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Kaluza-Klein reductions of 11-dimensional supergravity lead to exceptional global symmetries in lower
dimensions. Certain nongeometric elements of these symmetries, parametrized by a trivector y, are not
inherited from the higher-dimensional local symmetries, but represent instead a symmetry enhancement
produced by the isometries of the background. Here, we demonstrate how to realize this enhancement in 11
dimensions, as a symmetry principle with constrained parameters. We show that y transformations
exchange the equations of motion of the metric and the three-form with their Bianchi identities, in a closed
form, structuring them into trivector multiplets. Implementing this principle as an off shell symmetry of the
theory requires the introduction of a hierarchy of dual fields, including a six-form and a dual graviton in the

initial levels.
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I. INTRODUCTION

Kaluza-Klein (KK) reductions of 11-dimensional super-
gravity on d-dimensional tori are invariant under continuous
exceptional E 4, global symmetries when only the zero KK
modes are kept. The E;,) groups contain geometric and
nongeometric elements. While the former derive from 11-
dimensional diffeomorphisms and three-form gauge trans-
formations, the latter are not associated with a symmetry of
the higher-dimensional theory, but constitute instead a
symmetry enhancement arising from the toroidal truncation.

Two important aspects of these exceptional groups are
crucial for our work. They contain: (a) an O(d,d) sub-
group, with d = d — 1, and (b) a trivector generator y that
produces nongeometric transformations of the descendants
of the metric and the three-form, mixing them into each
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other. The bivector components of y, usually named S, are
the generators of the nongeometric sector of O(d, d).

It has recently been demonstrated that f acts covariantly
in 10-dimensional supergravity, on the Neveu Schwarz-
Neveu Schwarz (NSNS) sector [1,2], in the democratic
formulation of the Ramond-Ramond (RR) sector [3], and
including the gauge and fermion fields of the heterotic
theory [4]. In essence, f# possesses a GL(10) embedding
that preserves the structure of the higher-dimensional
fields, transforming them nonlinearly. This allows us to
examine the invariance of the higher-dimensional action by
applying f transformations. Strictly speaking, # does not
qualify as a symmetry, as it demands the constraint
p*a, =0, which expresses the existence of isometries.
However, for practical purposes, it can be considered a
symmetry principle in 10-dimensional supergravity, whose
effects in 10 — d dimensions ensure the enhancement of the
internal global symmetries into the full O(d,d) group.

In this paper, we extend this idea to investigate the role
of the trivector yMMP  with M,N =0,...,10, in
11-dimensional supergravity. Our results are presented as
follows:

(1) In Sec. II, we review the role of f symmetry in the
democratic formulation of 10-dimensional Type II
supergravity, and explore its impact in the standard
formulation. We show that this symmetry cannot be
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defined for the standard action, as it is not possible to
assign f transformations to the p-form potential
fields in the standard framework. Instead, one can
define the variations of the field strengths, and
demonstrate that the equations of motion and the
Bianchi identities transform into each other. This
implies that f transformations constitute an on shell
symmetry, which maps solutions into new solutions,
and can thus be employed as a solution-generating
technique. A £ invariant action requires the introduc-
tion of dual fields within a democratic framework.

(i1) In Sec. III, we show that there is a unique uplift of
the f transformations of 10-dimensional Type IIA
supergravity to trivector transformations in 11-
dimensional supergravity. We present the y trans-
formations of the metric and the curvature of the
three-form. As expected, we find that it is not
possible to define y symmetry for the standard
action of 11-dimensional supergravity, but the equa-
tions of motion and the Bianchi identities transform
into each other, provided the isometry constraint
yMNPo, = 0 is imposed.

(iii) In Sec. IV, we extend our results showing that the y
transformation of the three-form (rather than its
curvature) requires the inclusion of a six-form and
the extension of the global symmetries, incorporat-
ing a six-vector transformation. These correspond to
the field content and symmetries of the first non-
trivial level of the E;; construction [5-9]. Thus, our
results fit into this context as a minimalist bottom-up
construction, with a permanent direct contact with
standard 11-dimensional supergravity.

(iv) InSec.V, we explore the possibility of defining the y
transformation of the six-form through the introduc-
tion of extra degrees of freedom related to the
gravitational sector. We note that the inclusion of
a mixed Young tableaux field, usually interpreted as
the dual graviton, leads to a natural expression for
the dual of the spin connection as well as for the y
transformation of the six-form potential.

(v) Finally, we present some conclusions in Sec. VI
Details on notation, definitions, and side computa-
tions are provided in the Appendixes.

II. BIVECTOR g SYMMETRY
IN TYPE II SUPERGRAVITY

In this section, we discuss the role of # symmetry in the
standard formulation of 10-dimensional Type II super-
gravity. To this end, we first recall the democratic and
standard formulations of the theory, focusing on the duality
relations that connect them. Then, we review the action of 8
symmetry in the democratic formulation [3], where it is
well understood, with the purpose of extracting its impli-
cations for the standard formulation. Finally, although we
find that the action of the standard framework is not

invariant, we show that the equations of motion and the
Bianchi identities (BI) can be organized into f multiplets.

A. Type II supergravity

The bosonic field content of 10-dimensional Type II
supergravity splits into the Neveu Schwarz-Neveu Schwarz
and the Ramond-Ramond sectors. The former contains the
vielbein e, the Kalb-Ramond field b,,, and the dilaton ¢,

and the action is given by

s

1

SNSNS:? d"x\/=ge™2
10

« (R +40Ip— 4V — %HMHM> @)

where H,,, = 39,,b,,.
(p)

The RR sector includes p-form potentials Dy-..,.,, where
the allowed values of p depend on the theory and on the
formulation. To fix our conventions, in the following
subsections, we review the standard and the universal
democratic formulations of the RR sector of Type IIA
and Type IIB supergravities.

