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In this paper, we explore (2 + 1)D quantum electrodynamics at finite density on a quantum computer,
including two fermion flavors. Our method employs an established gauge-invariant Ansatz together with a
quantum circuit structure that enforces Gauss’s law. As a proof of principle, we benchmark our simulation
protocol on a small lattice system of 2 x 2, demonstrating the identification of density-induced level
crossings in terms of the particle number of the fermion flavors. Classical simulations are used to obtain
optimized variational parameters, which are then deployed in inference runs on IBM quantum hardware.
We conclude by discussing hardware limitations and prospects for scaling this method to larger systems.
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I. INTRODUCTION

Gauge theories play a fundamental role in the description
of nature. In the Standard Model, non-Abelian gauge
theories describe the strong interactions (QCD) and the
electroweak interactions, while Abelian gauge theories
account for QED. Among these, simulating QCD poses
particular challenges due to its strongly interacting nature.
Lattice gauge theory has provided us with various insights
into QCD, but regimes such as finite density, the #-term,
and transport properties of the quark-gluon plasma remain
difficult to access. Furthermore, real-time dynamics, essen-
tial for understanding phenomena such as the out-of-
equilibrium evolution after heavy-ion or proton collisions,
are inaccessible with conventional lattice QCD techniques.

To address this challenge, there has been growing interest
in studying the Hamiltonian formulation of lattice theories
as a complementary approach (see, e.g., Refs. [1-3] for
recent reviews). However, current methods such as exact
diagonalization, tensor networks, and variational quantum
algorithms remain limited to small systems due to both
hardware constraints and the challenge of discretizing the
Hilbert space. As a result, a full Hamiltonian treatment of
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QCD in (3 + 1)D is still out of reach. A natural strategy is
therefore to incrementally increase the dimensionality of the
system, studying lower-dimensional models that preserve
key features of QCD. The (1 + 1)D Schwinger model has
long served this role, exhibiting confinement, chiral sym-
metry breaking, and a mass gap [4]. Recently, it has been
simulated with multiple fermion flavors at finite density on
superconducting quantum hardware [5] and on a trapped-ion
quantum processor [6].

A natural next step is QED in 2 4+ 1D (QEDj3), which
retains key features such as confinement [7]. Beyond being
a testbed for QCD, QEDj is physically rich in its own right.
In condensed matter systems, QED; with multiple fermion
flavors and chemical potentials can serve as an effective
description of the experimentally elusive quantum spin
liquids [8—12] and cuprate superconductors [13—17]. This
interplay between QED; and fermionic matter has recently
been explored with quantum Monte Carlo methods [18,19].
In addition, quantum spin liquids have also been studied
using exact diagonalization [20]. The first quantum sim-
ulations of QED; were recently reported in Refs. [21,22],
focusing on a single fermion flavor at zero density. QED;
with two fermion flavors at finite density has been
simulated using variational Monte Carlo methods [23],
while QED; with a single fermion flavor and nonzero
total charge has been investigated with neural flow wave
functions [24] and tensor networks [25]. Complementary to
these matter-focused studies, further recent works on
2+ 1D QED focusing on the gauge sector, specifically
truncation schemes, include [26,27], while cold-atom
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simulator proposals exploiting higher-spin representations
have also been put forward [28].

In this work, we present the first proof-of-principle
demonstration of QED; with multiple fermion flavors at
finite density on quantum hardware. To this end, we
employ the variational quantum eigensolver (VQE) [29],
a resource-efficient alternative to quantum phase estimation
[30] that is well-suited for noisy intermediate-scale quan-
tum (NISQ) devices [31]. For the circuit Ansatz, we
generalize the QED; construction of Ref. [32] to incorpo-
rate two fermion flavors at finite density. We classically
simulate the VQE and perform inference runs on quantum
devices, thereby benchmarking our finite-density state-
preparation protocol on small lattice sizes of 2 x 2. Our
(2 + 1)D finite-density protocol marks a first step toward
real-time evolution of finite-density systems in (2 + 1)D,
relevant for quench dynamics (see, e.g., Ref. [33,34]). This
approach is scalable to larger lattices through advanced
adaptive Ansdtze such as (SC)-ADAPT-VQE [35] and
(SC)2-ADAPT-VQE [36], which we leave for future study.
The paper is structured as follows. In Sec. II, we first
introduce the Hamiltonian in Sec. I A and discuss the
phase structure in Sec. II B. The VQE protocol is detailed in
Sec. III, where Sec. III A presents the quantum circuit and
Sec. III B describes the classical optimizer. The results are
given in Sec. IV, with classical simulations in Sec. [V A and
inference runs in Sec. IV C. We conclude with a discussion
of the results in Sec. V. The source code is available
at Ref. [37].

