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I present a unified model for single pion production in photo-, electro-, and neutrino-nucleon interactions
that is applicable across the broad kinematic range in the GeV regime relevant to accelerator-based neutrino
experiments. The model incorporates vector and axial-vector transition form factors for excited nucleon
states with masses up to 2 GeV, together with nonresonant background contributions, within a meson
dominance framework that respects quantum chromodynamic constraints and preserves unitarity. This
construction ensures the correct asymptotic behavior at large momentum transfer (Q?) while providing a
consistent description of the resonance and transition regions. At very low QZ, the implementation of the
conserved vector current and partially conserved axial current relations leads to reliable predictions and
helps address challenges encountered in current neutrino data analyses. The unified framework enables a
global analysis that combines the available electron, photon, pion, and neutrino scattering data. This
comprehensive approach allows detailed studies of nucleon structure in the resonance region and provides
important constraints on weak interaction form factors, where modern neutrino-nucleon data remain
limited. By determining all model parameters simultaneously with their correlated uncertainties, the
approach establishes a robust, data-driven foundation for precision neutrino interaction modeling in support
of next-generation neutrino oscillation measurements.

DOI: 10.1103/3rbk-gi2p

I. INTRODUCTION

Precise modeling of neutrino interactions [1-8] is essen-
tial for predicting both overall interaction rates and detailed
final-state kinematics in neutrino experiments [6,9—11].
These models determine how the true neutrino energy maps
onto the observable energy deposited in a detector, a
relationship that directly affects oscillation analyses and
the control of systematic uncertainties. Achieving accurate
cross section predictions across the wide kinematic range
probed by broadband neutrino beams is, therefore, indis-
pensable for meeting the precision goals of current and next-
generation experiments.

Among the processes relevant to this energy regime,
neutrino interactions that produce a single pion in the final
state play a central role. In the 1-3 GeV energy region,
characteristic of all modern accelerator-based neutrino
beams, single pion production (SPP) constitutes the largest
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component of the inclusive neutrino-nucleus cross section.
A precise and theoretically robust description of SPP
dynamics is, therefore, essential for reducing interaction
model systematics in oscillation measurements.

Modeling SPP is inherently challenging because it
involves two distinct but experimentally indistinguishable
production mechanisms. The first is resonance production,
in which the exchanged boson excites the nucleon to a
baryon resonance that subsequently decays into a pion-
nucleon final state. The second is nonresonant production,
where the pion is created directly at the interaction vertex
alongside the outgoing nucleon. These mechanisms produce
final states that are kinematically identical and give rise to
non-negligible interference effects. A reliable theoretical
framework must, therefore, treat resonant and nonresonant
amplitudes coherently, with a consistent phase structure
across the entire kinematic domain.

Inelastic neutrino-nucleon scattering, including SPP
channels, can be described using two independent kinematic
variables, typically chosen as invariants: the four-momen-
tum transfer (Q?) and the invariant hadronic mass (W). The
accessible kinematic region in terms of Q> and W for
various neutrino energies relevant to current and future
accelerator-based experiments is shown in Fig. 1. The
neutrino energy spectra for T2K, Hyper-Kamiokande,
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FIG. 1.
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The allowed kinematic region for charged-current inelastic neutrino-nucleon interactions in terms of Q% and W for different

neutrino energies. The left panel illustrates the evolution in W and highlights the different resonance regions. While the resonance region
extends up to W = 2.0 GeV, single pion production can still occur at higher W through nonresonant interactions. The right panel shows
the corresponding evolution in Q2, following Ref. [12]: at low Q? neutrinos predominantly probe the nucleon as a whole, whereas at
higher Q? they resolve individual quarks, with a broad transition region between hadronic and partonic degrees of freedom.

and MicroBooNE peak below E, =1 GeV, while NOvVA
operates primarily in the range of 1 < E, < 3 GeV, and
DUNE extends up to E, <5 GeV. Consequently, for
wideband beams in accelerator-based neutrino experiments,
interaction models must remain valid across a broad range
of Q% and W.

At low invariant mass W (< 1.4 GeV), the target nucleon
is excited to the A(1232) resonance, which promptly decays
into a nucleon and a pion. The A resonance provides the
dominant contribution in the resonance region and is the
sole resonance present in the first resonance region
(1.08 GeV < W < 1.4 GeV). At higher W, the second
resonance region (1.4 GeV < W < 1.6 GeV) contains
three isospin-1/2 resonances: the P;;(1440) Roper reso-
nance and the two negative-parity states D3(1520) and
S11(1535). Beyond this, the third resonance region
(1.6 GeV < W < 2.0 GeV) includes several additional res-
onances, although their overall contribution to the cross
section is smaller. In both the second and third resonance
regions, mesons heavier than the pion, such as #, K, @, and
p, can also be produced.

The Q? dependence further characterizes the scattering
regime, as illustrated in the right plot of Fig. 1. At low O
(<1 GeV?), the interaction is dominated by hadronic
resonance production and nonresonant background proc-
esses, without quark-level interactions inside the nucleon.
In the intermediate region (1 < Q% <4 GeV?), hadronic
resonance production coexists with nonperturbative shal-
low inelastic scattering (SIS), often described as the quark-
hadron transition region. At higher momentum transfers
(Q? = 4 GeV?), perturbative quantum chromodynamics
(QCD) becomes applicable, and deep inelastic scattering

(DIS) processes, dominated by quark-level interactions,
prevail.

In addition to model development and robust predictions,
a crucial aspect of theoretical work in neutrino experiments
is the quantification of uncertainties. While several SPP
models exist [13-25], most of them address only key
processes, focusing primarily on the first and second
resonance regions. However, none of these models sys-
tematically study or evaluate the systematic uncertainties
inherent to the models themselves. Furthermore, existing
SPP models are confined to the nonperturbative region,
which does not encompass the broad kinematic range
required for neutrino experiments. The primary goal of
this work is to develop a comprehensive model that
addresses these gaps, providing a robust framework to
enhance the precision of neutrino measurements.

A commonly used parametrization of nucleon form
factors in theoretical models is the dipole form factor,
originally derived from elastic electron scattering data.
However, measurements from inelastic scattering indicate
that the dipole form fails to accurately describe excited
nucleon states, particularly in the transition region. In
contrast, the meson dominance (MD) form factor model,
which accounts for the interaction between leptons and
nucleons via meson exchange with analogous quantum
properties, provides a more realistic description [26]. As
emphasized in Ref. [27], the MD framework, consistent
with QCD expectations, successfully captures the behavior
of nucleon form factors across both perturbative and
nonperturbative regimes, including the hadron-quark tran-
sition region. The model contains a set of parameters
constrained by unitarity and analyticity considerations,
however, their precise determination requires high-quality
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TABLE 1. Isospin relation for vector form factors where sy = (%— 2sin”@y,). Note that in the case of an isospin 1/2 — 3/2
transition, the form factors are equal for the proton and neutron, which is indicated by the index N (instead of p or n).

