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We investigate the thermal evolution of quark stars with and without a hadronic crust using an equation
of state derived from perturbative QCD that incorporates the running of the strong coupling and the strange
quark mass. Our analysis reveals that bare quark stars cool too rapidly to match the luminosity data,
including those of the coldest observed isolated neutron stars, even when the uncertainty from the
renormalization scale is taken into account. In contrast, configurations featuring a hadronic crust exhibit
slower cooling and improved agreement with observational data. We also observe that the cooling band for
bare quark stars narrows significantly after 7 ~ 1 year, whereas the configurations with a crust exhibit a

larger uncertainty throughout their time evolution.
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I. INTRODUCTION

Neutron stars are believed to occupy a region of the
quantum chromodynamics (QCD) phase diagram charac-
terized by low temperatures and high baryon densities.
While it may be surprising at first glance to call neutron
stars cold, since they are born in supernova explosions
with temperatures of T ~ 10'' K~ 10 MeV and cool
over time to temperatures in the keV range [1,2], these
values are small compared to the energy scale set by QCD.
For example, the temperature of the deconfinement tran-
sition at vanishing chemical potential is around T, ~
(150-160) MeV [3-6], and the quark chemical potential
to be found in the interior of neutron stars is typically
within the range of hundreds of MeV [7]. Because neutron
star temperatures are far below such scales, their matter is
usually treated within the framework of cold and dense
QCD [7.8].

To describe their structure and dynamical properties, a
key ingredient is the equation of state (EoS), which encodes
the thermodynamics of strongly interacting matter. In
particular, the relevant regime involves baryon number
densities around and above nuclear saturation density,
no~0.16 fm=3, or nym, ~2.7 x 10'* gcm=. However,
the EoS of neutron star matter remains uncertain, since
first-principle approaches are currently reliable only in the
limits of very low or very high baryon densities.

At low densities—typically from below to slightly
above ny—quarks are confined within hadrons, and the
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interactions among them can be described using the first-
principle approach of chiral effective field theory [9—12].
This density regime corresponds to the outer layers of the
star, from the atmosphere down to the inner crust. Current
calculations can reach up to baryon densities ~1.1n
[13,14]. As one moves deeper into the star, toward its core,
baryon density increases significantly, typically reaching
values in the range of 2-10n,. This intermediate-density
regime is the most challenging to describe from first
principles. Unfortunately, lattice QCD simulations cannot
be applied in this region due to the sign problem [15].
Therefore, one does not have this benchmark to compare to
within the entire physical environment of neutron stars.

At much higher densities, around n =~ 40n,, the QCD
coupling becomes weak due to asymptotic freedom, mak-
ing perturbative QCD (pQCD) reliable to compute the
equation of state. Although such densities exceed those
expected in the core of compact stars, pQCD imposes
very stringent constraints to the EoS [16-20]. Besides, it
provides a systematic, controlled calculation, grounded in
the fundamental theory of strong interactions, with a clear
error estimate given by the freedom in the choice of the
renormalization scale. The equation of state for a system
composed of up, down, and strange quarks at zero temper-
ature and nonzero baryon chemical potential was originally
obtained within perturbative QCD more than four decades
ago by Freedman and McLerran [21,22], and also by
Baluni [23] and Toimela [24]. Since then, it has been
systematically improved [16,17,25-35].

In this work, we investigate the thermal evolution of
quark stars—hypothetical compact objects composed
entirely of deconfined strange quark matter [36-38]—with
and without a hadronic crust, using an equation of state
derived from perturbative QCD to order a,. We incor-
porate the renormalization group running of the strong
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coupling, a,, and the strange quark mass, m,. We focus on
the thermal emission of these objects. As will be discussed
in detail, such stars lose thermal energy via two primary
mechanisms: neutrino emission from the bulk and photon
emission from the surface [39]. During the early stages of
evolution, neutrino emission dominates the cooling and is
highly sensitive to the microscopic composition of the star.
Among the various neutrino processes, the most efficient is
the direct Urca process [40,41]. In nucleonic matter, this
process is only kinematically allowed when the proton
fraction exceeds a critical threshold [42—44]. In quark
matter, however, the direct Urca process can occur if
interactions between quarks are included (i.e., if the strong
coupling a, is nonzero) and if electrons are present [45].

Observationally, there are at least three young neu-
tron stars whose surface temperatures are too low to be
explained by the minimal cooling scenario [46], which
excludes fast neutrino processes such as direct Urca. These
data provide strong evidence that enhanced neutrino
emission mechanisms must be active in at least some
compact stars.

Our analysis reveals that bare quark stars cool too rapidly
to match the luminosity data, including those of the coldest
observed isolated neutron stars, even when the uncertainty
from the renormalization group scale is taken into account.
In contrast, configurations featuring a hadronic crust
exhibit slower cooling and improved agreement with
observational data. We also observe that the cooling band
for bare quark stars narrows significantly after # ~ 1 year,
whereas the configurations with a crust exhibit a larger
uncertainty throughout their time evolution.

