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Motivated by the cosmological collider program, which aims to probe high-energy physics through
inflation, we investigate the phase diagram of multiflavor QCD in de Sitter spacetime with a flavor-
universal axial chemical potential induced by a rolling inflaton coupled to fermions. We determine the first-
order critical line and a critical point as functions of the Hubble parameter and the axial chemical potential,
employing an effective description of chiral symmetry breaking within the framework of the Nambu–Jona-
Lasinio model. We find that a first-order chiral phase transition may occur during inflation or at its end
when the axial chemical potential is sufficiently large and crosses the critical line. This serves as a
benchmark cosmological analog of the QCD phase diagram explored in heavy-ion colliders.
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I. INTRODUCTION

The early Universe inflation [1–3] offers a unique and
exciting avenue to high energy physics. Inflation as a
paradigm of primordial cosmology is strongly supported by
cosmic microwave background observations [4,5] and now
we are at the stage to identify the nature of the inflaton
and, in turn, utilize inflation as a probe of new physics
beyond the Standard Model. Indeed, within the cosmo-
logical collider program [6–9], it has been studied how to
explore new particles predicted by high energy theories
using inflationary observables such as primordial non-
Gaussianities [10,11]. Given that the Hubble scale H
during inflation could be as high as 1013 GeV, it is
important to explore what we can learn about high-energy
theories from cosmological observations.
Based on this background, let us take the analogy

between inflation and collider experiments one more step
further. While detection of new particles is a central role of
collider experiments, heavy-ion colliders such as LHC and
RHIC have another important role to unveil phase struc-
tures of quantum chromodynamics (QCD) at finite temper-
ature and finite density. This motivates us to explore a
possibility that inflationary dynamics may encode infor-
mation on phase structures of particle physics models at the
inflation scale in a similar fashion. In fact, the inflationary

universe can be regarded as a thermal bath with the
Hawking temperature TdS ¼ H=2π [12], hence it readily
provides such an arena.
Another remarkable fact is that the inflaton velocity ϕ̇

may play a role of chemical potential [13,14]. For example,
consider an inflationary scenario where the inflaton ϕ is a
CP-odd scalar that naturally accommodates an axial
derivative coupling with a Dirac fermion ψ ,

Lint ¼
∂μϕ

f
ψ̄γμγ5ψ ; ð1Þ

where f is a decay constant. Since inflaton has a nonzero
velocity ϕ̇ during inflation, this coupling leads to an
inflaton-induced effective axial chemical potential,

μ5 ¼
ϕ̇

f
; ð2Þ

for the fermion field ψ . See Refs. [15–24] for cosmological
implications of the inflaton-induced axial chemical poten-
tial such as particle production and phase transitions.
In Ref. [23], the phase diagram of a Bardeen-Cooper-

Schrieffer–like model during inflation was studied identi-
fying the Hubble parameter H and the inflaton velocity ϕ̇
as a temperature and a chemical potential, respectively.
Interestingly, their model accommodates a first-order criti-
cal line. Moreover, H and ϕ̇ time evolve slowly, so that a
first-order phase transition takes place if the critical line is
crossed during inflation, which may leave interesting gravi-
tational wave signals and primordial non-Gaussianities
[23]. This motivates a comprehensive study of inflationary
phase diagrams of particle physics models. Since details of
the inflaton coupling depend on inflationary scenarios,

*Contact author: kohei.fujikura@yukawa.kyoto-u.ac.jp
†Contact author: tnoumi@g.ecc.u-tokyo.ac.jp

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 113, 123543 (2026)

2470-0010=2026=113(12)=123543(10) 123543-1 Published by the American Physical Society

https://orcid.org/0000-0001-5327-9322
https://orcid.org/0000-0003-0628-8554
https://ror.org/0589kgd85
https://ror.org/02kpeqv85
https://ror.org/057zh3y96
https://crossmark.crossref.org/dialog/?doi=10.1103/3ljp-ddfx&domain=pdf&date_stamp=2026-06-23
https://doi.org/10.1103/3ljp-ddfx
https://doi.org/10.1103/3ljp-ddfx
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


such studies may eventually shed light on the nature of the
inflaton as well. As a benchmark model to initiate this
direction, we consider multiflavor QCD with an inflaton-
induced axial chemical potential in the present paper.
The role of axial chemical potential in QCD has been

