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There exist two consistent theories of massless, self-interacting gravitons, which differ by their local
symmetries: general relativity and Weyl transverse gravity. We show that these two theories are also the
only two metric descriptions of gravity in four spacetime dimensions which obey the equivalence principle
for test gravitational physics. We further analyze how the weaker formulations of the equivalence principle
are realized in Weyl transverse gravity (and its generalizations). The analysis sheds light on the behavior of
matter fields in this theory.
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I. INTRODUCTION

The equivalence principle (EP) historically played an
important role in guiding the development of general
relativity (GR) [1]. It essentially states that suitably defined
“test physics” is not affected by the presence of a back-
ground gravitational field [2–4]. In this context, test physics
refers to localized physical processes whose effect on the
background gravitational field is negligible. There exists a
hierarchy of different formulations of the EP, depending on
which processes one chooses as admissible test physics.
For instance, the weak EP concerns only geodesic motion
of test particles with negligible self-gravity. The most
restrictive version known as the strong EP extends to
arbitrary testphysics includinggravitationalphenomena, such
as the propagation of gravitational waves (provided that their
backreaction on the background spacetime can be neglected).

The classification of the various formulations of the EP we
adopt followsRef. [2]. Ingeneral,we can separate theEPs into
twogroups.Theonesconcerningnongravitational testphysics
constrain the interaction between matter and fixed gravita-
tional background, essentially determining the kinematics of
gravity [3,4]. The EPs which extend to gravitational test
physics then also impose constraints on gravitational dynam-
ics compatible with them [5].
Nowadays, the interest in the EP lies in the experimental

and observational studies of its validity [6–8] and in studies
of its validity in quantum physics [9–12]. Moreover, the
various candidate theories of gravity can be classified
according to which formulations of the EP they are
compatible with [2,5]. In particular, the only theory known
to obey the strong EP is GR.
Herein, we show that the strong EP is compatible with at

least one other gravitational theory in four dimensions,
namely, with Weyl transverse gravity (WTG) [13–25]. This
theory has the same classical solutions as GR.1 However, its*Contact author: ana.alonso.serrano@aei.mpg.de
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1Note here that explicitly WTG solutions are equivalent to the
whole set of GR theories, one for each value of the cosmological
constant, because in this theory the cosmological constant
emerged as a constant of motion which can take different values,
while in GR the cosmological constant is fixed upon choosing its
value in the action.
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equations of motion are traceless, and the theory has
different local symmetries. Rather than being invariant
under arbitrary diffeomorphisms (diff-invariant), it is
instead invariant under the subgroup of spacetime volume
preserving diffeomorphisms and under Weyl transforma-
tions (WTdiff-invariant). Both theories, thus, have
DðDþ 1Þ=2 local symmetries, with D being the space-
time dimension. WTG first emerged from the construction
of a theory of massless, self-interacting gravitons
[15,18,20,21,23]. There exist precisely two such theories
that do not involve any gauge fixing, and their only
propagating degrees of freedom are those of the graviton.
These theories differ by the choice of the symmetry group,
with diff invariance leading to GR and WTdiff invariance
to WTG.
WTG passes all the experimental and observational tests

up to date (having the same classical solutions as GR),
provides a consistent theory for self-interacting gravitons,
and offers a robust solution for one of the problems related
to the value of the cosmological constant [13,19,21].
Hence, it represents a viable and relevant alternative to
GR. By showing that WTG satisfies the strong EP, we offer
a further argument for singling it out as a competitor of GR.
In addition, WTG is actually favored over GR by

approaches that derive the gravitational dynamics from
thermodynamic considerations [26] (for a broader context
on such thermodynamic derivations, see, e.g., [27–29]).
Since one of the key assumptions of any local thermody-
namic derivation is the validity of the strong EP [30],
checking that this assumption is consistent with WTG
provides an additional motivation for this work.
Aside from studying the strong EP, we also discuss

various weaker formulations of the EP and show how they
are incorporated in WTG. Furthermore, we study their
validity even in more general theories of gravity with
WTdiff symmetry.
The paper is organized as follows. In Sec. II, we review

the basics of WTG and of more general WTdiff-invariant
theories. Section III discusses the EPs restricted to non-
gravitational test physics. We then consider the EPs for
gravitational test physics in Sec. IV. Finally, Sec. V
summarizes our findings and discusses possible future
development.
We work in an arbitrary spacetime dimension D (unless

specified otherwise) with a metric signature ð−;þ;…;þÞ.
We set c ¼ kB ¼ G ¼ ℏ ¼ 1. Lowercase Greek letters are
used for abstract spacetime indices. Other conventions
follow [31].

II. WTG AND ITS GENERALIZATIONS

Herein, we recall the main features of WTG and of
WTdiff-invariant theories of gravity, in general. For a
detailed review, we refer the readers to [23].
First of all, to construct any WTdiff-invariant theory of

gravity, one needs to introduce a nondynamical volume

D-form, ω ¼ ωðxÞdx0 ∧ dx1 ∧ � � � ∧ dxD−1, where ω is a
strictly positive scalar density [19,21]. The definition of the
spacetime then includes, aside from the usual manifold V
and the metric gμν, also the conformal structure given by the
volume D-form ω, i.e., ðV; gμν;ωÞ.
To simplify the notation, we define an auxiliary, WTdiff-

invariant metric constructed from the dynamical metric gμν
and the background volume measure ω:

g̃μν ¼ ð ffiffiffiffiffiffi
−g

p
=ωÞ−2=Dgμν; ð1Þ

where g denotes the metric determinant. Both
ffiffiffiffiffiffi−gp

and ω
are scalar densities of weight þ1, ensuring that g̃μν (which
depends on their ratio) is a tensor. This auxiliary metric can
be understood as a restriction of gμν to the unimodular
gauge,

