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Vacuum quasitopological gravity with infinitely many terms in the action satisfies Markov’s limiting
curvature hypothesis: the spherically symmetric solutions are regular and all curvature invariants are
bounded by solution-independent scales. We study how this picture changes when the theory is coupled to
matter. We find that minimally coupled matter spoils the scaling properties of the vacuum equations that
lead to the validity of Markov’s hypothesis but find that the corresponding geometries often remain regular.
We make this precise by developing a set of sufficient conditions on general static, spherically symmetric
stress tensors such that the corresponding solutions have bounded curvature. These conditions cover
regular matter sectors but also singular matter profiles that are sufficiently singular in a sense we quantify.
Our conclusions hold independently of the matter field equations and include configurations in which
matter exhibits divergent energy density and pressure at finite radius or at Killing horizons, results that may
have implications for mass inflation in these models. We then explore nonminimal couplings, focusing on
theories with infinite towers of higher-curvature and electromagnetic terms in the action. In this class,
Markov’s hypothesis can be restored: we present theories admitting a universal upper bound on curvature,
independent of the mass and charge. Overall, our results highlight subtleties in coupling quasitopological
gravity to matter and suggest Markov’s hypothesis as a potential selection criterion for resummed gravity-

matter effective theories.
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I. INTRODUCTION

According to general relativity (GR), black holes possess
spacetime singularities in their interiors [1,2]. As exper-
imental evidence for the existence of black holes [3—6]—or
objects that closely resemble them [7]—continues to
accumulate, the theoretical question concerning the fate
of singularities becomes increasingly pressing, despite their
experimental inaccessibility.

Among the possible alternatives, a conceptually
conservative yet physically radical approach is provided
by regular black holes (RBHs): spacetimes which preserve
an exterior event horizon while replacing the central
singularity with a regular core concealed behind an inner
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horizon [8-12]. Remarkable progress regarding the physi-
cal properties of RBHs has been achieved relying on purely
kinematical considerations [13—17]. However, the absence
of a general dynamical framework has remained the
Achilles’ heel of the RBHs program since its inception
more than half a century ago.

To date, the most widely investigated approach to
realizing RBHs as solutions of concrete theories has been
to couple GR to suitably chosen—more or less exotic—
matter [18-35]. Nevertheless, generic black hole solutions
in these models remain singular, with RBHs occurring only
in highly restricted corners of parameter space. In particular,
since all vacuum solutions of GR persist as solutions, the
underlying singularity problem remains essentially
unaltered. Alternative routes and mechanisms have been
proposed, e.g., in [36-61].

Recently, static RBHs corresponding to multiparametric
generalizations of the Schwarzschild solution in general
dimensions have been shown to arise as the unique
spherically symmetric solutions of broad classes of theo-
ries involving GR coupled to infinite towers of higher-
curvature corrections [62]. All such theories belong to the
so-called quasitopological (QT) class [63—71], character-
ized by possessing second-order equations on spherically
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symmetric backgrounds, as well as for satisfying versions
of the Birkhoff theorem [72]. With the exception of the
D =4 case—which requires nonpolynomial densities
[73]'—the theories are perturbatively equivalent, via field
redefinitions, to the most general gravitational effective
action [62,75]. Remarkably, within this framework, such
RBHs arise as the by-product of the gravitational collapse
of ordinary matter [76-78]. Thus, QT theories offer a
general dynamical framework within which a wide range
of questions concerning the physical properties of RBHs
can be systematically probed for the first time.” In this
paper we address one such question: namely, how does
singular matter affect the regularity of spacetimes that are
nonsingular in the vacuum case?

As shown in [107], (vacuum) RBHs in any QT theory
satisfy a version of Markov’s limiting curvature hypothesis
(LCH) [36,108]; i.e., each of their curvature invariants
remains bounded above by a certain universal mass-
independent quantity.3 The situation changes in the pres-
ence of matter. Indeed, as shown in [109], perfect-fluid
stars in QT theories may reach arbitrarily high curvatures as
generalized versions of the Buchdahl limit are approached,
unless the dominant energy condition is imposed.
Nevertheless, the interplay between singular matter and
regular geometry turns out to be remarkably more subtle
and counterintuitive, in general. Indeed, in this paper we
perform a general analysis of this interplay for minimally
coupled, static, spherically symmetric matter, remaining
largely agnostic about the details of the matter model. We
observe that regular matter sectors produce regular space-
times, and so do matter configurations with central power-
law density singularities. On the other hand, spacetime
singularities appear in the presence of matter with mildly
singular energy densities at finite radii. Interestingly, the
trend is reversed for sufficiently singular matter. In that
case, which includes configurations with divergent energy
density and pressure at finite radii or at Killing horizons, the
regularity of spacetime can be preserved.

Our results align with a recent striking finding con-
cerning the fate of mass inflation at the inner horizon of
RBHs in this setting [110]. Specifically, by analyzing a
model of two null shells colliding near the inner horizon,
Frolov and Zelnikov demonstrated that the mass inflation
instability does not develop for RBHs in QT theories, at
least within the regime where a classical metric descrip-
tion remains valid.

In another vein, understanding the actual interplay of
matter and geometry in general effective theories requires
the consideration of higher-order terms in curvature and

ISee also [49,52,74] for previous results involving RBHs as
solutions to nonpolynomial gravities.

“For additional progress on the properties of RBHs in QT
models, see [79-106].

This is a highly nontrivial property which many proposed
RBH models, such as the Bardeen black hole [9], fail to satisfy.

matter, including nonminimal couplings. As a first step in
this program, we also study special theories of gravity and a
gauge (D —3)-form which admit magnetically charged
black hole solutions characterized by a single metric
function fulfilling an algebraic equation. Such electromag-
netic quasitopological gravities [54,55,57,61,111-113]
have been identified in general spacetime dimensions D >
3 and may incorporate nonminimally coupled terms of any
order in the curvature and gauge field strength. We will
discuss in which cases these theories admit magnetically
charged regular black holes, as well as specify sufficient
conditions for Markov’s limiting curvature hypothesis to
hold in electrovacuum solutions.

The structure of the remainder of the paper is the
following. In Sec. II we explain the general setup which
we exploit throughout most of the paper. This entails
considering general static and spherically symmetric sol-
utions of QT gravities coupled to a minimally coupled—but
otherwise general—matter stress tensor. We obtain the
general form of all possible combinations of the metric
functions susceptible to appearing in general algebraic
curvature invariants. In Sec. III we review the argument
which establishes the fulfillment of Markov’s limiting
curvature hypothesis for general vacuum spherically sym-
metric regular black holes in QT theories, as well as the
conditions needed for such solutions to exist. In Sec. IV we
analyze the interplay between singular matter and regularity
in the case of matter satisfying 7¢ = T7. We show that
singular matter leads to singular geometries whenever the
singularity is mild enough, whereas regular geometries are
produced by sufficiently singular matter. In Sec. V we
consider general stress tensors. We find a similar pattern to
the one observed in the restricted case of the previous
section. In particular, we show that inner and cosmological
horizons remain regular in the presence of matter densities
and radial pressures which blow up at such horizons. Some
explicit examples corresponding to minimally coupled
electromagnetic and scalar fields are worked out in
Sec. VL. In Sec. VII we move beyond minimally coupled
matter and analyze various models of QT theories coupled
to electromagnetic QT gravities. We show that for some of
them there exist universal bounds for curvature invariants—
both independent of the mass and the charge of the
solutions. We argue that such bounds are lost when the
nonminimally coupled matter is turned off and exclusively
minimally coupled matter is kept. We conclude with several
comments and future directions in Sec. VIII. Various
intermediate calculations regarding the effects of different
types of singular matter for several families of qualitatively
different QT models are relegated to Appendixes A and B.
Finally, in Appendix C we remove the staticity condition on
the matter models and verify the boundedness of curvature
invariants for cosmological spacetimes filled with perfect-
fluid matter.
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II. STATIC SPHERICALLY SYMMETRIC
SOLUTIONS WITH MATTER

A general higher-curvature theory built from contrac-
tions of the metric and Riemann tensor can be written as
D / abcd ’ f)

d”x 16 G + ‘Cmatter . (1)

The corresponding equations of motion read [114]

L
PacdeRbC e _ Y™ zvcvdpacdb = 8aGNT 4p. (2)
where
oL
Pabcd = s (3)
aRabcd

and, in general, the field equations are fourth order in
derivatives.

In what follows we will focus on QT gravities [63-72], a
broad class of higher-curvature theories with nontrivial
representatives at essentially every curvature order in
general dimensions D > 5 (the only exception occurs at
n = D/2 in even dimensions, for which the corresponding
densities are trivial). A key feature of QT gravities is that,
despite their higher-derivative nature, their spherically
symmetric sector is typically governed by markedly sim-
pler equations and—except for a measure-zero subset—
these theories satisfy a Birkhoff theorem, so their most
general spherically symmetric vacuum solutions are static
and take a Schwarzschild-Tangherlini-like form.

We consider Lagrangians of the form

Mmax

=R+ Z(}nzn’ (4)
n=2

‘C(Rabczh QEf)

where @, are arbitrary couplings with dimensions of
length?("=1) introducing new length scales in the theory.
In this work, we shall work in the limit n,,, — oo, for
which the vacuum solutions of the corresponding theories
are regular black holes under very mild assumptions [62].

The QT densities Z,, can be obtained at arbitrary order
starting from the first five, Z;, {i =1,...,5}, using the
recursive formula [68]

zZ . 3(” + 3)len+4 _ 3(” + 4)ZZZII+3
" DD -1)(n+1) D(D—1)n
(n+3)(n+4)232,,5

D(D - Dn(n + 1) )

The explicit form of the first five densities is not particu-
larly illuminating and can be found, for instance, in Eq. (7)
of [76].

We study general static and spherically symmetric
metrics, which can be written as

—N(r)2f(r)de*> + in(r*:) +r2dQ3 . (6)

In this setting, we consider quasitopological gravity min-
imally coupled to matter. The general form of the stress
tensor compatible with spherical and time-reflection sym-
metry reads

ds? =

T}, = diag(=p, py, Prs -0 1) (7)

In a spacetime region when ¢ is the time coordinate, then
p(r) is the energy density, p,(r) is the radial pressure, and
p,(r) is the tangential pressure. The same form of the stress
tensor also applies in regions where f(r) < 0, such as black
hole interiors, though p(r) is no longer an energy density in
that case.* Throughout, we shall refer to p(r) as the energy
density with the understanding that this name derives from
the physical interpretation of p(r) in the static coordinate
chart. If p, = p,, then the stress tensor describes a perfect
fluid, but we shall not, in general, impose this requirement.
Local conservation of the stress tensor implies that

dp, 1 d log(N*f)
ar ~ T
_ (D _2)(pr - pt) ]
r

(8)

For this system, there are two independent gravitational
field equations, which read

S = )
No_ SO oy (o)

N (D=2)fi (y)

The characteristic function A(y) encodes all the informa-
tion about the quasitopological theory under consideration.
It takes the form

Mmax

> ay, (11)
n=2

h(y)=w +

where we defined

_1-f(r)
=—3

(D —2n)

nm? (12)

a, =a

with &, the couplings appearing in the action.

