PHYSICAL REVIEW D 112, 086004 (2025)

Yang-Mills interaction from boundary vector model

Pavan Dharanipragada

" and B. Sathiapalan

2,341

'Centre Jor Strings, Gravitation and Cosmology, Department of Physics,
Indian Institute of Technology Madras, Chennai 600036, India
*The Institute of Mathematical Sciences, CIT Campus, Tharamani, Chennai 600113, India
*Homi Bhabha National Institute, Training School Complex, Anushakti Nagar, Mumbai 400085, India
*Chennai Mathematical Institute, HI, SIPCOT IT Park, Siruseri Kelambakkam 603103, India

® (Received 6 May 2025; accepted 4 September 2025; published 8 October 2025)

We construct a non-Abelian spin-1 gauge theory with a cubic interaction in AdS, from the exact
renormalization group (ERG) flow of a conformal field theory (CFT) in three dimensions. The latter is the
USp(2N) singlet sector of the free field theory of 2N massless complex scalars. The quadratic and cubic
terms in the bulk action are those of a gauge fixed version of a (local) gauge invariant action.
By construction, this bulk action is the evolution operator for the ERG equation of the boundary theory
and thus is guaranteed to reproduce the correct boundary correlators using the usual AdS/CFT prescription.
This work expands on the program initiated by one of the authors [A holographic form for Wilson’s RG,

Nucl. Phys. B924, 603 (2017)].

DOI: 10.1103/3sy3-pqpw

I. INTRODUCTION

The idea of holography is one of the most interesting
ideas in theoretical physics and it suggests that quantum
gravity can be understood in terms of a lower dimensional
nongravitational field theory [1,2]. A very concrete reali-
zation of this idea is encoded in the AdS/CFT conjecture,
for which there is ample evidence, according to which
gravitational theories in anti—de Sitter (AdS) space are dual
to conformal field theories (CFTs) in the boundary of
AdS [3-6]. The radial direction of the bulk in AdS/CFT
corresponds to the scale of the boundary theory. Thus, the
bulk radial evolution performs renormalization group (RG)
on the boundary theory.' This idea is referred to as
holographic renormalization group [7—19]. This also means
the bulk dynamics is encoded in the RG of the boundary
theory, and perhaps the bulk theory, and more importantly
its gravitational dynamics, can be obtained from the RG of
the boundary theory [20-29].

In [30], a prescription has been laid out to obtain a D + 1
dimensional dual bulk action from a D-dimensional
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'"The boundary theory is a CFT, but the boundary conditions
can turn on deformations of the CFT action and then the boundary
action will flow.
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boundary theory using Polchinski’s exact renormalization
group (ERG) equation. In subsequent works, specializing
to the O(N) model [31,32], the bulk scalar action up to

cubic order, and the leading order in \/iﬁ action for the

spin-1 and spin-2 fields [33] has been obtained. In [34], the
cubic coupling between the graviton and two scalars also
has been obtained.

The bulk dual of the free O(N) model is known to be the
minimal bosonic Vasiliev theory in AdS, [35]. This bulk
theory consists of fields of all even spins, and obey a higher
spin algebra. These are dual to the conserved singlet
currents of the O(N) model, of which also there is one
corresponding to each even spin, and they obey the same
higher spin algebra. Vasiliev’s theory is defined in terms of
highly nonlinear equations of motion with a high degree of
redundancy in terms of auxiliary fields [36]. Thus,
obtaining an action for the theory is of use.

There are several works attempting to define the Vasiliev
theory through the 3D free O(N) model [25,26,37-47].
The higher spins of the theory are all characterized by
gauge freedom, which must play a role in their interactions.
Therefore, in this paper we work with the simplest gauge
field in the bulk, setting the rest to zero, and obtain its
action up to cubic interaction from the ERG of the
boundary theory’s spin-1 current.

The O(N) model contains only even spin currents. To
look at odd spins, one must work with the U(N) model.
The three-point function of the spin-1 current in the U(N)
model is zero, and, hence, the bulk theory does not have a
cubic interaction for this theory. We look at the simplest
non-Abelian case. When the boundary theory is the free
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U(2N) vector model, and we consider the currents which
are singlets of USp(2N), the theory has conserved currents
of all spins, one per even spin, and three per odd spin. The
odd spin triplets are each in the adjoint representation
of 8u(2).

A. The prescription

We obtain the bulk AdS theory from the boundary theory

in the following steps:

(1) Introduce the singlet current of interest as an
auxiliary field o, in the action. (The subscript s
stands for all the indices the current may have.) This
will need us to introduce another auxiliary field y*
which is a Lagrange multiplier enforcing the con-
dition that o, is the required current.

(2) Integrate out the low energy modes of the funda-
mental vector field ¢/ and obtain a low energy action
depending on ¢!, o, x*, and any sources. Set the
high energy field ¢/ = 0 and integrate out y* as well.
The resulting action would be a low energy action
for the o, current. It gives the correlators for the
current at low energies. We derive the ERG equation
for the current from the Polchinski’s ERG equation
for the fundamental field.

(3) The ERG equation is analogous to the heat equation
and we can obtain the ERG evolution operator as a
path integral. The fields in this path integral depend
also on 7 (the scaling direction), t = —log(A/A,),
where A, is the bare momentum cutoff and A is a
generic cutoff. Therefore this is now a D+ 1
dimensional path integral.

(4) The D + 1 dimensional action from this path in-
tegral is nonlocal. We change the 7 to the Poincaré z
coordinate by defining z :Aibe’ = % We further

redefine the field o, which now depends on the bulk
radial direction z along with the boundary directions
because of its scale dependence, o, = fy,. f is a
smooth field redefinition which we define to cancel
the nonlocal factor in the kinetic term. We further
require f to obey a differential equation that makes
the quadratic term for y, the standard action in
AdS),, for a scalar field of mass m> = D(D — A).
This set of scalar fields can be identified with a
gauge-fixed spin-n field on defining y, = 7"a;.
This quadratic action is obtained as the quadratic
part of a gauge invariant kinetic term after gauge
fixing.

(5) The D + 1 dimensional path integral action contains
cubic and higher order terms in o,. After the
mapping o, = fy,, they become polynomials in
vs. The question addressed in this paper then is
whether the cubic terms (after the mapping) are local
and also part of a gauge invariant action. It is shown
that it is part of a local gauge invariant action.

(6) The differential equation imposed on f is solved by
modified Bessel functions. This determines the
regulating function in the propagator for the funda-
mental field we use in the ERG. This complicated
propagator shows up in the cubic and higher order
terms in loop integrals. For the cubic term, this loop
integral is difficult to tackle directly, so we replace
the complicated regulator with a simpler regulator
and perform the integral. This modification does not
affect the boundary correlators computed by the bulk
action. Remarkably, the result of the simpler integral
cancels the Bessel functions appearing in the cubic
term except for some |p|-like factors, where p is the
momentum of one of the fields.