ffiffiffiffiffiffi−gp ¼ ω. To ensure we always work with WTdiff-
invariant expressions, raising and lowering of indices is
performed with g̃μν and its inverse metric g̃μν. We stress that
we keep gμν as the dynamical field. However, g̃μν plays the
role of our kinematical metric to which the matter fields
couple. Thence, as we discuss in more detail in the next
section, we also consider all the measurements of distances,
time intervals, angles, etc., with respect to g̃μν. At the level
of classical physics, one might then forget about gμν
altogether and work solely with g̃μν. However, the fixed
gauge

ffiffiffiffiffiffi−gp ¼ ω for the determinant of g̃μν has been shown
to lead to problems on the level of the effective quantum
theory [32,33]. No such problems appear when one defines
the graviton with respect to the unconstrained metric gμν
[19,23,34]. Hence, keeping gμν as the dynamical field
appears to be necessary for a consistent quantization of
the theory. That said, our results in this paper are fully
classical and, therefore, they also straightforwardly apply to
the case when one considers the gauge fixed metric g̃μν as
the dynamical field.
The Levi-Civita connection defined with respect to g̃μν

reads

Γ̃μ
νρ ¼ Γμ

νρ −
1

D
ðδμνδλρ þ δμρδλν − gνρgλμÞ∂λ ln

ffiffiffiffiffiffi−gp
ω

; ð2Þ

where Γμ
νρ denotes the connection which is Levi-Civita

with respect to the dynamical metric gμν.
For the dynamical metric gμν it holds

∇̃ρgμν ¼ gμν
2

D
∇ρ ln

ffiffiffiffiffiffi−gp
ω

: ð3Þ

Since the result is a tensor product of the metric and a
gradient of a scalar function, it follows that Γ̃μ

νρ is an
integrable Weyl connection for the dynamical metric, as
well as for any metric conformally related to it (for details
on Weyl connections, see, e.g., [35]). This observation will
play a role in our discussion of the EPs.
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Using the Weyl connection (2), we introduce an aux-
iliary, WTdiff-invariant Riemann tensor

R̃μ
νρσ ¼ 2Γ̃μ

ν½σ;ρ� þ 2Γ̃μ
λ½ρΓ̃λ

σ�ν: ð4Þ

The simplest action one can construct from the auxiliary
metric and the corresponding Riemann tensor is that of
WTG, i.e.,

IWTG ¼ 1

16πG

Z
V
ðR̃þ LψÞωdDx; ð5Þ

where V is the spacetime manifold and R̃ ¼ g̃μνR̃μν denotes
the scalar curvature defined with respect to g̃μν. The
Lagrangian Lψ for minimally coupled matter fields is
constructed from the matter variables, the auxiliary metric,
and the partial derivatives.
Since the spacetime volume measure is nondynamical,

adding any constant term to the WTG Lagrangian amounts
simply to shifting the action by a constant and does not
affect dynamics in any way. Hence, we are free to set this
constant term to zero in the following. This marks a
departure from GR, where a constant term in the
Lagrangian corresponds to the cosmological constant.
By construction, IWTG is invariant under Weyl trans-

formations

gμν → e2σgμν ð6Þ

or, infinitesimally,

δgμν ¼ 2σgμν; ð7Þ

where σ is an arbitrary scalar function. We stress that we
define the Weyl transformations in the context of Weyl
transverse gravity as gauge transformations acting solely on
the metric [23]. The volume measure ω and the matter
fields are then by definition unaffected by Weyl trans-
formations,2 ensuring the Weyl invariance of g̃μν.
Furthermore, IWTG is invariant under transverse diffeo-
morphisms but not under longitudinal ones. However, we
must be careful to consider the appropriate notion of
transversality. The usual condition on the generator ξμ of
transverse diffeomorphisms, ∇μξ

μ ¼ 0, is not Weyl invari-
ant. Thus, it cannot be satisfied in every Weyl frame
simultaneously, making it unsuitable for WTG. Instead,
one must define transversality with respect to the Weyl

invariant covariant derivative. Hence, the appropriate trans-
versality condition reads

∇̃μξ
μ ¼ 0 ⇔ ∇μξ

μ ¼ ξμ∂μ ln
ffiffiffiffiffiffi−gp
ω

: ð8Þ

Since the Lie derivative of the volume D-form ω yields
£ξω ¼ ω∇̃μξ

μ (this result can be obtained by direct
computation and also follows from the fact that
∇̃μω ¼ 0), we can understand the transversality condition
as defining the volume preserving transformations.
Transverse diffeomorphisms transform the dynamical met-
ric gμν in the usual way:

δξgμν ¼ 2∇ðνξμÞ; ð9Þ

and they act on the auxiliary metric as

δξg̃μν ¼ 2∇̃ðνξμÞ: ð10Þ

To find equations of motion for WTG, we vary action (5)
with respect to the dynamical metric gμν. Variation of the
auxiliary Ricci scalar term yields, up to total divergence
terms, the contribution ð ffiffiffiffiffiffi−gp

=ωÞ−2=DωðR̃μν − R̃g̃μν=DÞ,
where the second term comes from the variation of the
factor ð ffiffiffiffiffiffi−gp

=ωÞ−2=D with respect to gμν. Variation of the
matter action similarly yields ð ffiffiffiffiffiffi−gp

=ωÞ−2=DωðT̃μν −
T̃g̃μν=DÞ, where we define the WTdiff-invariant energy-
momentum tensor

