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We study the dynamics of gravitons in a squeezed vacuum state under a thermal radiation background.
Unlike traditional treatments that rely on the Boltzmann equation, we employ the Heisenberg equation and
average it over general quantum states. In contrast to the usual Boltzmann-based descriptions, our approach
captures the subtleties arising from quantum coherence in different number eigenstates, which is essential
for soft graviton modes in the squeezed vacuum state. Our new method successfully reproduces the
previous one-loop results within the in-in formalism when the expansion parameter is small and deviates
significantly as the parameter increases, indicating that our results extend beyond the one-loop in-in
formalism. We examine the implications of graviton emission effects stimulated by quantum coherence in
both flat and expanding backgrounds. In the flat background, it is found that backreaction of radiation on
the spacetime dynamics is crucial for significant stimulated emission. In the expanding background, to
avoid the subtleties associated with superhorizon modes, we investigate the effect of emission within the
horizon immediately after reheating and find a significant effect. We also examined the IR graviton
evolution from a symmetry perspective and propose a regularization prescription to eliminate the secular
growth problem.
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I. INTRODUCTION

Gravity is omnipresent, intricately coupled across all
scales of known physics, yet it is the weakest in coupling
strength among all fundamental forces, making it exceed-
ingly difficult to capture its presence. While the elegant
framework of general relativity was established already a
century ago, the direct detection of gravitational waves was
only recently confirmed with extremely sensitive experi-
ments [1,2]. In inflationary cosmology, although the
curvature fluctuations predicted by inflation are already
observed in the anisotropies of the cosmic microwave
background, primordial gravitational waves remain elusive.
Despite the fact that inflation might be the highest energy
scale accessible to us, due to Planck mass suppression, the
strength of such signals is extremely small, and now the
tensor-to-scalar ratio is constrained to r ⪅ Oð0.01Þ [3]. To
capture more signals of gravitational waves, we either keep

improving the sensitivity of experiments or look for more
dramatic sources, such as the merger of more massive
compact objects, large scalar perturbations acting as sec-
ondary sources [4–8], and so on.
Under the assumption of general relativity, the coupling

between matter and gravitons is ubiquitous. The extreme
weakness of gravitational interactions stems from the
smallness of the gravitational coupling constant. As a
consequence, scattering processes in vacuum are exceed-
ingly rare, rendering gravitational interactions difficult to
detect. A natural way to compensate for the small inter-
action strength is to increase the number of target particles
that interact with gravitons. For example, the relatively
large gravitational waves can be generated if the source
particles are produced in large numbers through certain
instabilities [9–15]. Another natural possibility is to con-
sider the high temperature thermal bath, since particle
occupation numbers increase with temperature. In an
extreme scenario where the temperature of the thermal
bath is high enough to drive spacetime evolution, the
Universe enters a radiation-dominated phase. In this
regime, the Friedmann equation then relates the temper-
ature to the Hubble parameter H as T ∼

ffiffiffiffiffiffiffiffiffiffiffiffi
MplH

p
.

Nevertheless, as demonstrated in the previous work [16],
these thermal induced gravitational waves may still be too
weak, since their amplitude remains suppressed by H=Mpl.
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Gravitational waves can also be generated through other
cosmological processes, including first-order phase tran-
sitions and topological defects. For further details and
additional possibilities, we refer the reader to the compre-
hensive review and the references therein [17]. In this work,
we aim to address the following question: Is there an
alternative mechanism to further enhance the amplitude of
gravitational waves? Motivated by light amplification via
stimulated emission in atomic systems, we will consider the
possibility of graviton stimulated emission from a thermal
bath [18].
To fully understand the mechanism underlying the

possibility of graviton stimulated emission, it is essential
to carefully specify the quantum states of the gravitons. If
we assume that gravitons are in a mixed state expanded in
terms of Hamiltonian eigenstates as adopted in many
previous studies, then the Heisenberg equation of quantum
operators can be reduced to a Boltzmann equation for the
phase space distribution. This method, sometimes referred
to as the quantum Boltzmann equation, was developed in
the study of neutrino mixing [19,20] and has also been
applied to the polarization of the cosmic microwave
background [21] (for recent developments, see also [22–
30]). Such an ansatz for a quantum state permits counting
graviton numbers classically and applying a kinematic
description. In such a framework, the phase space distri-
butions of each polarization mode fully characterize stat-
istical graviton states. However, this is not necessarily the
case for general quantum states of gravitons. For instance,
the distribution of primordial gravitons generated during
inflation reside in a two-mode squeezed vacuum state
[31,32], which is not solely determined by graviton
number, as the coherence of different number eigenstates
is nonvanishing. As in Ref. [18], it was suggested that
squeezed vacuum states of gravitons could stimulate
graviton emission, potentially enhancing the initial graviton
population. In fact, the role of initial excitations in
triggering stimulated creation of quanta, and thereby
leaving potentially observable imprints, has already been
emphasized in seminal works [33,34]. Another interesting
direction concerns graviton production in a thermal back-
ground at hydrodynamical scales [35–37], whereas in this
paper we focus on the quantum effects in preoccupied
graviton states. For a broader overview of cosmological
particle production mechanisms, including stimulated proc-
esses, see the review by Ford [38].
As highlighted above, the current setup is incompatible

with the usual assumptions in kinetic theory and requires
the inclusion of additional information. To be more
specific, rather than focusing solely on the evolution of
the number operator as in the conventional Boltzmann
approach, we will introduce a new operator Lk that encodes
the coherence between different number eigenstates. We
will show that the dynamics of the number operator and
this new operator are coupled and governed by a set of

first-order differential equations. We can thus evaluate the
stimulated emission of gravitons in squeezed states by
solving this set of time-evolution differential equations.
This new approach is also different from the earlier work
[16,18], which is based on perturbation theory and used the
in-in formalism. Instead of dealing with differential equa-
tions, that method involves multiple nested time integrals,
making it difficult to go beyond one-loop calculations.
The above effect, termed cosmological stimulated emis-

sion, presents two key challenges. First, the emission rate is
proportional not to the number density but to the radiation
pressure. As a result, the usual Planck suppression of the
emission rate is canceled, potentially causing a breakdown
of perturbative analysis. Second, the additional mass
dimension introduced by radiation pressure is compensated
by graviton momentum, implying that infrared (IR) grav-
itons are more sensitive to the process. Such an IR
sensitivity is common for the stimulated emission for
photons [39]. In lasers, the finite gap of atomic electron
eigenstates limits the maximum possible IR photon wave-
length. However, in a cosmological situation, there is no
such constraint since the radiation momenta can form
arbitrary squeezed triangle configurations in momentum
space, which results in a secular growth of the IR graviton
power spectrum [16], which has also been confirmed
recently by [40]. It should be emphasized that assuming
a completely pure quantum state for gravitons is an
idealization. In realistic settings, interactions with sub-
Hubble modes or minimal gravitational nonlinearities
induce decoherence, rapidly suppressing quantum coher-
ence and driving the system toward classical stochastic
behavior [41–45]. These studies consistently show that
decoherence of primordial gravitons takes place on time
scales of order one to a few Hubble times after horizon
crossing. As a result, modes that exited the horizon long
before reheating are already effectively classical by the
onset of radiation domination. In contrast, modes reenter-
ing the horizon within the first few Hubble times after the
onset of radiation domination may still retain quantum
coherence at that stage. It is precisely in this regime that
stimulated graviton emission can operate, before
decoherence renders the fluctuations effectively classical.
In this paper, to investigate those subtle issues of the

