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In a recent work, we considered the propagation of fermions in the background of a scalar Bose-Einstein
(BE) condensate. Using some illustrative Yukawa-type coupling models between the fermions and the
scalar fields, we determined the dispersion relations of the fermions and the scalar modes in various models.
To complement that work, here we consider the corresponding fermion spinors and propagators, which are
required for the calculation of rates of processes involving the fermions, as well as the thermal, and/or
higher order, corrections to such rates. We obtain and present here concise formulas which are useful for
those applications. As an application and for illustrative purposes we consider the scattering rate for a
generic fermion (which we denote by y) with the fermion modes (f) in the BE condensate, using commonly
used models for the fy interactions. Due to the fact that the fermion modes dispersion relations are helicity
dependent, the kinematics have some unique and nonstandard features. For example, at a particular value of
the momentum one of the fermion modes has zero group velocity, which leads to effects of the type of the
Van Hove singularity in the density of states of some condensed matter systems. The results of the
framework presented here, besides their merit in their own right, can be useful in specific contexts and
applications, such as cosmic-ray electron cooling through dark matter-electron scattering, and similar ones

involving neutrino and/or electron propagation in a dark matter background.

DOI: 10.1103/3Imw-djxy

I. INTRODUCTION AND SUMMARY

It is well known that the dispersion relations of neutrinos
that propagate in a medium are modified in important ways
due to the interactions of the neutrinos with the particles in
the background. Besides the effects due to the standard
weak interactions when the neutrinos propagate through
normal matter, many works have considered the effects due
to nonstandard neutrino interactions and/or backgrounds in
a variety of physical contexts. A significant effort along
those lines involve extensions of the standard electroweak
model in which the neutrinos interact with a scalar (¢) and
fermion (f) by a Yukawa-type interaction of the form
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frvLe [1,2]. The effects when the neutrinos propagate in a
medium that contains a background of those particles have
been considered in a variety of physical contexts, including
collective oscillations in supernova [3—5], the hot plasma of
the early universe [6], cosmological observations such as
cosmic microwave background [7], big bang nucleosyn-
thesis data [8,9], and in particular dark matter-neutrino
interactions [10-14].

Motivated by these developments, we have considered in
previous works the calculations of various effects, includ-
ing the damping and decoherence effects, on the neutrino
propagation in such scalar and fermion backgrounds [2]. Of
particular relevance to the present work, in Ref. [15] we
presented a method to determine the effective potential and
dispersion relation of a fermion in the background of the
BE condensate in a general way and not tied to any specific
application. The idea that the dark matter (DM) can be self-
interacting is intriguing, and a DM background of scalar
particles is a candidate for such environments [16—19]. In
that context, our interest is the application to the case of a
neutrino propagating in such backgrounds.

Besides the modification of the dispersion relation, the
interaction also modifies the wave function associated with

Published by the American Physical Society


https://orcid.org/0009-0003-4191-0801
https://orcid.org/0000-0001-7408-7880
https://orcid.org/0009-0000-8725-9880
https://ror.org/0453v4r20
https://ror.org/0453v4r20
https://orcid.org/0000-0003-0038-5548
https://ror.org/01tmp8f25
https://crossmark.crossref.org/dialog/?doi=10.1103/3lmw-djxy&domain=pdf&date_stamp=2026-10-07
https://doi.org/10.1103/3lmw-djxy
https://doi.org/10.1103/3lmw-djxy
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

ECHEVARRIA, NIEVES, ORBE, and SAHU

PHYS. REV. D 114, 075007 (2026)

the propagating mode. The determination of the wave
function is required to calculate in a consistent way the
rates of processes involving the propagating particle. For
example, in the case of fermions, the correct spinor to use is
the solution to the field equation corresponding to the
dispersion relation of the propagating mode [20].

In this work we complement Ref. [15], by considering
the determination of the fermion spinors in the models
considered there. To be specific, here we obtain and present
concise formulas for the spinor projection matrices which
are useful for calculations of process rates involving a
fermion propagating in a BE condensate. As an application
and for illustrative purposes we specifically consider the
rate for the scattering process of a generic fermion (which
we denote by y) with the fermions in the BE condensate.
The results presented here, besides their merit in their own
right and serving as a guide for similar models, can be
useful in specific contexts and applications that involve
neutrino, electron, or nucleon interactions with dark matter
particles [21-24].

For guidance and reference, in Sec. II we borrow
material from Ref. [15] to briefly review the method we
use for treating fermions f propagating in a Bose-Einstein
(BE) condensate, in particular the fermion dispersion
relations in the model (Model-I of that reference) that
we use for the example calculations in the present work. In
Sec. III we determine the spinors that follow from the field
equations, corresponding to the dispersion relations. More
importantly for our purposes here, we determine and
present the corresponding formulas for the spinor projec-
tion matrices, in a convenient form suitable for the type of
calculations we are considering, namely transition rates
involving the fermion modes. In Sec. IV we obtain the
formulas for the corresponding propagators, including
their thermal counterpart. Although the formulas are not
used directly in the present work, they are nevertheless
required in order to determine the proper normalization
factors of the spinors and the projection matrices obtained
in Sec. III.

As example application of the fermion spinors and
projection matrices, in Sec. V we consider the calculation
of rates for processes involving the interaction of a fermion
x with a fermion mode f. For definiteness, we consider in
detail the situation in which y is a heavy fermion, which can
be considered at rest. As simple as this case may seem at
first sight, the analysis and results illustrate several tech-
nicalities that must be dealt with in this type of calculation
involving the f fermions, that are due to the fact that the
dispersion relations of the f modes are not the standard
vacuum dispersion relations but in fact are helicity
dependent, and therefore the kinematics differ from the
case in which the fermions propagate in vacuum. For
example, among other things, a particular consequence is
the fact that there is a kinematical range in which the
group velocity of one of the f modes decreases as the

momentum increases, and in fact vanishes at a particular
point, reminiscent of the Van Hove singularity in con-
densed matter systems [25,26].