II. MODEL AND METHODS

A. Lattice Hamiltonian

The model studied in this work is an extension of the one
presented in Ref. [32] for multiple flavors of fermions with
different masses and chemical potentials.

Thus, we consider a (2 + 1)-dimensional lattice for-
mulation of QED with staggered fermions of multiple
flavors and compact gauge links. The total Hamiltonian is
given by

H=H,+Hy+H,+Hy+H, (1)

The electric field contribution reads
Z(EZ +E2) (2)

Here, E;,y is the electric field on the gauge link starting at
site 7 and going in v direction. The coupling strength is
denoted with g. As in Ref. [32], the electric fields are
truncated to

Ele) = ele).

where the integer [ is the truncation parameter. The effect
of this truncation is discussed in Appendix A. The
magnetic plaquette term is

B: 222 (4)

"U)
N3

with the plaquette operator defined as

— 7. 7 i il
P? - U?,xU7+nyr+y xU7.y’ (5)
where (AJ;_D acts as a ladder operator for E;yv in its
eigenbasis, and a denotes the lattice spacing. For all
numerical results, we set a = 1. The fermionic sector
includes the fermionic mass term,

= Z(_l)rx+r)‘mf$;f$7’f’ (6)
rf

with (}5;’ ¢ being a one-component spinor at site 7 of flavor
S and mass m. Furthermore, there is the kinetic hopping
term,

N i e A A
Hyn = % ;(¢;’fU7.x¢?+x,f - HC)

S g (3 s ). D

Rf

Finally, the chemical potential contribution reads

H, =Y pidy br . (8)
r.f

with y; being the chemical potential of flavor f. Note that
our sign convention for the chemical potential differs
from the standard grand-canonical form (H — uN), fol-
lowing instead the convention of Ref. [23]. This does not
affect the physical content of our analysis; we work at
fixed total particle number N; + N,, and our interest is
solely in the redistribution of particles between the two
flavors as the relative chemical potential y; — u, is varied.
A global sign redefinition of both chemical potentials
leaves this quantity unchanged, and therefore does not
affect any physically relevant observable or intuition in
our study. Turning to the gauge sector, physical states |®)
must satisfy Gauss’ law at each lattice site,

LZ (Ery = Eruy)

=x,y

where the local dynamical charge is
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Ar A 1
Gz = P ;brg —5 1+ (=1)retn ], (10)
Following Ref. [32], we restrict our simulation to the
gauge-invariant subspace by explicitly encoding Gauss’s
law into the Ansarz. This means that the equations are
explicitly solved, such that some gauge links can be
expressed in terms of others. In the case of a 2 x 2 lattice,
Gauss’ law corresponds to four individual equations. With
open boundary conditions (OBC), there are four links and
four charges. Solving the equations then eliminates three
dynamical links and sets the total charge to zero.
Consequently, for this system, only one instead of four
gauge links is unconstrained. This link is simulated, while
the other gauge links are expressed in terms of this link.
In the following, we elaborate on this minimal setup, as it
provides a substantial reduction of the gauge-field
Hilbert space.

Despite this simplification, which results in simulating
just a single link, the matter sector retains a genuine two-
dimensional structure. In particular, the fermionic
Hamiltonian includes hopping terms along both lattice
directions, such that the fermions still probe the full 2D
connectivity of the lattice. Furthermore, the gauge sector
remains nontrivial at the level of plaquette interactions.
After imposing Gauss’s law on the 2 x 2 lattice with open
boundary conditions, the plaquette operator P;+ IE';
reduces to an off-diagonal operator acting on the remaining
dynamical link. In the electric-flux basis, this corresponds
to a raising and lowering operator, thereby coupling
different flux sectors.

To assess the extent to which the observed density-induced
level crossings are influenced by the minimal 2 x 2 OBC
geometry, we additionally perform exact-diagonalization
(ED) calculations for systems with a less constrained gauge
structure, including a 2 x 2 lattice with periodic boundary
conditions (PBC) as well as 2 x 3 and 2 x 4 lattices with
OBC (see Appendix C). For the same gauge coupling g = 5,
we find that the qualitative level-crossing structure persists
across all geometries considered. This indicates that the
observed behavior is not an artifact of the specific Gauss-law
reduction in the 2 x 2 OBC system.

B. Phase structure

The zero-temperature phase diagram of two massless
fermions at finite density can be analyzed through the
particle number of the fermion flavors, following the
approach of the (1 + 1)D study in Refs. [5,38], but now
applied to a (2 + 1)D theory. For this analysis, we rewrite
the flavor chemical potentials in terms of the chemical
potential coupled to the total charge and in terms of the
charge difference (isospin) of the two species [see Ref. [39]
and Eq. (13) below].

