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Causal consistency requirements for gravity-induced entanglement in
near-relativistic systems with internal energy
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We reconsider a thought experiment that employs the entanglement of the gravitational field with
position space quantum states as a means for faster-than-light signaling. We present a protocol that includes
the excitation to a higher internal energy level to increase sensitivity to gravitational phase shifts. We report
that the explanations why previous versions of the thought experiment remain causally consistent are
insufficient to avoid any possibility for faster-than-light signals in this case. An alternative resolution to
prevent faster-than-light signaling is most reasonably the requirement for a (near) relativistic treatment. One
such effect could be a decoherence channel unobserved in a nonrelativistic treatment.

DOL: 10.1103/3r1k-v9gy

I. INTRODUCTION

Despite the lack of an established theory of quantum
gravity, there is a widespread belief that, as far as low-
energy physics is concerned, perturbative quantum gravity
(i.e., the perturbative quantum field theoretical treatment of
linearized Einstein gravity) provides an accurate model for
the gravitational interactions of quantum matter. Many
questions about these interactions can be answered in direct
analogy to the electrodynamical ones. For instance, the
question “what is the gravitational field of a spatial
superposition state of a massive particle?” is immediately
resolved by noticing that the particle-field system becomes
entangled, precisely as for the electromagnetic interaction.
This analogy holds for many proposed quantum gravita-
tional effects, such as the recently suggested observation of
entanglement induced by Newtonian forces [1,2], some
gravitational decoherence effects [3], or thought experi-
ments about the consistency of quantum gravity [4,5].

Classical electromagnetism and general relativity, on the
other hand, are appreciably dissimilar. For instance,
Maxwell’s equations are linear, whereas Einstein’s equa-
tions constitute nonlinear partial differential equations for
the metric tensor components. A further crucial difference
lies in the vector space structure of matter fields (described
by sections of a vector bundle over a manifold) in contrast
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to the affine structure formed by the set of connections
describing the gravito-inertial field [6]. Therefore, when
looking for guidance why perturbative quantum gravity so
stubbornly refuses to submit to the same renormalization
rules that are effective in the case of quantum electrody-
namics, a promising strategy could be to consider situations
featuring these exact dissimilarities between gravity and
electromagnetism, both to design experimental tests and to
study internal theoretical consistency. An example is the
proposition of heuristic effects of gravitational time dilation
in quantum systems [8], which results in the prediction of a
genuinely gravitational decoherence effect [9] that cannot
be explained by mere analogy to electrodynamics.

Here we discuss the potential for a novel effect of this
kind: an effective two-level system, when excited while in a
spatial superposition state, may exhibit gravitational
decoherence at a rate determined by its virtual quadrupole
distribution. This follows from a reanalysis of the causal
consistency argument made by Belenchia et al. [4] if
applied to interference experiments with such excitable
systems. As will be demonstrated, the previous arguments
preventing the exploitation of gravitating quantum systems
for faster-than-light signaling no longer hold in this
scenario, affecting the need for an alternative resolution.

Notably, the argument applies to near-relativistic sys-
tems, in which the internal kinetic energy becomes com-
parable to (or supersedes) the rest mass energy. This is
interesting from a fundamental level, as we predict a
decoherence effect in a regime where the applicability of
the usual description of decoherence within the framework
of nonrelativistic open quantum systems is not obvious. It
may also have observational consequences, if systems can
be designed in which nongravitational decoherence effects
scale at a weaker rate with the internal energy distribution,
which may allow for the design of experiments in which the
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potential novel effect becomes the dominant decoherence
channel.

We briefly review the main arguments made by Belenchia
etal. [4] in Sec. 11, followed in Sec. I1I by the analysis of the
proposed modification involving internal energy levels. We
discuss potential consequences in Sec. I'V.

II. CAUSAL CONSISTENCY OF NEWTONIAN
GRAVITY AS A WHICH-WAY DETECTOR

Consider the following thought experiment [10]: Alice
and Bob are at two distant locations, separated by a distance
D. Alice has previously prepared a superposition state

lr) = (]0,) +10-))/V2 of two mass distributions corre-
sponding to mass quadrupoles Q. = Q, = AQ. Alice now
performs an interference experiment during which the
effective quadrupole is closed in time 7. As long as no
which-way information can be obtained, Alice observes an
interference pattern.

Bob, on the other hand, attempts to obtain which-way
information about Alice’s system through a gravitational
measurement by any means that are sensitive to the
difference AQ in Alice’s quadrupole moment. In the
original proposal [4,10], Bob monitors the trajectory of a
freely falling test particle. The Newtonian potential at the
location D + Ax of the particle—offset by some small Ax
from Bob’s location at distance D from Alice—is

_GQ: -~ @) +3GAx QO;AQ. (1)

(2)

between the trajectories corresponding to states |Q..).