4Similarly, we will refer to r as the radial coordinate through-
out, even inside horizons where it is timelike.
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Combined with the generalized Bianchi identity and
local conservation of the stress tensor, one finds the angular
field equations are satisfied. We therefore have a system of
three differential equations for five unknown functions
{N(r), f(r),p(r), p.(r), p,(r)}. Hence, two more condi-
tions must be provided to obtain a closed system. These can
be taken to be the equation of state of the system and a
prescription for the pressure anisotropy p, — p,. If the
matter arises from an action principle, then these conditions
are automatically provided as a consequence of the matter
field equations. An important observation for our work here
is that we will be able to characterize the behavior of the
spacetime curvature without imposing matter field equa-
tions. Hence, we shall obtain results that hold independent
of the matter model, requiring only certain behaviors
for p and p,.

Let us now proceed to obtain the form of f(r) and N(r).
It will be convenient to introduce rescaled versions of the
energy density and pressure according to

{0.pr- P} —( ){p Pr D1} (13)

The solution of the first field equation is expressed most
simply after the introduction of a new function S(r) defined
as [86]

2M 2 [
S(r) = =) + =) / xP20(x)dx, (14)
where
87[GN
M= "N ug 15
(D-20 13)

with M the ADM mass of the solution. The first field
equation then reads

(16)

which we can formally solve by introducing the inverse
function of (x) which we denote H(x), i.e., H(h(x)) = x,

w=H(S) = f(r) = 1 - r2H(S). (17)

While the characteristic function 4 (x) is what is prescribed
by the theory, we shall see that it is the inverse function
H(x) that is most useful for assessing the regularity of
solutions.

For N(r), we have the equation

N (prto)
rN  fh(w)

Taking the normalization such that N(co) = 1 and writing
the equation in terms of H (x),5 we can solve the above as

_ rxH'(S(x))(p,(x) + o(x))
N(r) = exp {L = CH(S()) dx|.

(19)

We note that we have not used the conservation equation in
arriving at the above results. Hence, they hold generally,
independent of the matter equations.

Our main objective is to determine the conditions under
which solutions to this system have bounded curvature
invariants. To this end, we now introduce the Riemann
tensor for the general static and spherically symmetric
metric (6), which is most conveniently written as

cd _ R(1) gl (2) e 54 (3) ¢ 54
Ry, “=TR [pb]+R [a ]+R [ ]+R [“ b
(20)
where we have defined
R = SINEINFTHANT - ooy NS AN
N rN

2f 1-
R<3>_—i, R(“)_Z( 2f>. (21)

r r

Here, 72 =660, pb =676%, and b =62 —pb — 1 are
projectors on the #, r, and sphere directions, respectively.
As they are projectors, we have 7$72 = 12, pipl = p?, and
o56b = o%. Since they project onto orthogonal subspaces,
we have that the contractlon between any two different
projectors vanishes, Tapb =1t a0 = paah = 0. Finally, the
traces satisfy 74 =1 = p% and 6% = D — 2.

Any algebraic curvature invariant of order n—built from
contractions of the metric and curvature tensors and
products thereof—can be expressed as a homogeneous
polynomial of degree n in the R). For instance, the
Kretschmann scalar is an n = 2 invariant and reads

RabcdRade = % [(R(U)z + (D - 2)((R<2))2 + (R(3)>2):|

L 2=2)D=3) payy

(22)
Therefore, a sufficient condition for all polynomial curva-
ture invariants to remain bounded is that each R() be
bounded. This is in fact also necessary: the R/ are real,
and there exist invariants (e.g., the Kretschmann scalar
above) that involve only even powers of the R() with
strictly positive numerical coefficients, precluding any
generic cancellations among terms.

Here we use the relationship between the derivative of a
function and its inverse, i'(y) = 1/H'(S).
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We must evaluate the above curvature components on the
metrics under consideration. Noting the identities
D-1)S 2 D(D-1)S 2D¢o 2¢
!_’__07 S — ( ; ) _ 2Q+_Q,
r r r r r

(23)

S =

and using the solution for N(r) and f(r) presented above,

we can obtain the following expressions for the various

Riemann tensor components:

R =4H(S)+2(D—1)(D—4)SH'(S) —4(D —4)oH'(S)
+4rg'H'(S) +2((D—1)S —20)*H"(S)
—6r[((D=1)S—=20)H'(S)—2H(S)|W

—4(1=r2H(S)) (W' +W?), (24)
R?) =4H(S) - 2(D - 1)SH'(S) — 4p,H'(S), (25)
RE) = 4H(S) —2(D — 1)SH'(S) + 40H'(S), (26)
RW =2H(S), (27)

where we introduced the shorthand

"(r)  rH'(S)(p,
Win) = m B }i(_)rgZ(g)g)‘ (28)

The R are complicated. To obtain a better understanding
of the boundedness conditions, we shall study different
scenarios, beginning with the vacuum case.

To help orient the discussion, let us introduce two
representative classes of characteristic functions. The
Hayward-like family of resummations is given by

X X

h(x) = (1 +aNxN)]/N

where N is a positive integer and « is the length-squared
scale of the theory. In the case N = 1, the vacuum solution
of the theory is the D-dimensional Hayward regular black
hole. A second example is the arctanh resummation for
which we have

_ arctanh(ax)

h(x) = = H(x) = étanh(ax). (30)

a

As it will be important later, let us note that as |x| — oo
in the Hayward-like models, we have that the inverse
function decays polynomially as H'(x)~ |x|” and

H’(x) ~ |x|~#*1) with =N+ 1,° while in the arctanh
model the decay is superpolynomial with H'(x), H"(x) ~
exp (—2|x|) as |x|] = oo. There are, of course, many other
possible models—see, e.g., [62,86] for additional exam-
ples. However, here the main point is to illustrate that
models with regular black holes exist for which the inverse
function decays either polynomially or superpolynomially
for large argument.

III. LIMITING CURVATURE HYPOTHESIS
IN VACUUM

In vacuum we have ¢ = p, = p, = 0. The field equa-
tions simplify so that we have N(r) = 1 and

f(r)=1-rH(S) with S(r)=—>=5. (31)

The R also simplify to

RW = 4H(S) +2(D — 1)(D — 4)SH'(S)
+2(D - 1)*S2H"(S), (32)

R =RE) =4H(S)-2(D-1)SH'(S),  (33)
R& =2H(S). (34)

The crucial observation here (which was first made in [107]
in a different notation) is that in vacuum the R involve
only H(S), its derivatives, and S—other parameters of the
solution (such as the mass) make no explicit appearance.
Since any algebraic curvature invariant will be a homo-
geneous function of the R, any such invariant will inherit
this property. As a result, if any polynomial curvature
invariant is bounded, then that bound cannot depend on the
mass in vacuum. This is the essence of Markov’s limiting
curvature hypothesis: a universal upper bound on the
curvature.

So, then, under which circumstances are the algebraic
curvature invariants bounded? As we have described, an
algebraic curvature invariant of order n will necessarily be a
homogeneous polynomial of order 7 in R(). In vacuum, the
R themselves are bounded provided that each of

{H(S),SH'(S), S’H"(S)} (35)

are all bounded on their corresponding domain. In vacuum,
S€(0,), and this gives the domain of H. The inverse
function H must be such that it is bounded on that domain.
Combined with the boundedness of H(x), the second and

®Unless otherwise stated, f(x)~ g(x) denotes asymptotic
equivalence up to multiplicative constants (not necessarily with
unit ratio). Whenever the multiplicative constant is relevant, it
will be written explicitly.
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third conditions tell us that H'(x) and H”(x) are not
permitted to have poles of order 1 and 2, respectively, at
x = 0. More importantly, those conditions also tell us that
as x — oo we must have |H’(x)| decay faster than 1/|x| and
|H" (x)| decay faster than 1/x?. If these conditions are met,
then all polynomial curvature invariants will be bounded
(and therefore regulalr).7 The example resummations we
gave in Eqgs. (29) and (30) satisfy these conditions.

The regularity conditions are most easily expressed in
terms of the inverse function H(x), but what the theories
actually give us is the characteristic function 4 (x). So, what
do these conditions imply for h(x)? The existence and
uniqueness of the inverse function H(x) can be ensured
provided that &(x) is strictly monotonic on its domain. The
existence of an Einstein gravity limit with a positive Newton
constant further requires /#'(0) = 1, and hence h(x) should
be monotone increasing. The requirement that H(x) has a
range which is bounded implies that the domain of A(x) is
finite. Moreover, the fact that the (vacuum) domain of H(x)
is [0, 00) indicates that /(x) must have this interval as its
range, on a finite domain. Hence, the function A (x) should
be a strictly monotone increasing function defined on an
interval x € [0, b) with a divergence at the endpoint of the
interval. The conditions on the decay of the derivatives of
H(x) can be translated into the following endpoint require-
ments on /(x) and its derivatives:

h(x)
h'(x)
It is difficult to translate these requirements into useful

necessary/sufficient conditions on the cougpling constants
themselves, and we shall not do that here.

lim
x—b~

=0. (36)

IV. MATTER SATISFYING T, =T,

Before addressing the most general case, let us first
consider minimally coupled matter satisfying 7% = T. This
condition implies p, = —g; then, (19) yields N'(r) = 0, so
N(r) is a constant that we may set to unity. Hence, for
T! = T’ the most general static solution is characterized by
a single metric function, f(r). This constraint may seem
severe but, for example, Maxwell theory, as well as any
theory of nonlinear electrodynamics, satisfies this prop-
erty [86].

Under these assumptions, the R() simplify considerably
and read

"The marginal decay H'(x)~1/|x| would keep xH'(x)
bounded but forces H(x)~log|x|, contradicting bounded
H(x) (and yielding divergent curvature).

A set of such conditions was proposed in [62], but those
conditions were incorrect. A correct set of sufficient conditions on
the coupling constants appears in [88]. We thank Pedro G. S.
Fernandes for bringing this to our attention. None of the results of
[62] or follow-ups are affected by this correction.

R =4H(S) 4+ 2(D - 1)(D — 4)SH'(S)
—4(D —4)oH'(S) + 4rg'H'(S)

+2((D = 1)S —20)2H"(S), (37)
R =RO) =4H(S)-2(D—1)SH'(S) +40H'(S), (38)
R® = 2H(S). (39)

Once minimally coupled matter is introduced, it is already
clear that any parameter-independent curvature bounds will
generally be lost. Indeed, the curvature coefficients now
acquire explicit dependence on r and on the matter profile
0, in addition to H and S. This raises a more basic question:
do the curvature invariants remain bounded at all? If so,
what (if any) conditions must the matter sector satisfy in
order to ensure bounded curvature?