studied in the literature on flat spacetime. At high temper-
ature, QCD admits the topologically changing process
called a strong sphaleron [25], which induces an effective
axial chemical potential. Having in mind application to
high-temperature fermionic matter with a chiral imbalance,
e.g., produced at RHIC, the phase structure of QCD with an
axial chemical potential has been extensively investigated
on flat spacetime, based on the Nambu–Jona-Lasinio model
[26–30], the Polyakov-Nambu–Jona-Lasinio method [31–
34], the linear sigma model coupled to fermions, the
Polyakov loop [35], the Schwinger-Dyson equation
[36,37], and the first-principle lattice simulation [38,39].
For our purpose, it is desirable to generalize these studies to
the inflationary QCD phase diagram. In this paper, as a first
attempt, we employ the Nambu–Jona-Lasinio (NJL) model
[40,41] as an effective description of chiral symmetry
breaking in multiflavor QCD on inflationary spacetime
(see Ref. [42] for a review of the NJL model and its
application to the ordinary QCD).1

The paper is organized as follows. We discuss the NJL
model in de Sitter space and compute the effective potential
of chiral condensates with a mean-field approximation in
Sec. II. The inflationary QCD phase diagram is revealed in
Sec. III. Section IV is devoted to the conclusion and
discussion.

II. NAMBU–JONA-LASINIO MODEL
IN DE SITTER SPACE

In this section, we explain a setup of our model, and give
an integral representation of the potential of chiral con-
densate using the Nambu–Jona-Lasinio model with a
mean-field approximation.
Our main focus is on the symmetry breaking pattern

SUðNfÞL × SUðNfÞR × Uð1ÞV × Uð1ÞA → SUðNfÞV ×
Uð1ÞV with Nf > 1 being the flavor number of fermions.
We work in the de Sitter spacetime with a Poincaré patch
whose metric is defined by

ds2 ¼ −dη2 þ dx2

η2H2
ðη < 0Þ: ð3Þ

Let us introduce Dirac fermions ψc;f with the color index
c ¼ 1; 2;…; Nc and the flavor index f ¼ 1; 2;…; Nf. In
what follows, we assume that fermions are minimally
coupled to gravity, and there is a flavor universal fermion

coupling with inflaton, which is of the form Eq. (1). We
consider a four-Fermi operator,

LNJL ¼ GS

2

X
A

ððψ̄c;fλ
A
ff0ψc;f0 Þ2 þ ðψ̄c;fλ

A
ff0iγ5ψc;f0 Þ2Þ:

ð4Þ

Here, λA (A ¼ 0; 1;…; Nf − 1) are the generators of
SUðNfÞ, λA¼a (a ¼ 1; 2;…; Nf − 1) with trλAλB ¼ 2δAB

and identity matrix λA¼0 ¼ 1Nf×Nf

ffiffiffiffiffi
2
Nf

q
. The above oper-

ator respects all flavor symmetries. In our setup, we
introduce the following Kobayashi-Maskawa-’t Hooft
(KMT) interaction [44–48],

LKMT ¼ GKMTfdet ½ψ̄cð1 − γ5Þψc� þ c:c:g; ð5Þ

where the determinant is taken over flavor indices. In the
ordinary QCD, the above interaction is generated by
integrating out a topologically number changing pro-
cess such as the instanton [49,50]. This effective operator
breaks the axial symmetry Uð1ÞA down to its discrete
subgroup, Z2Nf

.
We also include flavor dependent fermion masses,

Lmass ¼ −ψ̄c;fMff0ψc;f0 : ð6Þ

Without loss of generality, one can work in the mass
diagonal basis, Mff0 ¼ diagðm1; m2;…; mNf

Þ. The above
mass terms explicitly break the Uð1ÞA; SUðNfÞA and
SUðNfÞV symmetries. When some fermion masses degen-
erate, a subgroup of SUðNfÞV flavor symmetry remains.
We investigate the phase structure of this theory

using the conventional auxiliary field method [51,52].
Treating the inflaton field ϕ as the background field with
a constant velocity, we consider the partition function with
the Lagrangian densities given by (1) and (4)–(6) and a
canonically normalized fermion kinetic term Lkin. Intro-
ducing an Nf × Nf matrix-valued auxiliary field Σff0 ðxÞ,
the fermion path integral can be rewritten as the following
form,

Z ¼
Z

Dψ̄DψDΣ†DΣeiSNJL ; ð7Þ

where SNJL is given by

SNJL ¼
Z

d4x
ffiffiffiffiffiffi
−g

p ðLkin þ Lmass þ LΣ þ LKMTÞ: ð8Þ

In this expression, LNJL is given by

−LΣ ¼ 1

4GS
trðΣΣ†Þ þ ψ̄cðPLΣþ PRΣ†Þψc; ð9Þ

1In the absence of the axial chemical potential, the NJL model
on the curved space background has been extensively inves-
tigated in the literature (see, e.g., Ref. [43] for a review).
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where PLðRÞ ≡ ð1� γ5Þ=2 is the chiral projection operator
to the left- (right)-handed fermion. The kinetic term of
fermion fields is canonically normalized, and the external
sources of fermions are omitted in the above expressions.
The Bunch-Davies boundary condition is taken for the
definition of the path integral.2

