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According to general relativity (GR), gravitational waves (GWs) should travel at the speed of light c.
However, some theories beyond GR predict deviations of the velocity of GWs cgw from c, and some of
those expect vacuum dispersion. Therefore, probing the propagation effects of GWs by comparing the
wave format detectors against the one at emission excepted from GR. Since such propagation effects
accumulate through larger distance, it is expected that supermassive black holes binary (SMBHB) mergers
serve as better targets than their stellarmass equivalent. In this paper, we study with simulations on how
observations on a population of SMBHs can help to study this topic. We simulate LISA observations on
three possible SMBHB merger populations, namely PopIII, Q3-nod, and Q3-d over a 5-year mission. The
resulting constraints on the graviton mass are 9.50, 9.33, and 9.05 × 10−27 eV=c2, respectively. We also
obtain the corresponding constraints on the dispersion coefficients assuming different dispersion scenarios.
If the electromagnetic wave counterparts of SMBHBmerger can be detected simultaneously, the cgw can be

constrained waveform-independently to Δc=c to 10−13–10−12, corresponding to graviton mass constraints
of 10−26–10−24 eV=c2.

DOI: 10.1103/3lzs-v77s

I. INTRODUCTION

General relativity (GR) is the most successful theory of
gravity to date and has been subjected to various tests over
the past century. With the advent of the gravitational wave
(GW) and multimessenger era, continuous observations of
GWs have been employed to test the GR [1,2]. These
results consistently show that, with increasing precision,
GR remains the best theory for describing gravitation.
Motivated by various theoretical considerations, many

theories of gravity beyond GR have been proposed to
address issues that arise in the quest for a more complete
understanding of the fundamental forces. Among these
challenges are potential deviations from Lorentz invari-
ance, which could emerge in frameworks attempting to
unify quantum mechanics and gravity. For instance [3],
quantum gravity models introducing a minimal length
scale, such as the Planck length, suggest spacetime may
exhibit granular properties, potentially leading to Lorentz

violations at high energies. In braneworld scenarios, where
our universe is a four-dimensional “brane” in a higher-
dimensional bulk, the projection of physics onto the brane
might induce apparent Lorentz-violating effects. Similarly,
string theory and other unified frameworks often include
additional fields that couple to Standard Model particles,
potentially leading to effective Lorentz violations. Alter-
native theories of gravity, such as scalar-tensor or massive
gravity, also introduce modifications to spacetime that
could challenge Lorentz invariance.
Experimentally, the difference between the measured

speed of light c and the theoretical speed limit c0 can be
used to constrain these theories. Colladay and Kostelecký;
Kostelecký andMewes [4–6] extended these considerations
to the entire Standard Model of particle physics, forming
the framework known as the Standard Model extension
(SME), which systematically characterizes deviations
between c and c0 [7,8]

c ¼ 1 − ς0ðdÞðfÞ � jς⃗ðdÞjðfÞ; ð1Þ
Here we let h ¼ c0 ¼ G ¼ 1, the same as below. When the
spacetime dimension is d ¼ 4, ς0ð4Þ and jς⃗ð4Þj are indepen-
dent of the frequency of light. However, when the dimen-
sion is extended to d ¼ 5, 6, dispersion effects begin to
emerge.
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The results of Lorentz invariance are not limited to light
but also apply to GWs, meaning that the speed of GWs,
cGW, follows the same relationship with c0 as described in
the equation above. Moreover, more specific theories
predicting GW dispersion have also been proposed. For
instance, double special relativity (DSR) introduces mod-
ifications to traditional relativity, particularly in the high-
energy regime near the Planck scale, where both quantum
mechanics and GR are expected to have significant effects
[9–12]. Moreover, the existence of a massive graviton is a
key premise in many approaches that aim to reconcile the
discrepancies between high-energy GR and quantum
mechanics. A direct consequence of such theories is the
modification of the thermodynamics of a Friedmann-
obertson-Walker universe, which can be fully described
using the generalized uncertainty principle [13], and
modifications in dispersion relations, as explored in extra-
dimensional theories (ED) [13], which include extra spatial
dimensions. The Hořava-Lifshitz theory (HL) [14–16], on
the other hand, tackles quantum gravity challenges by
introducing anisotropic scaling in spacetime, aiming to
address the issues of quantum gravity without requiring
explicit quantum gravity effects at low energies. Lastly,
theories based on noncommutative geometries (NCG) [17–
19] provide an intriguing approach to unifying GR and
quantum mechanics by allowing spacetime to exhibit
noncommutative properties at the Planck scale.
Generally, the dispersion relation for GWs can be

written as

E2 ¼ p2 þAαpα: ð2Þ

In the case when α ¼ 0 and A0 > 0, it is equivalent to a
massive graviton scenario A0 ¼ m2

g. Different theories
predict different values for α and Aα, which are shown
in Table I.
In the case of binary black hole mergers, the GW

amplitude and frequency typically rise sharply over a short
duration in the inspiral and merger phases, and decay expo-
nentially during the ring down phase. If gravitons possess a
nonzero mass, dispersion causes the high-frequency GW
components in the waveform arrive earlier than the low-
frequency components, leading to a compression of the early

waveform and a stretching of the later part (Fig. 1). Such
distortion of the GW waveform due to dispersion can be
quantitatively described as follows.
Denoting the GW waveform as

hðtÞ ¼ AðtÞe−iΦðtÞ; ð3Þ

and applying the stationary phase approximation (SPA), its
Fourier transform can be approximated as [20]