We give our conclusions and outlook in Sec. VI, and in
the Appendix we give a compendium of the relevant
formulas for the fermion dispersion relations, spinors,
projection operators, and propagators that are useful for
reference in future works.

II. PRELIMINARIES

For reference, and to state clearly the context of our
work, we present in this section the model we use to treat
the fermions and the BE condensate and summarize the
main results obtained in Ref. [15] that we need in the
present work.

A. Model

We consider the model labeled as “Model-I”” in Ref. [15].
It consists of a complex scalar field ¢, and two chiral
fermions f; and f, with an interaction Lagrangian

Liy = =2 frf1 + H.c. (2.1)

Apart from the interaction term given above, the
Lagrangian has the fermion terms

Ly = if dfs + ifedf. (2.2)
and a standard ¢* Lagrangian
LW = () (8,4) ~ Vo. (23)
with
Vold) = mid'd + (" d) (4 >0).  (24)

There are two conserved charges, labeled as Q, ,, with

O:(fL) = Qi(fr) =1, 0i(¢) =0,
0>(¢) = Or(fr) = 1, O,(fr) =0, (25)
which satisfy
04(@) + 0a(fr) — Qua(fr) = 0. (2.6)

The thermal expectation value of any operator O is given by

TrZO
0) =——, 2.7
(0) == 27)
where Z is the partition function operator
Z = e Pt 0, (2.8)
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The assignments in Eq. (2.6) imply that the chemical
potentials satisfy

py +u — pg =0, (2.9)
where we are denoting by y; and up the chemical potential
of f; and fj, respectively.

The method used in Ref. [15] consists in rewriting the
Lagrangian in terms of the fields ¢, f7 , f%, defined by

¢ — e—i;¢¢z¢/’
fL = e_i”Ltf/L’
fr=eMnifr. (2.10)

As explained in Ref. [15], we can then use the partition
function operator without the chemical potential terms
> 4,04, provided we use the Lagrangian written in
terms of the prime fields ¢, 7 , f. This idea is motivated
by the results of previous works by other authors [27] that
consider the BE condensation of scalar fields. However, we
emphasize that the proof given in Appendix A of Ref. [15]
is a proof at the operator level not involving Lagrangian
dynamics arguments, which uses only the equation of
motion and the commutators of the charges with the field;
it does not assume that it is a free field, and it is applicable
to any field (e.g., a fermion field). Therefore the result holds
for any field, not just a scalar field, whether it is interacting
or not.

For our current purposes the upshot is that the prime
fields are the appropriate ones that describe the modes in
the BE condensate, in particular f% and f’ for the fermion
modes. For practical purposes, the recipe is to substitute the
transformations given in Eq. (2.10) into the Lagrangian to
obtain the Lagrangian in terms of the prime fields. The
interaction term in Eq. (2.1) does not change,

Ly = =A@’ fify +H.c. (2.11)
Regarding the scalar field, the result of substituting ¢ =
ety in L), which we denote by L), is

LW —K—U. (2.12)

where

U=—(d—m)d"d +2y(¢"d 2 (2.13)
and K contains the terms with derivatives of ¢'. We do not
write them explicitly because we will not need them in what
follows, but they are of course important to determine the
properties (e.g., dispersion relations) of the scalar modes,
and are discussed at length in Ref. [15].

Therefore, if the conditions are such that

pyy > my, (2.14)
the minimum of the potential U is not at ¢’ =0, and
therefore ¢’ develops a nonzero expectation value. The
U(1) symmetry corresponding Q, is broken, which is
associated with BE transition. Explicitly,

W)=t 2.15)
2 2

A L (2.16)
Ay

As in Ref. [15], we assume that this condition is
satisfied.

Regarding the fermion fields, as a result of making the
substitution given in Eq. (2.10), together with the symmetry
breaking effect just described, the bilinear fermion terms in
the Lagrangian are

Lo = fLidf1 + fridfk + urfLif T + urfrbfx

— (mfhfy +H.c.), (2.17)
where
L
\/z )
_ A ()"
= , (2.18)
V2\ A
and u*” is the four-vector
w = (1,0). (2.19)

The complete Lagrangian, in terms of the prime fields, is

L=Ly+L"% + 1L

nt’

(2.20)
where L?) is given in Eq. (2.12), while L, is the
interaction term between the fermion and the scalar fields,
which we will not need in what follows. Defining

f=1L+ Ik (2.21)
in momentum space Ly is given by
Lo(k) = f (k) (K = (k) f (k). (2.22)
where
S = mL 4+ m*R — py jiL — pgjiR. (2.23)
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In this model, the two chiral fermions form a Dirac particle,
in which the left and right components have different
dispersion relations.

Despite the similarity with the standard Higgs mecha-
nism, in the type of model we are considering the fermion
mass term is induced by the condensate, which in turn is
induced by the chemical potentials. In particular, if the
chemical potentials are zero, then Eq. (2.14) is not satisfied,
and from Egs. (2.16) and (2.18), ¢y and m remain zero.
Moreover, the chemical potentials also generate the terms
proportional to # in Eq. (2.23), reminiscent of the self-
energy of a fermion in a thermal background (e.g., a
neutrino in a matter background).