(7) We systematically exchange these |p| factors for z
derivatives and p? factors using the classical form of
the field a, to obtain an action that we show to be a
gauge-fixed action made from the gauge invariant
field strength tensor F ;.

Thus, our final outcome is an action with a Yang-Mills term
as well as an Tr(Fi,FMFY) term. This action correctly
reproduces the boundary correlators for the O(N) model
and the correlators match the form required by [48] to obey
the conformal Ward identities.

II. THE ACTION

We begin with the U(2N) action in D dimensions. Later
we set D = 3,

S = \/ﬁ/a,,(p;aw, (1)

and after separating the USp(2N) and the SU(2) indices
the action becomes (see Appendix A for details)

S=3 VN [ 00 s Ve, @

where 1 < 1,J < 2N are USp(2N) indices and a, b are the
Jj=1/2 SU(2) indices and

QE(i& ?). ()

We need to introduce auxiliary fields to stand for the
currents, but the currents will run under RG, so we first
begin by introducing sources for the currents, AL. We
introduce this background gauge field through covariantiz-
ing the derivative. AL lets us obtain the correlators of the
current on differentiating the partition function with it:

S:bﬁ/mwmﬂﬂ%m (4)

where
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D' = 9, + AL (T:)j9". (5)

and T; are the generators of the j = 1/2 representation of
81(2). The index i is the 8u(2) adjoint index.
We introduce the auxiliary field as a functional derivative
with respect to the gauge field,
|

/ Dos <a,, - 757> Z[A]. (6)

We also introduce a Lagrange multiplier field to enforce the
delta functional,

4] = / D)(D()'D(]bexp{i / (0 —TW>}eXp{—S[¢,Aﬂ]}
= /D){DaDqﬁexp{i[(ﬁoL} exp{—S [qb,A# —\/lﬁi;(ﬂ]}

:/D;(Dqubexp{/(z;/Jr\/_A”) }exP{ S[(lﬁ,—%ﬁ%]}- (7)

In the last step, we have shifted y, by the field A,,.

III. ERG EQUATION FOR THE CURRENT

We first introduce a cutoff A, in the kinetic term of the
action that serves as the bare UV cutoff. It is immaterial to
this presentation whether the UV cutoff is finite or oo,
but we leave it unspecified for now. So the bare action
becomes

ol 4] =5 QVen VW [ {ga71”
+ 2AY(T;)e0, 9"
+ (T)a(T )AL Al '}, (8)

where A = #KA}) (p?), i.e., the usual scalar field propa-

gator multiplied by a cutoff function that we leave
unspecified. The cutoff function will later be determined
implicitly when we map the RG flow to AdS in Sec. V.
Polchinski’s exact renormalization group equation [49]
(see also [50-58]) gives the rate of change of the interacting
part of an action with its cutoff. Here we work with the
flipped ERG equation,2 which occurs more naturally in
holographic RG contexts [15]. The action is split into two,

The flipped ERG equation is for an action obtained by
partially integrating out the fundamental field from energy scale
0 to A. In contrast, Polchinski’s equation is for an action obtained
upon integrating out modes between A and oco. When we
introduce auxiliary composite fields and integrate out low energy
modes, the propagator lines get contributions from fundamental
modes between energy scales 0 and A. This is the expected
behavior for an effective action for the composite field. As is clear
from the derivation of the flipped ERG equation in Appendix B,
the contributions from fundamental modes above A are set to
zero. Thus, the flow for the composite field action is not the usual
Wilsonian ERG. There is information lost, which is recovered as
A — o0, or from bulk perspective, as we move close to boundary.
See Appendix C and [34] for more discussion.

I

one containing terms with low energy modes which we
integrate out, and the other involving quadratic high energy
terms,

S AR RN S
A TUHOI + 0+ 40,00
S T e+ 2000 |
o)
and

1
Sulpn-xu) = Qneab/{_ \/N%GAZ%#
)(/;(T )a¢lca ¢Jb
1

1 :

-5 Tl | (o)
1.e.,
Sp=8,+S, ¢ =+ ¢y, and the propagator
A=A, + A

S, 1.e., the bare theory is defined at a cutoff A,. We split
the fields in this theory into two modes, with A;, only
propagating modes between cutoff A and bare cutoff A,
and A; only propagating modes below A.

The flipped ERG involves integrating out q’z{“, then using
the ERG for ¢} to derive an ERG for ¢/ by setting ¢4 to

zero and integrating out y¥. We do this in Appendix B to
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obtain the equation describing change in S, [o] with A,
0 L[, 5

e Sl == | () ———

o’ {2/ ) 5 ) Yoo, (—p)

g [ [ovaen

/ ApgipBiiegDig
k

1)1y Pk

<A e )
IV. HOLOGRAPHIC ACTION

The flipped ERG equation (B29) is of the form
0 1. 0 1
—y=(-0—+—7=V 12
o’ (2gax2+\/ﬁ (x))l"’ 12)

olty)=oy

1 1 .
U{Gf’tf;ai’ti] = / Dot exp{/dl[—z/pl(p2) 070;4

o(t;)=0;

+%eiﬂ</p/q/ﬁD(wwA/}(%m;mp)k(k D, P40 |

where G = I(p?), given in (B21). The evolution operator is
then given in analogy with the Feynman path integral
solution to the Schrédinger equation:

(x| fux.0
(13

E/din(xf, T;x;, 0)w (x;,0), (14)

where U is the evolution operator.

The evolution operator takes S, [¢%] from A = 0, where
itis 0, to A = A, where it is the full action for o.

For the present case, we have the evolution operator as

(15)

We interpret this as the functional integral for a D + 1 dimensional field theory, with ¢ interpreted as an extra spacelike
coordinate. We can read off the action for this theory from this functional integral. This “bulk™ action is given by

slor) = [ a B [t o-n

- [ [ [wrarn A(”‘*;’?”‘)qf”y Pk k= 0l (D)ot el(r)

V. MAPPING TO ADS

The action obtained above (16) is nonlocal. With a field
redefinition, we can bring the quadratic term into the
standard AdS kinetic form.

A. The field redefinition

We suppress the 8u(2) adjoint indices i, j, k in the
following. The field redefinition function f differs a bit
from [33] for the kinetic term,

f(p.t) = /=1(p*.1)e"". (17)

We define

(16)

1,1
7= A—be =1 (18)
f(p.z) =1\/zPHa.1(p* 2) (19)
o.(p.2) = z2f(p. 2)a,(p, 7). (20)

If we choose an f(z, p) that solves the following differ-
ential equation, then the kinetic term of the action can be
put in standard AdS form:

0 01
el <Z—D+1__> ZPH (P22 + m?)

