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Universality of colored scalars from the stringy Kawai-Lewellen-Tye kernel
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A new perspective on the inverse string theory Kawai-Lewellen-Tye (KLT) kernel is provided which
establishes the universality of scattering amplitudes in the biadjoint scalar theory, pions in the nonlinear
sigma model (NLSM), and mixed amplitudes (NLSM+¢?) recently studied in the literature. We show that
all these amplitudes can be viewed as equivalent, arising from a single function, the inverse string theory
KLT kernel, evaluated at different kinematic points. In this way cubic colored scalars and pions become
interchangeable through a procedure we call the ' shift. The latter complements the § shift proposed by
Arkani-Hamed et al., and demonstrates an inherent equivalence of scattering amplitudes in different
quantum field theories by embedding them in a common stringy framework.
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I. INTRODUCTION

String-inspired techniques play an important role in
discovering new properties of scattering amplitudes for point
particles. In particular, a great deal of progress was made
recently in understanding close relationships between ampli-
tudes of biadjoint scalars (BAS), pions in the nonlinear sigma
model (NLSM) and gluons in Yang-Mills theory from the
kinematic surface picture [ 1-4]. At the heart of their unity lies
a kinematic deformation, the ¢ shift, which parametrizes a
family of world-sheet integrals yielding the desired ampli-
tudes in various limits [5,6]. The connection is particularly
immediate for scalars as field theory amplitudes for pions can
be directly extracted from those of cubic scalars in the BAS
theory, even at loop level [7,8].

Another well-studied connection between BAS and
NLSM amplitudes is via their stringy extensions into
(non-)Abelian Z functions [9-12]. There, relations between
cubic scalars and pions, as well as mixed amplitudes
involving both (NLSM + BAS) are established via a
procedure known as (semi-)Abelianization.

All the aforementioned amplitudes share another string-
derived property: the duality between color and kinematics.
As a consequence, amplitudes of cubic scalars, pions and
gluons, among others, can be used as input in a procedure
known as the double copy to generate permutationally
invariant amplitudes for gravity, the special Galileon and
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more [13]. A central object in this context is the string
theory Kawai-Lewellen-Tye (KLT) kernel [14] Sy[o|p]
which was first discovered by observing the double-copy
structure of closed and open string amplitudes [15],

Mclosed — Z Aopen [6] Sa/ [0|p]A0pen [p]

opES, 3

In this paper we set out to connect the world of the & shift
and that of the (semi-)Abelianization procedures estab-
lished in the context of (non-)Abelian Z theory, showing
that their combinatorics are firmly related.

This will be accomplished by studying the simplest
known stringy extension of BAS amplitudes provided by
the matrix inverse m® = S;l of the string theory KLT
kernel [16,17]. Consequently, we will establish that the
KLT kernel encodes not only the scattering of cubic scalars
¢ but also pions z and mixed ¢ — z amplitudes in the
NLSM + BAS theory.

To extract this information we will first study their
connection by analogy to Z theory using (semi-)
Abelianization to obtain stringy functions related to the
scattering of pions. A simple general structure observed in
these functions then naturally suggests the construction of a
stringy variant of the & shift, which we call the « shift. We
will argue that the o shift establishes a fundamental
equivalence between cubic scalars and pions which may
be most succinctly summarized as

BAS, = NLSM,, = (NLSM + BAS),, = KLT;/.

That is to say, all amplitudes for scalars and pions can be
obtained from the same function, the inverse string theory
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KLT kernel,
kinematics.

evaluated on appropriately o -shifted

II. THE INVERSE STRING THEORY KLT KERNEL

In [16,17] Mizera initiated the study of the matrix inverse
of the KLT kernel m® = ;,1 and showed that its matrix
elements m® [6|p] are simple kinematic functions. Explicit
examples for these matrix elements include the three-point
function m¢ [1]1] = 1 as well as

e [111) = L ?HIH=<

+ cyc.) +1,
13 113014

1 1 1
Sia \f13 Iy

at four and five points. We denote by 1 the identity
permutation of n labels and introduce the «'-dependent
planar Mandelstam variables

, 1
m¢'[1]1243] = o 11]13245) =

= tan (z7a'X;;). s;; = sin (za'X ), (2)
which are stringy versions of the field theory X variables
X;;=(pi+---+ pj-1)* From (1) we see that diagonal
matrix elements m? [1|1] depend only on ¢, ; whereas off-
diagonal elements m% [1|p], p # 1 generically involve tij
and s;;.