h̃ðf̃Þ ¼ Ãðt̃Þffiffiffiffiffiffiffiffi
ḟðt̃Þ

q eiΨðf̃Þ; ð4Þ

where f̃ ¼ fðt̃Þ is the GW frequency at the detector, and
h̃, Ã and t̃ represent the Fourier-transformed GW strain,
amplitude and time, respectively, with Ψ being the Fourier-
transformed phase. The SPA assumes that the amplitude
AðtÞ varies slowly compared to the phase ΦðtÞ, i.e.,
jȦ=Aj ≪ jΦ̇j, and thatΦðtÞ is a smooth and rapidly varying
function of time, so that the Fourier integral is domi-
nated by contributions near stationary points satisfy-
ing Φ̇ðtÞ ¼ 2πf.
Mirshekari et al. [21] calculated that when accounting

for the modified dispersion relation, we have

Ψðf̃Þ ¼ ΨGR þ δΨðf̃Þ; ð5Þ

where ΨGR is the phase calculated according to GR, while
δΨðf̃Þ is given by

TABLE I. The table of α andAα in the dispersion relation under
different theories, along with their physical significance.

Theory α Aα

Standard model extension 3, 4 −2ςð5Þ0;−2ςð6Þ0

Double special relativity 0, 3 mg; ηdsr
Extra-dimensional theories 0, 4 mg;−αed
Hořava-lifshitz theory 4 k4hlμ

2
hl=16

Noncommutative geometries 0, 4 mg; 2α2ncg=E2
p

FIG. 1. A comparison of the waveforms received by LISAwith
and without the graviton mass: The horizontal axis represents
time, assuming the burst occurs at 106 s. The vertical axis
represents the response detected by one of LISA’s interferome-
ters. The graviton mass is assumed to bemg ¼ 10−24 eV=c2, with
other source parameters given in Table III.
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δΨðfÞ ¼
�
−ζuα−1; α ≠ 1;

ζ ln u; α ¼ 1:
ð6Þ

with u ¼ πMf, where M denotes the chirp mass.
Furthermore, we have

ζ ¼
8<
:

π2−α

ð1−αÞ
Dα

λ2−αA

M1−α

ð1þZÞ1−α ; α ≠ 1;

πD1

λA
; α ¼ 1;

ð7Þ

where λA ¼ jAαj1=ðα−2Þ, and Dα is defined by Mirshekari
et al. [21]

Dα ≡
�
1þ z
a0

�
1−α Z ta

te

aðtÞ1−αdt; ð8Þ

where a0 ¼ aðtaÞ is the present value of the scale factor.
Specifically, when Aα is associated with the graviton

mass, i.e., for α ¼ 0 while A0 ¼ m2
g, the phase shift is

given by

δΨðfÞ ¼ −β0u−1; ð9Þ

where β0 ¼ π2D0M
λ2gð1þzÞ, D0 is Dα when α ¼ 0. By fitting the

observed signal phase to the phase predicted by the above
equation, one can constrain the graviton mass. For instance,
using 43 events from GWTC-3 [22], the LIGO team
constrained the graviton mass to mg≤1.27×10−23 eV=c2.
Similarly, other Aα parameters can be constrained. The
constraints for α ¼ 0, 0.5, 1, 1.5, 2.5, 3, 3.5, 4 are also
presented in Table V of Abbott et al. [22].
One disadvantage of the above mentioned waveform

based method is that their validity rely on the accuracy of
the theoretical waveform at the source. Once the waveform
at the source is altered from the templates we are using, due
to post Newtonian corrections or environment effects, the
constraints are no longer reliable. Another issue is that
the above mentioned method can only be used to place
constraints on theories which expect dispersion of GWs.
While there are still theories predict cgw ≠ c but without
GW dispersion, e.g., in the SME framework where the
mass dimension equals to 4. If the electromagnetic waves
(EMW) simultaneously emitted can be detected along with
the GWs, their time delay can be used to place constraints
on the theories, which is independent of the waveform
templates and does not rely on GW dispersion.
On such observational constraint comes from GW170817

and its electromagnetic counterpart, GRB170817A. Accord-
ing to joint observations by LIGO and the Fermi Laboratory,
GRB170817A lagged behind GW170817 by 1.74� 0.05 s
[23]. Assuming that the time difference Δt between the two
signals consists of the difference in their emission times Δte
and the propagation-induced time difference Δtt, where the
latter arises due to differences in their propagation speeds

Δt ¼ Δte þ Δtt

¼ Δte þ
dL
c
−

dL
cGW

¼ Δte − dL
c − cGW

c2

¼ Δte − dL
Δc
c2

; ð10Þ

where dL is the luminosity distance of the source and Δc ¼
c − cGW is the difference of speed. Assuming that the
gamma-ray burst occurred within a 0–10 s window after
the binary merger, i.e., the GW emission time, the speed of
GWs can be constrained to −3 × 10−15 ≤ Δc=c ≤ þ7 ×
10−16 [24]. Rao et al. [25] simulated the constraints from
observations on a population of binary neutron star (BNS)
mergers with different future GW detectors, pushing the
limits onΔc=c to 10−17 with aLIGO and 10−18 with Einstein
telescope.
Besides of the BNS mergers, the multimessenger obser-

vation on galactic white dwarf binaries can also be
employed to place such limits [26].
In both the GW waveform comparison and the time

difference of multimessengers ways, one will expect more
prominent propagation effects come from farther sources.
In turn, the observations on sources with larger distance can
result in more stringent constraints.
The hierarchical structure formation theory predicts that

galaxies have undergone numerous mergers [27,28], sug-
gesting the widespread existence of SMBHBs in the
universe. Recently, International Pulsar Timing Arrays
(PTA) published a series of papers [29–32] providing
evidence for the existence of a GW background
(GWB).1 This result is consistent with the presence of a
substantial population of SMBHB systems in the Universe.
The mergers of SMBHB are the main targets for space-
borne GW detectors like LISA [33], Taiji [34], and TianQin
[35]. Due to their massive nature, such system can be
observed to a much larger distance (100 Gpc, [36]) than the
stellar mass BHs (a few Gpc, [22]). Further more, as the
GW from SMBHB mergers are much lower than that from
stellar mass BBH mergers, the dispersion effects can be
more prominent. Gao et al. [37] has simulated GW sources
with a signal-to-noise ratio (SNR) of approximately 1000,
demonstrating that by utilizing waveform dispersion rela-
tions, each of the three detectors alone can constrain the

