ1; δ2�GMN ¼ Lξ12GMN þ δΓ12
GMN; ð4:9Þ

up to diffeomorphisms ξ and global transformations with
respect to a six-vector Γ. The brackets are given by
ξM12 ¼ ½ξ1; ξ2� þ 1

2
γMNP
½1 λ2�NP (where λ2 is the gauge param-

eter for A3), and

ΓM1…M6

12 ¼ γ½M1M2M3

1 γM4M5M6�
2 ð4:10Þ

with

δΓGMN ¼ −
1

3
ΓðMM1…M5ANÞM1…M5

þ 1

33
GMNΓM1…M6AM1…M6

þ 5

3
ΓðMM1…M5ANÞM1M2

AM3M4M5
: ð4:11Þ

We should next evaluate the closure of the six-vector
transformations on the metric. But this is unattainable at
this stage, because we lack the Γ transformations of A3

and A6.
Unfortunately, we cannot explore the closure conditions

on A3, since its γ variation (4.4) depends on A6. It seems
that yet another field would be necessary. The situation is
reminiscent of the conjecture that the infinite-dimensional
Kac-Moody algebra E11 is a symmetry of 11-dimensional
supergravity [5,6]. The main evidence for this conjecture is
given by the observation that the level decompositions of
E11 with respect to its finite-dimensional subalgebras
reproduce the same p-form representations as expected
for maximal supergravity when formulated in a democratic
way, introducing for each p-form also its dual. In the
11-dimensional decomposition, the lowest levels of the
theory include, beyond the metric, the three-form and
the six-form at levels 0, 1, and 2, respectively, a field
hM1���M8;N in a mixed Young tableaux representation, which
is interpreted as the dual of the graviton. In the next section,
we will see that the addition of a dual graviton allows us to
assess the γ transformation of A6.

1We emphasize that this is a minimal choice, involving only
the replacement ⋆F4 → F7. Replacing F4 by any combination
aF4 − b⋆F7, with aþ b ¼ 1, would be a nonminimal option,
consistent with the duality relation.
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Before exploring the effect of introducing a new field, we
note that one can construct a pseudoaction for the set of
fields (EM

A; AMNP; AM1���M6
) as

S ¼
Z

d11x
ffiffiffiffiffiffiffi
−G

p �
R −

1

3 × 4!
FM1…M4

FM1…M4

−
1

6 × 7!
FM1…M7

FM1…M7

�
; ð4:12Þ

with F7 defined in Eq. (4.3), in the spirit of the democratic
action of Type II, in the sense that A6 must be treated as an
independent field, there are no Chern-Simons terms, and
the duality relation F7 ¼ ⋆F4 must be imposed as a
constraint on the equations of motion. The field equation
for A6 then becomes the BI dF4 ¼ 0.
There are other proposals for a reformulation of the

standard action of 11-dimensional supergravity containing
both A3 and A6 [18–20]. While all of them contain a
topological term, the duality relation is enforced on the
field equations in Ref. [18], but it emerges as the equation
of motion of either a Lagrange multiplier in Ref. [19] or an
auxiliary gauge field in Ref. [20]. Duality symmetric
actions have also been constructed using the Pasti-
Sorokin-Tonin technique in Ref. [21] (see Ref. [22] for a
recent comprehensive review).

V. TOWARDS THE DUAL GRAVITON

Motivated by the level decomposition of E11 [5], which
includes a mixed Young tableaux representation interpreted
as the dual of the graviton, in this section we explore the
possibility of defining the γ transformation of the six-form
potential by introducing new degrees of freedom related to
the gravitational sector. We discuss various challenges that
arise in determining the BI of the dual graviton, and
demonstrate how consistency with γ symmetry, combined
with certain expected symmetries of the dual graviton,
ultimately determine its form up to a unique parameter, and
provides a γ transformation for A6.
The construction of a dual theory of gravity has been an

elusive task for years. Even though linearized Einstein
gravity in D-dimensions can be equivalently formulated
in terms of a dual mixed Young tableaux field hμ1���μD−3;ν

