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We study a Uð1Þ ⊗ Uð1Þ system coupled to scalar fields. Initially, the model is studied in a novel
continuum formulation and study of the appropriate diagonalizations is performed. Three models are
examined, in two of which the scalar field couples with both gauge fields while in the third one the scalar
field couples only to the dark photon. The model is then treated on a space-time lattice. We determine the
phase diagram for various values of the kinetic coupling parameter. Then there follows the determination of
masses for the scalar fields and the massive gauge fields, as well as the fine structure constants for the
massless gauge fields.
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I. INTRODUCTION

The biggest part of matter in the Universe is of unknown
nature. Our current knowledge suggests that no more than
5% of the mass energy of the Universe can be attributed to
ordinary matter, while nearly 27% corresponds to this
unknown form of matter known as dark matter [1]. The
remaining 68% correspond to dark energy, which is a
hypothetical substance driving the accelerating expansion
of the Universe. The nature of dark matter and dark energy
are among the greatest puzzles of modern cosmology and
astrophysics. Dark matter has been observed only through
its gravitational effects with ordinary matter, and its
fundamental properties are still a mystery. The existence
of dark matter suggests the existence of new physics.
Now we present indications about dark matter coming

mainly from gravitational observations. Among the first
indications for the existence of dark matter came from the
consideration of the motion of galaxies within the Coma
Cluster [2]. The mass of this cluster has been estimated in
two ways: one based on total luminosity and another based
on the virial theorem. The inconsistency of the two results
has given rise to the hypothesis that matter had also some
dark component which could not be detected by the
telescopes [3,4].
A rotation curve of stars in galaxies is a measurement of

the orbital velocity of stars around the center of the galaxy
as a function of their distance from the galactic center. The
rotational velocity was expected to decrease; however, they

were measured to be essentially constant at large distances
[5], so that there should be additional, not visible, i.e., dark,
matter, to account for this behavior.
Gravitational lensing offers extra support to the dark

matter hypothesis. Study of the images of distant galaxies
may provide clues about the distribution of dark matter in
space [6,7]. Intracluster gas within galaxy clusters may
produce x-rays, whose lensing results may yield useful
information about the distribution of dark matter [8,9].
The study of the Bullet Cluster [10,11] provides some

of the most compelling observational evidence for the
existence of dark matter to date. Further evidence may be
found in [12], describing MACS J0025.4-1222 cluster
collisions. Evidence in favor of dark matter is also provided
by the fluctuations of the cosmic microwave background,
for example, the Sachs-Wolfe effect [13]. Finally, the
Universe appears very inhomogeneous today; however,
the cosmic microwave background was very smooth in the
early Universe. It is difficult to explain the structure
formation without the presence of dark matter, since the
magnitude of fluctuations would be too small. Interesting
approaches to dark matter in stars have been proposed in
[14]. For a very partial, but characteristic, sample of
references from the experimental and phenomenological
side, on millicharged dark matter searches, one may consult
[15] and references therein.
Although unrelated to dark matter problem, the idea of a

new force under which Standard Model particles are neutral
emerged in 1986 by Holdom [16]. Several aspects of this
idea have since appeared in the literature in the context of
grand unified theories [17] or dark matter models [18] or
string phenomenology [19]. There have been proposals for
experimental detection of additional Uð1Þ’s [20], as well as
experimental trials to detect dark photons [21]. One may
find works on the kinetic coupling and its relation to
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astrophysics [22]. This hidden force has provided new
theoretical and experimental directions in the search for
particle dark matter. The extension of the Standard Model
by the addition of the darkUð1Þmediated by a dark photon,
also known as a “hidden photon,” was originally proposed
in [9,23]. The models can contain a massless dark photon,
with an unbroken Uð1Þ. In a theory that includes two Uð1Þ
groups, a kinetic mixing term may arise between the two
gauge bosons [16]. The dark sector is considered as a
sector interacting gravitationally, as well as weakly, with
the Standard Model sector, for example, through kinetic
mixing of the dark and the visible gauge field. The
gravitational interaction alone is not enough to produce
effects which could serve to detect dark sector particles in
the laboratory.
The kinetic mixing between two Uð1Þ gauge groups

establishes a communication channel between the dark
and the visible gauge sector. The dark photon acting as a
mediator between the dark and visible sector is known as the
“vector portal,” since it is a spin-1 particle. However, other
viable portals have been proposedmediated by dark particles
of different spins, such as the “scalar portal” mediated by
scalar dark matter particle or “neutrino portal”mediated by a
dark fermionic field like a right-handed neutrino [24].
The dark photon may be chosen to couple to either the

electromagnetic or the hyper-charge of the Standard Model
[25,26]. The choice of the appropriate mixing is related to
the energy of the processes under examination: Above the
electroweak symmetry breaking scale, it is reasonable to
couple to the hypercharge, while below that scale, the
coupling to the physical photon is relevant.
Among the special features of theUð1Þmodels is that the

corresponding field strength Fμν is not just covariant, as is
the case with the non-Abelian models, but it is also gauge
invariant. This feature, along with the presence of various
Uð1Þ factors, opens up the way to include mixed terms in
the Lagrangian, consisting of products of different Uð1Þ’s.
These considerations arose within the treatment of models
of dark matter. If the Uð1Þ’s are embedded in a grand
unification group, the mixing will be zero at the unification
scale, but kinetic coupling may arise through renormaliza-
tion group effects at lower scales, where the original group
has broken down.
There have been several approaches to the study of

models with additional Uð1Þ gauge groups. Kinetic mixing
is a recurring theme in these studies. An early one may be
found in [26]. A nice description of the relevant models
may be found in [25]. This ends up to a new set of
decoupled gauge fields. A central issue is the procedure to
decouple the two gauge fields, which are coupled through
the kinetic coupling, as well as through the symmetry-
breaking process. It turns out that the transformation is not
orthogonal. A by now standard practice is to leave the dark
gauge field intact and transform from the visible gauge field
to a new one, which contains a small admixture of the dark

field. In view of the lattice formulation, we propose a
different method, which is not orthogonal in the continuum
either; however, it remains orthogonal in the lattice for-
malism, the departure from orthogonality reflected in just a
redefinition of lattice parameters. This facilitates the
orthogonalization procedure, as will be shown. We describe
the two methods of decoupling in the continuum, as well as
the decoupling in the lattice formulation of the model. We
note that the massive and massless gauge boson cases have
been studied separately at tree level, the mass generation
mechanism being left unspecified. In this work, we employ
a Higgs field to generate masses for one of the two gauge
fields, the other one remaining massless. A unified descrip-
tion of both the massless and the massive gauge bosons
follows from this formulation.
Thismodel has been studied by tree-level calculations, and

it is an important issue to proceed to the full quantum model
via nonperturbative techniques, such as lattice Monte Carlo
simulations, since symmetry breaking is an essentially non-
perturbative effect. To the best of our knowledge, the
numerical investigations of such models have not been done
in the past; therefore, we developed efficient algorithmic
software which is applicable on massively parallel comput-
ing systems for the Monte Carlo generation of appropriate
configurations and the numerical calculation of the related
field-theoretical correlation functions. The point is that, to
identify the phases of the resulting model, one should
calculate numerically highly nonlocal quantities, such as
theWilson loops, whichwill give the potentials felt by heavy
quarks in each phase.
This work starts with a novel formulation of the model in

the continuum, Sec. II. In particular, we present the gauge
fields in the presence of the kinetic mixing and present the
diagonalization procedure, when matter fields are either
missing or present; we identify the massless and massive
fields (with their mass) in terms of the original visible and
dark fields at the tree level. The results are specified for
each of three models: (a) model A, where the scalar field
charges equal q1s ¼ 1 and q2s ¼ 1, (b) model B, where the
charges equal q1s ¼ 0 and q2s ¼ 1, and (c) model C, with
q1s ¼ q2s ¼ 1ffiffi

2
p . In models A and C, both gauge fields

are coupled with the scalar field, while in model B the
scalar field does not feel the visible gauge field but only the
dark gauge field. Next, we present the by now standard
formulation of the problem. This procedure is described,
e.g., in [25]. This formulation uses a transformation that
treats the two gauge fields in a quite different way from the
beginning, while our procedure is more symmetric with
respect to the two fields. We report the results and compare
against our formulation. The two procedures yield different
linear combinations for the fields after diagonalization in
terms of the original fields, as expected; however, results,
such as the mass of the final massive gauge field, turn out to
agree completely. Thus, the two methods appear to be
consistent.
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We should note that our model does not permit a
distinction of the dark Uð1Þ coupling to the hypercharge
or the electromagnetic Uð1Þ. To obtain this possibility, we
have to use a model based on SUð2Þ ×Uð1Þ ×Uð1Þ. This
is deferred to the future. For the time being, we examine the
two models B and C. The former model B imitates the case
where only the dark sector has a spontaneous symmetry
breaking, and we study the effects of the symmetry
breaking on the remaining unbroken sector. This is rather
tricky, in the sense that the diagonalization has to be done
numerically. The latter model C imitates the case where
both sectors couple to the scalar field with equal strength.
Spontaneous symmetry breaking is symmetric and the
diagonalization is straightforward.
The formulation on a space-time lattice appears in

Sec. III, where we take up the diagonalization procedure
in this context. Section IV contains the determination of the
Higgs phase transition in the lattice formulation for the
three models. In particular, it contains the Wilson loops and
fine structure constants of all models in the symmetric
phase. Then the broken phase for model B is described,
where the massive and massless gauge fields yield Yukawa
mass parameters and fine structure constants, respectively.
The phase diagram of model C comes next, followed by the
plaquettes and correlators of various fields versus β3, as well
as their correlators. Section V contains our conclusions.