1CPTA reports 4.6σ evidence for Hellings-Downs (HD) spatial
correlations indicative of a nanohertz GWB at 14 nHz. EPTA
finds marginal GWB evidence in its full dataset (Bayes factor 4,
4% false-alarm probability) and stronger evidence in a subset
(Bayes factor 60, ∼0.1% false-alarm or ∼3σ), characterized by
HD angular patterns. PPTA measures spatial correlations con-
sistent with a GWB at ∼2σ significance (false-alarm probability
≲0.02), following the HD pattern. NANOGrav detects a stochas-
tic GWB with HD correlations at 3σ (p ≈ 10−3) via Bayesian
analysis and 3.5 − 4σ via frequentist tests.
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graviton mass to 10−25 eV=c2. If jointly observed, the
constraint can be improved to 10−26 eV=c2.
In this work, we conduct a simulation study to inves-

tigate how observations of the cosmic SMBHB population
with LISA can help constrain the GW dispersion parameter,
thereby placing limits on different gravitational theories.
Additionally, we study how joint observations on these
sources with electromagnetic counterparts will help to put
the constraints on theories beyond GR, including both
dispersive and nondispersive models.
The paper is organized as follows: In Sec. II, we will use

existing SMBHB population data to simulate the GW burst
signals of each source. Using the MCMC algorithm, we
will provide constraints on the dispersion parameter Aα

under a given dispersion relation and coefficient α. Finally,
we will discuss methods for inferring the value of α based
on observations. In Sec. III, after simulating the number of
sources in the catalog that can be jointly detected, we
further calculated the constraints these sources impose on
the GW speed and graviton mass. Finally, we will present a
summary and discussion.

II. CONSTRAINING GW DISPERSION WITH
SMBHB POPULATIONS

A. SMBHB populations

In our study, we employ the SMBHB populations
simulated by Klein et al. [36] (K16 hereafter for short).
In K16, the authors simulate the SMBHB populations by
using seed BHs originate from the remnants of population
3 (popIII) stars formed in the low-metallicity environments
of the early universe at z ≈ 15–20. By incorporating the
delay between massive black hole (MBH) mergers and
galaxy mergers, the resulting SMBHB population is
referred to as popIII; Alternatively, if the seeds arise from
the collapse of protogalactic disks, forming more massive
seeds of 105M⊙ (assuming a critical Toomre parameter
Qc ¼ 3, which gives this model its name), and the merger
delay is taken into account, the resulting population is
labeled as Q3-d. When the delay is neglected, the resulting
population is denoted as Q3-nod.2

K16 simulated 10 realizations of SMBHB mergers in the
Universe within 5 years, which can be equivalently regarded
as a catalog of SMBHB mergers over a 50-year period. In
this study, we obtain the catalogs of each population from the
outputs of GW-Universe Toolbox [38].
The event rate varies among the three populations. In the

catalog corresponding to the popIII population, which is the
most optimistic, the event rate is 174.7 year−1 containing
8,735 sources; while Q3-d is the most pessimistic, with only
409 sources, with the event rate 8.18 year−1, and Q3-nod

represents an intermediate scenario, comprising 6,122
sources and an event rate of 122.44 year−1. However, as
shown in upper panel of Fig. 2, when comparing the
distributions of chirp mass and luminosity distance, we
observe that while the luminosity distances of the sources do
not differ significantly, Q3-d contains sources with system-
atically larger chirp masses, whereas popIII contains
smaller ones.
We employ LISAanalysistools [39] and Eq. (9) to

generate waveforms for each SMBHB event in the corre-
sponding population. The waveforms use the frequency-
domain PhenomHM model [40–42], which includes higher-
order modes beyond the dominant quadrupole. The LISA
detector response is modeled with the fast frequency-domain
TDI response function described in [43,44], implemented
within LISAanalysistools. The signal-to-noise ratio
(SNR) for each source is calculated using the default sen-
sitivity matrix for the A, E, and T channels of the time-delay
interferometry (TDI) combinations [45], which accounts for

FIG. 2. The distributions of chirp mass and luminosity distance
(upper panel) or SNR (lower panel) for the sources in the three
catalogs.

2It is worth noting that for the light-seed popIII population,
neglecting the delay leads to variations of less than a factor of
two; thus, K16 did not consider this case separately.
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instrumental noise and detector response based on the LISA
consortium proposal for L3 mission [33]. Taking SNR ¼ 5
as a reference threshold [46] of detection and SNR ¼ 100
as a conservative threshold, we find that population model
popIII results in fewest number of detection. The total
number of detection corresponding to each population
models are summarized in Table II.