B. Dispersion relations

The field equation in momentum space is

(kK-X)f =0. (2.24)

We use systematically the Weyl (chiral) representation of
the gamma matrices,

(0 1> . (0 —6i>
7/0: i_ .
1 0 c 0

. 1 0
S =iyt = ( >

0 i (2.25)

For completeness, we also mention that we use the
convention

1% = +1. (2.26)
Using the Weyl representation of the gamma matrices we
put
=)
fL - ’
n
fr= <£> (2.27)
0
Writing
k= (w,K), (2.28)
the equations to be solved then become
(0+p, +6-K)p—m*s=0,
(0~ pg —6-K)éE—mn=0. (2.29)

In the one-generation case we are considering the phase of
m 1is irrelevant, since it can be absorbed by a field
redefinition, so that we could take m* = m. However,

since in more general cases such field redefinitions cannot
be done independently, we keep m arbitrary.

In general, leaving out the case that up = u; (ie.,
assuming p,, # 0), these equations have nontrivial solutions
only if £ and # are proportional to the same eigenvector of
6 - K; and in any case we can choose the spinors & and 7 to
be such. Therefore, we write the solution in the form (note:
our convention for x, y here are opposite to the one in
Ref. [15])

&= X){s(’?),

n = yys(K), (2.30)

where y (k) is the spinor with definite helicity, defined by

with s = +1. For a given helicity s, the equations for x and
y are

(w+ sk +pg )y —m*x =0,

(w — sk + pg)x —my =0, (2.32)
which imply that @ must satisfy
(0 — sk + pg)(w + sk +p;) — |m|> = 0. (2.33)

Expressing pp and y; in terms of their sum and their
difference,

1
pe =5 (g £ 4L, (2.34)
this equation can be written in the form
(@+p ) = (k=su)? = |m? =0.  (2.35)

For each s, we have two solutions, one with positive @
and another with a negative w. They correspond to the
positive and negative helicity states of the Dirac particle
and its antiparticle, which are associated with the unbroken

Q,. We label the two solutions for each s as w§i>. With this
notation the solutions are

1) o
Cl)g )(K) = Lo, — fy,

(2.36)
where

oo = [(k = su_)* + [m[*]'/2. (2.37)
Denoting the particle and antiparticle dispersion relations

by w, and @,, respectively, they are to be identified
according to
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0, (%) = o7 (®)
= Wos — Uy,
@,(%) =~ (=R)

— w0, + (2.38)

For future reference we record here the formula for the
group velocity,

Dy = P (2.39)

Wog

The dispersion relations were obtained in Ref. [15]. Our
main purpose in the present work is to find the correspond-
ing spinor wave functions and propagator of the fermion
modes, which are required to calculate rates for processes
involving the fermions as well as thermal corrections to the
dispersion relations.

Before entering into the details we would like to mention
the following. As we have mentioned in the discussion of
Eq. (2.10), the chemical potentials do not appear explicitly
in the partition function operator as a result of the field
transformations. However, the chemical potentials enter in
the calculation of any physical quantity through the
dispersion relations, spinors, and propagators. Moreover,
if we denote by n, the momentum distribution functions of
the fermion modes at some temperature 7 = 1/f, and
similarly for the antiparticles,

_ 1
I
1

nG,—————, 2.40
= (2.40)

ng

the chemical potentials are present through w, and @,. In
the case we are considering, we can take y; p to be the
independent chemical potentials, with u, given by
Eq. (2.9). Then Eq. (2.16), together with Eq. (2.40), fixes
the background composition of the system. In particular at
T — 0, some of the distribution functions are filled up to a
certain value xy of the momentum, while others are zero,
depending on the relative value and sign of y; . Which
ones are zero, and what is x for those that are not zero, can
be determined easily from the formulas for the dispersion
relations given in Eq. (2.38). The ones that are not zero
determine the fermion background composition of the zero
temperature system. Therefore, by means of the field
transformation, the effects of the chemical potentials are
taken into account through the dispersion relations we have
discussed above, and the wave functions and propagators
that we consider next.

II1. SPINORS

(+)

A. Spinors for w; ’: The u, spinors

The x, y coefficients corresponding to the a)E.Jr)

dispersion relation must satisfy Eq. (2.32), for o = a)§+).

Remember that we are identifying a)g+)

dispersion relation wy, that is

with the particle

DLsys - m*xs =0,
(3.1)

DRsxs —mys = 0,
where we define
D (K) = ws + sk + up.

= oy + sk —H_,

Digy(K) = @y — sk + pg

= Wy, — K+ p_. (3.2)
Of course, Dy, Dp, satisfy
DLsDRs = |m 27 (33)

by virtue of the dispersion relation a)EH

Xs = Zs\/ DLs7

DRS’

. It follows that

ys = z,0" (3.4)
where z, is an arbitrary normalization factor, and « is the
phase factor of m, that is a« = m/|m]|.

Therefore the complete Dirac spinor corresponding to

a)§+) 1S
VDys
Ug = Zs( " - ))(sv (35)
a DRS
and in particular
m Dy,
wa =) ), (.6)
DRS m*
where
R 1
Py (K) = E(1 + 56 - R) (3.7)

Using the standard convention for the one-particle state
with momentum k5 = (w,,K) and helicity s, which we
denote by |f(k,s)), we have

OLf () f (K. 5)) = ug(k)e=. (3.8)
The corresponding one-particle contribution to the
propagator
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iSpo(x = y) = (0T f(x)F()[0), (3.9)
in momentum space [with k" = (o, E)], is
O R i ar SR T)

The normalization factor z; is determined by the require-
ment that the one-particle contribution to the propagator
given in Eq. (3.10), using Eq. (3.6), coincides with the
exact propagator near the w = w, pole. As we show in
Sec. IV [see Eq. (4.14)], this condition gives

W

zy = (3.11)

Do

We can write an expression for u,ii, in a form that may
be more convenient for some calculations as follows.
Remembering that we are using the Weyl (chiral) repre-
sentation of the gamma matrices, we have