In (14 1)D, the partition function and therefore the
phase diagram is independent of the sum of the two

—_
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FIG. 1. Difference in particle number (N, — N) depending on
the sum and difference of y; and u, for a 2 x 2 system with open
boundary conditions at g =2 with two flavors of massless
fermions.

chemical potentials, therefore, the net charge can be set
to zero [39]. Indeed, Ref. [39] set the net charge to zero and
obtained the density-induced level-crossing points in the
sign-problem free region, in terms of the isospin chemical
potential. References [38,5] went beyond and studied the
same phase diagram in the sign-problem-afflicted regime of
nonzero net chemical potential, using tensor networks and
quantum computing, respectively.

In (2+ 1)D, no theoretical predictions exist but many
considerations parallel those in lower dimensions. Indeed,
also in (2 4 1)D, the phase diagram is independent of the
sum of the two chemical potentials, as we show in Fig. 1
using exact diagonalization.

For simulating the sign-problem-afflicted regime of
nonzero net chemical potential in our work, we now derive
a formula for the locations of the density-induced level
crossings in (2 + 1)D, following the analogous derivation
in (14 1)D from Ref. [5].

For this, we first define the total number operator for
each of the F flavors,

By = Y00 s (1)

and note that [I:I N f] = 0. This enables us to express the
ground-state energy in each phase sector as

F
E,)(uy) = Zﬂfo + Eina. (12)
7=

where Ej, is a constant for each sector and Ny is the
eigenvalue of the operator N . From now on, we only
consider two fermion flavors [40]. Thus, we define
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w1 =0, pmp=p, N=N;+N;, AN=N,—-Ny,
(13)
yielding the ground-state energy
1 1
En,ny) () = 5N + S pAN + Epy,. (14)

2 2

The density-induced level-crossing occurs at the critical
chemical potential y; ¢, where energies in different sectors
become degenerate, i.e.,

E(NI,NZ)(/"LC) = E(N,,Nz)(/"LC)- (15)

Here, the second sector is denoted by a tilde. This equation
can then be solved for

2Emin(N17N2) _Emin(NhNZ)
AN(N{,Ny) =AN(N{,Ny) -

Hic = (16)

To determine the constant values of each phase, arbitrary
points x* and * in both phases can be used. This way, the
final expression for the critical point reads

Ey, vy (W) = Ey, vy (i87) = Now™ + Noji*
AN(NI’NZ)_AN(NDNZ) ‘

Hic =2

(17)

This expression will be used later on to determine the
location of the density-induced level crossing from the data
obtained on quantum hardware.

III. VQE PROTOCOL

The VQE needs a parametrized Ansatz that is able to
capture the ground state wave function as a quantum
circuit. Moreover, an optimizer is required to find the
parameters minimizing the energy. Both components will
be presented in the following.

A. Quantum circuit Ansatz

The variational Ansatz comprises three components;
(i) fermion state encoding, (ii) gauge link representation,
and (iii) entangling gates ensuring the matter-gauge cou-
pling. The schematic structure is shown in Fig. 2. Due to
limitations on the available hardware, this work focuses on
a 2 x 2 system with OBC. As discussed above, this means
that three out of four links can be fixed by Gauss’s law and
a total of eight fermions are present. However, the Ansatz
can be extended to larger systems or PBC as well.

The mapping of the lattice to a string of qubits can be
performed as indicated by Fig. 3. By applying Jordan-
Wigner mapping [41,42] the fermionic degrees of freedom
can be mapped to qubits using the ordering indicated by the

0) —
Gauge
0) —
Entanglement
0) — —
Fermion
0) — —

FIG.2. Schematic structure of the variational Ansatz combining
gauge, fermion, and entanglement subcircuits.

FIG. 3. The 2 x 2 system with open boundary conditions.
Dotted purple lines represent fixed gauge links, while the solid
purple line depicts a free gauge link. At each physical lattice site,
two flavors of fermions are present and thus it is mapped to two
qubits. The gray arrows indicate the ordering of the fermionic
degrees of freedom in the Jordan-Wigner transformation.

Uio,y,0 = |0) Ry (60)

Uiy, — 10) Ry (61)
FIG. 4. Gauge field encoding circuit using Gray code at
truncation / = 1, following Ref. [32].

arrows. Each lattice site includes two flavors of fermions
and thus is mapped to two qubits. Therefore, the simulated
lattice is effectively of double the width of the physical
lattice.