II. THE MODEL IN THE CONTINUUM
FORMULATION

The full model in the continuum reads

S ¼
Z

d4x

�
−
1

4
½F 1μνF

μν
1 þ F 2μνF

μν
2 − 2κF 1μνF

μν
2

�
þ ½ð∂μ − iq1g1A

μ
1 − iq2g2A

μ
2ÞΦ�†

× ½ð∂μ − iq1g1A1μ − iq2g2A2μÞΦ�
− λðΦ†ΦÞ2 þ μ2Φ†Φ�; ð1Þ

where F μν ¼ ∂μAν − ∂νAμ is the Maxwell tensor of Uð1Þ.

A. Gauge fields

The gauge sector of the model may be written in the form

L ¼ −
1

4

X
0≤μ;ν≤3

ðF 1μν;F 2μνÞ
�

1 −κ
−κ 1

��
F μν

1

F μν
2

�
: ð2Þ

This bilinear form can be made diagonal and yields the
alternative expression

L ¼ −
1

4
ð1 − κÞ

X
0≤μ;ν≤3

Gu;μνG
μν
u −

1

4
ð1þ κÞ

X
0≤μ;ν≤3

Gv;μνG
μν
v ;

ð3Þ

where

Gμν
u ≡ 1ffiffiffi

2
p ðF μν

1 þ F μν
2 Þ; Gμν

v ≡ 1ffiffiffi
2

p ð−F μν
1 þ F μν

2 Þ: ð4Þ

One should rescale the fields, to get kinetic terms of the
standard form:

A0
uμ ¼

ffiffiffiffiffiffiffiffiffiffiffi
1 − κ

p
Auμ; A0

vμ ¼
ffiffiffiffiffiffiffiffiffiffiffi
1þ κ

p
Avμ; ð5Þ

G0
u;μν ¼

ffiffiffiffiffiffiffiffiffiffiffi
1 − κ

p
Gu;μν; G0

v;μν ¼
ffiffiffiffiffiffiffiffiffiffiffi
1þ κ

p
Gv;μν; ð6Þ

so that the Lagrangian density takes the form

L ¼ −
1

4

X
0≤μ;ν≤3

G0
u;μνG

0μν
u −

1

4

X
0≤μ;ν≤3

G0
v;μνG

0μν
v : ð7Þ

The first step toward diagonalization of the symmetric
phase theory involves an orthogonal transformation; how-
ever, the need to obtain canonical kinetic terms imposes a
nonorthogonal factor. Thus, the full transformation is the
product of the two transformations, that is,

A0
uμ ¼

ffiffiffiffiffiffiffiffiffiffiffi
1 − κ

2

r
ðA1μ þA2μÞ;

A0
vμ ¼

ffiffiffiffiffiffiffiffiffiffiffi
1þ κ

2

r
ð−A1μ þA2μÞ; ð8Þ

or

�
A0μ

u

A0μ
v

�
¼

0
BB@

ffiffiffiffiffiffi
1−κ
2

q ffiffiffiffiffiffi
1−κ
2

q
−

ffiffiffiffiffiffi
1þκ
2

q ffiffiffiffiffiffi
1þκ
2

q
1
CCA
�
Aμ

1

Aμ
2

�
: ð9Þ

It is obvious that the transformation matrix is not orthogo-
nal. We may also write down the inverse relation:

�
Aμ

1

Aμ
2

�
¼

0
BB@

1ffiffi
2

p
ffiffiffiffiffiffi
1

1−κ

q
− 1ffiffi

2
p

ffiffiffiffiffiffi
1

1þκ

q
1ffiffi
2

p
ffiffiffiffiffiffi
1

1−κ

q
1ffiffi
2

p
ffiffiffiffiffiffi
1

1þκ

q
1
CCA
�
A0μ

u

A0μ
v

�
: ð10Þ

B. Matter fields

Let us next examine the coupling to the scalar fields, in
particular, the covariant derivative:

DμΦ ¼ ð∂μ − ig1q1sA1μ − ig2q2sA2μÞΦ: ð11Þ

The dimensionless quantities q1s and q2s represent the
charge of the scalar fields in units of the respective
couplings g1 and g2. The part which will give the mass
terms reads
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ðDμΦÞ†ðDμΦÞ → ð−iÞðiÞΦ†Φðg1q1sA1μ þ g2q2sA2μÞ
× ðg1q1sAμ

1 þ g2q2sA
μ
2Þ: ð12Þ

The mass of the scalar field derives from the scalar potential

VðΦ†ΦÞ ¼ λðΦ†ΦÞ2 − μ2Φ†Φ; ð13Þ

which has been introduced in Eq. (1). Minimization of this
expression yields the equality

v2 ¼ μ2

λ
: ð14Þ

Wemay rewrite the above expression in terms of the primed
fields and set hΦ†Φi ¼ v2

2
, so that the mass term will read

ðA0
uμ;A0

vμÞ

0
B@

v2g̃2u
4ð1−κÞ

v2g̃ug̃v
4
ffiffiffiffiffiffiffi
1−κ2

p

v2g̃ug̃v
4
ffiffiffiffiffiffiffi
1−κ2

p v2g̃2v
4ð1þκÞ

1
CA�A0μ

u

A0μ
v

�
;

g̃u ≡ g1q1s þ g2q2s; g̃v ≡ −g1q1s þ g2q2s: ð15Þ

After diagonalization, we get

1

2
ðX1μ;X2μÞ

�
0 0

0 m2
A

��
Xμ

1

Xμ
2

�
; ð16Þ

where

m2
A ¼ v2

2

�
g̃2u

1 − κ
þ g̃2v
1þ κ

�
: ð17Þ

In the following, in the interest of simplicity, we set
g1 ¼ g2 ≡ g. The mass term for the gauge fields reads then

1

2
m2

AX2μX
μ
2;

m2
A ¼ g2v2

2

�ðq1s þ q2sÞ2
1 − κ

þ ð−q1s þ q2sÞ2
1þ κ

�
: ð18Þ

We may express the final potentials Xμ
1 and Xμ

2 in terms of
the original potentials Aμ

1 and Aμ
2 via the formulas

Xμ
1 ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q21s þ q22s þ 2κq1sq2s

p
× ½−ðκq1s þ q2sÞAμ

1 þ ðq1s þ κq2sÞAμ
2�; ð19Þ

Xμ
2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − κ2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q21s þ q22s þ 2κq1sq2s

p ½q1sAμ
1 þ q2sA

μ
2�: ð20Þ

The field Xμ
1 is massless, while field Xμ

2 is massive. We
also write down the inverse relations:

Aμ
1 ¼

−
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − κ2

p
q2sX

μ
1 þ ðq1s þ κq2sÞXμ

2ffiffiffiffiffiffiffiffiffiffiffiffi
1 − κ2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q21s þ q22s þ 2κq1sq2s

p ; ð21Þ

Aμ
2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − κ2

p
q1sX

μ
1 þ ðq2s þ κq1sÞXμ

2ffiffiffiffiffiffiffiffiffiffiffiffi
1 − κ2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q21s þ q22s þ 2κq1sq2s

p : ð22Þ

1. Model A

For the values g1 ¼ g2 ≡ g and q1s ¼ q2s ¼ 1, pertain-
ing to model A, we get

Xμ
1 ¼

ffiffiffiffiffiffiffiffiffiffiffi
1þ κ

2

r
½−Aμ

1 þAμ
2�; Xμ

2 ¼
ffiffiffiffiffiffiffiffiffiffiffi
1 − κ

2

r
½Aμ

1 þAμ
2�;

ð23Þ

m2
A ¼ 2g2v2

1 − κ
: ð24Þ

We may also express the Aμ
1 and Aμ

2 fields in terms of Xμ
1

and Xμ
2:

Aμ
1 ¼ −

Xμ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1þ κÞp þ Xμ
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1 − κÞp ;

Aμ
2 ¼

Xμ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1þ κÞp þ Xμ
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1 − κÞp : ð25Þ

The interaction Lagrangian density for fermions may be
written in the form

LA;ψ ¼ gJ 1f
μ Aμ

1 þ gJ 2f
μ Aμ

2 ¼
gð−J 1f

μ þ J 2f
μ ÞXμ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ κÞp

þ gðJ 1f
μ þ J 2f

μ ÞXμ
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1 − κÞp : ð26Þ

Of course,

J 1f
μ ¼ Ψ̄1γμΨ1; J 2f

μ ¼ Ψ̄2γμΨ2: ð27Þ

2. Model B

For the values g1 ¼ g2 ≡ g, q1s ¼ 0, and q2s ¼ 1,
pertaining to model B, we get

Xμ
1 ¼ −Aμ

1 þ κAμ
2; Xμ

2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − κ2

p
Aμ

2: ð28Þ

The inverse relations read

Aμ
1 ¼ −Xμ

1 þ
κffiffiffiffiffiffiffiffiffiffiffiffi

1 − κ2
p Xμ

2; Aμ
2 ¼

1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − κ2

p Xμ
2: ð29Þ

The mass eigenvalue equals
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m2
A ¼ g2v2

1 − κ2
: ð30Þ

The interaction Lagrangian density for fermions may be
written in the form

LB;ψ ¼ gJ 1f
μ Aμ

1 þ gJ 2f
μ Aμ

2

¼ −gJ 1f
μ Xμ

1 þ
gffiffiffiffiffiffiffiffiffiffiffiffi

1 − κ2
p ½κJ1fμ þ J2fμ �Xμ

2: ð31Þ

3. Model C

For the values g1 ¼ g2 ≡ g and q1s ¼ q2s ¼ 1ffiffi
2

p , pertain-

ing to model C, we get

Xμ
1 ¼

ffiffiffiffiffiffiffiffiffiffiffi
1þ κ

2

r
½−Aμ

1 þAμ
2�; Xμ

2 ¼
ffiffiffiffiffiffiffiffiffiffiffi
1 − κ

2

r
½Aμ

1 þAμ
2�;

ð32Þ

m2
A ¼ g2v2

1 − κ
: ð33Þ

We may also express the Aμ
1 and Aμ

2 fields in terms of Xμ
1

and Xμ
2:

Aμ
1 ¼ −

Xμ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1þ κÞp þ Xμ
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1 − κÞp ;

Aμ
2 ¼

Xμ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1þ κÞp þ Xμ
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1 − κÞp : ð34Þ

The interaction Lagrangian density for fermions may be
written in the form

LA;ψ ¼ gJ 1f
μ Aμ

1 þ gJ 2f
μ Aμ

2 ¼
gð−J 1f

μ þ J 2f
μ ÞXμ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ κÞp

þ gðJ 1f
μ þ J 2f

μ ÞXμ
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1 − κÞp : ð35Þ

C. Alternative approach

The approach followed, e.g., in Ref. [27], is somewhat
different from ours. In the following, we examine the gauge
sector. In [27], the authors startwith the fieldsF 1 andF 2 and
rotate towardF andF 0 via a specific matrix. We will derive
this matrix from the beginning, under the demand that F 1

should be just a multiple of F 0, with no admixture of F :

�
F 1;μν

F 2;μν

�
¼
�
a 0

c d

��
F 0

μν

F μν

�

⇒

�
F 1;μν ¼ aF 0

μν

F 2;μν ¼ cF 0
μν þ dF μν

�
: ð36Þ

We substitute it into the expression

K ¼ F μν
1 F 1;μν þ F μν

2 F 2;μν − 2κF μν
1 F 2;μν; ð37Þ

K ¼ d2F μνF μν þ ða2 þ c2 − 2κacÞF 0μνF 0
μν

þ 2ðadþ cdÞF μνF 0
μν: ð38Þ

This expression should reduce to

K ¼ F μνF μν þ F 0μνF 0
μν; ð39Þ

so one gets the relations

d2 ¼ 1; a2 þ c2 − 2κac ¼ 1; adþ cd ¼ 0: ð40Þ

One may solve this system (with the additional information
that, for κ → 0, a ¼ d ¼ 1). The result reads

a ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − κ2

p ; c ¼ κffiffiffiffiffiffiffiffiffiffiffiffi
1 − κ2

p ; d ¼ 1; ð41Þ

that is,

�
F 1;μν

F 2;μν

�
¼
 

1ffiffiffiffiffiffiffi
1−κ2

p 0

κffiffiffiffiffiffiffi
1−κ2

p 1

!�
F 0

μν

F μν

�
: ð42Þ

Considering the gauge part of the action, for the case

Sg ¼
1

2

X
0≤μ<ν≤3

F μν
1 F 1;μν þ

1

2

X
0≤μ<ν≤3

F μν
2 F 2;μν

− κ
X

0≤μ<ν≤3
F μν

1 F 2;μν ð43Þ

→
1

2

X
0≤μ<ν≤3

½F μν
1 F 1;μν þ F μν

2 F 2;μν − 2κF μν
1 F 2;μν�: ð44Þ

In summary, the diagonalization procedure is performed
through the change of variables:

A1;μ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffi

1 − κ2
p A0

μ; A2;μ ¼
κffiffiffiffiffiffiffiffiffiffiffiffi

1 − κ2
p A0

μ þAμ; ð45Þ

with their inverses

A0
μ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − κ2

p
A1;μ; Aμ ¼ A2;μ − κA1;μ: ð46Þ

After substitution, one gets

Sg ¼
1

2

X
0≤μ<ν≤3

½F μνF μν þF 0μνF 0
μν�; F 0

μν ≡ ∂μA0
ν − ∂νA0

μ;

F μν ≡ ∂μAν − ∂νAμ: ð47Þ
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Following the symmetry breaking, setting g1 ¼ g2 ¼ g for
simplicity, the term

Skin;H ¼ ðDμΦÞ†ðDμΦÞ;
DμΦ ¼ ð∂μ − igq1sA1;μ − igq2sA2μÞΦ ð48Þ

will contribute and we must diagonalize the total action,
given by

S ¼ Sg þ Skin;H þ VðΦ†ΦÞ: ð49Þ
The covariant derivative may be rewritten in the form

DμΦ ¼
�
∂μ − igq1s

1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − κ2

p A0
μ

− igq2s

�
κffiffiffiffiffiffiffiffiffiffiffiffi

1 − κ2
p A0

μ þAμ

��
Φ: ð50Þ

Thus, the mass term resulting from this form reads

g2v2ðAμ;A0
μÞ

0
B@ q22s

q2sðq1sþκq2sÞffiffiffiffiffiffiffi
1−κ2

p

q2sðq1sþκq2sÞffiffiffiffiffiffiffi
1−κ2

p ðq1sþκq2sÞÞ2
1−κ2

1
CA

 
Aμ

A0
μ

!
¼ g2v2ðAμ;A0

μÞM
 
Aμ

A0
μ

!
; ð51Þ

M ≡
�

q22s qκq2s
qκq2s q2κ

�
; qκ ≡ q1s þ κq2sffiffiffiffiffiffiffiffiffiffiffiffi

1 − κ2
p : ð52Þ

One may diagonalize the matrix M through the trans-
formation

WTMW ¼
�
0 0

0 q2κ þ q22s

�
;

W ¼ WT ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q22s þ q2κ

p �−qκ q2s
q2s qκ

�
: ð53Þ

Thus, the new fields read�
X1;μ

X2;μ

�
¼WT

�
Aμ

A0
μ

�
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q22sþq2κ
p �−qκ q2s

q2s qκ

��
Aμ

A0
μ

�
;

ð54Þ
so that

X1;μ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q2κ þ q22s
p ð−qκAμ þ q2sA0

μÞ;

X2;μ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q2κ þ q22s
p ðq2sAμ þ qκA0

μÞ: ð55Þ

By inspection of Eqs. (53) and (54), it appears that the X1;μ

field is massless, while the X2;μ is massive. The inverse
relations of Eq. (55) read

Aμ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q2κ þ q22s
p ð−qκX1;μ þ q2sX2;μÞ;

A0
μ ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2κ þ q22s

p ðq2sX 1;μ þ qκX2;μÞ: ð56Þ

The nonzero eigenvalue for the gauge fields equals

m2
A ¼ g2v2ðq2κ þ q22sÞ ¼ g2v2

��
κq2s þ q1sffiffiffiffiffiffiffiffiffiffiffiffi

1 − κ2
p

�
2

þ q22s

�
:

ð57Þ
The fermionic Lagrangian density reads

L ¼ gJ 1f
μ Aμ

1 þ gJ 2f
μ Aμ

2 ¼
gJ 1f

μ þ κgJ 2f
μffiffiffiffiffiffiffiffiffiffiffiffi

1 − κ2
p A0μ þ gJ μ

2A
μ

ð58Þ

¼ g
q2sJ

1f
μ − q1sJ

2f
μffiffiffiffiffiffiffiffiffiffiffiffi

1 − κ2
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q2κ þ q22s
p Xμ

1

þ g
ðq1s þ κq2sÞJ 1f

μ þ ðκq1s þ q2sÞJ 2f
μ

ð1 − κ2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2κ þ q22s

p Xμ
2: ð59Þ

We now continue with the special cases.

1. Model A

q1s ¼ 1; q2s ¼ 1; q2κ ¼
1þ κ

1 − κ
; m2

A ¼ 2g2v2

1 − κ
; ð60Þ

and

X1;μ ¼
−
ffiffiffiffiffiffiffiffiffiffiffi
1þ κ

p
Aμ þ

ffiffiffiffiffiffiffiffiffiffiffi
1 − κ

p
A0

μffiffiffi
2

p ¼
ffiffiffiffiffiffiffiffiffiffiffi
1þ κ

2

r
½A1;μ −A2;μ�;

ð61Þ

X2;μ ¼
ffiffiffiffiffiffiffiffiffiffiffi
1 − κ

p
Aμ þ

ffiffiffiffiffiffiffiffiffiffiffi
1þ κ

p
A0

μffiffiffi
2

p ¼
ffiffiffiffiffiffiffiffiffiffiffi
1 − κ

2

r
½A1;μ þA2;μ�:

ð62Þ
We remark that

Xμ
1 ∝ Aμ

v; Xμ
2 ∝ Aμ

u; ð63Þ
so the appropriate fields Xμ

1 and Xμ
2 to deal with after

symmetry breaking equal Aμ
v and Aμ

u. The fermionic
Lagrangian density reads

LA;ψ ¼ gJ1fμ Aμ
1 þ gJ2fμ Aμ

2 ¼
gðJ 1f

μ − J 2f
μ Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1þ κÞp Xμ
1

þ gðJ 1f
μ þ J 2f

μ Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1 − κÞp Xμ

2: ð64Þ
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2. Model B

q1s ¼ 0; q2s ¼ 1; q2κ ¼
κ2

1 − κ2
;

q2κ þ q22s ¼
1

1 − κ2
; m2

A ¼ g2v2

1 − κ2
ð65Þ

so that

X1;μ ¼ A1;μ − κA2;μ; X2;μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − κ2

p
A2;μ: ð66Þ

In this case, the appropriate fields are approximately A1;μ

and A2;μ. The approximation is exact for κ ¼ 0.
The fermionic Lagrangian density reads

LB;ψ ¼ gJ1fμ Aμ
1 þ gJ2fμ Aμ

2 ¼ gJ 1f
μ Xμ

1 þ
gðκJ 1f

μ þJ 2f
μ Þffiffiffiffiffiffiffiffiffiffiffiffi

1− κ2
p Xμ

2:

ð67Þ
3. Model C

q1s ¼
1ffiffiffi
2

p ; q2s ¼
1ffiffiffi
2

p ; q2κ ¼
1þ κ

2ð1 − κÞ ;

q2κ þ q21s ¼
1

1 − κ
; m2

A ¼ g2v2

1 − κ
ð68Þ

so that

X1;μ ¼
ffiffiffiffiffiffiffiffiffiffiffi
1þ κ

2

r
½A1;μ −A2;μ�;

X2;μ ¼
ffiffiffiffiffiffiffiffiffiffiffi
1 − κ

2

r
½A1;μ þA2;μ�: ð69Þ

Once more,

Xμ
1 ∝ Aμ

v; Xμ
2 ∝ Aμ

u; ð70Þ

so the appropriate fields Xμ
1 and Xμ

2 to deal with after
symmetry breaking equal Aμ

v and Aμ
u.