If Bob can resolve this displacement 9§, he acquires
which-way information about Alice’s experiment, imply-
ing that Alice will not be able to observe an interference
pattern. She can then tell whether or not Bob attempted
to detect the gravitational potential, which can be used
as a binary communication channel between them.
When T + 7, < D/c, this communication happens faster
than light.

Belenchia et al. [4] argue that Alice must perform her
interference experiment sufficiently slowly to avoid loss of
coherence through graviton emission. The energy emitted
through gravitational waves is at least (see Appendix A)

64GAQ?

E= ol

(3)

Requiring E < 277 /T, i.e., emission of not even a single
graviton of wavelength ¢T or shorter, we find

V27

AQ < —mpczT2 (4)

where mp denotes the Planck mass. Inserting this require-
ment into (2) implies

5 3v22Gmpc® ;1> 3327
<3 o <—3 Ip, (5)

with [p the Planck length, and the conditions for faster-
than-light signaling, ¢T < D and ¢ty < D, were inserted in
the final step.

It is generally assumed that a displacement below the
Planck length—as condition (5) would imply—cannot be
detected. In a quantized theory of gravity this follows either
as a consequence of spacetime vacuum fluctuations or a
fundamental minimal length scale, whereas in classical
general relativity it can be seen as a consequence of the fact
that the localization of a quantum probe particle can only be
as small as to not create a black hole singularity due to its
momentum uncertainty.

A. Interferometric detection

Can Bob improve the sensitivity of his field detector over
that of a free-falling test particle, such that he can gather
which-way information about Alice’s state in a shorter time
and decohere her state in a time frame that would allow for
faster-than-light signals?

An obvious candidate for a more sensitive detection
would be an interferometric experiment. Assume that
Bob has a spin—% particle sent through a Stern-Gerlach
interferometer. The initial state is the z-spin eigenstate
1) = (]4) +|=))/v/2 and a spatial wave function |D)
well localized at x = D. The full system, including Alice’s
quadrupole in initial superposition |y), starts in the initial
state

¥(0)) = n[D)I1)- (6)

Now send Bob’s particle through a spin-dependent poten-
tial F(7)x6, with

[ Fwar=owa [ ['Fe)

such that after an acceleration period 7, the particle is back
at its initial velocity and a position x = D 4 d from the
original position D, with the sign depending on its x-spin
component. Hence, we find

f)dfdt=d (7)

¥(z)) = 75 0D+ d)|+) + D =d)|=)).  (8)

1
ok
This state evolves freely for a time 7, during which it
acquires a gravitational phase (see Appendix B). The phase
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depends on the state of Alice’s quadrupole and the position
of Bob’s particle. After re-merging the trajectories with an
inverted force profile, the wave function at the total time
T, =15+ 217, 18

[¥(7:)) ~ 1) ID)(|+) + e T|-))
+10)D)(e7[+) +e7 =), (9)
up to an irrelevant global phase, and with relative phases

6Gmrt,d
LT 9

6Gmr,d
hD*

and y= AQ, (10)

where the effective time 7, for the optimal trajectory in
Appendix A is

2 Ta
Tesz+d/ x(di ey + 1155, (11)
0

Regardless of the value of T', the spin parts of the wave
function become orthogonal for y = /2, allowing for
perfect distinguishability of Alice’s states |Q.) via a
projective spin measurement by Bob.

Together with condition (4) and the faster-than-light
signaling condition ¢7 < D and cz, < c¢t, < D, we then
have

- zhD* - \2rxD
" 126,004 34 M

(12)
which can be satisfied for a sufficiently massive particle.

B. Planck scale limitations on visibility

Let us now consider the precise evolution of the spatial
wave function for Bob’s particle. The wave functions for
the |+) trajectories, respectively, solve the Schrodinger
equations

s (15) = =200 F POss0. (13

The solution is given by

wa(r,x) = e®WeHe Wy (1 x F u(r)),  (14a)
m 4 .

ay(t) = “on ), i(s)?ds, (14b)

a() = %u(r), (14c)

where w; solves the free Schrddinger equation and
u(t) is the classical trajectory solving mii(t) = F(t)
with u(0) = i(0) = 0.

Assuming a Gaussian initial state, the free solution is

X2
S — . 15
CXP< 462(1 + 213:;2)> ( )

Calculating the expectation value of

(27[02)_1/4
1 4 iht

2mo?

wy(t,x) =

O = (l4) +e e =) ((+| +eel(-])  (16)
after tracing out the spatial degrees of freedom, we find

(O)g, =1+A(1), (17a)

(0)g. =1+ A(t) cos(2y), (17b)

with

At) = exp(—M—2($u>2>. (17¢)

2062

Fory = z/2 and A(z,) = 1 we find (O),_ = 0O and, thus,
the desired perfect distinguishability for Alice’s quadrupole
states.