1. Standard formulation

In the standard formulation of 10-dimensional Type II

supergravity, the p-form potentials D,(fl’ -)~-M,, contain p = 1,3
in Type IIA and p = 0, 2, 4 in Type 1IB, respectively, ruled

by the actions

1
S = = [ dsy(FOR + PP

1
+— [ bAdD® —bADWY)

4K10

A d(D®) —b A DW), (2.2)

and

1 1
S == [ dOnTG(IFOP + [FOP 45 1P
4K10 2

1 1
— [ bAd(DW~~bAD?
* RIS < 2
A d(D(Z) —b A D(0>), (2.3)
where
, 1 (n) :
U = Fine i Bl with
n:
| —
P = — F o dxtt Ao A dotn, (2.4)

and the p = 4 field is constrained to satisfy the self-duality
condition F®) = %F©®), The Hodge star is defined as
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1
(10 _ l’l) n! 8V|'“Vnﬂ1'“l410—n

A - A dx"‘l()—n’

*F() = (M)v1-vn gk
(2.5)

and the field strengths can be written as the formal sum

F=e"?AdD, (2.6)
so that in Type IIA, one has
D =dp,  FW =dDB®) —bAF?  (27)
and in Type IIB, one has
F) = gD, FG =dD® —p A FO,
— D) — p A FO) —%b Ab A FO (2.8)

The equations of motion for Type IIA, calculated from
the action Sy, = Snsns + She, in flat notation are

C=—2¢2 <R +40¢ —4(Vg)? — libﬂ) =0,

2

(2.9a)

Ep = e™ME,, + AEMA = 0, (2.9b)

B,, = e2B,, + ABIA =0, (2.9¢)
R 1

D, = /=g {va,ia 3‘F<ab)cde“’} —0, (2.9d)

A

1 4
Dabc =—=v -9 |:vdF£b)cd

1
4
31 (*F< ))abcdefH f:| 0’

31
(2.9¢)
where the unconventional measure /=g is introduced for

later convenience, the generalized dilaton d is defined
through e2¢ = . /=ge™¢, and

g(lb = 2( ab + 2V Vbqb —Hacde >, (210&)

1
B, = Evchab — V.pHC (210b)
Vv d -9 c
A&y = 2 [(9ab|F(2>2 = 2F G F®,6) + g,y |[FOP

1
- gFﬁw)dezﬂ >hcd6} , (2.10c)
N 1
ABIp=Y_= [ o Fod F g Fapeae FO! | (2.100)

For Type IIB, the field equations obtained from the action
Sup = Snsns + Sgr are

Eup = €€y + ALY = (2.11a)
By = eByy, + MBI =0, (2.11b)
b= yma[vert - LFae] <0 g
A 1
Dy = /— [VCFabC — yF(db)CdEHCdei| =0, (2.11d)
A vV—9 () 1 N
Dabea 2 x 4! [veF“b“le + 31 (*F( ))abcdelezezHeleze3]
- (2.11e)
where
-9
Afay = =5 |:(gab|F<l)| 2F IV FY
+ gap|FOJ? — ngdF<3> cd
1 1 (5 (5)cdef
__ 1 cae
ABy = \/;g [FS;LF (e +§F§fh) : FS}Q}, (2.12b)

and the self-duality relation must be imposed after deriving
the equations of motion.
The RR fields verify the Bianchi identities

d(e® A F) =0, (2.13)
which are specifically, for Type IIA,
dF? =0, dF® +HAF? =0, (2.14)
and for Type IIB,
dFV =0,  dF® 4+ HAFD =0,
dF® +H A FO) =0. (2.15)

2. Democratic formulation

In the universal democratic formulation of Type II
supergravity, the “electric” and “magnetic” potentials of

all RR fields are treated on equal footing. The p-form

potentials D /(41) 4, include p =1, 3, 5, 7 in Type IIA and

p=0, 2, 4, 6, 8 in Type IIB. These fields obey the
pseudoaction [10-13]

S = Snsns + Shg. (2.16)
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where

11—
SRR -

. /dlox\/_Z|F
SKIO/ZF A *F

with n=2,4,6,8 in type A and n=1, 3,5, 7, 9 in
Type 1IB.

The equations of motion are obtained by treating all the
RR potentials as independent fields. In flat notation, they
take the form

(2.17)

C=—2¢e2 (R +40¢ — 4(Ve)? — iH2> =0,

12
(2.18a)
g’ = p2dg b — _\/—Z gachl F( n)cy...c,
_ (n) (n)ey.epmry
2nF. e, ) =0, (2.18b)

=0, (2.18¢)

g,El[lﬂap = 2 p' [*d( -’ A *F)]cq...a,, = O’

(2.18d)
where £,, and B,, coincide with those defined in the
standard formulations (2.10a) and (2.10b), respectively.

The logic of this formulation comes from supplementing
the field equations with the duality relations of the RR
curvatures, as follows:

*xF0) = (=)n(n=1)/2p(10-m) (2.19)

In Type IIA, one must replace the curvatures F®) and
F© in Eq. (2.18) by F® and F@¥, respectively, using
Eq. (2.19). After dualization, Eq. (2.18a) remains invariant,
Egs. (2.18b) and (2.18c) become (2.9b) and (2.9c¢), respec-
tively, &Y and 3 in Eq. (2.18d) become Egs. (2.9d) and

(2.9e), respectively, and finally, *EO) and *E7 in
Eq. (2.18d) become the BI (2.14), which in flat indices read

o=z ! @
L abede = <5v bcde + 21 x 3! H[achde] =0,

(2.20a)

Zape = /=33VF (2.20b)

In Type IIB, one must replace the curvatures F(®) and
F7) in Eq. (2.18) by F( and F®) using Eq. (2.19), and
self-dualize F®). After dualization, Eq. (2.18a) remains
invariant, and Egs. (2.18b) and (2.18c) become Eqs (2 11a)
and (2.11b), respectively. The field equations £, £?) and
E® in Eq. (2.18d) become Egs. (2.11c), (2.11d), and
(2.11e), respectively. Finally, *EX | %O and xE®
Eq. (2.18d) become the BI (2.15), which in flat indices read

6!
Iabcdef - \/ <6v bcdef + ﬁHﬂbCFgle)f]> (22121)

Tapea = 49/=9(VaF iy +H[ach§,])) (2.21b)

Tap = 29/~GV o F (2.21¢)

B. § symmetry in Type II supergravity
The purpose of this section is to understand the action of
f symmetry in the standard formulation of Type II super-
gravity. To this end, we first review how it works in the
democratic formulation [3], and then use the results of the
previous subsections to analyze its behavior in the standard
version.