Channels FYforI=1/2 CY forI=1/2 FY for I =3/2 CY for I =3/2
e"p— e R F? c? FY cy

e p—e RO F? Cy FY cy

vp — IR N/A N/A FY = —FV cl =—cV
vn — ["R* FY =F'—F" cY=cl-cy FY = -FV cV = -V
s R Fl—swFl~LFI=3F O —syCl -1 -ha FY = syFY &Y = sy
vp - vR® Fl =syF? —1Fr —1Fy Cl =syCl -1cr-1cs FYN = syFY CN = syCV

data spanning a wide kinematic range, which are presently
limited by the scarcity of neutrino interaction
measurements.

To address this limitation, this work introduces a unified
framework that extends the description of single pion
production to analogous processes induced not only by
neutrino beams but also by electron, photon, and pion
probes. The form factors governing these interactions are
fundamentally related. In particular, the vector current form
factors entering weak interactions are connected to proton
and neutron electromagnetic form factors through isospin
symmetry, as summarized in Table I. Consequently, com-
bining information from different probes is especially
advantageous, since electron, photon, and pion scattering
experiments provide extensive and precise datasets covering
a broad kinematic domain. Exploiting these complementary
measurements enables a more comprehensive investigation
of nucleon structure than can be achieved using neutrino
data alone.

The unified model leverages the strengths of each
interaction channel. Electron scattering data provide precise
constraints on the vector current over a wide range of Q2,
while photon-induced reactions offer complementary sen-
sitivity in the very low-Q? region. Pion scattering data,
interpreted within the framework of the partially conserved
axial current (PCAC) hypothesis, supply essential informa-
tion on the axial-vector current at low Q2. The combined
dataset, therefore, provides a powerful foundation for
addressing longstanding tensions between single pion
production models and neutrino measurements, particularly
in the low-Q? region.

The advanced theoretical framework developed in this
work, referred to as the MK model, is designed to
seamlessly incorporate these diverse datasets while remain-
ing consistent with fundamental QCD principles and
preserving all relevant symmetry relations. Such theoretical
consistency is essential for achieving a unified and reliable
description of nucleon dynamics across different exper-
imental probes.

In addition, the analysis strategy employed in this study
enables careful control of systematic uncertainties, which
primarily originate from experimental inputs and model
parametrization choices. The resulting predictions include

well-quantified uncertainties, a prerequisite for precision
neutrino measurements and for reducing model-dependent
biases. This capability is particularly important for next-
generation neutrino experiments, where accurate interac-
tion modeling is required to fully exploit the discovery
potential of precision measurements.

II. GENERAL DESCRIPTION

Let us consider the weak, electro, and photo pion
production reactions,

Z}&O+N@n+§}wﬁ+N@ﬁ+ﬂmL

e(k;) + N(py) = e(ky) + N(p2) + #(q),
y(k) + N(py) = N(p2) + 7(q). (1)

Here, N denotes a nucleon, v(7) a neutrino (antineu-
trino), and / the outgoing charged lepton or neutrino in
charged-current (CC) and neutral-current (NC) inter-
actions, respectively. The four-momentum of each particle
is indicated in parentheses.

For weak and electroproduction processes, the four-
momentum transfer between the initial and final leptons is
defined as

k= kl - k27 (2)

and the corresponding invariant four-momentum transfer
squared is

Q* = -k = (k| — k). (3)
The invariant mass of the final pion-nucleon system is
W2 = (k+p1)* = (p2+q)* (4)

For noninvariant quantities, such as energy transfer, a
superscript L is used to denote laboratory-frame variables.
Quantities without the superscript L refer to the center-of-
mass frame of the final pion-nucleon system (the isobaric or
Adler frame), which is defined by
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FIG. 2.
k is the direction of the momentum transfer between leptons.

Isobaric (Adler) frame or the zN center-of-mass frame.

q+p,=k+p; =0, (5)

as illustrated in Fig. 2. In this framework, the differential
cross section for lepton-induced single pion production is
given by

do(IN - I'Nn) 1 |q -k

_ 2
dk*dWdQ, _(2ﬂ)48M2(kL)2|M|’ (6)

while for photoproduction,

do(yN — Nr) 1 2M?  |q|
= 3 2 > T |M|2 (7)
dQ, (4r)* W* = M* W

The invariant matrix element can be written as

G
M(N = I"Nz) = —Lae,(Na|Jtc, IN),

V2

G
M(oN = I*Nr) = —% ag,(Nz|J}c_|N),

V2
1
M(eN = ¢'Nz) = ezpe};:M(NﬂU]’éMW),
M(yN = Nx) = ecy(NalJy|N). (8)
Here, J” denotes the hadronic current, G is the Fermi
constant, e is the electric charge, and a = cos @, for CC
interactions and a = 1/2 for NC interactions. The photon
polarization vector is denoted by €}, and the lepton currents
are given by
€, = ;(ky)y, (1 = ys)u, (k)
é/) = ﬁ7<k2)7p(1 + }/S)uf/(kl)v
E/EM = ﬁe<k2)7/pue<k1)' (9)

In the massless limit, only left-handed helicity states
contribute. However, in charged-current interactions with
a v, beam, the finite muon mass leads to non-negligible
contributions from both helicity states. One can, therefore,
define

¢ =, (k)y, (1 = 7s)u, (ky), (10)

where A= —(+) corresponds to left- (right-)handed
helicity.

The lepton current can be decomposed in terms of the
polarization vectors of the intermediate boson,

65 = CLAei—FCRAe%—FC/Ieg, (11)

where ¢/ and €} are transverse polarizations, and ¢/ is the
longitudinal polarization. These are given by

1
e%:ﬁ(o,], 1,0),
1
e}{, = 75(0,—1, 1,0),
1
ef = (€9,0,0,€3), (12)

(€9)* = (&)
with coefficients

1
Cp, = —= () +i€j),

V2

CRA = _%(6}{ - i€2)’
Cr=/I(e2)* = (e2)°]- (13)

The matrix element can be expressed in terms of helicity
amplitudes and the coefficients in Eq. (13). The helicity
amplitudes are defined by the helicities of the initial
nucleon (4;), final nucleon (4,), and boson polarization
(A)- This leads to 16 amplitudes for the vector current and
16 for the axial-vector current in CC interactions. For
electromagnetic and NC processes, the number of inde-
pendent amplitudes is reduced according to the available
boson polarizations.