The fermionic Lagrangian density reads

LC;ψ ¼ gJ1fμ Aμ
1 þ gJ2fμ Aμ

2 ¼
gðJ 1f

μ − J 2f
μ Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1þ κÞp Xμ
1

þ gðJ 1f
μ þ J 2f

μ Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1 − κÞp Xμ

2: ð71Þ

III. FORMULATION ON A SPACE-TIME LATTICE

The model in the continuum reads

S ¼
�
−
1

4

X
x;1≤μ;ν≤4

½F 1μνF
μν
1 þ F 2μνF

μν
2 − 2κF 1μνF

μν
2 �

þ
X

x;1≤μ≤4
½ð∂μ − ig1q1sA

μ
1 − ig2q2sA

μ
2ÞΦ�†½ð∂μ − ig1q1sA1μ − ig2q2sA2μÞΦ� − λðΦ†ΦÞ2 þ μ2Φ†Φ

�
; ð72Þ

where F μν ¼ ∂μAν − ∂νAμ is the field strength tensor of the gauge fields. The noncompact Euclidean lattice action of the
four-dimensional dark matter model reads

S ¼ 1

2
β1

X
x;1≤μ<ν≤4

Fμν
1 ðxÞFμν

1 ðxÞ þ 1

2
β2

X
x;1≤μ<ν≤4

Fμν
2 ðxÞFμν

2 ðxÞ − β3
X

x;1≤μ<ν≤4
Fμν
1 ðxÞFμν

2 ðxÞ þ
X
x

Φ�ðxÞΦðxÞ

− βh
X
x

�X
1≤μ≤4

ReðΦ�ðxÞUxμ̂Φðxþ aμ̂ÞÞ
�
þ
X
x

βRðΦ�ðxÞΦðxÞ − 1Þ2;

Fμν
k ðxÞ≡ a½Aμ

kðxÞ þ Aν
kðxþ aμ̂Þ − Aμ

kðxþ aν̂Þ − Aν
kðxÞ�; Aμ

kðxÞ≡ gkA
μ
kðxÞ;

Uxμ ≡ eig1q1saA1μðxÞþig2q2saA2μðxÞ ¼ eiaq1sA1μðxÞþiaq2sA2μðxÞ;

β1 ¼
1

g21
; β2 ¼

1

g22
; β3 ¼

κ

g1g2
¼ κ

ffiffiffiffiffiffiffiffiffi
β1β2

p
;

λ ¼ 4βR
β2h

; aΦ ¼
ffiffiffiffiffi
βh
2

r
Φ: ð73Þ

The quantities q1s and q2s are numbers which determine the interaction of the scalar field with the two gauge fields. In this
paper, we will consider the cases: model A, where q1s ¼ 1 and q2s ¼ 1, model B, where q1s ¼ 0 and q2s ¼ 1, and model C,
where q1s ¼ 1ffiffi

2
p and q2s ¼ 1ffiffi

2
p .
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A. Mixing

The gauge part of the Euclidean action for two kinetically coupled Uð1Þ gauge fields may be transcribed from the
continuum to the lattice form as follows:

Sg ¼
1

2

�
β1
X
x;μ;ν

Fμν
1 ðxÞFμν

1 ðxÞ þ β2
X
x;μ;ν

Fμν
2 ðxÞFμν

2 ðxÞ − 2β3
X
x;μ;ν

Fμν
1 ðxÞFμν

2 ðxÞ
�
; ð74Þ

where

β1 ¼
1

g21
; β2 ¼

1

g22
; β3 ¼

κ

g1g2
¼ κ

ffiffiffiffiffiffiffiffiffi
β1β2

p
: ð75Þ

This expression may be diagonalized and take the form

Sg ¼
1

2

X
x;μ;ν

ðGμν
u ðxÞ; Gμν

v ðxÞÞ
�
Bu 0

0 Bv

��
Gμν

u ðxÞ
Gμν

v ðxÞ

�
; ð76Þ

or

Sg ¼
1

2

�
Bu

X
x;μ;ν

Gμν
u ðxÞGu;μνðxÞ þ Bv

X
x;μ;ν

Gμν
v ðxÞGv;μνðxÞ

�
: ð77Þ

The eigenvalues read

Bu ¼
1

2

h
β1 þ β2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðβ1 − β2Þ2 þ 4β23

q i
; Bv ¼

1

2

h
β1 þ β2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðβ1 − β2Þ2 þ 4β23

q i
: ð78Þ

The orthogonal transformation from the field strengths
Fμν
1 ðxÞ and Fμν

2 ðxÞ to the new ones Gμν
u ðxÞ and Gμν

v ðxÞ is a
very complicated expression. In this work, we will con-
centrate on the case

β1 ¼ β2 ≡ βg;

where the eigenvalues simplify to

Bu ¼ βg − β3; Bv ¼ βg þ β3; ð79Þ

and the transformation is much simpler:

Gμν
u ¼ 1ffiffiffi

2
p ðFμν

1 þ Fμν
2 Þ; Gμν

v ¼ 1ffiffiffi
2

p ð−Fμν
1 þ Fμν

2 Þ; ð80Þ

equivalently,

Fμν
1 ¼ 1ffiffiffi

2
p ðGμν

u − Gμν
v Þ; Fμν

2 ¼ 1ffiffiffi
2

p ðGμν
u þGμν

v Þ: ð81Þ

Let us remark at this point that Eqs. (80) for the quantities
Gμν

u and Gμν
v may also contain an overall minus sign. Of

course, the potentials Aμ
1 and A

μ
2 will transform to Aμ

u and A
μ
v

in a quite similar way:

Aμ
u ¼ 1ffiffiffi

2
p ðAμ

1 þ Aμ
2Þ; Aμ

v ¼ 1ffiffiffi
2

p ð−Aμ
1 þ Aμ

2Þ; ð82Þ

equivalently,

Aμ
1 ¼

1ffiffiffi
2

p ðAμ
u − Aμ

vÞ; Aμ
2 ¼

1ffiffiffi
2

p ðAμ
u þ Aμ

vÞ: ð83Þ

We also note the definitions

Gμν
u;v ≡ ∂

μAν
u;v − ∂

νAμ
u;v: ð84Þ

The new fields are massless just like the old ones.
We now consider interaction with a scalar field, the

covariant derivative reading

DμΦ ¼ ½∂μ − iq1sA
μ
1 − iq2sA

μ
2�Φ ð85Þ

¼
�
∂
μ − iq1s

1ffiffiffi
2

p ðAμ
u − Aμ

vÞ − iq2s
1ffiffiffi
2

p ðAμ
u þ Aμ

vÞ
�
Φ: ð86Þ

Notice that the initial expressions, e.g., igkqksA
μ
k, have been

replaced by iqksA
μ
k, since we use the lattice version for the

potentials. The quantities q1s and q2s are pure numbers
which determine the strength of the interaction of the gauge
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potentials A1 and A2 with the scalar field. We write more
compactly

DμΦ ¼ ½∂μ − iQusA
μ
u − iQvsA

μ
v�Φ; ð87Þ

Qus ≡ 1ffiffiffi
2

p ðq1s þ q2sÞ; Qvs ≡ 1ffiffiffi
2

p ð−q1s þ q2sÞ: ð88Þ

Thus, we expect that, in the symmetric phase, we will have
two massless fields, with the new charges reading Qus
and Qvs.
We recall that in model C we set q1s ¼ q2s ¼ 1ffiffi

2
p , so that

Qus ¼ 1 andQvs ¼ 0. As we remarked previously [see (63)
and (70)],

Xμ
1 ∝ Aμ

v; Xμ
2 ∝ Aμ

u: ð89Þ

We expect that the appropriate fields to consider are Aμ
u,

which, in the broken phase, will develop a mass (since it is

proportional to Xμ
2, which is massive) and Aμ

v, which will
remain massless, since it is a multiple of the massless
field Xμ

1.
In model B, we set q1s ¼ 0 and q2s ¼ 1, so that Qus ¼

1ffiffi
2

p and Qvs ¼ 1ffiffi
2

p , as is evident from Eqs. (88). In this case,

the appropriate basis to consider for β3 ¼ 0 is the one
consisting of the massive Aμ

2 and the massless Aμ
1.

However, for β3 > 0, the appropriate basis is a combination
of Aμ

1 and Aμ
2, depending on the value of β3.