Taking the infinite tension limit & — 0 of m? yields
partial amplitudes of the BAS) theory,

mi{[olp] = (wa’)*™" (m,[o|p] + O()). (3)

A crucial feature of the stringy matrix elements m? is the
presence of an infinite tower of odd-point interactions [16]
[cf. the five-point contact term in (1)]. In fact, diagonal
matrix elements m? [1]1] can be computed as sums over all
Feynman diagrams constructed from the given odd-point
vertices and propagators ti‘j'. For instance, at six points, the
diagonal matrix element is schematically given by the
diagrams

N | /

)

NN

(P>~
(4)

In the limit ' — 0 only the cubic topologies contribute
to the field theory BAS amplitude m¢[1]1] by (3), while the
topology involving the five-point vertex is subleading.
Nevertheless, subleading-o’ corrections in the inverse string

m¢'[11]

~/
N
T/

/

theory KLT kernel m? will be essential to connect to pions
and mixed amplitudes.

Given the diagram topologies for m,[1|1], off-diagonal
matrix elements mZ[1|p] then correspond to subsets of
those diagrams which are planar with respect to both
orderings 1 and p, analogous to off-diagonal BAS ampli-
tudes [18]. In addition, certain stringy propagators ti‘j1 are

replaced by sl-‘jl for the off-diagonal matrix elements.

III. PIONS VIA ABELIANIZATION

Let us now define an Abelianized function as a sum over
one of the orderings of the inverse KLT kernel,

Al =5 3 mflolip). (5)

p(2...n)

Here we adopt the nomenclature of the Z-theory literature
[9-12], where so-called non-Abelian and Abelian Z func-
tions are related by Abelianizing certain non-Abelian
generators 1 > 1 in the corresponding color-dressed
amplitudes, leading to a relation analogous to (5).

A simple example of (5) is provided by the Abelianized
four-point function,

Here we introduce the half-angle variables

= tan <2 aX; ) (7)

which are the natural kinematic variables for Abelianized
functions, as we will see. They are related to the variables
t;j,s;; of the inverse KLT kernel via trigonometric half-
angle identities

1 1 1 1 1
Ll oLl
tij sij

Expanding the four-point function (6) in powers of & we
obtain AY = —%€ (X3 + Xy4) + O(a) at leading order
which is the four-pion NLSM amplitude.

This holds true more generally. For even multiplicity
n = 2k the low-energy limit of the Abelianized functions
(5) is given by NLSM pion amplitudes,

wd
AG, = - ASEM 4 O(a”). 9)
An analogous statement to (9) also holds for the leading-
o contribution to Abelian Z functions [12]. However, the
Abelianized functions Ag}C provide a stringy completion of
pion amplitudes that is distinct from Abelian Z theory at
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higher orders in ¢. In particular, Z functions are defined in
terms of disk integrals for which analytic results in o are
hard to obtain when n > 5.

On the other hand, the Abelian functions (5) turn out to
be simple rational functions of the stringy variables z;;. For
n = 2k even, their structure is closely related to that of field
theory pion amplitudes in the NLSM. Considering pion
amplitudes AN-SM(X;) directly as functions of invariants
X;; the general functional form of the Abelianized function
(5) is schematically given by

A%, (z;;) = APM(z;;) + higher order inz;;.  (10)

That is, the leading O(z;;) contribution to the stringy pion
functions (10) can be obtained by taking the field theory
amplitude AY-M(X;) and replacing X;; + 7;;. For exam-
ple, the four-point function (6) can easily be seen as a
realization of the general structure (10) where higher-order
corrections in 7;; are absent.

More broadly, the stringy pion functions (10) exhibit
various properties familiar from their field theory analogs
in the NLSM. For one, they consistently factorize as
functions of z;; on poles corresponding to odd-particle
channels,

Res A%,(¢) = Af (7,)A (z5). (1)
Todd=

whereas there are no poles for even-particle channels at
Teven = 0. Moreover, they obey the Adler zero [19],

lim A%, =0, (12)
pi—0

retaining a highly characteristic feature of pion amplitudes
at finite &. We should stress that even though properties
(11) and (12) appear highly reminiscent of amplitudes, the
Abelianized functions Agfk, and by extension the inverse
KLT kernel m?, should not be thought of as true string
amplitudes. In particular, their periodicity implies that there
is an infinite spectrum of resonances corresponding to
states of positive and negative mass squared m’> = 0,
+2 .44, ..., all of which correspond to scalars as sug-
gested by (11). We therefore prefer to think of the inverse
KLT kernel m? and the Abelianized functions Ag}( mainly
as useful combinatorial objects with stringlike properties
which reduce to the respective particle amplitudes in the
limit & — 0.