A new feature arises in the presence of matter. Just as in
vacuum, the range of /(x) (and therefore the domain of H)
is determined by S(r). In vacuum S(r) € (0, o), but with
matter this domain can differ as S(r) can take on negative
values. In fact, not only can this happen, but if the matter
energy density is positive this will happen generally.
Therefore, let us make a few assumptions to allow progress.
First, let us suppose that the domain of H(x) is the real
numbers. This means we are allowing for S(r) €R. In
certain cases this assumption will be stronger than neces-
sary, but this will allow us to avoid worrying here about the
range of S(r) for matter models in a case-by-case analysis.
Our assumption that the domain of H(x) contains the real
numbers therefore ensures that the original function A(x)
was invertible for all S(r) €R. This is not true for the
Hayward(-like) theories in Eq. (29) with odd N, but it does
hold, for example, for

X X
Y S H) = —
V1 —a*x? () V1 + a?x?

as well as for many others [62,86], including the Hayward
(-like) theories in Eq. (29) with even N as well as the arctanh
model (30). Let us further suppose that we have chosen the
theory such that the polynomial curvature invariants are all
bounded in vacuum, satisfying the limiting curvature
hypothesis in that case. Finally, we assume that the matter
is well behaved in the sense that ¢ decays sufficiently fast
near infinity that the integral required for S(r) con-
verges there.

We then find that boundedness of R?) requires bounded-
ness of

hx) = (40)

r¢'(r)H'(S),
o(r)SH"(S).

e(rH'(S),

o(r)?H"(S), (41)

The question is whether the vacuum boundedness condi-
tions imply these relationships or whether the boundedness

024070-6
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of these quantities requires additional restrictions on the
matter content of the theory. What makes this somewhat
nontrivial is that S(r) itself depends on ¢ in a complicated
manner, and this can lead to surprising consequences. We
collect our calculations in Appendixes A and B and com-
ment here on the results.

A little thought reveals that the vacuum boundedness
conditions on their own do not, in general, imply bounded-
ness of the quantities in (41). The underlying reason is
simple: the resummation suppresses matter contributions
only when the argument S(r) is driven to large magnitude,
|S| = o0, so that H'(S) and H"(S) are small. If instead the
density diverges while S(r) remains finite, then H'(S) and
H"(S) evaluate to ordinary finite numbers and cannot
compensate the blowup of ¢ or ¢'.

A simple counterexample is to take ¢(r) to have an
integrable singularity at some r = r, > 0. In such a case,
S(r,) remains perfectly finite yet the density is divergent;
hence, the curvature terms grow unbounded, reflecting the
divergent matter energy density. To make this more con-
crete, let us take an explicit example. Suppose we take the
N = 2 Hayward model, determined by (40), which meets
all the conditions we have specified. For the density profile,
let us take

= “2)

where M, is some constant with units of mass. Then, it is
easy to check that S(r,) = (2M —2M,)/rD=", which is
clearly finite. Moreover,

1

H/(x) = —(1 n a2x2)3/2

(43)

which is also finite when evaluated for x = S(r,). Hence,
o(r)H'(S) diverges at r = r,—and it is a simple exercise to
check that ¢*H"(S), oSH"(S) and r¢'(r)H'(S) are also
divergent in this example—and therefore curvature scalars
will generically be divergent at r = r,, in such a model.

We have concluded that even in the simplest setting of
minimally coupled matter satisfying 7% = T, the bounded-
ness of the vacuum curvature invariants does not imply the
boundedness of those same invariants in the presence of
matter. However, this is not particularly surprising: at this
point we have demanded essentially nothing from the
matter sector. One would like to understand what additional
constraints must be placed on ¢(r) so that curvature
invariants remain bounded.

Clearly, if the matter sector itself satisfies certain
boundedness properties, e.g., |0| < @max along with the
boundedness of ¢’ (), then the curvature invariants will also
be bounded. However, the full situation is actually (and
perhaps surprisingly) far less constraining than this. The
key point is whether the matter blowup forces |S| — oo,

since only then does the large-|S| decay of H'(S) and H"(S)
become effective.

First, if ¢(r) is finite for all » > 0 and exhibits a power-
law divergence at the center,

o(r) ~ L

7 (r— 0"y, >0), (44)
then |S(r)| — oo as r — 0 (either because the vacuum term
2M/rP~! dominates or because the matter contribution
does). In this regime the resummation suppresses the
potentially dangerous combinations in (41). In particular,
assuming the same large-|S| behavior that is sufficient to
ensure bounded curvature in vacuum [namely, H'(S) ~
|S|7# and H"(S) ~ |S|#*1 with # > 1 or faster], one finds
that all density-driven terms in (41) remain bounded as
r — 07 when T = T7. We provide the detailed estimates in
Appendix A.

Second, one can even consider more severe circum-
stances in which ¢(r) has a nonintegrable power-law
singularity at some finite radius r = r, > 0,

(r—=rpr > 1). (45)

In this case the integral defining S(r) diverges; thus, |S| —
oo as r — r,, and the resummation can again suppress the
matter blowup. For resummations with polynomial large-
|S| decay (as in the Hayward-like models), Appendix A
shows that bounded curvature is ensured provided that
H'(S) ~ |S|™ with # > 1 and that the blowup is sufficiently
strong:

p+1

7 G-1 (46)
The direction of this inequality is not a typo: for fixed
there is a lower bound on the strength of the matter
singularity required for it to be regularized. In cases where
derivatives of the inverse function decay faster than poly-
nomial for a large argument, the above becomes a sufficient
but not necessary condition: polynomial matter blowups are
regularized for any y; > 1 in such a case, as explained in
Appendix B. Schematically, these cases work because the
divergences of ¢ occur simultaneously with divergences of
S(r), so, for example, oH’(S) inherits the same asymptotic
behavior as SH'(S), and similarly for the other terms
in (41).

Finally, the marginal finite-radius case y; = 1 is more
subtle: |S| diverges only logarithmically, and the outcome
depends on the rate of decay of H'(S) and H"(S) (see
Appendix B for a summary). For polynomial decays, the
suppression is not strong enough, and the curvature
invariants diverge, as shown in Appendix A.
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Putting these cases together, we find a simple organizing
principle in the 7% = T7 sector: singular matter leads to
singular curvature precisely when the singularity is mild
enough that it does not drive |S| — oo (as for integrable
finite-radius blowups). Conversely, when the matter or
vacuum blowup forces |S| large (as at the center, or for
nonintegrable finite-radius divergences), the resummation
can suppress the would-be divergences and yield bounded
curvature. Thus, we reach the somewhat surprising con-
clusion that quasitopological gravity gives rise to regular
geometries sourced by singular matter provided that the
matter energy density is sufficiently singular.

V. GENERAL CASE

Let us now move on to the general case, for which we
will not have p,(r) = —o(r). We then need to deal with the
general components of the Riemann tensor given in (24). In
addition to the boundedness of the vacuum curvature
invariants, we must also have the boundedness of the
terms in (41) along with the new terms

p(r)H'(S).
rW(r)SH'(S),

rW(r)H(S),

FW'(r), (47)

Before turning to the regimes where the resummation can
suppress matter divergences, it is useful to isolate a few
situations in which curvature singularities are essentially
unavoidable. First, if ¢ has an integrable singularity at some
ro > 0, then S(ry) remains finite, and H'(S(ry)) is just a
finite number; thus, terms such as ¢H'(S) will diverge, and
curvature invariants will be singular. Similarly, if p, has a
singularity at some ry > 0 while ¢(r) remains either finite
or has an integrable singularity, then terms such as p,H’(S)
diverge and the geometry is singular. This latter case
includes, for example, constant-density stars with divergent
internal pressure [109].

So far, these are singularities driven directly by corre-
sponding (mild) divergences in the matter sector. Let us
now assume that the energy density and radial pressure are
singular at r = 0 with behavior

1 1

Q W’ pr Eﬂ

(48)
with y; > 0 and y, € R. As we discovered in the previous
section (see Appendix A for details), all the terms involving
the energy density in (41) are automatically finite. The only
subtleties arise from the pressure-dependent terms, and as
we show in Appendix A, the solutions will be regular in the
case of polynomial decay provided that

v, <p(D—-1) ify, <D-1,

2 <Py ify;>D-1. (49)

Because > 1 by the vacuum boundedness conditions,
this means that (within these sufficient conditions) the
pressure may be either less or more singular than the energy
density at » = 0 while maintaining a regular geometry. On
the other hand, if the inverse function decays faster than
polynomial, the curvature invariants will be bounded with
no further constraints on y, (see Appendix B).

Let us now suppose that both ¢ and p, have power-law
singularities at some r = r, > 0, characterized by different
strengths,

1 - 1
"

= )
14

» (50)

QN 9
(r—=rp)n

with y; > 1, y, €R, and f(r,) # 0. We know from the

above that all terms in the R?) involving factors of ¢ will be
bounded provided that

p+1
>—. 51
7z 5—1 (51)
Examining the additional pressure- and W-dependent
terms, one finds (Appendix A) that if y, < y; then all of
the terms are bounded without any further constraint on y,.
However, if y, > y; then one must also have

r<plri—1)-1 (52)

to ensure boundedness of all terms. These conditions are
derived in Appendix A. In the case of faster than poly-
nomial decay, then there are no constraints imposed on y,,
and the configurations will be regular in general.

The only remaining case to examine is the marginal one,
corresponding to y; = 1 in (50). In that case, the behavior
of S(r) as we approach r, reads

S(r) ~ diog log(r —r,)(r = 1)), (53)

where 4y, = %lim,_,,; (r = r,)e(r). This behavior causes
P

the matter fields to diverge exponentially in | S|, resulting in
a curvature singularity, since no finite f can suppress this
growth. See Appendix A for more details. However, as we
discuss in Appendix B, if the decay of the inverse function
is superpolynomial, in many circumstances this marginal
blowup can also be regularized.

A qualitatively different divergence can arise in the
general case due to the W-dependent terms in R(). In
particular, the contribution

Prte
f(r)

is dangerous. In the presence of a horizon r = r;, where
f(ry) =0, one generically finds divergent curvature

(54)
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invariants in any theory of gravity unless the horizon
regularity condition

P-(rn) = —e(ry) (55)

holds (assuming p and p, are themselves finite there).
Physically, this reflects a “blueshift” divergence. To see
this, consider the local energy density recorded by a freely
falling radial observer. The D-velocity satisfies u,u® = —1
with nontrivial components

E E?
ut:N—zf’ u'=-— m_f, (56)

and the local energy density perceived by this observer is

E*(p, +p)

Ploc = Tab”aub = sz

—Prs (57)

which diverges at f = 0 unless p, = —p at the horizon. In
most constructions of static black holes sourced by matter,
p,(ry) = —=p(ry) is imposed as a regularity condition
[115-117].

Let us now consider an alternative possibility, motivated
by the previous results: sufficiently singular matter can
sometimes yield bounded curvature invariants in quasito-
pological gravity. Specifically, we can ask whether ¢ and p,
may blow up at a horizon while the geometry nevertheless
remains regular. Mathematically, one finds that this is only
possible provided that (i) the horizon is an inner or
cosmological horizon and (ii) ¢ is negative in its vicinity.
The reason is that for matter to diverge at a horizon in a
manner that can be suppressed in the geometry, one must
have S(r) - 4+o0 as r — r,, which requires a locally
negative ¢, and the resulting near-horizon form of f(r)
forces f'(r;) <O.