IV. RESULTS

A. Higgs phase transition

We examine the phase transition between the symmetric
and the brokenphase for β3 ¼ 0.We also set β1 ¼ β2 ≡ βg ¼
2 and βR ¼ 0.001. In this work, we will examine the three
different models mentioned above, differing in the values of
q1s and q2s. We rewrite the lattice action, substituting

Uxμ ¼ eiaq1sA1μðxÞþiaq2sA2μðxÞ ¼ eiθμðxÞ; ΦðxÞ ¼ ρðxÞeiϕðxÞ; ð90Þ

S ¼ 1

2
β1

X
x;1≤μ;ν≤4

Fμν
1 ðxÞFμν

1 ðxÞ þ 1

2
β2

X
x;1≤μ;ν≤4

Fμν
2 ðxÞFμν

2 ðxÞ − β3
X

x;1≤μ;ν≤4
Fμν
1 ðxÞFμν

2 ðxÞ

− βh
X
x

�X
1≤μ≤4

ρðxÞρðxþ μ̂Þ cos½θμðxÞ þ ϕðxþ μ̂Þ − ϕðxÞ�
�
þ
X
x

ρ2ðxÞ þ
X
x

βRðρ2ðxÞ − 1Þ2: ð91Þ

Notice that

DμΦ ¼ ½∂μ − iq1sA
μ
1 − iq2sA

μ
2�Φ ¼ ½∂μ − iQusA

μ
u − iQvsA

μ
v�Φ; ð92Þ

Qus ≡ 1ffiffiffi
2

p ðq1s þ q2sÞ; Qvs ≡ 1ffiffiffi
2

p ð−q1s þ q2sÞ; ð93Þ

so that

Uxμ ¼ eiθμðxÞ ¼ eiQusAuμðxÞþiQvsAvμðxÞ: ð94Þ
Model A is defined by q1s ¼ q2s ¼ 1. In this case Qus ¼

ffiffiffi
2

p
, Qvs ¼ 0, and θμðxÞ ¼

ffiffiffi
2

p
AuμðxÞ, so that the scalar field

interacts only with the AuμðxÞ field, and it is also convenient to express the gauge kinetic terms as functions of Aμ
u and Aμ

v:

S ¼ 1

2

�
Bu

X
μ;ν

Gμν
u ðxÞGu;μνðxÞ þ Bv

X
μ;ν

Gμν
v ðxÞGv;μνðxÞ

�

− βh
X
x

�X
1≤μ≤4

ρðxÞρðxþ μ̂Þ cos½
ffiffiffi
2

p
AuμðxÞ þ ϕðxþ μ̂Þ − ϕðxÞ�

�
þ
X
x

ρ2ðxÞ þ
X
x

βRðρ2ðxÞ − 1Þ2: ð95Þ

One may now perform a rescaling of the gauge fields: AuμðxÞ → 1ffiffi
2

p AuμðxÞ and AvμðxÞ → 1ffiffi
2

p AvμðxÞ and end up with

S ¼ 1

2

�
Bu

2

X
μ;ν

Gμν
u ðxÞGu;μνðxÞ þ

Bv

2

X
μ;ν

Gμν
v ðxÞGv;μνðxÞ

�

− βh
X
x

�X
1≤μ≤4

ρðxÞρðxþ μ̂Þ cos½AuμðxÞ þ ϕðxþ μ̂Þ − ϕðxÞ�
�
þ
X
x

ρ2ðxÞ þ
X
x

βR½ρ2ðxÞ − 1�2: ð96Þ
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It is apparent that this action describes a noninteracting gauge field AvμðxÞ along with a field AuμðxÞ coupled to the scalar

field. The lattice gauge couplings Bu
2
¼ βg

2
− β3

2
and Bv

2
¼ βg

2
þ β3

2
are 1

2
times the nominal ones. Thus, we expect that the phase

transition lines in the βg − βh plane will differ significantly from cases B and C, where we will see that no rescaling is
necessary.
We examine model B, defined by q1s ¼ 0 and q2s ¼ 1, for which

S ¼ 1

2
βg

X
x;1≤μ;ν≤4

Fμν
1 ðxÞFμν

1 ðxÞ þ 1

2
βg

X
x;1≤μ;ν≤4

Fμν
2 ðxÞFμν

2 ðxÞ − β3
X

x;1≤μ;ν≤4
Fμν
1 ðxÞFμν

2 ðxÞ

− βh
X
x

�X
1≤μ≤4

ρðxÞρðxþ μ̂Þ cos½A2μðxÞ þ ϕðxþ μ̂Þ − ϕðxÞ�
�
þ
X
x

ρ2ðxÞ þ
X
x

βRðρ2ðxÞ − 1Þ2: ð97Þ

This model describes a noninteracting gauge field A1μðxÞ along with a field A2μðxÞ coupled to the scalar field.
Model C is defined by q1s ¼ q2s ¼ 1ffiffi

2
p . In this case Qus ¼ 1, Qvs ¼ 0, θμðxÞ ¼ AuμðxÞ, and no rescaling is needed:

S ¼ 1

2

�
Bu

X
μ;ν

Gμν
u ðxÞGu;μνðxÞ þ Bv

X
μ;ν

Gμν
v ðxÞGv;μνðxÞ

�

− βh
X
x

�X
1≤μ≤4

ρðxÞρðxþ μ̂Þ cos½AuμðxÞ þ ϕðxþ μ̂Þ − ϕðxÞ�
�
þ
X
x

ρ2ðxÞ þ
X
x

βRðρ2ðxÞ − 1Þ2: ð98Þ

It is obvious that model C shares some features with model B; the scalar field couples only with field A2μðxÞ (in model B)
and with field AuμðxÞ in model C. Despite the difference in the choice of gauge fields, the mixing coupling β3 stays smaller
than βg, as will be observed in the following, for instance, in Fig. 4 below. As β3 toward βg, various quantities get
increasingly large values.
In the numerical study, we examine the quantities

hF2
1i≡ 1

6N4

X
x

X4
μ<ν¼1

hFμν
1 ðxÞFμν

1 ðxÞi; ð99Þ

hF2
2i≡ 1

6N4

X
x

X4
μ<ν¼1

hFμν
2 ðxÞFμν

2 ðxÞi: ð100Þ

We also define a new variable considering the part of the action referring to the coupling of the scalar to the gauge fields:

−βh
X
x

�X
1≤μ≤4

ReðΦ�ðxÞUxμ̂Φðxþ μ̂ÞÞ
�

ð101Þ

¼ −βh
X
x

�X
1≤μ≤4

ρðxÞρðxþ μ̂Þ cos½θμðxÞ þ ϕðxþ μ̂Þ − ϕðxÞ�
�
; ð102Þ

where we have set

Uxμ̂ ¼ eiaq1A1μðxÞþiaq2A2μðxÞ ¼ eiθμðxÞ; ΦðxÞ ¼ ρðxÞeiφðxÞ: ð103Þ

The definition of the new, angular, variable is

cosðlinkÞ≡ 1

4N4

X
x

X4
μ¼1

hcos½θμðxÞ þ ϕðxþ μ̂Þ − ϕðxÞ�i: ð104Þ
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Initially, we performed hysteresis loops for constant βg
and βR varying βh to locate the phase transition points. One
such loop is depicted in Fig. 1, which involves the loop for
the gauge field in model B and, in Fig. 2, the loop for the
angle of the scalar field in model B. In both cases β3 ¼ 0. It
is remarkable that, in Fig. 1, the quantity hF2

1i does not
change at all, since the Fμν

1 does not couple to the scalar
field and is not influenced by the spontaneous symmetry
breaking. For the quantity hF2

2i, the loop indicates a first-
order phase transition; the same conclusion is valid for the
quantity cosðlinkÞ, depicted in Fig. 2. These statements are

confirmed by long runs, which permit more accurate
determination of the critical points and which clearly
display two-state signals.
In Fig. 3, we depict the phase diagrams for β3 ¼ 0.00,

using an 84 lattice. It turns out that the curve for model A is
very different from those for models B and C, while the
latter two models almost coincide.
We depict, in Fig. 4, the phase diagram for all three

models at β3 ¼ 0.60, using once more an 84 lattice. Of
course, the phase diagram makes no sense for βg < β3. We
see that the phase transition lines for model C lies at higher

FIG. 1. Hysteresis loops for the quantities hF2
1i and hF2

2i in model B ðbh ≡ βhÞ. The quantity hF2
1i has no hysteresis loop, since, in

model B, the F1 field does not couple with the scalar field, so it does not feel the symmetry breaking. The quantity hF2
2i indicates a first-

order phase transition.

FIG. 2. Hysteresis loops for cosðlinkÞ in model B.
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values of βh than model B, while model A lies again
systematically at larger βh. In the latter case, model B is
represented by the lower curve. It is apparent that it is
possible for a given βg to select a value for βh, which places
model B in the broken phase and model C in the symmetric
phase. In particular, for β3 ¼ 0, models B and C may lie in
the broken phase, but for β3 > 0 there exist values for βg
and βh for which model C lies in the symmetric phase,
although model B may still lie in the broken phase. This
conclusion follows by inspection of Figs. 3 and 4. In the

following, we concentrate on comparing B against C,
since model A differs significantly from B and C, even
for β3 ¼ 0.

B. Symmetric phase, β3 dependence,
and models B and C

1. Decoupling

It is necessary to know the correlators of the various
fields, so that we may calculate expectation values of fields

FIG. 3. Phase diagram for the three models for β3 ¼ 0.00 ðbg ≡ βgÞ. Model A is represented by the uppermost curve. Notice that βg
should be positive; otherwise, the functional integral diverges.

FIG. 4. Phase diagrams for models A, B, and C for β3 ¼ 0.60, represented by the vertical line. The lowest curve represents model B,
and the middle curve depicts model C, while the uppermost curve represents model A. The Bu ¼ βg − β3, which is the effective coupling
of the Gu field, should be positive (compare with Fig. 3); therefore, the curves may not extend to the left of the vertical line.
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decoupled from each other. Tree-level calculations have
been described in Sec. III A. The relevant correlators are
given by the expressions

hF1F2i≡ 1

6N4

X
x

X4
μ<ν¼1

hFμν
1 ðxÞFμν

2 ðxÞi; ð105Þ

hGuGvi≡ 1

6N4

X
x

X4
μ<ν¼1

hGμν
u ðxÞGμν

v ðxÞi: ð106Þ

The results are shown in Fig. 5. The hF1F2i correlators for
all models are nonzero, and they diverge in the β3 → βg

limit. The important result is that the hGuGvi correlator
takes invariably a value compatible with zero, which was
the point of transforming from F1 and F2 to Gu and Gv in
Sec. III A. It appears that the transformation to Gu and Gv
has been successful in decoupling the fields in the sym-
metric phase for all models.
Notice that

hF2
1i − hF2

2i ¼ 2hGuGvi: ð107Þ

Since hGuGvi ¼ 0, we predict that hF2
1i ¼ hF2

2i in the
symmetric phase, a prediction that we have verified
numerically. Notice the fact that, although we simulate

FIG. 5. Symmetric phase, correlators hF1F2i (upper curves) and hGuGυi (lower curves) for all models ðb3 ≡ β3Þ.