. c 0
177 = ( q>7 (3.12)
0 o
and therefore
1/14+s6-&8 0 1
P, == 1—sy%°% - & 3.13
‘ 2( 0 sg.k> SU=sr7-R). (3.13)
Introducing the vectors
w = (1,0),
nt = (0,%r), (3.14)
we can then write
1 5 1 5
Py =1+ sir’s) =5 (1= srin). (3.15)
On the other hand, we can also write
m DLS
=mR +m*L + D;,y°L + Dg,y°R
DRS m*
=mR + m*L + Dy L + DgiR, (3.16)

and with these we then have

2
Uity = %S (mR + m*L + Dy iL + DghR)(1 — sy jint).
(3.17)

B. Spinors for wﬁ'): The v, spinors

We consider now the spinors corresponding to the a)g_)
dispersion relation. The x, y coefficients satisfy

(a)(_) + sk + ﬂL)yS - m*xs = O’

(@) = sk 4 pg)x, — my, =0, (3.18)
and putting w§_> = —@, [remember Eq. (2.38)],
((I)s — SK _ﬂL)ys +m*x; =0,
(g + sk — pg)xs + my, = 0. (3.19)
Defining
DLS(’?) =5 — SK =},
= wo, — 5K+ 41,
DRS(,?) = W5 + SK — g
= Wy, + K — p_, (3.20)
the equations are written in the form
DLsys - _m*xw
DRsxs = —my; (321)

Notice that, since a)§_> satisfies Eq. (2.33), @, satisfies

(@ = sk = up) (@ + sk —pg) = |m|> =0, (3.22)
which in turn imply
DgsDyps = |m]*. (3.23)

Therefore, the solution to Eq. (3.21) can be written as

(3.24)

where a@ = m/|m| as before. The complete Dirac spinor

corresponding to wg_), which we denote by u7), is there-

fore
- - D 5 -
u” (%) = Z< - );{S(K), (3.25)
-a* DRS
and in particular
- - - - - D s -
ul”) (®) a7 (%) :zg< o )ps(x). (3.26)
Dy, —m*
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The v spinor that appears in the plane wave expansion of
the field is defined as

DLS‘ -
=7 — (=5, (3.27)
( —a*\/ Dg, )
and therefore
- D
v (K)0,(K) = 2 ( _ " L‘i ) Py (—K) (3.28)
Rs —m

(3.29)

Using the standard convention for the one-(anti)particle
state with momentum ks = (@,, ¥) and helicity s, which we
denote by |f(K,s)), we have

OIF(If (K. 5)) = By(K)e~™. (3.30)

The corresponding one-particle contribution to the propa-
gator, in momentum space [with & = (w, )], is

(Sko)1p(k) = v (k) (K)

" 204(w+ @y —i€) | i

(3.31)

The normalization factor Z, is determined by the require-
ment that the one-particle contribution to the propagator
given in Eq. (3.31), using Eq. (3.29), coincides with the
exact propagator near the o = wg_) pole. As we show in
Sec. IV [see Eq. (4.14)], this condition gives

(3.32)

Similar to what we did for the u, i, projection operator, it
is easy to see that in this case the expression corresponding
to Eq. (3.17) is

=2
0,8y =5 (=mR = "L + Dyl + DygiR)(1 + s7° ).

(3.33)

C. Limit pp ; =0 and m* =m
1. uu
In this limit z; = 1, and
2ugity = (m + ap — sxiy®) (1 = sy il
= (m + oy — skiy’) + [—smy> it + sy’ + xi]
=m + ol + kit + sk i+ soy it — smy’ yi

=m+ K+ smy £ — smy>, (3.34)

where

1 1
= —(kut + on*) = — (k, k).

. . (3.35)

On the other hand, the standard expression in vacuum is

2ugiiy, = (K+m)(1 + sy°¢)

=K+ m+smpyt — sykt. (3.36)
Substituting in X7 the relations
¥ = ou* + ki,
o= %(Ku” + on*), (3.37)
and using the identities
u =1, n? = -1, u-n=0, (3.38)
it follows that
K¢ = myi, (3.39)

which proves that Eq. (3.34) coincides with the standard
expression in vacuum.

2. v

We proceed in a similar way for »9. In this limit @ = o,
and therefore

20,85 = (=m + wj + skphy) (1 + sypist)
= —m + i + skiy’ — smy it — soy’ i + kit

= —m +K—smy>t — smy’ i, (3.40)
while the standard expression in vacuum is
szbs - (k/_ m)(l + SYSI/&)
=K—m—smy’t — syKt. (3.41)

Using Eq. (3.39) once more verifies the equivalence.
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IV. PROPAGATOR

The expression or the propagator of the f modes is
required in order to determine the normalization factor of
the spinors. Here we give the details of the formulas that we
have quoted in Sec. III for that purpose. The formulas we
present here are also appropriate for calculating amplitudes
of processes involving the f modes in intermediate states,
including possible thermal effects when required.

Going back to Eqgs. (2.22) and (2.23), the propagator is
the inverse of ¥ — X, or

Sro(k) (4.1)

which we write explicitly in the Weyl representation,

=K+ p L + pupR — mL — m*R,

—m* w+p,+6-K
71 (k) = HLTOEY 42
FO -
W+ pUr—0-K —-m
Using
P, +P_=1,
P,.—P_=0-R&, (4.3)

where P, are the matrices defined in Eq. (3.7), we can write
the propagator in the form

(k) =>_s:P,, (4.4)
where
—m* w ~+ pp + sk
sl — ( He > (4.5)
 + pfp — SK —-m
It then follows immediately that
SFO = ZSSPS7 (46)
where
N
S, =—, 4.7
§ d ( )
with
d,(@) = (@ + puy, + 5K) (@ + g = 55) = |,
m o+ py + Sk
Ny(w) = ( HL ) (4.8)
W+ pg — SK m*