B. Constraints on dispersion coefficients with
given α with single source

Using the generated waveforms, we use
LISAanalysistools to simulate LISA’s response to
SMBHB mergers and compute the likelihood L as function
of GW parameters

L ∝ −1=2hd − hjd − hi ¼ −1=2ðhdjdihhjhi − 2hdjhiÞ;
ð11Þ

where d is the measured waveform obtained from the
injected source parameters, while h is the parametric GW
template model. To lower the required memory and increase
the speed of the computation, we adopt the heterodyned
method [47,48]. With the simulated LISA response data,
Bayesian inference can then be applied to constrain the

model parameters. Given the likelihood, we employ the Eryn

[49] package to perform parallel-tempered MCMC sam-
pling. Due to the relatively simple target distribution and
prior knowledge of the parameter ranges, we use 3 temper-
atures and 32 walkers to sample a 12-dimensional parameter
space. The number of steps required for convergence varies
between 2000 and 20000, corresponding to computation
times from approximately 20 minutes to 4 hours per source.
The simulated data d include both the gravitational-wave
signal and random noise realizations. The noise is generated
using the A, E, and T channel sensitivity matrix imple-
mented in the AET1SensitivityMatrix module of
LISAanalysistools.
Next, we will demonstrate the fitting results for a single

source, using the source with the highest SNR as an
example. The parameters of this source are presented in
Table III.
The bounds of the dispersion coefficients are determined

by progressively increasing the absolute value of jAαj in
Eq. (9) and examining the resulting posterior distributions.

TABLE II. Table for characteristics and number of three catalogs: The second column describes the characteristics
of each source catalog, the third column lists the total number of sources across 10 catalogs, each representing
merger events within a 5-year period, the last two columns show the number of sources with a SNR greater than
5 and 100.

Name Characteristics Total number Number of snr > 5 Number of snr > 100

popIII Light MBH seeds with delay 8735 567 123
Q3-d Heavy MBH seeds with delay 409 407 348
Q3-nod Heavy MBH seeds without delay 6122 5917 2022

TABLE III. Table of the parameter values of the source with the
highest SNR: From top to bottom, the parameters are: redshift,
primary star mass, secondary star mass, chirp mass, dimension-
less spin of m1, dimensionless spin of m2, luminosity distance,
ecliptic longitude, ecliptic latitude, inclination of the binary,
polarization angle, and SNR.

Parameters Value

z 0.383
m1=M⊙ 6.36 × 106

m2=M⊙ 3.32 × 106

Mc=M⊙ 3.96 × 106

χ1 0.96
χ2 0.90
dL=m 6.58 × 1025

λ=rad 4.98
β=rad −0.0017
i=rad 0.3927
ψ=rad 1.1779
SNR 44175

FIG. 3. The plot shows the upper limits on the graviton mass
constrained using two different methods: The blue dashed line
represents the reference line where the two values are equal. The
horizontal axis corresponds to the upper limit on the graviton
mass constrained using nondispersive waveforms, i.e., nondis-
persion mass (NDM), and the vertical axis corresponds to the
upper limit on the graviton mass that can be detected, i.e.,
minimum detectable mass (MDM).
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When the 90% credible interval of the posterior excludes
zero, we consider the dispersion coefficient to be nonzero.
We refer the bounds found with this method “the minimum
detectable bounds (MDB).” The MDB method need to loop
with increasing jAαj and apply Bayesian analysis in each
round of loop and therefore is computational expensive.
Another bounds of the dispersion coefficients can be defined
as the bounds corresponds to certain quantiles (we apply
90%) in the posterior distribution of Aα obtained against
waveform with zero dispersion. We refer this bounds as
nondispersion bounds (NDB). In Fig. 3, we show the plot of

the graviton mass constraints for 15 sources from the catalog
using the two methods mentioned above. In the figure, we
found that these two values are very close to each other.
Given that MCMC sampling inherently involves some
uncertainty, using the second value to represent the first
one is a reasonable approach. Therefore, in the following
sections, we adopt the NDB method for all analyses, since it
is equivalent to the MDB method.
As discussed above, when α ¼ 0 and A0 > 1, the

dispersion coefficient A0 corresponds to m2
g. Instead of

directly inferring mg, which is in large degeneracy with the

FIG. 4. Corner figure of the posterior distributions for the parameters of the example source: The parameters are in order: total mass
mT in unit of M⊙, mass ratio q≡m2=m1, dimensionless spin χ1 of the primary BH, dimensionless spin of χ2 of the secondary BH,
luminosity distance dL in unit of Mpc, the reference time tref corresponding to the frequency at which the signal’s energy output is
maximal in unit of s and the square of the graviton mass m2

g in unit of (eV=c2Þ2.
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chirp mass and luminosity distance, we do inference on the
β0 as defined in Eq. (9) and the equation following it, and
convert the posterior of β0 to mg. Moreover, to avoid
boundary effects impacting the posterior distribution of
parameters, we retained the β0 < 0 region in the prior for
β0. This part is discarded only when transforming β0 into
mg at the final stage.
For the other dispersion parameters, similar to the case of

the graviton mass, we fit the parameter ζ and subsequently
convert it into the desired Aα. Unlike the graviton mass,
these dispersion parameters are not restricted in sign,
allowing us to retain all values from the MCMC chains.
Finally, the posterior distributions of the parameters for

the source with the highest SNR are shown in Fig. 4. In this
analysis, the injected graviton mass is set to zero. The
variable β0 has already been transformed into m2

g. The
results of all dispersion parameter constraints, including the
graviton mass, are presented in Table IV.