The helicity amplitudes are defined as

- 1
A
Fz;zl = <N”|€§kﬁJX|N>7
- 1
Y
G/l];,/ll = <N”|e§kWJ£|N>’ (14)

where ef{A are the transverse and longitudinal polarization

vectors of the virtual intermediate vector boson, as defined
in Eq. (12).
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The internal structures of the nucleon or excited nucleon
are encoded in form factors [28-30], which depend on 0?
and provide essential inputs to the hadronic currents and
helicity amplitudes. The most sophisticated model to
describe these form factors is the MD model, based on
the effective Lagrangian of quantum field theory, as
introduced in Refs. [31,32]. The MD model explains the
interaction between leptons and nucleons through meson
exchange with analogous quantum properties. The form
factors can then be expressed in terms of the meson masses
(m}), the ratio of coupling strengths between the gauge
boson and the meson, and between the meson and the
nucleon (a;), summing over all possible n mesons,

n a m2
(k) = Zmz_f_sz, (15)
j=1""J

where a list of vector mesons and axial mesons is given in
Table II.

There are two shortcomings from the form factor model.
Firstly, the form factor in Eq. (15) does not have analytic
properties and does not obey the unitarity condition.
Secondly, the asymptotic behavior of the form factor differs
from the asymptotic scaling behaviors predicted by QCD.
However, these properties can be imposed to the
MD model.

Imposing the conditions brings us to a complex system
of equations for the coupling constant ratios, making it
difficult to find solutions in the general case. However, in
Ref. [33], an equivalent system of equations is derived for
the coupling constant ratios, with coefficients that are
simply even powers of the corresponding meson masses.
In principle, one can find solutions to these equations even
in the general case, referred to as linear superconvergence
relations,

(16)
j=1

where m < n shows the asymptotic behavior of the form
factors,
F(k?) ~k2m,

‘k2‘—>oo

TABLE II. (Axial-)vector meson masses.

k p -group m [GeV] @ -group M) [GeV]
1 p(770) 0.77526 (782) 0.78265
2 p(1450) 1.465 (1420) 1.410

3 p(1700) 1.720 (1650) 1.670

4 p(1900) 1.885 ®(1960) 1.960

k  a; -group mq, ) [GeV] f1 -group ms i [GeV]
1 a(1260) 1.230 f1(1285) 1.2819

2 a,(1420) 1.411 f1(1420) 1.4263

3 a(1640) 1.655 f1(1510) 1.518

4 a,(2095) 2.096 £1(1970) 1.1971

ITII. RESONANCE PRODUCTION

The general form of the helicity amplitudes was derived
in my previous works [34-36] and is reproduced in
Appendix for completeness. The sixteen vector helicity

amplitudes (Fii.zl) are presented in Table V, while the

sixteen axial-vector helicity amplitudes (Giﬁ ;) are listed in
Table VI. These amplitudes incorporate several ingredients,
including Clebsch-Gordan coefficients corresponding to
different SPP channels and Breit-Wigner parametrizations
describing the finite widths of the resonance states.

The key element in their definition is the resonance
production amplitude, which is the focus of this section.
These amplitudes are defined as

1
V.A «
FEY == 2W<N 3/20efy N 1/2).
oA = ——W (N*, 1/2]ehd VYN, ~1/2),
wva _ 1 V=R ,
1/2|e 1/2). (17

Here, f(V4) denote the vector and axial-vector production

amplitudes, and JLV’A) represent the corresponding
hadronic currents. The state N* denotes the produced
resonance.

The resonances in the first and second resonance regions
have spin 1/2 or 3/2. The corresponding hadronic currents
associated with these resonances can be written as

(N*(P)I 50N (p1)) =
<N*(P)|J/1)/2‘N(P1)>

Fa(P)T5u(py),

= ()l Lu(p1), (18)
where p = p; + k. In these equations, u(p) represents the
Dirac spinor for spin-1/2 resonances, while y,(p) denotes
the Rarita—Schwinger spinor for spin-3/2 resonances [37].
The operators I'y), and I'{, encapsulate the interaction
dynamics and depend on the specific form of the current J*,
as well as the quantum numbers of the resonances involved.
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Given that the dynamics governing resonances with spin
1/2 and 3/2 differ significantly, I will discuss these cases
separately to provide a clear understanding of their respec-
tive contributions.

A. Resonance with spin 1/2

In the first and second resonance regions, there are two
resonances with spin 1/2: the P (1440) resonance, which
has positive parity, and the S;; (1535) resonance, which has
negative parity. Their corresponding interactions are
defined as follows:

I, (P) =
Y, (8n) =

[V1/2 Al/z]
[V(;?z Al/z]?’sv (19)

where the vector (V] /2) and axial-vector (.Al /2) components
are given by

]:'V fV )
Vip = e (fk> — k27p)+ﬁ(10”“ka)v

f
Ay = Far'y’ + ﬁpkﬁ}/s- (20)
The vector and axial-vector helicity amplitudes for the Py,
and Sp; resonances can be derived from Eqs. (17) and (20).
Here, I present the explicit forms of these amplitudes for
P, resonance,

k| FY
\% P — | |: vV _ 2 k2:|,
fL(P) —W(Ek+M) Ty
V(4) 1 |k| 0 3
P) =l (|k|€? — ko€
Sos (P11) C/I 2W(Ek—|—M)(’ |€/1 0511)
X—W [F{ = FY], (21)
+
E,+M
fél(pll):_fA kW ,
FAP) = & e | FAl(KIE] = o)
o (P c, 2W(Ek+M) ARIERL T T0M

+eW, ]+ -7:P (|k€/1 koei)} (22)

and for §;; resonance,

(Ex +M)[FY Fy
f&(Sn): T Wé ke — WiW—v
1 JE,+M
o (S1) = [ (IKled = ko)
A
Fiw J—'z]
X |- -+ —= 23
o (23)

K
A (Sn) = ~Fa il
f4.(Sn) A WE, T M)
" 1 B+ M
fo<+>(511):—a1 3 |:fA(€gW+)
f
22 (kjed - kwﬁ)], (24)

where F! (i =1, 2) denote the vector transition form
factors for spin-1/2 resonances and correspond to either the
CC form factors (F V) the electromagnetic form factors
(FN ~, with N = p, n), or the NC form factors (FN ', with
N = p, n). Similarly, 7, and Fp denote the CC axial-
vector and pseudoscalar form factors (F4, Fp) or their NC
counterparts (FY, F¥). The pseudoscalar form factor Fp is
not independent, but is related to F, through the PCAC
hypothesis [16,37]. Consequently, only one independent
axial-vector form factor is required for spin-1/2
resonances.