For the gauge sector, we adopt the Gray encoding at
truncation [/ = 1 from Ref. [32] (see Fig. 4). Since [ =1
requires three states (| —1),]0) and |1) [43]), but any
number of qubits results in a number of basis states being a
power of two, one basis state needs to be excluded. This
encoding on two qubits removes the state |01), as the state
of the second qubit can only be changed when the first is in
state |1). An important point to note here is that hardware
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FIG. 5. Fermion encoding circuit for a 2 x 2 system with two fermion flavors. The different parts are highlighted by their color. The
cascade structure is shown in light gray and white (dash dotted and solid), while the interflavor gates are shown in light blue (dotted).
The different line style and color is only for highlighting and the gates are defined in the same way.

noise can cause violations of Gauss law causing the
excluded state |01) to be reached with a small but nonzero
probability. We have quantified this effect in Appendix D.

The fermionic subcircuit generalizes the structure in
Ref. [5] to two flavors, with additional interflavor mixing
layers (see Fig. 5). Here, the U* () gates are defined as

(18)

These gates ensure that only states with the same number of
qubits in state |0) and |1) can be reached. The structure of
the circuit in Ref. [5] can be seen shaded as gray and white
for each flavor in Fig. 5. The interflavor mixing layer can be
seen in light blue. The last layer is made up of R, () gates
for each qubit to correct the phases. This layer is not shown
for better visibility.

Controlled U*’-gates entangle the gauge and matter
sectors while maintaining gauge invariance as shown
in [21].

) 0.
Ui‘]\ (9) —_ e—liv(X,-X,-+Y,-Yj) .

B. Classical optimization

The Ansatz contains 24 variational parameters optimized
using the COBYLA algorithm [44]. The fermionic circuit
shown in Fig. 5 contains 10 parameters, while the gauge
circuit in Fig. 4 has two variational parameters. The
additional Rj-layer adds another eight parameters. The
remaining four parameters are hidden in the entanglement
circuit shown in Fig. 2. While VQE-specific optimizers
such as NFT [45], can offer faster convergence, their
additional requirements significantly increase the circuit

depth in our case. Specifically, for NFT, all gates of the
form
i0;
R;(60;) =exp <_71Aj)’ (19)
need to fulfill the requirement Af = I. However, this is not
the case for the gates considered in this work. The generator
Aj for U7 (0) is X;X; + Y,;Y ;. Squaring this operator yields

(X:X; + YY) =21-2Z,Z;

iZj, . (20)
Consequently, the U (6) gates in Eq. (18) satisfy A7 # 1L
To make NFT applicable, one would need Af = I, which in
turn would require adding an additional Z;Z; term to the
exponent in Eq. (18), thereby increasing the circuit depth.
Consequently, COBYLA is employed with a maximum of
1,000 iterations, which ensures convergence. To obtain the
optimal parameters, the simulation of the quantum com-
puter is performed in the limit of infinite measurements.

C. Scaling of the Ansatz circuit

In this work a 2 x2 system with open boundary
conditions is considered. However, the Ansatz circuit can
also be extended to different system sizes and boundary
conditions. In this section, a few different systems will be
discussed in terms of qubits and depth of the circuit. For
this purpose Table I shows the properties of the Ansatz
circuits for ng,,os = 2 and ng,,os = 1, respectively. It can
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TABLE I.  Ansatz circuit properties for different system sizes at
Navors = 2. Here, Depth refers to the layers of multiqubit gates.
The compilation of the circuits is performed for the device
ibm marrakesh that is introduced in Sec. IV C.

System Ny Depth No. qubits No. parameters
2x2 OBC 2 69 10 24
2 x2 PBC 2 644 18 88
2x2 OBC 1 26 6 11
2 x2 PBC 1 601 14 67
2 x4 OBC 1 211 14 42

be seen that going from periodic to open boundary
conditions reduces the circuit depth by a factor of
O(10), while the circuit depth only moderately increases
when going from Ny=1 to N;=2 flavors. This is
because increasing the number of flavors only affects the
fermionic sector, while switching from open to periodic
boundary conditions also affects the gauge sector.

An analytic description of the scaling of some parts can
be given. For simplicity we restrict this to N = 2. Then,
the number of qubits for the fermionic part is given as
ngr=2-Ly- L, The number of gauge links is n, = L, -
L,+ 1+ (=L, - L,) for PBC (OBC). Thus, the number of
qubits for the gauge links is n,, = [log, (21 + 1)] - n,,.
Moreover, the number of U*-gates in the fermionic part
scales as

n,r (N, ¢
n(U™) :_Z*f <_;f + 1> +L,-L, (21)
1 , 3
:E(Lx L}) +§LX 'Ly. (22)

The depth is d(U¥)=L,-L,+ 1. The depth of the
other circuits cannot be expressed in closed form, as the
circuit encoding a gauge link changes depending on
the truncation.