0z ozf 21)

21
f

where m? = 1 — D for the vector.
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The kinetic term in the action then looks like

1 dz )
Se=3 | [ s 0.at(p.20ai(-p.2)
»J) z
+ p*d(p.2)a,(=p,z)). (22)

The general solution to Eq. (21) that satisfies the
constraints of analyticity is described in [33],

1/f = A(p)2*K,(pz) + B(p)&L(pz).  (23)

where /,(x) and K, (x) are modified Bessel functions. As
described in [30], y, = za, satisfies the same differential
equation as the equation of motion (EOM). From (20) and
(D5), thus, I/f must also satisfy the same differential
equation, and must be given in terms of the modified Bessel
functions as I/f = z2(C(p)K,(pz) + D(p)l,(pz)), for
some C(p), D(p). [That I/f must satisfy the same
differential equation can also be seen by substituting
—zP=1f2 for 9,1 in the differential equation, on which it
reduces to (21).] Hence,

C(p)K,(pz) + D(p)I,(p2)
A(p)K,(pz) + B(p)I,(pz)

I(p,z) = (24)

Further,
AD — BC =1, (25)

which results from taking the Wronskian of 7/f and 1/f,
which are two independent solutions of the differential
equation (21).

The functions A, B, C, and D are fixed by the boundary
behaviors of f and I,

I(p,0)==yp* = —yp; and I(p,0) =0, (26)

where yp is the full Green’s function at the boundary in
D =3, and where v? = m* + D?/4, which comes from
solving the differential equation (21) [59], with m? =
1 — D for the vector. We choose the positive root

D 3 1

The boundary behavior of f is determined as follows.
Near the boundary, the leading behavior of the bulk AdS
field y, is given by

yu(x.2) m Z2P72A, (x), (28)

where A, is the boundary source for the current 6,,(x). A =
D+ v =2 is the scaling dimension of 6, (x). The EOM for
the bulk field 6,(z,x) is given by (D5)

ou(p.2) = b,(p)I(p.2), (29)

for some b,(p). The boundary action is given by [refer
(B27)]

1 1
S —— [ o (—
lonl =5 [ iy ompIet-)
+ [ Lp-p) (30)
P

where the subscript b indicates o, (p) = 6,(p.z = €). The

EOM given by this action is
opu(p) = —Au(P)I(p). (31)

Therefore, b* from (29) is the boundary source —A*
and o#(p,z) = —A,(p)I(p.z). Then, from the mapping
equation (20) and boundary behaviors of y, (28) and 7 (26),
we have

limf(p, z) yz P/ p, (32)

Now that we have three additional constraints on A, B, C,
and D given by boundary behaviors of I (26) and f (32),
along with the Wronskian (25), we can determine their
values.

The asymptotic behavior of the modified Bessel
functions is

I,(x e, (33)
x—00 /2 rx
/3
K e, 34
) — ([ (34

therefore for the second boundary condition of I to be
satisfied,

D(p) =0. (35)
Thus, (25) becomes
BC = -1. (36)

At the other limit, pz — 0,

x 1 x\ 2k+v
W= e O

k=0
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K0 =2 [ro) (5) " (1 Clp)=—c21pts B(p)= TR . (41)
T 2 4(1-v) I'(v) v
e () (145 7, (38) Thus
+I'(-v) 5 +m+“' . VEZ, (38) ’
of 1
therefore we have from (32) and (23), 1/f=p"z2 <F(1/) 2'VK, (pz) +-T()27"*1 (PZ)>
1 o (42)
A(p) = =—2""p. 39
(p) )2 P (39) S
r'rK,(pz
Equation (26) gives I(p.z) = _}/K,,(pz) 22T (0)21, (p2) (43)
2V
Clp)/Ap) = =rp™. (40) B. The cubic term
Then we have The 0(%) term is (16), substituting a, for o,
2 D Al,k+pAl,k—qu,k »
e [ [ [ [wrarn [ ko ), a)
2 dz D Ay pDii-q70 A1k
N/ C oo aen | S b ),
< 2f(p)f(Q)f(r)a; (p)as(q)ar(r).

Note here that only z-dependent part of this whole term is A; ;. ,A;;_,0.A; . The rest is a z independent considering (D4).
We can substitute from (43)

fp.2) _ 2T \/; o (44)
I(p,z) rp*K,(pz) 2yp*K,(pz)’
giving
2 m\3? -3/2 D
S3 = W%’k 3 z7%dz )] ’(p+q+r) A Ay pAii—gO: ALk
p—l/ q—l/ r—l/ B
Xk k (k+p)pK )Ky( )Xa,zl(p)a/(q)ai(r)
2 3/2
3 3N ljk( > / _3/2d2///5D pt+aq+r) / (A pBAri—g i)
pJq
x k,k,(k+ p), x a(p)as(q)ai(r). (45)

Ku(p )Ku(qZ) Ku( z)

As mentioned before, the quantities outside d, parentheses are z independent, hence the integrand is a total derivative in z.
Thus, we could evaluate it at the limits of the integral. We can make use of this fact to simplify the evaluation of the integral.
The low energy propagator is determined by the RG regularization chosen,’ but this is a complicated propagator. We instead
choose to work with a simple low energy propagator that is more tractable. The error in correlators calculated with this is
O(p/Ay,). Thus, in the limit of € — 0, or A, — oo, we get the correct correlators. The k integral is done in Appendix E.

*In [33], we discussed that when we map the ERG equation to an AdS bulk action, it constrains the regulator we can use for the ERG
equation. Since this must be done for each operator that deforms the boundary CFT, there are conflicting constraints on the high energy
propagator. This was resolved in [33] and the constraint imposed by the ERG equation of the scalar composite operator discussed in [32]
was chosen. We follow the same choice here.
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The result is (E12),

1

A az(Al,k+pAl,k—qu,k)k/4kv(k + p)p ~ WZ3 [—qﬂr,,ppzz - 5;wpp(1 + rz) - qyéyp(l + pz)
r v p 14 q v
i+ al() (2) () Kook akie. @

The interaction term is then

S; = d 8P ( 2
3— \/—’38477.']/ l]k/ Z/// p+q+ )[ My

x a"(p) ”(61) (r)

—8,p,(1+7r2)—q,6,,(1+ pz)—r,8,,(1+qz)]

= s | 4 [ [ [P0t anRanp @ -30 1 rd ()l x p ). @)

p

This action looks unfamiliar and has no gauge invariance
manifest, but the gauge invariance is hidden. In the next
section, we show that this action is equivalent to the gauge
fixed version of a manifestly gauge invariant action.