1. Democratic formulation

The f transformations of the fields in the democratic
formulation of Type II theories are [3]

Spe, = —e, by pe, (2.22a)
5/ib;w = _/B/,u/ - bﬂpﬁﬂﬁbgy’ (2.22b)

1 v
5ﬁ¢ = Eﬂ” b/un (222(:)
5/3Dl(“ll)')"ﬂp ﬁpﬁng';:z) Hp (222(1)

These transformations must be supplemented with an
isometry constraint
pa,... =0, (2.23)

where the dots refer to any field and/or gauge parameter in
the theory. The transformations (2.22) imply

Sp(v/=ge™) =0, (2.24a)
8p0cap = Ba"Hpjea — 3 BAH yas  (2.24D)
6/)’Habc = _3v[aﬂbc], (224(:)
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1

5ﬁ(va¢) = EﬁCdHacd’ (224d)
55(VaVipd) = 5V (B Hp)ca) = B (HpyeaVih,  (2.24e)
5/)’R - —ZV“ (ﬂbcHahc) - %vaﬂbcHubc, (224f)

1 -1 _
5ﬂFz<zrll?-~an = _EﬁCdbchm) a, T n(nz )ﬁ[ Fo

araz a3"'an]

1 ﬁcd (n+2)

2 cday-a,* (224g)

These f variations mix the equations of motion and the BI
as follows [3],

5ﬂgab = _4ﬁc(aBb)C, 5ﬂl§ab = ﬂc[agb]cv (2258.)

sp)  _PP=1), aip-
5/35“1?"'“11 - 2 ﬂ[alaz as.. a,, P,B az ..ap]bcdv
(2.25b)

where it is implicitly assumed that EP=2) vanishes for
p < 2. 64C is not included here because C ~ Sysns is S
invariant.

We conclude the discussion on f symmetry in the
democratic formulation of Type II supergravity with a
comment on the consistency between duality relations and
p transformations. The combination

n(n+1)

rn = gl (=) * F10-n)

0<n<9. (226)

which vanishes as a consequence of the duality relations
(2.19), transforms as

—nby, \mﬁ T

(n)
pot Hi---Hp

n(n— 1)

. 1
ST, = =5 BByl

_|_

o-(n+2)
ﬁp rﬂlflt] Hn®
(2.27)
|

ﬁ[ﬂlllz H3-- ﬂn

5ﬂ£ab = _4ﬂc(al§b)c’
6/31A>a = Sﬂbcﬁubc’

A 1 A
5ﬂz-abc = Eﬂdez-abcde’

and for Type 1IB

5ﬂéab = _4ﬁc(a Bb)c >

5ﬂ8ab = ﬁc[aéb]c’

Hence, f transformations preserve the duality condition
'™ = 0. This property will be important when trying to
apply this symmetry principle in the standard formulation
of the theory.

2. Standard formulation

Due to the f covariance of the duality relations, the
variations (2.24) also apply to the equations of motion (2.9)
and (2.11) and the BI (2.20) and (2.21) in the standard
formulation. In particular, applying the duality relations to
Eq. (2.24g) yields the variations of the RR curvatures of
Type IA, as follows:

1
5ﬁFt(lb o 2ﬂ0db Fub ﬂCchdab’ (228)
S, FD), ara = =~ pedpy 6 "
sl ajayaza4 = Zﬂ cd alu2a'§a4 + ﬂﬂlaz azay]
1
- EﬁCd(*F<4))cdu]azu3a4’ (229)
and Type 1IB
1
Sy = b )~ pES (2:30)
3 ¢ L ped s
5[)’F(al)aza3 = ﬂ dbchaltlzaz +3ﬂ (ajay a 2ﬁ d cd)a]azag
(2.31)
5 . (3
5ﬁF(al),..a5 = _Eﬂ dbchl(ll) as T IOﬂ [aa, a3) .as)
1
+ E:BCd(*F@))cdal,..aS' (232)

Two important results on the action of  symmetry in the

standard formulation can be obtained:

(1) The field equations (2.9) and (2.11) and the BI
(2.20) and (2.21) form a closed set of equations
under f transformations. Explicitly, for Type IIA,
one has

(2.33a)

A VO
3pDabe = =5 PlavPe) + 15 % (¥Ls) apede: (2.33b)
5/1fabcbd = loﬂ[abfcde] - 3ﬂfy(*lz,j3)abcdefg’ (2330)
5ﬂl§ab = ﬂc[aéb]ca (2.34a)
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. 1 ~
5/jD - EﬁabDalﬂ

A A 1 A
5/3Dabcd = 6ﬁ[achd] - iﬁef(*zél)abcdef’

) T
4Ly = _EﬂLdIabcdv

(i) Importantly, while the BI 7 abe = 0 1s f invariant off
shell, we find that 7. ar...as =0 is only on shell
invariant in the standard formulation of Type IIA,
due to the presence of the equation of motion 153 in
its transformation (2.33c). This implies that off shell,
there is no way to assign a f# transformation to D),
and then there is no chance to assess f# symmetry in
the standard action (2.2), because D) appears
explicitly (and not only through its curvature) in
the Chern-Simons term. The same conclusion ap-
plies for the action of Type IIB (2.3), since 5ﬂfabcd

depends on 754.

There are other ways to reach the same result. On
the one hand, it is not possible to extract the f
transformation for D®) from Eq. (2.24g). The reason
is that since F®* = dD®) —b A F?, it turns out
that 5;(F* + b A F?) is not exact, and indeed it is
not even closed (off shell). Then, in the standard
formulation of Type IIA, one is forced to work with
the curvature field F*) instead of its potential D).
On the other hand, the duality relation cannot be
imposed on 5ﬁD(3) in Eq. (2.22d), because it
depends on the dual potential D). Hence, a con-
sistent /3 variation for D®) requires the presence of
dual potentials. Equivalent arguments apply to D)
in Type IIB.

In summary, in the standard formulation of
10-dimensional Type II supergravity, f transformations
can be defined for the NSNS fields and for the curvatures
of the p-form potentials. The equations of motion and the
BI are transformed into each other, in a closed form.
Defining f transformations for the p-form potentials
requires a democratic formulation with dual fields. In
the following sections, we will explore the uplift of this
symmetry to 11-dimensional supergravity.

III. TRIVECTOR y SYMMETRY IN
11-DIMENSIONAL SUPERGRAVITY

The bosonic field content of the standard formulation of
11-dimensional supergravity comprises the metric Gy
and a three-form A, yp, and the action is given by

N A1 N
5/iDab =PuD— E:BCdDabcdv

~ A 1 A
5L abca = OPiapL ca) + Eﬁe‘f (*D4) apedes-

(2.34b)

(2.34¢)

(2.34d)

1
d''xv/ -G <R - WFMNPQFMNPQ

2 4
- <_) 8M1”'Ml1AM1M2M3FM4M5M()M7FM8M9M10M11>’
(3.1)

with Fyypo = 40 Aynp)- A circle reduction of this theory
gives rise to the standard formulation of 10-dimensional

Type IIA supergravity, with the following KK
decomposition:

Gy = e‘%‘/’g,w + e%¢D,(¢1)D£1>, (3.2a)

G0 = —¢¥D}", (3.2b)

Gioro = €7, (3.2¢)

Ay = =(Djip = 3by, D)), (3.2d)

Ao = —by,. (3.2e)

