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We construct a non-Abelian spin-1 gauge theory with a cubic interaction in AdS4 from the exact
renormalization group (ERG) flow of a conformal field theory (CFT) in three dimensions. The latter is the
USpð2NÞ singlet sector of the free field theory of 2N massless complex scalars. The quadratic and cubic
terms in the bulk action are those of a gauge fixed version of a (local) gauge invariant action.
By construction, this bulk action is the evolution operator for the ERG equation of the boundary theory
and thus is guaranteed to reproduce the correct boundary correlators using the usual AdS/CFT prescription.
This work expands on the program initiated by one of the authors [A holographic form for Wilson’s RG,
Nucl. Phys. B924, 603 (2017)].
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I. INTRODUCTION

The idea of holography is one of the most interesting
ideas in theoretical physics and it suggests that quantum
gravity can be understood in terms of a lower dimensional
nongravitational field theory [1,2]. A very concrete reali-
zation of this idea is encoded in the AdS/CFT conjecture,
for which there is ample evidence, according to which
gravitational theories in anti–de Sitter (AdS) space are dual
to conformal field theories (CFTs) in the boundary of
AdS [3–6]. The radial direction of the bulk in AdS/CFT
corresponds to the scale of the boundary theory. Thus, the
bulk radial evolution performs renormalization group (RG)
on the boundary theory.1 This idea is referred to as
holographic renormalization group [7–19]. This also means
the bulk dynamics is encoded in the RG of the boundary
theory, and perhaps the bulk theory, and more importantly
its gravitational dynamics, can be obtained from the RG of
the boundary theory [20–29].
In [30], a prescription has been laid out to obtain aDþ 1

dimensional dual bulk action from a D-dimensional

boundary theory using Polchinski’s exact renormalization
group (ERG) equation. In subsequent works, specializing
to the OðNÞ model [31,32], the bulk scalar action up to
cubic order, and the leading order in 1ffiffiffi

N
p action for the

spin-1 and spin-2 fields [33] has been obtained. In [34], the
cubic coupling between the graviton and two scalars also
has been obtained.
The bulk dual of the freeOðNÞmodel is known to be the

minimal bosonic Vasiliev theory in AdS4 [35]. This bulk
theory consists of fields of all even spins, and obey a higher
spin algebra. These are dual to the conserved singlet
currents of the OðNÞ model, of which also there is one
corresponding to each even spin, and they obey the same
higher spin algebra. Vasiliev’s theory is defined in terms of
highly nonlinear equations of motion with a high degree of
redundancy in terms of auxiliary fields [36]. Thus,
obtaining an action for the theory is of use.
There are several works attempting to define the Vasiliev

theory through the 3D free OðNÞ model [25,26,37–47].
The higher spins of the theory are all characterized by
gauge freedom, which must play a role in their interactions.
Therefore, in this paper we work with the simplest gauge
field in the bulk, setting the rest to zero, and obtain its
action up to cubic interaction from the ERG of the
boundary theory’s spin-1 current.
The OðNÞ model contains only even spin currents. To

look at odd spins, one must work with the UðNÞ model.
The three-point function of the spin-1 current in the UðNÞ
model is zero, and, hence, the bulk theory does not have a
cubic interaction for this theory. We look at the simplest
non-Abelian case. When the boundary theory is the free
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1The boundary theory is a CFT, but the boundary conditions
can turn on deformations of the CFTaction and then the boundary
action will flow.

PHYSICAL REVIEW D 112, 086004 (2025)

2470-0010=2025=112(8)=086004(23) 086004-1 Published by the American Physical Society

https://orcid.org/0000-0001-8228-7364
https://orcid.org/0000-0002-7978-3874
https://ror.org/03v0r5n49
https://ror.org/05078rg59
https://ror.org/02bv3zr67
https://ror.org/04zp24820
https://crossmark.crossref.org/dialog/?doi=10.1103/3sy3-pqpw&domain=pdf&date_stamp=2025-10-08
https://doi.org/10.1016/j.nuclphysb.2017.09.018
https://doi.org/10.1103/3sy3-pqpw
https://doi.org/10.1103/3sy3-pqpw
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


Uð2NÞ vector model, and we consider the currents which
are singlets of USpð2NÞ, the theory has conserved currents
of all spins, one per even spin, and three per odd spin. The
odd spin triplets are each in the adjoint representation
of suð2Þ.

A. The prescription

We obtain the bulk AdS theory from the boundary theory
in the following steps:
(1) Introduce the singlet current of interest as an

auxiliary field σs in the action. (The subscript s
stands for all the indices the current may have.) This
will need us to introduce another auxiliary field χs

which is a Lagrange multiplier enforcing the con-
dition that σs is the required current.

(2) Integrate out the low energy modes of the funda-
mental vector field ϕI

l and obtain a low energy action
depending on ϕI

l , σs, χ
s, and any sources. Set the

high energy field ϕI
h ¼ 0 and integrate out χs as well.

The resulting action would be a low energy action
for the σs current. It gives the correlators for the
current at low energies. We derive the ERG equation
for the current from the Polchinski’s ERG equation
for the fundamental field.

(3) The ERG equation is analogous to the heat equation
and we can obtain the ERG evolution operator as a
path integral. The fields in this path integral depend
also on t (the scaling direction), t ¼ − logðΛ=ΛbÞ,
where Λb is the bare momentum cutoff and Λ is a
generic cutoff. Therefore this is now a Dþ 1
dimensional path integral.

(4) The Dþ 1 dimensional action from this path in-
tegral is nonlocal. We change the t to the Poincaré z
coordinate by defining z ¼ 1

Λb
et ¼ 1

Λ. We further
redefine the field σs which now depends on the bulk
radial direction z along with the boundary directions
because of its scale dependence, σs ¼ fys. f is a
smooth field redefinition which we define to cancel
the nonlocal factor in the kinetic term. We further
require f to obey a differential equation that makes
the quadratic term for ys the standard action in
AdSDþ1 for a scalar field of mass m2 ¼ DðD − ΔÞ.
This set of scalar fields can be identified with a
gauge-fixed spin-n field on defining ys ¼ znas.
This quadratic action is obtained as the quadratic
part of a gauge invariant kinetic term after gauge
fixing.

(5) TheDþ 1 dimensional path integral action contains
cubic and higher order terms in σs. After the
mapping σs ¼ fys, they become polynomials in
ys. The question addressed in this paper then is
whether the cubic terms (after the mapping) are local
and also part of a gauge invariant action. It is shown
that it is part of a local gauge invariant action.

(6) The differential equation imposed on f is solved by
modified Bessel functions. This determines the
regulating function in the propagator for the funda-
mental field we use in the ERG. This complicated
propagator shows up in the cubic and higher order
terms in loop integrals. For the cubic term, this loop
integral is difficult to tackle directly, so we replace
the complicated regulator with a simpler regulator
and perform the integral. This modification does not
affect the boundary correlators computed by the bulk
action. Remarkably, the result of the simpler integral
cancels the Bessel functions appearing in the cubic
term except for some jpj-like factors, where p is the
momentum of one of the fields.

(7) We systematically exchange these jpj factors for z
derivatives and p2 factors using the classical form of
the field as to obtain an action that we show to be a
gauge-fixed action made from the gauge invariant
field strength tensor FMN.

Thus, our final outcome is an action with a Yang-Mills term
as well as an TrðFL

MF
M
N F

N
L Þ term. This action correctly

reproduces the boundary correlators for the O(N) model
and the correlators match the form required by [48] to obey
the conformal Ward identities.

II. THE ACTION

We begin with the Uð2NÞ action in D dimensions. Later
we set D ¼ 3,

S ¼
ffiffiffiffi
N

p Z
x
∂μφ

�
A∂

μφA; ð1Þ

and after separating the USpð2NÞ and the SUð2Þ indices
the action becomes (see Appendix A for details)

S ¼ 1

2

ffiffiffiffi
N

p Z
x
∂μϕ

Ia
∂
μϕJbQIJϵab; ð2Þ

where 1 ≤ I; J ≤ 2N are USpð2NÞ indices and a, b are the
j ¼ 1=2 SUð2Þ indices and

Q≡
�

0 1N
−1N 0

�
: ð3Þ

We need to introduce auxiliary fields to stand for the
currents, but the currents will run under RG, so we first
begin by introducing sources for the currents, Ai

μ. We
introduce this background gauge field through covariantiz-
ing the derivative. Ai

μ lets us obtain the correlators of the
current on differentiating the partition function with it:

S ¼ 1

2

ffiffiffiffi
N

p Z
x
Dμϕ

IaDμϕJbQIJϵab; ð4Þ

where
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Dμϕ
Ia ≔ ∂μϕ

Ia þ Ai
μðTiÞabϕIb; ð5Þ

and Ti are the generators of the j ¼ 1=2 representation of
suð2Þ. The index i is the suð2Þ adjoint index.
We introduce the auxiliary field as a functional derivative

with respect to the gauge field,

Z½A� ¼
Z

Dσδ

�
σiμ −

1ffiffiffiffi
N

p δ

δAμ
i

�
Z½A�: ð6Þ

We also introduce a Lagrange multiplier field to enforce the
delta functional,

Z½A� ¼
Z

DχDσDϕ exp

�
i
Z
x
χμi

�
σiμ −

1ffiffiffiffi
N

p δ

δAμ
i

��
exp f−S½ϕ; Aμ�g

¼
Z

DχDσDϕ exp

�
i
Z
x
χμi σ

i
μ

�
exp

�
−S

�
ϕ; Aμ −

1ffiffiffiffi
N

p iχμ

��

¼
Z

DχDσDϕ exp

�Z
x
ðiχμi þ

ffiffiffiffi
N

p
Aμ
i Þσiμ

�
exp

�
−S

�
ϕ;−

1ffiffiffiffi
N

p iχμ

��
: ð7Þ

In the last step, we have shifted χμ by the field Aμ.