We emphasize that the Ansatz can, in principle, be
efficiently scaled to larger lattice sizes by employing
advanced adaptive methods such as (SC)-ADAPT-VQE
[35] and (SC)?-ADAPT-VQE [36]. A detailed investigation
of this scaling is left to future work.

IV. RESULTS

A. Classical simulation

To benchmark the protocol, we perform noiseless
classical simulations for a 2 x 2 lattice with open boundary
conditions, gauge coupling g = 5, and truncation / = 1. In
this large coupling regime, the support of the electric field
remains small and this truncation suffices. The effect of this
truncation in our setup is discussed in Appendix A. In
principle, various combinations of these parameters can be

—— ED ©
24r © VOQE
22+
ISP
18}
16+
8 10 12 14 16

u

FIG. 6. Ground-state energies (E) against the chemical poten-
tial py from the classical VQE simulation for a 2 x 2 system. As
these are calculations with infinite shots, there are no error bars.

3.5 O VQE

g
(=]
[

()} —

1.0+ 2.5 pica pic,2  12.65

8 10 12 14 16
7
FIG. 7. Difference in fermion number AN against the chemical

potential p from the classical VQE simulation. As these are
calculations with infinite shots, there are no error bars.

studied. However, smaller couplings lead to a larger
entanglement which then requires a deeper circuit.

Therefore, we focus on the large-coupling region of
g =75. The resulting ground-state energies and particle
number differences are shown in Figs. 6 and 7. The
emergence of level crossings is clearly visible, similar
to [5]. A small intermediate phase appears near the
transition region, which cannot be well resolved with the
VQE. The width of this region increases with decreasing
coupling strength. An analysis of this region can be found
in Sec. IV B.

The difference in particle numbers N; and N, shows the
expected steps of helght A]vfirst region — A]Vsecond region — 2
as we consider two flavors of fermions and thus each
increase in N; corresponds to a decrease of N, and
vice versa.
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Due to computational limitations, we restrict our study to a
2 x 2 lattice. While the positions of these level crossings are
expected to shift with increasing system size, their qualitative
nature and magnitude, AN region — AN gecond region = 25
remain unaffected.

B. Analysis of the intermediate region

In Fig. 7, the intermediate region with (N, — N,) =2
can be seen, although it appears to be of a small width. If
the coupling is modified, the size of the intermediate region
changes. This can be seen in Fig. 8 where the positions of
both level crossings are shown. The difference of these
decreases with g, making the region difficult to resolve.
Additionally, as g increases, the center of the intermediate
region shifts noticeably towards larger values. This would
naturally make it an obvious choice to simulate g as small
as possible. However, in order to keep the circuit depth as
small as possible, the entanglement in the system should be
as small as possible, as this allows for fewer layers. Thus, in
Fig. 9, the von Neumann entropy between the gauge link
and the fermion system,

§=-Tr{pglogypc} with pg=Trr{p}, (23)

is calculated for the ground state. Here, p is the density
matrix describing the full subsystem and the subscripts G
and F denote the gauge and fermion subsystem, respec-
tively. Consequently, S =0 mean completely decoupled
fermion and gauge systems.

In Fig. 9, it can be seen that the intermediate region
exhibits a comparatively large entanglement regardless of

15 20 25 30 35 40 45 50
8

FIG. 8. Critical values of the chemical potential gy, as
computed in Sec. IVA using ED, as a function of the gauge
coupling g. Here, yj ¢ ; and pj ¢, correspond to the edges of the
intermediate region characterized by (N, — N,) = 2, as shown
for g =5 in Fig. 7. Note that the intermediate region has a
decreasing width and an increasing center with increasing g. The
uncertainties are smaller than the markers.

the coupling, while the entanglement entropy in the other
regions approaches S =0 for increasing g. Therefore,
investigating a coupling at which the region with high
entanglement cannot be resolved is favorable for simulation
on real hardware.

C. Inference run on quantum hardware

The optimized parameters obtained from classical sim-
ulation are deployed for inference runs on IBM quantum
hardware. Due to noise and limited circuit depth, practical
results highlight the challenges in preserving gauge sym-
metry and capturing the full phase structure with current
devices.

0.8} e o e i [ —

0.61 =@— (N —N2)=0

A O (N —Np)=2
0.4} —1
—h— (N, —N,)=4
0.2}
0.0f A ,
15 20 25 30 35 40 45 50
8

FIG. 9. Von Neumann entropy S between the gauge link and
the fermion system for different coupling strengths g in all three
regions. The ground state was calculated with ED in each of the
three particle number sectors and the von Neumann entropy was
obtained using Eq. (23).