The uplift of the 10-dimensional bivector f** will be a
trivector yYN? in 11 dimensions, with
7/;u/lO — _ﬂ;w‘ (33)
y is a generator of the nongeometric sector of Eyy),
where nongeometric refers to the fact that it mixes the
gravitational and p-form scalar fields. In addition, it
contains a 10-dimensional trivector component y**”, whose
effect we ignored in the previous section. The isometry
constraint (2.23) uplifts to a GL(11) covariant constraint
yYMNPop... =0, (3.4)
where again, the dots represent any field or gauge
parameter.
In this section, we explore the action of yMN? trans-
formations on the bosonic fields of the standard formu-

lation of 11-dimensional supergravity, building on the
results of the previous section, where we analyzed in detail
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the action of S transformations on the right-hand side of
Eq. (3.2). We start with the gravitational sector, recalling
the f variations of the 10-dimensional components of Gy
(2.22), as follows:

1
Bptb = 5" B (3.5a)
5,59/41/ = _gypﬁpabay - gvpﬁpabow (35b)
1
8Dl = —2 " Dig. (3.5¢)

It is easy to see that the only possible uplift of these
transformations to 11 dimensions is given by

1
5yGMN = GR(M}’RPQAN)PQ - §GMN7PQRAPQR7 (3-6)

after taking y**# = (. This determines the y transformation
of the 11-dimensional vielbein,
E\A

1
———Aypor""? + 3 Ey®r*PEAppi.

5, EyA =
reM 18

(3.7)

which is defined up to Lorentz transformations.

We cannot follow the same procedure to find the y
transformation of the three-form A,y p, because 6/;D(3) is
not available in the standard formulation of Type IIA
supergravity, as discussed at the end of the previous section.
However, we can try to uplift the transformation of its

curvature 5z F (4), expecting that the circle reduction of the y
variation of Fyypg = 40;yApynp) reproduced the f§ trans-
formations of H,,, and F ,(j,)p,, in Eq. (2.24). We find by
inspection that the only possibility is given by

1
5yFMNPQ =- yARSTYRSTFMNPQ - 2}’RSTARS[MFNPQ]T

1
=40 yrnpo) + 57R5T<*F)RSTMNPQ' (3.8)

Indeed, considering that Fyg,, =H,, and F,,, =

HUpc
-F ,(;270 + (H A D(l))wm, one obtains the expected trans-
formation rules of the Type IIA components, as follows:

5ﬂH/,wp = _(dﬁ)/,wp + 3/}0%190[;4[_[1/,0]2’ (39)
1
SpFfipo = =55 b, bipe = 47, F %
1
2 ‘r
+ 6ﬁDlUFﬁ)(;§ - E[}ﬂ (*F<4))/17:;wp(7’ (310)

when y#¥ = (.
Although the transformations 6§, E v and 0, Fynpo are
now available, we are unable to explicitly explore y

symmetry in the action (3.1), due to the absence of the
transformation for the three-form ,A,yp. This limitation
was expected, as the Type IIA truncation lacks off shell
invariance. Additionally, we demonstrate in Appendix B
that the circle reduction of the most general proposal for
trivector transformations of the metric and the three-form
potential is not compatible with the f transformation rules
of the NSNS fields of Type IIA supergravity.
We can, however, hope that the Bianchi identity

5 =
ZEH;CDE = _G(dF)ABCDE =0 (3-11)

and the equations of motion

1 1
5225){ =-2V-G (RAB - _F(ACDEFB)CDE + gﬂAB|F|2)

12
=0, (3.12a)
V-G
5/(43120 Y (VDF P asc
1
- E(*F)ABCD1D2D3D4FDID2D3D4) =0, (3.12b)

transform into each other through y variations. Before
examining this question, it is instructive to look at the y
transformations of the tensors and connections that are
involved, namely

Ay 1 1
8,0ppc = uCUABC —oNAlB (F- J’)c] + —J’[BDEFC]ADE
18 9 2
1
- ZVADEFBCDEv (3.13a)
A-y n 1
O,Rap = %RAB + %;VC(F Vet EVC[YEF(AFB)CEF]
1
—EV(A [7CDE]FB)CDE7 (3.13b)
1
5yFABCD = 18 (A : 7)FABCD —dYapcep
1
+ EVFGH(*F)FGHABCD’ (3.13¢)

where A - Y = AMNp]/MNP and (F . ]/)M = FMNPQ]/NPQ. We
see that y transforms the geometric sector into the gauge
sector, exposing its nongeometric nature, and suggesting
an underlying 11-dimensional generalized geometric
structure.

Applying these variations to the BI (3.11) and the field
equations (3.12), we find that they transform into each
other, as expected:
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2
51/5221; == g’?AB}’FGHgl(gc);H + 67/EF(A5(3)B)EF’
(3.14a)
3 1 o) 1
5;/55&1;0 = _551(2)[ BAE _ W}/DEF(*Z(S))DEFABC’
(3.14b)
5
5J/Z,<4l)?CDE = yFOH (% E®) ronascpe- (3.14c)

These equations are the GL(11) covariant uplift of
Eq. (2.33).

We then reach similar conclusions for y symmetry to the
ones displayed at the end of the previous section for f
symmetry in the standard formulation. The equations of
motion (3.12) and the BI (3.11) constitute a closed set of
equations under y transformations, as can be seen in

Eq. (3.14). Importantly, we find that Z{),, = 0 is only
on shell invariant, owing to the presence of the field
equation EG) in its transformation 572@ (3.14¢). This
implies that there is no chance to realize y transformations
as an off shell symmetry of the action (3.1), which is
independently verified in Appendix B without invoking RR
fields.

It is also not possible to extract the y transformation for
Aynp from Eq. (3.8), because 6,Fyypp is not exact, and
indeed it is not even closed, as follows from Eq. (3.14c¢).
Then, y symmetry in the standard formulation requires to
work with the curvature field Fjypp, and not with the
potential Aynp-

Following the lessons of the previous section, we can
then speculate that examining y invariance of the action
requires a democratic formulation with dual fields.

IV. DIVING INTO THE LEVEL
DECOMPOSITION OF Ej;

We have seen that trivector y transformations cannot be
defined for the potential A,y p in the standard formulation
of 11-dimensional supergravity. The obstruction is equiv-
alent to what we found for the f transformations of D® and
D in the standard formulation of 10-dimensional Type
ITA and IIB supergravity, where it was circumvented by
moving towards a democratic formulation, introducing
extra fields and duality relations. In this section we show
that the addition of a six-form Ag to the bosonic field
content of 11-dimensional supergravity allows to assess the
y transformation of the three-form As. This paves the way
to study closure conditions, which further imply the
existence of an 11-dimensional six-vector global symmetry.