It follows [see Eq. (2.33)] that the dispersion relations are
the solutions to

(4.9)

and indeed
d, = (0— o) (-l (4.10)
Therefore,
N,
5= <+>b(w) S
(0—ws")(0-0ws")
1 N N
= O S(w<)+> - ‘Y(a)()—> SN CHRY
Wy — Wy w — Wy @ — Wy

Following the standard (Feynman) prescription, the poles
of the propagator are to be shifted by replacing1
(+) (+)

w5 — w5 Fie. (4.12)
Equivalently, in terms of the particle and antiparticle
dispersion relations @, and @;,

w; = 0 — i€,
g, — g — ie€. (4.13)

Thus, for w near one of the a)§+)

Sro given in Eq. (4.6) reduces to

poles, the propagator

N,(@!™)
Srol = s P, (4.14)
“m (a)§+> — o) ))(a) —ol" + i€)

The wave function normalization factor z, in Eq. (3.6) is
determined by the condition that this coincides with the
expression for (Sg);, given in Eq. (3.10). Using Egs. (3.2)
and (3.6) we arrive at Eq. (3.11). Similarly, for the v
(=)

spinors, near the w; ° pole,
( )
N,(o
F0|m_>m(7) - (+) _ ( )( ) (=) §
g (wy w5 )(w— w5 —ie)
N —
= (_S)( %) P, (415)
(w5 — o5 ) (@ + @ — i€)

This must be compared with Eq. (3.31). Using Egs. (3.28)
and (4.8) we arrive at Eq. (3.32).

The propagator can be written in covariant form,
analogous to the uit and v? projection operators, which

is more convenient for practical calculations. Firstly,
introducing the off-shell version of D g,

Ep(0.K) = o+ sk + pp.,

Egs(®,K) = @ — sk + pg, (4.16)

"This is required for consistency with the one-particle approxi-
mation term as well.
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we can write

Ny = (mR+ m*L + E; L + EggR).  (4.17)
Notice that
Dy r(K) = Ep g(@,K),
Dy (K) = —Ep g(—@y.K). (4.18)
Thus,
NP
o= zs: (@0 — ol + i€)(w— i) - i€)  @19)

or in terms of the particle and antiparticle dispersion
relations @, and @y,
NPy
Sro = Z(a)—a) +i€;(c;)+&) — ie)
S s s
B Z 1 N,P, N,P,
N —~ 0, + 0 ([0 — o, +ic o+ o, —ie|

(4.20)

with P, and N, given in Egs. (3.15) and (4.17),
respectively.

The thermal propagator can be constructed by the usual
rules. Denoting the propagator of the f fermion given in

Eq. (4.20) by S%) (k), we have, for example,

sifli(a) = s5(@) - (s8(a) =3B @)nra).  @21)

s¥h(a) = =(s5(a) = 380(@) ) Iny(a) - 0(=q - )],
(4.22)

and so on. The factor 74 is the usual one, but the chemical
potentials do not appear in the distribution functions, that is

np(q) = 0(q - u)np(xp) +0(=q - u)np(—xz),  (4.23)
where
1
ne(x) = 1 (4.24)
with
xp=pq-u. (4.25)

Although the chemical potentials do not appear explic-
itly in Eqgs. (4.24) and (4.25), their presence is taken into
account through the dispersion relations, wave functions,
and propagators of the modes. Calculations of rates of
processes, including the fermion modes, would involve the

use of the propagators defined above. Thus, a calculation of
the transition probability for any process involving the
fermion modes would depend on the fermion distribution
functions (e.g., the Pauli blocking factors of the fer-
mion modes).

V. EXAMPLES

As examples that illustrate the applicability of the
formulas we have obtained and their usefulness, we will
consider the calculation of the rates for processes of the

type

fHx—f+x (5.1)
and we will present the results and details specifically for
the case that y is a heavy fermion, in the sense that x < m,,,
and essentially at rest. Due to the fact that the momentum
dependence of the dispersion relations and spinors of the f
fermions are not standard, the kinematics involved in the
calculations of the rates for these processes also differ from
the standard case of a free f. In principle, a complete
calculation of such rates would involve their thermal
averages, taking into account the fermion distribution
functions. In this sense, the calculations we present below
are useful for considering possible application of the results
to situations of phenomenological interest (for example, in
the context of DM physics), and the results can serve as
benchmark guides for further exploration of the type of
model we are considering, in specific realistic settings.

A simple possible type of fy interaction that we can
consider is (a vectorlike interaction)

Ly, =911 (J_CLnyL)()_(L}'”)(L)v (5.2)
which in terms of the primed f field becomes

Ly = gLL(J_NLVMf/L)()?LJ’”)(L), (5.3)
or variations of this; for example,

Ly, = gro(Frruf 1) rr*ae)s (5.4)

and similar ones with (L <> R).

As a side note we mention that although it could be
thought that the simplest interaction we can consider are
scalar-type interactions of the form

Ly, = g1(frfr)(Zrre) + He., (5.5)
this is actually not consistent. This interaction does not
respect the global symmetries of the model we are con-
sidering (Model-I), corresponding to the global charges
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O0\(fL) = O:1(fr) = 1,

Ox(¢) = Ou(fr) =1, (5.6)

0>(fL) =0.
In other words, in terms of the primed fields this interaction
term would become

Ly, = gre™ e (frf1) (Zrae) +He,  (5.7)
which introduces a time-dependent coupling. Therefore we

stick to one of the vector interactions, which are consistent
with the symmetries of Model-1.