C. Joint analysis on Aα with multiple events
in a population

The above methods can be applied to all sources in the
three catalogs, and a joint constraining with multiple
sources on Aα can be naturally expected to be better than
that from a single source. After computing the upper limit
on the graviton mass for all sources with SNR greater than
100, we plotted the upper limit of the graviton mass against
the SNR, chirp mass, and luminosity distance, as shown
in Fig. 5.
In the figure, we observe that the SNR and the upper

limit on the graviton mass from individual source exhibit a
strong linear relationship in logarithmic space. The slope is
approximately −0.5, indicating that increasing the SNR by
two orders of magnitude improves the upper limit on the
graviton mass by one order of magnitude.
Similarly, there is a certain degree of linear correlation

between the chirp mass and the upper limit on the graviton
mass in logarithmic space. As shown in Fig. 5, the SNR and
chirp mass also exhibit a linear relationship in logarithmic
space. The slope is approximately −0.4, implying that
achieving an equivalent improvement in the graviton mass
constraint requires a greater increase in the chirp mass.
Regarding the relationship between luminosity distance

and the upper limit on the graviton mass, no significant
correlation is observed in the figure. The detected sources
are primarily distributed at luminosity distances of around
104–105 Mpc, which is consistent with the initial distri-
bution of the three catalogs. Other parameters, similar to

luminosity distance, do not show a significant correlation
with the upper limit on the graviton mass. Their distribu-
tions also do not exhibit noticeable differences from the
initial distributions. Therefore, we do not elaborate further
on these aspects.
Theoretically, the variation Δh̃ in the signal that can be

constrained by the same GW detector remains essentially
constant, and can be simplified as

Δh̃ ¼ Aðt̃Þffiffiffiffiffiffiffiffi
ḟðt̃Þ

q eiΨGRþiδΨðf̃Þ −
Aðt̃Þffiffiffiffiffiffiffiffi
ḟðt̃Þ

q eiΨGR

¼ Aðt̃Þffiffiffiffiffiffiffiffi
ḟðt̃Þ

q eiΨGR · ½eiδΨðf̃Þ − 1�

∼ Aðt̃ÞδΨðf̃Þ. ð12Þ

From Eqs. (6), (7), (8), it follows that

δΨðf̃Þ ∼ dLAα; ð13Þ

where we approximate Dα=ð1þ ZÞ1−α by dL. This result is
independent of the chirp mass M. The GW amplitude is
proportional to

Aðf̃Þ ∝ M5=6

dL
. ð14Þ

Combining the above, we obtain

Δh̃ ∼AαM5=6: ð15Þ

Assuming Δh̃ is approximately constant, the constraint
on Aα is given by

Aα ∼M−5=6; ð16Þ

and, in the special case of α ¼ 0, mg ¼
ffiffiffiffiffiffi
A0

p
∼M−5=12 ≈

M−0.4. This is consistent with the results in Fig. 5, and
likewise explains why the constraint on mg is independent
of the luminosity distance.
For the SNR,

Δh̃ ∼ SNR · δΨðf̃Þ ¼ SNR ·Aα; ð17Þ

we have Aα ∼ SNR−1 and mg ¼
ffiffiffiffiffiffi
A0

p
∝ SNR−0.5, which

are also consistent with the results in Fig. 5.

TABLE IV. The dispersion parameter constraints obtained using the sources listed in Table III.

mgðeV=c2Þ (10−27) A0 (10−53) A0.5 (10−44) A1 (10−35) A1.5 (10−27) A2.5 (10−10) A3 (10−2) A3.5 (107) A4 (1015)

þ − þ − þ − þ − þ − þ − þ − þ −
6.79 4.62 4.76 2.44 2.46 1.30 1.32 8.05 8.27 6.99 7.05 9.94 9.67 9.01 1.76 3.43 3.39
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Based on the above derivation, the distribution of Aα for
different values of α follows the same trend as in the α ¼ 0
case. We also computed the distributions of other Aα

parameters for the sources in the three catalogs. These
distributions exhibit similar trends to that of the graviton
mass mg, and thus we do not elaborate further here.
Since the propagation effects of individual source are

independent, we can obtain the joint probability distribution
of multiple sources by multiplying their posterior proba-
bilities [2]. We plotted the results of the joint constraint on

the graviton mass under different SNR thresholds, as shown
in Fig. 6.
Analysis of the figure reveals that for catalogs such as

popIII and Q3-d, a small number of exceptionally con-
straining sources dominate the results, causing the con-
straints to plateau once these sources are detected; further
decreasing the SNR threshold yields minimal improvement.
Conversely, for more uniformly distributed catalogs like
Q3-nod, the constraints improve steadily and stabilize only
when the SNR threshold approaches 1000. These findings
indicate that the joint constraints on Aα are effectively
saturated with sources having SNR > 1000, and the addi-
tion of lower-SNR sources contributes marginally.
We also note there is fluctuation around this average

trend. It is because although the constraint on mg is
monotonously tighten with more sources included, the
upper limit on its positive value is not unnecessarily less
correspondingly.
Using the same method, we have calculated the 90%-

credible bounds for Aα in eight different cases: α ¼ 0, 0.5,
1, 1.5, 2.5, 3.5, 4, and presented its evolution over time in
Fig. 7. According to the conclusions from the Fig. 6, we
only considered the sources with the SNR larger than 1000.
Similar to the conclusions drawn for the graviton mass,

certain exceptionally well-constrained sources play a deci-
sive role. In general, there will always be a few high-SNR
sources contributing to the final result in each time interval.
Therefore, as time progresses, the constraint results will
always improve, but the degree of improvement depends on
whether exceptionally well-constrained sources are detected.
We compare our results with those from GWTC-3 by

selecting the constraints obtained from 5 and 10 years of
LISA observations and presenting them alongside the
GWTC-3 results in Table V. We find that for LISA, smaller
values of α generally lead to stronger constraints compared
to GWTC-3. However, when α > 2, the constraints become
significantly weaker than those from GWTC-3. This is

FIG. 5. The distributions of the upper limit on the graviton mass
and SNR (upper panel), chirp mass (middle panel), or luminosity
distance (lower panel) for the sources in the three catalogs.

FIG. 6. The upper limit on the graviton mass constrained by
space-based detectors (assuming LISA’s noise) under different
SNR thresholds.