The vector form factors C} and CYV (F} and F}") can
be related to the electromagnetic form factors C/™" (FI'"),
as is presented in Table I.

B. Resonances with spin 3/2

In the first and second resonance regions, there are two
resonances with spin 3/2: the P33 (A) resonance, which has
positive parity, and the D;3(1520) resonance, which has
negative parity. Their corresponding interactions are
defined as follows:

F(3l72 (P3 )

I5,(Di3) =

Vajn = Asplr,
[3/2 -’43/2] (25)

where the vector (Vg’/)z) and axial-vector (A3 /2) components

are given by

w _CY Ci
Vi, = W (97K — k™) + v (9"k.p — k*p”)
v
M_S(gapkp — k*pY),
e ch
A3/2:M(9apk—ka3/”) —z(ga’)kp k*p”)
+ Cag> +o G > kke . (26)

The vector and axial-vector helicity amplitudes for the
P33 and D3 resonances can be derived from Eqs. (17) and
(26). Here, I present the explicit forms of these amplitudes
for P33 resonance,
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k| 1 [CYwW cY
fY(Py) = - |W|\/_[ * 4 4Wk0+ 5 (Wko — kz)]’
k| 1 CV cv C
7 = K] F[MW<kZ—MW+> i W 15 (W = ).
vl k| 1 cy ¢y cY
P Pr) = = ol (K1 = ko) 5+ W 5 (W = )| @)
N [CAw_ CA
fé3(P33) ——\/;|: 3M +_Wk0+CA
NCA2|k| + kyW_ C4
fA(Ps3) = - F{ﬁ7|1:~|k+§4 - 4Wko c]
N1 ca A
7P =¥ (% S ) i ko) s + S ik k)] 28)
and for D3 resonance,
N[CY C CV
PO =\ [ W+ s W W = 2.
N[CY k2 CV C
\% _ Y3 _ 2
f_l(D13) =\% [M (W_ 2Ek —l—M) +M2 Wk + (Wko k )],
N1 C cy CV
V(A Z
70D = 5 g (K1 = ko) [ 55 + T W4 1 0 = ko). (29)
k| 1 CAW c4
f45(Dy3) = —%—\/—[ + M42 Wky + C5 ]
k 1 CA c4
130w = [ v = 20) - LWk -4,
k| 1 ca A CA
1000 =S| (G W ) (i = o) = s + KD = ko) (30)

Ek+M

where W+ =W+ M, E, = Vk*> +M?, and N =

The coupling factors C! (i = 3-5) denote the Vector
transition form factors for spin-3/2 resonances and corre-
spond to either the CC form factors (C}), the electromag-
netic form factors (Cf»v , with N = p, n), or the NC form
factors (Cﬁv , with N = p, n). Similarly, the coupling factors
C’i4 (i = 3-6) represent the CC axial-vector form factors
(C{‘) or the NC axial-vector form factors (C?). The
pseudoscalar form factor Cg‘ is related to Cg‘ through the
PCAC hypothesis [16,37]. Consequently, only three inde-
pendent axial-vector form factors are required.

C. Resonances with higher spin

The third resonance region is characterized by over-
lapping contributions from multiple baryon resonances.

Among these, only two states, namely, the F5(1680) and
F37(1950), give dominant contributions to the hadronic
tensor in the regions around W =~1.6 GeV and
W~ 1.9 GeV, respectively. Both resonances have spins
greater than 3/2, which significantly increases the com-
plexity of their theoretical description due to the increased
number of degrees of freedom.

To avoid introducing an excessive number of free
parameters and to maintain control over model uncertain-
ties in this densely populated region, only these two
resonances are retained in the present description of the
third resonance region. For simplicity, they are treated
using the spin 3/2 formalism described earlier in this
section. This approach keeps the model tractable while still
capturing the essential physics of the third resonance
region.
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IV. FORM FACTOR PARAMETRIZATION

The MD parametrization employed in the MK model
provides an effective description of nucleon and excited-
nucleon transition form factors across both the perturbative
and nonperturbative regimes, consistent with QCD expect-
ations, as discussed in Ref. [27]. In particular, it provides a
suitable framework for describing the hadron-quark tran-
sition region. Throughout this work, the parametrization
proposed in Ref. [38] is adopted.

For spin-1/2 resonances, the vector and axial-vector
transition form factors are parametrized as

( k

4VA
Z k mkVA
2 2>
My +0

l k=

“(QZ)— (i=1-2),

(31)

where FY(Q?) [F#(Q?)] denote the vector (axial-vector)
transition form factors and F IY(A)(O) are their values at
0? =0 determined from the fit, Doty

2
(my :wx where the meson masses are given in
Table 1. The axial form factors F{ and F4 correspond
to the axial-vector and pseudoscalar form factors, F4 and
Fp, respectively, introduced in the previous section.

For spin-3/2 resonances, the transition form factors are

written as

and my =

2
k(V.A) )
el (i=3-3),

"N o) L aym
e =Sy
k= k

) =m (v.4)

(32)

where CY(Q?) and C#(Q?) denote the vector and axial-
vector transition form factors, respectively, with the cor-
responding masses given by my = m, and my = m, , and
CY/4(0) are their values at Q% = 0

The parameters al‘,;(A), which represent the coupling
constant ratios of vector (axial-vector) mesons to nucleons,
are not free parameters. Instead, they are constrained by the
linear superconvergence relations, as expressed in Eq. (16).

For i = 1 and 3,

K
E aikm% =0,
=1

Fori=2,4, and 5,
K
> an=1,
k=1
K
Z agmi =0
k=1

The logarithmic renormalization L;(k?) is required to
incorporate QCD quark subprocess contributions in the
asymptotic region, thereby allowing the MD model’s
predictions to match perturbative QCD expectations. In
Ref. [38], only the leading contributions were included.
In this work, I also include nonleading effects inspired by
the higher twist expansion [39,40] in order to describe the

transition region,
2
Q) . (39)

2
AQep

> agm§ =0. (34)

Li(Q%) =1+ k;In™ <1 +
where Agcp €[0.19 —0.24] is QCD scale and

ki,
ki = ki + %+
Q2 Q4

(36)
Here, k; . j=0,2,4,...
and n; = ny ~3, n; > n,, and ns > ny > ny.