T̃μν ¼ −2
∂Lψ

∂g̃μν
þ Lψ g̃μν: ð11Þ

Dividing by the common factor ð ffiffiffiffiffiffi−gp
=ωÞ−2=Dω, we obtain

the traceless, WTdiff-invariant equations of motion

R̃μν −
1

D
R̃g̃μν ¼ 8πG

�
T̃μν −

1

D
T̃g̃μν

�
: ð12Þ

Diff invariance of gravitational dynamics implies
directly that ∇νTμ

ν ¼ 0 and, consequently, that energy-
momentum is locally conserved. However, this is not
generally the case for WTdiff-invariant theories, since
invariance under transverse diffeomorphisms only leads
to a weaker condition [16]

∇̃νT̃μ
ν ¼ ∇̃μJ ; ð13Þ

where J is a scalar function which quantifies the local
energy-momentum nonconservation [23,36].
Bianchi identities allow us to restate the traceless

equations of motion (12) in a divergenceless form remi-
niscent of the equations of motion of GR:

2As an aside, one may, of course, consider scale transforma-
tions in Weyl transverse gravity that act both on the metric and on
the matter fields, much like in general relativity. While these are
usually also called “Weyl transformations” in the literature on
diffeomorphism-invariant gravity, they are distinct from Weyl
transformations we discuss here. In particular, these scale trans-
formations are not local symmetries of Weyl transverse gravity
(just as they are not local symmetries of general relativity).
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R̃μν −
1

2
R̃g̃μν þ Λg̃μν ¼ 8πGT̃ 0

μν; ð14Þ

where Λ is an arbitrary integration constant. This represents
the principal difference from general relativity, where the
cosmological constant is an (arbitrary) fixed parameter in
the gravitational action. The divergenceless tensor

T̃ 0
μν ¼ T̃μν − J g̃μν ð15Þ

acts as the matter source for the Einstein tensor. Hence, T̃ 0
μν

is the relevant tensor for coupling of matter fields to WTG,
as we will see in our discussion of the EP. Let us note that,
given the traceless part of the energy-momentum tensor,
the corresponding divergenceless tensor T̃ 0

μν is defined
uniquely up to a shift by a term of the form Cg̃μν, with
C being an arbitrary constant. Since this constant shift can
be absorbed into the arbitrary integration constant Λ, T̃ 0

μν is
completely fixed by the traceless gravitational equations of
motion.
The integration constant Λ plays the role of the cosmo-

logical constant. In contrast to GR, Λ is unrelated to any
parameter of the Lagrangian and is defined only on shell,
generically taking different values for various solutions of
the equations of motion. In other words, Λ represents a
global degree of freedom of the theory.
These WTdiff-invariant theories belong to the so-called

unimodular theories of gravity. Note that fixing the gauge
in WTG will bring us to unimodular gravity theory, that is
not longer invariant under Weyl transformations [25,37].
These scenarios can be useful, for example, in cosmology,
although in other more fundamental works one faces losing
some information and consistency [32–34], as would
happen if one considers a similar gauge fixing in
electrodynamics.
In the same way that there exist modified diff-invariant

theories of gravity, there exist WTdiff-invariant theories
generalizing WTG. Their Lagrangian can be any scalar
constructed from the auxiliary metric g̃μν, the auxiliary
Riemann tensor R̃μ

νρσ, the Weyl covariant derivative ∇̃μ,
and some collection of matter fields, in principle non-
minimally coupled. One can, in fact, show that for each
local, WTdiff-invariant action there exists a corresponding
local, diff-invariant action which implies the same classical
gravitational dynamics (except for the different behavior of
Λ) and vice versa [23]. In other words, there exist pairs of
diff and WTdiff-invariant theories of gravity that are
mutually equivalent in the same sense in which GR is
equivalent to WTG. As a special case, there exist WTdiff-
invariant Lanczos-Lovelock theories [38–40] which are the
only purely metric, WTdiff-invariant theories with second-
order equations of motion. They have the same classical
solutions as the corresponding diff-invariant Lanczos-
Lovelock gravitational theories [40]. As we comment
in Sec. IV, Lanczos-Lovelock gravity, both diff- and

WTdiff-invariant, is also notable for obeying the strong
equivalence principle.

A. Example: Universe filled with a barotropic
perfect fluid

To conclude this section, we demonstrate the key
features of Weyl transverse gravity on the instructive
example of a homogeneous, isotropic, spatially flat uni-
verse filled with a barotropic perfect fluid with an equation
of state p ¼ ðγ − 1Þρ, where γ ∈ ½1; 2�. The metric we
consider reads

ds2 ¼ −dt2 þ a2ðtÞdxidxi; ð16Þ

where aðtÞ is the scale factor. The traceless part of the
WTdiff-invariant energy-momentum tensor of the perfect
fluid reads

T̃μν −
1

D
T̃g̃μν ¼ ðρþ pÞ

�
ũμũν þ

1

D
g̃μν

�
; ð17Þ

where ũμ is the (WTdiff-invariant) velocity of the fluid. The
traceless equations of motion (12) yield only one indepen-
dent equation (compared to two equations of general
relativity):

Ḣ ¼ −4πðρþ pÞ ¼ −4πγρ; ð18Þ

where the overdot denotes a time derivative andH ¼ ȧ=a is
the Hubble rate. The right-hand side of this equation
depends only on the combination ρþ p, not separately
on ρ and p as for general relativity. The divergence
condition (13) then provides the second independent
equation:

γρ̇þ 3Hρ ¼ −J̇ : ð19Þ

If J ¼ 0, we obtain ρ ¼ ρ0=a3γ , where ρ0 is an integration
constant. Plugging this result into Eq. (18), multiplying it
byH, and integrating then gives us the Friedmann equation