A. Diagram-level Abelianization: Six-point example

We would now like to understand in more detail how
pions arise from the Abelianization of the inverse
KLT kernel. Since the matrix elements m® are obtained
from Feynman diagrams we want to study how the
Abelianization (5) acts on individual diagram topologies.

To illustrate, we consider an example at n = 6 provided by
the first diagram in (4). Its contribution to a matrix element
mZ[1]1p] on the right-hand side of (5) is given by

AN I RV .
1 )6 z13(p)x14(p) 715 (p)

Here x;;(p) equals t;; or s;; depending on p. As indicated
before, a given diagram may not be planar with respect to
the ordering p, in which case 6(p) = 0 and the diagram
does not contribute to m?[1|1p]. Otherwise, 0(p) is an
overall sign depending on the specifics of p. In this case, we
get a nonvanishing contribution to the matrix element
m& [1]1p] from (13).

Abelianizing the diagram amounts to summing (13) over
permutations p(2...n) as in (5). Although we naively
expect 5! contributions, only a small number are not
disappearing due to 6(p) # 0. Carrying out the sum we
find a simple factorized form

1 1 1 1 1 1 1
53 09= () Gt G o)
p(2...6) 13 13 14 14 15 15

_ 713715 . (14)
Ti4

which can be expressed, like (6), purely in terms of stringy
variables 7;; by using (8).

Proceeding to Abelianize all remaining diagrams in (4)
we find a 7;; form analogous to (14) for each and combine
them into the Abelianized six-point function

/ 1 1
A = E(Tl3 + 724) (46 + 715) 13 = 3 TiaTsss + cye.

(15)

Ti4

Here we recognize the Abelianized diagram (14) as
contributing to the first term. This shows that the
Abelianization is a sensible operation locally for each
diagram, not just at the level of the full matrix element
as in (5). Indeed, each term in (15) uniquely corresponds to
a diagram in the diagonal inverse KLT kernel m¢ [1]1] (4).

In (15) we also easily recognize the general structure of
(10) once we compare it to the field theory NLSM
amplitude [20],

1 (X3 + Xo4) (Xae + Xi5)
AgLSM = 5 X14 - X13 + CcycC. (16)

Replacing X;; > 7;; in the above function exactly matches
the leading O(z;;) contribution in (15). The higher-order
contributions ~7373575 + cyc. in (15) then arise purely
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from Abelianizing the “snowflake” topology correspond-
ing to the second to last diagram in (4).

B. Diagram-level Abelianization: n points

Let us now study the Abelianization of a general n-point
diagram topology. We will label the topology by a list of its
factorization channels x = {x;;}. It will be useful to split
the kinematic invariants {x;;} into two subsets Xy, and
Xodq corresponding to even- or odd-particle multiplicity
channels such that x = Xy, U X,qq- The Abelianization of
the diagram x according to (5) is then given by a sum over
terms of the form (cf. (13) where xeyen = {x14} and

Xodd = {X13: X15})

(17)

where x;;(p) and 6(p) are defined as before. We then
observe that the result of Abelianizing (17) always takes the
simple form

(o) TG o) = e 09

Notably, while each term in (17) only involves variables
tij, 5;j» their sum always arranges itself into a function
purely of z;; by virtue of the trigonometric identities (8).
The factorized form (18) can be proven from the inter-
section number [17] interpretation of inverse KLT matrix
elements m? . However, a detailed discussion of the proof
goes beyond the scope of this paper.

In (18) we see that the Abelianization of any diagram
topology follows a simple pattern. Kinematic variables
Xeyen corresponding to even-particle channels are moved to
the numerator, while odd-particle channels x,4q remain in
the denominator.

Thus, starting from any diagram topology for the
diagonal inverse KLT kernel m&[1|1] (given entirely in
terms of #;;) we can immediately obtain its Abelianization
by the formal replacement

1 1 1
= —Teven> =
Z even Z odd Todd

(19)

This suggests that the combinatorics of Abelianization can
be mapped to simple operations directly acting on the
kinematic variables.