For definiteness we consider the g¢;; interaction.
Dropping the prime superscript on f,
L, = gue(frrfr) @ora)- (5.8)

with the understanding that f now stands for the fermion
field of the fermion modes in the BE condensate. We want
to calculate the rates for

flks) +x(p,2) = f(K.s") +x(p', 2),  (5.9)

using obvious labels for the kinematic variables. We write
k* and p* in the form

k= (@, K),

p* = (E,P), (5.10)
and similarly

K = (o, %),

p* = (E.P). (5.11)

The amplitude is

M = g (s (&, 5"y, Lug(%, s)) (@, (P, 2 )y* Lu, (P, 2)).
(5.12)

To calculate the probability, we average over 4 (unpolarized

) sum over A, but keep s and s’ since in the end we have to

multiply by the f distribution functions, which depend on
the helicity of f. Thus,

— 1
M)> =g, (5 (TryﬂLpfypr}) Try”Lply”Lp)’(). (5.13)

For y,
Py, =P+ my, (5.14)
and similarly for p/,. For f,
py=us(K s)iis(K, 5), (5.15)

and similarly for p,, where us(k, s) is the spinor for the
fermions in the BE Model-I. Here we will use the
expression we have obtained for the projection matrices
ipuy, given in Eq. (3.17) and summarized in Appendix,
namely,

2
P =5 (MR +m* L+ Dy giL + Dy R)(1 = 57 ).

(5.16)

The formulas for p; are obtained by replacing K — ¥’ and
s — §' in the corresponding formulas.

A. Evaluation of the traces

For y, following standard procedure,

1
LW = ETry"Lpr” Lp,
= [p'p" + p¥p* = p-p'g” + i Ppapyl.  (5.17)

1. f part

For the f part, we can simplify the calculation by
noticing that

Try, Lpsr, Loy = Try, (LpsR)y, (LpR), (5.18)
and from Eq. (5.16)
z2 z2
LpsR = EDRsLﬂ(l — sjiit)R = EDRSL(ﬂ —sit),  (5.19)
and similarly for p/,,
72
LpiR = ?"D%X,L(ﬂ —s'it'). (5.20)
Therefore,
227
TI']/MLIDf]/DLID} = E?SDRSD/RS/(zFMV)’ (521)

21t is instructive to notice that in the standard case,
LK+ m)(1+spf)R = L(K—smf) = L(w — sx) (s — sit),

which agrees with what we get if we take the y; x — 0 limit (and
m = m") in the following expression for LpsR. In the second
equality we have used k* = wu* + kn# and m¢* = ku* 4 wn*,
and therefore

k= smé* = (0 — sk)u* + (k — sw)n*

= (0 — sc)u" + (sk — w)sn* = (@ — sk)(u" — sn*).
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where

1
Fuo =3 Tr{ Ry, (= i)y, (=) |, (5.22)

which can be evaluated by using the same formulas for the
traces that we have used in the y part. The result then is the

same that we have obtained above for L,,, with the
replacements,
Pu = qu = Uy — Sy,
Py = q=u,—s'n,. (5.23)
Thus,
Fo = 9,9, + 4,9, = 4 4'9u + i€uapa®q”].  (5.24)
with g and ¢’ defined above.
The amplitude squared is then given by
—= 1
M =5 97,2323 Dgy Dy L F - (5.25)

2

with L* and F* given in Egs. (5.17) and (5.24). By
straightforward algebra, it follows that

L"F,, =4(p-q)(p'- ). (5.26)
with
p-q=E+ sP - &,
p-qd=E+sP % (5.27)

B. f+x — f +x with y at rest (heavy y)
We now consider in detail the case that y is initially at
rest, and heavy, i.e., with a mass m, such that
K <KL m,. (5.28)
In a physical setting, y can stand for a nucleon, with the
process taking place with x much less than the nucleon
mass, or some other particle in the medium, but which is
not part of the BE condensate background. Because the f
mode is an excitation of the BE condensate, rather than a
particle that travels from far away and scatters from a target,
the quantity of interest is the process rate, typically denoted
by ve. Denoting by n, the number density of y particles, the
total transition probability per second is given by n,ve. Our
starting point to determine vo is

vdo = |M|?dl,

(5.29)

Wy

where dI is the phase space integral

&P &
(27)32E' (27)*2w!,
(5.30)

dl = 2z)*W(p' + K —p—k)

As can be seen from Eq. (2.38), the dispersion
relations depend on the helicity and have a nonstandard
momentum dependence. A particular consequence is the
fact that there is a region of x in which the dispersion
relation of one of the modes has negative group
velocity. Specifically this occurs for s=+1 if
u_ >0, or s =—1if u_ <0. Considering for definite-
ness the case u_ >0, then w, has negative group
velocity for x <u_, and in fact becomes zero at
k = p_. This is reminiscent of the Van Hove singularity
of the density of states in condensed matter systems
[25,26]. For definiteness, in the remainder of this work
we adopt the convention that

u_>0. (5.31)
The relevant point for us is that
dw,
— =0. 5.32

K=pi_

The opposite convention x_ < 0 can be treated similarly
with corresponding interchange of the s helicity states.
In general, p* is given as in Eq. (5.10), here we consider
the case that y is
(1) initially at rest,

pt = (m)(,a) = p-qg=m,, (5.33)
(2) heavy,
(5.34)

K, (k) <K m,.

Energy-momentum conservation implies that

E'~m,, (5.35)
so that we can set
pq —m, (5.36)
Therefore, in the case we are considering,
L*F,, = 4m;, (5.37)

and whence
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|M|2 - 2m gLLZs QDRSDIRS’ (538)

Regarding the phase-space integral, doing the integral
over P/,

11 s
where
A _’ _)/ 2 |K _'/|2
Therefore,
1 1 «? 1
“ iR, [,y G4
S A dKJ'
where k¥’ must satisfy
o+ E = w; +m,, (5.42)

or explicitly,

K-~
[0 = )2+ )2 (e sy )2 22,
2m,
(5.43)
Defining
x=cost =k-%, (5.44)
we then have
1 «? 1
dl = 5.45
8 E'w, | ¢—xx 4 dor, * ( )
m, di
The expression for ve is then
vdo = |M|%dl, (5.46)
m, Wy

where |M|? is given in Eq. (5.38). Given «, s, and s, then «’
is given by the solution of Eq. (5.43). If there are several
solutions, then there is a rate for each such «’. The rate has a
particular x dependence. In particular, Eq. (5.45) reveals
that if the solution for ' is near the point ¥’ = u_, at which