III. ERG EQUATION FOR THE CURRENT

We first introduce a cutoff Λb in the kinetic term of the
action that serves as the bare UV cutoff. It is immaterial to
this presentation whether the UV cutoff is finite or ∞,
but we leave it unspecified for now. So the bare action
becomes

SB½ϕ; Aμ� ¼
1

2
QIJϵab

ffiffiffiffi
N

p Z
x
fϕIaΔ−1ϕJb

þ 2Aμ
i ðTiÞacϕIa

∂μϕ
Jb

þ ðTiÞacðTjÞbdAμ
i A

j
μϕIcϕJdg; ð8Þ

where Δ ¼ 1
p2 KΛb

ðp2Þ, i.e., the usual scalar field propa-

gator multiplied by a cutoff function that we leave
unspecified. The cutoff function will later be determined
implicitly when we map the RG flow to AdS in Sec. V.
Polchinski’s exact renormalization group equation [49]

(see also [50–58]) gives the rate of change of the interacting
part of an action with its cutoff. Here we work with the
flipped ERG equation,2 which occurs more naturally in
holographic RG contexts [15]. The action is split into two,

one containing terms with low energy modes which we
integrate out, and the other involving quadratic high energy
terms,

Sl½ϕl;ϕh;χμ� ¼QIJϵab

Z
x

�
1

2

ffiffiffiffi
N

p
ϕIa
l Δ−1

l ϕJb
l

− iχμi ðTiÞacðϕIc
l ∂μϕ

Jb
l þϕIc

h ∂μϕ
Jb
l þϕIc

l ∂μϕ
Jb
h Þ

−
1

2

1ffiffiffiffi
N

p ðTiÞacðTjÞbdχμi χjμðϕIc
l ϕ

Jd
l þ2ϕIc

h ϕ
Jd
l Þ

�

ð9Þ

and

Sh½ϕh; χμ� ¼ QIJϵab

Z
x

�
1

2

ffiffiffiffi
N

p
ϕIa
h Δ−1

h ϕJb
h

− iχμi ðTiÞacϕIc
h ∂μϕ

Jb
h

−
1

2

1ffiffiffiffi
N

p ðTiÞacðTjÞbdχμi χjμϕIc
h ϕ

Jd
h

�
; ð10Þ

i.e.,

SB ¼ Sh þ Sl; ϕ ¼ ϕh þ ϕl; and the propagator

Δ ¼ Δh þ Δl:

SB, i.e., the bare theory is defined at a cutoff Λb. We split
the fields in this theory into two modes, with Δh only
propagating modes between cutoff Λ and bare cutoff Λb,
and Δl only propagating modes below Λ.
The flipped ERG involves integrating out ϕIa

l , then using
the ERG for ϕIa

h to derive an ERG for σμi by setting ϕIa
h to

zero and integrating out χμi . We do this in Appendix B to

2The flipped ERG equation is for an action obtained by
partially integrating out the fundamental field from energy scale
0 to Λ. In contrast, Polchinski’s equation is for an action obtained
upon integrating out modes between Λ and ∞. When we
introduce auxiliary composite fields and integrate out low energy
modes, the propagator lines get contributions from fundamental
modes between energy scales 0 and Λ. This is the expected
behavior for an effective action for the composite field. As is clear
from the derivation of the flipped ERG equation in Appendix B,
the contributions from fundamental modes above Λ are set to
zero. Thus, the flow for the composite field action is not the usual
Wilsonian ERG. There is information lost, which is recovered as
Λ → ∞, or from bulk perspective, as we move close to boundary.
See Appendix C and [34] for more discussion.

YANG-MILLS INTERACTION FROM BOUNDARY VECTOR MODEL PHYS. REV. D 112, 086004 (2025)

086004-3



obtain the equation describing change in SΛ½σ� with Λ,

∂

∂t
e−SΛ½σ

μ
i � ¼

�
1

2

Z
p
İðp2Þ δ2

δσμi ðpÞδσiμð−pÞ

þ 2ffiffiffiffi
N

p ϵijk

Z
p

Z
q

Z
r
δDðpþ qþ rÞ

×
Z
k

Δl;kþpΔl;k−qΔ̇l;k

Iðp2ÞIðq2ÞIðr2Þ ðkþ pÞμkνðk − qÞρ

× σμi ðpÞσνjðqÞσρkðrÞ
�
e−SΛ½σ

μ
i � þ � � � : ð11Þ

IV. HOLOGRAPHIC ACTION

The flipped ERG equation (B29) is of the form

∂

∂t
ψ ¼

�
1

2
Ġ

∂
2

∂x2
þ 1ffiffiffiffi

N
p VðxÞ

�
ψ ; ð12Þ

where G ¼ Iðp2Þ, given in (B21). The evolution operator is
then given in analogy with the Feynman path integral
solution to the Schrödinger equation:

ψðxf; TÞ ¼
Z

dxi

ZxðTÞ¼xf

xð0Þ¼xi

DxðtÞ

× exp

�Z
T

0

dt

�
−
ẋ2

2Ġ
þ 1ffiffiffiffi

N
p VðxðtÞÞ

��
ψðxi; 0Þ

ð13Þ

≡
Z

dxiUðxf; T; xi; 0Þψðxi; 0Þ; ð14Þ

where U is the evolution operator.
The evolution operator takes SΛ½σμi � from Λ ¼ 0, where

it is 0, to Λ ¼ Λb where it is the full action for σ.
For the present case, we have the evolution operator as

U½σf; tf; σi; ti� ¼
ZσðtfÞ¼σf

σðtiÞ¼σi

Dσμ exp

�Z
dt

�
−
1

2

Z
p

1

İðp2Þ σ̇
μ
i σ̇

i
μ

þ 2ffiffiffiffi
N

p ϵijk

Z
p

Z
q

Z
r
δDðpþ qþ rÞ

Z
k

Δl;kþpΔl;k−qΔ̇l;k

Iðp2ÞIðq2ÞIðr2Þ ðkþ pÞμkνðk − qÞρσμi ðpÞσνjðqÞσρkðrÞ
��

: ð15Þ

We interpret this as the functional integral for a Dþ 1 dimensional field theory, with t interpreted as an extra spacelike
coordinate. We can read off the action for this theory from this functional integral. This “bulk” action is given by

S½σμ� ¼
Z

dt

�
1

2

Z
p

1

İðp2Þ σ̇
μ
i ðpÞσ̇iμð−pÞ

−
2ffiffiffiffi
N

p ϵijk

Z
p

Z
q

Z
r
δDðpþ qþ rÞ

Z
k

Δl;kþpΔl;k−qΔ̇l;k

Iðp2ÞIðq2ÞIðr2Þ ðkþ pÞμkνðk − qÞρσμi ðpÞσνjðqÞσρkðrÞ
�
: ð16Þ

V. MAPPING TO ADS

The action obtained above (16) is nonlocal. With a field
redefinition, we can bring the quadratic term into the
standard AdS kinetic form.

A. The field redefinition

We suppress the suð2Þ adjoint indices i, j, k in the
following. The field redefinition function f differs a bit
from [33] for the kinetic term,

fðp; tÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−İðp2; tÞeDt

q
: ð17Þ

We define

z≡ 1

Λb
e−t ¼ 1

Λ
; ð18Þ

fðp; zÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z−Dþ1

∂zIðp2; zÞ
q

ð19Þ

σμðp; zÞ≡ zfðp; zÞaμðp; zÞ: ð20Þ

If we choose an fðz; pÞ that solves the following differ-
ential equation, then the kinetic term of the action can be
put in standard AdS form:

∂

∂z

�
z−Dþ1

∂

∂z
1

f

�
¼ z−Dþ1ðp2z2 þm2Þ 1

f
; ð21Þ

where m2 ¼ 1 −D for the vector.
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The kinetic term in the action then looks like

SK ¼ 1

2

Z
p

Z
dz
zD−3 ð∂zaμi ðp; zÞ∂zaiμð−p; zÞ

þ p2aμi ðp; zÞaiμð−p; zÞÞ: ð22Þ

The general solution to Eq. (21) that satisfies the
constraints of analyticity is described in [33],

1=f ¼ AðpÞzD2KνðpzÞ þ BðpÞzD2 IνðpzÞ; ð23Þ

where IνðxÞ and KνðxÞ are modified Bessel functions. As
described in [30], yμ ¼ zaμ satisfies the same differential
equation as the equation of motion (EOM). From (20) and
(D5), thus, I=f must also satisfy the same differential
equation, and must be given in terms of the modified Bessel
functions as I=f ¼ z

D
2ðCðpÞKνðpzÞ þDðpÞIνðpzÞÞ, for

some CðpÞ, DðpÞ. [That I=f must satisfy the same
differential equation can also be seen by substituting
−zD−1f2 for ∂zI in the differential equation, on which it
reduces to (21).] Hence,

Iðp; zÞ ¼ CðpÞKνðpzÞ þDðpÞIνðpzÞ
AðpÞKνðpzÞ þ BðpÞIνðpzÞ

: ð24Þ

Further,

AD − BC ¼ 1; ð25Þ

which results from taking the Wronskian of I=f and 1=f,
which are two independent solutions of the differential
equation (21).
The functions A, B, C, and D are fixed by the boundary

behaviors of f and I,

Iðp; 0Þ≡ −γp2ν ¼
D¼3

− γp; and Iðp;∞Þ ¼ 0; ð26Þ

where γp is the full Green’s function at the boundary in
D ¼ 3, and where ν2 ¼ m2 þD2=4, which comes from
solving the differential equation (21) [59], with m2 ¼
1 −D for the vector. We choose the positive root

ν ¼ D
2
− 1 ¼ 3

2
− 1 ¼ 1

2
: ð27Þ

The boundary behavior of f is determined as follows.
Near the boundary, the leading behavior of the bulk AdS
field yμ is given by

yμðx; zÞ ≈ zD−ΔAμðxÞ; ð28Þ

where Aμ is the boundary source for the current σμðxÞ. Δ ¼
D
2
þ ν ¼ 2 is the scaling dimension of σμðxÞ. The EOM for

the bulk field σμðz; xÞ is given by (D5)

σμðp; zÞ ¼ bμðpÞIðp; zÞ; ð29Þ

for some bμðpÞ. The boundary action is given by [refer
(B27)]

Sb½σbμ� ¼
1

2

Z
p

1

IbðpÞ
σbμðpÞσμbð−pÞ

þ
Z
p
JμðpÞσμbð−pÞ; ð30Þ

where the subscript b indicates σbμðpÞ≡ σμðp; z ¼ ϵÞ. The
EOM given by this action is

σbμðpÞ ¼ −AμðpÞIðpÞ: ð31Þ

Therefore, bμ from (29) is the boundary source −Aμ

and σμðp; zÞ ¼ −AμðpÞIðp; zÞ. Then, from the mapping
equation (20) and boundary behaviors of yμ (28) and I (26),
we have

lim
z→ϵ

fðp; zÞ ≈ γz−D=2þνp2ν: ð32Þ

Now that we have three additional constraints on A, B,C,
and D given by boundary behaviors of I (26) and f (32),
along with the Wronskian (25), we can determine their
values.
The asymptotic behavior of the modified Bessel

functions is

IνðxÞ⟶
x→∞

1ffiffiffiffiffiffiffiffi
2πx

p ex; ð33Þ

KνðxÞ⟶
x→∞

ffiffiffiffiffi
π

2x

r
e−x; ð34Þ

therefore for the second boundary condition of I to be
satisfied,

DðpÞ ¼ 0: ð35Þ

Thus, (25) becomes

BC ¼ −1: ð36Þ

At the other limit, pz → 0,

IνðxÞ ¼
X∞
k¼0

1

Γðkþ νþ 1Þk!
�
x
2

�
2kþν

; ð37Þ
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KνðxÞ¼
1

2

�
ΓðνÞ

�
x
2

�
−ν
�
1þ x2

4ð1−νÞþ���
�

þΓð−νÞ
�
x
2

�
ν
�
1þ x2

4ð1þνÞþ���
��

; ν∉Z; ð38Þ

therefore we have from (32) and (23),

AðpÞ ¼ 1

ΓðνÞ 2
1−νp−ν: ð39Þ

Equation (26) gives

CðpÞ=AðpÞ ¼ −γp2ν: ð40Þ

Then we have

CðpÞ¼−
γ

ΓðνÞ2
1−νpν; BðpÞ¼ 1

γ
ΓðνÞ2−1þνp−ν: ð41Þ

Thus,

1=f ¼ p−νz
D
2

�
1

ΓðνÞ 2
1−νKνðpzÞ þ

1

γ
ΓðνÞ2−1þνIνðpzÞ

�
;