H2 ¼ 8π

3
ρþ Λ

3
; ð20Þ

where Λ is an integration constant. Then, we precisely
recover the dynamics of general relativity, except for the
above-discussed different origin of the cosmological con-
stant Λ. If J ≠ 0, we can simply switch to the divergence-
less energy-momentum tensor T̃ 0

μν given by Eq. (15). For
our perfect fluid, it reads

T̃ 0
μν ¼ ðρþ pÞũμũν þ ðp − J Þg̃μν: ð21Þ

This tensor then corresponds to pressure p − J and energy
density ρþ J . Since the combination ρþ p is unchanged,
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the traceless part of this energy-momentum tensor is the
same as of the original T̃μν [see Eq. (17)]. Therefore, on the
level of the gravitational dynamics of Weyl transverse
gravity, one cannot tell apart T̃ 0

μν and T̃μν, as only the
traceless part of the energy-momentum tensor is relevant. In
this case, we recover the dynamics equivalent to general
relativity, coupled to the divergenceless energy-momentum
tensor T̃ 0

μν. Although the case we discussed is very simple,
the same qualitative picture holds in generic spacetimes and
for arbitrary matter contents.

III. EQUIVALENCE PRINCIPLES FOR
NONGRAVITATIONAL TEST PHYSICS

We start our discussion of the EPs in WTdiff-invariant
gravity with the formulations that do not consider gravi-
tational test physics. These EPs constrain the way in which
matter interacts with the fixed background gravitational
field rather than directly the gravitational dynamics (in
other words, they concern the kinematics of the gravita-
tional field). Therefore, they can be incorporated into any
local diff-invariant theory of gravity, provided that matter
fields obey the necessary conditions [4]. We shall see that
the same statement applies to WTdiff-invariant theories,
although the analysis of the geodesic motion requires some
care. We proceed by checking the validity of the three
different EPs for nongravitational test physics one by one.

A. Newton equivalence principle

Before going to the more complicated relativistic setting,
we first briefly address the weakest formulation of the EP,
the Newton EP. It states “in the Newtonian limit, the inertial
and gravitational masses of a body are equal” [2]. Since it
deals with only the Newtonian limit, it is trivially obeyed in
WTG. We do not see the need to analyze this EP in more
detail and refer the interested readers to [2].

B. Weak equivalence principle

The weak EP reads “test particles with negligible self-
gravity behave, in a gravitational field, independently of
their properties” [2]. By a test particle, we mean one whose
backreaction on its environment can be disregarded. The
negligible self-gravity requirement demands that the par-
ticle’s size is much larger than the Schwarzschild radius
corresponding to its mass.
A sufficient (but not necessary [2]) condition for the EP

to hold is that the effects of gravity on the trajectory of a test
particle can be fully captured by the symmetric part of the
connection (locally, disregarding geodesic deviations
among its constituents and similar effects), which guaran-
tees the universality of motion in a gravitational field [2].
To analyze the validity of the weak EP for WTdiff-

invariant gravity, we then need to discuss motion in a
gravitational field in such theories. The standard, diff-
invariant timelike geodesic equation reads

uν∇νuμ ¼ fuμ; ð22Þ

where uμ denotes a unit vector tangent to the geodesic and
f ¼ uν∇ν ln

ffiffiffiffiffiffiffiffi
ju2j

p
(for an affine parametrization, we have

f ¼ 0). However, this equation is not invariant under Weyl
transformations. In other words, force-free trajectories in
oneWeyl frame are subjected to a force in a different frame.
This behavior clearly breaks the Weyl invariance of physics
necessary in WTdiff-invariant gravity.
To find a geodesic equation tailored to WTdiff-invariant

gravity, we turn to one of the standard approaches to derive
it in the diff-invariant case. In particular, for any diff-
invariant theory of gravity, one can straightforwardly derive
the geodesic equation for a test particle modeled by a
spatially localized perfect fluid energy-momentum tensor.
If the fluid is pressureless, the divergenceless condition on
the energy-momentum tensor is equivalent to the geodesic
equation (22). As expected, the gradient of the fluid’s
pressure acts as a force, and the particle’s trajectory is no
longer a geodesic.
In the WTdiff-invariant case, we consider the following

WTdiff-invariant perfect fluid energy-momentum tensor
T̃μν ¼ ðρþ pÞũμũν þ pg̃μν, where the unit timelike vector
ũμ is now normalized to unity with respect to the auxiliary
metric. Thence, we have the following relation between ũμ

and uμ considered in the diff-invariant geodesic equation:

ũμ ¼ ð ffiffiffiffiffiffi
−g

p
=ωÞ1=Duμ: ð23Þ

TheWTdiff-invariant divergence of this energy-momentum
tensor obeys Eq. (13):

g̃λν∇̃νT̃λμ ¼ g̃μλũλ∇̃ν½ðρþ pÞũν�
þ ∇̃μpþ ðρþ pÞũν∇̃νũμ ¼ ∇̃μJ ; ð24Þ

where J is a measure of the local energy-momentum
nonconservation, as we have seen above. Projecting this
equation on the surface orthogonal to ũμ via the projection
tensor h̃μρ ¼ g̃μρ þ ũμũρ yields

ðρþ pÞũν∇̃νũρ ¼ h̃ρν∇̃νðJ − pÞ: ð25Þ

The left-hand side is proportional to the WTdiff-invariant
acceleration of the test particle ãρ ¼ ũν∇̃νũρ, whereas the
right-hand side is the force acting on the particle. Aside
from the force sourced by the gradient of the pressure, there
is also a new contribution sourced by the gradient of the
energy nonconservation measure J . Therefore, a force-free
trajectory of a test particle composed of a perfect fluid
in WTdiff-invariant geometry is characterized by the
condition

h̃ρν∇̃νðJ − pÞ ¼ 0: ð26Þ
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The equivalent condition in the diff-invariant case reads
hρν∇νp ¼ 0, since the diff invariance implies J ¼ 0. Since
the divergenceless tensor T̃ 0