Indeed, we can apply the replacement (19) to the
diagonal matrix element m [1|1] as a whole and directly
extract the full Abelianized function (5). Thus, the diagonal
matrix element by itself contains all the information
required to describe pion scattering. To make this

connection more concrete, we will now show that the
formal replacement (19) can be implemented via a simple
kinematic deformation, the o’ shift.

IV. PIONS VIA « SHIFT

We have seen that Abelianization naturally distinguishes
even- and odd-particle multiplicity channels x.,., and
Xoqa as exemplified by the structure of (18) and the
replacement rules (19). The latter can be realized through
a direct manipulation of the stringy kinematic variables (2).
Recalling the basic trigonometric identity

1
——— = —tan(x), (20)
tan (x %)
the replacement (19) can be implemented in a two-step
process. For n = 2k even, we consider the diagonal inverse
KLT matrix element m$, [1/1]. First, we rescale

ad a2, (21)

which effectively takes 7;; = ;; for any ij. Then we shift
the kinematic X variables according to

A

Xeven = Xeven + l/alv Xodd = Xoddv (22)
which, via the relation (20), affects the replacement (19).
We will refer to (22) and the corresponding rescaling of o
(21) as the o shift. Considering now the diagonal inverse
KLT kernel m$[1|1] and the Abelianized functions A$;
directly as functions of X;; and o' we have

AZ (X)) = myP[1[1)(Ry)). (23)

This can be read as a statement of the equivalence between
cubic scalars and pions. Indeed, (23) asserts that scalars and
pions, including a suitable stringy extension, both arise
from the same function m$[1|1] evaluated on different
kinematics and values of ¢ as in (21) and (22).

We emphasize that (23) is a true equivalence as the o
shift (22) is invertible. That is, we can start with the
Abelianized function A%, rescale o — 2/ and shift
Xeven P> Xeven £ 1/(2), Xoqq > Xoqq to arrive back at
the original form of the inverse KLT kernel m¢ [1]1].

The o shift (22) for the kinematic X variables formally
closely resembles the ¢ shift proposed in [7,8]. For field
theory amplitudes in the tr¢p® theory, the & shift takes
X0 = Xpo + 0, X, = X,, — 6 which allows to directly
extract pion amplitudes by expanding the shifted scalar tr¢p®
amplitudes m,,(5) at § = oo. In this context X ,,, X, refer to
kinematic variables X;; whose labels ij are both even (ee)
or both odd (0o0), corresponding exactly to the even-
multiplicity channels X.,., also shifted by the o' shift (22).
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However, we should emphasize that while the o shift
bears a formal resemblance to the ¢ shift, the two are
essentially different in the way in which they connect
scalars and pions. The ¢ shift identifies pions as a particular
pole at infinity of the shifted tr¢® field theory amplitude.
The structure of the inverse KLT kernel suggests that this
infinity can be consistently compactified and parametrized
by 1/d. This is central to obtaining pions, and, as we will
show, mixed ¢ — = amplitudes in a reversible fashion from
a finite “rotation” of the kinematics X — X + 1/a’ applied
to the inverse KLT kernel.

We should also clarify that the inverse KLT kernel and
the §-shifted tr¢p® amplitude are not immediately related.
For instance, setting § = 1/« in the latter we find

m,(8=1/d) # my. (24)

In particular, the inverse KLT kernel m¢ provides an
arguably more stringy completion of the tr¢p*> (or BAS)
theory, e.g., by virtue of its monodromy properties [cf. (33)]
and infinite resonance spectrum.

Finally, let us remark on a peculiar feature of the o shift
(22). Because the diagonal inverse KLT matrix element is
purely a function of tangents 7;;, the trigonometric identity
(20) ensures that the sign in the shift X,,/.. > Xop/ce =
1/& can be arbitrarily chosen, leaving the result (23)
unchanged. This property is not shared by the § shift, where
the relative signs of the shift for different kinematic
variables matter. However, the sign ambiguity of the o
shift will be useful when we want to construct mixed
amplitudes that involve both cubic scalars and pions.