The meson masses entering the MD parametrization
have finite experimental widths, which introduce an intrin-
sic uncertainty in the form factors. Such effects can be
estimated through the half-width rule proposed in Ref. [41],
and similar ideas have been applied to the axial form factor
in quasielastic neutrino scattering [42]. In the present work,

however, the meson-pole contributions are accompanied by

fitted coefficients al(.,i/ ) and logarithmic factors L;(Q?),

whose parameters are determined simultaneously in the
global analysis. Since these quantities are strongly corre-
lated, the finite-width uncertainty of the meson poles is not
treated as an independent source of uncertainty. The quoted
uncertainties are obtained from the full covariance matrix
of the fit, which consistently propagates the correlations
among all fitted parameters.

are free parameters of the model

V. NONRESONANT BACKGROUND

The treatment of nonresonant interactions follows the
framework developed in my previous work [36], which is
based on the Hybrid model [20]. This approach extends the
range of validity of chiral perturbation theory [16] to higher
invariant masses W through the inclusion of a Regge-
trajectory description [43]. The form factors entering the
helicity amplitudes, however, differ from those used pre-
viously. In the present work, the nucleon form factors are
treated analogously to those of spin-1/2 resonances,
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following the parametrization introduced in Ref. [44]. As a
result, the nonresonant contribution employed here remains
applicable over a broad range of O and W.

The vector and axial-vector helicity amplitudes for the
nonresonant background were derived in my earlier
work [34,35].

VI. ANALYSIS OF EXCLUSIVE SPP DATA

Accurate determination of the vector and axial-vector
helicity amplitudes for both resonant and nonresonant
interactions is essential for providing reliable predictions
of SPP channels. These amplitudes depend on several
parameters, some of which can be constrained by symmetry
relations and fundamental principles, while others can only
be determined using experimental data.

In this section, I present a comprehensive analysis of
exclusive SPP cross section measurements on hydrogen
and deuterium targets to determine the Q> dependence of
the proton, neutron, and axial form factors described in the
previous section. This study provides a detailed under-
standing of the underlying interaction dynamics. The
analysis incorporates a wide range of datasets spanning
a broad kinematic region to ensure robust and accurate form
factor extractions, while accounting for differences in
experimental conditions and measurement techniques.
The primary goal is to extract these form factors and to
quantify the associated systematic uncertainties across the
full kinematic range.

The vector form factors entering weak interactions are
closely related to electromagnetic form factors, as pre-
sented in Table I. As a result, electron and photon scattering
measurements on nucleon targets provide strong con-
straints on the vector sector. In contrast, pion and neutrino
scattering data are essential for determining the axial-vector
form factors. By exploiting all available cross section data
within a combined analysis, the unified MK model
achieves the most precise predictions for SPP channels
currently possible. This integrated approach ensures reli-
able coverage of the full kinematic range relevant for SPP
processes.

A. Photo-nucleon and electro-nucleon
single pion productions

Electron- and photon-induced single pion production
provide the most direct constraints on the vector transition
form factors entering the weak interaction current. The
availability of monochromatic incident beams together
with the broad kinematic coverage of modern measure-
ments makes these reactions particularly well suited for
determining the Q? dependence of the resonance transition
form factors. Since theoretical calculations do not reliably
predict this dependence throughout the resonance and
transition regions, the form factors are determined

phenomenologically through a global fit to the available
electromagnetic scattering data.

The SPP channels for electron and photon interactions
with protons are

e+ p—epn’, e+ p—enn", (37)

y+p-pr®,  y+p-onrt. (38)

Similarly, the corresponding reactions on neutrons are

e+n— enﬂo,

y+n—>mz0,

e+n—epn,

y+n— pr. (39)

In previous work presented in Ref. [36], the MD para-
metrization was developed and tested using electron-proton
scattering data in the two channels of Eq. (37). The
corresponding form factors were extracted from electro-
production measurements over a broad kinematic range,
demonstrating that the model provides a smooth and
accurate description of the available data throughout the
resonance region.

The present work significantly extends that analysis in
several important ways. First, photo-proton scattering data,
Eq. (38), are incorporated into the global fit. These
measurements provide direct constraints on the vector form
factors at the photon point (Q? = 0), complementing the
electroproduction data and improving the determination of
the low-Q? behavior of the transition form factors. Second,
recent measurements of z~ electroproduction [45] make it
possible, for the first time, to perform a simultaneous
analysis of electron- and photon-induced reactions on
neutron targets, Eq. (39). This enables the extraction of
the electromagnetic transition form factors of excited
neutron states, which have been considerably less con-
strained experimentally than their proton counterparts.

A summary of the experimental data included in the
analysis is given in Table III. The data span a broad
kinematic region,

0% = 0.0 — 6.0 GeV?, W =1.1-2.01 GeV,
providing comprehensive coverage of the resonance and
transition regions.

The analysis is based exclusively on differential cross
section measurements with published systematic uncer-
tainties. For photoproduction, the complete differential
cross section database compiled by SAID collaboration
[46] is employed. The measured differential cross sections
correspond directly to the theoretical cross section defined
in Eq. (7).

For electron-proton scattering, the complete set of CLAS
cross section measurements [47] is used. The present
analysis is restricted to unpolarized differential cross
sections, which provide the most comprehensive and
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TABLE III. Summary of the datasets used in the analysis to
determine the proton and neutron form factors. The data span a
broad kinematic range and include multiple channels from
electron and photon scattering measurements. The photon scat-
tering data are compiled from several experiments performed
with different beam energies.