cosmological stimulated emission, we first outlines the
details of setup in Sec. II, and then derive the evolution
equations governing both the number density and internal
quantum phase of squeezed-state gravitons using the
Heisenberg equation in Sec. III. Similar methods have also
been applied to the study of particle production [46,47] and
neutrino kinematics [48–52]. The derivation follows an
approach similar to the quantum-mechanical formulation of
the Boltzmann equation, with the primary difference being
the ansatz for quantum states. The sensitivity to IR
gravitons is subtle in an expanding universe, as the physical
interpretation of gravitons on superhorizon scales remains
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unclear. To address this, we begin with a careful analysis in
a flat background where the issue is absent in Sec. IV. Then,
we will show that the backreaction of radiation to the
background spacetime is essential when discussing the
sizable stimulated emission. As an alternative approach, we
analyze cosmological stimulated emission in an expanding
universe under a reasonable parameter space in Sec. V,
where the initial graviton wavelength is not significantly
larger than the Hubble horizon size, ensuring that uncer-
tainties from large gauge transformation do not arise. We
employ the averaged Heisenberg equation (distinct from
the usual Boltzmann equation based on the kinematical
description) and compute the evolution of graviton number,
comparing the results obtained in the in-in formalism [18].
When the interaction coupling parameter is small, this new
method accurately reproduces the results obtained from
perturbation theory based on the in-in formalism. However,
as the parameter increases, we observe significant devia-
tions from the previous one-loop results, this indicates that
our approach extends beyond conventional perturbative
methods. In Sec. VI, to address the secular IR issue, we
propose a regularization method to eliminate this secular
growth with a special focus on the large gauge symmetry.
Finally, we conclude and outline possible directions for
future work in Sec. VII.

II. BASIC SETUP

Let us consider an Friedmann–Lemaître–Robertson–
Walker (FLRW) background spacetime and its traceless
transverse perturbations,

ds2 ¼ aðτÞ2ð−dτ2 þ γijdxidxjÞ; ð2:1Þ

γij ≡ δij þ
2

Mpl
hij þ

2

M2
pl

hikhkj þ � � � ; ð2:2Þ

hii ¼ ∂ihij ¼ 0: ð2:3Þ

Here, Latin indices refer to spatial coordinates and are
raised and lowered using the background spatial metric δij

and δij. Mpl denotes the reduced Planck mass, and aðτÞ is
the isotropic scale factor. Expanding the Einstein-Hilbert
action to the second order in hij yields the action for the
free graviton,

S ¼
Z

dτL½hij; h0ij; τ�; ð2:4Þ

L½hij; h0ij; τ�≡ 1

2

Z
d3xaðτÞ2½ðh0ijÞ2 − ð∂khijÞ2�: ð2:5Þ

We consider a thermal free scalar field χ that is minimally
coupled to the graviton. Interactions between χ and hij arise
from the kinetic term,

−
1

2

Z
d4x

ffiffiffiffiffiffi
−g

p
gμν∂μχ∂νχ ⊃ M−1

pl

Z
d4xa2hij∂iχ∂jχ: ð2:6Þ

It has been found that the four-point interaction is elim-
inated by perturbing a tadpole diagram; hence, we truncate
the interaction Hamiltonian at this order [16].
Define the conjugate momentum as

πji ≡ δL½hij; h0ij; τ�
δhij

¼ a2h0ji: ð2:7Þ

The Fourier expansion of these tensor perturbations is
given by

hijðτ;xÞ ¼
X
s¼�

Z
d3k
ð2πÞ3 e

ik·xeijðk; sÞhðsÞk ðτÞ; ð2:8Þ

πijðτ;xÞ ¼
X
s¼�

Z
d3k
ð2πÞ3 e

ik·xeijðk; sÞπðsÞk ðτÞ; ð2:9Þ

where the polarization tensors satisfy

eijðk; sÞðeijðk; s0ÞÞ� ¼ δss0 ; ð2:10Þ

ðeijðk; sÞÞ� ¼ eijð−k; sÞ ¼ eijðk;−sÞ: ð2:11Þ

Next, we impose the canonical commutation relation for
the Fourier modes,

½hðsÞk ; πðs
0Þ

k0 � ¼ iℏδss
0 ð2πÞ3δðkþ k0Þ: ð2:12Þ

Hereafter, we set ℏ ¼ 1.
Equation (2.5) yields the free Hamiltonian

H0½hij; πji; τ� ¼
1

2

X
s

Z
d3k
ð2πÞ3

�
πðsÞk πðsÞ−k
a2

þ a2k2hðsÞk hðsÞ−k

�
:

ð2:13Þ

Using the instantaneous annihilation operator [53]

dðsÞk ≡ aðτÞ
ffiffiffi
k
2

r
hðsÞk þ i

aðτÞ ffiffiffiffiffi
2k

p πðsÞk ; ð2:14Þ

one can diagonalize the free Hamiltonian operator as

H0½hij; πji; τ� ¼
X
s

Z
d3k
ð2πÞ3

k
2
ðdðsÞk dðsÞ†k þ dðsÞ†k dðsÞk Þ:

ð2:15Þ

From this, one can define the instantaneous number
operator,
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NðsÞ
k ðτÞ≡ dðsÞ†k ðτÞdðsÞk ðτÞ; ð2:16Þ

which allows us to express the Hamiltonian as

H0½hij; πji; τ� ¼
X
s¼�

Z
d3k
ð2πÞ3 kN

ðsÞ
k ðτÞ þ C; ð2:17Þ

where the last term C represents a constant energy shift. In
addition to the number operator, we introduce

LðsÞ
k ðτÞ≡ dðsÞk ðτÞdðsÞ−kðτÞ: ð2:18Þ

The expectation value of L characterizes the coherence
between different number eigenstates, which does not
appear in standard kinetic theory formulated in terms of
separable number eigenstates.

III. HEISENBERG EQUATION

In this section, we derive the Heisenberg equation
averaged over given quantum states. We do not call this
equation the Boltzmann equation to emphasize that we
retain the quantum field theory perspective without fully
reducing the system to kinetic theory. The following
equations describe the equations of motion for field
operators in QFT where the “size” of each graviton is
too large to regard them as point particles.