V. MIXED AMPLITUDES

We now turn to discuss mixed amplitudes of cubic
scalars ¢ and pions 7z in a theory commonly referred to as
NLSM + ¢°. These amplitudes were first discovered by
studying soft limits of pion amplitudes [21] and more
recently appeared in factorizations of pion amplitudes near
so-called “hidden” zeros [6]. Furthermore, various classes
of mixed field theory amplitudes can be obtained from an
appropriate § shift of the tr¢p? theory [8]. A simple example
is the five-point mixed amplitude involving three adjacent
scalars ¢ and two pions 7,

X3+ Xoy Xy + X555
X4 Xos

Ms(prndg) = +1, (25

which appears in the soft limit and hidden factorizations of
the six-point pion amplitude (16).

Returning to the stringy inverse KLT kernel, we will define
stringy mixed functions via a procedure called semi-
Abelianization in analogy to semi-Abelianized Z functions

[11]. For us, a general n-point mixed function Mo will
involve n cubic scalars with labels {1} U ¢ = {1¢,...¢, , }

and n, = n—n, pions labeled 7 = {z;...7, } such that
¢ U = {2...n}.Itis defined via semi-Abelianization of the
inverse stringy KLT kernel,

M (psepp, o) = > m[1[15). - (26)
p

where the sumis over p = ¢ LW {m,, } W --- W {m,_} and LUl
is the shuffle product [11]. Generically the orderings p C
p(2...n) summed over in the semi-Abelianization are a
subset of those in the full Abelianization (5). For the special
case ¢ = {} the sums in (26) and (5) agree. At low energies,
the semi-Abelianized functions yield the corresponding field

theory mixed amplitudes M,’ (1¢...7...),
Zr/»“j _ (fm/)kMZ“’ + O(o/kﬂ), (27)

where the leading power in o’ is k = 3 — n if n, is even and
k=4 —ny if n, is odd.

In the following, we will show that certain mixed
functions (26) can alternatively be obtained, like the pure
pion functions (23), from various « shifts of the diagonal
inverse KLT matrix element m¢ [1|1]. Since the space of all
mixed functions is vast, we cannot be comprehensive and
instead give illustrative examples. Throughout we will
only study mixed functions involving an even number of
pions n, as they correspond to stringy extensions of the
NLSM + ¢* amplitudes discussed originally in [21].

To arrive at suitable o shifts for our subsequent
discussion of mixed functions, we follow the prescription
of [8] for the & shift regarding which X variables need to be
shifted to obtain a given mixed amplitude. For our purposes
we then replace § — +1/d’ where we are free to choose
signs thanks to (20). In addition, we always apply a
rescaling o + /2 as in the case of (21).

A. Three scalars
The first set of stringy mixed functions we study are
those with n = 2k + 1 odd involving three adjacent scalars

M;;(‘il (¢pr...mwpg). These can be obtained by applying the
known shift (22) for pions to the odd-point inverse KLT
kernel, i.e., in analogy to (23) we now have

a o /2 &
Mngrl(Xij) = mZk/Jrl[H]]](Xij)- (28)

To give an explicit example, we apply the shift (22) to the
five-point diagonal matrix element in (1) and obtain

a3 — T3 T T T4 T3
3 =

+ 1 + T13735. (29)
Ti4 725

At leading order in « this can be seen to yield the known
mixed amplitude (25). More generally, at 2k + 1 points the
mixed functions (28) agree with the stringy functions
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obtained via semi-Abelianization (26) for ¢p = {2k,2k+ 1}
and 7 = {2...2k — 1}.

As our next example we discuss the nine-point func-
tion M§ (¢panpanpar). In [8] it was shown that this
particular mixed amplitude cannot be obtained from a &
shift as there is no consistent choice of signs X;; + 6 for
the X variables involved. However, since the o shift is
agnostic about these signs due to (20), we can compute
this amplitude from the diagonal matrix element m¢ [1]1]
in the stringy setting. We rescale o — /2 and shift
X = {X5 + cyc., X1, Xa9. X537, X26. X509, X33 }. Here the
set notation {X;; } indicates that we shift the listed variables
according to X; =X £1/ a and leave all other X
variables unchanged. Under this shift we obtain

Mg (¢pnndangnn)(X,) = mg *[1[1)(X;).  (30)

which yields the correct field theory amplitude in the limit
@ — 0 and agrees with the semi-Abelianized function (26)
setting ¢ = {4,7} and 7 = {2,3,5,6,8,9}.