Channel E, GeV 0*(GeV/c)? W GeV
ep — epn® 1.046 0.16-0.32 1.1-1.34
ep — enmt 1.046 0.16-0.32 1.1-1.34
ep — enzt 1.515 0.30-0.60 1.11-1.57
ep — epn® 1.645 0.40-0.90 1.1-1.68
ep — epn® 2.445 0.65-1.80 1.1-1.68
ep — enn™ 5.499 1.80—-4.00 1.62-2.01
ep — enn” 5.754 1.72-4.16 1.15-1.67
ep — epn® 5.754 3.00-6.00 1.11-1.39
en — epn~ 2.039 0.4-1.0 1.1-1.8
yn = pr N/A 0.00 1.1-2.01
yp — nat N/A 0.00 1.1-2.01

internally consistent dataset over the full kinematic region
considered in this work.
The available electroproduction measurements include

dorr dopp
dQ;’ dQ:

dorr
dQ;’

dO'T dUL
o faqr

These observables are related to the fully differential
cross section for lepton scattering in Eq. (6), through

do
dE,dQ, dQ:
_ MEE, do
W dik*dwdQ,
dor doy

nlq0: € aq;

d dor
+€d(;§*TcosZ¢;‘,—|—he\/2e(l+€) dGSLl*T singh|, (40)

dGLT
+ v/ 2e(1 +e)——-cos ¢;
dq: 0

where E, and E, are the energies of the incoming and
scattered electrons in the laboratory frame, Q) = Q,
denotes the pion solid angle in the hadronic center-of-mass
frame, and

E
T, =2 2 4 (41)
21°Q%E 1 —¢
is the virtual-photon flux factor with
WZ _ M2
=, 42

while

2 -1
1)
€= {1 —l—Z%tan2 <§)]

is the virtual-photon polarization parameter and ¢ is the
electron scattering angle. The electron-neutron cross sec-
tion measurements are related to the fully differential lepton
scattering cross section [Eq. (6)] by

do 1 do
—_— 43
aQ, om dQ?dWdQ, (43)

The transition form factors extracted from proton and
neutron targets are related by isospin symmetry. For isospin-
3/2 resonances, the proton and neutron transition form
factors are identical, whereas for isospin-1/2 resonances
they are independent quantities. Their simultaneous deter-
mination is, therefore, essential for a complete description
of the vector current and provides the electromagnetic input
required for weak single pion production, providing com-
prehensive coverage of the resonance and transition regions.

B. Pion-nucleon and neutrino-nucleon

single pion productions
Neutrino weak interactions involve both vector and
axial-vector currents. Assuming that the vector current is
accurately constrained through electromagnetic data
included in the joint analysis, neutrino scattering data
can be used to determine the axial-vector form factors.
The SPP channels induced by neutrino and antineutrino

beams proceed either via CC interactions,

v +p- I prt, U +n-—1ITnn,
U+p—1tpr,

v+ p - Itna, (44)

v+n—Inx,

v +n— I"pa°,
or via NC interactions,

v+ p = ypr’, U+ p = ppa’,
U+ p—onrt,

v+n— Dlmro,

v+ p—ounxt,
v+n— I/ll’lﬂ'o,

v +n-—uypn, U +n-opn. (45)

Experimental knowledge of the neutrino-nucleon cross
section for single pion production in the GeV neutrino
energy range, which is crucial for precision predictions,
remains limited. Most of the existing data originate from
low-statistics bubble chamber experiments performed on
hydrogen or deuterium targets using muon (anti)neu-
trino beams.
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Unlike electron scattering experiments, where the full
kinematics are typically measured, neutrino data are gen-
erally reported either as integrated cross sections as a
function of neutrino energy or as one-dimensional differ-
ential distributions, most commonly do/dQ? The only
measurements on hydrogen targets come from CC neutrino
and antineutrino channels recorded by the Big European
Bubble Chamber (BEBC) experiment, which employed
broad neutrino and antineutrino  beams  with
an average energy of approximately FE, ~20 GeV.
Consequently, no measurements on hydrogen exist in the
few-GeV neutrino energy range relevant for current and
future accelerator-based neutrino experiments.

Bubble chamber measurements in this energy region
were instead performed by the Argonne National
Laboratory (ANL) and Brookhaven National Laboratory
(BNL) experiments, with an average neutrino energy of
approximately E, ~1 GeV, using deuterium targets.
However, nuclear effects in deuterium modify the cross
section at the level of approximately 10-15% [45]. Since
data in the few-GeV region are essential for this study, and
because the model parametrization developed here is
designed to describe both nonperturbative and perturbative
regimes, I include both the ANL and BEBC datasets in the
analysis. To account for nuclear effects in the deuterium
measurements, the ANL data are assigned an additional
15% uncertainty.

As neutrino data provide only limited constraints on the
axial-vector form factors, I adopt a parametrization analo-
gous to that used for the vector form factors in the quark-
hadron transition region. In particular, the parameters
introduced for L;(Q?) in Eq. (35) are taken to be identical
for both the vector and axial-vector form factors, F4(0).
The other factors in the axial-vector form factors in Eq. (32)
can be constrained using pion-nucleon scattering data on
hydrogen.

The PCAC hypothesis [13] relates the divergence of the
hadronic axial current near Q> =0 to the pion field
operator. Consequently, it provides a connection between
weak SPP and elastic pion-nucleon scattering, leading to
the following relation:

do
—(v,p > u prt = Ac(ntp - ot p),

40 Gup—upr)| = Aolap—rp) (46)
———— (U,p = u'pr = Ao(n"p - 77 p),
where

gl E [k milkl 1P
— G2 20,.(L% B Ut O B A i
A= Geos C(n) |k|2EH|k| 2hy K2+
22 2
m; 0 K|
—_— . 47
M <k2+m,2, (47)

Here, 6(z*p — n*p) is the pion-nucleon cross section
with the initial pion off the mass shell, i.e., Eq. (46) is a
relation between observable quantities if the difference
between Q% and m2 can be ignored.

VII. RESULTS AND COMPARISON WITH
EXPERIMENTAL DATA

The complete model contains 95 free parameters relevant
for form factors defined in six resonance and nonresonant

regions, as introduced in Sec. IV, including F SV’A)(O),

C,(»V’A) (0), and parameters aE,Y‘M after applying the linear

superconvergence relations and parameters K i j=0,2,4

defined in the lagrangian renormalization L;(k?). I also
introduced phases between resonant and nonresonant
amplitudes that are relevant for the interference terms.
These parameters are determined through a global fit to the
experimental data described in the previous section, using
the same methodology as in my previous works [35,36].
The resulting best-fit solution yields a reduced y?~1,
indicating excellent overall agreement with the data.

In this section, I present representative results of the fit.
The selected cross sections are taken from multiple reaction
channels and experimental datasets, spanning a broad range
of Q% and W values. This demonstrates the validity of the
MK model predictions over the wide kinematic region
relevant to accelerator-based neutrino experiments. All
results are shown together with their corresponding lo
uncertainty bands. To obtain a reliable estimate of the
systematic uncertainties, correlations among the fitted
parameters are fully taken into account, thereby avoiding
both double counting and artificial cancellations of sys-
tematic effects.’