FIG. 6. Plaquette versus βg.
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the model using the F1 and F2 fields, the simulation
automatically performs the necessary diagonalization and
yields zero correlation between the Gu and Gv fields.

2. Preliminary calculation of a single plaquette

Another piece of information that will be useful is
the expectation value of a model with just one gauge field.
The action reads

S ¼ 1

2
βg

X
x;1≤μ<ν≤4

FμνðxÞFμνðxÞ: ð108Þ

The results are depicted in Fig. 6, and it turns out that the
curve may be approximately represented by the expression

hF2i ¼ K
βg

; K ¼ 0.513ð1Þ; ð109Þ

for lattice volume 164. The important point is that the
plaquette varies as the inverse of βg, a fact that will be
important for us in what follows. The parameter K gets
smaller values as we increase the lattice volume.

3. β3 dependence of the decoupled fields
in the symmetric phase

Now we are in a position to proceed with the two-field
models with a kinetic coupling term. The picture of the
symmetric phase is similar for the two models, since the
symmetry breaking which discriminates between them is
absent. The parameters read β1 ¼ β2 ¼ 2.0 and βR ¼ 0.001.
We just consider β3 > 0. The quantities hF2

1i and hF2
2i are

shown in Fig. 7, for the symmetric phase for models B and
C (where βh ¼ 0.23). The two quantities are represented by
the middle curve, and they are equal [this agrees with the
prediction based on the vanishing of the correlators, already
mentioned previously, Eq. (107)]. The quantities hF2

1i and
hF2

2i start from moderate values and increase with β3.
However, we recall that the F1 and F2 fields are highly
correlated, due to the kinetic mixing term, so one should
rather consider the fields Gu and Gv, which are uncorre-
lated in the symmetric phase, as seen above. Since the two
fields are uncorrelated, we expect to get results which will
behave as suggested by (109), their only difference being
that hG2

ui is inversely proportional to Bu ¼ βg − β3, while
hG2

vi is inversely proportional to Bv ¼ βg þ β3. In Fig. 7,
one may see the results for hG2

ui (it is the uppermost curve),
and we may inspect the divergence of this quantity as
βg → β3ðBu → 0Þ. On the other hand, hG2

vi (the lowest
curve) decreases with increasing β3, since βg þ β3 never
vanishes.
We now proceed with fitting the expectation values of

hG2
ui and hG2

vi with 1
βg−β3

and 1
βgþβ3

, respectively. The fits

yield

hG2
ui ¼

0.569ð1Þ
βg − β3

; hG2
vi ¼

0.564ð1Þ
βg þ β3

: ð110Þ

We observe that the numerators are somewhat different
from 0.513(1) found from the single gauge field before,
Eq. (109). It means that the system, although it is similar to
a set of independent gauge fields Au and Av, is not entirely

FIG. 7. Symmetric phase, hF2
1i and hF2

2i, models B and C. One may see the results for hF2
1i and hF2

2i, which are the coincident middle
curve, hG2

ui (uppermost curve), and hG2
υi (lowest curve). The results are the same for all models in the symmetric phase.
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the same, since interaction with the scalar field is also
involved.
We have also calculated the Wilson loops for Gu and Gv,

and we have fit them using the expressions

WuðR; TÞ ∝ exp

�
−
αðGuÞ
R

T

�
;

WvðR; TÞ ∝ exp

�
−
αðGvÞ
R

T

�
: ð111Þ

The results are shown in Table I.
We may calculate the tree-level fine structure constant

using the relations α ¼ g2

4π and βg ¼ 1
g2. If we eliminate g2

among the two expressions, we get α ¼ 1
4πβg

. One may

compare the value of α from the Wilson loops against the
tree-level prediction, after substituting βg with the quan-
tities Bu ¼ βg − β3 and Bv ¼ βg þ β3, since these are the
expected couplings for Gu and Gv.
We observe that the fine structure constants calculated

from the Wilson loops are, in general, larger than the tree-
level values. However, the fine structure constants follow
the variation of the tree-level parameters. The coupling
αðGuÞ increases, while αðGvÞ decreases with β3.
We conclude that αðGuÞ differs from αðGvÞ, just because

the two fields Gu and Gv depend on Bu and Bv, respec-
tively. There is no important difference between models B
and C in the symmetric phase. One may fit the data and
discover that

αðGuÞ ≃
1.18

4πðβg − β3Þ
; αðGvÞ ≃

1.18
4πðβg þ β3Þ

: ð112Þ

C. Broken phase: Model B ðq1 = 0;q2 = 1Þ
We set βh ¼ 0.29, which places the system in the broken

phase. We start with the dependence of various quantities
on β3. Figure 8 shows that neither F1 and F2 norGu andGv
are appropriate for the study of the model, since both
correlators hF1F2i and hGuGvi are different from zero
(with the exception of hF1F2i at β3 ¼ 0). There is a striking
feature of these diagrams that needs explanation, namely,
the fact that the hF1F2i correlators appear to take very
large values for β3 ≥ 1.75. We shall deal with this later on.

TABLE I. Predictions and results for all models in the sym-
metric phase.

β3
1

4πðβg−β3Þ αðGuÞ 1
4πðβgþβ3Þ αðGvÞ

0.00 0.0398 0.0469(4) 0.0398 0.0470(3)
0.05 0.0408 0.0483(4) 0.0388 0.0461(3)
0.10 0.0419 0.0494(5) 0.0379 0.0445(4)
0.20 0.0442 0.0522(5) 0.0362 0.0426(4)
0.30 0.0468 0.0550(5) 0.0346 0.0411(4)
0.40 0.0497 0.0587(5) 0.0332 0.0392(4)
0.50 0.0531 0.0627(5) 0.0318 0.0377(2)
0.60 0.0569 0.0682(7) 0.0306 0.0352(4)
0.70 0.0612 0.0730(6) 0.0295 0.0333(4)
0.80 0.0663 0.0791(7) 0.0284 0.0314(4)
0.90 0.0723 0.0857(7) 0.0274 0.0294(4)
1.00 0.0796 0.0908(7) 0.0265 0.0276(5)

FIG. 8. Broken phase, model B: hF1F2i correlators (upper curves) and hGuGυi correlators (lower curves). The hF1F2i correlators are
greater than zero for the most part, while the hGuGυi correlators are mostly smaller than zero. When β3 becomes greater than 1.75, the
system passes over to the symmetric phase and the Gu and Gυ fields are the appropriate fields for its description; this means that they are
decorrelated, and this is why their correlator becomes zero for these β3 values.
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We have restricted plotting to 0 ≤ β3 ≤ 1.80, since the
values of hF1F2i for larger β3 are too large to depict in the
graph. Another remarkable feature in the graph is the fact
that the correlator hGuGvi vanishes for β3 ∈ ð1.75; 1.80Þ.
We will also come to this later on.
We calculated the plaquettes, which will prove useful in

what follows. The results for hF2
1i and hF2

2i (Fig. 9) are not
equal any more: The plaquette hF2

1i of the visible field
starts from a fairly large value, since it is in the unbroken
phase, while the dark field hF2

2i starts at a small value, since
it lies in the broken phase; both increase with β3. These
results are consistent with the ones in Fig. 1, where the hF2

1i
and the hF2

2i loops are shown. On the other hand, hG2
ui

increases, while hG2
vi slightly decreases with β3. It appears

that the pair Fμν
1 ; Fμν

2 behaves as expected from the tree-
level calculations: hF2

1i takes a relatively large value, since
it corresponds to an unbroken component, while hF2

2i takes
small values, compatible with a broken phase observable.
On the other hand, the plaquette values, with the interesting
exception of hG2

υi, are also taking very large values for
β3 ≥ 1.75, much like the correlators in Fig. 8.
To understand the abrupt change in the behaviors of the

hGuGυi correlators in Fig. 8, as well as of the hG2
ui; hG2

vi
and hF2

1i; hF2
2i plaquettes in Fig. 9, we depict in Fig. 10 the

phase diagram for the two values β3 ¼ 1.70 and β3 ¼ 1.80.
If we concentrate on βg ¼ 2.0 and βh ¼ 0.29, i.e., the
values used throughout this work, it is seen that the system
is in the broken phase for β3 ¼ 1.70 (lower curve) and in
the symmetric phase for β3 ¼ 1.80 (upper curve). Thus, the
large values seen before in the plaquettes are connected
with the passage of the system to the symmetric phase. The
same can be said about the hGuGυi correlator, which

vanishes abruptly for β3 ≥ 1.75: This may also be attrib-
uted to the passage to the symmetric phase. In addition, the
plaquette hG2

vi takes the symmetric phase value in this
parameter region.
As explained above, the problem with the results so far is

that the field correlators hF1F2i, as well as hGuGvi, do not
vanish; that is, the corresponding fields exhibit a nontrivial
mixing. It is desirable to find linear combinations of
the fields, which yield uncorrelated fields. We rotate the
Fμν
1 ; Fμν

2 fields to Hμν
1 ; Hμν

2 through an angle φ:

Hμν
1 ¼ sinφFμν

1 þ cosφFμν
2 ; Hμν

2 ¼ cosφFμν
1 − sinφFμν

2 ;

ð113Þ

and vary this angle until the correlators hHμν
1 Hμν

2 i of the
resulting fieldsHμν

1 andHμν
2 vanish. The fieldsHμν

1 andHμν
2

are the lattice analogs of the fields Xμν
1 and Xμν

2 mentioned
in the continuum treatment of the model. Some interesting
special values for ϕ are
(a) φ ¼ π

2
≃ 1.5708, for which Hμν

1 ¼ Fμν
1 and Hμν

2 ¼
−Fμν

2 . At β3 ¼ 0 the Hμν
1 and Hμν

2 fields are exactly
equal to Fμν

1 and −Fμν
2 , respectively, while for β3 > 0

these expressions also involve admixtures of Fμν
2 and

Fμν
1 respectively, (see Table II).