In practice, we cannot perform an instantaneous meas-
urement at ¢ = 7,; instead, a real experiment averages over
some finite interval Az. Expanding A(7) around ¢t = 7, to
linear order for the optimal solution according to
Appendix A and averaging over the interval [z, — Az, 7,
yields

4y w1 - 1SR < he,

2me?
. 18
2h12 - ) (18)

2me*  hr,

The expression in parentheses is bounded from below with
an ideal value for Az, = 2mo®. We find the required time
resolution At from the condition (A) ~ 1 as

2

h h
S0 <£0.143—, (19)
mc

At <
15md* ™~

where in the last step we used the condition cz, < 1.464d
stemming from the requirement that Bob’s particle moves
at subluminal speed across the ideal trajectory from
Appendix A. Requiring that Ar must be at least of the
order of one Planck time, we have m < 0.143mp. Inserting
this into Eq. (12) implies d > 5.848D, which means that
Alice sits inside Bob’s interferometer. Hence, having the
Planck scale as a fundamental limitation also effectively
prevents faster-than-light signaling in this case.

Note that these limitations are similar in spirit to
limitations stemming from fringe visibility [5], although
these arguments are not immediately applicable to the
Stern-Gerlach interferometer discussed here.
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ITI. GRAVITATIONAL FIELD DETECTION
WITH INTERNAL ENERGY STATES

Thus far, we have only considered nonrelativistic sys-
tems with a given, immutable rest mass m. Relativistically,
however, the mass (inertial and gravitational) of a system is
determined by its total energy E = mc? + E,,, where the
internal degrees of freedom contribute in addition to the rest
mass. In the more recent past, interesting effects [8,9] have
been derived based on the idea that the contribution of
internal energy elevates the mass m in the Schrodinger
equation to an operator valued expression, resulting in
correlations between internal and external degrees of free-
dom. Here, we do not need this operational form of the
mass term, but consider the purely classical consequence
that the mass parameter—through its dependence on
internal energy—can acquire a time dependence.

For this purpose, assume that Bob’s particle is an
effective two-level system which starts in the ground state
|0) with total energy E, and through some coherent
interaction can be excited to the state |1) with total energy
E|. We discuss a concrete realization using the model of the
hydrogen atom in Sec. III A. For the time being, we assume
that after the acceleration phase, at time z,,, Bob’s system is
excited from |0) to |1), and it returns to the ground state
after the free flight time 7,. For a clear depiction of our
modified experimental setup, see Fig. 1.

Instead of Eq. (12) we then find

T \V2rD

E, +115%Ey>-~——E 20
1t > 0 34 CP (20)
and condition (19) with the requirement that At > ¢p reads

2c2

h
SS0.143. = <0.143E,.  (21)

Clearly, conditions (20) and (21) can be simultaneously
satisfied for a system where the ground state energy E| is
sufficiently far below and the excited energy E; is
sufficiently far above the Planck energy.

W~
( )
-
NN

Alice D Bob

FIG. 1. Schematic depiction of the proposed thought experiment
with interferometric detection and two internal energy levels.

A. Energy levels in a hydrogen quasiatom

Consider a generalized hydrogen atom, constituted of
two massive point particles of total mass M = m; + m,
and reduced mass u = m;m,/M with charges +¢, such that
they are subject to the attractive electromagnetic Coulomb
interaction and an electromagnetic potential (in Lorentz
gauge and the absence of further charges [[11], Chap. 11])
with atom Hamiltonian

atom Z 2

where k, = 1/(4ney) is the Coulomb constant. In
Appendix C we show the separation in center-of-mass
coordinates and matrix elements due to atom-light
interaction.

Introducing the Rydberg energy Ex = k*>q*u/(2h%), we
find the energy levels Ey = Mc? — Eg for the n = 1 ground
state and E; = Mc?> — Eg/4 for the n = 2 excited state.
Assuming then 7, < s, such that the second term on the
left-hand side of Eq. (20) becomes negligible, and taking
the separation D between Alice and Bob comparable to the
minimum possible distance without having their systems
overlap, i.e., D ~ d, we have

2

keq
AR

(22)

, Gy e ,
(4MC _ER) > EP > 6993(MC —ER),

3
23
42z (3)
which implies Eg > 0.866Mc?. From Eq. (20) we then
have M > 1.066mp. With the definition of E; we find a
charge requirement of g > 13.4e(M/u)'/* (amounting to

q > 19e for m| = m,).
The Bohr radius achieving these bounds is

h? h? h?
k,uq2 179.6ke?\/M

which can be above Planck length if the total mass M is
significantly higher than the reduced mass p. For the case of
m; = m, = m, we find a Bohr radius of 0.356lp, hence
below the Planck mass. In the opposite limit where
m; > m,, we have M ~ m, and u ~ m,. From (24) we

get ay & 0.711,,«/M/ ; hence to obtain ay > 1,,, we need

M/u>140or M > 195u.

Creating a hydrogenlike system with these parameters
would certainly pose a tremendous challenge. Yet, nothing
seems to prevent us from doing so in principle.