The paper is organized as follows. In Sec. II, we present
and briefly discuss the thermal evolution of compact stars,
including the microscopic inputs required to solve the
relevant equations. Section III focuses on discussing the
equation of state employed in our calculations, including
the presence or absence of a hadronic crust. Our main
results and their discussion are presented in Sec. I'V. There,
we show temperature profiles and the luminosity evolution.
The latter is directly compared to current observational
data. Finally, Sec. V summarizes the findings and outlines
perspectives for future work.

II. THERMAL EVOLUTION

A. Evolution equations

Approximately one minute after its formation in a
supernova explosion, the newly born compact star cools
to a temperature below ~1 MeV ~ 1.16 x 10! K [1]. At
this stage, the star becomes effectively transparent to
neutrinos, and we focus our analysis exclusively on this
phase. From this point onward, cooling proceeds through
two dominant mechanisms: neutrino emission from the
entire stellar body and heat conduction from the internal
layers, resulting in the thermal emission of photons. These

energy loss channels operate simultaneously, with neutrino
cooling dominating early evolution and photon emission
taking over at later times [47]. The precise time at which
surface photon emission becomes comparable to or domi-
nates over neutrino cooling depends on the properties of the
star. The thermal evolution of a spherically symmetric
compact star in general relativity is governed by two
coupled differential equations: the energy balance equation
and the heat transport equation [48,49].

The energy balance equation gives the time dependence
of the temperature due to neutrino losses and outward heat
flow via
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where L(r, t) is the luminosity (excluding neutrinos), ®(r)
is the metric function, ¢,(r, T) is the neutrino emissivity,
C,(r,T) is the specific heat, and T(r, 1) is the temperature.
The factors ¢®(") account for the gravitational redshift.

The second differential equation links the local lumi-
nosity to the temperature gradient and is given by

2Gm __ 0
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where « is the thermal conductivity. One needs to solve
Egs. (1) and (2) simultaneously to determine L(r,t)
and T(r,1).

In addition to the microscopic quantities mentioned
above, solving the cooling equations also requires input
from macroscopic quantities such as the radial coordinate r,
the radial profile of the energy density e(r), and enclosed
mass m(r). These are obtained by solving the Tolman-
Oppenheimer-Volkoff (TOV) equations for a chosen central
density, which requires specifying an equation of state.
Since the internal structure of a compact star can be
regarded as temperature independent, the TOV equations
need to be solved only once.

To solve the thermal evolution equations, appropriate
boundary conditions are required. At the center of the star
we fix L(r = 0, 1) = 0, which reflects the fact that there is
no net energy generation or loss at this point. The outer
boundary condition is given by the photon luminosity,
which is expressed as

Ly = 4”RgtaraSBTﬁ,’ (3)

where oy is the Stefan-Boltzmann constant and Ry, is the
stellar radius. The quantity 7', denotes the effective temper-
ature at the stellar surface. Its determination, based on the
T, — T, relation, will be described in the following paragraph.

To facilitate numerical computations of the time evolu-
tion of the internal temperature and luminosity profiles, it is
common to artificially subdivide the problem. This is done
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by separating the star in two regions: the interior (r < R})
and the outer heat-blanketing envelope (R, <7 < Ryy,).
The standard approach is to define the envelope as the
region that extends from the surface of the star to a density
of p, = 10'° gecm™3, which corresponds to a radial depth
of approximately 100 meters below the surface. This
envelope is thin compared to the total radius of the star,
and is, therefore, analyzed separately by solving Egs. (1)
and (2) under the stationary plane-parallel approximation
[50,51]. The solution of these equations provides the
relation between the surface temperature, 7, =T,, and
the boundary temperature 7. Thus, for a given T, — T,
relation, we can express Eq. (3) in terms of the boundary
temperature. This yields the outer boundary condition,
L(R,) = L,, used in the cooling calculations. For bare
quark stars, we take 7, = T, and for stars with a crust,
following [52], we set T, = 5 x 1072T,,.

The local quantities L, R, and T, are measured at the
stellar surface, whereas a distant observer detects their
redshifted counterparts, L® = ¢’®L, T® = ¢®T,, and
R%, = ¢"®R. The main goal is to determine how the
apparent temperature 7% (or, equivalently, of L*) evolves
with stellar age .

B. Microscopic inputs

The thermal evolution depends sensitively on micro-
physical quantities that control energy loss, heat storage,
and thermal transport in the stellar interior [53]. These, in
turn, are functions of the local composition, density, and
temperature, and are also influenced by the presence of
exotic phases or superfluidity. For this reason, we need to
separate the inputs for the core and the crust. In the bare
scenario, however, we apply the quark core inputs through-
out the entire stellar profile.