= ED
© Inference Run

%

25¢

35¢

(E)
—0—

20r

15¢-

8 10 12 14 16
u

FIG. 10. The energy (E) as a function of the chemical potential
u measured on ibm marrakesh with ng, =8,192 after
applying ZNE for the system described above.
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401 ED

35r O Inference Run
30 T LCat 13.0+0.7

(2(\1 2.5t
| 2.0
Z 15}
1.0t
0.5¢
0.0 Ol D) e
8 10 12 14 16

U

FIG. 11. N, and N, as a function of the chemical potential y
measured on ibm marrakesh with ng, =8,192 after apply-
ing ZNE for the system described above. The LC is determined
with Eq. (17) from the data shown in Fig. 10 and here.

For the inference run, the device ibm marrakesh is
used with ng,., = 8,192 shots for each data point. The
three observables E, N;, and N, are measured and the
results are shown in Figs. 10 and 11, respectively. All data
shown include a zero-noise extrapolation (ZNE) [46]. This
has been done by applying a linear fit to different noise
levels (4 = [1, 1.2, 1.5]), which have been achieved using
gate folding. Further details are shown in Appendix E.

One notable observation is that hardware noise has
a smaller effect on the number operator than on the
Hamiltonian. This can be understood in terms of the
condition number, which is lower for the number operator.
Further details are provided in Sec. IV D.

Subsequently, the data from this inference run are then
used to calculate the critical point of the level crossing (LC)
using Eq. (17). The result can be seen in Fig. 11. Both
critical points can only be determined using ED, which
means no exact values are present. The first is at y =
12.540 £0.001 and the second at u = 12.599 + 0.001.
Thus, both values agree with the critical point determined
by the inference run data of 13 £+ 0.7.

To resolve both level crossings, data points in the
intermediate region have to be taken, which is currently
not possible due to limitations on the circuit depth.
Consequently, even with advanced error mitigation tech-
niques or a larger number of measurements, the uncertainty
would be reduced, but the result would still correspond to
an average of the two transition points.

We note that no analytical or numerical results are
available for the level-crossing points in (24 1)-
dimensional QED, neither at finite nor at infinite volume,
for the parameter regime studied in this work. The location
of the critical points is expected to shift to larger values
with increasing system size due to finite-size effects, as
observed in the (1 4 1)D case [5]. For the (2 + 1)D case,

classical simulations of QED at finite density based on
variational Monte Carlo methods [23] show that 8 x &
lattices are sufficient to avoid finite-size effects. However, a
direct comparison of our results to their findings is not
possible as they studied a different parameter regime
unavailable to us. Therefore, the shift of the location of
the transition points due to finite-size effects remain an
open question for the parameters chosen in our study.

D. Noise sensitivity of operators

In Sec. IV C it can be seen that the expectation values of
the energy are noticeably affected by the hardware noise,
while the number operator gives results close to the
expected values. To give a quantifiable reason for this,
one can define a noise sensitivity analogous to a condition
number, which measures how much an arbitrary perturba-
tion can change the measured expectation value.

For an observable O with operator norm ||O|| ., the state-
sensitivity quantifies the worst case amplification of state-
preparation errors, where the error is measured in trace
distance T(p.p) = 4 lp —pll; [47].

Ksae(0) = 2[| 0l = sup [Tr[O(p =p)][.  (24)

T(p.p)=1

This gives the bound

(0); = (0),| < Kae(O)T (p. ). (25)

Similarly, the channel-sensitivity measures the worst
case amplification of hardware (channel) errors, quantified
by the diamond norm ||A — Ay||,, [48] between the imple-
mented channel A and the ideal channel A, [49],

Kehan(0) = [[Ollc = sup [(O)n = (O)5 [, (26)

[A=Aollo=1
which gives the bound
[(O)n = (O)p,| < Ketan (O)IA = Aol (27)
For the Hamiltonian A in our problem, the operator norm
varies with the chemical potential u. Over the interval
u€[8,17] we find
2174 < ||H||, <2201, (28)
yielding a state condition number
4348 < kype(H) < 4402, (29)

and

2174 < Kepan (H) < 2201. (30)
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For the number operator N;, the operator norm is inde-
pendent of u and takes the value

1Villeo = 4, (31)
leading to
Kstate(Ni) =8 and Kchan(Ni) =4 (32)

These values show that small deviations have a much
greater impact on the result for the Hamiltonian than for the
number operator compliant with our experimental data.