The importance of the six-form gauge field in 11-
dimensional supergravity was first realized in Refs. [14,15],
and was later related to central charges in the M theory
superalgebra in Ref. [16]. Actually, a dual formulation of the

standard theory containing a six-form Ag is known to be
necessary, since the M theory membrane couples naturally to
the three-form, but the coupling of the magnetic dual five-
brane requires a seven-form field strength Fy; .5,

To see the impact of including Ag on y symmetry, we
begin by considering the field equation for A,;yp (3.12b),
which can be conveniently written as

1
0= (*ED)y, a, = —|d(*Fy) +§F4 AN Fyl| my . my
(4.1)

This equation is reinterpreted as the BI of a dual curvature
F; = xF,, as follows:

1
dF7+§F4/\F4:O. (42)

Its potential Ag is now considered as an independent field,
defined from the equation above as

1
F7:dA6—§A3/\F4 (43)

(see Ref. [17] for an alternative derivation motivated
from Eq)).

We can now try to define the y transformation for As.
Recall that it was not possible to define 5,45 in the standard
formulation because this would imply 5,2 () = 5,(dF,) =
d?(5,A3) = 0, while we found that §,Z©) = 0 only holds
on shell. However, the inclusion of Ag provides extra tools
to bypass this issue. Indeed, *£®) in Eq. (3.14c) can now

be reinterpreted as the BI of /7, Zii)_“ 4, = 0,s0that§, 2 )
vanishes off shell.

Then, we proceed as follows: we begin by considering
the most general transformation for As;, in terms of
Ey™, Ayt momy. and Ay, with arbitrary coefficients.
From this, we first compute the transformation of the
curvature F,, then we impose the duality relation
F; — %xF,, and finally, we require agreement with the
transformation obtained in the standard formulation (3.8),
which hopefully fixes all the coefficients in the Ansatz for
0,Az. Interestingly, this procedure leads to the unique
solution

1
5yAM1M2M3 = VM MM; — E (A ) 7’)AM]MZM3

+ EYN]NZNSAM]M2M3N1N2N3
(4.4)

3
+ ZyN]NZN}ANINz[MlAM2M3]N3 ’

such that the curvature F, transforms as
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1
5yFMNPQ == yARSTYRSTFMNPQ - ZVRSTARS[MFNPQ]T

—40uynro) + %7RSTFRSTMNPQ’ (4.5)
which reduces to Eq. (3.8) after implementing the duality
relation F; - xF,, as expected. Of course, 6YZ<5> =0is
now trivially satisfied, as the variation of the curvature is
defined through §,A;.

The question now is whether we can assign a y trans-
formation to Ag. To answer that, we express the trans-
formation of %F, as

8, (*Fa)y, v, = —(%dV) o, = Y A Fa)y, o,

A5 Fa)u,

7
+ 3 yN il (*F4)y, M. MgAMINN; -

(4.6)

Then, guided by the experience in Type II supergravity, we
propose that the transformation rule for the dual F; field is'

8,Fy, .y = =(%dy)y s, — W AN Fa)u m,

+ EVN1N2N3FN1[Ml...MéAM7]N2N3- (4.7)

It turns out that 5,(dAg) = 5,(F7 +3A; A Fy) is not
exact, and then there is no chance to define the variation of
Ag. Indeed, 5y(dA6) is not even closed, as the trans-
formation rules (4.4), (4.5), and (4.7) yield:

1
d|:5y<F7 +§A3 AN F4>:|

= —d[*(dy)] + As dependent terms # 0.  (4.8)
This conclusion is robust and independent of our (mini-
malist) definition of &,F;, since the term d[*(dy)] will
survive with any choice.

The problem we encountered in the previous section
reappears, albeit at a higher level. While before we dealt
with the set of fields (Ey™*, Fyypo) in the standard
formulation, now we managed to undress the variation
of the three-form potential at the expense of including its
dual six-form. The set of fields has now raised to
(Ex™. Aynp. Fu, ;). and their y variations are given

'We emphasize that this is a minimal choice, involving only
the replacement xF, — F;. Replacing F4 by any combination
aFy — bxF,, with a+ b =1, would be a nonminimal option,
consistent with the duality relation.

by Egs. (3.7), (4.4), and (4.7), respectively. Although the y
transformation of A4 cannot be defined at this level, we
managed to move one step further.

An interesting opportunity arises from this extension.
Notice that the variation of Gy in Eq. (3.14a) depends on
A;. If we wanted to explore the closure conditions
involving y variations, we would have to face the problem
that the transformation of A; is not accessible in the
standard formulation. However, in this democratic
improvement, we can evaluate the impact of y trans-
formations on the closure of the symmetry algebra on
the metric [5;,5,]Gyy, since we have the transformation
(4.4) at hand. We find that closure is achieved as

[61,6:]Gyn = Le,,Gun + 6r,Gun- (4.9)
up to diffeomorphisms & and global transformations with
respect to a six-vector I'. The brackets are given by
EM = [&,85] + %y’[‘priz]NP (where 1, is the gauge param-
eter for Asz), and

r--Ms _ y[lM|M2M3yg/I4M5M(,] (4.10)
with
orGyn = _%F(MMI "'MSAN)M, M
+ 31—3GMNFM‘"'A/IGAA/II...M6
+ 3 F(MM' "'MSAN)M,MZAM3M4M5- (4.11)

We should next evaluate the closure of the six-vector
transformations on the metric. But this is unattainable at
this stage, because we lack the I' transformations of Aj;
and Ag.

Unfortunately, we cannot explore the closure conditions
on Aj, since its y variation (4.4) depends on Ag. It seems
that yet another field would be necessary. The situation is
reminiscent of the conjecture that the infinite-dimensional
Kac-Moody algebra E|; is a symmetry of 11-dimensional
supergravity [5,6]. The main evidence for this conjecture is
given by the observation that the level decompositions of
Eq; with respect to its finite-dimensional subalgebras
reproduce the same p-form representations as expected
for maximal supergravity when formulated in a democratic
way, introducing for each p-form also its dual. In the
11-dimensional decomposition, the lowest levels of the
theory include, beyond the metric, the three-form and
the six-form at levels 0, 1, and 2, respectively, a field
hy,..mq,n in @ mixed Young tableaux representation, which
is interpreted as the dual of the graviton. In the next section,
we will see that the addition of a dual graviton allows us to
assess the y transformation of Ag.
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Before exploring the effect of introducing a new field, we
note that one can construct a pseudoaction for the set of
fields (EMA, AMNP’ AMIH.M()) as

1
- 1/ -
S_/dx G<R 35 dl

1
- mFMI...M7FM"”M7>,

with F; defined in Eq. (4.3), in the spirit of the democratic
action of Type II, in the sense that Ag must be treated as an
independent field, there are no Chern-Simons terms, and
the duality relation F,; = %F, must be imposed as a
constraint on the equations of motion. The field equation
for Ag then becomes the BI dF, = 0.