To see this explicitly, suppose that near r = r), the matter
behaves as

A B

m, p,(r) ~ ( (58)

o(r)~ - p—

with constants A, B and exponents y, y, such that y; > 1.
[Note that the marginal y; =1 results in a curvature
singularity for polynomially decaying H(x), as in the
finite-radius case.] Extracting the most divergent part of
S(r) near r = rj, we find

24 1
(1= Dry (r=ry)n="

S(r) ~ (59)

Clearly, if A > 0 then S(r) —» +o0 as r — ry,, while S(r) —
—oo if A < 0. Let us denote

Wy = lirin H(x). (60)
Then,
flry) =1-ry.. (61)

Requiring f(r,) = 0 implies w. =1/ rﬁ, which is only
consistent when y . > 0. For the relevant examples under
consideration [i.e., monotonically increasing and bounded
functions H(S) for every S € R, like those in (29) and (30)]
this selects y,, and therefore we must have S(r) — +oo0
as r —r,, which is where the requirement A > 0
comes from.’

What does this imply for the boundedness of curvature
invariants? Without modification, we can leverage the
results of the previous section to conclude that all terms
appearing in (41) are bounded provided that

p+1
>, 62
71 Z 51 (62)
for polynomially decaying inverse functions, while y; > 1
suffices if the resummation decays superpolynomially. In
any event, we note that (62) forces

fm 2= (63)

T'n

so the horizon must be an inner or cosmological one.
On the other hand, one finds

FOWP ~ o g S (64
FOW () ~ o e (69

where 0, =y, —p(y; = 1), 6, =y, = p(r1 — 1), and Cy,
C,, C3, and C, are constants depending on A, B, and other
factors. If y, < ¥y, (62) is enough to ensure the bounded-
ness of fW? and fW'. If y, > y,, W is bounded provided
(62) holds and

2 <plri—1)-1. (66)

We therefore conclude that, despite a slightly more
involved analysis for the case of a blowup at a horizon,
the boundedness conditions are exactly the same as in the
more general finite-radius blowup case [see (51) and (52)].

’Note that for an inner horizon residing in a black hole interior
or “outside” a cosmological horizon, ¢ is not a time coordinate
and hence p(r) is not the matter energy density. The requirement
of A > 0 remains perfectly consistent with positive local energy
density.
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It is then relatively easy to verify that all terms entering
the R are individually bounded, and hence the solution is
regular at r = r;,. We therefore see another example of how
quasitopological gravity can yield regular geometries in
cases where the matter fields are sufficiently singular: the
blueshift singularity described above generically results in
a singular horizon except in the case where the matter
fields are themselves singular at the horizon. This curious
result may have implications for understanding the mass
inflation instability of regular black holes in quasitopo-
logical gravity—see [110].

Above we have assumed that N(r,) takes on a finite
constant value at a zero of f(r,). One may wonder what
happens if this is no longer the case. For example, if N(r)
exhibits a N(r)~1/,/r=7r, blowup at r,, then the
interpretation is different and represents a breakdown of
the chart (6). In such a case, it is easy to verify that the
metric is not singular and the surface r = r;, represents a
kind of “throat.” On the other hand, if N(r) ~ (r — r,)° for
any o # 0, —%, one sees that the geometry will be singular
atr=r he

The discussion pertaining to horizons has so far focused
on the case where the inverse function exhibits polynomial
decay at large argument. When the inverse function decays
in superpolynomial fashion, the constraints for horizons are
identical to those for matter singularities at finite radius—
see Appendix B. In particular, sufficiently strong super-
polynomial decay can regularize even the case of a
marginal (y; = 1) matter divergence at an inner horizon,
depending on the details of the matter model.

VI. EXAMPLES

We now illustrate the general results obtained so far with
explicit examples. We consider electrodynamics and a
minimally coupled scalar field.

A. Electrodynamics

Let us restrict ourselves to purely electric spherically
symmetric Ansitze. In this case, a general second-order
theory of electrodynamics £EM(s) can be written as a
general function of the electromagnetic invariant

1
s = _ZFabFab' (67)

The corresponding stress tensor of such a theory takes the
form of (7) with

p =2sLEM — [EM (68)
p,= LM 25 EM (69)
pi= LM, (70)

where £LEM = o, LEM, Hence, any theory of electrodynam-
ics satisfies the 7% = T condition in the entire spacetime.

The simplest and most interesting example is Maxwell
electrodynamics, for which £EM(s) =s. The Maxwell
equations are solved by F = dA with

(p-2) 0
162Gy(D — 3) rP—3

dz, (71)

where Q is a constant of integration. We have

D-3 Q?
Q—Tm——pr (72)
and hence
S(r) = 2M 0’ 73
(r)—m—m~ (73)

For fixed (M,Q), the function S(r) takes values in
(—00, Spax] With

Smang:3M((D—1)M>DT' )

@l—

Since M and Q? are freely specifiable, positive real
numbers, the union of these ranges over all allowed
parameter choices is R. Hence, when quasitopological
gravity is coupled to Maxwell electrodynamics, regularity
requires resummations for which H(x) has R as the domain.
This holds true for the Hayward-like models with N even
and the arctanh model we have considered here.

The matter fields have power-law divergent energy
density and pressure at r = 0 with the same exponents
y1 =7> =2(D —2). Hence, by our general results the
regularity of the solution is ensured by the vacuum
regularity conditions, provided H(S) has the domain
described above. We refer to [86] for additional details
and examples of regular black holes in quasitopological
gravity coupled to nonlinear electrodynamics.

In another vein, we can actually argue that regular black
hole solutions in these theories will not satisfy the limiting
curvature hypothesis. To this end, let us write Sy = r%—'\f'] and

PS5 =% with o =222 and 2(2M)° = 0> (we
consider M > 0). Writing H(S) = H ,(Sy), it is clear from
(32)—(33) that all curvature invariants will be a function of
{H(Sy), SOH;(SO), S%H;’(SO)}, where the prime denotes a
derivative with respect to S. Let S(()O) = g%/(*=1) be the
value of S, such that S = 0. Direct computation shows that

Hy(Sy") = H'(0)(1 = o). (75)
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Now, as 2 > ¢ > 4/3 if D > 4, we have that S(()O) — 400 as
g* = 0, while H'(0)(1 — o) need not be small. As a result,
Séo) H;(S(go)) can become arbitrarily large as g*> — 0,
implying that Markov’s proposal will not be satisfied.
Although the failure of the limiting curvature hypothesis
arises as one considers a zero-charge configuration, note
that neutral regular black holes will, of course, satisfy
Markov’s proposal. These ideas can be reconciled by noting

(0)

that § # O for vanishing charge, so no S~ exists.

B. Scalar field

The action of a scalar field ¢ minimally coupled to
gravity reads

L0 = 20,0 ~ V() (76)

where V(¢) is the scalar potential. In spherical symmetry,
the stress tensor that follows from this action takes the form
of (7) with

p =3 fN@)P+ V.
p==(5r0@r+v). ™)

In this case we have T} # T, and, in general, the solutions
will have N(r) # 1. Because of the form of the stress
tensor, provided that f(r)(¢’)?> — 0 at any horizon, we will
have p,(r;,) = —p(ry), and the horizon regularity condition
will be satisfied. On the other hand, it could happen that
@'(ry) blows up, in which case horizon regularity would
depend on the strength of the blowup.

To understand this better, let us examine the behavior of
the scalar in the vicinity of a horizon (which may be an
event or inner horizon). The scalar equation of motion reads

1

N2 (NP2 fH) =V 4 (9). (78)

where a “"” denotes the radial derivative and V 4 is the ¢
derivative of the potential. Near a horizon we can expand

F(r) = f1(r=ry) +O(r = ry)?, (79)
N(r)=No+ O(r—ry). (80)

Then, sufficiently close to any such horizon we can
approximate the scalar equation by

(filr=r)d") =V 4(9). (81)

Since V , depends on ¢, assessing the behavior of ¢(r)
near the horizon requires knowledge of the potential. Here,

for simplicity, we shall assume a massive scalar field with
V(¢) = (u/2)¢>. In that case, we can solve analytically for
the behavior of the scalar near the horizon:'

¢<r>=¢h+bhlogW+m, (82)

where ¢, and b;, are constants of integration. We attach the
subscript /4 to these quantities to emphasize that the
analysis is local to a given horizon. If the spacetime
contains multiple horizons, the same local form applies
near each one but with horizon-specific values of ¢,
and by,.

It is clear that when b, = 0 we will have a (locally)
regular solution. For this case it is easy to verify that the
energy density and pressure are finite and the horizon
regularity condition p,.(r,) = —p(r,) is satisfied with

ug:

=&t (83)

p(ra) = V(dn)

On the other hand, when b;, # 0 the scalar will be singular
at the horizon. The energy density and pressure will diverge
marginally,

f1b;

2(r—ry)° (84)

pP~Pr~

To contextualize these findings, it is helpful to recall how
one typically obtains black hole solutions sourced by a real
scalar field ¢(r). Such solutions can rarely be obtained
analytically, and numerical methods must be used. The
approach employed is to assume the scalar is regular at
the event horizon and obtain a power series solution for the
scalar and metric functions there. The series expansion (for
given values of the free parameters) is then used to
prescribe initial data to a numerical integration scheme
to integrate the solution either toward the asymptotic region
or into the black hole interior.

What this means for our local solution above is that, at
the event horizon, one would set b, = 0 to obtain a regular
event horizon. However, it will generically not be possible
to control the value of b, at more than one horizon in the
spacetime. Hence, for the case of a real massive scalar,
solutions with a regular event horizon will generally have
b, # 0 at any inner horizons. At such inner horizons, the
scalar and its stress tensor components will diverge in the
marginal manner studied above.

Applying the results of our analysis we conclude
that when considering quasitopological gravity coupled
to a real massive scalar, if the inverse function H(x) decays

""We allow for the possibility that y < 0. This is permissible in
anti—de Sitter spacetimes, and since our analysis is local, it is
ultimately insensitive to the asymptotic structure.
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polynomially, then the corresponding inner horizons
will always be singular. However, if the inverse function
decays superpolynomially, then our results indicate
the inner horizon can remain regular. For example, for
an inverse function that decays exponentially with
H'(S) ~exp(—alS]), the geometry will remain regular
provided

47Gy alf,|b3
(D_Z) r'p

> 1. (85)

Alternatively, if H'(S) ~ exp(—alS|?) with 6 > 1, then the
geometry will generically be regular, requiring no further
constraints on parameters.

These conclusions are of course specific to the case of a
real massive scalar. For different choices of potential, the
degree of divergence will differ and may therefore lead to
different conclusions for which types of resummation will
yield regular or singular geometries. It would be an
interesting task for future work to construct such solutions
numerically (e.g., with AdS asymptotics) and to classify the
behavior of more general scalar potentials.