More generally we find that up to nine-point stringy
functions with three scalars can be equivalently obtained
from an o shift or semi-Abelianization.

B. Four and more scalars

While the o-shift prescription and the semi-
Abelianization (26) agree for stringy functions with exactly
three scalars, the story is subtler once we study stringy
functions with four or more scalars.

To illustrate this we consider the particular example

of Mg’/((/)qﬁqﬁdmn). From [8] we gather that a suitable
shift for this mixed function is taking 5(,»] +1/a with
X = {X\s. X126, X36. X46 }. Applying the shift to the inverse
KLT kernel we obtain M¢ . (X;;) = mg//z[ﬂ 11](X;)).
Alternatively we can compute the semi-Abelianized func-
tion MY 5, Via (26) where ¢ = {2,3,4} and 7 = {5,6}.

Now at the leading order O(1/a’) the functions M .
and Mgf Abel Agree (up to normalization) and yield the
expected field theory mixed amplitude [11],

1
mng,shift = JM6(¢¢¢¢””)- (31)

limM?,, . =—1i
o OAbel T 0

o =

At finite o both functions can be expressed entirely in
terms of the stringy variables z;;. Comparing them directly
we find

J 1 /
Mg.Abel(Tij) = EMg.shift(Tij) + O(Tij)’ (32)

i.e., the stringy function M¢ .. obtained via o' shift is
missing certain higher-order corrections relative to M .,

which, however, have no bearing on the low-energy
limit (31).
This mismatch between mixed stringy functions MZ' Abel

and M? . obtained from semi-Abelianization and the o'

shift persists more generally. However, we have verified for
mixed functions up to ten points with six scalars ¢ that both
approaches yield the same mixed amplitudes at leading
order in o'.

VI. DISCUSSION AND FUTURE DIRECTIONS

The interchangeability of pions and cubic scalars
through the o shift (22) of the inverse string theory
KLT kernel m? opens up a number of avenues for further
study.

Let us start by highlighting the monodromy properties
[16] of the stringy inverse KLT kernel. The matrix elements
m? satisfy monodromy relations

n—1
mZ (V1] + ) emi 2. klk+1..a]1] =0, (33)
k=2

with phases given by x, = zd2p; - (pa + -+ + py).

An immediate implication of (33) for the Abelianized
functions A% is that they also satisfy monodromy, as they
correspond to linear combinations of inverse KLT matrix
elements (5). Consequently, both stringy scalars and pions
exhibit certain “hidden” zeros [6,22,23] as well as the larger
class of monodromy zeros [24]. The inverse KLT kernel
and Abelianized pion functions described here provide
simple, rational functions suitable for explicitly studying
these zeros. For instance, it would be interesting to see if
there is a factorization behavior of these functions near the
monodromy zeros similar to the one observed for the
hidden zeros [6,25].

A further possible connection is to positive geometries.
The field theory limit of the stringy KLT kernel corre-
sponds to amplitudes in the BAS theory, which are
described by the Arkani-Hamed-Bai-He-Yun associahe-
dron [26]. It is tempting to ask whether their geometry
can be generalized to the o’-complete inverse string theory
KLT kernel mjf, and, via the o shift presented here, to
pions and mixed amplitudes. The recent discovery of such
structures for special classes of mixed field theory ampli-
tudes [27] suggests an affirmative answer.

Another direction is to explore soft/KLT/zeros bootstrap
methods [28-36] in this context, incorporating the o
dependence in the kinematical constraints.

Furthermore, ongoing work by the authors suggests that
the close connection between the inverse string theory KLT
kernel and pions also extends to loop integrands.

Finally, a stringy extension of the special Galileon theory
can be constructed by further Abelianizing the stringy pion
functions A‘,f,
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MZ:sGal = Z AZ’[lp]. (34)
(2..n)

By analogy to (5) one might ask if this connection
implies the existence of an o shift relating amplitudes in
ordered and permutationally invariant theories.

To summarize, the inverse KLT kernel m? and
the stringy pions AY exhibit many properties that
have received great attention in the recent literature
[1-3,5-8,22,23,25-27,37-40], all while being simple
rational functions of stringy kinematic variables.
Therefore, they promise to provide a valuable testing
ground to probe for novel features of amplitudes that
go beyond those discussed above. This in turn could

meaningfully inform the study of other string-related
amplitudes, for instance those involving gluons or gravity.
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