There are other proposals for a reformulation of the
standard action of 11-dimensional supergravity containing
both A; and Ag [18-20]. While all of them contain a
topological term, the duality relation is enforced on the
field equations in Ref. [18], but it emerges as the equation
of motion of either a Lagrange multiplier in Ref. [19] or an
auxiliary gauge field in Ref. [20]. Duality symmetric
actions have also been constructed using the Pasti-
Sorokin-Tonin technique in Ref. [21] (see Ref. [22] for a
recent comprehensive review).

FMI.,.M4FM]“'M4

(4.12)

V. TOWARDS THE DUAL GRAVITON

Motivated by the level decomposition of E|; [5], which
includes a mixed Young tableaux representation interpreted
as the dual of the graviton, in this section we explore the
possibility of defining the y transformation of the six-form
potential by introducing new degrees of freedom related to
the gravitational sector. We discuss various challenges that
arise in determining the BI of the dual graviton, and
demonstrate how consistency with y symmetry, combined
with certain expected symmetries of the dual graviton,
ultimately determine its form up to a unique parameter, and
provides a y transformation for Ag.

The construction of a dual theory of gravity has been an
elusive task for years. Even though linearized Einstein
gravity in D-dimensions can be equivalently formulated
in terms of a dual mixed Young tableaux field 4, .., .,
[23-27], the no-go theorems of Refs. [28,29] prove that
there is no manifestly Poincaré invariant, non-Abelian,
local deformation of the theory, and so there is no
consistent non-Abelian self-interaction of the dual graviton.
Some proposals have been made for a reformulation of
(super)gravity that contains the dual graviton and is valid at
the nonlinear level, based on the introduction of extra gauge
degrees of freedom and duality relations [20,30,31].
However, in these extended theories, the gravitational
sector does not mix with the p-form sector. Instead, in
the Eq; conjecture, the symmetry transforms the fields of
different spin into each other [5], allowing us to evade the

no-go theorems with the assumption that the field 4,_3 ; on
its own does not correctly describe gravity at the nonlinear
level [8,9].

The scope of this section is more modest. We just
observe that pursuing the procedure implemented in the
previous section leads to the introduction of a new field
related to gravity, which allows us to define the y trans-
formation of Ag. To see this, it is instructive to recap the
systematic route that we tracked before, in order to find the
y transformation of Aj;. Starting with the set of fields
(Ey™, Fynpg), we applied the following steps:

(1) We noticed that the y transformation of the BI for F4

contained the equation of motion of As, as follows:

8,20 ~ x€06). (5.1)

(i) We then imposed a duality relation *F, — F5,
which allowed us to interpret *£) as the BI for F;:

*EG) - z®) (5.2)

requiring the introduction of the potential Ag.

(iii) Finally, the transformation 5,A3 could be found in
terms of Ag, by demanding that it reproduced the
transformation of F4, upon imposition of the duality
relation.

In the last step, we also obtained the transformation 6, F7,
but this did not allow us to derive 5,A¢. To make progress, we
now try to repeat the procedure described above, starting with
the enlarged set of fields (Ey™, Ayyp, Far,.u,)- We will see
that this requires the inclusion of the next level of the E|;
decomposition: the dual graviton.

Implementing step i. with this extended set of fields
requires the y transformation of the BI for F;. Hence,
defining

1
Z® = /-G <dF7 + EF4 A F4>, (5.3)
we find
(8) L oo NPQ
8,20, My = _5(*5 WM. mgpONY
1
+ 5(26) NY)M,. .y
4 8 8
9 (A y)zj(w?...Mg - ng[)Ml...M7AMs]PQ7NPQ’
(5.4)

where (xE@)),, 1 y=epy, ,“Mloé’ﬁ)P. Then, the upgrade
of step i. can be stated as follows:
(i) We observe that the y transformation of the BI for F;
contains the dual of the gravitational equation of
motion:

5,Z8) ~ xE@),

: (5.5)
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Now, various questions emerge when trying to upgrade
step ii. First, it requires a duality relation for the curvature
of the gravitational field E,;,*. Different proposals for this
duality can be found in the literature. The Hodge dual of the
Riemann tensor, of the spin connection or of a combination
of coefficients of anholonomy have been considered in
Refs. [8,20-31]. Here, we note that a natural definition
follows from the problematic term (xdy) appearing in
Eq. (4.7). Actually, the equality

1
_(*d}/)Ml ..M; == Z 8N1 ..NyM, ~~.M74'VN1 yNzN3N4

1

_ ABEN, pN> . PN;N
_EEMI...M7N1...N4CUP EM A E™ gy T,

(5.6)

suggests the identification xw — H, where w is the spin
connection (the curvature of E,,*), and H is some curvature
related to dual gravity as

2
_ cD
Hy, a8 = ~ g1 ECPAL.APB
L cc

WA BB, = ZS e g He, oA (5.7)
in agreement with Ref. [8].

To proceed forward, we should interpret x£() as the BI
for Hy ;:

*E?) - z(10.1) (5.8)

and solve the equation Z(1%") = 0 in terms of a potential
hg: the dual graviton. But these steps face a number of

ambiguities. On the one hand, one can dualize different
expressions for the Ricci tensor contained in £?) (3.l2a),2
and moreover, one can take diverse dualizations of the
terms involving @” in R, 3.3 These options lead to different
gravitational BI that are expected to coincide only on shell.
On the other hand, the term ep4, 4, |F4|* contained in

2 .
*5541)..4 4,8 Can be rewritten as

€, anlFal* =—€pa, a,|*Fal> = (XFy A Fi)pa, a,-

(5.9)

In which expression should one replace *F, — F5?
Furthermore, since |F,|? is related to the scalar curvature
R on shell, the relative coefficient between both of them is
not completely fixed in £,

Most probably, these ambiguities can be resolved by
including further global symmetries into the game (such as
the six-vector symmetries discussed in the previous sec-
tion). However, this is far beyond the scope of this work.
Nevertheless, although we are unable at this stage to
systematically reach the BI 2% we can still try to find
the explicit dependence of Hg; on its potential hg;, and
derive the y transformation of Ag.

Schematically, we proceed as follows: we propose
generic expressions for Hg; and 6,As in terms of As,
Ag, and hg 1, and then we demand that 6, F; calculated from
0,A¢ reproduces Eq. (4.7) after imposing the duality
relations H — xw and F; — *F}.