VII. ELECTROMAGNETIC
QUASITOPOLOGICAL GRAVITIES

We have so far focused on minimally coupled matter in
QT gravities. However, as the gravitational sector contains
an infinite tower of higher-curvature terms, the minimal
coupling prescription is, at best, unnatural. In a more
physically plausible setup, one would simultaneously
consider higher-order corrections in the matter sector along
with nonminimal couplings between curvature and matter.
We now turn our attention to this problem.

As an incipient endeavor in this direction, we will devote
this section to the study of regular (both in matter and
geometry) configurations in electromagnetic quasitopolog-
ical (EMQT) gravities in D >4 [54,55,111,113]. These
theories generalize purely gravitational QTs with the
inclusion of a nonminimally coupled (D — 3)-form .4 which
appears in the action via its field strength F = dA, thus
ensuring gauge invariance. More precisely, EMQTs are
characterized by admitting static and spherically symmetric
black hole solutions (6) with a magnetic charge such that
N(r) = 1 and f(r) is determined by a first-order differential
equation which may be directly integrated into an algebraic
equation, just like the usual QTs. There is an important
difference, though: despite the fact that it is possible to
define EMQTs to arbitrary order in the curvature and the
gauge field strength, it is not clear whether these theories
provide a basis for effective theories of gravity and a gauge
(D — 3)-form. Hence, we should interpret the results in this
section as a first foray into the interplay of matter and
geometry in general effective theories of gravity and matter.

With these provisos in mind, let us consider the follow-
ing theories of gravity and a (D — 3)-form comprised of

purely gravitational higher-curvature terms, higher-order
matter terms, and nonminimally coupled terms: "'

2 My,
f max /’{rn

[’:R_(D—4)z+;((z>-z)z)m

(fZ)m

/ !
Mimax Mmax Mmax [

a Kn,m nm
+ ;anzn + ;;WEEMQ)T’ (86)

Lo = n(Fm=Y(F2)edlg, (R,
+ (R™1)¢L(RSE + 25, ,RY)

+2(n = 1)(R"2)[GRERS). (87)
where we have made the following definitions:
(R")gf = Rey RE Ry
(F)ep = Faver ..o T 00 F2=(F2)gp, (88)
1
Spm=4m-+n—1—=2m+n-1)D, g, :w
n
(89)

The couplings A, and K, are arbitrary, with dimensions of
length?("=1) and length®"+"=1) respectively. These theo-
ries comprise a special subclass of the two families of
EMQTs identified in [111,113] which proves to be useful
for our purposes. Throughout this section, we will consider
the class of purely gravitational QTs to be contained in the
EMQT family, arising in the limit of a vanishing magnetic
charge.

A. Limiting curvature hypothesis in electrovacuum

Consider the equations of motion of the theory (87),
without further matter content (in electrovacuum). We will
be interested in static and spherically symmetric solutions
(6) endowed with a magnetic field strength:

F = PVOlsb—Z, (90)
where P is the magnetic charge and volgp-2 is the volume
form of the (D — 2)-dimensional round sphere. As it turns

out, EMQTs of the form (87) admit spherically symmetric
solutions determined by [111,113]

N=1 L)) —o,

dr o1

"Note that here we are allowing for the possibility of finite or
infinite towers of corrections in each sector, depending on
whether one takes the terms M., Zmax> Miax> Mmax tO infinity
or keeps some set of them finite.
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where we have defined

! /
Mmax Mmax

hy (W) = hO(V/) + hy (0) + Z an.ml//nym’ (92)

n=1 m=1
hO(W) =y + anl;””? (93)
n=2
hy(0)=y+ Y A", (94)
m=2
(D =2n-2m(D —=2))&,.n
= — 5
Kn,m 2_n+1 (D _ 2) (9 )
)
A, = n , 96
" (D=-2)(D-1-2m(D-2)) (96)
P’ 1-f(r)
= , = . 97
Y =20 4 2 (97)
Consequently, electrovacuum solutions are given by
2M
hy(w) = So(r), So(r) = =g (98)

where M is related to the mass M of the solution as in (15).
Restricting to positive mass M > 0 solutions, it is clear that
y = p*S§ with ¢ =22=2 and (2M)°p? = P2, Assuming
d,hy(w) > 0—which is achieved, e.g., by imposing
Kuy.m = 0—, it is possible to express y in terms of S, in
(98) (at least implicitly), obtaining

w = H,(So), (99)

where we include the subscript p to indicate that we are
working with magnetically charged solutions. This expres-
sion is formally equivalent to the equation determining
black hole solutions of purely gravitational QTs [62],
except for the fact that H,(Sy) depends parametrically
on the magnetic charge. As a result, expressions (32)—(33)
apply after exchanging H(S) and derivatives thereof by
H ,(S,) and its derivatives with respect to S, (denoted also
with primes). Therefore, if

{H,(S0), SoH',(S0). SH, (S0) } (100)
remain bounded for S, € (0, +o0) and p? €0, +o0), we
conclude that all curvature invariants will be finite and
(black hole) solutions will be regular.

A relevant question arises: will the limiting curvature
hypothesis be satisfied by EMQTs with (magnetically
charged) regular black hole solutions? By the assumptions
(100), it turns out that curvature invariants will be bounded

for every p? €0, +oo0). However, this does not guarantee
that the limiting curvature hypothesis will be satisfied, as
one needs to show the existence of a universal bound
(independent of the charge and mass) for any curvature
invariant. Specifically, the limiting curvature hypothesis
will be satisfied if there exists K € R independent of the

mass and charge such that
K > max {H,(So). SoH)(So). SSH)(So)}  (101)
for every Sy,€[0,00) and p? €0, ). In the following,
examples of theories with (magnetically charged) regular
black holes that fulfill and do not fulfill the limiting

curvature hypothesis are presented:
(1) RBHs without LCH. Choose'* 1,, = 0 and k,, ,, = 0
if m>+n*>>2, ki, =k>0, and a, =a""! for
a > 0. In such a case, the characteristic function
reads

hy(w) =

+ ¥+ kyy. (102)

1 —ay

Substituting in (98), solving for y, and selecting the
solution smoothly connected to the Hayward black
hole as p? — 0, one finds

So = \/4P7S5(p?S5 — So)ax + S,
2p2aKS8

w=H,(So) =

9’

(103)

where Sy = 1+ aS, — p?S§(a —x). Observe that
the radicand appearing in (103) will always be
non-negative. For any finite p, it is easy to see that
the terms (100) for HL will be bounded for every
So € (0, 4+c0) and p* €0, +o0). Hence, the solu-
tions always represent regular black holes. Never-
theless, this is not enough to guarantee that the
limiting curvature hypothesis is satisfied. As a matter
of fact, let us first focus on the limit of sufficiently
large p, satisfying p*S§ > Sp. In such a regime,
(103) simplifies to

1 1+S0((Z+K>
=L LSl t )

-4
Kk k(a+x)p*Sg +0(r™):

(104)

On the other hand, let us now consider the vanishing
charge limit. One directly finds

“In these examples, for the sake of simplicity, we will be
considering theories whose uncharged solutions correspond to
the D-dimensional Hayward black hole for odd D >5 [62].
Nevertheless, other instances corresponding to different resum-
mations of the purely gravitational sector may be found.
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FIG. 1. Logarithm of the Kretschmann scalar associated with
various solutions of a five-dimensional EMQT with characteristic
function hi (w), as defined in (102). We explicitly observe that the
Kretschmann scalar attains larger and larger values as P — 0. In
addition, we see that the maximum appears for smaller values of r
as the charge diminishes. For the sake of concreteness, we have
used k = a = 2M.

So  (L+(a+x)So)P°SG
(1 -+ aSO)3

Hl

pr— —_— O 4 .
P 1+aS0 + (p )

(105)

Let us then examine the behavior of H L as Sy = 4+
for a sufficiently small magnetic charge. Indeed, if S,
becomes large but pzSg is comparatively small—
which indeed happens for a small magnetic charge—
the approximation (105) applies and will only
transition into the regime governed by (104) as S,
is even larger. The crossover between these two
regimes, taking place around the (nonzero) minimum
value of the radicand in (103), has drastic conse-
quences on Sy(H%), which develops a steep jump
near the transition as the magnetic charge goes to
zero—we have checked this numerically. As a result,
S3(H")" becomes arbitrarily large, and the theory
does not satisfy the limiting curvature hypothesis.
This is illustrated in Fig. 1.

(2) RBHs and LCH. Take /12m =0, /12m+1 = (—l)me,
a, = a"!, k,0, =0, and K, 2,41 = a7 (=1)"k"
for a, k > 0. The characteristic function is

1
hII —
B) = (v

We can invert analytically to obtain

>. (106)

1 +ky?

S — 2S0‘ 1= ZSI+0
y = Hp(So) = 0= 7 5§l Kp4020)'
(1 +aS,)(1 +xp*Sg7)

(107)

It is straightforward to see that HY(S,) will give rise
to finite curvature invariants for every p € [0, o). On
the one hand, as the magnetic charge p> — +oo,
one has

S 1
HY(Sy) = —>——
p(S0) =1 +aSy  pSgr(1 + asy) *

O(p~0).
(108)

so the infinite-charge limit will give rise to bounded
curvature invariants—amusingly, the solution tends
to the neutral black hole solution with the charge
contributions effectively decoupling. Furthermore,
the limit of a vanishing magnetic charge is well
defined:

S p2Se
HY(S,) = —= 0

- - O(p®).
[Fas, 1+asy OP)

(109)

As the leading terms in (108) and (109) coincide, H g
does not feature the issues of the previous example
as the magnetic charge goes to zero. As a result,
there exists a universal bound for curvature invar-
iants, independent of the charge and mass of the
solution. This is explicitly shown in Fig. 2.

We conclude this section with two remarks. First, we
note that magnetically charged regular black holes can arise
without the need for an infinite tower of higher-curvature
terms, as long as the charge of the solution is nonzero
[54,55]. Indeed, take o, = 0 for n > 2, 4,, = 0 for m > 2,
and k,,,, = 0 for every n> + m* > 2, while k| = 1. In this
case, we trivially have that

B yw) =w +y+wy, (110)
while y = HJ'(Sp) is obtained as
HI(S)) = SO——17258 (111)
p \P0 1 +P258 .

As long as p # 0, the solution will have finite curvature
invariants.

Second, one may ask about the case of Einstein gravity
coupled to a nonlinear theory of electrodynamics. In this
latter case, the characteristic function adopts the form

Y (y) =y + Q(y). (112)

where Q(y) is a certain function of y. One then has
y = HY(S)) = So— 0(°Sp). (113)

Since 2 > ¢ > 1 for every D > 4, no analytical choice for
Q(y) may render a bounded H}’. Furthermore, even if
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FIG. 2. Kretschmann scalar associated with various solutions of a five-dimensional EMQT with characteristic function A} (), as
defined in (106). In the left plot, the maximum value of the Kretschmann scalar, K,,,,, corresponds to ~62/a?, and we have used
k = M = a. In the right plot, K, ~200/a?, and we have used 2k = M/3 = a. We explicitly observe that the limiting curvature
hypothesis is satisfied: curvature invariants are bounded by a universal quantity, independent of the mass and the charge.

some nonanalytical choice for Q(y) is made so that a term
proportional to S, in Q(y) is generated, the cancellation of
the divergence of y as Sy, — oo may only happen if the
magnetic charge P and the mass M are related. This is
the prototypical case of regular black hole models of
GR coupled to a theory of nonlinear electrodynamics
[18,19,23,118].