K —Kx

do'
v/ ﬂ is zero, then the term ~=** must be taken into account,

and the recoil energy of the x in Eq. (5.43) cannot be
dropped when determining «’. But in the rest of the factors
that appear in the expression for vo we can use the large m,
limit and set E' - m, and o/, = w,. We then obtain

1 «? 1
dl = ——~ ——dx, (5.47)
87 mywy | K=xx | 4y
m, dr’
and in |M|? we can put
=z,
Dy, = w; — 5"k + pg,
= wos; — K + p_. (5.48)
Putting it all together in Eq. (5.46),
gLL K Y
vdo = or (CUos sk + p_)(wos — 'K+ p_)
1
X %dx, (549)
K,_J‘i‘ K—=s'p_

m, wéx,
where w(, is given by the expression in Eq. (2.37), with the
replacements «, s — ', s’
We now consider the solutions of Eq. (5.43), separately
one by one.
(1) Case I: Consider s = —. Ignoring the y recoil energy
term in Eq. (5.43), the equation for k¥’ becomes

K = s'u_| = |k + p_|. (5.50)
whose only solution is
K =k+pu_+s'u_. (5.51)
In either case, it follows that
K —su_=x+pu_,
), = W, (5.52)
and therefore
Ko s _xtn (5.53)
o o

This implies that keeping the term (x’ — kx)/m,, in
the denominator of Eq. (5.49), as well as the y recoil
energy in Eq. (5.43) would give insignificant cor-
rections to the solution given in Eq. (5.51). By
straightforward algebra, the following explicit ex-
pressions for ve follow from Eq. (5.49):
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(@)

i (Kt A+ s )?

T8 (k+p oo

_ g%L{ 1 } (k4 2u_)?|m|?
87 \(k+pu)oo- ) | k2{\/(k +u_ )2+ [mP+pu_+«}> (s =-)

Sample plots of vo given in Eq. (5.54) are given
in Fig. 1. For comparison and reference, Fig. 2
shows the plot of wo calculated by setting
pr =0.
Case 2: Consider s = +, s/ = —. Again ignoring the
x recoil energy in Eq. (5.43), the equation for «/
becomes

K =—p_ £ |k—pu_|. (5.55)
Only the solution with the positive sign is possible.
Then a solution exists (the process is possible)
provided

K> 2u_, (5.56)
so that
K =k—2u_>0. (5.57)
Furthermore,
K—s'u. k—p_ _ u_
. = >—, (5.58)
W W04 Wo+

which implies, as in Case 1 above, that keeping the
term (k" — xx)/m,, in the denominator of Eq. (5.49),
as well as the y recoil energy in Eq. (5.43) would
give insignificant corrections to the solution given in

[0 + K+ u_][wo- = s"(x + p_)]

=+ (5.54)

Eq. (5.57). In this case the following explicit form
for vo follows from Eq. (5.49),

2
o I (K=2)
87 (k—p_)wo,
Due to the kinematical restriction x > 2u_, the
apparent singularity at x = p_ actually lies outside
the physical region. Sample plot of ve in this case is
shown in Fig. 3.

(3) Case 3: Consider s = +, s = +. In this case it is

necessary to include the term (k' —kx)/m, in
Eq. (5.49) and take into account the y recoil energy
in Eq. (5.43). To see this, let us pretend that we can
neglect them and proceed as in the previous Case 1
and Case 2 above. Then Eq. (5.43) gives

K=p_ =+ |k—p_|, (5.60)
which can have two solutions for «’. As a comple-
ment to understanding the origin of the two solutions
for /, the dispersion relations are plotted in Fig. 4.
For w, around its minimum value, the equation

w, (k) = w gives two values of . Thus, if k < u_,
both values of ' are allowed,

K,_{ZM——K (+)

K ) (5.61)

40 o — 40 ) T

By, 3B/

30 | Y00av | 30 |- vo0av |

25 - S 25 |- =
vo 20 + — vog 20 -

15

10

5

0

K K

FIG. 1. Plot of vo for s = — and s’ as indicated (Case-1), for FIG. 2. Plot of vo for s =— and s’ as indicated, for
u_ = l,u, = 1.5,|m| = 2. For reference, also plotted is vog,,, u+ = 0,|m| = 2. For reference, also plotted is vo(,,, which is

which is calculated by setting y = 0, and then summing over s’
and averaging over s.

calculated by setting . = 0 as above, and then summing over s’
and averaging over s.
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2.5 :
s=+,8 =— ——

27

1.5 - ]
vo

17 -

0.5 - _

0 \ \ \ \ \

2 2.5 3 3.5 4 4.5 )

FIG. 3. Plot of wo for s=+ and ¢ =-,
u_=l,u, =1.5,|m| =2. As discussed in the text (Case 2),
the process can take place provided x > 2u_.

If u_ < x < 2u_, again both values of ¥’ are allowed,

, 2=k (5)
K = {K )’ (5.62)
If « >2u_,
K =K. (5.63)

92 K.2 2
o= (fiemu P )i
87 |k — p_|wo

which literally exposes the singularity at k = p_.

(b) Case 3b:

K =2u_—«x

Similarly, the result in this case is

G =R

81 k= p_|wg,

again illustrating the singularity at k = p_.

The lesson is that the (k' —kx)/m, term cannot be
neglected, and the y recoil energy in Eq. (5.43) must be
taken into account when solving for x, when « is in the
region k =~ u_. The above formulas for ve in Case 3a and 3b
can be used for x away from the singularity x ~ p_.