VI. GAUGE INVARIANCE

Even though our cubic term is nonstandard and the
gauge invariance is not manifest, it is equivalent classically
to the cubic term in a gauge invariant action. In this section
we show that, upon using the equations of motion, the
following gauge invariant action reduces to (47):

1 ) .
S'a"] —Z/dD“x\/aFMN’(x, 2)Fiyn(x,2)
+g’€i~fk/dD+'x\/5F,L‘j(x, 2)FN (x, 2) FY¥*(x, 2),

(48)

where L, M, N are D + 1 dimensional indices that run over
{x#,z}; x* are the boundary coordinates,

[
and g and ¢ are the Yang-Mills (YM) coupling and the
FFF coupling, respectively. The metric is

1
ds? = 2 (dz? + 8, dx*dx¥), (50)

therefore /G = 7z P!,
We fix the gauge to be in “radial,” i.e.,

al(x,z) =0, (51)
and we use the residual gauge freedom to fix
d,a"(x,z) = 0. (52)

The fields obtained from ERG of the boundary theory are in

Fiuy(5,2) = dyay(x.2)  dyay(x.2) ths gauge.
i On Fourier transforming the boundary coordinates, the
— igeay, (x, z)afy(x. 2). (49)  cubic terms from this gauge fixed action are
|
1 . .
Sy =3 gelt / 8°(p +aq+ )P (puai(p.2) - poai(p.2))a (q. 2)a" (r.2) (53)
p.q.r

ST = —iget / 8°(p +q+ P2 (pua” (p.2) = p*aj(p. 2)) (4,0 (q.2) = ¢ all(q.2))(r,a" (r.2) = r*af(r.2))

pP.q.r
+ (pua“(p.z)
+ (r,a*(r.z) — r*al(r,z))d.al(p. z)0.a"(q.2)].

— p¥ai(p,2))0.al(q,2)d.a*(r,z) + (g,

a“(¢.2) - ¢“a}i(q, 2))0.al(r. 2)d.a" (p, z)

(54)
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Since p, g, r are dummy variables, the terms which are the same up to permutations of these are the same, but we have

written them out for clarity.

With some manipulation using p* + ¢* 4+ r* = 0, and that the fields are transverse, we have

Sy = —e'lt / 8" (p + g+ r)la(p.2)ai(q. 2)af(r.2)(gp' " +ig 2 (2pq"r* =3(p - r + 1~ q)p"8"))

P.q.r

+3ig 22 p' 8 (a;,(p. 2)0.al(q.

2)0.af(r.2) + 0.a}(p. 2)ai(q. 2)0.af(r,2))] (55)

= —¢iik / 8P (p+q+r)ai(p.2)al(q.2)ak(r.z) (gp?" + ig 2 (2p°q"r* + 3r* pP &™)

p.q.r

+3ig 22 pP8a,(al,(p. 2)al(q. 2))0.ak(r. 2)).

Now we show that on shell, the action we have obtained
from ERG in Sec. V, in (47) is equivalent to this expression
resulting from gauge fixing a gauge invariant action. The
evaluation of correlators is done using the large N semi-
classical limit and so using the on-shell form of the action is
not an additional restriction.

In VA, we have shown that the redefined bulk field a* is
given by

1-v

B yF(v)

Al(p) ' pl’K,(pz).  (57)

ai(p.z)

(56)

I

where A/ (p) is the source for the boundary current. Now
for the boundary current, v =7 — 1 =3, and K/ (x) =
\/2: . Thus, aﬂ (p, z) only depends on z via e P%, and we
have

d.a,(p,z) = —pay(p,2). (58)

This means that we could exchange factors of p in the
action for d, acting on the gauge fields. Then the ERG
derived action of (47) becomes

S3= \/1—384”}/3 ,,k/dZ///fSD (p+q+1n)[=2q,r,p,ai(p.2)a(q. 2)a;(r, 2)

—3d(p.2)aj(q.z) x p,d;(r.z) +3zd!(p.z)

This matches the action in (56) except for the third term,
3za!(p.z)aj(q, z) x p,0.ay(r, z). We add the surface term
—30.(z%a(p,z)aj(q.2) x p,0.d;(r,z)), which goes to O
as z — 0, and we are left with

3 .
- Ezzaz(aé’(p, 2)au(q.z)) X p,0.ay(r.z)

3
—52d(p.9)aj(g.2) x p,0id}(r.2).  (60)
Finally, we exchange the two derivatives in the second term
for r? to get

3 .
- szaz(a’f (p.2)al(q.2)) x p,0.ay(r.z)

3 : )
-5 P*2%a}(p, 2)au(q. 2)  p,di(r.2).  (61)

a}(q.z) x p,0.ay(r.z)]. (59)

|
Comparing this with (56), we see that they both match
with g and ¢ given by

1 1 , g
=——— =—. 62
g V/N 1287y? g (62)

VII. SUMMARY AND CONCLUSIONS

One of the intriguing issues in holography is the
emergence of gauge symmetry in the bulk theory. This
is definitely required for consistency of the bulk theory as a
quantum field theory. If the ERG approach of constructing
the bulk action from first principles, described in [30], is to
be applicable to all such theories, it is imperative that the
mechanism that ensures this gauge invariance be under-
stood better. In earlier papers that followed this approach,
only the Abelian part had been explored [34]. The non-
Abelian structure was not explored. This paper is a step in
that direction.
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In this paper we start from a boundary scalar field theory
that possesses a global SU(2) symmetry. The correlators of
the corresponding currents have a well-defined form fixed by
the Ward identities. We construct a dual bulk action in AdS
space from first principles using the ERG approach described
in [30]. The resultis an action for a Yang-Mills gauge field (in
holographic gauge A, = 0) in the bulk. This action is shown
to be the cubic part of the usual gauge invariant Yang-Mills
action quadratic in field strengths along with a term cubic in
Yang-Mills field strength. The action is given in (48) and
verifies the consistency of this method.

There are many open questions. One is to extend this to the
cubic interaction in gravity and indeed for all massless higher
spins. It would be interesting if this can be done in a way that
makes manifest the gauge symmetry so that the resulting bulk
action is guaranteed to have the required symmetry.

The other issue is that of locality. It is not clear what
notion of locality a “good” bulk dual should have. As
emphasized earlier, the ERG approach to AdS/CFT guar-
antees that the bulk dual reproduces all correlators of the
boundary theory. It also is designed to give a local kinetic
term in AdS space for the bulk fields. The locality of cubic
and higher order terms is not guaranteed. It was verified for
the cubic scalar self-interaction in [32] and for the cubic
minimal coupling of the gravitational perturbation to the
scalar in [34] (and in the present paper for the Yang-Mills
gauge field self-coupling). A better understanding of this
issue is certainly required.

The higher-spin-vector-model duality has been the play-
ground for constructing bulk from boundary theory in
several works. Some of these use the (E)RG approach
[25,26,43], while others use collective fields or bilocal
holography [39,40,42,44,45,47]. There is a need to under-
stand the relation between these approaches and ours.
Reference [45] also deals with obtaining a gauge theory
in the bulk, albeit Abelian. The connection has been
explored by [26] along with the question of obtaining an
RG cutoff that naturally corresponds to the bulk radial
direction. We believe our approach described in the series
of papers [30-34,60], and the present one, answers this
issue of the RG cutoff.

Finally, there is the question of generalizing the ERG
approach to other spacetimes such as flat space [61] and de
Sitter [60].
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APPENDIX A: THE CURRENT

We begin with the free U(2N) invariant scalar model,

S = VN [ 0. (A1)

where A is the U(2N) index. As long as we do not
introduce any interactions, the action is also invariant
under a larger group of transformations: SO(4N), the
group of rotations of the 4N real scalars that are the real
and imaginary parts of the complex ¢*. SO(4N) has a
maximal subgroup USp(2N) x SU(2). Our objective is to
separate the indices corresponding to these two subgroups,
so that we may consider operators which are traced over
the USp(2N).