We consider the following Ansdtze for Hy ;:

Hyp, g N = @10, Mgy g N+ Q20N g i) + @300, PN, M) T+ CaA v, 0500, A v AN

+ o501, Amt,. m, AmgmoN Tt 060, Anty. . Mo INAMMgM,] + XTONAM, . M AML MM,

+ AN, . M OmAn, Mams) T XA, . M ONIAM MMy T X10A M, ..M O, A by N »

and for 6,A¢:

(5.10)

8,Am, m, = a1hag, e o7"Pe + arhypoim, ..‘M5,M(,]7NPQ +az(As AY)y, o, + (a4Ap, . g Anpo + asAN, .., AMPO

+acAnpim,...m,Amsmglo T GTANPOIM, MMy Abtmsmg) T ASANM My AM MM AMPO)Y

Explicit dependence on the Levi-Civita tensor or terms
involving contractions of A3 and Ag with themselves or
with each other through a metric are not included, because
they are absent in the Ansatz (4.7), and hence they are not
expected to appear here. Including such terms in Hg,
would also require them in Eq. (5.11), leading to a conflict
with Eq. (4.7).

Following Ref. [9], we supplement these expressions
with the conditions

NPQ (5.11)

[

ZRAB = Za[BCUC]AC - CDCBDCUDAC - CUCCDCUBAD is not mani-
festly symmetric. Hence, one can dualize this expression, the
equivalent one with A <> B or a combination of both.

One can dualize w? as w? — (%H)? or as w? — *Hw. The
Levi-Civita tensor that is contracted with the spin connection in
*R C x£?) does not yield Hq, directly. Instead, one must
substitute @ in terms of xH and evaluate contractions between
two e-tensors.
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R, N = 0. Hy, myn =0, (5.12)  Therefore, we can set @, = a3 = a, = 0, without any loss
of generality. Furthermore, we can also set a; = 1, which is
which allows us to eliminate the term proportional to a, in ~ always possible through a renormalization of the field Ag ;.

Eq. (5.10) and to combine the terms with coefficients a; These restrictions, together with the imposition (4.7), lead
and a3 as well as the first two terms in Eq. (5.11). to the refined Ansditze
|
4 1
Hy, . myn = _ga[Mthz...Mg],N - WA[M,M2M3aM4AM5M6M-,AM8Mg]N
12
613 (O, Aty s, Artgmov + Oing, Aty N AM, M)
21

- 613 5[M] (3eAM2...M7AM8Mg]N - a9AM2...M6\N|AM7MgM9])

+ 70NA s, . mAMyMeM,) T QA M, M ON A M, MgM,) (5.13)

and

1
0,AM,. .M, = hM|.,.M6NP,Q7NPQ 5 (A3 A }')Ml..,M(,

5

+ 6 (3AN[M1M2AM3M4M5AM6]PQ - 2ANPQ[M1M2M3AM4M5M6])VNPQ

+ as(Ay,  m,Avpo + 124N, mAmgro + 15ANpM, . Ausmg )70

+ ao (A, m,Amgpo + SAnPM, .. AMsm)0

10
+ ?ANPQ[M|M2M3AM4M5M6])}'NPQv (5.14)
where we have introduced the parameter aq = %.

There are a few additional simplifications that can be considered. First, we can redefine the field variable hg; to reduce
the two parameters a4 and ag into a single one, @ = 3a4 + aq. Specifically, we propose

ag X7 x4
v, g N = P, g N — % (A[Ml..,MGAM7M8]N + A[M,..,M5\N|AM6M7M3])7 (5.15)

which ensures that iy, . g, v = 0 remains valid if it was true initially. Finally, we can use Eq. (5.12), which further implies
o =y = —%, The final expressions are then fixed, up to a unique parameter a, as

1
O, AM, .. M, = hMl...MGNP,QyNPQ ) (A3 A }/)M]“.Ms

5
6 (AN, M AM M Arg PO — 2ANPQ[M,M2M3AM4M5M6])YNPQ
a
+ 3 Ay, mAvpo + 12450, mAmgro + 15Axp, . Avgmgo)? 2 (5.16)
and
4 1
Hy,  mon = _gan Iy, g N — WA[MIM2M30M4AM5M6M7AM8M9]N
12
- 55 (a[MlAM2~~~M7AM8M9]N + a[MlAM2~~~M6|N\AM7M8M9])
12
BRIIE] [01m1, (Anty.. v, Amtgmtgn) + On (A, . g Artymgmt,))]- (5.17)
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In summary, we have found that the introduction of a
new field Ag ;, dual to the gravitational degrees of freedom,
allows to define §,A¢ in a way that remains compatible with

0,F7, ensuring that 5},2(8) = 0 off shell. Even though it
seems to be difficult to derive the Bianchi identity for Hg
from our bottom-up perspective, we expect that once it is
understood, the a-parameter can be ultimately fixed and the
symmetries of the dual graviton (5.12) can be determined.

VI. CONCLUSIONS

In this work, we have presented an 11-dimensional uplift
of the trivector symmetry inherent to the exceptional groups
arising from the compactification of maximal supergravity
on tori. This was implemented through the application of an
11-dimensional constraint that assumes the existence of
isometries. By uplifting the # symmetry of Type II super-
gravity [1-3], we elaborated on the y transformations
relevant to the metric and the curvature of the three-form.
Our findings elucidate how the equations of motion
and Bianchi identities of the standard formulation of
11-dimensional supergravity can be structured into triv-
ector multiplets. This implies that y transformations should
be understood as an on shell symmetry of the theory that
can be employed as a solution generating technique.

A significant aspect of our analysis involved the deri-
vation of the y transformation of the three-form potential,
which required the introduction of a dual magnetic six-
form. This addition, accompanied by a corresponding
duality relation, is reminiscent of structures found in
democratic formulations of supergravity. Additionally,
we noticed that closure of the symmetry algebra indicates
the presence of an 11-dimensional six-vector global sym-
metry. The six-form potential and its associated nongeo-
metric six-vector symmetry represent the first meaningful
extension of the standard 11-dimensional supergravity
framework, in alignment with the E;; construction [5].

Our results establish a bottom-up perspective on the E|;
formulation, offering direct insight into the conventional
supergravity framework. We have further investigated the
subsequent level of the E|; decomposition and demon-
strated that the y transformation of the curvature of the six-
form yields a duality with the gravitational equations of
motion. Thus, we have seen that advancing within this
hierarchy leads to the emergence of a dual graviton. We
initiated the first steps in this intriguing direction, but a
number of ambiguities turned up, which we expect to
eventually clear up in future research.