[23–27], the no-go theorems of Refs. [28,29] prove that
there is no manifestly Poincaré invariant, non-Abelian,
local deformation of the theory, and so there is no
consistent non-Abelian self-interaction of the dual graviton.
Some proposals have been made for a reformulation of
(super)gravity that contains the dual graviton and is valid at
the nonlinear level, based on the introduction of extra gauge
degrees of freedom and duality relations [20,30,31].
However, in these extended theories, the gravitational
sector does not mix with the p-form sector. Instead, in
the E11 conjecture, the symmetry transforms the fields of
different spin into each other [5], allowing us to evade the

no-go theorems with the assumption that the field hD−3;1 on
its own does not correctly describe gravity at the nonlinear
level [8,9].
The scope of this section is more modest. We just

observe that pursuing the procedure implemented in the
previous section leads to the introduction of a new field
related to gravity, which allows us to define the γ trans-
formation of A6. To see this, it is instructive to recap the
systematic route that we tracked before, in order to find the
γ transformation of A3. Starting with the set of fields
(EM

A; FMNPQ), we applied the following steps:
(i) We noticed that the γ transformation of the BI for F4

contained the equation of motion of A3, as follows:

δγZð5Þ ∼ ⋆Eð3Þ: ð5:1Þ
(ii) We then imposed a duality relation ⋆F4 → F7,

which allowed us to interpret ⋆Eð3Þ as the BI for F7:

⋆Eð3Þ → Zð8Þ; ð5:2Þ
requiring the introduction of the potential A6.

(iii) Finally, the transformation δγA3 could be found in
terms of A6, by demanding that it reproduced the
transformation of F4, upon imposition of the duality
relation.

In the last step, we also obtained the transformation δγF7,
but this did not allow us to derive δγA6. Tomake progress, we
now try to repeat the procedure described above, startingwith
the enlarged set of fields ðEM

A; AMNP; FM1���M7
Þ. Wewill see

that this requires the inclusion of the next level of the E11

decomposition: the dual graviton.
Implementing step i. with this extended set of fields

requires the γ transformation of the BI for F7. Hence,
defining

Zð8Þ ¼
ffiffiffiffiffiffiffi
−G

p �
dF7 þ

1

2
F4 ∧ F4

�
; ð5:3Þ

we find

δγZ
ð8Þ
M1…M8

¼ −
1

2
ð⋆Eð2ÞÞM1…M8PQ;Nγ

NPQ

þ 1

3!
ðZð5Þ ∧ γÞM1…M8

−
4

9
ðA · γÞZð8Þ

M1…M8
− Zð8Þ

N½M1…M7
AM8�PQγ

NPQ;

ð5:4Þ

where ð⋆Eð2ÞÞM1…M10;N¼εPM1…M10
Eð2ÞP
N . Then, the upgrade

of step i. can be stated as follows:
(i) We observe that the γ transformation of the BI for F7

contains the dual of the gravitational equation of
motion:

δγZð8Þ ∼ ⋆Eð2Þ: ð5:5Þ
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Now, various questions emerge when trying to upgrade
step ii. First, it requires a duality relation for the curvature
of the gravitational field EM

A. Different proposals for this
duality can be found in the literature. The Hodge dual of the
Riemann tensor, of the spin connection or of a combination
of coefficients of anholonomy have been considered in
Refs. [8,20–31]. Here, we note that a natural definition
follows from the problematic term ð⋆dγÞ appearing in
Eq. (4.7). Actually, the equality

−ð⋆dγÞM1…M7
¼ −

1

4!
εN1…N4M1…M7

4∇N1γN2N3N4

¼ 1

2
εM1…M7N1…N4

ωP
ABEN1

AEN2
Bγ

PN3N4 ;

ð5:6Þ
suggests the identification ⋆ω → H, where ω is the spin
connection (the curvature of EM

A), andH is some curvature
related to dual gravity as

HA1…A9;B ¼ −
2

9!
εCDA1…A9

ωB
CD;

ωA;B1B2
¼ 1

4
εC1…C9

B1B2
HC1…C9;A; ð5:7Þ

in agreement with Ref. [8].
To proceed forward, we should interpret ⋆Eð2Þ as the BI

for H9;1:

⋆Eð2Þ → Zð10;1Þ; ð5:8Þ
and solve the equation Zð10;1Þ ¼ 0 in terms of a potential
h8;1: the dual graviton. But these steps face a number of

ambiguities. On the one hand, one can dualize different
expressions for the Ricci tensor contained in Eð2Þ (3.12a),2

and moreover, one can take diverse dualizations of the
terms involving ω2 in RAB.