Now define new fields ¢’ in terms of ¢* with
1€{1,2,....,.2N} and a € {1,2} as follows. For =i < N,

P =9l PP = (A2)
and for I=N+1i, 1 <i<N,
¢1a = 6ab¢2*. (A3)

€, is the two-dimensional Levi-Civita tensor and e?? is its
inverse, €1, = 1. That is,

@' PN+i
0= (L) o= ()

The action is now

1
S=VN / 09t =2 VN / 0,4 0"¢p’" Q" ey, (AS)
where

(5 5) e
In relabeling the fields ¢ instead of ¢, we have only
shuffled around the 4N real fields that are the real and
imaginary parts of the complex ¢*. So, the action must still
be SO(4N) invariant. But, in this avatar, the index structure
makes manifest the invariance of the action under the
maximal subgroup USp(2N) x SU(2) of SO(4N). 1, J are
USp(2N) indices and a, b are SU(2) indices. USp(2N) is
the set of unitary transformations of determinant 1 that
leaves the matrix Q invariant, i.e., complex 2N x 2N
matrices S such that SOST = (Q and detS =1, and
SU(2) transformations leave € invariant.

The global SO(4N) symmetry means there are con-
served currents,
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Jl!ab = %9 .Ib’ A7 JH = QABgoAd"q)B, All
] (]

which are in the adjoint representation of SO(4N). We P U

select the USp(2N) singlets’ among them by weakly I3 _E(%\aﬂw — ¢ D). (A12)

gauging the USp(2N) and then taking the zero coupling
limit [63]. With the index structure we have chosen, it is J’i = Q410" @g. (A13)
easy to make the currents USp(2N) invariant. We contract
them with Q;;. We then obtain three currents in the adjoint

representation of SU(2): APPENDIX B: DERIVING THE ERG
FOR THE CURRENT
JE = QU gl !, (A8)

In this appendix we obtain the ERG equation for the

1 current. Following the separation of the high energy and
J5= 2 OV (g0’ + pl gt (A9) low energy modes as in Sec. III, we integrate out the low
energy modes. To this end, we separate the quadratic and
Jh = oVl (A10)  linear terms in the action. If no spacetime parameter is
specified explicitly for any field, it is x.
Written in terms of the original fields, these are The partition function is given by
— [ xponpDpexe] [ (it + VNADGLY exp(-Siln ] = Sl (B1)

where the part of the S; quadratic in ¢, is given by

1 1
= 0w [ {SVABEAT O = 00,0 - 57 o
T / BIVNAT (3 = y)ews — Qiccsh (1)) =05+ ﬁecdxifﬂr/é(Ti)z(T;)i)&x—y)]aﬁz”’(y)
Ky
1
=507 | [ GV e = Kol (B2)
We have defined K ;:
0 1 :
Kap(x.y) = {w"{m )%+ eae (T3} axﬂ+ﬁxmecd<n>zm)z}6<x—y>. (B3)
Note that K, = —K,.
The linear terms,
50" [ / HKalx ) 0) 50" [ / LK (V)BT 3), (B4)
and
1
S . — _ 0l la \/NA—I a» — Kaploy Ib (1) B5
iz =307 [ [ VN e = Kl 020 (B5)

The path integral is then

*We select the USp(2N) singlets instead of the SO(4N) singlet so that the bulk dual is a non-Abelian gauge field [62].
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= [ epoppexe| [ igt 4 VAN, exp] -0eas [ SVNHEAT O = Sualtn] }

= / D0D¢he‘SA [pn.c"+VNA G, .

with

_S,A _/D¢1a exp{

1
=exp{—5Trlog[Q"<¢ﬁA;1eab—Kam

oo [ [ apateonaps)

(B6)

50 [ ([ oo u>)[f war =K [ Koo )) 50" [ [ lekutsoaro

= exp{ —ETrlog[Q”(\/_A €ab—

The subscript A indicates the action has an IR cutoff A.
Taking the limit A — oo then implies the path integral is
fully calculated. The subscript / stands for “interaction.”

The flipped Polchinski ERG equation governs how the
quantity S;A[¢,] changes with change in A. It is the
counterpart of the Polchinski ERG equation. The rate of
change is in terms of the “ERG time” r=log(A/A,).
t = —oo corresponds to theory which has not been inte-
grated over, and ¢t = O corresponds to the complete theory
being integrated out. The equation is

52 =S1A

5 =0 s | A gy

It is the usual Polchinski’s equation [55,57] generalized to
the case of multiple fields with USp(N) and SU(2) indices.

(B9)

w507 [ [ [kt 1= caek| Cwaarm} @)

The “flipped” nature of the equation is coming from
choosing to integrate out ¢, and keeping ¢, instead of
the other way around. Since the derivation of Polchinski’s
equation is ignorant of the meaning of these labels,
exchanging the labels in the standard derivation of
Polchinski’s equation gives us the flipped version.

We will set ¢4 to 0 after obtaining this expression, so we
will only have to evaluate the following:

5257“ _ol [ _ b ]_16
o) 0 AKac(x,u) 1 \/NAIEK , (u,y).

(B10)

Expanding the inverse matrix in the center in a power
series,

5 —lc
LA):_QIJ/KaC(X, I/t) |:1_LA1€K:| 1 (I/l,y)

Sre il (v VN

=0 [ Kuulo) ot =3) + et |

VN

u
1
= ~0"K plx.y) = 7 0Vect / / Koo,
u v

1
Ay(u,v)Kgp(v,y) + N [AjeKA K4 (u, z) +

u)Ay(u, v)K g (v, )

g 0vectt [ [ Kutwnka(y) [ [ A28z + oK)

We look at the terms on the rhs of (B9) in detail. Note that Q' Q" = 2N.
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K term. The first term we have is

L 00 [ [ atsonbit) = V¥ [ [ b ittentrs entris S

ﬁ/f e T)(T) } 5(x—3)

= —\/_/ {—1}(, \/_ Xyl Te(T,T; )} Ay(x, x)
— 5 [ #i0), (B11)
X
where we have used the trace formulas for the generators. Recall that T; are the generators of the j = 1/2 representation of

3u(2). Thatis, T; = %oi where o; are the Pauli matrices. We have also made use above of the fact that for the generators,
€Tl = (T71)4 = T4, since Pauli matrices square to identity. The trace formulas for T; are

Te(T,) = 0, (B12)
1
i
Tr (TlT Tk) 4€ijk’ (Bl4)
1
Te(T,T,TiT;) = 3 (6:i6k1 — 6B 1 + 81641 (B15)

K? term. The following are the terms resulting from the K? term:

/ / / / K oo (5,10) Ay (1, 0)K oy (0, ) A (5. )

et [ [ [ [t HeatT)t+ eamth s+ Wb Wea ()Tl = ) (.0
BT+ eoTE) o+~ O e (T o0 = A (x.5)

VN
:—e"ee”hl/v[U(?(X){Edc(Ti)Z+€ad(Ti)'f}azﬂ+\;N)(/;(X)Z/];(x)edf(Ti)Z(Tj)‘g] Ay(x, v)
X |:iZZ(U>{€gb(Tk) + €0g(TH)} }aay‘F%)(k( )y (V)€ (Ti)? (Tl)b:| 1(x,v)

- L / {4)/5 (X)ZZ()’)Tr(TiTk)% Ay(x, y) a;;v Axy)

2Lz <x" (Vs (e () A(x. y) ==

VN
- A OO THTTTT)A (e ) 13) (B16)

o 81(r) + A A8 (53) 2 By y>)

where we have relabeled v to y in the third step. Thus, because the cubic terms in y in (B16) are symmetric in two of the ys,
on contracting with the ¢;; resulting from the traces, they vanish. Therefore, the K? term is

— [ [ [ o) g ) 5 Bi) =g 0 ) (B17)
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The latter term in this is O(1/N), so we do not look at it. Thus, we have the quadratic term

-5 | [, (B13)
with

J Ay, x). (B19)

Ly (x,y) = 8(0)5(x = y)3,, +2-— : ay”

o A(x,y) =

In momentum space,

I;w(p’ Q) = 5;41/5(17 + CI) / Al,r + 26(17 + Q)/ rﬂ(r + p)uAl.rAl.p+r

r

= 5/41/5(17 + Q) / Al,r + 25(]7 + Q) / rﬂruAl.rAl.p+r (BZO)
2 2
= 5/41/5(17 + q) ; Al,r + B ; r Al,rAl,1)+r
=8,,6(p + @)1(p). (B21)

Here A, , is the Fourier transform of the A; we had earlier, and D is the number of dimensions of the boundary manifold. We
have also made use of transversality to get rid of p in the expression.
K3 term. We look at the O(1/+/N) term from the K> term:

——eabeceedf / / / [ ][ 8 Kt 81w K 0,82 0K (0.3)
= yeree® [ [ ] ] atesstumae e @+ ey

x (e (Tl (T eae (T + €50(Ti): > 4 (0 0) o0 5= ) =)o — )
=TT [ [ [0 55 0 3 M) 5 i)
= e[ ] xtf(m;(y)xz(zwm(x,z)a—‘;m(z,wa%m(x,y), (B22)

where we have made use of the trace formula (B14).
In momentum space, the O(1/+/N) term is

:j—ﬁ / / / (p+q+1) l BkirBricgBa k@) (k4 )P (k= @)y (. (B23)

We now integrate out y. We proceed as usual by replacing all y terms apart from the quadratic term resulting from the log
in Eq. (B8) by derivatives with respect to its source. As can be seen from (B6), we can replace y} (x) with —i5/80% (x), [or
2i(p) with —is/8c" (=p)L.” so that the flipped ERG equation (B9) looks like this in terms of %, after setting ¢, to 0:

*Note that § Ale”] below does not include the linear term f A” , so it does not appear in the flow equation.
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e :{ // ) S e () )5(;()
3
\F ”"///axﬂ ((x $Al(z’y>£”A’(x’y)50;;<x)5o§(y)5af;(z)}e_sw+"'

= {E/pl(l?z)m—% ijk/[1jél)(p_‘_q_l_r)lAl,k+pAl,k—qu,k(k+p)ﬂkv(k_Q)p

& } N
x — . el (B24)
é0,,(=p)doi(—q)éoy(—r)

where we have written down the leading and subleading order terms in 1/+/N.

The solution of this equation, S,[o], is an action for ¢ which gives approximate results for momenta below A. When
A — A,, it becomes exact, i.e., the correlations of ¢ calculated with it are exact.

We need the form of S, [6%] for the functional derivative to act on. Remember that ¢, has been set to zero now. We have

e Sl / DxeXP{ / xiou}exp{=S;A[0 M} (B25)
where
1
SI.A[O’)(;J = ETrlog[QIJ(\/N.Al_leah - Kah)]

1 1 1
= ETI' |:10g(\/]lejAZ_1€ab> - \/—Néleleabec - ﬁél]AleabecAleaine —_ :|

:—\/IV//Al(x,y)eabea(y,x)—l//y/ZAyAl(x’y)eabeC(y’Z>AI(Z’W)€chda(w’x>_|____
/ )iz + // 5o A (i () + -+

=5 | [ Ao+ (B26)

where we have kept only the kinetic term (higher order terms in /' are also higher order in 1/ V/N). Here, I is the low energy
propagator for the y field, because we get it after integrating out low energy modes ¢/
Completing the Gaussian from (B25),

ot =5 [ g wd-n) =5 [ [ i) (27)

This obeys the ERG equation (B24) to leading order.
For the next order term in the flipped ERG equation, we have from (B24),

- =€ P(p+aq+r) | AipBip—gAip(k+p)k,(k—q),— -
VN S S U g Pk g ? 561,(—p)dol(—q)dck(—r)

xexp{ 3 [ ertoi-n}

e [ [ [P0 arn [REE gk k- 0 e (a1

xexp{ : / s a;s(s)a;(—s)}. (B28)
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The flipped ERG equation in terms of o is

X Ulil(p)alf(Q)UZ(r)}e—SA["ﬁ 4o

APPENDIX C: SOLUTION OF THE FLIPPED
ERG EQUATION

The flipped ERG equation does not have the physical
interpretation of Wilsonian RG evolution. It is closer in
spirit to ordinary perturbative field theory calculations
where a UV regulator A is introduced and all momenta
below A are integrated and eventually the limit A — oo is
taken (with possible addition of counterterms if there are
divergences). It is also closer in spirit to AdS/CFT
calculations where the bulk fields are integrated from
7 = oo to z = € and subsequently the ¢ — 0 limit is taken.

In the present case, the ¢ fields below A are being
integrated, keeping ¢* fixed. When A — o0, one obtains an
action for ¢* that can be used for calculating correlations of

SI,A[OJ(y]

1
= zTrlog[Q”(\/ﬁA[lf?ab - Kup)]

0 s J1 [, 5 2 A pArieghi
= {5/ 1P stpsanip) Tzv/ / [ raen) [ S e ) tk=a),

(B29)

o*. For finite A only momentum modes of ¢ below A have
been integrated. Consequently, only low momentum cor-
relations of ¢* fields can be calculated. Note that this cannot
be interpreted as a conventional Wilson action for ¢*, since
it has no information about physics above A. Itis as if there
is a physical cutoff at A. As A — oo the full ¢ action is
obtained. Note that this is to be interpreted as a bare action
for o* because it contains all momentum modes—nothing
has been integrated. If one now integrates out the 6* modes
with a source, one can obtain the generating functional
W/[J#], where J# is a source for o#. This can be obtained by
solving the bulk equations by adding a source for ¢* at the
boundary rather than fixing the value of ¢* at the boundary.