A. Free theory

Let us start with the free theory. The free Heisenberg
equation is given by

dO
dτ

¼ i½H0;O� þ ∂O
∂τ

: ð3:1Þ
In an expanding universe, operators depend explicitly on
time via the scale factor, which gives rise to the last term.
Using Eq. (2.14), we obtain

½H0; N
ðsÞ
k � ¼ 0; ð3:2Þ

½H0; L
ðsÞ
k � ¼ −2kLðsÞ

k : ð3:3Þ

Next, to evaluate the partial derivatives of the operators, we
compute

∂

∂τ
dðsÞk ðτÞ ¼ 1

aðτÞ
∂aðτÞ
∂τ

�
aðτÞ

ffiffiffi
k
2

r
hðsÞk −

i

aðτÞ ffiffiffiffiffi
2k

p πðsÞk

�

¼ 1

aðτÞ
∂aðτÞ
∂τ

�
aðτÞ

ffiffiffi
k
2

r
hðsÞ−k þ i

aðτÞ ffiffiffiffiffi
2k

p πðsÞ−k

�†
:

ð3:4Þ
Note that the canonical variables do not explicitly depend
on time. Summarizing, with H≡ ∂τa=a, we obtain

∂

∂τ
dðsÞk ðτÞ ¼ HdðsÞ†−k ðτÞ; ð3:5Þ

∂

∂τ
dðsÞ†k ðτÞ ¼ HdðsÞ−kðτÞ: ð3:6Þ

Using these, we find

dNðsÞ
k

dτ
¼ HðLðsÞ

k þ LðsÞ†
k Þ;

dLðsÞ
k

dτ
¼ −2ikLðsÞ

k þHðNðsÞ
k þ NðsÞ

−k þ VÞ: ð3:7Þ

Now, consider the initial vacuum state ϱ0 ¼ j0ih0j and
expand the instantaneous ladder operator with respect to
this initial vacuum state,

dðsÞk ðτÞ ¼ μkðτ; τ0ÞdðsÞk ðτ0Þ þ νkðτ; τ0ÞdðsÞ†−k ðτ0Þ: ð3:8Þ

Taking the expectation value of Eq. (3.7) with respect to ϱ0,
we obtain

djνkj2
dτ

¼ Hðμkνk þ μ�kν
�
kÞ; ð3:9Þ

dðμkνkÞ
dτ

¼ −2ikμkνk þHð2jν2kj þ 1Þ: ð3:10Þ

These equations are consistent with the equation of motion
for the mode functions, as the Bogoliubov coefficients
depend on time through the canonical variables.

B. Interaction theory

In the interaction picture, the field operators remain free,
while the density operator follows the von Neumann
equation with respect to the interaction Hamiltonian HI ,

dϱ
dτ

¼ −i½HI; ϱ�: ð3:11Þ

The evolution equation for the expectation value of O is

d
dτ

Tr½ϱO� ¼ Tr

�
dϱ
dτ

Oþ ϱ
dO
dτ

�

¼ Tr

�
−i½HI; ϱ�Oþ iϱ½H0;O� þ ϱ

∂O
∂τ

�

¼ Tr

�
iϱ½HI;O� þ iϱ½H0;O� þ ϱ

∂O
∂τ

�
: ð3:12Þ

The first equality follows from the linearity of the trace and
the Leibniz rule for the total derivative. Next, we define

n≡ 1

V
Tr
h
ϱNðsÞ

k

i
; ð3:13Þ
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λ≡ 1

V
Tr
h
ϱLðsÞ

k

i
; ð3:14Þ

where V ¼ ð2πÞ3δð3Þð0Þ. In the absence of interactions,
these reduce to n0 ¼ jνkj2 and λ0 ¼ μkνk, with the subscript
implying the order in the interaction Hamiltonians. Since ϱ
includes the effect of interactions to all orders, so do n and
λ. The total time derivatives are given by

1

V
d
dτ

Tr
h
ϱNðsÞ

k

i
¼ dn

dτ
; ð3:15Þ

1

V
d
dτ

Tr
h
ϱLðsÞ

k

i
¼ dλ

dτ
: ð3:16Þ

Moreover, we have

1

V
Tr
h
ϱi
h
H0; N

ðsÞ
k

ii
¼ 0; ð3:17Þ

1

V
Tr
h
ϱi
h
H0; L

ðsÞ
k

ii
¼ −2ikλ; ð3:18Þ

and also

1

V
Tr
�
ϱ
∂NðsÞ

k

∂τ

�
¼ 2HRe½λ�; ð3:19Þ

1

V
Tr

�
ϱ
∂LðsÞ

k

∂τ

�
¼ Hð2nþ 1Þ: ð3:20Þ

Thus, the last two terms in Eq. (3.12) are evaluated
nonperturbatively. In Ref. [47], particle production from
a scalar condensate was considered for HI ¼ ϕ̄ðtÞχχ. In
that case, the interaction term was also evaluated non-
perturbatively, which differs from the setup here.
In general, a perturbative expansion is needed for the

interaction term. The interaction-state evolution is given by
ϱ → Fϱ0F−1 with the initial state ϱ0 and the evolution
operator

FðτÞ≡ T exp

�
−i

Z
τ

0

dτ0HIðτ0Þ
�
: ð3:21Þ

Then, we obtain

Tr½iϱ½HIðτÞ;OðτÞ�� ¼ Tr½iϱ0FðτÞ−1½HIðτÞ;OðτÞ�FðτÞ�;
ð3:22Þ

which can be expanded as [54]

Tr½iϱ½HIðτÞ;OðτÞ�� ¼
X∞
n¼0

in
Z

τ
dτ1 � � �

Z
τn−1

dτnTr½ϱ0½HIðτnÞ; � � � ½HIðτ1Þ; i½HIðτÞ;OðτÞ����: ð3:23Þ

Under the Born-Markov approximation [29], the interaction term simplifies to

Tr½iϱ½HIðτÞ;OðτÞ�� ≃ Tr½iϱ0½HIðτÞ;OðτÞ�� −
Z

∞

0

dτ̃Tr½ϱ0½HIðτ − τ̃Þ; ½HIðτÞ;OðτÞ���: ð3:24Þ

For clarity, we briefly review the Born-Markov approxi-
mation. The Born approximation assumes that the coupling
between the system and the environment is weak. A direct
consequence of this assumption is that, in a perturbative
expansion in the interaction Hamiltonian, we can safely
truncate the series at the second order. The Markovian
approximation is based on a separation of timescales. The
expectation values change on the macroscopic timescale τ,
and the microscopic timescale of the individual interaction
is denoted by τ̃. Changing the time variable from τ1 to τ̃, the
upper integral domain becomes τ, which is sufficiently
larger than the microscopic timescale. We therefore set it to
infinity, following the convention in kinetic theory. In fact,
the following calculation shows that the relevant time
window is a very short interval β ≪ τ; thus, this prescrip-
tion is well justified.