TIAN-YONG CAO and SHU-XU YI PHYS. REV. D 112, 104070 (2025)

104070-8



FIG. 7. The relationship between the upper limit on the graviton mass constrained by LISA and the mission duration: Source catalogs
are taken from K16, which provides 10 independent 5-year SMBHB source lists. To simulate a 2.5-year observation, each catalog is
randomly split into two subsets. For mission durations longer than 5 years, additional catalogs are randomly added to the original list.
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understandable, as seen from Eq. (6), where δΨ is propor-
tional to fα−1 (or ln f when α ¼ 1). Since LISA operates at
lower frequencies, it is naturally more sensitive to smaller
values of α.
In the theories listed in Table I, DSR, ED, and NCG also

allow for the simultaneous existence of α ¼ 0 and α ¼ 3, 4.
Therefore, we have also conducted simulations for these
cases, with the results shown in Fig. 8. In the figure, we can
see that when fitting two α values simultaneously, the final
results do not change significantly. Therefore, regardless of
how many α values a theoretical model predicts, it is
reasonable to sample them separately.

D. Inference of dispersion parameters with unknown α

In the previous section, we constrained the correspond-
ing coefficient Aα using Bayesian inference under the
assumption that α is known. However, in practice, the true
value of α is unknown and is one of the parameters we aim
to determine. Since α takes discrete values, it is not suitable
to treat α as a free parameter in the fitting process.
Therefore, we assume that the α values considered in the
previous section already cover all possible cases, and our
task is to identify the most probable model among these
eight options.
The Bayes evidence is one of the most commonly used

metrics to quantify the support for one model. We can use
the ratio of the evidences of two models, also known as the
Bayes factor, to assess the relative preference between the
two models.
Accordingly, using the source with parameters in Table III

as an example, we simulate the corresponding dispersion-
induced waveform with injected Aα corresponds to its upper
limit from the previous section. Here, we employed the
thermodynamic integration method provided by Eryn to
estimate the evidence. According to the precision require-
ments of thermodynamic integration [50] and considering

computational resources, we used 20 temperatures and 24
walkers to fit the waveform with eight different models and
to compute the Bayes factor for each, as shown in Table VI.
From the table, we can see that fitting with the true value

of α generally yields the highest evidence. However,
compared with neighboring values of α, the Bayes factor
is often less than 1, and in some cases even below 0.1.
Therefore, although this method allows for a preliminary
estimation of α, it still cannot uniquely determine its true
value. In this section, the injected value of Aα corresponds
to the minimum value that can be identified. If a value
larger than this critical threshold were detected, the Bayes
factor would exhibit a clearer distinction.
This implies that the constraint on α for this source is

actually beyond the 0–4 range discussed here. However,
due to the discrete nature of α, we cannot provide a
confidence interval for α in the same way as for the
dispersion coefficient. Machine learning offers an alter-
native approach, as it does not require explicit analytical
relations and can therefore be applied to cases like α that are
discrete. Nevertheless, at present, machine learning results
still require verification by traditional Bayesian methods to
establish their validity, as results obtained solely through
machine learning are not widely accepted. Therefore,
further research is needed to obtain a constraint on α that
is accepted by the broader community.

III. MULTIMESSENGER CONSTRAINTS ON
GW PROPAGATION

In addition to GWs, the accretion flows in SMBHB
systems will also produce electromagnetic emission span-
ning from radio to X-ray bands. Single supermassive black
holes accreting at moderately high rates are thought to
consist of a geometrically thin, optically thick Novikov–
Thorne disk [51], and an optically thin hot corona that emits
a power-law spectrum at higher energies.

TABLE V. Table showing the 90%-credible bounds of LISA’s constraints on mg and Aα for 5 or 10 years of observation in the case of
three different SMBHB catalogs: The table also includes the results from GWTC-3 [22]. Based on the expected observation duration of
LISA and the observation time of GWTC-3, we provide the constraint results for 5 and 10 years of LISA observation. ForAα, the unit is
eV2−α, but due to space limitations, we have not listed this in the table. Additionally, since there is a significant difference in the
magnitude between the GWTC-3 and LISA constraint results, we separately display the order of magnitude for the GWTC-3 results in
the last row.

A0 (10−53) A0.5 (10−44) A1 (10−35) A1.5 (10−27) A2.5 (10−11) A3 (10−3) A3.5 (104) A4 (1012)

mgðeV=c2Þ (10−27) þ − þ − þ − þ − þ − þ − þ − þ −

popIII (5 years) 9.50 9.02 8.98 9.00 8.92 8.12 8.87 9.23 8.59 8.59 9.20 5.07 9.03 9.01 8.93 8.89 9.01
popIII (10 years) 6.39 4.08 5.24 2.35 2.39 1.01 0.98 3.52 3.20 4.56 5.43 2.23 3.26 8.87 8.62 8.40 8.89
Q3-d (5 years) 9.33 8.71 8.14 5.35 4.23 1.09 1.27 3.76 2.61 4.13 5.29 1.59 2.82 8.29 8.39 7.62 7.22
Q3-d (10 years) 5.89 3.47 3.01 2.48 2.05 0.74 0.98 3.08 2.12 3.29 3.69 1.05 2.25 7.80 8.25 7.56 5.20
Q3-nod (5 years) 9.05 8.19 8.40 4.47 4.38 1.38 1.69 4.53 5.51 7.12 6.60 2.94 3.62 8.70 8.95 7.49 7.98
Q3-nod (10 years) 8.88 7.89 7.54 3.55 2.94 0.98 1.05 3.18 3.40 5.28 5.22 1.64 2.48 7.55 8.43 6.70 6.46

GWTC-3 1.27 0.89 1.88 0.19 0.51 0.32 1.16 0.93 3.69 2.95 1.16 2.33 0.66 1.16 0.45 0.74 0.30
(10−23) (10−45) (10−38) (10−32) (10−26) (10−14) (10−8) (10−2) (104)
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However, the radiation from a SMBHB during the
premerger inspiral phase is more complex, primarily
originating from the circumbinary disk [52,53] and the
mini-disks formed within the cavity carved out at the
binary’s center of mass [54]. As a result, we can distinguish
electromagnetic signals from binary black holes based on
their multipeaked spectra, softer UV emission compared to
single black holes, and characteristic quasiperiodic vari-
ability in their light curves [55].
After the black holes merge, a larger central cavity is

formed, leading to a reduction in radiative efficiency. As
gas flows in, a brightening occurs both before and after the
merger. Dong-Páez et al. [56] suggests that the radiation at
this stage can be modeled using a single supermassive
black hole framework, with the luminosity peaking at the
Eddington limit.