For the neutrino emissivity e,—which represents
the energy radiated per unit volume per unit time via
neutrinos—we include, in the quark core, contributions
from direct Urca, modified Urca, and bremsstrahlung
processes, using the values computed in Ref. [54]. For
the hadronic crust, we consider contributions from plasmon
decay and neutrino bremsstrahlung resulting from electron-
nucleus collisions. For plasmon decay we implement the
interpolation formula from Ref. [55] and for bremsstrah-
lung we use the fit provided by Ref. [56].

The specific heat of strange quark matter is given by the
sum of contributions from electrons and quarks, for which
we use the expression given in Ref. [54]. In the crust we
must account for the specific heat of electrons, using the
same expression as in the core, as well as that of the ions.
The ion contribution depends on the properties of the ions
present in the crust, such as their Fermi momentum, mass
number A, and atomic number Z. It is also necessary to
account for the melting temperature, 7',,, dependence on
these quantities, since different compositions can lead
to different melting temperatures. One can have, e.g., a

Coulomb crystal at the bottom of the outer crust and a
Coulomb liquid at the top of the inner crust [57]. This, in
turn, results in changes in its thermal properties.

We adopt the one-component plasma approximation. For
temperatures below the melting temperature, the specific
heat is taken as the sum of the Coulomb crystal contribution
in the harmonic approximation, obtained from Ref. [58],
and the anharmonic correction from Ref. [59], both
calculated using parameters appropriate for a body-cen-
tered cubic lattice. For temperatures above the melting
point, we compute the specific heat for an ideal ion gas,
including the excess terms from the internal energy, as
given in Refs. [57,60].

Finally, we use the expression given in Ref. [61] for the
thermal conductivity of strange quark matter. In the crust,
the thermal conductivity is conveniently expressed in terms
of the effective electron collision frequency, v,, as [62,63]

ﬂ'szTl’le 4
- 3miy, “)
where m: = ep/c? is the effective dynamical mass of an
electron at the Fermi surface, n, is the electron number
density, kp is the Boltzmann constant, and v, is the effective
electron collision frequency, obtained as the sum of the
partial collision frequencies corresponding to the relevant
electron scattering mechanisms, which can be treated
separately [64].

In our computation, we use the electron transport
coefficients provided in Ref. [64], whose corresponding
Fortran code is available online [65]. Their results were
computed for the outer envelope of neutron stars. For our
calculations, we extrapolate them to the densities found
at the bottom of the thin hadronic crust. As shown in
Ref. [66], this extrapolation is reasonable within the density
regime we consider. However, it no longer holds in the
inner crust of neutron stars, where densities exceed the
neutron drip threshold, and the presence of free neutrons
alters the functional behavior.

III. EQUATION OF STATE
A. Quark matter

To solve the cooling equations, we need the inputs
discussed in Sec. IIB as well as a specification of the
equation of state. A commonly adopted equation of state
for strange quark matter in the compact star community is
the MIT bag model [67-69], which treats quarks as a
degenerate Fermi gas confined to a finite region of space. A
phenomenological treatment of confinement is imple-
mented via an additive constant B to the energy of the
system, reflecting the difference between the perturbative
vacuum and the physical, chiral symmetry breaking ground
state of the theory. Within the framework of the bag model,
a standard approach is to use the thermodynamic potential
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computed in [70], which includes first-order corrections in
the strong coupling constant a, from perturbative QCD and
accounts for a finite strange quark mass m,. In the massless
case, these first-order corrections cancel out in the equation
of state.

The resulting equation of state depends on some free
parameters that must be specified. For instance, the
renormalization scale needs to be chosen to match the
typical chemical potentials relevant to the system [71]. In
addition, the values of «,, m,, and B are fixed and must all
be specified. A common way to constrain this parameter
space is by imposing strange matter stability criteria: the
energy per baryon of three-flavor quark matter should be
lower than that of iron nuclei, while the corresponding
value for two-flavor quark matter must remain higher.

However, lattice simulations of hot QCD thermodynam-
ics clearly demonstrate the importance of accounting for
the interactions of quarks and gluons to address the phase
structure of strongly interacting matter. As discussed in
Ref. [29], the bag model description exhibits a very poor
behavior in this respect by construction. There is no
physical reason to expect a different outcome for cold and
dense QCD. Therefore, here we adopt the simplest version
of a pQCD equation of state for cold quark matter [27]: two
massless (up and down) and one massive (strange) quarks,
up to O(ay), using the MS scheme. Renormalization group
running effects are included for both the coupling and the
strange quark mass. The resulting thermodynamic potential
depends explicitly on the quark chemical potentials yu;
(i = u, d, s) and the renormalization subtraction point A,
and implicitly through the scale dependence of the strong
coupling a,(A) and the running mass m(A).

The only free parameter in the EoS is A. Following the
discussion of Refs. [26-28], we take A o ) i/ Ny, where
Ny is the number of flavors. The canonical value for the
proportionality constant is 2, but it is usually varied
between 1 and 4 to assess the sensitivity of the results
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to this scale choice, which provides a band of theoretical
uncertainty associated with the equation of state. To this
order in perturbation theory, however, we find that the
equation of state becomes too soft at A = y to support
stable stellar configurations with masses of 1.4M or
greater. Since we are primarily interested in configurations
at or above this mass threshold we choose, phenomeno-
logically, to set the lower limit of A to 2.