μν for a perfect fluid reads

T̃ 0
μν ¼ ðρþ J Þũμũν þ ðp − J Þh̃μν; ð27Þ

its effective pressure equals precisely p − J . Then, the
condition for a force-free trajectory requires nothing but the
vanishing spatial gradient of the pressure associated with
the divergenceless tensor T̃ 0

μν. This tensor is, thus, the
relevant measure of the energy-momentum for the purpose
of identifying force-free trajectories of test particles.
For a perfect fluid obeying the condition (26), the

divergence of the energy-momentum tensor yields the
condition ũν∇̃νũρ ¼ 0, and the particle consequently fol-
lows a timelike geodesic trajectory in any Weyl frame.
Therefore, allowing for nonaffine parametrizations, the
appropriate WTdiff-invariant geodesic equation reads

ũν∇̃νũμ ¼ fũμ; ð28Þ

where f ¼ ũν∇̃ν ln
ffiffiffiffiffiffiffiffi
jũ2j

p
. It is easy to see that Eq. (28)

yields the required WTdiff-invariant force-free trajectories.
With this definition of a geodesic, any local, WTdiff-
invariant theory of gravity incorporates the weak EP.
The geodesic equation (28) has further consequences for

WTdiff-invariant gravity. It directly shows that, while the
dynamical metric gμν remains the dynamical variable
describing gravity, the metric relevant for describing the
spacetime geometry in which matter moves is actually the
auxiliary one, g̃μν. In essence, g̃μν represents the kinematical
metric of WTdiff-invariant gravity, as is apparent already
from the fact that matter fields couple to g̃μν. Both metrics
differ only in their measure of spacetime volume, which
cannot be experimentally accessed by any known method
[21,23]. Hence, using gμν as the dynamical variable and g̃μν
as the way to measure distances in the spacetime does not
allow us to distinguish WTdiff-invariant gravitational
theories from the diff-invariant ones on the level of classical
physics [21,23].
A somewhat more sophisticated argument for the weak

EP relies on the Geroch-Jang theorem [41], which gives a
useful way to characterize timelike geodesics. Let us
assume that for every neighborhood U of a curve Γ there
exists a tensor Θμν satisfying the following properties:

(i) Θμν vanishes everywhere outside U;
(ii) Θμν is nonzero somewhere in U;
(iii) Θμν has vanishing divergence; and
(iv) Θμν satisfies the dominant energy condition—i.e.,

Θμνnμnν ≥ 0 for every timelike vector field nμ and
Θμνnν is timelike (or vanishing).

Then, it follows that Γ is a timelike geodesic.
In diff-invariant gravity, taking Θμν to be the energy-

momentum tensor Tμν of the test particle, this theorem

guarantees that the particle follows a timelike geodesic, in
accord with the weak EP, provided that the energy-
momentum tensor satisfies the necessary dominant energy
condition.
Since applying the Geroch-Jang theorem requires that

Tμν vanishes outside of any neighborhood U of Γ, the test
particle must be arbitrarily small. Of course, a more
practical choice (followed also in the original proof of
the theorem) is to make the body confined in a small
enough radius l and then systematically neglect any OðlÞ
effects. In this way, the theorem is not contradicted, e.g., by
particles with nontrivial angular momentum whose motion
deviate from the geodesic one at OðlÞ [41] [as an aside, if
quantum particles with a spin were indeed fundamentally
pointlike, they would contribute at the order of Oðl0Þ,
violating the weak EP [2] ].
For WTdiff-invariant theories, one needs to apply the

Geroch-Jang theorem to T̃ 0
μν (15) whose WTdiff-invariant

divergence vanishes as required. Of course, demanding
the dominant energy condition for T̃ 0

μν rather than for T̃μν

is a stronger requirement. However, Eq. (14), which are
the divergenceless equations for WTG, have T̃ 0

μν on the
right-hand side. In other words, it plays the same role as
the energy-momentum tensor Tμν in GR. Thus, T̃ 0

μν should
be relevant for any application of the energy conditions
to WTdiff-invariant gravity, e.g., for the proofs of
singularity theorems or for the exclusion of solutions
containing closed timelike curves. As an aside, this
difference is irrelevant for the null energy conditions,
since J g̃μνk̃

μk̃ν ¼ 0 for any null vector k̃μ. With the
dominant energy condition satisfied, the Geroch-Jang
theorem then ensures the validity of the weak EP for
any local, WTdiff-invariant gravitational theory.
We can also heuristically understand why the weak EP

should be respected by WTdiff-invariant gravity from a
more general viewpoint. The weak EP endows the space-
time with a projective structure, which consists of the
timelike geodesics. The projective structure together with
the conformal structure, consisting of the light cones, has
been shown to specify the Weyl connection (but not the
Levi-Civita connection) in the spacetime [42]. Both
WTdiff- and diff-invariant gravity have the same conformal
structure (gμν and g̃μν are related by a conformal trans-
formation). Moreover, the WTdiff- and diff-invariant geo-
desic equations both employ a Weyl connection with
respect to the dynamical metric gμν (for diff-invariant
theories, the connection is actually Levi-Civita).
Determining this Weyl connection requires both conformal
and projective structures. Since the projective structure is
supplied by the weak EP, it appears to be natural that
WTdiff-invariant gravity (which has a Weyl connection)
obeys this principle. We leave a more mathematically
precise formulation of this statement for future work.
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C. Einstein equivalence principle