ð42Þ

Iðp; zÞ ¼ −
γ2p2νKνðpzÞ

γKνðpzÞ þ 22ν−2ΓðνÞ2IνðpzÞ
: ð43Þ

B. The cubic term

The Oð 1ffiffiffi
N

p Þ term is (16), substituting aμ for σμ,

S3 ¼ −
2ffiffiffiffi
N

p ϵijk

Z
dt
Z
p

Z
q

Z
r
δDðpþ qþ rÞ

Z
k

Δl;kþpΔl;k−qΔ̇l;k

Iðp2ÞIðq2ÞIðr2Þ kμkνðkþ pÞρσμi ðpÞσνjðqÞσρkðrÞ

¼ −
2ffiffiffiffi
N

p ϵijk

Z
dz
z

Z
p

Z
q

Z
r
δDðpþ qþ rÞ

Z
k

Δl;kþpΔl;k−qz∂zΔl;k

Iðp2ÞIðq2ÞIðr2Þ kμkνðkþ pÞρ
× z3fðpÞfðqÞfðrÞaμi ðpÞaνjðqÞaρkðrÞ:

Note here that only z-dependent part of this whole term is Δl;kþpΔl;k−q∂zΔl;k. The rest is a z independent considering (D4).
We can substitute from (43)

fðp; zÞ
Iðp; zÞ ¼ −

2−1þνΓðνÞz−D=2

γpνKνðpzÞ
¼ −

ffiffiffi
π

2

r
z−3=2

γpνKνðpzÞ
; ð44Þ

giving

S3 ¼
2ffiffiffiffi
N

p
γ3

ϵijk

�
π

2

�
3=2

Z
z−3=2dz

Z
p

Z
q

Z
r
δDðpþ qþ rÞ

Z
k
Δl;kþpΔl;k−q∂zΔl;k

× kμkνðkþ pÞρ
p−ν

KνðpzÞ
q−ν

KνðqzÞ
r−ν

KνðrzÞ
× aμi ðpÞaνjðqÞaρkðrÞ

¼ 2

3
ffiffiffiffi
N

p
γ3

ϵijk

�
π

2

�
3=2

Z
z−3=2dz

Z
p

Z
q

Z
r
δDðpþ qþ rÞ

Z
k
∂zðΔl;kþpΔl;k−qΔl;kÞ

× kμkνðkþ pÞρ
p−ν

KνðpzÞ
q−ν

KνðqzÞ
r−ν

KνðrzÞ
× aμi ðpÞaνjðqÞaρkðrÞ: ð45Þ

As mentioned before, the quantities outside ∂z parentheses are z independent, hence the integrand is a total derivative in z.
Thus, we could evaluate it at the limits of the integral. We can make use of this fact to simplify the evaluation of the integral.
The low energy propagator is determined by the RG regularization chosen,3 but this is a complicated propagator. We instead
choose to work with a simple low energy propagator that is more tractable. The error in correlators calculated with this is
Oðp=ΛbÞ. Thus, in the limit of ϵ → 0, or Λb → ∞, we get the correct correlators. The k integral is done in Appendix E.

3In [33], we discussed that when we map the ERG equation to an AdS bulk action, it constrains the regulator we can use for the ERG
equation. Since this must be done for each operator that deforms the boundary CFT, there are conflicting constraints on the high energy
propagator. This was resolved in [33] and the constraint imposed by the ERG equation of the scalar composite operator discussed in [32]
was chosen. We follow the same choice here.
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The result is (E12),

Z
k
∂zðΔl;kþpΔl;k−qΔl;kÞkμkνðkþ pÞρ ≈

1

16ð2πÞ5=2 z
3½−qμrνpρz2 − δμνpρð1þ rzÞ − qμδνρð1þ pzÞ

− rνδμρð1þ qzÞ�
�
r
z

�
ν
�
p
z

�
ν
�
q
z

�
ν

KνðrzÞKνðpzÞKνðqzÞ: ð46Þ

The interaction term is then

S3¼
1ffiffiffiffi
N

p 1

384πγ3
ϵijk

Z
dz

Z
p

Z
q

Z
r
δDðpþqþ rÞ½−z2qμrνpρ−δμνpρð1þ rzÞ−qμδνρð1þpzÞ− rνδμρð1þqzÞ�

×aμi ðpÞaνjðqÞaρkðrÞ

¼ 1ffiffiffiffi
N

p 1

384πγ3
ϵijk

Z
dz

Z
p

Z
q

Z
r
δDðpþqþ rÞ½−z2qμrνpρa

μ
i ðpÞaνjðqÞaρkðrÞ−3ð1þ rzÞaμi ðpÞajμðqÞ×pρa

ρ
kðrÞ�: ð47Þ

This action looks unfamiliar and has no gauge invariance
manifest, but the gauge invariance is hidden. In the next
section, we show that this action is equivalent to the gauge
fixed version of a manifestly gauge invariant action.

VI. GAUGE INVARIANCE

Even though our cubic term is nonstandard and the
gauge invariance is not manifest, it is equivalent classically
to the cubic term in a gauge invariant action. In this section
we show that, upon using the equations of motion, the
following gauge invariant action reduces to (47):

S0½aμ� ¼ 1

4

Z
dDþ1x

ffiffiffiffi
G

p
FMNiðx; zÞFi

MNðx; zÞ

þ g0ϵijk
Z

dDþ1x
ffiffiffiffi
G

p
FLi
Mðx; zÞFMj

N ðx; zÞFNk
L ðx; zÞ;

ð48Þ

where L,M, N areDþ 1 dimensional indices that run over
fxμ; zg; xμ are the boundary coordinates,

Fi
MNðx; zÞ ¼ ∂MaiNðx; zÞ − ∂NaiMðx; zÞ

− igϵijkajMðx; zÞakNðx; zÞ; ð49Þ

and g and g0 are the Yang-Mills (YM) coupling and the
FFF coupling, respectively. The metric is

ds2 ¼ 1

z2
ðdz2 þ δμνdxμdxνÞ; ð50Þ

therefore
ffiffiffiffi
G

p ¼ z−D−1.
We fix the gauge to be in “radial,” i.e.,

aizðx; zÞ ¼ 0; ð51Þ

and we use the residual gauge freedom to fix

∂μaμiðx; zÞ ¼ 0: ð52Þ

The fields obtained from ERG of the boundary theory are in
this gauge.
On Fourier transforming the boundary coordinates, the

cubic terms from this gauge fixed action are

S0YM3 ¼ 1

2
gϵijk

Z
p;q;r

δDðpþ qþ rÞz−D−1z4ðpμaiνðp; zÞ − pνaiμðp; zÞÞaμjðq; zÞaνkðr; zÞ ð53Þ

S0FFF3 ¼ −ig0ϵijk
Z
p;q;r

δDðpþ qþ rÞz−D−1z6½ðpμaνiðp; zÞ − pνaiμðp; zÞÞðqνaρjðq; zÞ − qρajνðq; zÞÞðrρaμkðr; zÞ − rμakρðr; zÞÞ

þ ðpμaνiðp; zÞ − pνaiμðp; zÞÞ∂zajνðq; zÞ∂zaμkðr; zÞ þ ðqμaνiðq; zÞ − qνaiμðq; zÞÞ∂zajνðr; zÞ∂zaμkðp; zÞ
þ ðrμaνiðr; zÞ − rνaiμðr; zÞÞ∂zajνðp; zÞ∂zaμkðq; zÞ�: ð54Þ
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Since p, q, r are dummy variables, the terms which are the same up to permutations of these are the same, but we have
written them out for clarity.
With some manipulation using pμ þ qμ þ rμ ¼ 0, and that the fields are transverse, we have

S03 ¼ −ϵijk
Z
p;q;r

δDðpþ qþ rÞ½aiμðp; zÞajνðq; zÞakρðr; zÞðgpρδμν þ ig0z2ð2pρqμrν − 3ðp · rþ r · qÞpρδμνÞÞ

þ 3ig0z2pρδμνðaiμðp; zÞ∂zajνðq; zÞ∂zakρðr; zÞ þ ∂zaiμðp; zÞajνðq; zÞ∂zakρðr; zÞÞ� ð55Þ

¼ −ϵijk
Z
p;q;r

δDðpþ qþ rÞ½aiμðp; zÞajνðq; zÞakρðr; zÞðgpρδμν þ ig0z2ð2pρqμrν þ 3r2pρδμνÞÞ

þ 3ig0z2pρδμν∂zðaiμðp; zÞajνðq; zÞÞ∂zakρðr; zÞ�: ð56Þ

Now we show that on shell, the action we have obtained
from ERG in Sec. V, in (47) is equivalent to this expression
resulting from gauge fixing a gauge invariant action. The
evaluation of correlators is done using the large N semi-
classical limit and so using the on-shell form of the action is
not an additional restriction.
In VA, we have shown that the redefined bulk field aμ is

given by

aiμðp; zÞ ¼ γ
21−ν

ΓðνÞA
i
μðpÞzD2−1jpjνKνðpzÞ; ð57Þ

where Ai
μðpÞ is the source for the boundary current. Now

for the boundary current, ν ¼ D
2
− 1 ¼ 1

2
, and K1=2ðxÞ ¼ffiffiffiffi

π
2x

p
e−x. Thus, aiμðp; zÞ only depends on z via e−pz, and we

have

∂zaiμðp; zÞ ¼ −paiμðp; zÞ: ð58Þ

This means that we could exchange factors of p in the
action for ∂z acting on the gauge fields. Then the ERG
derived action of (47) becomes

S3 ¼
1ffiffiffiffi
N

p 1

384πγ3
ϵijk

Z
dz

Z
p

Z
q

Z
r
δDðpþ qþ rÞ½−z2qμrνpρa

μ
i ðp; zÞaνjðq; zÞaρkðr; zÞ

− 3aμi ðp; zÞajμðq; zÞ × pρa
ρ
kðr; zÞ þ 3zaμi ðp; zÞajμðq; zÞ × pρ∂za

ρ
kðr; zÞ�: ð59Þ

This matches the action in (56) except for the third term,
3zaμi ðp; zÞajμðq; zÞ × pρ∂za