In order to obtain electrically neutral quark matter, we
include electrons with chemical potential y,. This imposes
the following condition on the number density n; of the
particles:

2 1 1
Z qin; :gnu —gnd—gns

i=u,d,s,e

-n,=0. (5)

We also impose beta equilibrium conditions, the relevant
processes being

d—>u+e+r,, u+e—d+v,,
s—>u+e-+ro,

s+u<d+u, (6)

u+e—s+ru,,

which yield the following conditions for the quark and
electron chemical potentials:

Ha = Hs =My My He = J. (7)
Here, we have set the neutrino chemical potential to zero,
since neutrinos escape from the star rapidly. With these two
conditions, we ensure that only one independent chemical
potential remains, which we take to be y, = u. This allows
us to express the thermodynamic potential solely as a
function of u. Consequently, the equation of state can be
obtained from the parametrized expressions for pressure
and energy density as functions of u. In Fig. 1, we show
the pressure and energy density as functions of u,

1.0

100 200 300 400 500 600 700 800 900 1000
u (MeV)

Pressure (left panel) and energy density (right panel), each scaled by their respective Fermi values, shown as functions of the

strange quark chemical potential ;. Bands represent the renormalization-scale dependence in the range between A = 2y and A = 4.
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normalized by the free (massless) Fermi gas result, com-
puted for A =2y and A =4u. Both panels exhibit a
notable increase in the band width at lower quark chemical
potentials, as expected.

B. Crust

Strange quark stars may be surrounded by a thin crust of
hadronic matter, suspended above the core by electrostatic
forces. It was demonstrated that the electrons that neutralize
the positively charged strange matter are bound primarily
by the Coulomb interaction and extend several hundred
Fermis beyond the quark matter surface [72-74]. This
spatial separation results in the formation of a surface
electric dipole layer composed of a positively charged layer
just beneath the surface and the extended electron cloud
above it. The strong electric field generated in this region is
capable of supporting a crust of nuclear material physically
detached from the core.

The resulting vacuum gap between the quark core and
the crust is estimated to span several hundred Fermis
[75,76]. The maximum density at the base of the crust is
generally constrained by the neutron drip density, pgy, ~

4 x10'" gecm™. Beyond this threshold, free neutrons
would no longer be bound in nuclei, allowing them to
gravitationally sink into the core. Upon contact with the
strange matter, these neutrons would be rapidly converted
into quark matter, thereby destabilizing the crust [77].

To include this crust in our calculations, we adopt the
Baym-Pethick-Sutherland (BPS) EoS [78], which describes
matter in its cold, catalyzed state, and matches it to the
quark matter EoS. This results in an overall EoS composed
of two segments, one for the nuclear crust and another for
the quark matter core. Since the only constraint on the crust
is its maximum density, quark stars could in principle
possess crusts of varying thicknesses, depending on their
formation history and age, with the only requirement being
that the transition occurs at or below py,. The resulting

equation of state is represented by

P(E) _ PBPS(€)’ if P < Pcrust’ (8)
PpQCD(e)7 if P> Pcrust-

In all configurations, the surface of the star is defined by
the condition P = 0. However, when a crust is present, the
edge of the quark core is located at a nonzero pressure,
equal to the pressure of the crustal material at the core-crust
transition density, i.e., P = P, . Therefore, the presence
of a crust slightly compresses the quark core compared to
the bare case.

In this work, we adopt a maximally thick crust, with the
crust-core transition taking place at pgg, ~ 4 x 10" gem™,
Although this maximum density estimate was later revised
[79], indicating a lower crustal density, we proceed with the
conventional maximally thick crust assumption to provide

~
N

-

P (MeV fm~3)

1005 107 103 10~2 10~! 10° 10' 102  10°
£ (MeV fm~3)

FIG. 2. Equation of state P(¢) for a quark star with a nuclear
crust. The low-density sector is described by a BPS equation of
state, whereas the high-density sector is built from cold and
dense pQCD.

an upper-limit scenario for the crustal contribution. The
resulting equation of state is shown in Fig. 2. The low-
density regime is described by the BPS EoS. This ceases to
be valid at the neutron drip point with € ~ 0.22 MeV fm™
and Py, ~ 4.4 x 107 MeV fm™>. For the core, we employ
the pQCD EoS, starting at Pgy,, evaluated for the two
limiting renormalization scales A = 2y and A = 4y, using
the same line style convention as in Fig. 1. The two EoSs
are matched at Pg;,, corresponding to € ~ 26 MeV fm=3
for A =2u and e~ 186 MeV fm~> for A = 4u. The dis-
continuity at the junction reflects the absence of a mixed
phase in the intermediate-density region.