L ¼ Ledd ¼
4πGM•mpc

σT
; ð18Þ

where M• is the total mass of the system, mp is the proton
mass, and σT is the Thomson scattering cross section.
We assume that the detection of a brightening, combined

with the spectral and temporal characteristics observed
prior to the merger, is sufficient to identify the event as
originating from a supermassive black hole binary merger.
Dong-Páez et al. [56] provides three conditions for deter-
mining whether detectors in different bands can detect such
burst signals

(i) The flux of radiation emitted during the merger of
black hole is greater than the radiation flux from its
host galaxy;

(ii) The flux of radiation emitted during the merger of
black hole must exceed the sensitivity threshold of
the instrument;

(iii) The flux variation must exceed a factor of 2, or show a
transition from nondetection to detection or vice versa.

FIG. 8. Violin plot of Aα distribution when fitting one or
multiple α values: We plotted the results separately for α ¼ 0, 3,
4, labeled as “separate,” and for cases where α ¼ 0, 3 or α ¼ 0, 4
were fitted simultaneously, labeled as “0 and 3” and “0 and 4,”
respectively. All results correspond to a 5-year observation
period.

TABLE VI. The logarithmic Bayesian factor obtained from full
Bayesian inference using different dispersion relations: Each row
represents the logarithm of the Bayes factor, where the Bayes
factor is calculated by comparing the model with a given
dispersion relation corresponding to the row’s α value against
models with different α values.

αreal

αmodel 0 0.5 1 1.5 2.5 3 3.5 4

0 0.00 −0.08 −0.45 −0.43 −0.69 −0.83 −0.88 −0.90
0.5 −0.01 0.00 −0.02 −0.10 −0.42 −0.50 −0.57 −0.70
1 −0.58 −0.00 0.00 −0.18 −0.72 −0.65 −0.78 −1.27
1.5 −1.17 −0.13 −0.56 0.00 −1.44 −1.60 −2.50 −0.77
2.5 −1.74 −1.15 −1.06 −0.23 0.00 −0.07 −0.22 −0.27
3 −3.40 −2.48 −1.68 −0.64 −0.14 0.00 −0.58 −0.55
3.5 −4.46 −3.28 −2.28 −1.28 −0.49 −0.09 0.00 −0.14
4 −2.53 −2.00 −1.59 −0.85 −0.26 −0.16 −0.07 0.00
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In their simulations, it was found that merger signals in
the UV band are difficult to observe because they are
typically weaker than those of the host galaxy. Transients
are also found to be weaker for radio-observable mergers,
making detections primarily concentrated in the x-ray band.
In fact, there are approximately 4–20% of the sources
expected to have detectable electromagnetic counterparts in
the x-ray band.
In the presence of interstellar medium surrounding the

black hole, we must account for its absorption of x-rays.
The rest-frame attenuated luminosity can be calculated as

LX;abs ¼
Z

νmax

νmin

Lνe−σXðνÞNHdν; ð19Þ

where NH is the hydrogen column density, taken as NH ¼
1022 cm−2 [55]. The term σXðνÞ represents the x-ray cross
sections, calculated using the polynomial fits from
Morrison and McCammon [57]. Assuming a uniform
spectral distribution, we perform the integration and obtain
a photon transmission efficiency of about 83.8%. Thus, the
flux ultimately reaching the Earth is

F ¼ 83.8%L
4πd2L

; ð20Þ

With the above method, we can determine the energy
reaching Earth at the time of the outburst for each source in
the catalog. By the time LISA is operational, the major
x-ray observatories will include the Advanced X-ray
Imaging Satellite (AXIS) [58], the Advanced Telescope
for High-Energy Astrophysics (Athena) [59], and the
enhanced X-ray Timing and Polarimetry (eXTP) [60], with
sensitivity thresholds of 10−17; 3 × 10−17, and 3.3 ×
10−15 ergs−1 cm−2 with integration time of 106 s, respec-
tively. By comparing the computed flux arriving at Earth
with these thresholds, we can determine the number of
sources detectable by each of these three observatories.
In addition to the requirement that the energy reaching

Earth exceeds the detector threshold, the luminosity at the
time of the outburst must also be greater than that of the
host galaxy. Following the simulation by Dong-Páez et al.
[56], we adopt a probability of 30% as the fraction of
systems that satisfy these additional criteria. The final
number of detectable sources for the three x-ray observa-
tories is summarized in Table VII.
After obtaining the catalog of sources that can be

simultaneously detected in both electromagnetic and GWs,
we can estimate their constraints on the speed of GWs. In
Sec. I, we provided the formula for constraining the
GW speed as Eq. (10). However, for the high redshift of
SMBHBs, we have to take its impact into consideration [61]