In what follows, we perform a mean-field analysis,
ΣðxÞ ≃ Σ. A variation with respect to Σ† gives

Σff0 ¼ −4GShψ̄c;fPRψc;f0 i: ð10Þ

We evaluate the fermion path integral defined by Eq. (7)
around the saddle-point Eq. (10) to obtain the effective
potential Veff ½Σ�≡ −i logZ½Σ�=R d4x

ffiffiffiffiffiffi−gp
where we divide

the spacetime volume. Generically, Σ contains off-diagonal
components because SUðNfÞV symmetry is explicitly
broken by the fermion mass term Eq. (6). We assume that
this explicit breaking is small enough to safely approximate
Σff0 ≃ Σfδff0 with Σf being real. This approximation can
be justified in the large Nc limit [52]. The KMT operator
Eq. (5) is nonlinear with respect to the fermion bilinear, and
Gaussian fluctuations around Eq. (10) are taken into
account. Then the derivative of the effective potential
can be formally expressed as

∂Veff

∂Σf
¼ Σf

2GS
þ ∂Mf0

∂Σf
hψ̄c;f0ψc;f0 i

þ 2ðNf − 1Þ
�
−

1

2GS

�
Nf

GKMT

Y
f00≠f

Σf00 : ð11Þ

Here, the constituent mass Mf should be evaluated at the
saddle-point Eq. (10), which is given by

Mf ¼ mf þ Σf −
�
−

1

2GS

�
Nf−1

2GKMT

Y
f0≠f

Σf0 : ð12Þ

The flavor-diagonal components of the chiral condensate
hψ̄c;fψc;fi is evaluated by the canonical quantization on the
de Sitter space background with an effective axial chemical
potential (see also Appendix A). At one-loop order, it is
explicitly expressed by the following form:

hψ̄c;fψc;fi ¼ −Nc
M̃f

4π2
H3½FþðΛ̃; Δ̃f; μ̃5Þ þ F−ðΛ̃; Δ̃f; μ̃5Þ

þ c:c:�: ð13Þ

In the above expression, F� is defined by

F�ðΛ̃;Δ̃f; μ̃5Þ

¼∓ie∓πμ̃5

Z
Λ̃

0

dzzW∓1=2�iμ̃5;iΔ̃f
ð−2izÞW�1=2∓iμ̃5;−iΔ̃f

ð2izÞ;

ð14Þ
where all dimensionful parameters are normalized by the

Hubble parameter as μ̃5 ≡ μ5=H; Δ̃≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ̃25 þ M̃2

f

q
and

Λ̃ ¼ Λ=H. We regularized the spatial momentum integra-
tion by introducing the three-dimensional sharp cutoff.
Wκ;λðzÞ is the Whittaker function. When minima of the
effective potential are nonzero values of Σf, fermions
obtain masses by spontaneous breaking of the chiral
symmetry.

III. INFLATIONARY QCD PHASE DIAGRAM

We reveal the QCD phase diagram in the inflationary
Universe by solving the gap equation Eq. (11). This
equation is nonlinear with respect to the chiral condensate
and contains the Whittaker function with imaginary param-
eters and imaginary argument, which makes it challenging
to find the potential minima analytically. Therefore, our
analysis mainly relies on the numerical analysis. In the
numerical computation, we set all physical quantities
normalized by the spatial momentum cutoff, Λ. Our results
for the phase diagram are independent of the absolute
scales of the dimensionful quantities, but depend on their
dimensionless ratios.
For illustration, we set the ratios mf=Λ, GSΛ2, and

GKMTΛ5 equal to those in real-world QCD. The qualitative
behavior of the phase diagram in dark QCD and QCD-like
theories motivated by physics beyond the Standard Model
can be studied by an appropriate rescaling of the overall
energy scale. In this sense, the present parameter set is
used for illustrative purposes only. More precisely, we
consider Nc ¼ 3 and Nf ¼ 2þ 1, where there are two
light fermions with degenerate masses, and the relatively
heavy fermion. As we shall see later, the location of the
first-order critical line is sensitive to the mass ml of light
fermions. Therefore, we analyze the cases with a nonzero
light fermion mass ml=Λ ¼ 8.7 × 10−3 and a vanishing
light fermion mass ml ¼ 0 for comparison. The heavy
fermion mass is always taken to be ms=Λ ¼ 0.22. In either
case, it is enough to treat two chiral condensates, Σ ¼
diagðΣl;Σl;ΣsÞ thanks to the SUð2ÞV flavor symmetry.
The NJL model should reproduce physical observables

such as meson decay constants and their masses in the
flat spacetime limit. The matching condition leads to
GS ¼ 3.67=Λ2, GKMT ¼ −9.29=Λ5 in the real world
QCD [42]. We assume that these physical parameters do
not depend on H and μ5 other than the KMT term in de
Sitter spacetime. In other words, effects of the spacetime
curvature and the effective axial chemical potential are
included in the fermion propagator. This should be