(b) φ ¼ π
4
≃ 0.7854, for which Hμν

1 ¼ Fμν
1
þFμν

2ffiffi
2

p ¼ Gμν
u and

Hμν
2 ¼ Fμν

1
−Fμν

2ffiffi
2

p ¼ −Gμν
v , that is, the linear combinations

appropriate for models A and C.
For small β3 we expect that Hμν

1 will be approximately
equal to Fμν

1 , as we saw in our analysis in the paragraph
about matter fields. By the same analysis, Hμν

2 will be
proportional to Fμν

2 [Eq. (28) in Sec. II B]. The relevant

FIG. 9. Broken phase, model B: hG2
ui and hG2

υi start together and diverge gradually with increasing β3. hG2
ui is the one with bigger

values. The remaining curves represent hF2
1i (the curve with the larger values, taking the value 0.28 for β3 ¼ 0) and hF2

2i (the curve with
the smaller values, starting at 0.11).
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angles for selected values of β3 are shown in Table II. One
may see that the appropriate fields, H1 and H2, are not
exactly equal to F1 and −F2, as the tree-level consider-
ations suggest; however, they are mainly F1 (with small F2

admixture) and −F2 (with small F1 admixture) for a quite
large range of β3, say, up to β3 ≃ 0.30. For bigger β3 the
contributions of F1 in H2 and the one of F2 in H1 become
significant.
In Fig. 11, we show the results of the simulation for hH2

1i
and hH2

2i versus β3. It appears that hH2
2i is approximately

constant (slightly decreasing), while hH2
1i increases slightly

as β3 increases. This is to be expected, since hH2
1i equals

mostly hF2
1i, which does not couple to the scalar field,

while hH2
2i equals mostly hF2

2i, so that it is influenced very
much by the symmetry breaking. As β3 increases and φ
tends to π

4
, Hμν

1 approaches Gμν
u , while Hμν

2 approaches Gμν
v ,

the fields that mostly characterize the symmetric phase.
This transition is shown in Fig. 11 for β3 around 1.75.
We have also calculated the Wilson loops for H1 and H2

and fit them using the expressions

WF2
ðR; TÞ ∝ exp

�
−
exp ½−mðF2ÞR�

R
T

�
;

WH2
ðR; TÞ ∝ exp

�
−
exp ½−mðH2ÞR�

R
T

�
; ð114Þ

WF1
ðR; TÞ ∝ exp

�
−
αðF1Þ
R

T

�
;

WH1
ðR; TÞ ∝ exp

�
−
αðH1Þ
R

T

�
: ð115Þ

The results are shown in Table III. In fact, we have
proceeded up to β3 ¼ 1.80 (not shown in the table) and
found that mðH2Þ is compatible with zero, which agrees
with the previous conclusion that the system passes to the
symmetric phase for these values of β3. The value of αðH1Þ
does not change much. It is interesting that αðH1Þ is
approximately constant and equal to αðF1Þ, which is
expected, since this field is presumably not coupled to
the scalar field.
We see that, for β3 ¼ 0, Hμν

2 coincides with the −Fμν
2

field, which interacts with the scalar field and is best
simulated with a Yukawa form for the potential in the
broken phase; on the contrary, for β3 ¼ 0 again, Hμν

1

coincides with the Fμν
1 field, which does not interact with

the scalar field, so one should expect the behavior appro-
priate to pure gauge fields. For nonzero β3 there is a
difference, in the sense that it is necessary to include a

TABLE II. Rotation angles for the construction of uncorrelated
fields H1 and H2, in the broken phase of model B.

β3 φ H1 H2

0.00 1.5708 F1 −F2

0.10 1.5381 0.999F1 þ 0.033F2 0.033F1 − 0.999F2

0.20 1.5053 0.998F1 þ 0.065F2 0.065F1 − 0.998F2

0.30 1.4730 0.995F1 þ 0.098F2 0.098F1 − 0.995F2

0.40 1.4408 0.992F1 þ 0.130F2 0.130F1 − 0.992F2

0.50 1.4097 0.987F1 þ 0.160F2 0.160F1 − 0.987F2

0.60 1.3793 0.982F1 þ 0.190F2 0.190F1 − 0.982F2

0.70 1.3430 0.974F1 þ 0.226F2 0.226F1 − 0.974F2

0.80 1.3200 0.969F1 þ 0.248F2 0.248F1 − 0.969F2

0.90 1.2925 0.962F1 þ 0.275F2 0.275F1 − 0.962F2

1.00 1.2625 0.953F1 þ 0.303F2 0.303F1 − 0.953F2

FIG. 10. Broken phase, model B: phase diagram for β3 ¼ 1.70 (lower curve) and β3 ¼ 1.80 (upper curve). The horizontal line
represents the βh ¼ 0.29 value used in the simulations.
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slight admixture of Fμν
1 intoHμν

2 , apart from the Fμν
2 . This is

not predicted by the tree-level considerations. Let us recall
Eqs. (28):

Xμ
1 ¼ −Aμ

1 þ κAμ
2; Xμ

2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − κ2

p
Aμ

2: ð116Þ

The tree-level field ∂μX1;ν − ∂νX1;μ corresponds to H1;μν,
while ∂μX 2;ν − ∂νX2;μ corresponds to H2;μν. We find that,
for small κ, Xμ

1 derives from Aμ
1 only, and this is consistent

with the results in Table II, where the corresponding field
Hμν

1 is basically Fμν
1 (with an admixture of Fμν

2 , however).
On the lattice we need an admixture of Fμν

1 and Fμν
2 to get

the uncorrelated fields Hμν
1 and Hμν

2 . Thus, for small β3, it
turns out that H1 is basically F1 and yields a Coulomb

potential, while H2 is basically F2 and yields a Yukawa
potential. It is reasonable to expect Coulomb expressions
for the H1 fields and Yukawa expressions for the H2 fields;
the numerical results confirm these expectations. Having
fixed the linear transformations for each value of β3, we
calculate the potentials for H1 and H2 and fit H2 with a
Yukawa form with mass mðH2Þ and H1 with a Coulomb
form, where the fine structure is αðH1Þ.
We have also reported, in Table III, the masses of the

scalar field, to compare with the mass of the H2 gauge
field. It turns out that the mass of the scalar field is
approximately independent from β3, while mðH2Þ is
comparable to mscalar for small β3, but it drops substan-
tially when β3 increases. The scalar field can possibly
decay into the gauge H2 and other fields, while the
products of the H2 decay may not include the scalar,
especially for β3 > 0.10.

D. Broken phase: Model C ðq1 = 1ffiffi
2

p ;q2 = 1ffiffi
2

p Þ
We start our study of model C with its phase diagram in

Fig. 12. In this figure, we show the phase diagrams for
model C at six values of β3, namely, 0.00, 0.20, 0.60, 0.70,
1.60, and 1.65. If we focus on βg ¼ 2.0, the value used
throughout our paper, we observe that, for β3 ¼ 1.60 and
βh ¼ 0.30, the system lies in the broken phase, while for
β3 ¼ 1.65 and βh ¼ 0.30, it lies in the symmetric phase.
The phase transition point, when βh ¼ 0.30, is estimated
to be around β3 ≃ 1.63. Thus, the system is estimated to
move from the broken to the symmetric phase when β3
increases, while the remaining parameters are kept fixed.
This means that big β3 push the system toward the
symmetric phase.

TABLE III. Fit parameters for the fields Fμν
1 and Fμν

2 , as well
as the uncorrelated fields Hμν

1 and Hμν
2 , in the broken phase of

model B.

β3 φ mðF2Þ αðF1Þ αðH1Þ mðH2Þ mscalar

0.00 1.5708 2.15(4) 0.0470(2) 0.0470(2) 2.15(4) 1.91(7)
0.10 1.5381 2.31(3) 0.0469(3) 0.0470(2) 1.905(6) 1.92(6)
0.20 1.5053 2.32(4) 0.0468(2) 0.0471(1) 1.65(9) 1.93(7)
0.30 1.4730 2.31(3) 0.0471(2) 0.0469(3) 1.52(9) 1.93(8)
0.40 1.4408 2.24(4) 0.0472(2) 0.0470(1) 1.48(11) 1.94(8)
0.50 1.4097 2.27(2) 0.0469(2) 0.0468(3) 1.30(9) 1.95(6)
0.60 1.3793 2.36(4) 0.0474(3) 0.0470(2) 1.23(10) 1.95(7)
0.70 1.3430 2.28(2) 0.0469(2) 0.0460(3) 1.10(10) 1.97(7)
0.80 1.3200 2.24(4) 0.0475(2) 0.0460(2) 0.94(8) 1.99(6)
0.90 1.2925 2.26(3) 0.0474(2) 0.0450(2) 0.87(2) 2.00(7)
1.00 1.2625 2.21(7) 0.0473(2) 0.0453(2) 0.69(9) 2.02(6)

FIG. 11. Broken phase, model B: hH2
1i (upper curve) increases with increasing β3, while hH2

2i (lower curve) remains approximately
constant (actually, it decreases slightly) until β3 takes the value 1.75.
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In fact, for phenomenological studies of dark matter,
β3 should be restricted to small values. We examine what
will happen for other values of the gauge coupling βg.
Consider, for example, the two middle curves in Fig. 12,
corresponding to β3 ¼ 0.60 and β3 ¼ 0.70. If we concen-
trate on βg ¼ 1.0, we see that β3 ¼ 0.60 and βh ¼ 0.30
places the system in the broken phase, while β3 ¼ 0.70 and
βh ¼ 0.30 places it in the symmetric phase. The estimated
critical value for β3 is around 0.67. Finally, we consider the
two curves on the left, corresponding to β3 ¼ 0.00 and
β3 ¼ 0.20. We may now easily see that the values βg ¼
0.50 and βh ¼ 0.30 take us deep in the broken phase for
β3 ¼ 0.00 and in the symmetric phase for β3 ¼ 0.20, with
an estimated critical value around β3 ¼ 0.18. There follows
the conclusion that critical β3 values may be small,
provided βg is small enough.
A distinctive feature of the phase diagram worth men-

tioning is the behavior of the phase transition lines near
β3 ¼ βg. The coupling βg may not be smaller than β3. For
instance, for β3 ¼ 1.65 (the rightmost curve), the phase
transition line moves to smaller βg and larger βh; however,
for large βh, the line becomes vertical at the value
βg ¼ 1.65, since it may not become smaller that β3. In
Sec. III. 1, we have seen that, when β1 ¼ β2 ¼ βg and
q1s ¼ q2s, as is the case in model C, it is appropriate to
describe the system through the massive Aμ

u field (which
couples with the scalar field via the dimensionless charges
Qus ¼ 1) and the massless Aμ

v field, which does not couple
to the scalar field, sinceQvs ¼ 0. According to Eq. (79), the
couplings for these fields in the symmetric phase equal:
Bu ¼ βg − β3 and Bv ¼ βg þ β3. In the symmetric phase, it
is evident that βg − β3 should be positive, meaning that βg

may not be smaller than β3. It appears that this feature
insists in the phase diagram, although we examine the
broken phase and we have not done any transformation to
the Aμ

u and Aμ
v fields.