IV. RESULTS

We show in Fig. 3 the mass-radius relations resulting
from the numerical solutions of the TOV equations [80,81],
which describe the hydrostatic equilibrium of a spherically
symmetric object within the framework of general rela-
tivity. Unlike the thermal evolution equations, the only
microscopic input required to solve the structure equations
is the EoS. The resulting curves depict the stellar mass and
radius obtained for different values of central pressure
p(r =0) using the pQCD EoS described in Sec. III with
running strong coupling a, and running strange quark mass
my. Curves corresponding to quark stars without a crust are
shown in gray, whereas those including a hadronic crust are
shown in blue.

As expected, including a crust removes the self-bound
nature of quark stars and modifies the stellar radius as a
function of mass. For very low-mass strange quark stars,
the crust can extend several kilometers beyond the radius of
the bare configuration, whereas for more massive stars it
becomes much thinner. Although the crust noticeably alters
the stellar radius, the total mass remains essentially un-
changed, with differences on the order of IO‘SMO, which
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FIG. 3.

The main (left) panel shows the full mass-radius diagram computed from the pQCD EoS. Gray curves correspond to

configurations without a crust, whereas blue curves include a nuclear crust. The right-hand panels provide zoom views isolating the
impact of the crust for the cases A = 2u (top) and A = 4u (bottom).

are negligible at the scale of the plotted results. In general,
configurations (with and without a crust) corresponding
to A =4y are less compact than those with A = 2u.
Moreover, the impact of the crust on the radius is more
pronounced in the A = 4y case, indicating a comparatively
thicker crust for these configurations.

In what follows, we compute cooling curves, i.e., the
evolution of L, with stellar age, for quark stars with and
without a crust, considering configurations with mass
M = 1.4M . The results obtained with the pQCD equation
of state are shown in gray, where the cases with A = 2u
(dashed line) and A = 4y (solid line) define the lower and
upper limits of the gray band. For comparison, we also
compute the cooling curve using the MIT bag model with
O(ay) corrections [70] in which the parameters are set to
a, = 0.4, m, = 100 MeV, and B'/* =128.9 MeV. The
parameters were chosen such that the central density of the
resulting 1.4M stellar configuration lies within the range
spanned by the central densities of the corresponding
1.4M, stars obtained from the upper and lower pQCD
band limits. This result is shown in black in the cooling
curves.

For all results presented here, we assume that the initial
configuration of the star is a constant redshifted temper-
ature profile, 7(r) = Te®"), and we fix the initial temper-
ature 7 = 10° K for both bounds of the band across all
configurations. Previous analyses [82,83] have shown that
the choice of the initial temperature profile does not signi-
ficantly affect the resulting cooling curves. Therefore, we
adopt this simple initial condition without the need to
estimate a more detailed temperature distribution.

We compare our theoretical results with observational
data from the catalog of thermally emitting, middle-aged
isolated neutron stars, first presented in [84] and maintained

as a continuously updated online resource [85], which
provides their ages and thermal luminosities. The data are
divided into four classes:
(i) Weakly magnetized thermal emitters (central com-
pact object-like): with inferred or upper-limit dipolar
fields By, <5x 10" G, or undetermined field
strengths (depicted in red).
(ii) Ordinary rotation-powered pulsars: with typical
dipolar fields B ~ 10'2-10"* G (depicted in blue).
(iii) High-B pulsars: with inferred B~ 10'3-10* G
(depicted in green).

(iv) Small-area thermal emitters: group of pulsars with
very small effective thermally emitting areas
(R < 0.5 km), whose thermal luminosities can
be regarded as upper limits to the total surface
emission (depicted in purple).

We restrict our sample to neutron stars whose ages have
been determined independently of timing measurements.
These ages are estimated from the proper motion of the star,
physical properties of the associated supernova remnant
or surrounding nebula, or, in a few cases, on historical
supernova dates.

In Fig. 4 we show the resulting cooling curve for a quark
star without a crust and compare it to the available
observational data. This result is consistent with previous
work [47], which shows that in bare quark stars the direct
Urca process, operating throughout the entire star, leads to
extremely efficient cooling, provided that no suppression
mechanism—such as the pairing gaps induced by color
superconductivity—is present. However, several studies on
the thermal evolution of quark stars and hybrid stars with
quark cores have shown that color superconducting phases
can strongly suppress the direct Urca process [86,87], leading
to significant changes in the cooling behavior [88-90].
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FIG. 4. Redshifted photon luminosity L, as a function of
stellar age for a quark star with M = 1.4M,. Observed data
points correspond to measured thermal emission from isolated
neutron stars (see the main text for details).

As a consequence of the absence of suppression mech-
anisms, the star reaches very low luminosities at early ages,
becoming too cold to account for the observational data,
even for the coldest observed isolated neutron stars. We
also observe in the figure that the cooling band that
measures the uncertainty from perturbative QCD begins
to narrow significantly within the first year of evolution.
When the star reaches two years of evolution, the upper and
lower limits begin to exhibit similar behavior, and the band
width remains constant until the end of our analysis.