One obvious question is whether any decay channels
would disallow maintaining the excited state throughout
the experiment. However, in an n-photon field, the rate of
absorption of a single photon is n times as large as the
spontaneous emission rate, implying that parameters can
be chosen such that the |0) — |1) transition happens

M/
191 Ake*mp’

(24)

ag =
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sufficiently fast while the |1) state is sufficiently stable to
outlast the thought experiment (cf. Appendix D).
Addressing the question whether gravity provides a
channel for spontaneous decay, noting that gravitational
transitions are only allowed between hydrogen eigenstates
with Al =2 [12,13], we can effectively suppress any
gravitational decay by considering transitions between
the 1s and 2p orbitals, which are electromagnetically
allowed but gravitationally forbidden. (See Appendix F.)

IV. DISCUSSION

Within the theoretical framework we have chosen, there
appears to be a parameter regime where, in principle, a two-
level system that is excited only for the duration of its free
flight inside a Stern-Gerlach interferometer can be used as a
gravitational field sensor sensitive enough to allow for
faster-than-light signaling.

Although the possibility exists that this paradoxical
situation points toward a more fundamental problem with
the perturbatively quantized treatment of the gravitational
interaction, the more likely resolution—fostered by the
experience of how the original paradox has been resolved
[4]—is that the nonrelativistic treatment of the problem
neglects effects that render the gravitational phase shift
unobservable in principle. One such effect could be a
decoherence channel that destroys the interferometric
superposition at a rate that prevents the detection of the
phase shift. Although the analysis from the perspective of a
perturbatively quantized gravitational field suggests that
there are no gravitational decay channels, one might expect
such an effect from classical considerations.

If we had created the superposition state in Bob’s Stern-
Gerlach device by moving the large mass E, /c?, we would
have had to account for gravitational radiation emitted
during the acceleration phase. Just as for Alice’s system,
the emitted energy would have been determined by Eq. (3)
which, inserting AQ =3Md* into the requirement that

E < 2zh/T, yields M < \/2a3mp/16 = 0.47mp. Given
that the particle is in the ground state with the much
smaller mass E,/c* during the acceleration phase, gravi-
tational waves emitted due to the accelerated motion of the
particle are negligible. Nonetheless, by depositing the
delocalized photon energy at the particle’s position, which
1s in a superposition of the trajectories at £d, a virtual mass
quadrupole is created. Assuming that the creation of this
virtual quadrupole results in the same sort of decoherence
one would expect from the radiation of gravitational energy
due to acceleration when creating a real quadrupole, the
possibility for faster-than-light signaling would be effi-
ciently suppressed. There is, however, no obvious theo-
retical mechanism that would explain such a decoherence
effect. It is, therefore, a speculative hypothesis that we hope
will trigger further theoretical analysis, as well as consid-
erations into the possibility of experimental studies.
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APPENDIX A: TRAJECTORY WITH MINIMAL
GRAVITATIONAL RADIATION

We want to investigate how precisely Alice should close
her quadrupole to emit the minimal amount of gravitational
energy. The emission generally follows from the quadru-
pole formula

__ZSc (dt3 )2’ (A1)

r? 3
Il-j:/p(l r)( ri ] 3 6”)(1 r

is the mass quadrupole for the mass density distribution p of
Alice’s system. We take Alice’s particle to be a point
particle, and assume without loss of generality that the
deviation from the equilibrium position is in the x direction.
Since any deviation from a straight trajectory could only
increase gravitational radiation, we can consider a one-
dimensional trajectory x(¢) and the quadrupole moment

= %mx(t)Q.

Q(t) = Ixx(t) 3

Consequently, the total energy radiated in the form of
gravitational waves is given by

where

(A2)

(A3)

4GA 2
—os [ Ca =T s
where AQ = Q(0) and the functional
oo ..
— [ &+ 3¢trar (A5)

follows after substituting ¢ and x with dimensionless
equivalents and should be minimized under the constraint
that £(0) = 1, £(1) = 0, and £(0) = &(1) = 0.

The Euler-Poisson equation [14]

L) -5

where
fle 688 E) = (68 +3EE), (A7)

062001-5



VAN MANEN, DONER, and GROBARDT

PHYS. REV. D 112, 062001 (2025)

can be recast into the simple form

de
£e) €02 =0 (3)
7
and has the solution &(7) = ++/P(7) with
P(t) = ag + ait + art® + a3v° + agt* +ast®  (A9)

nonzero in [0, 1]. The boundary conditions £(0) =1,

&(1) =0, and £(0) = 0 imply the positive solution along

with ag = 1, a; =0, and
1—|—a2+a3+a4+a5:0. (AIO)

To meet the boundary condition £(1) = 0, first note that if
P(1) = 0, we have

P P

lim () = ling 26(1) w1 2E(7) (A1)

and must further require P(1) = 0, implying
2a, + 3az +4ay + 5as =0, (A12)
2a, + 6a; + 12a4 + 20as = 0. (A13)