A stronger condition than the weak EP is the Einstein
EP,3 which extends it from the motion of particles to all
nongravitational test physics. It states that “fundamental
nongravitational test physics is not affected, locally and at
any point of spacetime, by the presence of a gravitational
field” [2]. The status of the Einstein EP in diff-invariant
theories already presents a fairly complicated issue. In
particular, the principle is limited to “fundamental physics”
(so as to exclude, e.g., composite bodies whose behavior
can, even locally, depend on the spacetime curvature [2]).
No unambiguous way to specify the fundamental physics
for the purposes of the Einstein EP has been put forward as
of yet. Nevertheless, there exist criteria which a matter field
theory must satisfy in order to comply with the Einstein
EP [4].
Switching from diff-invariant to WTdiff-invariant grav-

ity does not influence the nongravitational test physics. In
particular, Weyl transformations do not act on the matter
fields, and the diff-invariant and WTdiff-invariant laws
applying to nongravitational physics thus have the same
form, simply replacing gμν with g̃μν and∇μ with ∇̃μ (see the
discussion of the geodesic equation in the previous
subsection).
To make this point clearer, we can study the WTdiff-

invariant formulation of one of the well-established criteria
for matter fields compatible with the Einstein EP, the Ehlers
criterion [44]. Simply put, the Ehlers criterion requires that
flat spacetime and curved spacetime solutions of the matter
equations of motion are sufficiently close to each other in
the vicinity of each spacetime point. A detailed evaluation
of its appropriateness for choosing matter theories com-
patible with the Einstein EP (i.e., locally specially relativ-
istic theories) is provided in [4], and we include a
discussion of the WTdiff-invariant case in the Appendix.
For our purposes, it is crucial that the entire statement of the
WTdiff-invariant Ehlers criterion (as well as of other
similar criteria) indeed carries over from the diff-invariant
setup, just with the replacement gμν → g̃μν. Hence, we
clearly show that any diff-invariant matter field theory
compatible with the Einstein EP (regardless of the precise
requirements for this compatibility) has an equivalent
WTdiff-invariant formulation which also obeys this
principle.

D. Equivalence principles and local energy-momentum
nonconservation

Passing the tests for the EPs for nongravitational test
physics serves primarily as a sanity check for WTdiff-
invariant gravity. Beyond that, it also illuminates the issue

of the possible local energy-momentum nonconservation
proposals in these theories. While we touched on this
question in the previous subsections, we can now provide a
synthesis of the insights from the different EPs.
To begin, we stress again that the equations of motion of

WTdiff-invariant gravities depend only on the traceless part
of the energy-momentum tensor. Even applying the Bianchi
identities to obtain divergenceless equations, the right-hand
side is given by the divergenceless tensor T̃ 0

μν defined by
Eq. (15). Then, the possible local energy-momentum
nonconservation cannot be actually noticed at the level
of the gravitational equations of motion. Then, the kin-
ematics of matter fields in a WTdiff-invariant spacetime,
constrained by the EPs, is a natural place to look for
signatures of the local energy-momentum nonconservation.
In the context of the weak EP, we have shown that the

relevant tensor for the Geroch-Jang theorem is again the
divergenceless T̃ 0

μν. Likewise, the simpler derivation from
the perfect fluid tensor imposes the condition of the
vanishing pressure gradient on the effective pressure term
p − J , associated with the divergenceless tensor T̃ 0

μν,
which for a perfect fluid follows Eq. (27).
In conclusion, the weak EP cares about only T̃ 0

μν. This
outcome is consistent with the fact that the weak EP can be
heuristically derived from the gravitational equations of
motion, by considering a pointlike source for them. Since
the equations of motion depend on only T̃ 0

μν, it follows that
the same applies to the weak EP.
The Einstein EP concerns not only the geodesic equa-

tion, but also the equations of motion of the matter fields.
Since the local energy-momentum (non)conservation is
determined by the matter equations of motion (assuming
one can independently identify the energy-momentum
tensor4), the Einstein EP is sensitive to it. Nevertheless,
local energy-momentum nonconservation does not signal
any breaking of the Einstein EP. One requires only that the
nonconservation (on the level of fundamental physics as
required by the Einstein EP) does not locally depend on the
spacetime curvature or on the background volume measure
ω. This condition amounts to only minimal coupling of
the matter fields to gravity, which is a general requirement
for the Einstein EP to hold. Assuming minimal coupling,
the Ehlers criterion goes through by matching the solutions
of the flat spacetime matter equations of motion with the
curved spacetime solutions in a suitable frame. In this
sense, the local energy-momentum (non)conservation
introduces no to the Einstein EP.
For instance, a perfect fluid model with energy-momen-

tum nonconservation we applied to discuss the weak
equivalence principle passes the Ehlers criterion, provided
that J does not depend on the Riemann tensor or on ω. It is

3The so-called Schiff’s conjecture proposes that the weak and
the Einstein EP are actually equivalent [43], but it remains
unproven [2]. Thus, for the purposes of this work, we regard the
Einstein EP as a generalization of the weak EP.

4This issue is, in general, very subtle, since theories with
energy-momentum nonconservation generically lack a Lagran-
gian description [23,45,46].
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easy to see that the flat spacetime and curved spacetime
solutions can be matched in this case. A special case of
such a perfect fluid is the continuous spontaneous locali-
zation model [47,48] suggested in the cosmological context
as a possible source for the acceleration of the Universe
[45]. This proposal involves no violation of the Einstein EP
on the level of classical physics.5

IV. GRAVITATIONAL EQUIVALENCE
PRINCIPLES

The weak EP fixes the kinematics of motion in a
gravitational field, essentially requiring that the trajectories
of the test particles are determined by the connection. The
Einstein EP further specifies the behavior of matter fields in
a curved background. However, they are both compatible
with essentially any local, diff- or WTdiff-invariant theory
of gravity and do not really constrain the gravitational
dynamics in any way. For that, some version of the EP
which applies to test gravitational physics is necessary.
These EPs present far more stringent constraints, and only
the diff-invariant Lanczos-Lovelock theories of gravity are
known to be compatible even with the gravitational weak
EP. In this section, we show that WTG (as well as the
WTdiff-invariant Lanczos-Lovelock theories) also obeys
the gravitational weak EP and that WTG incorporates even
the more stringent strong EP.