Picking up from (B26), we can write down the action in
terms of y to next order in 1/N:

1 ) 1 1 )
= ETI‘ l:lOg(\/NQIJAI leab) — \/—Néleleabec - ﬂéuAle“becAle dee

1

- A€ K . DK g, A €T K py— - -] Cl
ANVN 1 bR deBIxy fg (C1)
The cubic term is
1 X
e AjpedK -123]A €K [45]Ajsee’ K 4,[61], C2
ST B K231 K g 45185 K 1] ()

where we are representing coordinates xq, X5, X3, X4, X5, and x4 by their subscripts. From the definition of K, in (B3),

keeping only the O( \/—) term,

1 . TV c ; e
:—7 | AIIZZU/;(x2>(Ti)(claZM523Al342U(j(x4)(Tj)ea4v545A15621)(i(x6>(Tk)aaﬁp(sGl
0 0
=TT [ W0 5 8 (09) 57 81 002) 7 M)

d
:_?’\/N'eijkl/y/Z)(?(x)){j(y)ﬁ(z)axﬂAlxy(x»y)ayl,Alxy(y’Z)aZ/;Alxy(Z7x)
2i /// . .
=———¢; P(p + +r/A A i D (k+ p) oo (kyh) (k= q) xF
/N jk L)) (p+q+r) A Lkt pDra—gBni(k + p)p( xa)(k=q).x

=——¢;; 1) +qg+r A Ay A (k+ k,(k — , :
3N Jjk ). ), (P q ) A Lk+pBlk—q h,k( P)ﬂ ( ‘1),950_;(_1))501,/(_61)(S

53

. (C3
- (C3)
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In the above, we have made use of the trace formula (B14), and substituted for y/,(p) — i6/66% (—p) which follows
from (B6).
The action for o, is then given from (B25) using usual perturbative methods by

e=Sa [o"] — e—cubic term in §/80" o —kinetic term (B27) (C4)
so the cubic term in §, is
2 A pBik—gBnk
- ¢, sP(p + +r/# k+ p)k, (k= q),6" (p)a“(q)d (r). Cs
3\/N jk/p/q\/r (p q ) i I(pz)l(qz)l(rz)( p)[l ( q)p 1(p> ](q) k( ) ( )

The flipped ERG action is therefore

$101= 5 [ 1l Pel-p)

2 b AL pBik—gBnk 3 .
s [ [ an [ Gt d p) k- 0D, (€O

and it satisfies the flipped ERG equation (B29).

APPENDIX D: THE BOUNDARY ACTION FROM THE BULK ACTION

To verify the nonlocal holographic action given in (16), we solve it classically, and substitute the classical solution for the
field in the action to obtain the boundary action.
To the leading order in N. The equations of motion are

odi _ _ 5i(p) _
for some constant b’i’ . Thus,
a;(t,p) = o,(p)
b . bi , D2
i (7) 1(t, p?) = 1,(p?) (B2)

for any . The subscript b stands for bare, and indicates quantities at the boundary.
As an aside, vanishing of the variation of action also implies the following condition:

fro [ (eaenTig) - [omwii - >
= [ar [ 2ot pmiion + [ st T <0
= - [atrinir + [ wm%ﬂ
= bi(p) = % (B4
Then we have from (D2)
o;(p.z) = b (p)I(p.2). (D5)
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The classical bulk action can then be written [in terms of ¢7(;) = o, and 6} (1y) = o,] as

& . 1 [t
o,,—[ /ffj,’, )=2[fdt/pb"a<p>

i B 1 (Gl;l(p) - GII;I(P )2
=3 | o =5 [ T

(D6)

from (D2). I;(p*) = I(tg, p?) and I,(p?) = I(to. p?). Since A, vanishes for t = o, I, = 0. We also choose to set o}; = 0,
since it must vanish in the limit Ay — oo, and we do not gain anything by choosing a general o),, for a finite Ay. Thus,

o (p)el (-
s = [ 0BT, o7)

which matches with the Wilson action in (C6) to leading order.
o(1 /\/N ). Again we look at classical solution, including next order terms in EOM. First, we write the solution as

O'ﬂEO'ﬂ \/_0'/14—‘,—0( > (DS)
The equation of motion at order 1/ VN is [see (16)]

9 61,(—p) )
St =66 | [ 870 a1V g fa)h() (D9)

where we have decluttered the equations by introducing

Vuslpoarin) = [ W(k 0k (k + p),. (D10)

We will also use

= [ BraepBricgBri
Uy 70) = [ TS = ) b+ ), D11)
Note that
sl [ [0+t g ro e @e
=3 [ [ [ #0044 Wuslpardo () (@00, (D12)

when o* is transverse.
We can use this relation to substitute for the order 1 field in terms of order O field in the action like so. The order 1 part of

the kinetic term is
e (3 o [ ] o

We choose the boundary conditions ¢4 = 0 at both t = #; and t = t;. Therefore the surface term vanishes. The first term
é‘?o(_p )
1(p*)

also vanishes because = b* is a constant.
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Thus, the only term at this order in the EOM is the cubic term in the action at O(1/v/N) [see (16)], given by

e / a / / Vs (1. 45100 ()t (0) (= = 4) = =2 / / (D05 1) (D) (@) (P = ).

Thus, the classical bulk action is

(P’
SCI[G;O] = %/p foz(lizpj;(;ﬂ(p) _35N€ijk/p/qu;u/p(p’q;tf)djl‘Oi(p)G;Oj(q)OJf)Ok(_p_q)' (D14)

This matches exactly with the flipped ERG action (C6). The classical action is only in terms of o‘if-o because it is the only free
parameter—all of the excitations in o, are completely determined in terms of oﬁﬁo because of the way we have chosen our
boundary conditions.

APPENDIX E: CUBIC TERM z-DEPENDENT PART

The integral to be calculated is

dkP 1 1 1
K1) = [ G o ey (- ikl =a), (E1)

We will leave the regularization scheme unspecified for now. We are eventually interested in ¢; = 1 and D = 3:

9~ -1 §22~ 1 _a3—1 D
1 2 S3° d°k s - 2 s
/wp (p.q.r /dSI/dsz/ds3 o) (a 3)/(27[)1)@ (k=q)*s3 p—(k+p)*s2 o=k ‘(k‘i‘P),,ky(k—Q)/y (E2)

Setting a; = 1,

Kunlpear) = [[asi [ sy [[ass [ S Sexpti=tkmaPsy= 0 pPss = 51} k-4 D)k (k=)

We make a transformation of variables to get a known integral,

_ . _ 5253, — 5351, 5152
l/ﬁ—Sl‘l—Sz—FS:;, ,B]— 7 5 ﬁZ_ 7 5 ﬂ3_ £
/ 1 P q 1 1 1\2
k=K =k+ 7"/ 13 5 I ; == ﬂ_ R PrPaps- (E3)
The Jacobian for this transformation is
0, 1
g (Ly Ly VBB VBB E4)
s 1 b P) O 32

We had done this substitution combining two transformations of variables. The first one so we could simplify the k integral,
and the second one so we could have the result in an easily identifiable standard integral:

Kun(peacr) = [“apy [Taps [Tape [ Wexp{ 0k = Bi(p + 4 - o ~ Bip?)
x (K +(1=x)p+yq),(K —xp+yq),(K=xp—(1-y)q), (ES)

where
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= /ﬁlﬁzﬂ% y= /ﬁ1ﬁzﬁ3 r—y= /ﬁlﬂzﬁ"i
b b B

Since this integral couples to fields a*(—p)a*(—q)a’(—r)8” (p + g + r) which are transverse, and since p* + ¢* + r* = 0,

K,uy/) p.4q,r / dﬂl/ dﬁZ/ ﬂ?a/\/mexp{ l’ﬂka lr _ﬂ2q _ﬁ?ap}
X (K +yq),(K +xr), (K + (1 =x=y)p),.