The underdetermined system of Eqgs. (A10), (A12), and
(A13) is solved by

a, = a, az; = —10 — 3a,
ay, = 15+ 3a, as =—6—a, (A14)
yielding &,(7) = \/P,(r) with
; 1 -7)2t(2a-5(6 +a)r
2y/(1=2)3(1 437+ (6 + a)r?)
having the well-defined limit £(1) = 0.
Integrating f yields
S =180 + 60a + 9a* (A16)

with a minimal value of S,;, = 80 for a = —10/3. The
ideal trajectory is, therefore,

1072 5+ 8r
x(1) :x(O)\/l e s

372 T 3T (A7)

which results in the minimal gravitational energy of

_ G4GAQ?

min — W (AIS)

The maximal magnitude velocity can numerically be
obtained as v, & 1.464x(0)/T, which implies x(0) <
0.683cT to remain subluminal.

APPENDIX B: GRAVITATIONAL PHASES

The wave function at time 7, = 7 + 7, is

¥(2,)) = 5 (e#10.)ID + d)1+)
et |0 )0 - d)}-)
+e-+|0_)|D + d)|+)
+e-[0.)|D - d)|-)

(BI)

with the phases (7 is the effective time, 7~ 7, as long as
T f > Ta)

mt r vy
¢++—7®+(d)~¢0 T35 (B2a)
mt r vy
=—&_ (-d)rgpy—=—= B2
¢+— h +( d) ¢0 2 25 ( b)
b ="Co (@mpty-t (B
T VTP
b =0 (~dmgo--+L. (B2
o 02T
where we define
6Gmrtd 6Gmtd

Since the spatial states |D + d) are one-to-one correlated
with the spin states |£), we can omit them for readability.
Pulling out ¢, , as a global phase, we have

ei¢++

5 (104)(J4+) +e7eM|-))
+10)(e7|+) +e7T]-))).

¥(zp)) =
(B4)
Reuniting the trajectories with an inverted force

F(t, + 1) = F(zr, — t) only affects the spatial part of the
wave function, mapping |D + d) — |D).

APPENDIX C: DERIVATION OF THE ATOM-LIGHT
INTERACTION HAMILTONIAN

We rewrite the Hamiltonian (22) in center-of-mass
coordinates,

R = M (mlrl + mzrz), (Cla)

r=r;—r,, (Clb)

062001-6
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P = MR =p; +p,, (Cle)

Pi—P PAm
2 oM

p = uf = (C1d)
where P and p are the conjugate momentum for R and r,
respectively, and we denote the signed mass difference by
Am = m; — m,. Using the dipole approximation [15]

A(r)e-kR

for the vector potential, writing » = |r|, and introducing the
Bohr radius a = 4reyh*/(q’u), the atom Hamiltonian
separates

A(t,r;)) ~A(t,R) = (C2)

Hyom = Hem + Ho + Higs (C3a)
P2 2g q°
Hyy = ~——Ip AR+ LA R?
" P AR L AGRE (b
2 2
p- kg
Hy =P %4 C3
0 2 ; (C3c)
_q
Hy=—=p-A(t.R). (C3d)
U

We can then neglect H,, and know the eigenstates of the
hydrogen atom Hamiltonian H,,

4(n—1-1)!

e~ IL21+1 ym 9,
n4a3(n+l) 2/0 n—I— ]( ) l( (p)

Ynim = (C4)

in spherical coordinates where p = 2r/(na). L% are the
generalized Laguerre polynomials and Y7' the spherical
harmonics. Specifically the 1s, 2s, and 2p, states are

1 r
yis(r) = 7=e7, (C5a)
wa’
2a —r ,
Yo, (r) = ———=e, C5b
20)= 4 Vaa (Csb)
rcosf .,

r,0) = —————e . C5c¢
Vapo(1:0) = s (C5¢)

Defining the gauge transformed wave function [15]

B1.1) = AR (1 1), (c6)
neglecting terms of O(A?), and using A = —E in radiation
gauge, we find the Schrodinger equation

in(1,r) = (Hy — gE - 1) (. 1). (C7)

Hence, one obtains the familiar textbook result
Hy=—-qr-E=—-qgapE?-e,

with |r| = ap. The transition matrix is then

w100/ Hind[w210) (C8)

= —q aE (y100lp7 - &.lw210)- (C9)

We split the hydrogenic wave function into the product of
radial and angular states v, = R,(p)Y7"(0,¢). The
angular contribution to the matrix elements of the dipole
transition is given by

(I'm'|7- e_|lm) = (00|F - &.]10),

4r o~k o~k — sk
= \/?(uly} +”—1Y11 +”0Y<1)>

in the spherical basis. The spherical unit vectors are defined
as

(C10)

with

~

. Lo Lo A

uy *—E(Xﬂ”)’), E(X—ly), Uy =z,
with @} - ity = 6.  The inner product becomes
7-e, = /*%Y). Hence,