C. Discussion

It is encouraging that the final formulas for vo that we
have obtained in the examples considered above, look

FIG. 4. Plot of dispersion relations, for the sample values
pu_ = l,u, = 1.5,|m| = 2. The lower curve, @, has a minimum
at k = u_. Around that point, there can be two values of « for a
given value of w, which is the reason why there are two possible
solutions for x” discussed in Case 3 in the text.

In other words, in summary, the process f, (k) —
f+(K") can occur with
(a) Case 3a:

K =« (allk), (5.64)

Eq. (5.49) can be written in the following
explicit form,

(5.65)
(k <2u_). (5.66)
(K =2u_ —x with x<2u_) (5.67)

compact and simple. However, we should not miss the fact
that altogether they describe some rather peculiar effects.
First of all the kinematics differs from the one in the
standard case (with the vacuum dispersion relations), which
can be traced back to the fact that the dispersion relations
depend on the helicity and have a nonstandard momentum
dependence.

On the opposite side of the case of a heavy y that we
have considered above, is the case of an extremely
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relativistic, or massless y, with the initial f being at rest, in
symbols,
2(P) + f(R=0) = x(P) + f(R),  (5.68)

where the y particle is extremely relativistic, or massless.
Momentum conservation gives the recoil f momentum

K=P-P, (5.69)
and the energy conservation condition requires

P (P =Bl = S+ mf = P + |

(5.70)

We have carried out some preliminary work to calcu-
late the cross section in this case, which also hints to
peculiar and interesting features in its own right.

VI. SUMMARY AND OUTLOOK

In summary, in this work we have considered the
determination of the fermion spinors, the corresponding
projection matrices and propagators, in the models
considered in Ref. [15] for the propagation of fermions
interacting with a BE condensate. We have obtained
concise formulas which are useful for calculations of
process rates involving the fermion modes of the BE
condensate. For convenience and future reference, we
have summarized in Appendix the formulas for the
fermion dispersion relations, spinors, projection oper-
ators, and propagators that are useful for reference in
future works.

As an application we have considered the calculation
of the scattering rate of the fermion mode f of the BE
condensate, with a generic fermion which we denoted by
¥, using commonly used models for the fy interactions.
For definiteness, we considered in detail the case in
which y is a heavy fermion, initially at rest. Even in this
relatively simple situation the analysis and results illus-
trate several peculiarities that must dealt with in this type
of calculation involving the f fermion modes. They are a
consequence of the fact that their dispersion relations are
not the standard vacuum dispersion relations, but
actually are helicity dependent, and therefore the kin-
ematics differ from the case in which the fermions
propagate in vacuum.

In general terms, the results we have presented here,
besides their value in their own right and serving as a guide
for treating similar models, can be useful in specific
contexts and applications, for example involving neutrino,

electron, or nucleon propagation and interactions with dark
matter particles.
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APPENDIX: SUMMARY

For convenience we summarize here the main formulas
for the fermion dispersion relations, spinors, and
propagator.

1. Dispersion relations

particle: w, (K) = [(x — su_)* + |m[2]"/? =y,

antiparticle: @, (§) = [(x — su_)> + [m|*]V*> + uy, (A1)
with
1
pae =5 (Hp £ po)- (A2)
2. Spinors
VD
particle: u (K) = z, ( ke ))(s (k)
at DRs
V Dy
antiparticle : v, (K) = Z L; xs(=K),  (A3)
—a* DRs
where
(6-R)yy(K) =sy,(kK) (helicityspinor),  (A4)
Dy(K) = g + sk + pp,
DRS(’?) = W; — SK + U, (AS)
DLS(K) = Wy — SK—HL,
DRS(’_(:) - &)S + SK — g, (A6)
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o o® |}
@ {¢<x—su_>2+ |m|2} ’

i a® |’
B {\/(K—Sﬂ-)2+|m|2} |

a=—. (A7)
m|
3. Projection matrices
— m DLA‘ -
Uy = Z?(DRS m* >PS(K)’
-m Dy,
T o LC M)
Dg, —m*
where
oo 1 o .
PS(K)EE(l-i-SO'-K‘). (A9)

An alternative form that may be convenient for some
calculations is

2
usﬁs = % (I’I’lR + m*L + DLsﬂL + DRs,wR)(l - s}/sﬂﬂ)7
52
Us@s = % (_mR -m'L+ DL.S‘%L + DRS%R)(I + S)/Sﬂﬂ),
(A10)
where
w = (1, —)),
= (0,%). (A1)

In the limit pp ; = 0 and m* = m these formulas reduce to
the standard vacuum formulas, as it should be,

1
ugity = E(’kf_i_ m)(l + S]/5l,p),

1
VU5 = _('](_ m)(l + sysf)’

: (A12)

where

1 1
M = —(kut + on*) = — (k, k).

Al3
- - (A13)
4. Propagator

Spo = ZSSPS(’?)? (A14)
where,
N,
S, = — —
(0 — w; + i€)(w + @, — i€)
1 N N
= - [ - — ] (A15)
W+ 05 | ©—w;+1€ ©+ Og— L€
m o+ pp + sk
N, = < HL ) (A16)
W+ ug — SK m*

An alternative form analogous to u#z and v? above,
which is more convenient for practical calculations in
particular those involving the thermal propagators, is to use

P, = %(1 — sy, (A17)
and
N, = (mR+ m*L + E L + ExR), (A18)
where E; p are the off-shell version of D; p,
E;(w,K) = o+ sk + pg.
Eps(@0,K) = @ — sk + pg. (A19)
Notice that
Dy g = Ep g(@.K)
Dy g = —Ep g(—@,, K). (A20)
In summary,
NP
Sro = Z (0 — o, + ie)s(as) + @, — i€)
1 N,P NP
D D P R

with P, and N, given in Eqs. (A17) and (A18).
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