ρ
kðr; zÞ. We add the surface term

− 3
2
∂zðz2aμi ðp; zÞajμðq; zÞ × pρ∂za

ρ
kðr; zÞÞ, which goes to 0

as z → 0, and we are left with

−
3

2
z2∂zðaμi ðp; zÞajμðq; zÞÞ × pρ∂za

ρ
kðr; zÞ

−
3

2
z2aμi ðp; zÞajμðq; zÞ × pρ∂

2
za

ρ
kðr; zÞ: ð60Þ

Finally, we exchange the two derivatives in the second term
for r2 to get

−
3

2
z2∂zðaμi ðp; zÞajμðq; zÞÞ × pρ∂za

ρ
kðr; zÞ

−
3

2
p2z2aμi ðp; zÞajμðq; zÞ × pρa

ρ
kðr; zÞ: ð61Þ

Comparing this with (56), we see that they both match
with g and g0 given by

g ¼ 1ffiffiffiffi
N

p 1

128πγ3
; g0 ¼ ig

6
: ð62Þ

VII. SUMMARY AND CONCLUSIONS

One of the intriguing issues in holography is the
emergence of gauge symmetry in the bulk theory. This
is definitely required for consistency of the bulk theory as a
quantum field theory. If the ERG approach of constructing
the bulk action from first principles, described in [30], is to
be applicable to all such theories, it is imperative that the
mechanism that ensures this gauge invariance be under-
stood better. In earlier papers that followed this approach,
only the Abelian part had been explored [34]. The non-
Abelian structure was not explored. This paper is a step in
that direction.
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In this paper we start from a boundary scalar field theory
that possesses a global SUð2Þ symmetry. The correlators of
the corresponding currents have awell-defined form fixed by
the Ward identities. We construct a dual bulk action in AdS
space from first principles using theERGapproach described
in [30]. The result is an action for aYang-Mills gauge field (in
holographic gauge Az ¼ 0) in the bulk. This action is shown
to be the cubic part of the usual gauge invariant Yang-Mills
action quadratic in field strengths along with a term cubic in
Yang-Mills field strength. The action is given in (48) and
verifies the consistency of this method.
There aremany open questions. One is to extend this to the

cubic interaction in gravity and indeed for all massless higher
spins. It would be interesting if this can be done in a way that
makesmanifest thegauge symmetry so that the resulting bulk
action is guaranteed to have the required symmetry.
The other issue is that of locality. It is not clear what

notion of locality a “good” bulk dual should have. As
emphasized earlier, the ERG approach to AdS/CFT guar-
antees that the bulk dual reproduces all correlators of the
boundary theory. It also is designed to give a local kinetic
term in AdS space for the bulk fields. The locality of cubic
and higher order terms is not guaranteed. It was verified for
the cubic scalar self-interaction in [32] and for the cubic
minimal coupling of the gravitational perturbation to the
scalar in [34] (and in the present paper for the Yang-Mills
gauge field self-coupling). A better understanding of this
issue is certainly required.
The higher-spin-vector-model duality has been the play-

ground for constructing bulk from boundary theory in
several works. Some of these use the (E)RG approach
[25,26,43], while others use collective fields or bilocal
holography [39,40,42,44,45,47]. There is a need to under-
stand the relation between these approaches and ours.
Reference [45] also deals with obtaining a gauge theory
in the bulk, albeit Abelian. The connection has been
explored by [26] along with the question of obtaining an
RG cutoff that naturally corresponds to the bulk radial
direction. We believe our approach described in the series
of papers [30–34,60], and the present one, answers this
issue of the RG cutoff.
Finally, there is the question of generalizing the ERG

approach to other spacetimes such as flat space [61] and de
Sitter [60].

ACKNOWLEDGMENTS

P. Dharanipragada would like to thank Nemani V.
Suryanarayana for useful discussions and for
Appendix A. P. D. would also like to thank the Institute
of Mathematical Sciences where the bulk of this work was
completed while he was a graduate student there.

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX A: THE CURRENT

We begin with the free Uð2NÞ invariant scalar model,

SB ¼
ffiffiffiffi
N

p Z
x
∂μφ

�
A∂

μφA; ðA1Þ

where A is the Uð2NÞ index. As long as we do not
introduce any interactions, the action is also invariant
under a larger group of transformations: SOð4NÞ, the
group of rotations of the 4N real scalars that are the real
and imaginary parts of the complex φA. SOð4NÞ has a
maximal subgroup USpð2NÞ × SUð2Þ. Our objective is to
separate the indices corresponding to these two subgroups,
so that we may consider operators which are traced over
the USpð2NÞ.
Now define new fields ϕIa in terms of φA with

I ∈ f1; 2;…; 2Ng and a∈ f1; 2g as follows. For I ¼ i ≤ N,

ϕI1 ≔ φi; ϕI2 ≔ φ�
Nþi; ðA2Þ

and for I ¼ N þ i, 1 ≤ i ≤ N,

ϕIa ≔ ϵabϕi�
b : ðA3Þ

ϵab is the two-dimensional Levi-Civita tensor and ϵab is its
inverse, ϵ12 ¼ 1. That is,

ϕI1 ¼
�

φi

−φNþi

�
and ϕI2 ¼

�
φ�
Nþi

φ�
i

�
: ðA4Þ

The action is now

S¼
ffiffiffiffi
N

p Z
x
∂μφ

�
A∂

μφA≡1

2

ffiffiffiffi
N

p Z
x
∂μϕ

Ia
∂
μϕJbQIJϵab; ðA5Þ

where

Q≡
�

0 1N
−1N 0

�
: ðA6Þ

In relabeling the fields ϕ instead of φ, we have only
shuffled around the 4N real fields that are the real and
imaginary parts of the complex φA. So, the action must still
be SOð4NÞ invariant. But, in this avatar, the index structure
makes manifest the invariance of the action under the
maximal subgroup USpð2NÞ × SUð2Þ of SOð4NÞ. I; J are
USpð2NÞ indices and a, b are SUð2Þ indices. USpð2NÞ is
the set of unitary transformations of determinant 1 that
leaves the matrix Q invariant, i.e., complex 2N × 2N
matrices S such that SQST ¼ Q and det S ¼ 1, and
SUð2Þ transformations leave ϵ invariant.
The global SOð4NÞ symmetry means there are con-

served currents,
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JIJabμ ≡ ϕIa
∂μϕ

Jb; ðA7Þ

which are in the adjoint representation of SOð4NÞ. We
select the USpð2NÞ singlets4 among them by weakly
gauging the USpð2NÞ and then taking the zero coupling
limit [63]. With the index structure we have chosen, it is
easy to make the currents USpð2NÞ invariant. We contract
them with QIJ. We then obtain three currents in the adjoint
representation of SUð2Þ:

Jμ− ≡QIJϕI1
∂
μϕJ1; ðA8Þ

Jμ3 ≡ 1

2
QIJðϕI1

∂
μϕJ2 þ ϕI2

∂
μϕJ1Þ; ðA9Þ

Jμþ ≡QIJϕI2
∂
μϕJ2: ðA10Þ

Written in terms of the original fields, these are

Jμ− ¼ QABφA
∂
μφB; ðA11Þ

Jμ3 ¼
1

2
ðφ�

A∂
μφA − φA

∂
μφ�

AÞ; ðA12Þ

Jμþ ¼ QABφ
�
A∂

μφ�
B: ðA13Þ

APPENDIX B: DERIVING THE ERG
FOR THE CURRENT

In this appendix we obtain the ERG equation for the
current. Following the separation of the high energy and
low energy modes as in Sec. III, we integrate out the low
energy modes. To this end, we separate the quadratic and
linear terms in the action. If no spacetime parameter is
specified explicitly for any field, it is x.
The partition function is given by

Z½A� ¼
Z

DχDσDϕlDϕh exp

�Z
x
ðiχμi þ

ffiffiffiffi
N

p
Aμ
i Þσiμg expf−Sh½ϕh; χμ� − Sl½ϕl;ϕh; χμ�

�
; ðB1Þ

where the part of the Sl quadratic in ϕl is given by

Sð2Þl ¼ QIJϵab

Z
x

�
1

2

ffiffiffiffi
N

p
ϕIa
l Δ−1

l ϕJb
l − iχμi ðTiÞacϕIc

l ∂μϕ
Jb
l −

1

2

1ffiffiffiffi
N

p ðTiÞacðTjÞbdχμi χjμϕIc
l ϕ

Jd
l

�

¼ 1

2
QIJ

Z
x

Z
y
ϕIa
l ½

ffiffiffiffi
N

p
Δ−1

l ðx − yÞϵab − ð2iϵcbχμi ðTiÞca
∂

∂xμ
þ 1ffiffiffiffi

N
p ϵcdχ

μ
i χ

j
μðTiÞcaðTjÞdbÞδðx − yÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Kab

�ϕJb
l ðyÞ

≡ 1

2
QIJ

Z
x

Z
y
ϕIa
l ½

ffiffiffiffi
N

p
Δ−1

l ϵab − Kab�xyϕJb
l ðyÞ: ðB2Þ

We have defined Kab:

Kabðx; yÞ ¼
�
iχμi fϵcbðTiÞca þ ϵacðTiÞcbg

∂

∂xμ
þ 1ffiffiffiffi

N
p χμi χ

j
μϵcdðTiÞcaðTjÞdb

�
δðx − yÞ: ðB3Þ

Note that Kab ¼ −Kba.
The linear terms,

Sð1Þl ¼ −
1

2
QIJ

Z
x

Z
y
ϕIa
l Kabðx; yÞϕJb

h ðyÞ − 1

2
QIJ

Z
x

Z
y
ϕIa
h Kabðx; yÞϕJb

l ðyÞ; ðB4Þ

and

Sh½ϕh; χμ� ¼
1

2
QIJ

Z
x

Z
y
ϕIa
h ½

ffiffiffiffi
N

p
Δ−1

l ϵab − Kab�xyϕJb
h ðyÞ: ðB5Þ

The path integral is then

4We select the USpð2NÞ singlets instead of the SOð4NÞ singlet so that the bulk dual is a non-Abelian gauge field [62].
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Z½A�≡
Z