V. CONCLUSIONS

In this paper, we presented the first proof-of-principle
implementation of QED; with multiple fermion flavors at
finite density on quantum hardware. To this end, we
developed a VQE protocol for lattice QED; with two
fermion flavors, enforcing gauge invariance directly at the
circuit level. Furthermore, we showed the emergence of
density-induced level-crossings in the particle number
operator as a function of the chemical potential. To this
end, we identified three distinct regions in the chemical
potential, distinguished by differences in the number
operator for each flavor. Additionally, using ED, we
showed that the phases are independent of the sum of
the chemical potentials.

In (2 + 1)D, no analytical predictions were available for
the critical points; thus, we restricted ourselves to small
systems involving 10 qubits in our proof-of-concept dem-
onstration. These systems remain tractable via ED for
lattice sizes of 2 x 2, which we used to benchmark and
verify our quantum simulations. While current limitations
in circuit depth and hardware noise lead to small discrep-
ancies in number-operator differences and larger deviations
in the measured energies, our results demonstrate the
feasibility of capturing essential features of level crossings,
including critical points, on small lattice sizes.

In the future, we aim to investigate the scalability of our
method to larger lattices using advanced adaptive ansitze
such as (SC)-ADAPT-VQE [35] and (SC)?>-ADAPT-VQE
[36], since the scaling of the proposed VQE Ansatz remains
prohibitive on current quantum devices. This direction is
particularly relevant since the location of critical points is
expected to shift with increasing system size due to finite-
size effects, as observed in the (1+1)D case [5].
Variational Monte Carlo studies of (2 + 1)D QED at finite
density [23] indicate that 8 x 8 lattices suffice to avoid
finite-size effects at smaller couplings, whereas the required
system size for the couplings considered here remains an
open question.
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APPENDIX A: CONVERGENCE OF
TRUNCATION

In order to reduce the depth of the circuit, only the
smallest truncation of [ = 1 is applied. To study the effect
of this truncation on the physical results, the relative error
of the ground-state energy with respect to the next higher

1077} %
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FIG. 12. Relative difference ((E; — E;,1)/E; ) of the ground-
state energy for different levels of the truncation as a function of
the chemical potential .

014501-9



EMIL OTIS ROSANOWSKI et al.

PHYS. REV. D 114, 014501 (2026)

0.5f o 1

0= 1=2

TO-O-O-O-O-O-O-O-O

0.0t O-O-O-O-O-O-O-O-O-J)

8 10 12 14 16
u

FIG. 13. Expectation value of the squared electric field on the
dynamical link in the system, (E%,), against the chemical
potential y. The data is obtained with two different truncation
levels of [ =1, 2.

truncation is calculated using exact diagonalization. This is
shown in Fig. 12. It can be observed that for the given
system, the relative error reaches machine precision already
for [ = 3. Even at [ = 1, only small deviations can be seen.

Furthermore, the expectation value of the squared
electric field on the remaining dynamical link, <E%07y>,
as a function of the chemical potential y (see Fig. 13),
shows that even for truncations [/ = 1, 2 the maximum
value attained is <E%0’y> =0.5 (up to deviations of

order 1073). A more detailed analysis for [ =1, 2, 3, 4
reveals that, for p > u;c, the ground state is always an
equal superposition of two states with <E%O,y> =1 and
<E%0,y> = 0, respectively (up to contributions with ampli-
tudes smaller than 10~7). This implies that, in the parameter
regime considered in this work, a truncation as small as
[ = 1 is sufficient to accurately describe the ground states.
Thus, this truncation provides results close to the full U(1)
theory for the parameter regimes used in this work.

APPENDIX B: PHASES WITH
Ny=3 FLAVORS OF FERMIONS

Although the extension to N, = 3 flavors of fermions is
not useful for simulations on currently available quantum
hardware, results using exact diagonalization can be
obtained. The chemical potentials are chosen as y; = —p,
1y = 2, and u3 = p, while the coupling is set to g = 2. The
difference in particle numbers between fermions of flavors
one and three now changes in steps of one instead of two as
can be seen in Fig. 14. Consequently, there are five different
phases visible now, which are also labeled by their color.
These phases can also be identified as linear regions in the
energy as shown in Fig. 15. Thus, the same qualitative
behavior as in Ref. [5] is found. Although currently available
quantum hardware is not suitable for this system yet, future

401 S —

00 05 10 15 20 25 30
u
FIG. 14. Difference in particle number (N, — N3) in a system

with three flavors of massless fermions against the chemical
potential u, where uy = —pu, yp =2 and 3 = u at g = 2.