To better understand the behavior observed in the cool-
ing band, we analyzed the evolution of the internal temper-
ature at the band boundaries during the early stages of

10°
_ 108
X
e~
107 4
t=1
4x10% 5x 101
p(r)[g/cm?]

FIG. 5.

t=0yr

t=1073

t=10"1

evolution, specifically up to the first year, where the
uncertainty is larger in comparison to the rest of the
evolution. The results are presented in Fig. 5. The left
panel shows the temperature evolution at the lower bound
A = 2u, while the right panel corresponds to the upper
bound A = 4.

The subtle difference in the initial conditions between
the two limits arises from the redshift factor ¢®("), which
differs between the configurations due to their different
metric functions. In both cases, the initial temperature
drop occurs in the outer layers, where thermal photon
emission—used as a boundary condition in the cooling
equations—takes place, while the core remains relatively
hotter. By # = 1073 yr, the temperature profiles are quite
similar across both configurations, with some differences:
the upper limit exhibits a slightly higher temperature
throughout most of the stellar profile compared to the
lower limit, on the order of 107 K. Moreover, in contrast to
the interior, the surface temperature is slightly lower by a
comparable amount.

We observe a similar behavior at t = 107! yr, with a
hotter interior and a steeper temperature gradient in the
outer layers. However, at this point we begin to access the
differences in the thermalization process between the limits
considered. The configuration with A = 4u appears to
thermalize more rapidly than that with A = 2y, since it
exhibits a more extended region within the star that is
isothermal with the center. By the time both configurations
reach t = 1 yr, the star becomes nearly isothermal, with a
temperature difference between the center of the star
(r = 0) and the surface (r = Ry,,) of the order of 10* K
and 10° K for the lower and upper bounds, respectively.
This difference decreases further to the order of 10° K at
t =14 yr for A =2u and t = 17 yr for A = 4u.

t=0yr
t=10"3
t=10"1
b t=1
4.6x10% 4.8x10% 5x10¥ 52x102 54x10% 56x101
p(r)[g/cm?]

Radial temperature profiles of a 1.4M , bare quark star during the early thermal evolution, computed for different stellar ages f,

using pQCD EoS with A = 2u (left) and A = 4y (right). Each curve is labeled by its corresponding age in years, from # = 0 (initial

condition) to t =1 yr.
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FIG. 6. Redshifted photon luminosity L, as a function of
stellar age for quark stars with different masses.

We also analyze the thermal evolution of quark stars
without a crust across a range of stellar masses, as shown in
Fig. 6. The results indicate that increasing the stellar mass
systematically shifts the cooling bands toward later times,
corresponding to higher surface luminosities at a given age.
Moreover, the temporal evolution of the width of the
cooling band also exhibits a mass dependence. For more
massive configurations, the band is slightly broader during
the early stages of evolution and becomes narrower—
relative to the 1.4M case—after the point of the steepest
luminosity decline. This narrowing is primarily due to the
lower boundary of the band shifting more significantly with
increasing mass than the upper boundary, leading to a
reduced uncertainty in this evolutionary phase for higher-
mass stars.

For quark stars featuring a hadronic crust, we compute
the thermal evolution using two distinct numerical
approaches, which we refer to as Grid Model A and
Grid Model B. Grid Model A explicitly accounts for the
presence of the gap between the quark core and the crust. In
this case, when constructing the radial grid for the calcu-
lations, we place a grid point at the location of the gap by
employing a sufficiently small radial step size (dr). Grid
Model B, in contrast, neglects the gap entirely, initiating the
crustal grid at the neutron drip density and continuing
outward, down to a density of p = 10'® gcm™3.

While both approaches yield consistent results in the
region of the cooling curve where observational data exist,
they differ at early times: the explicit treatment of the gap
affects the initial luminosity evolution and the early internal
temperature profiles. Since this young epoch is not con-
strained by observations, and because resolving the narrow
gap—of order several hundred femtometers—significantly
increases computational cost, we adopt the second method
when comparing our results with observational cooling
data (including the comparison with the MIT bag model).

1035 4

L. (ergs/s)
S g

fury

o
W
N

10314

102 10-' 10° 10% 102  10®  10*  10°
Age (years)

FIG. 7. Redshifted photon luminosity L. as a function of
stellar age for a M = 1.4M quark star with a hadronic crust.

Nevertheless, for completeness, we will explicitly show the
differences between the two approaches by presenting the
pQCD luminosity evolution and the corresponding internal
temperature profiles obtained from both methods.

In Fig. 7 we show the resulting cooling band for the
M = 1.4M quark star with a hadronic crust. At early times
(t = 1072 yr), the luminosity band begins at lower values
compared to the case of a bare quark star. Given that the
initial temperature is chosen to be 7 = 10° K for all
configurations analyzed in this work, this reduction in
surface photon luminosity is attributed to the 7, —T,
relation, which modifies the outer boundary condition
for calculations in the presence of a crust. Although the
crusted model exhibits lower initial luminosity, the follow-
ing evolution does not undergo the same sharp decline
observed in the bare star scenario. As a result, the crusted
configurations remain comparatively warmer at later times
for the same stellar age, producing cooling curves that
move closer to the observational data.