DχDσDϕh exp

�Z
x
ðiχμi þ

ffiffiffiffi
N

p
Aμ
i Þσiμ

�
exp

�
−QIJϵab

Z
x

1

2

ffiffiffiffi
N

p
ϕIa
h Δ−1

h ϕJb
h − SI;Λ½ϕh; χμ�

�

≡
Z

DσDϕhe−SΛ½ϕh;σμ�þ
ffiffiffi
N

p
Aμ
i σ

i
μ ; ðB6Þ

with

e−SI;Λ ≡
Z

DϕIa
l exp

�
−Sð1Þl − Sð2Þl þ 1

2
QIJ

Z
x

Z
y
ϕIa
h Kabðx; yÞϕJb

h ðyÞ
�

ðB7Þ

¼exp
�
−
1

2
Trlog½QIJð ffiffiffiffi

N
p

Δ−1
l ϵab−KabÞ�

þ1

2
QIJ

Z
u

Z
v

�Z
x
ϕIa
h ðxÞKacðx;uÞ

�
½

ffiffiffiffi
N

p
Δ−1

l −K�−1cdðu;vÞ
�Z

y
Kdbðv;yÞϕJb

h ðyÞ
�
þ1

2
QIJ

Z
x

Z
y
ϕIa
h Kabðx;yÞϕJb

h ðyÞ
�

¼exp

�
−
1

2
Trlog½QIJð

ffiffiffiffi
N

p
Δ−1

l ϵab−KabÞ�þ
1

2
QIJ

Z
u

Z
x

Z
y
ϕIa
h ðxÞKacðx;uÞ

�
1−

1ffiffiffiffi
N

p ΔlϵK

�
−1c

b
ðu;yÞϕJb

h ðyÞ
�
: ðB8Þ

The subscript Λ indicates the action has an IR cutoff Λ.
Taking the limit Λ → ∞ then implies the path integral is
fully calculated. The subscript I stands for “interaction.”
The flipped Polchinski ERG equation governs how the

quantity SI;Λ½ϕh� changes with change in Λ. It is the
counterpart of the Polchinski ERG equation. The rate of
change is in terms of the “ERG time” t≡ logðΛ=ΛbÞ.
t ¼ −∞ corresponds to theory which has not been inte-
grated over, and t ¼ 0 corresponds to the complete theory
being integrated out. The equation is

∂

∂t
e−SI;Λ ¼−

1

2
QIJϵab

1ffiffiffiffi
N

p
Z
x

Z
y
Δ̇lðx;yÞ

δ2e−SI;Λ

δϕIa
h δϕJb

h ðyÞ : ðB9Þ

It is the usual Polchinski’s equation [55,57] generalized to
the case of multiple fields withUSpðNÞ and SUð2Þ indices.

The “flipped” nature of the equation is coming from
choosing to integrate out ϕl and keeping ϕh instead of
the other way around. Since the derivation of Polchinski’s
equation is ignorant of the meaning of these labels,
exchanging the labels in the standard derivation of
Polchinski’s equation gives us the flipped version.
We will set ϕIa

h to 0 after obtaining this expression, so we
will only have to evaluate the following:

δ2SI;Λ
δϕIa

h δϕJb
h ðyÞ¼−QIJ

Z
u
Kacðx;uÞ

�
1−

1ffiffiffiffi
N

p ΔlϵK

�
−1c

b
ðu;yÞ:

ðB10Þ

Expanding the inverse matrix in the center in a power
series,

δ2SI;Λ
δϕIa

h ϕJb
h ðyÞ ¼ −QIJ

Z
u
Kacðx; uÞ

�
1 −

1ffiffiffiffi
N

p ΔlϵK

�
−1c

b
ðu; yÞ

¼ −QIJ

Z
u
Kacðx; uÞ

�
δcbδðu − yÞ þ 1ffiffiffiffi

N
p ϵcd

Z
v
Δlðu; vÞKdbðv; yÞ þ

1

N
½ΔlϵKΔlϵK�deðu; zÞ þ � � �

�

¼ −QIJKabðx; yÞ −
1ffiffiffiffi
N

p QIJϵcd
Z
u

Z
v
Kacðx; uÞΔlðu; vÞKdbðv; yÞ

−
1

N
QIJϵceϵdf

Z
u

Z
v
Kacðx; uÞKdbðv; yÞ

Z
z

Z
w
Δlðu; wÞKfeðw; zÞΔlðz; yÞ þOðK4Þ:

We look at the terms on the rhs of (B9) in detail. Note that QIJQIJ ¼ 2N.
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K term. The first term we have is

−
1

2

1ffiffiffiffi
N

p QIJQIJϵab
Z
x

Z
y
Kabðx; yÞΔ̇lðx; yÞ ¼ −

ffiffiffiffi
N

p Z
x

Z
y
Δ̇lðx; yÞϵab

�
iχμi fϵcbðTiÞca þ ϵacðTiÞcbg

∂

∂xμ

þ 1ffiffiffiffi
N

p χμi χ
j
μϵcdðTiÞcaðTjÞdb

�
δðx − yÞ

¼ −
ffiffiffiffi
N

p Z
x

�
−iχμi TrðTiÞ

∂

∂xμ
þ 1ffiffiffiffi

N
p χμi χ

j
μTrðTiTjÞ

�
Δ̇lðx; xÞ

¼ −
1

2

Z
x
χμi χ

i
μΔ̇lð0Þ; ðB11Þ

where we have used the trace formulas for the generators. Recall that Ti are the generators of the j ¼ 1=2 representation of
suð2Þ. That is, Ti ¼ 1

2
σi where σi are the Pauli matrices. We have also made use above of the fact that for the generators,

ϵabTb
cϵ

cd ¼ ðT−1Þda ¼ Td
a, since Pauli matrices square to identity. The trace formulas for Ti are

TrðTiÞ ¼ 0; ðB12Þ

TrðTiTjÞ ¼
1

2
δij; ðB13Þ

TrðTiTjTkÞ ¼
i
4
ϵijk; ðB14Þ

TrðTiTjTkTlÞ ¼
1

8
ðδijδkl − δikδjl þ δjkδilÞ: ðB15Þ

K2 term. The following are the terms resulting from the K2 term:

− ϵceϵab
Z
x

Z
y

Z
u

Z
v
Kacðx; uÞΔlðu; vÞKebðv; yÞΔ̇lðx; yÞ

¼ −ϵceϵab
Z
x

Z
y

Z
u

Z
v

�
iχμi ðxÞfϵdcðTiÞda þ ϵadðTiÞdcg

∂

∂xμ
þ 1ffiffiffiffi

N
p χμi ðxÞχjμðxÞϵdfðTiÞdaðTjÞfc

�
δðx − uÞΔlðu; vÞ

×

�
iχνkðvÞfϵgbðTkÞge þ ϵegðTkÞgbg

∂

∂vν
þ 1ffiffiffiffi

N
p χνkðvÞχlνðvÞϵghðTkÞgeðTlÞhb

�
δðv − yÞΔ̇lðx; yÞ

¼ −ϵceϵab
Z
x

Z
v

�
iχμi ðxÞfϵdcðTiÞda þ ϵadðTiÞdcg

∂

∂xμ
þ 1ffiffiffiffi

N
p χμi ðxÞχjμðxÞϵdfðTiÞdaðTjÞfc

�
Δlðx; vÞ

×

�
iχνkðvÞfϵgbðTkÞge þ ϵegðTkÞgbg

∂

∂vν
þ 1ffiffiffiffi

N
p χνkðvÞχlνðvÞϵghðTkÞgeðTlÞhb

�
Δ̇lðx; vÞ

¼ −
Z
x

Z
y

�
4χμi ðxÞχνkðyÞTrðTiTkÞ

∂

∂xμ
Δlðx; yÞ

∂

∂yν
Δ̇lðx; yÞ

− 2
iffiffiffiffi
N

p TrðTiTjTkÞ
�
χμi ðxÞχνjðyÞχkνðyÞΔ̇lðx; yÞ

∂

∂xμ
Δlðx; yÞ þ χμi ðxÞχjμðxÞχνkðyÞΔlðx; yÞ

∂

∂yν
Δ̇lðx; yÞ

�

−
1

N
χμi ðxÞχjμðxÞχνkðyÞχlνðyÞTrðTiTjTkTlÞΔlðx; yÞΔ̇lðx; yÞ

�
; ðB16Þ

where we have relabeled v to y in the third step. Thus, because the cubic terms in χ in (B16) are symmetric in two of the χs,
on contracting with the ϵijk resulting from the traces, they vanish. Therefore, the K2 term is

−
Z
x

Z
y

�
2χμi ðxÞχνi ðyÞ

∂

∂xμ
Δlðx; yÞ

∂

∂yν
Δ̇lðx; yÞ −

1

8N
χðxÞ2χðyÞ2Δlðx; yÞΔ̇lðx; yÞ

�
: ðB17Þ
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The latter term in this is Oð1=NÞ, so we do not look at it. Thus, we have the quadratic term

−
1

2

Z
x

Z
y
χμi ðxÞχνi ðyÞİμνðx; yÞ; ðB18Þ

with

Iμνðx; yÞ ¼ Δlð0Þδðx − yÞδμν þ 2
∂

∂xμ
Δlðx; yÞ

∂

∂yν
Δlðy; xÞ: ðB19Þ

In momentum space,

Iμνðp; qÞ ¼ δμνδðpþ qÞ
Z
r
Δl;r þ 2δðpþ qÞ

Z
r
rμðrþ pÞνΔl;rΔl;pþr

¼ δμνδðpþ qÞ
Z
r
Δl;r þ 2δðpþ qÞ

Z
r
rμrνΔl;rΔl;pþr ðB20Þ

¼ δμνδðpþ qÞ
�Z

r
Δl;r þ

2

D

Z
r
r2Δl;rΔl;pþr

�

≡ δμνδðpþ qÞIðp2Þ: ðB21Þ

HereΔl;r is the Fourier transform of theΔl we had earlier, andD is the number of dimensions of the boundary manifold. We
have also made use of transversality to get rid of p in the expression.
K3 term. We look at the Oð1= ffiffiffiffi

N
p Þ term from the K3 term:

−
1ffiffiffiffi
N

p ϵabϵceϵdf
Z
x

Z
y

Z
z

Z
u

Z
v

Z
w
Δ̇lðx; yÞKacðx; uÞΔlðu; wÞKfeðw; zÞΔlðz; vÞKdbðv; yÞ

¼ −
1ffiffiffiffi
N

p ϵabϵceϵdfi3
Z
x

Z
y

Z
z

Z
u

Z
v

Z
w
Δ̇lðx; yÞΔlðu; wÞΔlðz; vÞðϵgcðTiÞga þ ϵagðTiÞgcÞ

× ðϵhbðTjÞhd þ ϵdhðTjÞhbÞðϵoeðTkÞof þ ϵfoðTkÞoeÞχμi ðuÞχνjðvÞχρkðwÞ
∂

∂xμ
∂

∂vν
∂

∂wρ δðx − uÞδðv − yÞδðw − zÞ

¼ −
8iffiffiffiffi
N

p TrðTiTjTkÞ
Z
x

Z
y

Z
z
χμi ðxÞχνjðyÞχρkðzÞ

∂

∂xμ
Δlðx; zÞ

∂

∂zρ
Δlðz; yÞ

∂

∂yν
Δ̇lðx; yÞ

¼ 2ffiffiffiffi
N

p ϵijk

Z
x

Z
y

Z
z
χμi ðxÞχνjðyÞχρkðzÞ

∂

∂xμ
Δlðx; zÞ

∂

∂zρ
Δlðz; yÞ

∂

∂yν
Δ̇lðx; yÞ; ðB22Þ

where we have made use of the trace formula (B14).
In momentum space, the Oð1= ffiffiffiffi