VIII. DISCUSSION

In this paper we have studied how matter distorts the
regularity of static and spherically symmetric spacetimes in
QT gravities. The bulk of our results concerned minimally
coupled matter, and a summary of our main findings can be
found in Table I. We also performed a preliminary inves-
tigation of nonminimal coupling to matter.

We established a largely model-independent understand-
ing of when minimally coupled matter preserves or
destroys the regularity of static, spherically symmetric
solutions in QT gravities. The key object is

2M 2 r
S(r) =55+ D—l/ xP=20(x)dx, (114)

r r o

which sets the argument of the inverse characteristic
function H(S) through w = H(S). Curvature singularities
arise precisely when the matter sector diverges while S(r)
remains finite, so H'(S) and H”(S) evaluate to ordinary
finite numbers and cannot suppress the blowup. Conversely,
whenever a divergence in the matter sector forces
|S(r)] = oo, the large-|S| decay of H'(S) and H"(S)
generically eliminates the would-be divergence in the
curvature.

A central and somewhat counterintuitive consequence is
that “mild” matter singularities (integrable finite-radius
singularities in the energy density) are the most problem-
atic cases insofar as regularity is concerned. By contrast,
central r =0 power-law divergences and nonintegrable
finite-radius divergences are generally compatible with
bounded curvature, with the geometry remaining regular
even when the stress tensor itself is singular (Table I).
These conclusions require no equation of state and do not
use matter field equations. They rely only on local
asymptotic behavior of p, p,, p;, and hence hold for
general matter models.

In the presence of minimally coupled matter, Markov’s
limiting curvature hypothesis no longer holds. Importantly,
this failure is not synonymous with the appearance of a
spacetime singularity. Rather, it means that the curvature
scales of the geometry become solution dependent (e.g.,
controlled by the mass, charge, or other parameters).

Our results also highlight the subtlety of coupling QT
gravity to matter. Studying minimally coupled matter is
convenient for pragmatic purposes: this setting provides a
tractable arena in which to study deformations of the
corresponding vacuum models while remaining largely
agnostic about the particular details of the matter content.
What is much less clear is how such results directly inform
the fundamental interplay between matter and geometry in
these theories. Recall that in five and higher dimensions the
quasitopological theories furnish a basis for the gravitational
effective action in vacuum. From this perspective, incorpo-
ration of matter would generally proceed not by minimal
coupling but by including higher-derivative operators in the
matter sector together with nonminimal couplings between
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TABLE I. Summary of results for minimally coupled matter. We describe the different scenarios studied in this work, expressing for
each matter configuration the resulting curvature behavior along with sufficient conditions to ensure that outcome. The theories are
defined by an invertible characteristic function 4(y) with y = H(S) = h~!(S). The parameter # > 1 is defined by the large-|S| decays
H'(S) ~ |S|7# and H"(S) ~ |S|=#*1) that are required to ensure boundedness of vacuum curvature invariants. For faster-than-polynomial
decays of H'(S), the geometry remains regular for a broader class of singular matter distributions than in the polynomial decay case.

Where Local matter behavior Curvature outcome Comments
Polynomial decay of the inverse function: H'(S) ~ |S|™, H"(S) ~ |S|~#*1, with g > 1
Anywhere Regular matter: ¢, p,, p, bounded Regular geometry Assuming the underlying vacuum
(and derivatives entering R theory already satisfies the bounded-H
not singular) conditions (so vacuum polynomial
invariants are bounded)
r—0°t Central power-law density blowup Regular geometry |S| — oo and the resummation suppresses
f0)y=1 with Tt =T" © ¢ = —p,: the blowup
o~r , 71> 0
Central power-law density blowup: Regular geometry Boundedness requires:
o~r7, ¥y >0 iff pressure is not y<pD-1) ifyy<D-1
p,~r7, y,eR too singular 72 < Pri if yy>D—1

Central pressure blowup:
P, ~r72, y,>0 with ¢(0")
finite, e.g., o~ r7", y; <0
Nonintegrable density blowup
with T! = Th & ¢ = —p,:
e~ (r—r))", 1 >1

r — rq s.t. either:
ro=ry >0or
ro=ri>0

friy=0" Nonintegrable density blowup:
(Inner or o~ (r=rg)™m, y>1
cosmological p,~(r—ry)", 7y ER
horizon) Marginal density blowup:
e~ (r—rg). y =1
Integrable density blowup, e.g.,
o~(r=rg)m, O0<y <1
Pressure blowup:
P~ (r—ro)™, r2>0
with ¢(ry) finite or integrable
r—r} Static matter at a Killing horizon
f(ri) =0* with finite ¢ and p,

Curvature singularity

Regular geometry iff

density and pressure

are singular enough
Regular geometry iff density
is singular enough and 7> % if y, <7y
pressure is not too singular

Curvature singularity

Curvature singularity
due to “blueshift” divergence

p,H'(S) diverges while H'(S) is finite

e 1
Boundedness requires: y; > %

Boundedness requires:

71 Z% and y, <p(y1—1)—-1ify >y,
Matter fields grow exponentially in |S|

Terms such as ¢H'(S), ro’H'(S) diverge
while H'(S) is finite
p,H'(S) diverges while H'(S) is finite

Avoided if the horizon regularity
condition holds: T%(r,) = Ti(r),)
pr(rh) = _Q(rh)

Faster than polynomial decay of the inverse function: H'(S) ~ e~ISI, with a > 0

Main differences between polynomial (lhs of the arrows) and faster than polynomial decays (rhs of the arrows):

Regular geometry = Regular geometry

Regular geometry under some conditions = Regular geometry

Curvature singularity due to exponential growth of matter fields = Regular geometry under some conditions (see below)
Other types of curvature singularities = Curvature singularities

Where Local matter behavior Curvature outcome Comments

r — ry s.t. either
ro=r14y>0
or rog =r}

fry) =07

Marginal density blowup:

o~ (r=ro)™, n=1

Py~ (r_ rO)_h’ 72 €R
S(r) ~ Aoy log(r — ry) where
A]og = r%)limr—n’o(r - I’O)Q(I’)

Regular geometry iff the
geometry decays fast enough

Exponential behavior of the matter fields
is suppressed by the geometry invariants
if allioe| > max{2,1+4y,}
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matter and curvature. This is a substantially more difficult
problem, and at present we do not know of any Einstein—
matter effective field theories that can be mapped at all
orders to a “quasitopological-like” frame in which the
equations of motion remain comparably accessible.

Nevertheless, we performed a preliminary exploration
of the effects of nonminimally coupled matter using
EMQT gravities. These include nonminimal couplings
to a (D — 3)-form, which may be defined at any order
in the curvature and the gauge field strength and generi-
cally allow for magnetically charged regular black hole
solutions that are continuous deformations of the vacuum
QT ones. We have presented explicit examples of EMQTs
in which the electrovacuum solutions are regular and all
curvature invariants are bounded by mass- and charge-
independent scales; i.e., Markov’s limiting curvature
hypothesis holds. This underscores the limitation of con-
clusions based on minimally coupled matter: a singular
minimal matter sector—or failure of Markov’s hypothesis
there—need not reflect the true behavior once the matter
sector is resummed. Our results also show that the limiting
curvature hypothesis can serve as a criterion by which to
select resummations of gravity plus matter actions.

Our results may have implications for the study of mass
inflation in these models. Minimal matter couplings can be
valuable as a proof of principle: the possibility of matter
singularities yet regular geometry at Killing horizons
suggests that QT gravity might evade mass-inflation—type
instabilities, as recently argued in [110]. At the same time,
our broader conclusion—that coupling QT gravity to
matter is subtle—tempers how definitive such analyses
can be when they rely on minimal matter sectors. In this
setting, a positive result (e.g., the absence of mass inflation
in [110]) is encouraging insofar as it demonstrates that
avoiding the instability is possible, in principle. A negative
result, however, is much less informative: as we have
explicitly shown, higher-order matter corrections can play
an essential role and could qualitatively change the con-
clusion. Overall, a conceptually complete treatment of mass
inflation in QT gravity likely requires a framework that
systematically incorporates higher-order matter terms.

There are a number of directions for future work. A
natural extension would be to exploit the connection
between QT gravities in spherical symmetry and two-
dimensional Horndeski theories to consider the implica-
tions of (non)minimal matter for broader classes of theo-
ries. While QT gravities can be dimensionally reduced in
spherical symmetry to a particular class of two-dimensional
Horndeski theories [76], there is a much broader set of two-
dimensional theories with similar properties [106,119]. It
would be interesting to assess the generality of our results
in that broader context and, moreover, to determine the
necessary constraints (if any) for Markov’s hypothesis to be
realized in vacuum or otherwise in those models. In that
setting, making contact with a broader class of theories than

those defined by quasitopological gravities requires con-
sidering terms nonpolynomial in the curvature [73,102].
Such theories are on a more speculative footing than the
polynomial quasitopological actions, which can arise as
perturbative corrections to general relativity within an
effective field theory approach. Hence, limiting curvature
may serve as a selection criterion to discriminate between
different choices of nonpolynomial gravitational actions,
singling out representatives that may be better behaved.

Concerning nonminimal matter models, it would be
particularly interesting to determine whether EMQTs are
sufficiently general to capture electrovacuum effective field
theory. While this is at present unclear, these models could
serve, at the very least, as useful proxies towards the
systematic study of the interplay between matter and
geometry in general effective theories. Interestingly
enough, for the class of EMQTs we examined, we observed
that these lead to (magnetically charged) regular black hole
solutions under analogous conditions to those of purely
gravitational QTs. However, differently from the latter,
ensuring the existence of regular black holes does not
guarantee the fulfillment of Markov’s limiting curvature
hypothesis in electrovacuum. Rather than a drawback, this
provides us with a powerful physical criterion for further
refining the class of EMQTs.

Another important question concerns the role of curva-
ture invariants involving covariant derivatives of curva-
ture—see [ 106]. Even in vacuum these will only be bounded
provided that the metric function under consideration is C*
near » = 0. More concretely, this translates to the require-
ment that, should the metric function admit a series
expansion in the vicinity of 7 = 0, then that series expansion
should have no odd powers of r [120]. For example, this
holds for the Hayward black holes provided that D is odd.
Here we note that curvature invariants featuring covariant
derivatives are still bounded for C* regular black holes, but
the bound is not independent of the mass. This is because
the covariant derivative introduces new objects which
cannot be written in terms of just S and (derivatives of)
H(S), and hence the scaling property of the polynomial
invariants is lost. In the case of the quasitopological theories
we have studied here, the issue is not so important as the
actions of the theories we consider do not feature covariant
derivatives, and hence both the solutions and the actions are
bounded in a mass-independent manner. Nonetheless, it
would be interesting—though more involved—to study the
boundedness of invariants containing covariant derivatives
of curvature. It would be especially interesting to identify a
regular black hole metric for which all curvature invariants
have a mass-independent bound—or to prove that such a
construction is impossible.