Furthermore, the luminosity band of the crusted quark
star configurations remains systematically broader than that
of the bare case at all ages. As in the bare quark star
scenario, the widening of the band is associated with the
stellar age at which the luminosity curve exhibits its
steepest decline. Since the upper and lower boundaries
reach this point at distinct stellar ages, the luminosity
spread is consequently stretched during this phase.

This behavior signals that the sensitivity to the choice of
the renormalization scale becomes more pronounced in the
cooling of quark stars with a hadronic crust.

In Fig. 8, we show the temperature profile evolution for
the two modeling approaches for a quark star with a crust.
The top panels correspond to the case where the thermal
gap at the crust-core boundary is taken into account,
whereas the bottom panels show the results when this
gap is neglected. The most significant differences arise
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FIG. 8.
different stellar ages . Left and right columns correspond to A = 2u

Radial temperature profiles of a M = 1.4M, quark star with a nuclear crust during the early thermal evolution, computed for

and A = 4y, respectively. Top: thermal evolution computed on a

radial grid that includes a point in the crust-core gap. Bottom: the gap is ignored in the numerical grid. Each curve is labeled by its

corresponding age.

during the early evolutionary stages. At these times, as
shown for t = 107! yr, t =1 yr, and ¢t = 10 yr, the tem-
perature profile exhibits a clear discontinuity between
the crust (for densities p < 4 x 10'© gecm™) and the core
(p > 4 x 10'° gecm™3) when we take the gap into account.
The core rapidly becomes isothermal, while the crust
retains higher temperatures, except in the outermost layers
where surface photon emission plays an important role.
In contrast, when the thermal gap is not included, the
transition between the crust and core is smoother, and the
core takes longer to reach an isothermal state. Despite these
early-time differences in the internal temperature distribu-
tion, both models converge to nearly identical thermal
profiles by # = 100 yr. As a result, the differences between
the predicted luminosities appear only for ages <100 yr, as
illustrated in Fig. 9. Such ages, however, are significantly
younger than those of any neutron stars in our observational
sample. Consequently, the early-time discrepancy between

the two grid models has no practical impact on the
comparison with data.

Moreover, the computational expense associated with
Grid Model A is substantially higher. Accurately position-
ing a grid point inside the narrow crust-core interface
requires resolving length scales on the order of femtom-
eters, which makes the radial derivatives exceedingly steep
and demands integration steps that are too small for the
scale we need for this problem. Grid Model B avoids this
difficulty while producing indistinguishable results for all
relevant ages.

Beyond the variations in the cooling band behavior, the
temperature profile evolution further highlights differences
between the bare and crusted quark star models. In the
presence of a crust, a pronounced temperature gradient
develops, with the two regions cooling at different rates.
This behavior resembles that of neutron star cooling, where
efficient neutrino emission in the core causes it to cool more
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FIG. 9. Redshifted photon luminosity L, as a function of
stellar age for a M = 1.4M quark star with a hadronic crust,
comparing the cooling results obtained with Grid Model A and
Grid Model B.

rapidly than outer layers, leading to a “cold wave”
propagating outward toward the crust. This process delays
the onset of an isothermal profile. Specifically, the time
required for the temperature difference between the center
(r = 0) and the boundary (r = Ryoungary) t0 decrease to a
value on the order of 10° K is approximately 10* yr for
A =2y and 4 x 10* yr for A = 4u.

V. SUMMARY AND OUTLOOK

We investigated the thermal emission properties of quark
stars with and without a hadronic crust, using the simplest
version of a pQCD equation of state for cold quark matter,
up to O(ay), using the MS scheme, and taking into account
renormalization group running effects on the coupling and
the strange quark mass. The choice of the renormalization
scale affects the stiffness of the EoS which, in turn,
determines the macroscopic structure of the star. So, the
cooling behavior is impacted in two distinct ways: through
the macroscopic inputs determined by the solutions of the
Tolman-Oppenheimer-Volkoff equations and through the
microscopic inputs relevant to thermal evolution. To
explore this sensitivity, which is a measure of the uncer-
tainty in the EoS, we consider a band in A from 2y to 4.

Our results show that, even when accounting for this
theoretical uncertainty, bare quark stars cool too rapidly to
be consistent with observational data, exhibiting luminos-
ities lower than those of the coldest observed isolated
neutron stars, as shown in Fig. 4. We also find that the
cooling band becomes significantly narrower after approx-
imately ¢ = 1 yr, indicating a reduced sensitivity to the
choice of renormalization scale at later times. Furthermore,
we observe that increasing the stellar mass (from 1.4M to
2M ) leads to a narrower cooling band, which also results

in slightly higher luminosities compared to the 1.4Mg
configuration.