Z

4
(00| - 2.|10) = ,/?”<00|Y?|10>
Sl el
=5 YOYsin(0)dodp (C12)

= 271\/5/”\/2_{]_[41%5 (0) sin(0)d6
(C13)

(C11)

(C14)

with Y = \/— Y = \/7 cos(@). The radial contribution
is given by

Riszp = (slloll2p0) = / RipRoypidp  (CLS)

2 32/ 4
— x"e rdx
-7k

V24243 Jo

_3_04

e2ptdp =

(C16)
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64 64+/24

- 15 = C17
243124 ®) 243 (€17)
Then,

(w100 Hinclw210) (C18)
= —qaE(00|7 - 2.[10)(1s]|p||2py) (C19)

64 V24 128
= —gaE— aE. C20
243 3 243 f (C20)

APPENDIX D: PHOTON ABSORPTION
AND EMISSION

We have introduced the interaction Hamiltonian of an
atom and external electromagnetic radiation as Hj, =
_7"p - A(1, R) by considering the electromagnetic radiation
as a classical field. However, this treatment is only
sufficient for large numbers of photon-atom interactions;
hence, it can be used for absorption and stimulated
emission, although it cannot be used for spontaneous
emission. Therefore, we consider the quantization of
the electromagnetic field. The quantized field A(z, R) is
given by

2

A(t.R) :zk:Z

A=1

i(k-r—wr)

€,+cc.], (DI)

26‘ w,V ﬂ'ke

where 4, is the photon annihilation operator, wy is the
associated frequency, and €; is the polarization vector.
Accordingly,

4q i(k-r—w;1) D2
M;”%owkvq pla; e’ +c.cl. (D2)

If we consider the atom in initial and final state |y;) and
lyf), then the transition matrices for emission and absorp-
tion are respectively

h P i(k-r—w,
<Wf’nﬂk - 1|u“2€0ka € 'P[ax,kel(kr kt)]|l//ivn2,k>

(D3)

h P —i(k-r-w
<Wf7”zk+1|”\/2€()wkv € - P[“Z,ke (er=wit) )y, ).
(D4)

By using Fermi’s Golden rule we find the associated
transition rates

emi ﬂq Wl %
== copPwV " (4 D) (wyle; - plwi)
X 8(E — E; + hwy), (Ds)
2,2
abs T4 W ol V2
i—f eoﬂzwkv(”luﬂﬁl/ﬁa plw;)|
X 8(Ef — E; — hwy), (D6)

wherewe haveused @, i |, ) = /fx |k — 1), &Z,k In,x) =

Mk + 1|, + 1), and the dipole approximation, i.e.,
k - r = 0. Equation (D5) shows a nonzero rate for n; ) = 0,
i.e., the vacuum. This process is known as spontaneous
emission, which can occur without radiation present. Hence,
for spontaneous emission we have a rate

2
w
| _7ﬁ |€,1 dr1|25( -

isf Ei —hW)

(D7)
with d;; = —gr the electrics dipole moment, and we have set
/%A(R’ t)-p = qE(R,?) - r. Equation (D7) shows the tran-
sition rate of a photon’s emission along a specific direction per

unit time. For the total rate, we integrate over all possible
directions and replace the discrete frequencies with the

. . . 2 . .
quasicontinuum case, ie., d°n = Y dQdw. This gives

(27c)
the total transition rate
3.2
o = T el DS
[—»f 27f€0hc3 |<Wf| |Wz> ( )

where w = (E; — E;)/h. For an understanding of the role of
the number of photons, we can immediately see that for large
n, ., the rate of absorption and stimulated emission grows
linearly with 7, ;, while the spontaneous emission is unaf-
fected. This explicitly shows us that increasing n; ; directly
enhances the probability of absorption and stimulated emission
and reduces the mean lifetime, 7, of these transitions:

1 (D9)
T=—.
Fi—»f(”/l,k)

APPENDIX E: DERIVATION OF THE
ATOM-GRAVITY INTERACTION
HAMILTONIAN

We follow the discussion by Boughn and Rothman [12],
starting with the matter-gravity interaction Hamiltonian density

Hint E h Tﬂ

2 i h()OTO0

(E1)
in a local inertial frame, where T% = ¢?p is proportional to
the mass density, given by p = >, m,5(r — r,,) for a point
mass system. In Fermi normal coordinates, one has
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hoo = —Roj'o;crjrk, (EZ)
where the Riemann tensor is a gauge invariant quantity. We can evaluate this expression to lowest order in #;, in the TT

gauge:

hoo = Fazh rjr (E3)