C. Backward scattering

The forward scattering vanishes for the three-point
interaction, so we only need to evaluate the second term
in Eq. (3.24). From Eq. (2.6), the interaction Hamiltonian is
given by

HI ¼ −
a2

Mpl

Z
d3xhij∂iχ∂jχ: ð3:25Þ

Using Eq. (2.8) and

χðτ; xÞ ¼
Z

d3k
ð2πÞ3 e

ik·xχkðτÞ; ð3:26Þ

we can rewrite the interaction Hamiltonian as
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HI ¼
a2

Mpl

Z
d3kd3p1d3p2

ð2πÞ9 ð2πÞ3δðkþ p1 þ p2Þ

×
X
s

eðsÞij ðkÞhðsÞk p1ip2jχp1
χp2

: ð3:27Þ

Let us define the energy-momentum tensor projected onto
the graviton polarization plane as

TðsÞ
k ≡−a2

Z
d3ld3p
ð2πÞ3 δðkþ lþpÞeðsÞij ðkÞlipjχlχp: ð3:28Þ

Then, the interaction Hamiltonian can be further simplified
to

HI ¼ −M−1
pl

X
s¼�

Z
d3k
ð2πÞ3 h

ðsÞ
k TðsÞ

k ; ð3:29Þ

or more concisely,

HI ¼ −M−1
pl h

STS: ð3:30Þ

Here, S encapsulates both the momentum and polarization
indices and repeated S implies summation over polarization
and integration over momentum. We will use the notations
in Eqs. (3.29) and (3.30) interchangeably in the following
discussion.
For O ¼ NS; LS, Eq. (3.24) expands as

−
Z

∞

0

dτ̃½HIðτ− τ̃Þ; ½HIðτÞ;OðτÞ�� ¼ A½O� þB½O�; ð3:31Þ

where

A½O� ¼ −
1

2M2
pl

Z
∞

0

dτ̃½TS2ðτ − τ̃Þ; TS1ðτÞ�

× fhS2ðτ − τ̃Þ½hS1ðτÞ;OðτÞ�
þ ½hS1ðτÞ;OðτÞ�hS2ðτ − τ̃Þg; ð3:32Þ

B½O� ¼ −
1

2M2
pl

Z
∞

0

dτ̃½hS2ðτ − τ̃Þ; ½hS1ðτÞ;OðτÞ��

× fTS2ðτ − τ̃ÞTS1ðτÞ þ TS1ðτÞTS2ðτ − τ̃Þg: ð3:33Þ

The term B½O� is independent of the graviton quantum
state, corresponding to the spontaneous emission from the
scalar field. This type of contribution is often considered in
the graviton production in thermal plasma [35] and induced
gravitational waves from density fluctuations [6]. In con-
trast, A½O� depends on the initial graviton state and thus
represents stimulated emission. One can show that A½O�
dominates for infrared (IR) graviton modes. Therefore, we
will neglect spontaneous emission in the subsequent
analysis.

D. Stimulated emission

The evaluation of Eq. (3.32) is similar to that in
Ref. [18], and it is simplified due to the Markov approxi-
mation. Using the retarded and Keldysh propagators,

GR
p1
ðτ1; τ2Þð2πÞ3δðp1 þ p2Þ ¼ ia2ðτ2ÞΘðτ1 − τ2Þ½χp1

ðτ1Þ; χp2
ðτ2Þ�; ð3:34Þ

GK
l1
ðτ1; τ2Þð2πÞ3δðl1 þ l2Þ ¼ a2ðτ2ÞTr½ϱðχl2ðτ2Þχl1ðτ1Þ þ χl1ðτ1Þχl2ðτ2ÞÞ�χ ; ð3:35Þ

we find

Tr½ϱχ ½TS2ðτ − τ̃Þ; TS1ðτÞ�� ¼ 2iδs1s2ð2πÞ3δðk1 þ k2ÞXðτ; τ − τ̃Þ; ð3:36Þ

where we define

Xðτ1; τ2Þ≡ 2

15

a2ðτ1Þ
a2ðτ2Þ

Z
p2dp
2π2

p4GK
p ðτ1; τ2ÞGR

pðτ1; τ2Þ: ð3:37Þ

Since the thermal scalar field is well inside the horizon, the propagators take the Minkowski form rescaled by the scale
factor,

GR
pðτ1; τ2Þ ¼

aðτ2Þ
aðτ1Þ

sinpðτ1 − τ2Þ
p

Θðτ1 − τ2Þ; ð3:38Þ

GK
p ðτ1; τ2Þ ≃

aðτ2Þ
aðτ1Þ

cospðτ1 − τ2Þ
p

ð1þ 2fβpÞ; ð3:39Þ
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where fβp ¼ 1
eβp−1 stands for the thermal distribution of bosonic particles, with β denoting the inverse of the comoving

temperature. Thus, the scale factor cancels out, and X becomes a function of τ̃,

Xðτ̃Þ ¼ 1

15π2

�
−

3

8τ̃5
þ csch5

�
2πτ̃

β

�
π5

β5

�
11 cosh

�
2πτ̃

β

�
þ cosh

�
6πτ̃

β

���
: ð3:40Þ

Xðτ̃Þ acts as a window function open for τ̃ ∼ β=ð2πÞ and
vanishes for τ̃=β ≫ 1, justifying the Markov approxima-
tion. By integrating Xðτ̃Þ, we obtain

lim
β=τ→0

Z
∞

0

dτ̃Xðτ̃Þ ¼ π2

450β4
: ð3:41Þ

Thanks to the Markov approximation, the graviton oper-
ators reduce to a local operator product,

A½O� ≃ −
iπ2

450M2
plβ

4
δS1S2fhS2ðτÞ½hS1ðτÞ;OðτÞ�

þ ½hS1ðτÞ;OðτÞ�hS2ðτÞg: ð3:42Þ

We have also verified that the non-Markovian correction is
Oðβ−3Þ, which we may ignore in the present case. Using
the instantaneous operator (2.14), the field operator takes
the form

hðsÞk ¼ 1

a
1ffiffiffiffiffi
2k

p ðdðsÞk þ dðsÞ†−k Þ; ð3:43Þ

which yields

h0jhS2 ½hS1 ;NS� þ ½hS1 ;NS�hS2 j0i ¼ V
ka2

δSS1δSS2ðλS20 − λS2�0 Þ;
ð3:44Þ

h0jhS2 ½hS1 ; LS� þ ½hS1 ; LS�hS2 j0i

¼ −
V
ka2

δSS1δSS2ð2λS20 þ 2nS20 þ 1Þ; ð3:45Þ

where the repeated S indices on the lhs are not summed.
Contracting S1 and S2, we obtain

V−1A½NS� ¼ π2

225M2
plka

2β4
Im½λS0�; ð3:46Þ

V−1A½LS� ¼ i
π2

225M2
plka

2β4

�
λS0 þ nS0 þ

1

2

�
: ð3:47Þ

Due to the Markov approximation, terms of Oð1=ðMplβÞÞ
are neglected, which is justified unless the system is near
the Planck scale.

E. Summary so far

Combining Eqs. (3.18)–(3.20) and (3.46)–(3.47), as
well as elevating free variables to their nonperturbative
counterparts by matching their initial values, we obtain the
Heisenberg equations averaged over a general quantum
state,

n0 ¼ 2
a0

a
Re½λ� þ α Im½λ�; ð3:48Þ

λ0 ¼ −2iλþ 2
a0

a

�
nþ 1

2

�
þ iα

�
λþ nþ 1

2

�
; ð3:49Þ

where we define the dimensionless time variables normal-
ized by k: x ¼ kτ, xβ ¼ kβ, xpl ¼ k=Mpl, and 0≡ d=dx,
along with

α≡ π2x2pl
225a2x4β

: ð3:50Þ

Note that in the interaction terms in Eqs. (3.46) and (3.47), n
and λ correspond to their free values indexed as 0, while they
can be identified with their nonperturbative counterparts at
the initial time. At each time step, the perturbed values of n
and λ are computed and used as initial conditions for the next
step. This iterative procedure continues until the final values
are determined. A similar prescription is employed in
deriving the standard Boltzmann equations based on the
Born-Markov approximation.
To simplify the equations further, we separate the real

and imaginary parts of variable λ as

λ ¼ ξþ iη; ð3:51Þ

where ξ and η are real numbers. This leads to the following
set of equations:

n0 ¼ 2
a0

a
ξþ αη; ð3:52Þ

ξ0 ¼ 2ηþ 2
a0

a

�
nþ 1

2

�
− αη; ð3:53Þ

η0 ¼ −2ξþ α

�
ξþ nþ 1

2

�
: ð3:54Þ

For example, during the radiation dominant era, we
have a0=a ¼ 1=x.
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IV. FLAT BACKGROUND