2A precise definition of the contour of path integral is
unimportant in the following discussion because we only need
to compute the fermion propagator connecting the two identical
spacetime points.
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regarded as a simplifying working assumption of our first
exploratory analysis, rather than a controlled statement
that meson observables and low-energy constants are
strictly independent of H and μ5. Since H and μ5 can be
comparable to hadronic scales, allowing these quantities to
acquire H and μ5 dependence can modify the phase
boundaries. For the KMT interaction, we consider two
extreme scenarios; (i) GKMT is the same as that of the
flat-spacetime limit, and (ii) GKMT ¼ 0, where the topo-
logical changing process is significantly suppressed by the
spacetime curvature effect. Although we do not concretely
evaluate the instanton solution in the inflationary Universe,
we expect that the actual strength of GKMT takes a value
between them because the presence of a cosmological
horizon may suppress the contribution from instanton
whose radius is longer than H−1.
We numerically evaluate the derivative of the effective

potential for chiral condensates, Σl and Σs given by (11).
For a given parameter set, it is not easy to evaluate the
effective potential on the ðΣl;ΣsÞ plane because one needs
to perform double integrals for spatial momentum and
condensates. Therefore, we implement the line-search
method to search the local minimum. We give explanations
on the numerical implementation in the Appendix B. Using
this algorithm, we confirm that the position of the minimum
of the effective potential in the limit of H → 0 and μ5 → 0
is in agreement with that of the zero temperature in
Ref. [53]. In our analysis, we identify a first-order critical
line as the line where a coexisting phase is found. When the
order parameter is continuous, but its first derivative is
discontinuous, we interpret it as the point of the second-
order phase transition.
Figure 1 shows the first-order critical line and its critical

point on the ðμ5=Λ; H=ΛÞ-plane for ml=Λ ¼ 8.7 × 10−3

with and without the KMT term. One can see from the
figure that chiral condensates are smooth functions with
respect to the change of the Hubble parameter in the
absence of an axial chemical potential. Hence, a smooth
crossover rather than a definite phase transition is observed
in the absence of the inflaton coupling Eq. (1). In contrast to
this result, there can be a first-order phase transition in the
presence of the axial potential when μ5=Λ≳ 0.7. The
location of the critical point is less sensitive to the KMT
term as can be seen from the figure. This implies that the
first-order phase transition is induced by the axial chemical
potential rather than the KMT term in the present setup.
We can now take a closer look at the region around the

critical line. Figure 2 shows dependence of effective
potential and order parameters on the Hubble parameter
around the critical line for a fixed chemical potential
μ5=Λ ¼ 0.871 in the case (i). It is clear from the figure
that two phases coexist at H=Λ ¼ 0.185. A discontinuous
change of the chiral condensate of light fermions is
significant, while the one of the heavy fermion is not so
strong because of the relatively large effect from the explicit

breaking induced by the mass term,ms ≫ ml. One can also
see from these figures that chiral condensates are smaller,
and the chiral symmetry is almost restored when we make
the Hubble parameter larger. This behavior is also reported
in Ref. [23], and suggests that the Hubble parameter is
identified as the ambient temperature in the flat spacetime.
In fact, the shape of the critical line is qualitatively in
agreement with that of the flat spacetime finite-temperature
field theory with an identification, T ¼ H=ð2πÞ, where T is
the ambient temperature. This similarity comes from the
fact that the Bunch-Davies boundary condition, which is
obtained by an analytic continuation from the Euclidean
sphere, is taken for the computation of the fermion
condensate.
We now discuss the application to the case with

generic QCD whose chiral symmetry breaking pattern
is SUðNfÞL × SUðNfÞR ×Uð1ÞV ×Uð1ÞA → SUðNfÞV ×
Uð1ÞV . Although our benchmark point is motivated by the
real world QCD, our analysis can be straightforwardly
extended to the generic QCD with arbitraryNc and Nf with
a simple rescaling of three-dimensional sharp cutoff, and
change of strength of couplings. In reality, precise values of
four-Fermi coupling, KMT coupling, and fermion masses
are highly model dependent. Since a numerical scan for
various parameters in the NJL model is cumbersome, we
only report the important behavior of the phase diagram in
the following.
We numerically confirm that the location of the critical

point is quite sensitive to the mass term of the fermion.
This behavior can be understood by the following simple
consideration. In the massless limit, SUðNfÞL × SUðNfÞR
symmetry persists, while Uð1ÞA is explicitly broken down