The line has an abrupt change, and, finally, it assumes its
final vertical form for βh ¼ 0.38 or larger. A rather unex-
pected result is that the value βh ¼ 0.38, for which the
vertical part starts, is the same (within errors) for allβ3 values.
We now go ahead with the study of the dependence

of the quantities hF2
1i, hF2

2i, hG2
ui, and hG2

vi on β3
(βg ¼ 2.0), which may be seen in Fig. 13. The variation
of the various quantities is fairly mild, up to β3 ≃ 1.63,
where there is an abrupt change. This behavior can be
explained with the help of the phase diagram in Fig. 12.
The quantities hF2

1i and hF2
2i in Fig. 13 are equal, since

their couplings to the scalar field are equal. However,
we have found that the correlators hF1F2i cannot be
neglected, so one should diagonalize the action, using
the Gμν

u and Gμν
v fields, for which the correlator hGuGvi

vanishes. The field Gμν
u is the one that couples to the

scalar field, so that the quantity hG2
ui takes on rather

small values. On the other hand, Gμν
v does not couple to

the scalar field, so the values of hG2
vi are comparatively

large; they actually decrease slightly with increasing β3,
since they are expected to be proportional to 1

βgþβ3
.

These explanations hold up to β3 ¼ 1.63. At that point,
as explained previously, the system passes over to the
symmetric phase, so the Gμν

u field is now proportional to
1

βg−β3
and takes very large values. This behavior is also

seen in hF2
1i and hF2

2i, since they may be expressed as
functions of hG2

ui. On the contrary, for the Gμν
v field,

nothing changes and it decreases for β3 > 1.63 as well.

FIG. 12. Phase diagrams for model C and the values β3 ¼ 0.0, β3 ¼ 0.20 (the leftmost curves), β3 ¼ 0.60, β3 ¼ 0.70 (the two curves
in the middle), β3 ¼ 1.60 and β3 ¼ 1.65 (the two rightmost curves).
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In Table IV, the mass of Gμν
u and the fine structure

constant of Gμν
v , as well as the mass of the scalar particle

for model C, may be found. The fine structure constant
αðGvÞ decreases with β3, as expected. The mass of Gμν

u

also decreases. Actually, if one continues with the sim-
ulations for even larger β3, this mass will become
compatible with zero and the system will pass over to
the symmetric phase after β3 ¼ 1.63. On the other hand,
for small β3, the mass of Gμν

u is larger than the scalar mass
[28]; but this is reversed for β3 > 0.50, and it is expected
that the gauge field cannot give scalars through its decay,
if β3 grows large enough. In addition, the coupling αðGvÞ
in Table IV is approximately equal to αðGvÞ in Table I, that
is, the corresponding field in the symmetric phase. Thus,
the field in the symmetric phase, which is not coupled
with the scalar field ðQvs ¼ 0Þ, does not change essen-
tially after symmetry breaking.

V. CONCLUSIONS

We have studied a model, suitable for dark matter
inquiries, among others. The model is based on a product
group, with Uð1Þ factors, and we have identified the
resulting gauge groups in a couple of models with varying
scalar field charges. The model is more general than its
motivation.

(i) The tree-level mass predictions in the continuum
[25] for the massive gauge fields predicted by the
usual method equal the predictions of the method
proposed in this work. One may see this readily by
comparing (24) against (60) for model A, (30)
against (65) for model B, and (33) against (68)
for model C. That these predictions are identical
lends confidence that the approach proposed here is
on the right track.

(ii) The tree-level mass predictions in the continuum
behave quite differently from the corresponding
lattice results: They tend to diverge, when β3
approaches βg, equivalently when κ approaches
one. On the contrary, their lattice counterparts
approach zero in this limit, as may be seen inspect-
ing the mðH1Þ column in Table III and the mðGuÞ
column in Table IV. The source of this strong
disagreement may be traced to the fact that lattice
calculations are nonperturbative, so they can, e.g.,
detect phase transitions, while tree-level calculations
cannot. In our case, increasing β3 to approach βg,
moves the system toward a phase transition, which
cannot be seen from the tree-level calculations.

(iii) The fine structure constants displayed, e.g., in
Tables I, III, and IV, are more or less the same

TABLE IV. The parameters mðGuÞ and αðGvÞ in the broken
phase of model C.

β3 mðGuÞ αðGvÞ mscalar

0.00 2.59(9) 0.0453(6) 2.11(1)
0.10 2.58(11) 0.0435(6) 2.10(1)
0.20 2.52(9) 0.0412(6) 2.11(1)
0.30 2.51(8) 0.0388(4) 2.10(1)
0.40 2.52(10) 0.0374(5) 2.09(2)
0.50 2.21(16) 0.0354(6) 2.08(2)
0.60 1.60(16) 0.0340(6) 2.08(2)
0.80 1.9(8) 0.0289(6) 2.07(2)
1.00 0.7(3) 0.0283(9) 2.06(3)

FIG. 13. Broken phase, model C: hF2
1i, hF2

2i (coincident middle curves), hG2
ui (curve starting at 0.11), and hG2

vi (curve starting
at 0.27).
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for small enough β3, despite the fact that they refer to
different situations (for example, symmetric versus
broken phases). In the symmetric phase, the quantity
αðGuÞ increases, while αðGvÞ decreases with in-
creasing β3, in qualitative agreement with the tree-
level predictions αðGuÞ ∝ 1

βg−β3
and αðGvÞ ∝ 1

βgþβ3
.

In the broken phase of model B, the quantity αðH1Þ,
which corresponds to αðF1Þ (this does not couple to
the scalar field), is essentially constant. This is in
sharp contrast with the behavior of the fine structure
constants in the symmetric phase. On the other hand,
in the broken phase of model C, the quantity αðGvÞ
decreases with increasing β3. This is qualitatively
similar with its behavior in the symmetric phase. On
the contrary, the field Gμν

u yields a Yukawa behavior.
(iv) The masses in model B of the gauge field Fμν

2 , which
interacts with the scalar field, do not depend appre-
ciably on β3, while the masses of Hμν

2 do so. These
masses are equal for β3 ¼ 0 and then the mass of the
gauge field Hμν

2 becomes smaller, as β3 increases.
The masses of the scalar field in model B slightly
increase with β3 and become bigger than the mass of
the gauge field Hμν

2 . In model C, the mass of the
gauge field Gμν

u is bigger than the scalar mass for
β3 ¼ 0, but it diminishes as β3 increases and
becomes smaller than the mass of the scalar field
at β3 > 0.50. The tree-level prediction for the scalar
field mass is a value that does not depend on β3 for
either model.

(v) The system may move from the broken to the
symmetric phase, when β3 is changed. According
to Fig. 10, there is a phase transition from the broken
to the symmetric phase in model B, as β3 becomes
bigger than 1.75. This explains the qualitatively
different behavior for β3 ≥ 1.75 in Figs. 8 and 9.
Similarly, according to Fig. 12, there is a phase
transition from the broken to the symmetric phase in
model C, as β3 becomes bigger than 1.63. This
explains the qualitatively different behavior for β3 ≥
1.63 in Fig. 13. The critical values of β3 move to
smaller values (for instance, 0.67 or 0.18, as de-
picted in Fig. 12) if βg is chosen to be smaller, i.e.,
for stronger gauge coupling. In an attempt to relate
lattice parameters with continuum quantities, we
also write down the effective potential in the
continuum at one loop, where the gauge coupling

g2 should be replaced by g2

1−κ, with g2 a quantity
independent from κ. This form describes the effec-
tive coupling in the presence of kinetic coupling, as

explained in the paper; it is expected to provide
valuable nonperturbative information. The result is
that the characteristic of two minima persists; as one
increases κ, however, the separation of the two
minima becomes very small. This means that the
phase transition toward the symmetric phase is
missed by the one-loop effective potential, but it
appears that the system will possibly move to the
symmetric phase near κ ¼ 1, if higher loop correc-
tions are included; we are working on this.

(vi) We have performed simulations of the model for
negative β3, and the results for the mean values hF2

1i,
hF2

2i, hG2
ui, and hG2

vi are equal to the mean values
for jβ3j.

Future work may include the following.
(a) Numerical computation for the β functions for the

various couplings via a nonperturbative calculation.1

To this end, one might compute the dependence of our
results on the lattice size, to get an estimate of the
dependence on the lattice spacing and the approach to
the thermodynamic limit. This calculation would
allow for a connection with physical quantities and
we postpone it for a separate publication.

(b) Simulation of a model based on SUð2Þ ×Uð1Þ×
Uð1Þ, to provide the possibility to study the main
physically different and realistic couplings of the dark
Uð1Þ, to either the hypercharge or the electromag-
netic Uð1Þ.
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