The &’ integral only keeps the terms even in ', and [, f(k*)k,k, = 8,,/D [, k*f(k*). In performing the k" integral, note that

/32 / (‘;D’)‘; K exp{—K?} = 5 (;ﬂ E f%—%r@ ;") (E6)
Term 1.
l/ﬂ3/2
ar, [T [T [Tap [ - x = e = g1 = pag? = pur?)
(3/2)
_W/3 a8 [T [T a1 = 5=y exp{pir g = pur?)
3/2)
Sy [ [T [T 9 el - i)
r(3/2 2 T T R
e R R R A S (N Rl -
Term 2.
5N 0 © f3/2
dﬂl dﬁZ dﬁ3 kzexp{_sz_ﬁlrz_ﬁ2q2_ﬂ3p2}<(1_x_y)(sﬂypp +yQuév/J+xr5 )
s
5/2)
== (27{ [T "0 [ 0 explpir = o =P (== )5, + 08+ a0
1T(5 1 1
:B 27/[ /31/ dﬂz/ dpst 2ﬂexp{—/ﬂﬁ” = bg* = Psp }< OuwPy /)73%5@ +ﬂ—2”u5ﬂp>

_1T6/2) -3/
~ et [ [T [T (G ) G

1 1
X exp{—ﬁlr —ﬂzq _ﬂfvp }< /wp/) +ﬁ ‘I;tézz/) +ﬁ r 5/4/1) .
We use the following integral:

0 Xa—l
272a / dX=—— e XT/4 = T2, E7
) (E)

Then
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Term 1

r(3/2 o e (e e
:%%p e [ [T | dXXz(ﬂlﬂzﬁ3)'3/2eXp{_ﬁlrQ—ﬂ2q2

X/1 1 1
b ( ﬁ_z+/f_3>}'

Term?2

_ 1 (5/2)
D2'T 3)/27r / dﬂl/ dﬁz/ dﬂ3/ dX ﬂlﬂzﬂz) D/zexp{—ﬁlrz—ﬁzqz
X

1
— I} I} o .
pap = (1 fr ﬁa)}<ﬁ whbp + ﬁJ’" ””+ﬁ2r” "”)

These f integrals are of the form

" exp{—k% - %} — 2k VXK, (KVX). (E8)

In this integral, X acts as the UV cutoff for 3, which is of the dimension —2, and k* acts as the IR cutoff. At this stage, we
identify the lower bound of the X integral with the inverse square of the UV cutoff 1/A? = z2. Thus, we have (apologies for
using the same symbol v as the quantity A — D/2 = 1/2 and as a spacetime index for the momenta)

Term 1
e gy [ e (L) kv (<) Kulav) () KV
Term 2

ot [T aun (22) (L) () Kt VOK (VEOK, (V)
caon( ) (L) () VR LLGVOK V)
st 72) () () KOVOR (VR (V)|

In the above, when the momenta p, ¢, r appear without their index, it refers to their magnitude.
The derivative of this with respect to z appears in our cubic term,

a%ICW,(p, q.1;2) = —%z%rwﬂ (f>u<£>y (g) KK (p2)K(42)

4 < Z

o o (5) 7 (2) (&) Kt p
+ 4,6, (2) ’ <£> v <g> DKy(rZ)K 1+,(P2)K,(qz2)

Z

wra (D) (2) (9) KKK a2 (£9)

We make use of the following property of modified Bessel functions® to reduce the parameter of the Bessel functions
to v:

%See the entry at Wolfram Functions site: https://web.archive.org/web/20081013054654/https://functions.wolfram.com/Bessel-
TypeFunctions/BesselK/introductions/Bessels/05/.
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Ki(x) = Ko () + 2 K, (0). (E10)
For our purposes, v = 1/2 [because K >(x) = K_5(x)],

K5)(pz) = (1+1/pz)K;o(p2). (EL1)
Thus,
gKﬂvp(p,q, rz) = _;qu r,p <f>y(By<€>VKU(rZ)KU(pZ)KV(QZ)
0z 16(27)%2~ 7P\ z) \z) \z

s o (0) T (2) (O (1070) v () (5) (2 (52)

— Py g) <§> (g) " (1 + %) } K,(r2)K,(pz)K,(qz)

1
— —Wf[qﬂr,,ppz2 +8,,p,(1 +rz) + q,6,,(1 + pz) +1,6,,(1 + qz)]

x (f> <£> (g) K, (r2)K,(p2)K,(q2). (E12)
Z < Z
In VB, we see that the factor (1)*(2)*(1)"K,(rz)K,(pz)K,(qz) is canceled.

APPENDIX F: BOUNDARY THREE-POINT FUNCTION FROM THE BULK ACTION

In this appendix, we verify that the three-point correlator calculated by the bulk AdS action in (48) obeys the conformal
ward identities by matching it with [48].
In Sec. VI, we showed the action (48) is equivalent to the action in (47) on shell,

Ss=ep [z [ [ [0+ a4 nls2ampa(pa@ado) + o+ 6glral(plaila) % ppa(n). (FD)
pJagJr
The solution to the equations of motion to O(g°, ¢°) is given in (57):

a,(p.z) = A, (p)VIplzKy(pz), (F2)
where Al,(p) is the boundary source. Substituting this into (F1), we have
Sar =i [ [ [0+ a4 a0 a 00V plall
X [2g’qﬂrypp/dzz7/2K%(pz)K%(qz)K%(rz) + Py (g/dzz3/2K%(pz)K%(qz)K%(rz)
w6l [ KoKy aK ) )| (F3)

The integrals of the bessel functions can be computed to get

lpl +lq| + |r])?

g |7|
Y] y
e\l 1 ol a7 (F4)

This matches with the result for three-point functions obeying conformal Ward identities in Sec. 9.5 of [48].

m\3/2 1
Sc13 = —€iji <§> / / / 8 (p + g + r)Al (p)A%(q)AL(r) |:4g,q/lrl/pp (
pJaJr
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