N
p Þ term is

¼ 2iffiffiffiffi
N

p ϵijk

Z
p

Z
q

Z
r
δDðpþ qþ rÞ

Z
k
Δl;kþpΔl;k−qΔ̇l;kðk:χkðqÞÞððkþ pÞ:χiðpÞÞðk − qÞ:χjðrÞ: ðB23Þ

We now integrate out χ. We proceed as usual by replacing all χ terms apart from the quadratic term resulting from the log
in Eq. (B8) by derivatives with respect to its source. As can be seen from (B6), we can replace χiμðxÞ with −iδ=δσμi ðxÞ, [or
χiμðpÞ with −iδ=δσμi ð−pÞ[,5 so that the flipped ERG equation (B9) looks like this in terms of σμi , after setting ϕh to 0:

5Note that SΛ½σμi � below does not include the linear term
R
Aμ
i σ

i
μ, so it does not appear in the flow equation.
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∂

∂t
e−SΛ½σ

μ
i � ¼

�
1

2

Z
x

Z
y
İμνðx; yÞ

δ2

δσiμðxÞδσiνðyÞ

þ 2iffiffiffiffi
N

p ϵijk

Z
x

Z
y

Z
z

∂

∂xμ
Δlðx; zÞ

∂

∂zρ
Δlðz; yÞ

∂

∂yν
Δ̇lðx; yÞ

δ3

δσiμðxÞδσjνðyÞδσkρðzÞ

�
e−SΛ½σ

μ
i � þ � � �

¼
�
1

2

Z
p
İðp2Þ δ2

δσμi ðpÞδσiμð−pÞ
−

2ffiffiffiffi
N

p ϵijk

Z
p

Z
q

Z
r
δDðpþ qþ rÞ

Z
k
Δl;kþpΔl;k−qΔ̇l;kðkþ pÞμkνðk − qÞρ

×
δ3

δσiμð−pÞδσjνð−qÞδσkρð−rÞ

�
e−SΛ½σ

μ
i � þ � � � ; ðB24Þ

where we have written down the leading and subleading order terms in 1=
ffiffiffiffi
N

p
.

The solution of this equation, SΛ½σ�, is an action for σ which gives approximate results for momenta below Λ. When
Λ → Λb, it becomes exact, i.e., the correlations of σ calculated with it are exact.
We need the form of SΛ½σμi � for the functional derivative to act on. Remember that ϕh has been set to zero now. We have

e−SΛ½σμ� ¼
Z

Dχ exp

�
i
Z
x
χμi σ

i
μg expf−SI;Λ½0; χμ�

�
; ðB25Þ

where

SI;Λ½0; χμ� ¼
1

2
Tr log½QIJð

ffiffiffiffi
N

p
Δ−1

l ϵab − KabÞ�

¼ 1

2
Tr

�
logð

ffiffiffiffi
N

p
QIJΔ−1

l ϵabÞ −
1ffiffiffiffi
N

p δIJΔlϵ
abKbc −

1

2N
δIJΔlϵ

abKbcΔlϵ
cdKde − � � �

�

¼ −
ffiffiffiffi
N

p Z
x

Z
y
Δlðx; yÞϵabKbaðy; xÞ −

1

2

Z
x

Z
y

Z
z

Z
w
Δlðx; yÞϵabKbcðy; zÞΔlðz; wÞϵcdKdaðw; xÞ þ � � �

¼ 1

2

Z
x
Δlð0Þχμi χiμ þ

Z
x

Z
y

∂

∂xμ
Δlðx; yÞ

∂

∂yν
Δlðy; xÞχμi ðxÞχνi ðyÞ þ � � �

≡ 1

2

Z
x

Z
y
χμi ðxÞIμνðx; yÞχνi ðyÞ þ � � � ; ðB26Þ

where we have kept only the kinetic term (higher order terms in χμi are also higher order in 1=
ffiffiffiffi
N

p
). Here, I is the low energy

propagator for the χ field, because we get it after integrating out low energy modes ϕIa
l .

Completing the Gaussian from (B25),

SΛ½σμ� ¼
1

2

Z
p

1

Iðp2Þ σ
μ
i ðpÞσiμð−pÞ ¼

1

2

Z
x

Z
y
I−1μν ðx; yÞσμi ðxÞσνi ðyÞ: ðB27Þ

This obeys the ERG equation (B24) to leading order.
For the next order term in the flipped ERG equation, we have from (B24),

−
2ffiffiffiffi
N

p ϵijk

Z
p

Z
q

Z
r
δDðpþ qþ rÞ

Z
k
Δl;kþpΔl;k−qΔ̇l;kðkþ pÞμkνðk − qÞρ

δ3

δσiμð−pÞδσjνð−qÞδσkρð−rÞ

× exp

�
−
1

2

Z
s

1

Iðs2Þ σ
κ
i0 ðsÞσi

0
κ ð−sÞ

�

¼ 2ffiffiffiffi
N

p ϵijk

Z
p

Z
q

Z
r
δDðpþ qþ rÞ

Z
k

Δl;kþpΔl;k−qΔ̇l;k

Iðp2ÞIðq2ÞIðr2Þ ðkþ pÞμkνðk − qÞρσμi ðpÞσνjðqÞσρkðrÞ

× exp

�
−
1

2

Z
s

1

Iðs2Þ σ
κ
i0 ðsÞσi

0
κ ð−sÞ

�
: ðB28Þ
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The flipped ERG equation in terms of σ is

∂

∂t
e−SΛ½σ

μ
i � ¼

�
1

2

Z
p
İðp2Þ δ2

δσμi ðpÞδσiμð−pÞ
þ 2ffiffiffiffi

N
p ϵijk

Z
p

Z
q

Z
r
δDðpþ qþ rÞ

Z
k

Δl;kþpΔl;k−qΔ̇l;k

Iðp2ÞIðq2ÞIðr2Þ ðkþ pÞμkνðk − qÞρ

× σμi ðpÞσνjðqÞσρkðrÞ
�
e−SΛ½σ

μ
i � þ � � � ðB29Þ

APPENDIX C: SOLUTION OF THE FLIPPED
ERG EQUATION

The flipped ERG equation does not have the physical
interpretation of Wilsonian RG evolution. It is closer in
spirit to ordinary perturbative field theory calculations
where a UV regulator Λ is introduced and all momenta
below Λ are integrated and eventually the limit Λ → ∞ is
taken (with possible addition of counterterms if there are
divergences). It is also closer in spirit to AdS/CFT
calculations where the bulk fields are integrated from
z ¼ ∞ to z ¼ ϵ and subsequently the ϵ → 0 limit is taken.
In the present case, the ϕ fields below Λ are being

integrated, keeping σμ fixed. When Λ → ∞, one obtains an
action for σμ that can be used for calculating correlations of

σμ. For finite Λ only momentum modes of ϕ below Λ have
been integrated. Consequently, only low momentum cor-
relations of σμ fields can be calculated. Note that this cannot
be interpreted as a conventional Wilson action for σμ, since
it has no information about physics above Λ. It is as if there
is a physical cutoff at Λ. As Λ → ∞ the full σ action is
obtained. Note that this is to be interpreted as a bare action
for σμ because it contains all momentum modes—nothing
has been integrated. If one now integrates out the σμ modes
with a source, one can obtain the generating functional
W½Jμ�, where Jμ is a source for σμ. This can be obtained by
solving the bulk equations by adding a source for σμ at the
boundary rather than fixing the value of σμ at the boundary.
Picking up from (B26), we can write down the action in

terms of χ to next order in 1=N:

SI;Λ½0; χμ� ¼
1

2
Tr log½QIJð

ffiffiffiffi
N

p
Δ−1

l ϵab − KabÞ�

¼ 1

2
Tr

�
logð

ffiffiffiffi
N

p
QIJΔ−1

l ϵabÞ −
1ffiffiffiffi
N

p δIJΔlϵ
abKbc −

1

2N
δIJΔlϵ

abKbcΔlϵ
cdKde

−
1

3N
ffiffiffiffi
N

p δIJΔlϵ
abKbcΔlϵ

cdKdeΔlxyϵ
efKfg − � � �

�
: ðC1Þ

The cubic term is

−
1

3
ffiffiffiffi
N

p
Z
1−6

Δl12ϵ
cdKbc½23�Δl34ϵ

cdKde½45�Δl56ϵ
efKfa½61�; ðC2Þ

where we are representing coordinates x1, x2, x3, x4, x5, and x6 by their subscripts. From the definition of Kab in (B3),
keeping only the Oð 1ffiffiffi

N
p Þ term,

¼ −
1

3
ffiffiffiffi
N

p
Z
1−6

Δl122iχ
μ
i ðx2ÞðTiÞac∂2μδ23Δl342iχνjðx4ÞðTjÞce∂4νδ45Δl562iχ

ρ
kðx6ÞðTkÞea∂6ρδ61

¼ 8i

3
ffiffiffiffi
N

p TrðTiTjTkÞ
Z
x

Z
y

Z
z
χμi ðxÞχνjðyÞχρkðzÞ

∂

∂xμ
Δlxyðx; yÞ

∂

∂yν
Δlxyðy; zÞ

∂

∂zρ
Δlxyðz; xÞ

¼ −
2

3
ffiffiffiffi
N

p ϵijk

Z
x

Z
y

Z
z
χμi ðxÞχνjðyÞχρkðzÞ

∂

∂xμ
Δlxyðx; yÞ

∂

∂yν
Δlxyðy; zÞ

∂

∂zρ
Δlxyðz; xÞ

¼ −
2i

3
ffiffiffiffi
N

p ϵijk

Z
p

Z
q

Z
r
δDðpþ qþ rÞ

Z
k
Δl;kþpΔl;k−qΔh;kðkþ pÞ:χipðk:χjqÞðk − qÞ:χkr

¼ 2

3
ffiffiffiffi
N

p ϵijk

Z
p

Z
q

Z
r
δDðpþ qþ rÞ

Z
k
Δl;kþpΔl;k−qΔh;kðkþ pÞμkνðk − qÞρ

δ3

δσiμð−pÞδσjνð−qÞδσkρð−rÞ
: ðC3Þ
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In the above, we have made use of the trace formula (B14), and substituted for χiμðpÞ − iδ=δσμi ð−pÞ which follows
from (B6).
The action for σμ is then given from (B25) using usual perturbative methods by

e−SΛ½σμ� ¼ e−cubic term in δ=δσμe−kinetic term ðB27Þ; ðC4Þ

so the cubic term in SΛ is

−
2

3
ffiffiffiffi
N

p ϵijk

Z
p

Z
q

Z
r
δDðpþ qþ rÞ

Z
k

Δl;kþpΔl;k−qΔh;k

Iðp2ÞIðq2ÞIðr2Þ ðkþ pÞμkνðk − qÞρσμi ðpÞσνjðqÞσρkðrÞ: ðC5Þ

The flipped ERG action is therefore

SΛ½σμ� ¼
1

2

Z
p

1

Iðp2Þ σ
μ
i ðpÞσiμð−pÞ

−
2

3
ffiffiffiffi
N

p ϵijk

Z
p

Z
q

Z
r
δDðpþ qþ rÞ

Z
k

Δl;kþpΔl;k−qΔh;k

Iðp2ÞIðq2ÞIðr2Þ ðkþ pÞμkνðk − qÞρσμi ðpÞσνjðqÞσρkðrÞ; ðC6Þ

and it satisfies the flipped ERG equation (B29).