The trivector y symmetry examined here promotes the
symmetry principles known as a [32] and f [1] to a trilogy,
based on the philosophy of extrapolating well-defined
symmetries of a given theory, to another theory connected
to the original one through dimensional reduction. This list
is far from exhaustive, and it would be interesting to find
new examples of this phenomenon, which has provided

powerful ways of constraining interactions in supergravity
and its extensions.

Looking ahead, it might be worth focusing future
research on exploring the relationships between the y
symmetry examined here and the trivector deformations
discussed in related literature [33—37]. Moreover, a detailed
examination of trivector symmetries in the context of
higher-derivative corrections in 11-dimensional supergrav-
ity remains a promising avenue for exploration. Ultimately,
refining our formalism further, we hope to gain new
insights into the dual graviton, which may enhance our
understanding of the underlying symmetries in gravita-
tional theories, and uncover connections with previous
work [9,20-31].
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APPENDIX A: NOTATION AND DEFINITIONS

We use u,v,p, ... and a, b, c, ... indices for spacetime
and tangent space coordinates in 10 dimensions, respec-
tively. The infinitesimal Lorentz transformation of the
vielbein is

Sne, = e," Ny (A1)
The spin connection
Weap = —€*c(0,e 06", — Tiwe ey,
with T, = %9"”(5,,% + 0,940 = O Yyu)- (A2)
transforms as
SAWeap = DAy + 0gap N + 2wcd[bAda]v (A3)

and hence, it turns flat derivatives D, into covariant flat
derivatives V, as

VT, =D, Ty + 0T ) — 04Ty, D, =é",0,.

(A4)
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The Christoffel connection I, turns spacetime partial into
covariant derivatives as

v,r,°=09,T, - Fﬁ,,T,l” + F;AT/. (A5)
The Riemann tensor
Rty = 0,106 — 0,1, + Fﬁil“,’}g —THI%,.  (A6)
with flat spacetime indices is defined as
Rapea = 2D(q®pjcq + 2000 Wecq + 2000 Opjeq- (AT)

While the symmetry R,pcq = Rjgpjjcq) 18 manifest, other
symmetries of the Riemann tensor are hidden and deter-

mine the Bianchi identities

Rapea = Redab R[abc]d =0, v[aRbc]de =0. (A8)

The Ricci tensor and scalar curvature are given by the traces

Rup = R 4cp,s R =R, R[ab] =0. (Ag)

The same definitions apply in 11 dimensions, with the
only difference being that the indices M,N,P,... and
A, B, C, ... now represent curved and tangent space indices,

respectively.

APPENDIX B: NO-GO FOR OFF SHELL
y-INVARIANCE IN STANDARD
11-DIMENSIONAL SUPERGRAVITY

We have seen that the standard formulation of
10-dimensional Type IIA supergravity is not off shell p
invariant, which implies that the standard formulation of
11-dimensional supergravity cannot be y invariant. In this
appendix, we present a more fundamental proof of this
statement, without evoking the RR sector of Type IIA. We
demonstrate that the circle reduction of the most general
proposal for trivector transformations of the metric and the
three-form potential is not compatible with the S trans-
formations rules of the NSNS sector of Type IIA supergravity.

We begin by considering the most general y trans-
formations of the metric and the three-form potential,
which can be expressed as follows:

5yGMN = 5},((;) Guy + 5},(5) Gun,

5}/AMNP - 5y(G)AMNP + 5}/(F)AMNP7 (Bl)

where we distinguish terms that involve the Levi-Civita
tensor and those that do not. Furthermore, we decompose

the variation §, into a sum, according to the number (k) of

three-form potentials, i.e., 6, — >k 5](,k), as follows:

(2k+1) 2k
,(6) Gun = Z‘S - Gun- GMN = Zéf,(e-))GMN’

>0 10
B (2k+1)
o Aynp = E 8 (6] 2 Ape, 6,0 Aunp = E O Amnp-
>0 k=0

(B2)

The most general candidates for the lowest-order contri-
butions can be expressed as

5&0)) Guy = ai(y-A)Gyy + le’PQ(MAN)PQ7 (B3)
57(,3) Guy = as(y - A)A> Gy + bsy™ MA N poA*
+ c3(y - A)APC Ay po. (B4)
5}(,?G>)AMNP = doY MNP (BS)
2
5i<();>AMNP = a(y - A)AMNP + bz}’RS[MANP] TARST
+ o unAp* Agsr + dyy unpA*,
(B6)

where (y - A) = yP2RApor and A> = AP2RA . The var-

iations &, necessarily involve higher-order contributions.
2 I

0 8% Gy =0 and 8} Ayp =

In particular, 5 oGun =

52 >AMNP =0 and the first nontrivial combinations (con-
sistent with f symmetry when truncating RR fields and

y"*7) appear in 5;‘(?) Gyn and 57(/?6))A MNP-

The strategy to determine the transformation rules is to
vary the action and require the cancellation of terms order
by order in powers of the three-form potential. Finally, we
impose that the circle reduction of the transformations
reproduces the known f transformations of the NSNS
fields.

The 11-dimensional Lagrangian takes the form

Ell - E(O) + E(Z) + £(3) (B7)
where £(©) and £?) are respectively the Ricci scalar and the
kinetic term of the three-form potential up to the volume

while £3) is the Chern-Simon term

measure /|G|,
A3 AN Fy N Fy.
The general variation can thus be organized as
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S(LO + £2) s5L? sLB
O L=————"""0,6GC d,6)A —0,0A
' Gy 1IN T A IV A AN
S(LO) 4+ £2)) L@ sL03)
———0,0G — O —, 0 Aunps B8
3G yo Guy 5 Ay e s 0o Aunp (B8)
[
where we have used % = gg::; = 0. Notice that the first  [recall that 6,0GuN ~ A* and 8,0 Apnp ~ A3] or by
line has an odd number of potentials A, while the second
line has an even number of them, implying that each line 3)
SLY ny k42
must vanish independently. A 57(G)AMNP ~ AT, (B11)
MNP

Compatibility with 63b,, = —f,, + ... requires ay # 0
in Eq. (B5). This leads to a nonvanishing quadratic
contribution in Eq. (B8), as follows:

LB o
MNP

(B9)

This term cannot be cancelled either by the first two terms
in the second line of Eq. (BS8), since

S5L@ .
5},(6-)GMN + —5},(6)AMNP ~ A",
S6Apnp

S(LO + £2)

B10
6Gyn (B10)

with k > 2.

In conclusion, we have found that there is no off
shell uplift of # symmetry to the standard formulation of
11-dimensional supergravity. Note that y in Eq. (B9) is
given by

YMNP = GMQGNRGPsyQRSv (B12)
which is not constant. Therefore, y A F A F is not a total

derivative, indicating that neither the Lagrangian nor the
action is y invariant.
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