FIG. 1. Inflationary QCD phase diagram is shown on
ðμ5=Λ; H=ΛÞ-plane, where H; μ5 and Λ are the Hubble param-
eter, the inflaton induced axial chemical potential, and three
dimensional sharp cutoff, respectively. The black solid curve and
the blue dashed curve are first-order critical lines, while large
points represent critical points for each case with nonvanishing
light fermion masses. The solid orange curve [the case (i)] and
purple curve [the case (ii)] represent the first-order critical line,
and dotted curves correspond to the second-order critical curves
for vanishing light fermion masses.
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to Z2Nf
by the KMT term. Therefore, there exists the phase

transition associated with the spontaneous symmetry break-
ing of them in a strict sense so that the (second-order or
first-order) critical line continues to μ5 ¼ 0. We confirm
this statement by numerical scan in the (two-flavor)
massless limit ml ¼ 0. See Fig. 1. The location of the
critical point moves toward a larger μ5, and eventually it
disappears when we make the fermion mass heavier.
Therefore, it is very important to include a fermion mass
term to analyze the phase diagram.
So far, we have assumed flavor-universal couplings of

fermions to the axion. However, in reality, the axion can
have flavor-dependent couplings to the fermions, which
induce flavor-dependent axial chemical potentials in our
setup, μ5;fψ̄fγ

μγ5ψf. This coupling further breaks the
flavor symmetry UðNfÞL ×UðNfÞR down to its subgroup,
ðUð1ÞLÞNf × ðUð1ÞRÞNf . When the KMT term is irrelevant,
the analysis is reduced toNf independent fermions because
there is no flavor-mixing effect. Hence, a first-order critical
line may remain in a flavor sector that couples strongly to
the axion. The case with the KMT interaction is highly
nontrivial because of the flavor-mixing effect. We expect
that a first-order critical line may remain in the limit μ5;f ≫
mf for all flavors, because the behavior of the phase
transition is qualitatively the same as in our study. When
there exists a flavor sector with μ5;f ≲mf in the presence of
the KMT interaction, numerical calculations are necessary
to reveal the phase structure.

IV. CONCLUSION AND DISCUSSION

We have investigated the inflationary QCD phase dia-
gram utilizing the Nambu–Jona-Lasinio model in the
inflationary universe with the effective axial chemical
potential induced by the rolling inflaton. The phase dia-
gram is shown in Fig. 1. For sufficiently small fermion
masses and a large effective axial chemical potential, there

is a first-order critical line on the ðμ5; HÞ-plane in a mean-
field analysis.
Although we used the effective description of the NJL

model and a mean-field analysis, it is difficult to justify them
in the framework of effective theory. Furthermore, even if we
make these assumptions, our result still depends on the
regularization scheme of fermion condensates. In fact, there
are a lot of discussions on the regularization scheme
dependence of the phase diagram with an axial chemical
potential in the flat spacetime [26,27,34]. Therefore, an
analysis based on the first-principles approach such as lattice
simulations may be required.
A concrete analysis of observable signatures is beyond the

scope of the present work, and we leave it for future study.
Still, some comments are in order. First, a large non-Gaussian
signature may be induced around the critical point because a
soft mode can be excited. A quantitative estimate requires us
to determine the dispersion relation of the auxiliary fields Σf

in the condensed phase on the de Sitter space background.
Second, it is interesting to concretely derive the gravitational
wave signals from first-order phase transitions by specifying
the inflation models leading to the coupling Eq. (1) in QCD
or QCD-like theories. Finally, we have neglected the back-
reaction effect of particle production triggered by the rolling
inflaton. For instance, there can be a coupling of the axion to
theUð1Þ gauge field as well as the non-Abelian gauge fields
in thegeneric setup. It is known that a helicalmagnetic field is
produced in axion inflation models [54]. When fermions
carry additional gauge quantum numbers, we should cer-
tainly include this effect in the phase-diagram analysis.
Related cosmological signatures in inflationary models
coupled to strongly interacting sectors have been discussed
in Refs. [55–59].
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APPENDIX A: QUANTIZATION OF FERMIONS
IN THE INFLATIONARY UNIVERSE