While the above formulation applies to a general FLRW
background, we first consider a simple Minkowski back-
ground to examine the physical properties of graviton
emission. In the Minkowski limit, we set a ¼ 1. Here,
β−1 represents the physical temperature, and τ becomes the
physical time. The emission rate then simplifies to

α ¼ π2x2pl
225x4β

: ð4:1Þ

Since the Hubble parameter vanishes in this limit, the
Heisenberg equations (3.52)–(3.54) reduce to

dn
dx

¼ αη; ð4:2Þ

dξ
dx

¼ 2η − αη; ð4:3Þ

dη
dx

¼ −2ξþ α

�
nþ ξþ 1

2

�
: ð4:4Þ

A general squeezed vacuum state initial condition is
given by

ξð0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nð0Þðnð0Þ þ 1Þ

p
cos θð0Þ; ð4:5Þ

ηð0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nð0Þðnð0Þ þ 1Þ

p
sin θð0Þ: ð4:6Þ

We recall that ξ and η represent the real and imaginary parts
of λ ∼ Tr½ϱLk�, satisfying the relation: jλj2 ¼ nðnþ 1Þ,
where n is the average particle number. Although we
impose the above initial condition as an illustrative exam-
ple, the effects discussed here are not restricted to the
squeezed vacuum state. In fact, any initial conditions

corresponding to more general initial states can be con-
sidered. In a Minkowski background, the vacuum state is
uniquely defined as nð0Þ ¼ 0. For nð0Þ ≥ 1 and arbitrary θ,
the states correspond to excited states, which can be
expressed as squeezed vacuum states. Without interaction
with the scalar field (α ¼ 0), n0 remains constant, and λ0
evolves as λ0 ¼ e−2ixλ0ð0Þ. Thus, the graviton number
remains independent of the internal phase (i.e., the intrinsic
phase of λ). In the left panel of Fig. 1, we plot the time
evolution of n0, ξ0, and η0 for n0ð0Þ ¼ ξ0ð0Þ ¼ η0ð0Þ ¼ 1.
When turning on interactions (α ≠ 0), the internal phase

and number are coupled. For a typical parameter choice
relevant to LIGO/Virgo-like gravitational wave interferom-
eters [1], we take,

(i) l ∼ k−1 ¼ Oð106Þm: the LIGO-Virgo detectable
scale is Oð100Þ Hz.

(ii) xpl ¼ k=Mpl ¼ 10−41.
(iii) xβ ¼ k

Mpl
βMpl ∼ 10−41 × 1020 ¼ 10−21: β−1 ¼

Oð10−1Þ GeV.
This flat-space calculation, using LIGO/Virgo parameters,
serves as a simplified illustration of the stimulated emission
mechanism and helps build intuition for the relevant
physical scales. Given that the primordial gravitational
wave background is expected to span a vast range of
frequencies, exploring a potential amplification mechanism
at these terrestrial scales is of independent physical interest.
The numerical result, shown in the right panel of Fig. 1,

demonstrates a small fluctuation in n. Oscillations in the
phase transfer into variations in the graviton number via
Eq. (4.2). In the right panel of Fig. 1, the periodic average
value of n decreases, corresponding to stimulated absorp-
tion. Depending on the initial phase θ, the effect can
manifest as either emission or absorption.
In the flat background case, the system of first-order

differential equations (4.2)–(4.4) can be solved exactly.
Given the initial conditions nð0Þ ¼ 1 and θ ¼ π=4, the
exact solution takes the form,

10
1

10
0

10
1

1.5

0

1.5

10
1
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0

10
1

1.5

0

1.5

FIG. 1. Left: Free evolution of n (green), ξ (red), η (blue dashed). Right: Interacting evolution of of n (green), ξ (red), η (blue dashed),
with the parameters xpl ¼ 10−41, xβ ¼ 3 × 10−21 and the initial conditions are set to n ¼ 1, θ ¼ π=4.
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nðxÞ ¼ α

2
ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p sin ð2x
ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
Þ

þ αð5α − 4Þ
8ðα − 1Þ cos ð2x

ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
Þ

þ 1

8

�
7 − 5αþ 1

1 − α

�
: ð4:7Þ

When α < 1, the particle number oscillates over time and
the behavior remains perturbative. However, for α > 1, the
trigonometric functions reduce to their hyperbolic counter-
parts and then instability arises, causing the number density
to grow exponentially. Neglecting the exponentially sup-
pressed terms, one can approximately write nðxÞ as

nðxÞ ≃ α

16

�
5þ 4

ðα − 1Þ1=2 þ
1

α − 1

�
e2

ffiffiffiffiffiffi
α−1

p
x: ð4:8Þ

For small α, our prediction aligns with the perturbation
theory based on the in-in formalism. Indeed, by expanding
Eq. (4.7) to the leading order in α, it reproduces the
analytical expression derived in previous work [18] using

the in-in formalism,

nPT;1-loop ¼ −α
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n0ðn0 þ 1Þ

p
sinðxÞ sinðx − θ0Þ; ð4:9Þ

which indicates that our new method provides a resumma-
tion of the in-in formalism, see also Appendix for a
summary of previous results.
In Fig. 1, we present the solutions for α ∼ 0.054,

corresponding to xβ ¼ 3 × 10−21. This parameter α is
small, and the result closely resembles those obtained in
perturbation theory using the in-in formalism. The limita-
tion of the in-in formalism arises because the unperturbed
operators in the integral evolve with α. If their nonlinear
evolution deviates significantly from their background
values, the traditional perturbative estimation fails, and
our new approach based on the effective equation of motion
becomes advantageous.
A comparison between one-loop perturbation theory and

the Heisenberg equation is shown in Fig. 2 for different
choices of the parameter α. When α is smaller than
Oð10−2Þ, our method matches the previous one-loop
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10
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FIG. 2. Graviton number is computed using the Heisenberg equation (red solid line) and 1-loop perturbation theory (blue dashed line)
in the Minkowski background. The initial conditions are set to nð0Þ ¼ 1, θð0Þ ¼ π, and the parameter xpl is set to 10−41.
Top: xβ ¼ 3 × 10−21, i.e., α ∼ 0.054. The emission effect is small and remains perturbative. Bottom left: xβ ¼ 1.6 × 10−21,
i.e., α ∼ 0.67. The deviation between the Heisenberg equation and the 1-loop perturbation theory becomes apparent. Bottom right:
xβ ¼ 1.4 × 10−21, i.e., α ∼ 1.14, where a resonance effect is observed.
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perturbative calculation within the in-in formalism very
well, with only a few percent difference. As α increases to
Oð10−1Þ, the deviation becomes more significant, differing
by an order of magnitude, suggesting that our approach
extends beyond conventional perturbative methods.
However, when α exceeds unity, the differential equations
become unstable, indicating the breakdown of the Born
approximation. Although we numerically compared our
results with the in-in calculation up to one-loop order, the
deeper connection between our method and the in-in
formalism deserves further investigation, which we leave
as a direction for future work.
Higher temperatures or longer graviton wavelengths