APPENDIX D: THE BOUNDARY ACTION FROM THE BULK ACTION

To verify the nonlocal holographic action given in (16), we solve it classically, and substitute the classical solution for the
field in the action to obtain the boundary action.
To the leading order in N. The equations of motion are

∂

∂t
σ̇μi
İ
¼ 0 ⇒

σ̇μi ðpÞ
İðp2Þ ≡ bμi ðpÞ; ðD1Þ

for some constant bμi . Thus,

bμi ðpÞ ¼
σμi ðt; pÞ − σμbiðpÞ
Iðt; p2Þ − Ibðp2Þ ; ðD2Þ

for any t. The subscript b stands for bare, and indicates quantities at the boundary.
As an aside, vanishing of the variation of action also implies the following condition:

Z
t̄

t0

dt
Z
p

∂

∂t

�
δσμi ðt; pÞ

σ̇iμðt; pÞ
İðt; p2Þ

�
þ
Z
p
δσμbiðpÞ

σibμðpÞ
Ibðp2Þ ¼ 0 ðD3Þ

⇒
Z

t̄

t0

dt
Z
p

∂

∂t
ðδσμi ðt; pÞbiμðpÞÞ þ

Z
p
δσμbiðpÞ

σibμðpÞ
Ibðp2Þ ¼ 0

⇒ −
Z
p
δσμbiðpÞbiμðpÞ þ

Z
p
δσμbiðpÞ

σibμðpÞ
Ibðp2Þ ¼ 0

⇒ bμi ðpÞ ¼
σμbiðpÞ
Ibðp2Þ : ðD4Þ

Then we have from (D2)

σμi ðp; zÞ ¼ bμi ðpÞIðp; zÞ: ðD5Þ
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The classical bulk action can then be written [in terms of σμi ðtfÞ≡ σμfi and σμi ðt0Þ≡ σμbi] as

Sð0Þcl ½σμf; σνb� ¼
1

2

Z
tf

t0

dt
Z
p

σ̇μi ðpÞ
İðp2Þ σ̇

i
μð−pÞ ¼

1

2

Z
tf

t0

dt
Z
p
bμi σ̇

i
μð−pÞ

¼ 1

2

Z
p
biμðpÞðσμfið−pÞ − σμbið−pÞÞ ¼

1

2

Z
p

ðσμfiðpÞ − σμbiðpÞÞ2
Ifðp2Þ − Ibðp2Þ ; ðD6Þ

from (D2). Ifðp2Þ≡ Iðtf; p2Þ and Ibðp2Þ ¼ Iðt0; p2Þ. SinceΔlxy vanishes for t ¼ t0, Ib ¼ 0. We also choose to set σμbi ¼ 0,
since it must vanish in the limit Λ0 → ∞, and we do not gain anything by choosing a general σμbi for a finite Λ0. Thus,

Sð0Þcl ½σμf� ¼
1

2

Z
p

σμfiðpÞσijfμð−pÞ
Ifðp2Þ ; ðD7Þ

which matches with the Wilson action in (C6) to leading order.
Oð1= ffiffiffiffi

N
p Þ. Again we look at classical solution, including next order terms in EOM. First, we write the solution as

σμ ≡ σμ0 þ
1ffiffiffiffi
N

p σμ1 þO

�
1

N

�
: ðD8Þ

The equation of motion at order 1=
ffiffiffiffi
N

p
is [see (16)]

∂

∂t

σ̇i1μð−pÞ
İðp2Þ ¼ 6ϵijk

Z
q

Z
r
δDðpþ qþ rÞVμνρðp; q; r; tÞσν0jðqÞσρ0kðrÞ; ðD9Þ

where we have decluttered the equations by introducing

Vμνρðp; q; r; tÞ ¼
Z
k

Δl;kþpΔl;k−qΔ̇l;k

Iðp2ÞIðq2ÞIðr2Þ ðk − qÞμkνðkþ pÞρ: ðD10Þ

We will also use

Uμνρðp; q; r; tÞ ¼
Z
k

Δl;kþpΔl;k−qΔl;k

Iðp2ÞIðq2ÞIðr2Þ ðk − qÞμkνðkþ pÞρ: ðD11Þ

Note that

∂

∂t

Z
p

Z
q

Z
r
δDðpþ qþ rÞUμνρðp; q; r; tÞσμðpÞσνðqÞσρðrÞ

¼ 3

Z
p

Z
q

Z
r
δDðpþ qþ rÞVμνρðp; q; r; tÞσμðpÞσνðqÞσρðrÞ; ðD12Þ

when σμ is transverse.
We can use this relation to substitute for the order 1 field in terms of order 0 field in the action like so. The order 1 part of

the kinetic term is

Z
tf

t0

dt
Z
p

σ̇μ1ið−pÞ
İðp2Þ σ̇i0μðpÞ ¼ −

Z
tf

t0

dt
Z
p

∂

∂t

�
σ̇μ0ið−pÞ
İðp2Þ

�
σi1μðpÞ þ

�Z
p

σ̇μ0ið−pÞ
İðp2Þ σi1μðpÞ

�
tf

t0

: ðD13Þ

We choose the boundary conditions σμ1 ¼ 0 at both t ¼ t0 and t ¼ tf. Therefore the surface term vanishes. The first term

also vanishes because
σ̇μi0ð−pÞ
İðp2Þ ¼ bμ is a constant.
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Thus, the only term at this order in the EOM is the cubic term in the action at Oð1= ffiffiffiffi
N

p Þ [see (16)], given by

−2ϵijk
Z

tf

t0

dt
Z
p

Z
q
Vμνρðp; q; tÞσμ0iðpÞσν0jðqÞσρ0kð−p − qÞ ¼ −

2

3
ϵijk

Z
p

Z
q
Uμνρðp; q; tfÞσμif0ðpÞσνf0jðqÞσρf0kð−p − qÞ:

Thus, the classical bulk action is

Scl½σμf0� ¼
1

2

Z
p

σμf0iðpÞσif0μðpÞ
Ifðp2Þ −

2

3
ffiffiffiffi
N

p ϵijk

Z
p

Z
q
Uμνρðp; q; tfÞσμf0iðpÞσνf0jðqÞσρf0kð−p − qÞ: ðD14Þ

This matches exactly with the flipped ERG action (C6). The classical action is only in terms of σμf0 because it is the only free
parameter—all of the excitations in σf are completely determined in terms of σμf0 because of the way we have chosen our
boundary conditions.

APPENDIX E: CUBIC TERM z-DEPENDENT PART

The integral to be calculated is

Kμνρðp; q; rÞ ¼
Z

dkD

ð2πÞD
1

k2a1
1

ðkþ pÞ2a2
1

ðkþ pÞ2a3 ðk − qÞμkνðk − qÞρ: ðE1Þ

We will leave the regularization scheme unspecified for now. We are eventually interested in ai ¼ 1 and D ¼ 3:

Kμνρðp; q; rÞ ¼
Z

ds1

Z
ds2

Z
ds3

sa1−11 sa2−12 sa3−13

Γða1ÞΓða2ÞΓða3Þ
Z

dDk
ð2πÞD e−ðk−qÞ2s3e−ðkþpÞ2s2e−k2s1ðkþ pÞμkνðk − qÞρ: ðE2Þ

Setting ai ¼ 1,

Kμνρðp; q; rÞ ¼
Z

ds1

Z
ds2

Z
ds3

Z
dDk
ð2πÞD expf−ðk − qÞ2s3 − ðkþ pÞ2s2 − k2s1gðkþ pÞμkνðk − qÞρ:

We make a transformation of variables to get a known integral,

l≡ s1 þ s2 þ s3; β1 ≡ s2s3
l

; β2 ≡ s3s1
l

; β3 ≡ s1s2
l

k → k0 ≡ kþ l−1=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β1β2β3

p �
p
β2

−
q
β3

�
; l ¼

�
1

β1
þ 1

β2
þ 1

β3

�
2

β1β2β3: ðE3Þ

The Jacobian for this transformation is

J−1 ¼




 det ∂βi

∂sj





 ¼
�
1

β1
þ 1

β2
þ 1

β3

�
β1β2β3
l2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β1β2β3

p
l3=2 : ðE4Þ

We had done this substitution combining two transformations of variables. The first one so we could simplify the k integral,
and the second one so we could have the result in an easily identifiable standard integral:

Kμνρðp; q; rÞ ¼
Z

∞

0

dβ1

Z
∞

0

dβ2

Z
∞

0

dβ3

Z
k0

l3=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β1β2β3

p expf−lk02 − β1ðpþ qÞ2 − β2q2 − β3p2g

× ðk0 þ ð1 − xÞpþ yqÞμðk0 − xpþ yqÞνðk0 − xp − ð1 − yÞqÞρ; ðE5Þ

where
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x≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β1β2β3

l

r
1

β2
; y≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β1β2β3

l

r
1

β3
; 1 − x − y≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β1β2β3

l

r
1

β1
:

Since this integral couples to fields aμð−pÞaνð−qÞaρð−rÞδDðpþ qþ rÞwhich are transverse, and since pμ þ qμ þ rμ ¼ 0,

Kμνρðp; q; rÞ ¼
Z

∞

0

dβ1

Z
∞

0

dβ2

Z
∞

0

dβ3

Z
k

l3=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β1β2β3

p expf−lk02 − β1r2 − β2q2 − β3p2g

× ðk0 þ yqÞμðk0 þ xrÞνðk0 þ ð1 − x − yÞpÞρ:

The k0 integral only keeps the terms even in k0, and
R
k fðk2Þkμkν ¼ δμν=D

R
k k

2fðk2Þ. In performing the k0 integral, note that

l3=2

Z
dDk0

ð2πÞD k0n expf−lk02g ¼ 1

2ð2πÞD l
3
2
−Dþn

2 Γ
�
Dþ n

2

�
: ðE6Þ

Term 1.

qμrνpρ

Z
∞

0

dβ1

Z
∞

0

dβ2

Z
∞

0

dβ3

Z 0

k

l3=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β1β2β3

p xyð1 − x − yÞ expf−lk02 − β1r2 − β2q2 − β3p2g

¼ Γð3=2Þ
2ð2πÞ3 qμrνpρ

Z
∞

0

dβ1

Z
∞

0

dβ2

Z
∞

0

dβ3
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

β1β2β3
p xyð1 − x − yÞ expf−β1r2 − β2q2 − β3p2g

¼ Γð3=2Þ
2ð2πÞ3 qμrνpρ

Z
∞

0

dβ1

Z
∞

0

dβ2

Z
∞

0

dβ3
1

l3=2 expf−β1r2 − β2q2 − β3p2g

¼ Γð3=2Þ
2ð2πÞ3 qμrνpρ

Z
∞

0

dβ1

Z
∞

0

dβ2

Z
∞

0

dβ3 expf−β1r2 − β2q2 − β3p2gðβ1β2β3Þ−3=2
�
1

β1
þ 1

β2
þ 1

β3

�
−3
:

Term 2.