Figures 3 and 4 show differential cross section mea-
surements in electron-proton scattering at low, medium,
and high Q?, together with the MK model predictions.
Several other models describe electron-proton interactions,
primarily in the low-Q? region, however, to my knowledge,
no model predictions are available for Q> = 6.0 (GeV/c)?,
as shown in Fig. 4. In Fig. 3, I also present predictions from
the MAID [49], Dynamical Coupled-Channels (DCC) [18],
and Hybrid [3] models. A summary of these models can be
found in my previous work [36]. It is worth noting that the
MAID and DCC models determine the parameters of their
electromagnetic SPP models by fitting to electron and
photon scattering data.

Figure 5 shows differential cross section measurements
in electron-neutron interactions in the second resonance
region, where the excited neutron states have form factors

'"The model has been implemented in the NEUT neutrino
interaction event generator [48]. The corresponding best-fit
parameters and covariance matrix are publicly available in ROOT
format.

053009-11



M. KABIRNEZHAD PHYS. REV. D 114, 053009 (2026)
20 cosf,* = 0.924 cosf,* = 0.793 cosf,* = 0.609 cosb,* = 0.383 cosf,* = 0.131
vg! &
3
= 10k - _ L
A >
] * N, ~ ~ Y
O |~ ~ ‘~ R N
© 'CD: 0 ] Y] 1 ~ 3 <
w cos,.* =-0.131 cos0_* = -0.383 cos6_* = -0.609 cos,.* =-0.793 12 14 16
. B - - - MK
¢k ol i i i ---- MAID
© ---DCC
0 4 4 ra ra — - 1
1 1.2 14 1 1.2 1.4 1 1.2 1.4 1 1.2 1.4 1.6 Hybrld
cosO_*=0.9 cos0,.* = 0.7 cosO.* =0.3 cosO.* = 0.1
g 2f -
el e
— 1 | - ~~-' Z
& T -’
21 (@
J’ 0 cosb,* =-0.3 cos0,* =-0.7
+ o |
[ %
b B
© % 1+ 'l “ [ A
0 - -~ - P ~ Seoet, -
1 1.2 14 161 1.2 14 161 12 14 16
W (GeV)
FIG. 3. Differential cross section as a function of the invariant hadronic mass for the ep — enz™ channel. The top panels correspond

to E = 1.515 GeV and Q? = 0.4 (GeV/c)?, while the bottom panels correspond to E = 5.754 GeV and Q? = 2.05 (GeV/c)?. The
MK model prediction is shown by the solid red line, with the 68% confidence interval indicated by the shaded band. The MAID, DCC,
and Hybrid model predictions are shown by the dashed blue, long-dashed green, and dash-dotted gray lines, respectively. The data and
the definition of the cross section are taken from Refs. [50,51].

that differ from those of the proton. Understanding these
form factors is essential for determining the vector form

factors relevant to weak interactions.

The neutrino data described in the previous section are
shown in Figs. 69 for the ANL and BEBC experiments. To
my knowledge, the MK model provides the first complete
SPP framework capable of simultaneously describing both

datasets. This is achieved through a unified modeling
approach combined with a global analysis that consistently

treats the quark-hadron transition region.

This capability is particularly important because the
BEBC experiment provides the only available measure-
ments of differential cross sections for both neutrino and
antineutrino beams. Achieving simultaneous control over

=
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o)
ER R { - -
! } Hi
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FIG. 4. Differential cross section as a function of the pion polar angle in the isobaric frame for the ep — epn® channel
at E, = 5.754 GeV and Q% = 6.0 (GeV/c)?, shown for various invariant hadronic masses. The MK model prediction is shown
by the solid red line, with the 68% confidence interval indicated by the shaded band. The data and the definition of the cross section are

taken from Ref. [52].
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Differential cross section for the en — epzn~ channel as a function of the azimuthal pion angle in the isobaric frame at

E, =2.039 GeV, W = 1.4875 GeV, and Q% = 0.7 (GeV/c)?, shown for various pion polar angles in the isobaric frame. The MK
model prediction is shown by the solid red line, with the 68% confidence interval indicated by the shaded band. The data and the

definition of the cross section are taken from Ref. [45].
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Integrated cross section for the vp — p~ px* channel as a function of neutrino energy for W < 2 GeV (left) and W < 1.4 GeV

(right). The MK model prediction is shown by the solid red line, with the 68% confidence interval indicated by the shaded band. The
prediction from the NEUT event generator is shown by the dashed blue line. The ANL and BEBC data are taken from Refs. [53,54].

neutrino and antineutrino channels is essential for future
precision measurements of CP violation in accelerator-
based neutrino experiments.

For comparison, integrated cross section predictions
from the NEUT 5.3.6 neutrino event generator [48] are
also shown. NEUT is widely used to simulate neutrino
interactions in oscillation experiments, such as T2K in
Japan. The SPP model implemented in NEUT is based on
the Rein-Sehgal model developed in 1981 [14].

Figure 6 shows the integrated cross section for the vp —
u~pr™ channel measured by the ANL and BEBC experi-
ments with invariant-mass selections of W < 2.0 GeV and
W < 1.4 GeV. This channel contains only resonances with

isospin 3/2, therefore, in the right panel the dominant
contribution arises from the A resonance.

Differential cross section measurements do/dQ” with
(anti)neutrino beams are essential for extracting the Q2
dependence of form factors in weak interactions, particu-
larly the axial form factors, which cannot be constrained by
electron scattering data. Figure 7 shows the comparison
between the data and the MK model predictions for
do/dQ?* in the vp — pu~prx™ channel measured by the
ANL (left) and the BEBC (right) experiments.

Figure 8 shows the corresponding BEBC measurements
for the p — u" pa~ channel. This reaction receives con-
tributions from both isospin-1/2 and isospin-3/2
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by the dashed blue line. The ANL and BEBC data are taken from Refs. [53,55].
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Comparison of the MK model prediction with BEBC data for the op — u* pz~ channel. The left panel shows the integrated

cross section as a function of neutrino energy for W < 2 GeV, while the right panel shows the differential cross section do/dQ? for
W < 1.4 GeV. The MK model prediction is shown by the solid red line, with the 68% confidence interval indicated by the shaded band.
The prediction from the NEUT event generator is shown by the dashed blue line. The BEBC data are taken from Refs. [54,55].

resonances, allowing the parameters of the axial
current associated with isospin-1/2 resonances to be
constrained.

There are extremely limited data available for some
neutral-current channels. Although these data are not
included in the joint analysis, they nevertheless show
reasonable agreement with the MK model predictions, as
illustrated in Fig. 9.