enhance stimulated effects. As the temperature increases,
the deviation from perturbation theory becomes more
pronounced. As we discussed before (4.7), the stable
regime corresponds to α < 1. For α > 1, the graviton
number undergoes resonant exponential amplification.
The resonance time scale is given by ðkαÞ−1.
So far, we have considered a Minkowski background,

treating the thermal scalar field as a spectator field. In this
setup, the thermal bath temperature is a free parameter.
However, the backreaction to spacetime dynamics cannot
be neglected if the energy density ρχ ¼ π2=ð30β4Þ is large.
Consider a thermal bath of size l ¼ 2πγ=k with some
numerical factor γ, and k is the wavenumber of the emitted
graviton. For γ > 1, a graviton can be enclosed within the
bath. The time scale l is related to the curvature radius, and
the physical Hubble parameter is given by H ¼ 1=ð2lÞ. To
ensure that the backreaction remains small, we require

3M2
plH

2 ≫ ρχ : ð4:10Þ
This condition can be rewritten as

α ≪
1

40π2γ2
: ð4:11Þ

Thus, α must remain at most at the subpercent level to keep
the backreaction to spacetime negligible. Since α is
determined by the graviton wavenumber and the thermal
bath temperature, the stimulated emission effect remains
well within the perturbative regime as long as the back-
reaction is insignificant.
Before closing this section, we offer several comments

on the equations of motion we obtained. Firstly, it turns out
that λ ¼ 0 is a valid solution to the differential equations in
the flat background, that corresponding to the expectation
value of Lk in any particle number eigenstates. Thus, one
can safely assume that graviton mixed states can be
expanded in terms of the Hamiltonian eigenstates. With
this initial condition, stimulated emission does not occur. In
other words, assuming the graviton is initially in a mixed
state that can be expanded in terms of the particle number
eigenstates, stimulated emission will never occur, and n
will remain constant while λ stays at zero. Secondly, at

next-to-leading order in the Markov approximation, a
higher-order correction in xpl=xβ appears as a time-ordered
modification to Eq. (3.42). The correction to Eq. (4.2) at
this order corresponds to the Γχχh term discussed in the
introduction, with an overall minus factor. This contribu-
tion generally leads to absorption, which persists even in
mixed states. However, since xpl=xβ is typically very small,
this effect remains negligible in most cases.

V. FLRW BACKGROUND

In the flat background, a higher thermal bath temperature
or a longer graviton wavelength enhances stimulated
graviton emission. Such behavior is analogous to stimu-
lated emission in quantum electrodynamics (QED). In
QED, the population of excited atomic electrons also
decreases more significantly for lower atomic energy
levels. Thus, α has a cutoff, and the softest photon is
constrained by the minimum energy gap in the atomic state
that stimulates emission.
However, in the present case, k and β remain uncon-

strained. In the previous section, we found that the temper-
ature or wavelength must be sufficiently small to neglect
the backreaction on spacetime dynamics. At this stage, an
FLRW background is essential for discussing significant
stimulated emission. As α increases, the backreaction of the
thermal bath on spacetime dynamics becomes inevitable.
While such a situation is already interesting as a thought
experiment, it is also of practical importance for gravitons
predicted by inflation, as the scale-invariant spectrum is
generated at the onset of the radiation-dominated universe.
In a general FLRW background, the quantities β, τ, and k

are comoving. If the thermal bath of χ drives the back-
ground evolution, the energy density of χ is given by

ρχ ¼
π2

30ðaβÞ4 : ð5:1Þ

During radiation domination, the physical Hubble param-
eter H and the scale factor a satisfy the relation aH ¼ τ−1.
Substituting this into the Friedmann equation

3M2
plH

2 ¼ ρχ ; ð5:2Þ

we obtain the simple expression for the coefficient

α≡ 2

5x2
; ð5:3Þ

where x ¼ kτ. The Heisenberg equations are then given by

n0 ¼ 2ξ

x
þ 2ϵη

5x2
; ð5:4Þ

ξ0 ¼ 2ηþ 2

x

�
nþ 1

2

�
−
2ϵη

5x2
; ð5:5Þ
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η0 ¼ −2ξþ 2ϵ

5x2

�
ξþ nþ 1

2

�
; ð5:6Þ

where we have introduced an order-counting parameter ϵ,
which denotes the strength of the interactions. With ϵ ¼ 1,
stimulated emission dominates over the Hubble friction
term on superhorizon scales (x ≪ 1). This behavior has
been reported in perturbative analyses based on in-in
formalism [18], where it results in secular, scale-invariant
growth in the graviton power spectrum. This secular growth

behavior has also been confirmed by recent work [40]. The
breakdown of perturbative analysis was suggested on
superhorizon scales. Here, the Heisenberg equations incor-
porate nonlinear corrections in α as an accumulated effect,
potentially leading to a partial resummation of the series in
α as explicitly shown in the flat spacetime example
in Sec. IV.
Assuming instantaneous reheating, if the interaction is

turned off ϵ ¼ 0, the expressions denote the free evolution
for n and λ, which are then given by [18]

n0ðxÞ ¼
1

8x2x4R
½1þ 2x2 þ 2x4R þ 2ðxR − xþ 2x2RxÞ sinð2x − 2xRÞ þ ð2xRðxR − 2xÞ − 1Þ cosð2x − 2xRÞ�; ð5:7Þ

λ0ðxÞ ¼
1

8x2x4R
½þð4x2x2R þ 4ixRxðx − xRÞ − 2ðx − xRÞ2 þ 2ixþ 1Þ cosð2x − 2xRÞ

þ 2ðxðx − iÞð2xR − 2ix2R þ iÞ − xRÞ sinð2x − 2xRÞ − ð2ixþ 1Þð2x4R þ 1Þ�; ð5:8Þ

here τR denotes the reheating time, while xR ¼ kτR is the
corresponding dimensionless variable. These equations are
derived by matching the inflationary mode functions with
those during the radiation-dominated era. Consequently,
the initial conditions for the differential equations above
can be chosen by evaluating the given expressions at xR,
yielding

nðxRÞ ¼
1

4x2R
; λðxRÞ ¼

1

4x2R
−

i
2xR

: ð5:9Þ

We illustrate the results for various values of ϵ in Fig. 3. For
smaller ϵ, the numerical solutions of the Heisenberg
equations remain consistent with perturbation theory based
on the in-in formalism. On subhorizon scales, the dynamics
also agree with perturbation theory except for their

amplitudes, as the interaction terms vanish for large x.
On the superhorizon scale, the interaction term becomes
dominant, and exponential growth occurs, just like the case
in the Minkowski background.
As pointed out in Ref. [16], the secular growth in the