In this appendix, quantization of a fermion field is
studied on a four-dimensional de Sitter space background
including the axial chemical potential induced by the
inflaton. The metric of the de Sitter space is defined by

ds2 ¼ a2ðηÞð−dη2 þ dx2Þ; aðηÞ ¼ −
1

Hη
ðη < 0Þ;

ðA1Þ
where x ¼ ðx1; x2; x3Þ denotes the three-dimensional spa-
tial vector and H is the Hubble parameter. η is the
conformal time.
In the mean-field and Gaussian approximations, the

fermion condensate is expressed by

hψ̄ðη; xÞψðη; xÞi ¼
Z

Dψ̄Dψ ψ̄ðη; xÞψðη; xÞeiSF ; ðA2Þ

SF ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
−ψ̄iγaeμa∇μψ − ψ̄Mψ þ ∂μϕ

f
eμaψ̄γaγ5ψ

�
:

ðA3Þ
Here, eμa (a ¼ 0, 1, 2, 3) is the vierbein defined by

gμν ¼ eaμebνηab; η ¼ diagð−1;þ1;þ1;þ1Þ; ðA4Þ

eμae
μ
b ¼ ηab; eaμeνa ¼ gμν: ðA5Þ

The covariant derivative for a Dirac fermion is defined
by [60]

∇μ ¼ ∂μ þ
i
2
ðωμÞabΣab; ðA6Þ

Σab ¼ i
4
½γa; γb�: ðA7Þ

Here, ½A;B� ¼ AB − BA is the standard commutator.
Gamma matrices can be expressed by

γa ≡
�

0 σa

σ̄a 0

�
; γ5 ¼ −iγ0γ1γ2γ3 ¼

�
1 0

0 −1

�
;

ðA8Þ
σaαα̇ ¼ ð−12×2; σiÞ; σ̄aα̇α ¼ ð−12×2;−σiÞ; ðA9Þ

where α; α̇ ¼ 1, 2 denote the SLð2;CÞ indices.
The Bunch-Davies boundary condition is taken in the

definition of the above path integral, where only the positive
frequency mode with respect to the conformal time contrib-
utes in the remote past. Since the action is quadratic func-
tional for fermion fields, one can precisely perform the path
integral. We explicitly compute the hψ̄ðη; xÞψðη; xÞi in the
following.
The spin connection ωab ¼ −ωba is determined by the

following relation:

dea ¼ eb ∧ ωab: ðA10Þ
In the coordinate system Eq. (A1), one obtains

ðωμÞ½0i� ¼ −
a0

a2
ðeμÞi ¼ −

a0

a
δμi; ði ¼ 1; 2; 3Þ: ðA11Þ

½ij� represents the antisymmetric components of indices
i and j. Other components are zero. Using the relations,

i
2
γaðeaÞμðωμÞcdΣcd ¼ 3

2

a0

a2
γ0; ðA12Þ

=∂ ¼ γaðeaÞμ∂μ ¼
1

a
γaδμað∂μÞ; ðA13Þ

the Dirac operator can be expressed as

γaeμa∇μ ¼
1

a
γaδμað∂μÞ þ

3

2
Hγ0: ðA14Þ

The inflaton is assumed to be homogeneous and has a
nonvanishing velocity, ∂ηϕ ≠ 0. We introduce the axial
chemical potential in the local Lorentz frame defined by
μ5 ¼ ð∂ηϕÞeη0=f ¼ ð∂ηϕÞ=ðaðηÞfÞ. The η dependence of μ5
is neglected in the following discussion, assuming that the
second slow-roll approximation on the inflaton sector
is valid.
We expand the fermion field as follows.

ψ ¼ a−3=2
�
χα

ξα̇

�
;

χα ¼
Z

d3k
ð2πÞ3 ½hαsa

s
kusðk; ηÞeik·x þ hαsðb†Þskv�sðk; ηÞe−ik·x�;

ðA15Þ

ξα̇ ¼
Z

d3k
ð2πÞ3 ½ðh

�Þαsaskvsðk; ηÞeik·x

þ ðh�Þαsðb†Þsku�sðk; ηÞe−ik·x�: ðA16Þ
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In these expressions, χα and ξα̇ are left- and right-
handed Weyl spinors, respectively. The index s is the
two-component helicity, and hαs is the 2 × 2 unitary matrix
satisfying the following condition,

ðσ · kÞh ¼ sjkjh; s ¼ �1: ðA17Þ

ask; ða†Þsk and bsk; ðb†Þsk are creation (annihilation) operators
of particle and antiparticle, respectively. They satisfy
standard canonical anticommutation relations,

fas1k1 ; ða†Þ
s2
k2
g ¼ fbs1k1 ; ðb†Þ

s2
k2
g ¼ ð2πÞ3δs1s2δðk1 − k2Þ:

ðA18Þ

Other anticommutations are zero. A vacuum condition is
taken to be askjBDi ¼ bskjBDi ¼ 0.
The mode functions usðk; ηÞ and vsðk; ηÞ are solutions

of −iDuðk; ηÞ ¼ Mvðk; ηÞ and −iD̄vðk; ηÞ ¼ Muðk; ηÞ,
where operators D and D̄ are given by

D ¼ 1

a
σa∂a − iμ5σ0; ðA19Þ

D̄ ¼ 1

a
σ̄a∂a þ iμ5σ̄0: ðA20Þ

Hence usðk; ηÞ and vsðk; ηÞ satisfy D̄Dus ¼ −M2us and
DD̄vs ¼ −M2vs, namely,

1

a2
u00s ðk; ηÞ −

H
a
u0sðk; ηÞ

þ
��

is
H
a
kþ

�
k
a
þ sμ5

�
2
�
þM2

�
usðk; ηÞ ¼ 0;

ðA21Þ

1

a2
v00s ðk; ηÞ −

H
a
v0sðk; ηÞ

þ
��

−is
H
a
kþ

�
k
a
þ sμ5

�
2
�
þM2

�
vsðk; ηÞ ¼ 0:

ðA22Þ

Introducing a dimensionless variable z ¼ −2kη, these
differential equations can be rewritten into the following
form,

u00s ðzÞþ
1

z
u0sðzÞþ

�
s
i
2z

þ
�
−
1

2
− s

μ̃5
z

�
2

þ M̃2

z2

�
usðzÞ ¼ 0;

ðA23Þ

v00s ðzÞþ
1

z
v0sðzÞþ

�
−s

i
2z

þ
�
−
1

2
− s

μ̃5
z

�
2

þ M̃2

z2

�
vsðzÞ ¼ 0:

ðA24Þ

Here, we have introduced dimensionless variables

μ̃5 ¼ μ5=H, M̃ ¼ M=H and κ̃ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M̃2 þ μ̃25

q
. There are

two solutions of the above differential equations. The
mode functions that behave as the positive (negative) plane
waves in the remote past z → ∞ are given by

uþ ¼ M̃ffiffiffi
z

p e−πμ̃5=2W−1
2
þiμ̃5;iκ̃ð−izÞ; ðA25Þ

u− ¼ iffiffiffi
z

p eþπμ̃5=2W1
2
−iμ̃5;iκ̃ð−izÞ; ðA26Þ

vþ ¼ iffiffiffi
z

p e−πμ̃5=2W1
2
þiμ̃5;iκ̃ð−izÞ; ðA27Þ

v− ¼ M̃ffiffiffi
z

p eπμ̃5=2W−1
2
−iμ̃5;iκ̃ð−izÞ: ðA28Þ

Overall normalizations are fixed by the canonical anti-
commutation relation of a fermion field. From these
expressions, one can compute hBDjψ̄ψ jBDi under the
Bunch-Davies vacuum condition.

APPENDIX B: DETAILS OF NUMERICAL
COMPUTATIONS

In this appendix, we explain a numerical algorithm for
searching potential minima. The potential minima should
satisfy the condition ∂Veff=∂Σf ¼ 0, where ∂Veff=∂Σf

(f ¼ 1, 2) is defined by a set of Eqs. (11), (13), and
(14). A main bottleneck in the numerical computation is to
evaluate the Whittaker function Wκ;μðzÞ with complex
parameters κ; μ∈C and argument z∈C. The Whittaker
function has a branch point at z ¼ 0 and an essential
singular point at z ¼ ∞. In what follows, we only consider
the regions jarg zj < π and jzj < ∞.
The Whittaker function can be expressed by

Wκ;μðzÞ ¼ e−z=2z1=2þμU

�
1

2
þ μ − κ; 1þ 2μ; z

�
; ðB1Þ

where Uðau; bu; zÞ is the Tricomi (confluent hypergeomet-
ric) function. Uðau; bu; zÞ can be further expressed by a
linear combination of the generalized hypergeometric
(Kummer’s) function 1F1ðaF; bF; zÞ as

Uðau;bu; zÞ ¼
Γð1−buÞ

Γð1þau −buÞ 1
F1ðau;bu;zÞ

þΓðbu− 1Þ
ΓðauÞ

z1−bu1F1ðau−buþ 1;2−bu;zÞ;

ðB2Þ

where ΓðaΓÞ is the gamma function defined by
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ΓðaΓÞ ¼
Z

∞

0

dt taΓ−1e−t: ðB3Þ

The 1F1ðaF; bF; zÞ admits the following series representa-
tion,

1F1ðaF; bF; zÞ ¼
X∞
n¼0

ðaFÞnzn
ðbFÞnn!