ACKNOWLEDGMENTS

We thank Pablo A. Cano and Pedro G. S. Fernandes for
useful discussions. P. B. was supported by a Proyecto de

024070-17



BUENO, HENNIGAR, MURCIA, and VICENTE-CANO

PHYS. REV. D 114, 024070 (2026)

Consolidacion Investigadora (CNS 2023-143822) from
Spain’s Ministry of Science, Innovation and Universities,
and by Grant No. PID2022-136224NB-C22, funded by
MCIN/AEI/10.13039/501100011033/FEDER, UE.
A.J.M. was supported by Juan de la Cierva Contract
No. JDC2023-050770-I from Spain’s Ministry of Science,
Innovation and Universities. A.V.C. was supported by
Spanish Government Fellowship No. FPU24/00899. The
authors also acknowledge financial support from Grant
No. CEX2024-001451-M funded by MICIU/AEl/
10.13039/501100011033.

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further informa-
tion or data should be sent to the authors.

APPENDIX A: REGULARITY FOR POWER-LAW
MATTER BLOWUPS

This appendix collects the regularity estimates for stress
tensors that develop power-law divergences either at the
center r =0 or at a finite radius r = r,. The two cases
discussed in the main text are recovered as special cases:
(i) T? = T": the anisotropy function W(r) vanishes, and
the analysis reduces to bounds involving only .

(i) T'; # T",: W(r) contributes additional terms, lead-
ing to extra inequalities involving the pressure falloff
exponent.

Throughout we assume D >4 and use the same defi-
nitions as in the main text. We assume that f(r) is nonzero
at the location of any matter blowup—the case where the
matter blows up at a Killing horizon was treated in the main
text. The potentially dangerous matter-sourced contribu-
tions to curvature invariants arise as combinations of the
terms

pH'(S).  rp/H'(S).  p*H'(S).  pSH"(S).
pH'(S),  TW(NH(S),  rW(r)pH'(S),
rW(r)SH'(S), W'(r), W2(r). (A1)

We assume the same large-|S| decay that is sufficient to
bound the vacuum curvature invariants:

1 1

H'(S) ~TSp H"(S) YT (A2)

S| = o,

with > 1. Of course, some resummations have H(S)
decay faster than any polynomial. In these cases, some-
times less restrictive conditions than what we will find
below will hold. However, it is more difficult to assess all
such possibilities in a coherent manner. We therefore stress
that for resummations with faster than polynomial decays,

the following results will correspond to sufficient, but not
necessary, conditions.

1. Central power-law blowup at r=0

Assume that near the origin the energy density
diverges as

1

o(r) ~—-

. r— 0",
ryl

(A3)
with y; > 0 and ¢ otherwise smooth and such that the

integral defining S(r) is well behaved away from r = 0. In
the anisotropic case we also allow

p.(r) ~

. r— 07t
r72

(A4)
for some exponent y,, while W(r) is the same anisotropy
quantity used in the main text (so that W =0 when
T, =TY).

We can then isolate the divergent part of S(r) at small r:

2M A
-+ finite, r— 0",

S~y

(AS)

for some constant 1. We then consider two possibilities
in turn.

a. Case 1: Matter-dominated center, y; > D -1

When y; > D — 1, the matter term dominates S at small
r, and one may invert

<|,1|>l/r1
re~|-— .
5]

ro' ~ |8,

(A6)

Then

e~|S]. P~ ISP (A7)

Using (A2), the density-driven terms in (A1) scale as

oH'(S) ~ |S|', (A8)
r'H'(S) ~ |S|'7. (A9)
Q*H"(S) ~ S|, (A10)
oSH"(S) ~[S|', (A11)

which are bounded for § > 1. If T! = T*, then the argument
concludes at this stage.

If T! # T, a potentially new requirement comes from the
pressure sector:

pH'(S) ~ S|/, (A12)
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so p,.H'(S) is bounded provided

r2 <P (A13)
If T! # T7, terms involving W(r) appear [cf. (A1)]. Given
that the terms involving the energy density are bounded,
several of the terms involving W(r) simplify, and we need
to require only the boundedness of

W(r) and W'(r). (A14)
We can work out these terms to find that
=1+(1-p)ry —lt+r2—Fry
W(r)~Ci[S|" 7 +G|S[ (A15)
r2-Pr1
W/(r) ~ C3|S|'™F + Cy|S[ 7 (Al6)

If Eq. (A13) holds, then the decay of these terms introduces
no new requirements.

b. Case 2: Vacuum-dominated center, y; < D -1

Now the mass term dominates S, giving

M\ 1/(D-1)
~ | — . Al7
~ (%) (A17)
Hence
4l o 12
o~ -1, I”Q/ ~ S(D-l), P, ~ So-1j, (Alg)
Then the density-driven terms behave as
oH'(S) ~ ST (A19)
rdH'(S) ~ So77 (A20)
2 g1 D1
0*H"(S) ~ So-17""", (A21)
0SH"(S) ~ ST, (A22)

which are bounded under the same vacuum requirement

p>1 because y; <D —1 implies y,/(D—-1) < 1. If

Tt =T7, then the argument concludes here: the vacuum

boundedness conditions ensure the boundedness in the

presence of matter with a central power-law singularity.
For the pressure term one has

r2

pH'(S) ~ ST, (A23)
so boundedness is ensured if
v, <A(D-1). (A24)

As in Case 1, many of the W-dependent terms simplify
upon using the boundedness of the above density-driven
terms. The conditions reduce to requiring boundedness of

W(r) and W'(r), (A25)

which in this case work out to be
W(r) ~ C, S5 4 CyS51F, (A26)
W/ (r) ~ C3SooF + C, 80P, (A27)

There are no further conditions beyond Eq. (A24).

c. Case 3: Marginal central blowup, y; =D -1

In this section we treat the marginal case for a central
divergence, y; = D — 1, which is not covered by Cases 1
and 2. Assume

A
o(r) ~ 57> r—0t, (A28)
r
and in the anisotropic case, allow for
B
p() ~ (429)

as in (A4). Then the matter integrand in S(r) behaves as
xP~20(x) ~A/x, so the matter integral develops a loga-
rithmic divergence. More precisely, for any fixed ry > 0
one may write

/rxD_2Q(x)dx = /r0 xP20(x)dx

r A rd
+ / <XD_2Q(X) - —> dvtra | &
ro X o X

= C+Alog(1), r— 0%, (A30)
o

where C is finite by construction. Substituting into the
definition of § gives

2M+2C +2A log(é)
S(r)~ 5
.
2Meff + 2A IOg(rL)
=TI o ()
so that |S] — oo and, for sufficiently small r,
2|Al[log r|
|S(r)[ ~ =5 (A32)

The large-|S| decay (A2) then implies the useful small-r
estimates
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(s BD-1) " FB+1(D-1) o+ A33
( )Nw, ( )NW’ r—=~u-. ( )
Using ¢ ~r~P=Y and r¢' ~—(D —1)g, the density-

driven terms in (A1) scale as

Hp=1)(D-1)
oH'(S) ~ ———, (A34)
| log r|f
sy~ A35
r¢'H'( )NW’ (A35)
2pi(s A1) (D-1) A36
o’ H"( )NW’ (A36)
sar(s) ~ Y A37
oSH"( )NW’ (A37)

which are bounded (in fact, they vanish) as r — 0"
provided f > 1. Hence, when T! =T (so W =0), the
marginal blowup y; = D —1 does not cause curvature
singularities provided there are none already in the vacuum
case.

If T', # T",, the pressure sector contributes

sy~ A38
pH'( )NW’ (A38)

so p,.H'(S) is bounded provided
r2 <B(D—1). (A39)

Assuming the boundedness of the density-driven terms
(A37), the remaining W-dependent contributions in (Al)
reduce, as in Cases 1 and 2, to requiring boundedness of
W(r) and W'(r). Using the same scaling that led to (A37),
their dominant contributions behave as

r(ﬂ_1>(D_1)+1 rﬂ(D_1>+1_72

W(r) ~C, , (A40)

| log r|/ |log rlf

r(/j_lxD_l) rﬁ(D_])_}'Z

w’ ~C C .
)~ g T Tiog P

(A41)

The first terms in (A40) and (A41) are bounded for > 1.
The second term in W/(r) is bounded precisely under
(A39), and no further restrictions arise. In particular, the
marginal case y; = D — 1 yields the same pressure bound
as the vacuum-dominated branch (A24).

d. Summary of central power-law blowups

For T*, = T",, a central power-law blowup of the form
p~r7 does not force curvature divergences provided
vacuum curvature is bounded (f > 1). If 7", # T",, one

additionally requires the pressure exponent to satisfy

y,<BD-1) ify, <D—1,

v2<pr1 ify;>D-1. (A42)

2. Finite-radius blowup at r=r,

a. Power-law blowup with y; > 1

Assume the energy density diverges at some finite radius
r, >0 as

, r—rh

> (A43)

A
o(r) ~ (

r—=r,)"

withy; > 0, while p is otherwise smooth for r > r, and the
integral defining S(r) converges. In the anisotropic case we
also allow

r—r

i (A44)

B
p,(r) ~ (

r—r,)’

for some exponent y, and constant B, while W(r) is the
same anisotropy quantity used in the main text (so that
W =0 when T! = T7).

The most singular piece of the matter integral

I(r) = /rxD_2Q(x)dx (A45)
behaves, for y; # 1, as
P24
I(r)~— o= l)lzr T r—rh, (A46)
p
and therefore
S(r) A (A47)
(r—ryn!

for some constant A.

If 0 <y, < 1, the integral I(r) stays finite as r — r,, so
S(r) does not run to +oo and the resummation cannot
suppress the matter blowup. The curvature invariants
diverge in this case, as discussed in the main text.
Henceforth let us assume y; > 1.