superhorizon limit is subtle. Unlike the Minkowski back-
ground, superhorizon gravitons exhibit subtle behaviors. In
the linear theory, superhorizon tensor modes are constant,
and they can be eliminated by a large gauge transformation,
which is an asymptotic symmetry in the FLRW background
[55]. Recently, it has been suggested that soft gravitons
reside in a symmetric vacuum state, expressed as a super-
position of infinitely degenerate vacua [56]. Eliminating
soft gravitons implies that we take the symmetric vacuum
with n ¼ 0 at the initial time; however, this is not a simple
solution. After horizon reentry, the graviton spectrum is
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FIG. 3. Left and Right: n as a function of x ¼ kτ with xR ¼ 0.1 for new (solid) and perturbation theory (dashed) solutions for ϵ ¼ 0,
0.05, 0.1, 1. The left figure focuses on x < 0.2.
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expected to persist as a remnant of the primordial gravitons,
requiring a return to the original symmetry-broken phase.
Thus, the final spectrum depends on the choice of vacuum,
and one must project the symmetric state onto the sym-
metry-broken vacuum. The challenge lies in the imple-
mentation of this projection, as stimulated emission
becomes significant prior to horizon reentry. Even if we
choose n0 ¼ 0, corresponding to the symmetric vacuum,
vacuum-stimulated emission still arises due to the vacuum
fluctuations. This effect is then resonantly amplified,
ultimately leading to secular growth in the IR limit.
The second issue concerns the robustness of perturbation

theory. One might think that the Heisenberg equation is
useful because it can partially resum the loop spectrum at
each time step, making it valid in the nonlinear regime,
similar to the Boltzmann equation. However, we argue that
the Born approximation, assumed at the outset, may break
down. The interaction term is proportional to x−2, sug-
gesting a breakdown of perturbative expansion on super-
horizon scales. Rigorously speaking, we cannot justify the
Born approximation in Eq. (3.24) without considering the
other dimensional constants, while we can only do this after
obtaining the Heisenberg equation. This ambiguity arises
from the dimensional coupling in general relativity.
Naively, the correction terms can be expanded in a series
of 1=ðβMplÞ ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H=Mpl

p
. However, any negative power of

xmay arise, which completely breaks perturbativity for x <
1 at the level of the Heisenberg equation before the Born
approximation.
As discussed above, the subtlety of gravitons in general

relativity and the issue of perturbativity suggests that the
reliable regime is only a few Hubble times after reheating,
i.e., x≳ 1. In Fig. 4, we illustrate the stimulated emission
for xR ¼ 1, which corresponds to the gravitons inside the
horizon when inflation ends with instantaneous reheating.
In this regime, the issues discussed above are absent, and

our equation of motion is reliable. Even for xR ¼ kτR ¼ 1,
stimulated emission is observed. In the right panel of Fig. 4,
n=n0 is shown as a function of x ¼ kτ and xR ¼ 1, 0.5, 0.1.
Solid lines represent the Heisenberg equation, and dashed
lines represent perturbation theory. As xR decreases, the
initial gravitons become softer, leading to a larger stimu-
lated emission.
Finally, we close this section with a comment. Even

without interaction (ϵ ¼ 0), n and λ ¼ ξþ iη couple due to
cosmic expansion, meaning that λ ¼ 0 cannot be taken as a
consistent ansatz in the expanding background where x ∼ 1
is allowed. This indicates the failure of the assumption
behind the standard kinetic theory, where x → ∞ is
implicit. Quantum mechanical states are inevitably
squeezed in a time-dependent background, even if they
are initially separable.

VI. IR REGULARIZATION AND LARGE GAUGE
TRANSFORMATION

The secular growth in the graviton number indicates the
superhorizon evolution of the IR mode [16]. In this section,
we discuss the IR dynamics and present a prescription for
eliminating the secular term from a symmetry perspective.
Free IR graviton modes obey the linearized Einstein

equation,

h00ij þ 2
a0

a
h0ij ¼ 0: ð6:1Þ

This equation of motion is invariant under the large gauge
transformation

ξi ¼ 1

2
ϵijxj; ð6:2Þ

which turns into a constant shift in hij:
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FIG. 4. Left: The evolution of n (red), ξ (blue), η (green) for free theory (dashed) and interaction theory (solid) with ϵ ¼ 1 and
xR ¼ kτR ¼ 1. Right: n=n0 as a function of x ¼ kτ with ϵ ¼ 1, and xR ¼ 1, 0.5, 0.1, respectively. Solid lines represent the Heisenberg
equation, and dashed lines represent perturbation theory results.
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hij → hij þ ϵij: ð6:3Þ

More precisely, ϵij can correspond to either a constant or a
decaying adiabatic mode [57]. The latter results in a
constant shift for the conjugate momentum πij. Since these
adiabatic modes can be eliminated by a large gauge
transformation, free IR graviton modes are considered
gauge dependent. As the secular term is on the IR scale,
we need to understand if the effect is physical or not in
our setup.
The residual gauge symmetry is regarded as a global

anisotropic rescaling symmetry, which can be spontane-
ously broken by the quantum state chosen by inflation.
Primordial gravitons are quantum-mechanically generated
during inflation. When generated, they were within the
horizon and the adiabatic vacuum is chosen as a vacuum
state in the remote past. After the horizon exit, the quantum
state remains adiabatic, which is regarded as a symmetry-
broken phase in the IR regime [56].
In the present case, the stimulated emission is regarded

as a tachyonic instability due to the negative mass squared.
In fact, one may consider an effective Hamiltonian

Heff ¼ −
1

5
a4H2

Z
d3xhijhij; ð6:4Þ

which reproduces the Heisenberg equation we found in
Sec. III E. From Eq. (6.4), one can read an effective
graviton mass due to the coupling to radiation1:

m2
eff ¼ −

2

5
H2; ð6:5Þ

where H is the physical Hubble parameter. For massive
gravitons, the explicit symmetry breaking takes place even

for the IR equation of motion due to the mass, rather than
the gradient. Equation (6.1) with this negative effective
mass squared is given by

h00ij þ 2
a0

a
h0ij −

2

5

�
a0

a

�
2

hij ¼ 0: ð6:6Þ

Equation (6.6) implies that large gauge symmetry is
explicitly broken in the dynamics of the IR graviton modes.
By regarding the tensor mode as the Nambu-Goldstone

mode of the spontaneously broken anisotropic rescaling
symmetry, one can naturally implement its nonlinear
realization around the background field hðx0Þ,

h00ij þ 2
a0

a
h0ij −

2

5

�
a0

a

�
2

ðhij − hijðx0ÞÞ ¼ 0: ð6:7Þ

In this way, the shift symmetry of the effective mass term
can be restored. With this choice, the superhorizon hij
remains constant, eliminating the tachyonic instability on
superhorizon scales.
We now derive the effective interaction Hamiltonian

corresponding to Eq. (6.7). Solving the linear dy-
namics during the radiation-dominated era gives massless
evolution

hðsÞk ðxÞ ¼ uðx − x0ÞhðsÞk ðx0Þ; ð6:8Þ
where

uðxÞ≡ sin x
x

; ð6:9Þ

and hkðx0Þ is the amplitude at the initial time. To be more
precise, we need to take the linear solution for Eq. (6.7),
Eq. (6.9) is enough to discuss the role as a regulator. In our
discussion, we take x0 ¼ xR. While uðxÞ represents the
graviton mode function, its imaginary part is suppressed for
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FIG. 5. Left: n as a function of x ¼ kτ with xR ¼ 0.1 for the free theory (blue), the interaction theory without regulator (green), and the
interaction theory with the regulator γ (red dashed). The parameter ϵ is set to 1. Right: The evolution of n (red), ξ (blue), η (green) for the
free theory (dashed) and the interaction theory with regulator γ (solid), here parameters ϵ ¼ 1 and xR ¼ 0.1.