For an external gravitational field from a source far away, we obtain the vacuum solution for thkT, which is a gravitational

wave with wave vector k, amplitude /4, and the polarization tensor e;;. The polarization tensor satisfies e; jkj =0,e;j=¢j,
e! =0, and is normalized by e; e’/ = 2. We have

hil = —2hej sin(k - r — i), (E4)

where @ = c|k|, and we make use of the dipole approximation k - r ~ 0. Furthermore, we rewrite the Hamiltonian in
relative and center-of-mass coordinates, where we neglect the center-of-mass contribution. Thus,

h .
Hi(k, 1) = 5% w? sin(wt) e rirk. (E5)

Quantizing the gravitational waves, following the usual procedure, the Hamiltonian takes the form [12]

[16zGh . )
ﬂ Z N, i(k-r—wt) aLge—l(k‘r—mt)jI !‘]”x X/, (E6)
k.o

where 6 = %1 denotes the two possible polarizations of the quantized waves. Direct comparison with Eq. (E5) shows that

16zGh
h= T (E7)

The matrix elements between an initial state |y;)|0) with a final state [y ;)|1) including a graviton with wave vector k are
then given by

A 7Gha?
Mc Vv

(1w ¢ Hinely)10) = e (yrlefTxx ;). (E8)
APPENDIX F: GRAVITON TRANSITIONS

Let @ = (n, 1, m) be a multi-index denoting the energy eigenstates of H,. We can evaluate the transition amplitudes in
first-order perturbation theory [11]:

: i [t . iu 162Gh . -
aé}(t) = —£A A (| Hin(k, 1) [y p)e!”" = “am” w? V—<I//O,|ejkx/x |1///3> "y sin(wt’)e!®a"
1/l 77.'G6l)3 Kok ei(m,,/;er)t -1 ei(m,,/,—m)t -1
= - , Fl
Vh <l//£l|ejk XX |l///3> Cl)a/} + @ wa/} —w ( )

where we made use of the dipole approximation k - r ~ 0 and hw,s = E, — Ej is the energy difference between the two
states. Recall that the energy difference in the hydrogen atom is Aw,, = Egx(1/n* —1/n"?) with Ex = h?/(2ma?®) the
Rydberg energy.

Whenever the matrix elements (y,|Hy|ws) between two states vanish, a single graviton transition is not possible.
However, the transition can still be made via an intermediate state. The transition probabilities are given by the absolute
value squared of the second-order term of the Dyson series (again for ¢ > f):
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a(z)(t)——i tdt/ ﬂdl”z< |H (k t’)| >< |H (k t”)| >eim,,,t’+imﬂ,t”
ap - hz 0 0 YalTin (K2, l//y l//y int\ ™1 l///)’

14

- leZ/ A (y o |Hin (k2. 1) wr,) ! / d"(w, [Hin (K1, 1 )|‘/fﬁ>eiw’ﬂtﬂ

2 i(w, 3+ )1 _
uwy  [162Gh w | K101 i) / , ; .. e\ 1
otz e} XX yg) | Ayl Hig (Ko, )y, e sign(@) ——————
2mn? Va)lczg ’ 0 anm & ;w] Wy + @
4/’l27[G k.0 kiop i i
=~ wvire V D303 " (walegt xkxl ) (v, el 7 xixT|yg)
/4

' ) o ellwpto)l _ 1 eilo—o)l _q
X / dr’ sin(w, 1" )e' " ( —
0

a)ﬂ; +(1)1 w}/ﬂ — W

(=}

2”2”6 k.o ko1 i
=i 22 WalelF 3kl ) (el 7 31 )

ei((z),,7+1712)t -1 ei((u,,ﬁ+17)1+(7)2)t _ ])

@@,
X \/ 1@ -
172 Z Z Wyp + &)1 < WDy + &)2 WDop + 5)1 + &)2

@1=tw| @,=*tw,
2u*nG

k ki, i
= hvagre? o Wl ") ey )

T s e i(wg—w))t _ 1 ei(m,,/;—(ml+w2))t -1 >
1 9

Xy ((w o)y =) @y — ) (e = (@1 F @2) (F2)

where in the last step we are taking into account that only driven frequencies (w;, @,) close to the transition frequencies
(wgy,, w,5) Will have a probability of causing a transition. That is,

(Y] + wy/i > |CO1 - a)]//)’|’ (2] + a)a}/ > |Cl)2 - a)ay s

and (@ + @) + 0gp > (01 + @2) — @ypl.