A. Gravitational weak equivalence principle

The weak EP can also be generalized to apply to self-
gravitating test particles. The resulting formulation is
known as the gravitational weak EP which asserts that
“test particles behave, in a gravitational field and in
vacuum, independently of their properties” [2]. The gravi-
tational weak EP does not represent a direct generalization
of the weak EP, since it is restricted to vacuum. More
precisely, we require that there exists a sufficiently large
region around the test particle (much larger than its
Schwarzschild radius) in which no matter is present.
Otherwise, the intrinsic gravitational field of the test
particle would influence the nearby matter, thus breaking
the universality.
A simple criterion for the validity of the gravitational

weak EP utilises the Geroch-Jang theorem [5]. However,
rather than applying the theorem just to the energy-
momentum tensor of the test particle, it also needs to
include the perturbation of the gravitational field caused by
the presence of the particle (i.e., the effective energy-
momentum of its gravitational field). Moreover, one must

keep in mind that the geodesic along which the test particle
should move lies in the unperturbed spacetime. Splitting
the WTdiff-invariant auxiliary metric into the background
part g̃μν and the perturbation caused by the test particle, γ̃μν,
we may similarly split the equations of motion. In the case
of WTG, we obtain the vacuum divergenceless equations
for the background metric:

G̃μν ¼ Λg̃μν ð29Þ

and the equations governing the perturbation6:

G̃μν þ Λγ̃μν ¼ 8πGðT̃ 0
μν − T̃ðgÞ

μν Þ≡ 8πGT̃ μν; ð30Þ

where G̃μν denotes the perturbation of the WTdiff-invariant
auxiliary Einstein tensor. The first term on the right-hand
side T̃ 0

μν corresponds to the divergenceless energy-momen-

tum tensor of the test particle. The second term T̃ðgÞ
μν

quantifies the effective (WTdiff-invariant) energy-momen-
tum of the gravitational field, which is quadratic in the
auxiliary metric perturbation γ̃μν.

7 The tensor T̃ μν then
quantifies both the energy-momentum of the test particle
and its gravitational self-energy.
The tensor T̃ μν satisfies the conditions of the Geroch-

Jang theorem with respect to the background (unperturbed)
metric. Indeed, conditions (i) and (ii) concerning the
localization of the tensor are trivial. Validity of the
dominant energy condition [condition (iv)] represents a
nontrivial assumption, but it is satisfied for “reasonable”
test particles [5]. In fact, if condition (iv) did not hold, G̃μν

could violate the timelike geodesic focusing theorem (and
the singularity theorems which follow from it), as it enters
the Raychaudhuri equation [49,50].
Lastly, we must check condition (iii), i.e., that

∇̃νT̃ μ
ν ¼ 0, where the covariant derivative ∇̃ν is defined

with respect to the background metric g̃μν. The gravitational

energy-momentum T̃ðgÞ
μν is a complicated expression quad-

ratic in the metric perturbation γ̃μν. It is then more

convenient to check that ∇̃νG̃μ
ν ¼ 0 and use G̃μν ¼

8πGT̃ μν thanks to Eq. (30) [5].

5A later proposal of energy dispersion due to granular structure
of the spacetime [46] represents a special case, as it involves
pointlike spinning particles. These are known to generically
violate even the weak EP [2]. The EP violation then does not
depend on the local energy nonconservation occurring in this
model.

6A subtle issue should be noted. In WTdiff-invariant gravity,
the perturbation, in principle, also changes the value of the
cosmological constant, which is an on-shell integration constant.
However, it does not seem realistic that a test particle of
infinitesimal size should change the global value of the cosmo-
logical constant, as the equations of motion would then require a
corresponding global change in the spacetime curvature. Then,
the gravitational effect of the test particle would no longer be
localized, breaking one of the assumptions under which the
gravitational weak EP can be expected to hold. Therefore, we set
δΛ ¼ 0 in the following.

7Naturally, one actually perturbs the dynamical metric gμν; γ̃μρ
is simply a convenient bookkeeping device.

ALONSO-SERRANO, GARAY, and LIŠKA PHYS. REV. D 113, 024029 (2026)

024029-8



The divergenceless condition then reads ∇̃νðG̃μνþ
Λγ̃μνÞ ¼ 0. Writing it in terms of the metric perturbation
γ̃μν and its derivatives, we obtain

∇̃νðG̃μν þ Λγ̃μνÞ ¼
1

2
∇̃ν

h
2∇̃λ∇̃ðμγ̃νÞλ

− ∇̃λ∇̃λγ̃μν þ g̃μνð−∇̃λ∇̃ργ̃
λρ þ R̃λργ̃

λρÞ
− R̃γ̃μν þ 2Λγ̃μν

i
; ð31Þ

where g̃μν, ∇̃μ, and R̃μν denote the corresponding back-
ground quantities. We can simplify Eq. (31) by commuting
the derivatives and using the definition of the auxiliary
Riemann tensor. Then, we obtain