If yy > 1, then |S| — co0 as r — r,, and one can trade
(r—r,) for |S|:

(r—r,) ~|S|71/n=1. (A48)

Then

n ntl .
o~ |S‘(7|—1), l"Ql ~ |S|(7|—1), p, ~ |S|(71—1)‘ (A49)
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The potentially dangerous terms involving the density
scale as

oH'(S) ~ |S| T, (A50)
71+l
r'H'(S) ~ ||+, (AS1)
2y
CH" () ~ [T, (A52)
oSH"(S) ~ | S| (A53)
All of these are bounded provided
p+1
s (A54)
For the pressure term one has
pH'(S) ~ |S[7 T (AS55)

which is bounded provided that y, < (y; — 1). Assuming
the boundedness of the terms involving the density, various
terms involving W(r) further simplify, and the problem
reduces to the boundedness of W(r) and W'(r). For the
present case, the dominant contributions can be worked out
to be

W(r) ~ Cy|STP 4+ Co|SFETP, (AS6)

71+l 7+l
W/ (r) ~ C|S|7 + Cy|S|h7. (A57)
These terms give stronger constraints than the pressure term
above. In general, we have that if y, <y, then all of the
terms are bounded without additional constraints on y,.
However, if y, > y; then we must also have

rn<plri—-1)-1, (AS8)

to ensure boundedness of all terms.

b. Marginal case y; =1

The estimate (A46) excludes y; = 1. In this case the
leading singularity of the matter integral is logarithmic. To
simplify the following, let us write € = r — r, = 07. Using

D-2 D=2

x"7= ~rp " in the singular region, one finds

xaz/%w%@w

[5e)

NA;’?‘2 loge + C, r—rp, (A59)
for some finite constant C. Substituting into the definition

of S(r) then gives

2A
S(r) ~ Sy +—loge = Sy + Ay, loge,
r
P

2A
llogEr—7 (r_)r;r)’
p

(A60)
so that |S| = oo as r — r}, but only logarithmically. In
particular,

S| ~ [Aiog || log €], = e~e S/l (A1)

Consequently, the matter fields grow exponentially in |S|:

A 1

S|/]A / 2|S8]/ | A10g
o~ S el gl oy S,
€

pr ~ 6_72 ~ 672‘5‘/Mlog“ (A62)

Under the polynomial decay assumption (A2), these scal-
ings are too strong to be suppressed by H'(S) and H"(S).
For example,

oH'(S) ~ elSI/1el|§|F — oo,

ro'H'(S) ~ 2SI/l |§|F — o0, (A63)

and similarly ¢?H" (S) and oSH"(S) diverge. Thus, already
in the case with T? = T7 (so that W = 0), the combinations
listed in (A1) are unbounded for y; = 1, and the curvature
invariants diverge. The anisotropic case only worsens this
conclusion through the additional contributions involving
p, and W.

APPENDIX B: FASTER-THAN-
POLYNOMIAL DECAYS

Appendix A assumes the power-law decay (A2), which
is sufficient to bound the vacuum curvature invariants and
leads to the various exponent inequalities on y; and y,. Here
we summarize what changes if instead the resummation
decays faster than any polynomial at large |S|, in the sense
that

|l‘im IS|"H'(S) =0, V n>0,
S|—=o0
lim |S|"H'($) =0, ¥ n>0. (B1)

A representative example is H'(S) ~ e~5l, or more gen-
erally H'(S) ~ e~5I" with ¢ > 0. The results of this section
are rather simple to obtain from the previous section—one
must just track the various powers of f that appear and
replace them with the new superpolynomial decays. We
therefore present a summary of the key facts.

024070-21



BUENO, HENNIGAR, MURCIA, and VICENTE-CANO

PHYS. REV. D 114, 024070 (2026)

1. Power-law blowups that drive |S| — o

In all power-law blowups treated in Appendix A for
which |S| - oo and the matter fields grow at most poly-
nomially in |S| (possibly with logarithmic corrections), the
faster-than-polynomial decay (B1) implies that any factor
of the form |S|*H'(S) or |S|*H"(S) is bounded for every
fixed k > 0. Consequently, once |S| — oo, the density- and
pressure-driven combinations in (Al) are automatically
bounded, and the remaining W-dependent terms are like-
wise suppressed after using the fact that W carries an
explicit factor of H'(S) through the field equations.

In particular, the exponent inequalities derived in
Appendix A become sufficient but not necessary in the
following regimes:

(i) Central power-law blowups at » = 0 (including the
marginal case y; = D — 1): once vacuum curvature
is bounded, no additional restrictions on y; are
needed, and the pressure bounds on y, found in
Case 1 correspond to sufficient conditions only.

(i) Nonintegrable finite-radius blowups with y; > 1:
the conditions such as (A54) and the associated
pressure and W’ bounds are again sufficient but not
necessary.

In these cases, vacuum boundedness implies boundedness
in the presence of matter.

2. Cases where faster decay does not automatically help

There remain two situations in which (B1) does not, by

itself, guarantee regularity:

(1) Integrable finite-radius blowup 0 < y; < 1. As dis-
cussed in Appendix A, the integral I(r) stays finite,
and S(r) does not run to +oo. In this case the large-
|S| behavior of H is irrelevant and the curvature
invariants still diverge.

(2) Marginal finite-radius blowup y, = 1. From (A60)
and (A61) one has S(r)~ Sy A, loge with
e=r—r, 0% hence, e ~ e~ 151/l and the mat-
ter fields grow exponentially in | S|, see (A62). In this
case the outcome depends on the rate of decay of
H'(S) and H"(S), not just that it is faster than
polynomial. For example, if H'(S)~ e % (and
similarly for H"), then

H'(S) ~ el (B2)

and the most singular density-driven terms behave as
rQ/H/(S) ~ e_zealﬂlog‘ = 5“\110,;\—2’ <B3)
QZH//(S) ~ 20l — galdiog|-2 (B4)

Thus, a sufficient condition in the T = T case is
alAiog| > 2. In the anisotropic case (at finite radius r,,
or at the inner horizon r,), one also needs to control

terms involving p, and W'(r); a simple sufficient
condition is

aldiog| > max{2,y, + 1}. (B3)
For stronger decays such as H'(S) ~ e~?5!" with
o > 1, the suppression is stronger still, and the

marginal case is correspondingly easier to regu-
larize.

APPENDIX C: COSMOLOGIES

In this appendix we remove the staticity condition and
consider the fate of curvature invariants for cosmological
spacetimes filled with a combination of perfect fluids.

The Friedmann-Lemaitre-Robertson-Walker (FLRW)
metric is given by

ds? = —dr* + a(t)2< + erQ%)_2> (C1)

1 —kr?

where a(r) is the scale factor and k = 0,1 the spatial
curvature. As argued in [78], spherical FLRW spacetimes
can be easily studied within the two-dimensional Horndeski
framework which captures the dynamical information of the
spherically symmetric sector of QT theories. In particular,
the scale factor satisfies second-order equations of motion
for such theories.

Because of the isotropy of the spacetime metric, matter
can be described by a perfect fluid, so the stress tensor takes
the form (7) with p, = p, = p. We then assume the
presence of n different matter sources, each characterized
by an energy density p; and pressure p;. The conservation
law for each stress-energy tensor provides the following
system of equations:

@,-+<D—1><e,-+p,->%=o,

where the dot refers to the derivative with respect to ¢. The
modified Friedmann equation then reads

(C2)

(C3)
where

_k+ a(t)?

®= 0

s =g e, (@)
i=1

where h(x) is the characteristic function of QT gravities
defined in (11).

As argued in Sec. II, to determine the conditions on the
matter for bounded curvature invariants, it is necessary to
analyze each term of the Riemann tensor, which in this case
can be written as
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¢ c d c _d|
Red =RWe'x) + RO my). (C5)
where we have defined

k+a(r)?
O
Here 7% and #% are projectors onto the ¢ and spatial

directions, respectively, defined in an analogous way to
those that appear in (20). The Kretschmann scalar reads

RO — 440

— 2 =2
oy K

(Co)

D—-1
4

(D-1)(D-2)

RabcdRade = )

(R(U)z + (R(Z))Z'

(C7)

Using the Friedmann equation together with the con-
servation law of the stress-energy tensor, the R terms
(C6) can be expressed in terms of the inverse of the
characteristic function H(x) = h~!(x) as

RO :4H(S)_4i(()i+pi)H/(S)’ (C8)

R@) =2H(S). (C9)
Hence, in order to determine the validity of the limiting
curvature hypothesis for this type of spacetime, we have to
study the boundedness of the following quantities:
{H(S), SH'(S). p:H'(S)}- (C10)
The first two are bounded by the analogous discussion in
the static case. In order to study the third one, we assume
that each pressure can be described by a polytropic
equation of state with polytropic exponent I'; > 1 at least
for larger values of ||, that is,
g (c11)
The sum of the pressures in R(!) will then be dominated by
the jth fluid with exponent I'; = max{I';: i = 1,...,n} in
the limit |S| — oo,

(C12)

n
3 pi' ~ 1oyl ~ Il ~ISIT.
i=1

Therefore, since H'(S)~|S|7 with > 1, curvature
remains bounded if and only if I'; < f for all species of
matter.

It is worth mentioning that for the usual cosmological
equation of state p = wg, corresponding to I' =1, the
curvature of the cosmological solution is bounded provided

that the curvature of the vacuum solution of the theory is
bounded.

1. Oppenheimer-Snyder collapse

In a previous paper we studied the problem of gravita-
tional collapse for a spherically symmetric perfect-fluid
pressureless star—analogous to the original setup of
Oppenheimer and Snyder [121]—in QT theories whose
vacuum solutions are regular black holes [78]. We showed
that the stars undergo a never-ending process of contrac-
tions and expansions throughout infinite universes and
produce regular black holes as by-products.

Since this process consists of matching the vacuum
metric to the dust cosmological one at the star’s boundary, it
is straightforward that the limiting curvature hypothesis is
satisfied during the collapse because both spacetimes
satisfy it independently.

Nonetheless, another question remains: is the global
upper curvature bound given by the vacuum solution or by
the matter solution? In order to address this question we
should compare both Riemann tensors, corresponding to
the interior and the exterior, during the collapse process.

Making use of the scaling property in the vacuum and the
homogeneity of the cosmological solutions, and expressing
the couplings a,, = o~!, for a given squared-length scale
a >0, both dimensionless Riemann tensors aR,,.,—
namely, the one corresponding to the vacuum metric as
well as the one corresponding to the FLRW metric—can be

(4,2) ZD (4,4)

(5,1) (5,2) M (5,4)

iA (6,4)

(7,1) (7,2) (7,3) /\ (7,4)
FIG. 3. Plots of the Kretschmann scalar a?R,,. R for

various (D,N)-Hayward-like QT theories. In each graph, the
curvature invariant is depicted in blue for the vacuum spacetime
and in green for the FLRW spacetime, as a function of ay or a®,
respectively, over their domain (0, 1). In all the cases presented,
the maximum curvature is reached by the vacuum solution, and it
becomes more pronounced as D and/or N increase.
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expressed as functions of oy and a® alone. Given that both
quantities depend in a complicated way on the character-
istic polynomial, let us consider Hayward solutions in order
to analyze whether the maximum value of the Kretschmann
scalar during a collapse process corresponds to a fixed
value given by the vacuum theory. Since the collapse
depends on the initial conditions, we propose an alternative
approach: comparing the two curvature invariants sepa-
rately within their corresponding domains for Hayward
solutions. This problem cannot be tackled analytically, so

we address it graphically. In Fig. 3 we plot both curvature
invariants for different dimensions D and orders N for
Hayward-like solutions. We observe that the Kretschmann
scalar in the FLRW spacetime always lies below its
maximum value in vacuum. Furthermore, for higher D
and/or N, the maximum curvature in vacuum becomes
significantly larger than in FLRW. We thus conclude that

Markov’s hypothesis holds in Hayward-like cosmologies

with dust and therefore also in this collapsing scenario.
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