Δt ¼ ð1þ zÞΔte −
Δc
c

Z
z

0

dz
HðzÞ ð21Þ

where Δte is the difference in their emission times and Δt is
the time difference between the two signals. The total
uncertainty in Δt is composed of the timing uncertainties
of both signals. Based on the simulation in the previous
section, we can obtain the timing accuracy of the GW signal
detected by LISA. For example, Figure 4 shows that it can be
measured with an accuracy of around 0.1 seconds. Next, we
estimate the timing accuracy for the electromagnetic signal.
Dong-Páez et al. [56] suggests that the brightening

occurs within a timescale ∼tvis before and after the merger
[62,63], which corresponds to the time required for the
cavity formed during the merger to be refilled [64]

tvis ¼ 0.1ðM•=106M⊙Þðαvis=0.1Þ−8=5ðhvis=0.1Þ−16=5 yr

ð22Þ

where αvis is the disc viscosity parameter and hvis is the disc
aspect ratio. This timescale can thus serve as an estimate of
the timing precision associated with the electromagnetic
counterpart (see, however, [65], based on other EM
scenarios [66,67]). For the emission times difference
Δte, we estimate its upper limit using the time it takes
for light to travel across the outer radius of the black hole’s
accretion disk, which is approximately 75 times the
Schwarzschild radius.
It is clear that the uncertainty in the GW signal timing is

significantly smaller than the uncertainties in the other two
timing measurements. Therefore, in our calculation of con-
straints on the speed of GWs, we neglect this uncertainty.
Thus, using Eq. (10), we can determine the constraint on

Δc=c for each source. We plot its relationship with the flux
reaching Earth in the upper panel of Fig. 9. We find that the
two quantities exhibit a strong linear correlation in loga-
rithmic space. The three dashed lines in the figure corre-
spond to the sensitivity thresholds of AXIS, Athena, and
eXTP. If the signals predicted by this model can be jointly
detected by these instruments together with LISA, then the
speed deviation Δc=c could be constrained to the level
of 10−13–10−12, 10−13–2 × 10−12, and 2 × 10−12–10−10,
respectively.
We can convert the constraint on Δc=c into a constraint

on the graviton mass using the relationship

TABLE VII. The table presents the number of sources from the
three catalogs that can be detected by the three x-ray observa-
tories, as well as the number of sources that can be jointly
detected with LISA: The number of sources exceeding the
detector threshold at the time of the burst is multiplied by
30% to simulate the number of sources that meet all detection
criteria.

Catalog Total number eXTP Athena AXIS

popIII 8735 1.2 8.7 12.9
Q3-d 409 7.20 73.5 92.1
Q3-nod 6122 2.4 21.9 42.0
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Δc
c

¼ 1

2

m2
gc4

E2
ð23Þ

where E ¼ hf is the graviton’s energy. By taking the
frequency as the GW frequency at the merger peak, we
can transform the velocity difference constraint into a
graviton mass constraint, as shown in the lower panel
of Fig. 9.
In the figure, we observe an inverse relationship between

the energy reaching Earth and the graviton mass constraint
—sources with higher received energy provide stronger
constraints on the graviton mass. Different source catalogs
can constrain the graviton mass to different extents. Among
them, the Q3-d catalog is the best, reaching 10−26 eV=c2,

while the Q3-nod catalog is the worst, with a limit of
only 10−24 eV=c2.

IV. SUMMARY

In work, we applied full Bayesian analysis on simulated
LISA to constrain the dispersive propagation GW effects.
Our conclusion is that LISA’s observation on individual
SMBHB mergers can be used to constrain the graviton mass
mg to the order of 10−26 eV=c2, which is three orders of
magnitude better than the results from LIGO [68]. Our
estimation is in consistent with previous studies, which used
simplified method of Fisher information matrix method [37].
We found that the upper limit of mg from individual source
has a power-law dependence on both its SNR and chirp
mass, with power indices −0.5 and −0.4 respectively. We
also explore for the first time that, when there are two
dispersive terms (Aα1p

α1 þAα2p
α2) in the dispersion rela-

tionship, how well the constraints on each coefficients (see
results in Fig. 8). When we treat the dispersive index α as
another unknown parameter to be inferred (among a series of
discrete values), we found that the Bayesian evidence is not
the best indicator for the true α. Instead, we propose another
statistic Q as a better indicator.
Furthermore, by applying the population models of

SMBHB mergers of K16, we simulate the samples of
sources to be detected by LISA under different observation
campaigns. We study the constraints onmg, as long as other
dispersive coefficients Aα assuming a different dispersion
index α from a sample of sources. The results of upper
limits of Aα are listed in Table VI. We also compare our
results with those using stellar-mass BBH merger GW
events in GWTC-3. It is showed that, in cases where α < 2,
the LISA observation on SMBHB merger population can
results in much better constraints.
By assuming a particular SMBHB EMW radiation model

[56], we calculate the x-ray flux from each sources in K16
population, and determine a sample of sources which can be
jointly detected by LISA and x-ray telescopes. Using this
multimessenger catalog, the relative difference between the
velocity of GW and that of EMW Δc=c can be constrained
to 10−13 (dispersion model-independent).
The constraint on the GW speed is highly dependent on

the sensitivity threshold of x-ray telescopes. As the thresh-
old decreases and the detection capability of x-ray tele-
scopes improves, the constraints derived from detected
sources become more stringent. For the three telescopes,
the expected constraints on Δc=c are in the ranges of
10−13–10−12, 10−13 − 2 × 10−12, and 2 × 10−12–10−10,
respectively. Regarding the graviton mass, stronger signals
provide better constraints. Therefore, lowering the tele-
scope threshold does not significantly improve the final
result. The graviton mass is expected to be constrained in
the range of 10−26–10−24 eV=c2.

FIG. 9. The figure illustrates the relationship between the x-ray
burst intensity at Earth from mergers in the three catalogs and the
source’s capability to constrain the speed of GWs and the
graviton mass: The three dashed lines represent the sensitivity
thresholds of AXIS, Athena, and eXTP, respectively. Sources to
the right of each dashed line are detectable by the corresponding
x-ray telescope.
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