3 These options lead to different
gravitational BI that are expected to coincide only on shell.
On the other hand, the term ϵBA1…A10

jF4j2 contained in

⋆Eð2Þ
A1…A10B

can be rewritten as

ϵBA1…A10
jF4j2 ¼−ϵBA1…A10

j⋆F4j2 ¼ ð⋆F4 ∧F4ÞBA1…A10
:

ð5:9Þ

In which expression should one replace ⋆F4 → F7?
Furthermore, since jF4j2 is related to the scalar curvature
R on shell, the relative coefficient between both of them is
not completely fixed in Eð2Þ.
Most probably, these ambiguities can be resolved by

including further global symmetries into the game (such as
the six-vector symmetries discussed in the previous sec-
tion). However, this is far beyond the scope of this work.
Nevertheless, although we are unable at this stage to
systematically reach the BI Zð10;1Þ, we can still try to find
the explicit dependence of H9;1 on its potential h8;1, and
derive the γ transformation of A6.
Schematically, we proceed as follows: we propose

generic expressions for H9;1 and δγA6 in terms of A3,
A6, and h8;1, and then we demand that δγF7 calculated from
δγA6 reproduces Eq. (4.7) after imposing the duality
relations H → ⋆ω and F7 → ⋆F4.
We consider the following Ansätze for H9;1:

HM1…M9;N ¼ α1∂½M1
hM2…M9�;N þ α2∂Nh½M1…M8;M9� þ α3∂½M1

hjNjM2;…M8;M9� þ α4A½M1M2M3
∂M4

AM5M6M7
AM8M9�N

þ α5∂½M1
AM2…M7

AM8M9�N þ α6∂½M1
AM2…M6jNjAM7M8M9� þ α7∂NA½M1…M6

AM7M8M9�
þ α8AN½M1…M5

∂M6
AM7M8M9� þ α9A½M1…M6

∂jNjAM7M8M9� þ α10A½M1…M6
∂M7

AM8M9�N; ð5:10Þ
and for δγA6:

δγAM1…M6
¼ a1hM1…M6NP;Qγ

NPQþa2hNPQ½M1…M5;M6�γ
NPQþa3ðA3 ∧ γÞM1…M6

þða4AM1…M6
ANPQþa5AN½M1…M5

AM6�PQ

þa6ANP½M1…M4
AM5M6�Qþa7ANPQ½M1M2M3

AM4M5M6� þa8AN½M1M2
AM3M4M5

AM6�PQÞγNPQ: ð5:11Þ

Explicit dependence on the Levi-Civita tensor or terms
involving contractions of A3 and A6 with themselves or
with each other through a metric are not included, because
they are absent in the Ansatz (4.7), and hence they are not
expected to appear here. Including such terms in H9;1

would also require them in Eq. (5.11), leading to a conflict
with Eq. (4.7).
Following Ref. [9], we supplement these expressions

with the conditions

2RAB ¼ 2∂½BωC�AC − ωCB
DωDA

C − ωC
CDωBAD is not mani-

festly symmetric. Hence, one can dualize this expression, the
equivalent one with A ↔ B or a combination of both.

3One can dualize ω2 as ω2 → ð⋆HÞ2 or as ω2 → ⋆Hω. The
Levi-Civita tensor that is contracted with the spin connection in
⋆R ⊂ ⋆Eð2Þ does not yield H9;1 directly. Instead, one must
substitute ω in terms of ⋆H and evaluate contractions between
two ε-tensors.
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h½M1…M8;N� ¼ 0; H½M1…M9;N� ¼ 0; ð5:12Þ

which allows us to eliminate the term proportional to α2 in
Eq. (5.10) and to combine the terms with coefficients α1
and α3 as well as the first two terms in Eq. (5.11).

Therefore, we can set α2 ¼ α3 ¼ a2 ¼ 0, without any loss
of generality. Furthermore, we can also set a1 ¼ 1, which is
always possible through a renormalization of the field h8;1.
These restrictions, together with the imposition (4.7), lead
to the refined Ansätze

HM1…M9;N ¼ −
4

8!
∂½M1

hM2…M9�;N −
1

ð3!Þ3 A½M1M2M3
∂M4

AM5M6M7
AM8M9�N

−
1

6!

2

3
ð∂½M1

AM2…M7
AM8M9�N þ ∂½M1

AM2…M6jNjAM7M8M9�Þ

−
2

6!