VIII. CONCLUSION

The SPP model presented in this work is designed to
improve our understanding of neutrino interactions and to
support the interpretation of neutrino measurements. The
main features of the MK model are summarized below:

(i) Comprehensive coverage: the model includes all

SPP channels and is applicable across the full
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neutrino energy. The MK model prediction is shown by the solid red line, with the 68% confidence interval indicated by the shaded
band. The prediction from the NEUT event generator is shown by the dashed blue line. The data are taken from Refs. [56-58].

kinematic range relevant to the energy scales of
current and future accelerator-based neutrino ex-
periments.

Neutral-current weak interactions: by employing a
unified description of electromagnetic and weak
interactions together with isospin symmetry, the
model provides reliable predictions for NC neutrino
interactions, even in the absence of extensive ex-
perimental data. This capability is particularly im-
portant for water Cherenkov detectors, such as T2K
and Hyper-K, where NC z° production constitutes a
significant background.

Description of the low-Q? region: the model ad-
dresses the low-Q? region, where current discrep-
ancies with data are often observed. This is achieved
through the use of photon scattering data and the
conserved vector current hypothesis for the vector
current, together with pion scattering data and the
PCAC hypothesis for the axial current.

Behavior at high Q?: the neutrino-nucleon resonance
vertices are parametrized using phenomenological
form factors that satisfy analyticity and unitarity
constraints. These form factors are constructed to be
asymptotically consistent with QCD expectations,
ensuring the validity of the model at high Q2.
Consistent description of neutrino and antineutrino
channels: the model provides a simultaneous de-
scription of both neutrino and antineutrino inter-
actions. Achieving comparable accuracy for both
channels is essential for future precision measure-
ments of CP violation in long-baseline neutrino
experiments.

(vi) Integration with event generators: the framework is
designed for straightforward implementation within
neutrino interaction event generators and nuclear
theory calculations used in modern neutrino ex-
periments.
Control of systematic uncertainties: the analysis
incorporates careful treatment of systematic uncer-
tainties arising from experimental errors, model
assumptions, parametrization choices, and extrapo-
lation to higher energies. Such control is essential for
achieving the precision required in modern neutrino
measurements.

By addressing these key aspects, the MK model provides
a robust and comprehensive framework for the study of
neutrino and antineutrino interactions. This work contrib-
utes to improving the reliability of neutrino interaction
modeling and supports the precision measurements
required for future discoveries, including the search for
leptonic CP violation.

(vii)
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APPENDIX: HELICITY AMPLITUDES FOR THE
RESONANT INTERACTIONS

The helicity amplitudes of the vector and axial-vector
currents are given in Tables V and VI, where fV-4(R) is the
production amplitudes and D(R) is the decay amplitude,

DI(R) = (Nz. o|RAg) = 6 Cp/XekClrpfw, (A1)
where fpw(R) is the Breit-Wigner amplitude,
TABLE IV. Isospin coefficients.
Channels Cf\,/,,z C}\,/f
ep = epn® 2 —./L
3 3
ep — enm” N A
3 3

TABLE V. Vector helicity amplitudes of resonant interaction.

Jow(R) = \/;(W MR+er/2> (42)
where
T = To(la(W)|/|q(Mg)[)* !, (A3)
and
W22 1
o= (e 3 A

Here, My, I'y, and y are the resonance’s mass, width, and
the branching ratio [59], and C%;, are the isospin Clebsch-
Gordan coefficients given in Table IV.

The explicit forms of the dﬁy#(G) functions for j = [+ 3
are
J -1 0 b /
d% =(+1) COSE(PHI - P)).

0
d = (I+1)"sin

5 2(P;+]+P?)’

o (Vi )
—(+1) < \/; ,+1+\/ﬁp/>

where P, are Legendre polynomials and P} = dP;/d cos 6.

d{;: (1+1)

d

.':il,)

A Ay Fit (0.¢) Fi3, (0. ¢)

2 2 £35S DI RS (R(IL = L£7))d} (0)e™ =Y DR (RULj = 1£1)d],(6)

=3 2 S DRSS (R = 1£5))d], (0)e™ + 3225 DIR)SY (R = 1 £3))d] (0)e™

> -3 :szfj; DIR)fY\(R(1j = 1 £)d},(0)e™ -4k 2 S DI R)fYL(R(1Lj = 1+ 3))d]_,(0)e™

-3 -3 = DR (RULj = 1£1)d],(6) izﬁg‘m LR = 1£)di,(0)e
Fi{zl (0.9) F,,(0.9)

: 2 AL A DIR) £ (RUL = %))dg_zw)e-@ E X DI Rfo) (R(U = 1+ ))d] (0)e

st T ‘k‘ A DR >.foi’<R< =IO PR AR DR R = 1)), 0)

3 -3 + ‘k‘ T > LA DI(R >f0+ (R(I.j = 1£3))d]_,(6) £ Y R DIR)fo Y (R = 1+ 5)d],(0)

-1 -1 \k| My, 2/+1DJ(R)f R(Lj =1+ %)) (g)euﬁ _J%zj%pf(ze)fgﬁ(ze(l,j:zi%))di;(e)e'”’

053009-16



SINGLE PION PRODUCTION OFF FREE NUCLEONS: ...

PHYS. REV. D 114, 053009 (2026)

TABLE VI. Axial helicity amplitudes of resonant interaction.

A A ,ml 0.4) ,12/1] 0.4)

: : F 30 DIR) AR = 1£ 1)) dly(0)e™ -2 2 DR R(LG = 1£9)d(0)

-4 -y “'Df( )A(R(L = 1 D)d]_(0)e £ 2’*‘D’<R>f’il<R<I,f = 1 )d 0"

: -3 + 30 A DIR)FA (RULj = 1£ 1))y (0)e™ =3 A DIR) A (R(1 j = 1 1) dL, (6)e'?

- Zﬁf}lD'( ARG = 1£1)d],(6) £ ”“DJ( R)f 63<R<1,j:li%)>dg<9)e2f¢
G, (0.9) ml (9, ®)

: 2 FL S DIRSG (RAUL = 1)) d) (0)e™ —f‘_“‘?zﬂm Mol ' (RUL = 1+ D)d) (@)™

-1 ¢}%z HADIR) 67 (R(Lj = 1£)d]_,(6) LS 2 DIR) A<+>< R(L.j=1£1)d] ()

3 -3 + KL Zf“DwR)fg‘i"(R(Lj:zil))d{ 4 i}"—i;z DR fo Y (R(1j = 1+ 1)d]_(0)

T T =AY HDIRAGTRUL = 1)) d(0)e? — P DR (R = 1£1)d) (6) e
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