1The same tachyonic mass has also been discussed in [40].
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xR ¼ kτR → 0. Thus, when considering superhorizon
modes at reheating, we may neglect the imaginary part.
Then, the effective mass after gauge fixing (6.7) is recast
into γm2

eff with

γ ≡ 1 − u−1: ð6:10Þ

Consequently, we simply replace α with γα in Sec. III E.
Since γ → 0 in the superhorizon limit, γ acts as an IR
regulator, effectively eliminating the secular term. After
removing the secular term, the stimulated emission rate is at
the percent level, consistent with calculations in the
Minkowski background, as illustrated in Fig. 5.
We acknowledge that the present IR prescription is

ad hoc, in the sense that it only aims at eliminating the
IR secular growth by enforcing large gauge symmetry. The
effective mass in the IR region is scale independent, and
therefore the subtraction of the mass term is unique.
However, its extrapolation to subhorizon scales is not
straightforward, since the regulator implies a degeneracy
of constant solutions in the IR regime. As the introduction
of boundary data in Eq. (6.7) resolved this issue, the secular
growth we encountered may in fact be a consequence of the
nonlocality of the process under consideration. Moreover,
when deriving α in Sec. III C, our explicit calculations
suggest that there is no room to introduce such additional
information. In practice, our prescription of multiplying γ
amounts to replacing hij in Eq. (3.25) with hij − hijðx0Þ. In
this way, one can restore the large gauge symmetry in the
interaction Hamiltonian and eliminate the secular growth.
A more consistent prescription will be discussed elsewhere.

VII. CONCLUSIONS

In this paper, we considered the evolution of the graviton
number operator in a thermal radiation background mod-
eled by a scalar field. The crucial assumption was that the
graviton quantum state is in a squeezed vacuum state at the
initial time. This quantum state cannot be described by a
classical distribution function in phase space, as the
concept of particle number does not uniquely specify the
state. Then, we derived the Heisenberg equation averaged
over a general quantum state—the quantum state-averaged
field equation of motion—rather than relying on the
standard Boltzmann equation.
The advantage of this approach is that it allows us to

derive the equation of motion applicable to a nonlinear
regime, similar to the Boltzmann equation. This could
potentially enable partial resummation of the loop calcu-
lations in the quantum field theory approach based on the
in-in formalism. Compared to previous analyses based on
perturbation theory, our calculations indicate that the
behavior of the system can be more accurately captured
in this framework.
Depending on the initial squeezed state, the graviton

number can either increase or decrease. This phenomenon,

known as cosmological stimulated emission, was pointed
out in Ref. [18] based on perturbation theory. Like
stimulated emission in QED, stronger emission is expected
for more IR modes and higher temperatures. Unlike in
QED, however, the soft graviton mode is unconstrained in
this context. In particular, the inflationary paradigm pre-
dicts a scale-invariant primordial graviton spectrum as the
initial condition.
Although we used a scalar field as a toy model of thermal

radiation for simplicity, this situation is ubiquitous in the
early Universe, which was dominated by radiation.
Therefore, our setup is quite general. We found that
superhorizon gravitons are resonantly amplified in the
present analysis, which contradicts the current observatio-
nal status of primordial gravitational waves [3]. A potential
issue with this approach is the robustness of perturbation
theory in the superhorizon regime, as well as the subtlety of
superhorizon gravitons.
To explore the physical picture, we first considered the

same setup in the Minkowski background, where these
issues do not arise. We confirmed similar stimulated
emission effects in this case. We also confirmed that our
new calculations reproduce the perturbative results for
small interactions, and we observed deviation from the
one-loop perturbation theory as we increase the thermal
bath temperature. However, in the parameter space where
stimulated emission is significant, the backreaction to
spacetime dynamics cannot be neglected. Thus, the
FLRW background is essential for discussing these effects.
As a conservative scenario, we considered a radiation-

dominated universe just after instantaneous reheating,
focusing on the graviton modes inside the horizon at that
time. These modes cannot be gauged away, and the system
remains in the perturbative regime. We confirmed that
stimulated emission significantly alters the initial graviton
spectrum in this context.
Regarding the secular growth of superhorizon modes,2

there may be mechanisms to suppress the effect or schemes
to find a reasonable resummed value consistent with the
current nondetection of primordial B modes. A promising
direction could involve considering the treatment of soft
gravitons in an FLRW background. Free soft gravitons are
considered an artifact of large gauge symmetry for the exact
k ¼ 0 mode. For finite-momentum modes in a decelerating
universe, these gravitons eventually reenter the horizon and
generate an observable signature in the sky. Hence, the role
of large gauge transformations is more subtle for finite-
momentum modes. Based on this perspective, we propose a
regularization prescription from a symmetry-based view-
point. In our interpretation, the residual large gauge
symmetry in the IR effectively behaves as a global
symmetry, which is explicitly broken by an effective mass

2Similar secular growth is reported in Refs. [58–60] in other
contexts of cosmological loop analysis.
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term induced by the thermal background. This breaking
introduces a natural IR regulator, determined by a boundary
condition set at reheating. With this regularization, the IR
graviton modes remain constant on superhorizon scales,
and the secular growth is eliminated.
In this paper, we did not consider the decoherence of

inflationary gravitons and assumed that λ ≠ 0, which may
be a crucial simplification, and a more detailed analysis is
left for future work. From an engineering perspective,
preparing localized radiation with high temperatures is
more feasible, similar to the quark-gluon plasma generated
in colliders. While this scenario differs from the homo-
geneous radiation background setup assumed in our work,
it remains of interest, as it may offer a practical way to
realize specific thermal bath configurations that can induce
strong stimulated emission without significant backreaction
effects.
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APPENDIX: THE FORMULAS OBTAINED IN
THE IN-IN-FORMALISM

The graviton number and internal phase at second order
in the interaction Hamiltonian are given by [18],

n2 ¼ Re½ζð2n0 þ 1Þ þ 2σλ�0�; ðA1Þ

λ2 ¼ 2ζλ0 þ σð2n0 þ 1Þ; ðA2Þ

where we define

ζ≡ 2i
Z

τ
dτ2

Z
τ

τ2

dτ1ukðτ2; τÞu�kðτ1; τÞ
Xðτ1; τ2Þ

M2
pl

; ðA3Þ

σ ≡ 2i
Z

τ
dτ2

Z
τ

τ2

dτ1u�kðτ2; τÞu�kðτ1; τÞ
Xðτ1; τ2Þ

M2
pl

: ðA4Þ

The positive frequency mode function for the field operator
at τ, with respect to the vacuum state at τ0, is denoted by
ukðτ; τ0Þ. Unlike the calculation in the main text, here we
integrate overtime twice, and the operators inside the
integrand are time ordered. While λ2 is not explicitly
derived in the reference, its derivation closely follows that
of n2.
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