1

3
∂½M1

ð3eAM2…M7
AM8M9�N − a9AM2…M6jNjAM7M8M9�Þ

þ α7∂NA½M1…M6
AM7M8M9� þ α9A½M1…M6

∂jNjAM7M8M9�; ð5:13Þ
and

δγAM1…M6
¼ hM1…M6NP;Qγ

NPQ −
1

2
ðA3 ∧ γÞM1…M6

þ 5

6
ð3AN½M1M2

AM3M4M5
AM6�PQ − 2ANPQ½M1M2M3

AM4M5M6�ÞγNPQ

þ a4ðAM1…M6
ANPQ þ 12AN½M1…M5

AM6�PQ þ 15ANP½M1…M4
AM5M6�QÞγNPQ

þ a9ðAN½M1…M5
AM6�PQ þ 5ANP½M1…M4

AM5M6�Q

þ 10

3
ANPQ½M1M2M3

AM4M5M6�ÞγNPQ; ð5:14Þ

where we have introduced the parameter a9 ¼ 3a7þ5
10

.
There are a few additional simplifications that can be considered. First, we can redefine the field variable h8;1 to reduce

the two parameters a4 and a9 into a single one, α ¼ 3a4 þ a9. Specifically, we propose

hM1…M8;N → hM1…M8;N −
a9 × 7 × 4

3
ðA½M1…M6

AM7M8�N þ A½M1…M5jNjAM6M7M8�Þ; ð5:15Þ

which ensures that h½M1…M8;N� ¼ 0 remains valid if it was true initially. Finally, we can use Eq. (5.12), which further implies
α7 ¼ α9 ¼ − 2·α

3·6!. The final expressions are then fixed, up to a unique parameter α, as

δγAM1…M6
¼ hM1…M6NP;Qγ

NPQ −
1

2
ðA3 ∧ γÞM1…M6

þ 5

6
ð3AN½M1M2

AM3M4M5
AM6�PQ − 2ANPQ½M1M2M3

AM4M5M6�ÞγNPQ

þ α

3
ðAM1…M6

ANPQ þ 12AN½M1…M5
AM6�PQ þ 15ANP½M1…M4

AM5M6�QÞγNPQ; ð5:16Þ

and

HM1…M9;N ¼ −
4

8!
∂½M1

hM2…M9�;N −
1

ð3!Þ3 A½M1M2M3
∂M4

AM5M6M7
AM8M9�N

−
1

6!

2

3
ð∂½M1

AM2…M7
AM8M9�N þ ∂½M1

AM2…M6jNjAM7M8M9�Þ

− α
1

6!

2

3
½∂½M1

ðAM2…M7
AM8M9�NÞ þ ∂NðA½M1…M6

AM7M8M9�Þ�: ð5:17Þ
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In summary, we have found that the introduction of a
new field h8;1, dual to the gravitational degrees of freedom,
allows to define δγA6 in a way that remains compatible with
δγF7, ensuring that δγZð8Þ ¼ 0 off shell. Even though it
seems to be difficult to derive the Bianchi identity for H9;1

from our bottom-up perspective, we expect that once it is
understood, the α-parameter can be ultimately fixed and the
symmetries of the dual graviton (5.12) can be determined.

VI. CONCLUSIONS

In this work, we have presented an 11-dimensional uplift
of the trivector symmetry inherent to the exceptional groups
arising from the compactification of maximal supergravity
on tori. This was implemented through the application of an
11-dimensional constraint that assumes the existence of
isometries. By uplifting the β symmetry of Type II super-
gravity [1–3], we elaborated on the γ transformations
relevant to the metric and the curvature of the three-form.
Our findings elucidate how the equations of motion
and Bianchi identities of the standard formulation of
11-dimensional supergravity can be structured into triv-
ector multiplets. This implies that γ transformations should
be understood as an on shell symmetry of the theory that
can be employed as a solution generating technique.
A significant aspect of our analysis involved the deri-

vation of the γ transformation of the three-form potential,
which required the introduction of a dual magnetic six-
form. This addition, accompanied by a corresponding
duality relation, is reminiscent of structures found in
democratic formulations of supergravity. Additionally,
we noticed that closure of the symmetry algebra indicates
the presence of an 11-dimensional six-vector global sym-
metry. The six-form potential and its associated nongeo-
metric six-vector symmetry represent the first meaningful
extension of the standard 11-dimensional supergravity
framework, in alignment with the E11 construction [5].
Our results establish a bottom-up perspective on the E11

formulation, offering direct insight into the conventional
supergravity framework. We have further investigated the
subsequent level of the E11 decomposition and demon-
strated that the γ transformation of the curvature of the six-
form yields a duality with the gravitational equations of
motion. Thus, we have seen that advancing within this
hierarchy leads to the emergence of a dual graviton. We
initiated the first steps in this intriguing direction, but a
number of ambiguities turned up, which we expect to
eventually clear up in future research.
The trivector γ symmetry examined here promotes the