3,

T, = = AN=0
2+ ".,. AN=1
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\
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FIG. 15. Energy E in a system with three flavors of massless
fermions against the chemical potential y, where p; = —p, pr = 2
and pu3 =u at g = 2. The different regions according to the
difference in particle number AN = (N; — N3) are colored as
in Fig. 14.

work might consider performing inference runs for this
as well.

APPENDIX C: FINITE-SIZE EFFECTS

Throughout this work, we focus on 2 x 2 lattices with
open boundary conditions, since larger systems are not yet
accessible on current quantum hardware. In this setup, only
a single gauge link remains dynamical after imposing
Gauss’s law. Nevertheless, larger lattices can still be
investigated using ED. In the following, we consider a
2 x 2 lattice with open and periodic boundary conditions as
well as 2x3 and 2 x4 lattices with open boundary
conditions. These systems contain one, five, two, and three
dynamical links, respectively.
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FIG. 16. Expectation value of the Hamiltonian (E) as a function
of the chemical potential p for systems with N, =2 fermion
flavors. For better visibility, all curves are shifted by subtracting
%N u, where N = N| + N, = const within each phase. All results
are obtained for truncation / = 1, with lattice sizes and boundary
conditions as indicated in the legend.
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FIG. 17. Ratio of the particle-number difference to the total
particle number, (M1~ NiTNs N2, as a function of the chemical potential g
for various system sizes at truncation / = 1. The lattice sizes and
boundary conditions are indicated in the legend.

The corresponding ground-state energy (E) as a function
of the chemical potential u is shown in Fig. 16. The same
qualitative behavior as in Fig. 6 is observed. At the same
time, the larger systems exhibit additional kinks, reflecting
the fact that more fermions can be accommodated and
therefore more level crossings appear.

Similarly, Fig. 17 shows the ratio of the particle-number

difference to the total particle number, (11\\," +11:’/2> as a

function of u for the same systems. As in Fig. 7, a step-
like structure is observed. For the larger lattices, however,
additional plateaus appear due to the larger number of
accessible fermionic configurations.

Aer81mulat0r ibm_fez
27T 0.015
0.010 3
L
0.005
& 0.000
FIG. 18. Probability of measuring the excluded gauge-link state

|01) in the Gray encoding as a function of the variational
parameters 6, and 6;. The left panel shows the result obtained
in a noiseless simulation with AerSimulator, while the right
panel shows the corresponding data measured on ibm_ fez. In
both cases, ng,,s = 1, 024 shots are used. (a) shows the result
obtained in a noiseless simulation with AerSimulatozr, (b)
shows the corresponding data measured on ibm_ fez.

Overall, the larger lattices show the same qualitative
behavior as the 2 x 2 system with open boundary con-
ditions. While the positions and number of level crossings
depend on the system size and boundary conditions, the
characteristic step-like behavior in the particle-number
observables persists. This indicates that the small-volume
system studied in the main text already captures the
qualitative structure of the finite-density level crossings
also present on larger lattices.

APPENDIX D: LEAKAGE OUT OF THE
GAUGE-INVARIANT SECTOR

The Gray-encoding circuit shown in Fig. 4 restricts the
accessible states to the physical gauge-invariant subspace
on an ideal quantum device. On real hardware, however,
noise can induce transitions into states that are excluded by
construction in the noiseless case. Although hardware
errors affect the results in several ways, this specific type
of leakage can be quantified directly.

To this end, Fig. 18 shows the probability of measuring
the excluded state P(|01)) as a function of the two
variational parameters 6, and #,. We compare noiseless
simulations performed with AerSimulator to data
obtained on the ibm fez device. In both cases,
Neots = 1, 024 shots are used. As expected, the excluded
state is not populated in the noiseless simulation. On
quantum hardware, by contrast, a nonzero leakage prob-
ability is observed, reaching values of up to approximately
2%. This behavior is consistent with the noise levels of
current NISQ devices.

APPENDIX E: ZERO-NOISE EXTRAPOLATION

The ZNE has been used in Sec. IV C to reduce the
influence of hardware errors. We applied partial gate folding
to achieve noise factors of 1 € [1, 1.2, 1.5]. The extrapolation
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FIG. 19. ZNE for the observable (E) with the three noise factors A € [1, 1.2, 1.5]. Extrapolation is performed with a linear fit to the data
points measured on ibm marrakesh with 8,192 shots. The different panels correspond to the different values of y being used.

is done using a linear fit as this described the data points best. Here, in Fig. 19 the extrapolation for the energy is explicitly
shown. The different panels correspond to the different values of y € [8,9.8, 11.6, 13.4, 15.2, 17| being used in Fig. 10. Since
Ngos = S, 192 shots have been used, the uncertainties on the data points are smaller than the markers.
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