Motivated by these findings, we extended our analysis to
quark stars with a hadronic crust. The motivation arises
from the observation that the uncertainty associated with
the pQCD EoS is more significant at early stages of thermal
evolution, when the star has not yet achieved internal
isothermality and is primarily cooling via neutrino emis-
sion. Given the known role of the crust as a thermal
insulator, which delays the establishment of an isothermal
interior, we investigated how the uncertainty from the
pQCD EoS influences this configuration. As expected,
the temperature evolution in the crusted case is less steep
than in the bare configuration, bringing the model pre-
dictions into closer agreement with the observational data,
as illustrated in Fig. 7. We obtained a cooling uncertainty
band that lies slightly above the coldest observed young
neutron stars, while still encompassing the data point of
PSR B2334 4 61, although the full extent of its reported
uncertainties is not simultaneously accommodated.

In contrast to the bare case, the cooling band in the
crusted configuration does not exhibit a significant narrow-
ing throughout the timescale considered (up to ¢ = 10° yr),
indicating a more persistent sensitivity to the EoS param-
eters and emphasizing the need to include equation-of-state
uncertainties in cooling calculations.

We also computed the cooling curves obtained using
the MIT bag model with O(a;) corrections. For the bare
configuration, the MIT bag model predictions remain
within the uncertainty band associated with the variation
of A in the pQCD equation of state, except during the very
early stages of the evolution. In this initial phase, the MIT
bag model curve briefly falls outside the band but enters it
before the star reaches an age of 1 yr. For quark stars with a
hadronic crust, however, the behavior is reversed. In this
case, the MIT bag model prediction begins within the
pQCD uncertainty band but subsequently departs from it,
yielding higher luminosities.

Our model for the thermal evolution of quark stars
described with perturbative QCD with a hadronic crust
approaches the region occupied by the mentioned young
neutron star observations, although it does not reproduce
the full set of data. Several aspects of the microphysics may
influence this discrepancy. In particular, uncertainties in the
thermal properties of quark matter in the core, the treatment
of the crust, and the modeling of the stellar envelope may
significantly affect the location of the predicted cooling
band relative to the observations. Furthermore, there are
additional stellar properties and effects not considered in
our current framework, which we discuss below.

It is well established that color superconductivity can
modify both the neutrino emissivity and the heat capacity
of quark matter [91-94]. A natural extension of the present
study would, therefore, be to investigate the cooling of
quark stars in different color superconducting phases, while
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consistently incorporating the uncertainties from the pQCD
equation of state. Previous studies have shown that the
presence of a color-flavor locked phase [90] can signifi-
cantly modify the early thermal evolution of strange quark
stars with a nuclear BPS crust. The strong suppression of
neutrino emission in this superconducting phase can alter
the predicted cooling curves, particularly at early ages, and
may, therefore, influence how theoretical cooling bands
compare with the available data.

Another important aspect concerns the role of magnetic
fields. Although we compare our results with observations
of high-B pulsars, magnetic field effects are not explicitly
included in our cooling calculations. Significant progress
has been made in this area, such as the study in [95], which
investigates magnetic field effects on the neutrino emission
of ungapped quark matter, and the work in [96], which
analyzes the axisymmetric cooling of neutron stars.

Regarding neutrino emissivity, although the presence of
a strong magnetic field opens the channel for neutrino-
antineutrino synchrotron emission, its rate remains several
orders of magnitude smaller than that of the direct Urca
process. For this dominant process, it has been shown
that, on average, the energy emission rate decreases with
increasing field strength, being suppressed by about 20%,
even for magnetic fields as strong as 10!7 Gauss. As a
result, the authors do not expect this to cause a substantial
difference in the overall cooling behavior. An interesting
exception to this general trend arises in the extreme lowest
Landau level regime, where the emission rate can actually
be significantly enhanced. Furthermore, it is worth noting
that the complex interplay between color superconducting
phases and strong magnetic fields remains far from fully
understood.

In addition to altering local weak interaction rates,
intense magnetic fields break the spherical symmetry of

the star, introducing further complexities into the cooling
process. Recent axisymmetric analyses of neutron star
cooling have investigated this effect. Of particular interest
is the effect of high magnetic fields on the gravitational
mass observed at infinity. When comparing two stars with
the same gravitational mass, a highly magnetized star will
have a lower baryonic content and, consequently, a lower
central density. In standard neutron stars, this density
reduction directly restricts the core volume where the direct
Urca process is allowed to operate. Even though the
kinematic conditions for the direct Urca process are much
more relaxed in quark stars, it was shown that strong
magnetic fields inherently modify how heat is transported
within the stellar interior and alter the thickness of the
crust [97], nonlinearly increasing the thermal relaxation
time of the star. While such treatments have been explored
in the nucleonic context, the impact of these changes on the
cooling of quark stars has not yet been systematically
investigated.

Another relevant direction is to refine the microphysical
inputs by implementing up-to-date calculations of neutrino
emissivity [98,99] and heat capacity in quark matter [100].
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