symmetry principles known as α [32] and β [1] to a trilogy,
based on the philosophy of extrapolating well-defined
symmetries of a given theory, to another theory connected
to the original one through dimensional reduction. This list
is far from exhaustive, and it would be interesting to find
new examples of this phenomenon, which has provided

powerful ways of constraining interactions in supergravity
and its extensions.
Looking ahead, it might be worth focusing future

research on exploring the relationships between the γ
symmetry examined here and the trivector deformations
discussed in related literature [33–37]. Moreover, a detailed
examination of trivector symmetries in the context of
higher-derivative corrections in 11-dimensional supergrav-
ity remains a promising avenue for exploration. Ultimately,
refining our formalism further, we hope to gain new
insights into the dual graviton, which may enhance our
understanding of the underlying symmetries in gravita-
tional theories, and uncover connections with previous
work [9,20–31].
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APPENDIX A: NOTATION AND DEFINITIONS

We use μ; ν; ρ;… and a; b; c;… indices for spacetime
and tangent space coordinates in 10 dimensions, respec-
tively. The infinitesimal Lorentz transformation of the
vielbein is

δΛeμa ¼ eμbΛb
a: ðA1Þ

The spin connection

ωcab ¼ −eμcð∂μeνaeνb − Γρ
μνeρaeνbÞ;

with Γρ
μν ¼ 1

2
gρσð∂μgσν þ ∂νgμσ − ∂σgμνÞ; ðA2Þ

transforms as

δΛωcab ¼ DcΛab þ ωdabΛd
c þ 2ωcd½bΛd

a�; ðA3Þ

and hence, it turns flat derivatives Da into covariant flat
derivatives ∇a as

∇aTb
c ¼ DaTb

c þ ωab
dTd

c − ωad
cTb

d; Da ¼ eμa∂μ:

ðA4Þ
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The Christoffel connection Γρ
μν turns spacetime partial into

covariant derivatives as

∇μTρ
σ ¼ ∂μTρ

σ − Γλ
μρTλ

σ þ Γσ
μλTρ

λ: ðA5Þ

The Riemann tensor

Rμ
νρσ ¼ ∂ρΓ

μ
νσ − ∂σΓ

μ
νρ þ Γμ

ρλΓλ
νσ − Γμ

σλΓλ
νρ; ðA6Þ

with flat spacetime indices is defined as

Rabcd ¼ 2D½aωb�cd þ 2ω½ab�eωecd þ 2ω½aceωb�ed: ðA7Þ

While the symmetry Rabcd ¼ R½ab�½cd� is manifest, other
symmetries of the Riemann tensor are hidden and deter-
mine the Bianchi identities

Rabcd ¼ Rcdab; R½abc�d ¼ 0; ∇½aRbc�de ¼ 0: ðA8Þ

The Ricci tensor and scalar curvature are given by the traces

Rab ¼ Rc
acb; R ¼ Ra

a; R½ab� ¼ 0: ðA9Þ

The same definitions apply in 11 dimensions, with the
only difference being that the indices M;N; P;… and
A;B;C;… now represent curved and tangent space indices,
respectively.

APPENDIX B: NO-GO FOR OFF SHELL
γ-INVARIANCE IN STANDARD

11-DIMENSIONAL SUPERGRAVITY

We have seen that the standard formulation of
10-dimensional Type IIA supergravity is not off shell β
invariant, which implies that the standard formulation of
11-dimensional supergravity cannot be γ invariant. In this
appendix, we present a more fundamental proof of this
statement, without evoking the RR sector of Type IIA. We
demonstrate that the circle reduction of the most general
proposal for trivector transformations of the metric and the
three-form potential is not compatible with the β trans-
formations rules of theNSNS sector of Type IIA supergravity.
We begin by considering the most general γ trans-

formations of the metric and the three-form potential,
which can be expressed as follows:

δγGMN ¼ δγðGÞGMN þ δγðϵÞGMN;

δγAMNP ¼ δγðGÞAMNP þ δγðϵÞAMNP; ðB1Þ

where we distinguish terms that involve the Levi-Civita
tensor and those that do not. Furthermore, we decompose

the variation δγ into a sum, according to the number (k) of

three-form potentials, i.e., δγ →
P

k δ
ðkÞ
γ , as follows:

δγðGÞGMN ¼
X
k≥0

δð2kþ1Þ
γðGÞ GMN; δγðϵÞGMN ¼

X
k≥0

δð2kÞ
γðϵÞ GMN;

δγðGÞAMNP ¼
X
k≥0

δð2kÞ
γðGÞ AMNP; δγðϵÞAMNP ¼

X
k≥0

δð2kþ1Þ
γðϵÞ AMNP:

ðB2Þ

The most general candidates for the lowest-order contri-
butions can be expressed as

δð1Þ
γðGÞGMN ¼ a1ðγ · AÞGMN þ b1γPQðMANÞPQ; ðB3Þ

δð3Þ
γðGÞGMN ¼ a3ðγ · AÞA2GMN þ b3γPQðMANÞPQA2

þ c3ðγ · AÞAPQ
MANPQ; ðB4Þ

δð0Þ
γðGÞ

AMNP ¼ a0γMNP; ðB5Þ

δð2Þ
γðGÞ

AMNP ¼ a2ðγ · AÞAMNP þ b2γRS½MANP�TARST

þ c2γR½MNAP�STARST þ d2γMNPA2;

… ðB6Þ

where ðγ · AÞ ¼ γPQRAPQR and A2 ¼ APQRAPQR. The var-
iations δγðϵÞ necessarily involve higher-order contributions.

In particular, δð0Þ
γðϵÞGMN ¼ δð2Þ

γðϵÞGMN ¼ 0 and δð1Þ
γðϵÞAMNP ¼

δð3Þϵ AMNP ¼ 0 and the first nontrivial combinations (con-
sistent with β symmetry when truncating RR fields and

γμνρ) appear in δð4Þ
γðϵÞGMN and δð5Þ

γðϵÞAMNP.

The strategy to determine the transformation rules is to
vary the action and require the cancellation of terms order
by order in powers of the three-form potential. Finally, we
impose that the circle reduction of the transformations
reproduces the known β transformations of the NSNS
fields.
The 11-dimensional Lagrangian takes the form

L11 ¼ Lð0Þ þ Lð2Þ þ Lð3Þ; ðB7Þ

whereLð0Þ andLð2Þ are respectively the Ricci scalar and the
kinetic term of the three-form potential up to the volume
measure

ffiffiffiffiffiffiffijGjp
, while Lð3Þ is the Chern-Simon term

A3 ∧ F4 ∧ F4.
The general variation can thus be organized as
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δγL ¼ δðLð0Þ þ Lð2ÞÞ
δGMN

δγðGÞGMN þ δLð2Þ

δAMNP
δγðGÞAMNP þ δLð3Þ

δAMNP
δγðϵÞAMNP

þ δðLð0Þ þ Lð2ÞÞ
δGMN

δγðϵÞGMN þ δLð2Þ

δAMNP
δγðϵÞAMNP þ δLð3Þ

δAMNP
δγðGÞAMNP; ðB8Þ

where we have used δLð0Þ
δAMNP

¼ δLð3Þ
δGMN

¼ 0. Notice that the first
line has an odd number of potentials A, while the second
line has an even number of them, implying that each line
must vanish independently.
Compatibility with δβbμν ¼ −βμν þ… requires a0 ≠ 0

in Eq. (B5). This leads to a nonvanishing quadratic
contribution in Eq. (B8), as follows:

δLð3Þ

δAMNP
δð0Þ
γðGÞAMNP ∼ γ ∧ F ∧ F ∼ A2: ðB9Þ

This term cannot be cancelled either by the first two terms
in the second line of Eq. (B8), since

δðLð0Þ þ Lð2ÞÞ
δGMN

δγðϵÞGMN þ δLð2Þ

δAMNP
δγðϵÞAMNP ∼ A4; ðB10Þ

[recall that δγðϵÞGMN ∼ A4 and δγðϵÞAMNP ∼ A5] or by

δLð3Þ

δAMNP
δðkÞ
γðGÞ

AMNP ∼ Akþ2; ðB11Þ

with k ≥ 2.
In conclusion, we have found that there is no off

shell uplift of β symmetry to the standard formulation of
11-dimensional supergravity. Note that γ in Eq. (B9) is
given by

γMNP ¼ GMQGNRGPSγ
QRS; ðB12Þ

which is not constant. Therefore, γ ∧ F ∧ F is not a total
derivative, indicating that neither the Lagrangian nor the
action is γ invariant.
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