; ðjarg zj < π; jzj < ∞Þ:

ðB4Þ

In the above expression, ðxÞn ¼ xðxþ 1Þ � � � ðxþ n − 1Þ is
the Pochhammer symbol. The Whittaker function is evalu-
ated by the above series expansion rather than a solution of
a differential equation.
In finite-precision arithmetic, a certain truncation of the

series expansion is required. We evaluate 1F1ðaF; bF; zÞ
approximately by

1F1ðaF; bF; z; NtÞ ¼
XNt

n¼0

ðaFÞnzn
ðbFÞnn!

; ðNt > 1Þ: ðB5Þ

We choose Nt so that the error of the above expression is
smaller than the desired accuracy ϵ,

j1F1ðaF; bF; z; Nt þ 1Þ − 1F1ðaF; bF; z; NtÞj < ϵ: ðB6Þ

We use ϵ ¼ 10−14, which is sufficient for our purpose.
Although the series expansion Eq. (B5) converges for finite
a; b; z∈C, it suffers from the round-off error for jzj ≫ 1.3

For this, we perform arbitrary precision arithmetic to
evaluate 1F1ðaF; bF; z; NtÞ in this region. A fast compu-
tation of ΓðaΓÞ defined by Eq. (B3) is also required to
evaluate the Whittaker function. This can be achieved using
the standard Lanczos approximation. The integral over the
momentum of Eq. (14) is performed by the Gauss-
Legendre quadrature. Then we can compute ∂Veff=∂Σf

on a standard laptop computer.
However, the calculation of the effective potential

VeffðΣfÞ is still demanding because integration with respect
to Σf is required. Therefore we perform the line-search
method described below, which only requires local infor-
mation of the effective potential.

(i) Randomly generate the initial configuration, ΣfðoldÞ.

(ii) Update the field configuration by

Σf0ðnewÞ ¼Σf0ðoldÞ−
∂Veff

∂Σf0

����
Σf¼ΣfðoldÞ

�����∂
2Veff

∂Σ2
f0

����
�−1

Σf¼ΣfðoldÞ

:

ðB7Þ
(iii) Back to step (ii) with the replacement, ΣfðoldÞ →

ΣfðnewÞ until
P

f jΣfðnewÞ − ΣfðoldÞj < ε is satisfied,
where ε is the desired precision.

In our numerical computation ε ¼ 10−3 is used.
A manipulation of step (ii) is motivated by the following

consideration. We would like to optimize VeffðΣf þ λfÞ
where λf is the variational vector that optimizes Veff . Using
VeffðΣf þ λfÞ≃VeffðΣfÞþ λf0∂Σf0Veff þ λ2f0 ð∂2Σf0

VeffÞ=2 by

neglecting the flavor mixing effect and higher-order terms
with the assumption ∂

2
Σf
Veff > 0, one can approximately

find the optimized vector as the solution of the following
problem:

d
dλf

VeffðΣf þ λfÞ ¼ 0: ðB8Þ

The solution is therefore given by λf ¼ −∂Σf
Veff=ð∂2Σf

VeffÞ.
In the actual calculation, ∂

2
Σf
Veff < 0 is occasionally

realized. In this case, a numerical instability arises, which
can be avoided by the replacement of ∂2Σf

Veff → j∂2Σf
Veff j

such that λf always ensures the decrease direction of the
target function Veff . It turns out that this numerical
algorithm is very efficient. In particular, one finds the
local minima within ten iterations in most of the parameter
region.
Only the exception is the region around the critical point,

where the first-order critical line terminates. This is simply
because the correlation length ξ (which is roughly given

by
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð∂2Σf

VeffÞ−1
q

under the mean-field approximation)

diverges close to the critical point. Hence, the convergence
of the above algorithm becomes worse and worse as we
approach the critical point. Nevertheless, we can success-
fully find the local minima by using a neighboring solution
as the initial guess.
Although the line-search problem is quite powerful in

searching for local minima of the target function, one
cannot find the global minimum. To clarify the global
minimum, we perform line integration with respect to Σf

along the contour that connects different local minima. Line
integration is performed by the fourth-order Runge-Kutta
method. Figures 1 and 2 are generated using the algorithm
explained in this appendix.

3The flat spacetime limit corresponds to jμj; jzj → ∞ where a
significant round-off error arises. In the opposite limit where all
mass scales are smaller than the Hubble parameter, convergence
of series expansion is good.
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