The transition probability is obtained as the square magnitude of the above amplitude:

Po(t) = lal) (0]

2ﬂ2ﬂG 2 el — ol(@q=m)l _ p=i(wes—mn)t +1
- ( 2 2) a)?a)glvayvyﬂ‘z P 5
hVM=c (a)yﬁ - a)l) (a)ay - wZ)

ei(u)]—mﬂ;)t _ ei(u),,y—a)z)t _ e—i((u,,ﬁ—(mﬁra)z))t +1 ei(a)]—maﬁ)t _ ei(a),,b-—mz)t _ e—i(maﬁ—(u)ﬁra)z))t 1

(@5 — 1) (Wgy — )2 - (@ — 1) (g — @)
Sinz{(waﬂ — (wy + wy))t/2]
T oy =) (g —an ) (g = (@3 + w1>>2> (3)

with [V, V5> =V, V5 VisViss and Vy, = (1//(,|I:Iim|y/y>. The transition rate is found by

I = lim Poylt) . (F4)

t—00 1

The time independent terms in P,;(z), divided by ¢, as well as the e~ terms will go to zero. The e’ terms will cancel
each other in the limit. Hence, the remaining term is the last part of (F3). By using
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lim
=eo (Wap = (0 + @y))

S (0 = 0 £ )N 2 50, e +-0)). (FS)

we find a constant transition rate

2u’nG \? Ve VipVisVis e
'=(—— 3.3 v P ab " 5P Ts _ -
(hVM2c2> @12 (@5 — 1) (g5 — 1) 2 (@gp — (03 + 1)) (F6)
wnG
<hVM2 2) ‘V Dy ra (F7)

The delta functions makes it clear there exists one exact final state with energy w,, and the transition rate is zero for the
entire gravitational wave spectrum except for the frequency w = w; + w, = w,5. We can also consider a distribution of
final energy states by summing over all possible final states a:

- g (;{f;;ziz) zw?w%; @‘;?/4_‘/}21) 25(0)0, —wp— ) (F8)
—271'(%) a)}a)z/da) 5(@ — wy — w)za: %'25(&)—@(1) (F9)
:2ﬂ<%>2w§ : W}YZI ' /da) 5@ — wy — w)p(®) (F10)
_ z;:(ff";’;fcz) oo} m (@), (F11)

where we can recognize the density of states
(E) — 1 (~) — 1 5( ol )
P = plw)= E w— W),

considered at the final frequency w, = ws + ®, and we assumed that V,, is approximately constant over the range of the
final state distribution.

Next, we wish to solve V,, and V4 similar to the electrodynamic case above. The quadrupole moment is written in a
basis of rank two traceless tensors related to the / = 2 spherical harmonics. That is, the spherical harmonics is related to the
spin-2 field. Recall the / = 2 spherical harmonics,

1 )

Y22 = \/% (e' sin 9)?, (F12)
n

Y = —\/E e'? sin @ cos 0 (F13)
87 '

0_ [ 2 _

Y T6 (3cos6” — 1), (F14)

n

and the unit vector 7 is written in polar coordinates as r, = sinfcos ¢, r, = sin@sin ¢, and r, = cos 8. Plugging the unit
vector in the expressions for Y, we find
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. 1
y2m — y;’}r’r-’ — iy — gaij — Zy;r;*yZm‘

m

(F15)

Here, y;’; are the spherical unit tensors similar to the

spherical unit vectors i, in the electrodynamics case and
can be found by solving Eq. (F15). This results in

1 +£i O
+£2 _ ;
Vir=|=xi -1 0], (F16)
0 0 O
0 1
1 _ ;
Yi=10 0 =£i], (F17)
1 £i O
-1 0 O
0 _
Yii=1 0 -1 0 (F18)
0O 0 2
The system in spherical coordinates is given by
1 87 iy —2s -2 00
g —551‘]‘ :ED)U i+ Y+ VoY,
SRS CR NS ClP (F19)

By computing the transition matrix, we can see that the
mass quadrupole interaction is associated with [ =2
transitions and zero for a / =1 transition. Without loss
of generality, we consider a gravitational wave traveling in
the z-direction. For the + polarization, we have

P i ke
Walr'riei; " lyy) = (LsllrP2po) (sol (i = 13, po)

(F20)
= 32 1slIrP12p0) (50l (3 + ¥53) o).
(F21)

The angular part is

8x

E<So|(Y% +Y3%)[po)

1 1 2r T
_;,/_j%’/% /0 A sin*0.cos 0.cos 24 dOdep, (F23)

where the ¢ integral is zero. In other words, a direct
transition is not possible. To find all the possible transitions
via an intermediate eigenstate, we can evaluate the ¢
integral. Note that

2z T
/ e cos2¢p dep = {
0 0

Hence, the eigenstates of the hydrogen-like atom, which
have a wave function y, o ¢, will add an intermediate
part |y,)(y,| o e™Pe™d = 1.

For the x polarization, we have

(F22)

if n =242

. . (F24)
if n# 42

i j ke _
(walr'rle;s " wg) = (Ls||r*|2po) (s0[2r+y | Po) (F25)
—16in
= sl 2po) ol (V3= Y52) o).
(F26)
The angular part is
—16ix
(s0l(Y2 = ¥37)|po) (F27)

15

332z [15 [2 [=
:%1_5”,/@ /) A sin*0 cos Osin 2 dOdgp, (F28)

where the ¢ integral is once again zero. Similar to (F24) we
have

uw i if n=+2
/ e sin2¢p dp = (F29)
0

0 ifn#+2"
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