1

D
Γð5=2Þ
2ð2πÞ3

Z
∞

0

dβ1

Z
∞

0

dβ2

Z
∞

0

dβ3

Z
k

l3=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β1β2β3

p k2 expf−lk2 − β1r2 − β2q2 − β3p2gðð1− x− yÞδμνpρ þ yqμδνρ þ xrνδμρÞ

¼ 1

D
Γð5=2Þ
2ð2πÞ3

Z
∞

0

dβ1

Z
∞

0

dβ2

Z
∞

0

dβ3
l−1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β1β2β3

p expf−β1r2 − β2q2 − β3p2gðð1− x− yÞδμνpρ þ yqμδνρ þ xrνδμρÞ

¼ 1

D
Γð5=2Þ
2ð2πÞ3

Z
∞

0

dβ1

Z
∞

0

dβ2

Z
∞

0

dβ3l−3=2 expf−β1r2 − β2q2 − β3p2g
�
1

β1
δμνpρ þ

1

β3
qμδνρ þ

1

β2
rνδμρ

�

¼ 1

D
Γð5=2Þ
2ð2πÞ3

Z
∞

0

dβ1

Z
∞

0

dβ2

Z
∞

0

dβ3

�
1

β1
þ 1

β2
þ 1

β3

�
−3
ðβ1β2β3Þ−3=2

× expf−β1r2 − β2q2 − β3p2g
�
1

β1
δμνpρ þ

1

β3
qμδνρ þ

1

β2
rνδμρ

�
:

We use the following integral:

2−2a
Z

∞

0

dX
Xa−1

ΓðaÞ e
−XT=4 ¼ T−a: ðE7Þ

Then
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Term 1

¼ Γð3=2Þ
27Γð3Þð2πÞ3 qμrνpρ

Z
∞

0

dβ1

Z
∞

0

dβ2

Z
∞

0

dβ3

Z
∞

0

dXX2ðβ1β2β3Þ−3=2 exp
�
−β1r2 − β2q2

− β3p2 −
X
4

�
1

β1
þ 1

β2
þ 1

β3

��
:

Term 2

¼ 1

D
Γð5=2Þ

27Γð3Þð2πÞ3
Z

∞

0

dβ1

Z
∞

0

dβ2

Z
∞

0

dβ3

Z
∞

0

dX
X2

Γð3Þ ðβ1β2β3Þ
−D=2 exp

�
−β1r2 − β2q2

− β3p2 −
X
4

�
1

β1
þ 1

β2
þ 1

β3

���
1

β1
δμνpρ þ

1

β3
qμδνρ þ

1

β2
rνδμρ

�
:

These β integrals are of the formZ
∞

0

dββ−ν−1 exp

�
−k2β −

X
4β

�
¼ 21þνðk=

ffiffiffiffi
X

p
ÞνKνðk

ffiffiffiffi
X

p
Þ: ðE8Þ

In this integral, X acts as the UV cutoff for β, which is of the dimension −2, and k2 acts as the IR cutoff. At this stage, we
identify the lower bound of the X integral with the inverse square of the UV cutoff 1=Λ2 ¼ z2. Thus, we have (apologies for
using the same symbol ν as the quantity Δ −D=2 ¼ 1=2 and as a spacetime index for the momenta)

Term 1

¼ 23νΓð3=2Þ
25ð2πÞ3 qμrνpρ

Z
∞

z2
dXX2

�
pffiffiffiffi
X

p
�

ν

Kνðp
ffiffiffiffi
X

p
Þ
�

qffiffiffiffi
X

p
�

ν

Kνðq
ffiffiffiffi
X

p
Þ
�

rffiffiffiffi
X

p
�

ν

Kνðr
ffiffiffiffi
X

p
Þ:

Term 2

¼ 1

D
23νΓð5=2Þ
24ð2πÞ3

Z
∞

z2
dX

X2

2

�
δμνpρ

�
rffiffiffiffi
X

p
�

1þν
�

pffiffiffiffi
X

p
�

ν
�

qffiffiffiffi
X

p
�

ν

K1þνðr
ffiffiffiffi
X

p
ÞKνðp

ffiffiffiffi
X

p
ÞKνðq

ffiffiffiffi
X

p
Þ

þ qμδνρ

�
rffiffiffiffi
X

p
�

ν
�

pffiffiffiffi
X

p
�

1þν
�

qffiffiffiffi
X

p
�

ν

Kνðr
ffiffiffiffi
X

p
ÞK1þνðp

ffiffiffiffi
X

p
ÞKνðq

ffiffiffiffi
X

p
Þ

þ rνδμρ

�
rffiffiffiffi
X

p
�

ν
�

pffiffiffiffi
X

p
�

ν
�

qffiffiffiffi
X

p
�

1þν

Kνðr
ffiffiffiffi
X

p
ÞKνðp

ffiffiffiffi
X

p
ÞK1þνðq

ffiffiffiffi
X

p
Þ
�
:

In the above, when the momenta p, q, r appear without their index, it refers to their magnitude.
The derivative of this with respect to z appears in our cubic term,

∂

∂z
Kμνρðp; q; r; zÞ ¼ −

23νΓð3=2Þ
24ð2πÞ3 z5qμrνpρ

�
r
z

�
ν
�
p
z

�
ν
�
q
z

�
ν

KνðrzÞKνðpzÞKνðqzÞ

−
1

D
23νΓð5=2Þ
23ð2πÞ3 z5

�
δμνpρ

�
r
z

�
1þν

�
p
z

�
ν
�
q
z

�
ν

K1þνðrzÞKνðpzÞKνðqzÞ

þ qμδνρ

�
r
z

�
ν
�
p
z

�
1þν

�
q
z

�
ν

KνðrzÞK1þνðpzÞKνðqzÞ

þ rνδμρ

�
r
z

�
ν
�
p
z

�
ν
�
q
z

�
1þν

KνðrzÞKνðpzÞK1þνðqzÞ
�
: ðE9Þ

We make use of the following property of modified Bessel functions6 to reduce the parameter of the Bessel functions
to ν:

6See the entry at Wolfram Functions site: https://web.archive.org/web/20081013054654/https://functions.wolfram.com/Bessel-
TypeFunctions/BesselK/introductions/Bessels/05/.
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K1þνðxÞ ¼ Kν−1ðxÞ þ
2ν

x
KνðxÞ: ðE10Þ

For our purposes, ν ¼ 1=2 [because K1=2ðxÞ ¼ K−1=2ðxÞ],

K3=2ðpzÞ ¼ ð1þ 1=pzÞK1=2ðpzÞ: ðE11Þ

Thus,

∂

∂z
Kμνρðp; q; r; zÞ ¼ −

1

16ð2πÞ5=2 z
5qμrνpρ

�
r
z

�
ν
�
p
z

�
ν
�
q
z

�
ν

KνðrzÞKνðpzÞKνðqzÞ

−
1

16ð2πÞ5=2 z
5

�
δμνpρ

�
r
z

�
1þν

�
p
z

�
ν
�
q
z

�
ν
�
1þ 2ν

rz

�
þ qμδνρ

�
r
z

�
ν
�
p
z

�
1þν

�
q
z

�
ν
�
1þ 2ν

pz

�

− pνδμρ

�
r
z

�
ν
�
p
z

�
ν
�
q
z

�
1þν

�
1þ 2ν

qz

��
KνðrzÞKνðpzÞKνðqzÞ

¼ −
1

16ð2πÞ5=2 z
3½qμrνpρz2 þ δμνpρð1þ rzÞ þ qμδνρð1þ pzÞ þ rνδμρð1þ qzÞ

�

×
�
r
z

�
ν
�
p
z

�
ν
�
q
z

�
ν

KνðrzÞKνðpzÞKνðqzÞ: ðE12Þ

In V B, we see that the factor ðrzÞνðpzÞνðqzÞνKνðrzÞKνðpzÞKνðqzÞ is canceled.

APPENDIX F: BOUNDARY THREE-POINT FUNCTION FROM THE BULK ACTION

In this appendix, we verify that the three-point correlator calculated by the bulk AdS action in (48) obeys the conformal
ward identities by matching it with [48].
In Sec. VI, we showed the action (48) is equivalent to the action in (47) on shell,

S3 ¼ −ϵijk
Z

dz
Z
p

Z
q

Z
r
δDðpþ qþ rÞ½2g0z2qμrνpρa

μ
i ðpÞaνjðqÞaρkðrÞ þ ðgþ 6g0jrjzÞaμi ðpÞajμðqÞ × pρa

ρ
kðrÞ�: ðF1Þ

The solution to the equations of motion to Oðg0; g00Þ is given in (57):

āiμðp; zÞ ¼ Ai
μðpÞ

ffiffiffiffiffiffiffiffi
jpjz

p
K1

2
ðpzÞ; ðF2Þ

where Ai
μðpÞ is the boundary source. Substituting this into (F1), we have

Scl:3 ¼ −ϵijk
Z
p

Z
q

Z
r
δDðpþ qþ rÞAμ

i ðpÞAν
jðqÞAρ

kðrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpjjqjjrj

p

×

�
2g0qμrνpρ

Z
dzz7=2K1

2
ðpzÞK1

2
ðqzÞK1

2
ðrzÞ þ pρδμν

�
g
Z

dzz3=2K1
2
ðpzÞK1

2
ðqzÞK1

2
ðrzÞ

þ 6g0jrj
Z

dzz5=2K1
2
ðpzÞK1

2
ðqzÞK1

2
ðrzÞ

��
: ðF3Þ

The integrals of the bessel functions can be computed to get

Scl:3 ¼ −ϵijk
�
π

2

�
3=2

Z
p

Z
q

Z
r
δDðpþ qþ rÞAμ

i ðpÞAν
jðqÞAρ

kðrÞ
�
4g0qμrνpρ

1

ðjpj þ jqj þ jrjÞ3

þ pρδμν

�
g

jpj þ jqj þ jrj þ 6g0
jrj

ðjpj þ jqj þ jrjÞ2
��

: ðF4Þ

This matches with the result for three-point functions obeying conformal Ward identities in Sec. 9.5 of [48].
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