∇̃νðG̃μν þ Λγ̃μνÞ ¼ R̃μ
λ∇̃νγ̃

ν
λ þ γ̃νλ∇̃νR̃μ

λ

þ 1

2
R̃ν

λ∇̃μγ̃
ν
λ − 1

2
R̃μν∇̃νγ̃

− 1

2
∇̃νðR̃γ̃νμÞ þ Λ∇̃νγ̃

ν
μ: ð32Þ

Equations (14) applied to the vacuum background allow
us to write the Ricci tensor in terms of Λ, i.e.,
R̃μν ¼ 2Λg̃μν=ðD − 2Þ. In addition, γ̃ ¼ g̃μνγ̃μν ¼ 0, since
the determinant of the auxiliary metric is fixed to ω. Indeed,
in terms of the perturbation γμν of the dynamical metric, it
holds γ̃μν ¼ ð ffiffiffiffiffiffi−gp

=ωÞ−2=Dðγμν − gμνγ=DÞ. Hence, γ̃μν is
traceless. This allows us to conclude that the right-hand
side of Eq. (32) indeed vanishes identically.
In total, T̃ μν satisfies all the conditions of the Geroch-

Jang theorem. It follows that the test particle moves along a
timelike geodesic of the unperturbed auxiliary metric and,
consequently, the gravitational weak EP holds. We have
shown that, just like GR, WTG incorporates the gravita-
tional weak EP.
Regarding the more general WTdiff-invariant theories,

only Lanczos-Lovelock gravity obeys the gravitational
weak EP. The proof would be a simple modification of
the argument presented for diff-invariant gravity [5], which
has reached the same conclusion. In summary, WTG and
GR are the only two metric gravitational theories in four
dimensions known to be compatible with the gravitational
weak EP (Nordström gravity also satisfies this principle,
but it is not metric and, therefore, incompatible with the
Einstein EP [5]).

B. Strong equivalence principle

Lastly, the strong EP extends the Einstein EP to include
test gravitational physics: “All test fundamental physics
(including gravitational physics) is not affected locally by
the presence of a gravitational field” [2]. It relates to the
Einstein EP in an analogous way as the gravitational weak
EP does to the weak EP, extending it to include

gravitational fields with a negligible backreaction on the
background spacetime. The strong EP can also be phrased
as the requirement of local Poincaré invariance of all the
test physics, including gravitational physics (e.g., the local
behavior of linearized gravitational waves on a curved
background), combined with the validity of the gravita-
tional weak EP [2]. In the previous subsection, we have
proven the latter requirement for WTG. We have also
argued in Sec. III that the condition of local Poincaré
invariance of matter test physics can be implemented in the
WTdiff-invariant setting without any issues (via, e.g.,
Ehlers criterion). The only remaining issue is the local
Poincaré invariance of gravitational test physics, in par-
ticular, in regards to weak gravitational waves. However,
linearized WTG is manifestly Poincaré invariant
[18,21,23], implying local Poincaré invariance of gravita-
tional test physics. The strong EP then does apply to WTG,
as it satisfies all the necessary conditions. Consequently,
GR and WTG seem to be the only two known gravitational
theories in four spacetime dimensions compatible with the
strong EP. The uniqueness of these two theories can be
traced to their status as the only two consistent theories of
massless, self-interacting gravitons with no additional
degrees of freedom [21] (or gauge fixing). Any other
propagating gravitational degrees of freedom tend to
destroy the gravitational weak EP [5]. For instance, if a
nonminimally coupled scalar field is present, the geodesic
motion of self-gravitating test particles depends on its local
value, breaking the gravitational weak EP.

V. CONCLUSIONS

We have explored the validity of various formulations of
the equivalence principle in WTdiff-invariant theories and,
in particular, in WTG. Our discussion shows how the EPs
serve to illuminate the main features of gravity and its
coupling to matter. That becomes especially useful in the
case of WTdiff-invariant gravity, whose local symmetries
and dependence on a nondynamical volume measure lead
to behavior which differs from the usual intuition one
develops for diff-invariant theories.
The weak EP exposes why the geodesic equation needs

to be written in term of the Weyl connection Γ̃μ
νρ.

Moreover, it points toward the appropriate way for handling
the potential local energy-momentum nonconservation in
WTG. The Geroch-Jang theorem which implies the weak
EP takes as its input the divergenceless tensor T̃ 0

μν. This
tensor also appears as the right-hand side of the divergence-
less equations for gravitational dynamics. Therefore, it
completely determines the motion of matter in a gravita-
tional field. The equations of motion for the matter fields
can be further derived from the condition ∇̃νT̃ 0

μν ¼ 0. Then,
on the level of the gravitational dynamics, T̃ 0

μν fulfills all the
roles of a locally conserved energy-momentum tensor.
Nevertheless, the nonconserved energy-momentum tensor

EQUIVALENCE PRINCIPLES IN WEYL TRANSVERSE GRAVITY PHYS. REV. D 113, 024029 (2026)

024029-9



T̃μν can still be significant if it corresponds to the
definitions of energy, momenta, and stresses that are
“natural” from the perspective of the matter field dynamics
(see, e.g., [47,48] for an example of such a matter theory).
Similarly, the Einstein EP shows that any diff-invariant

theory of matter fields can be rewritten to a WTdiff-
invariant one by simply replacing gμν with g̃μν and ∇μ

with ∇̃μ. The resulting theory continues to satisfy the
Einstein EP; i.e., it remains locally special relativistic.
The EPs for gravitational test physics finally restrict the

dynamics. The gravitational weak EP already restricts us to
Lanczos-Lovelock theories of gravity (both diff- and
WTdiff-invariant), together with nonmetric Nordström
gravity [5]. The former has been shown to fail the strong
EP [51]. The latter is also trivially ruled out by the strong
EP. It essentially amounts to requiring that the Einstein EP
holds and that the only propagating degrees of freedom of
the theory are those associated with a massless graviton. In
four spacetime dimensions, the only two theories compat-
ible with the strong EP are then GR and WTG.
The potential of employing the EPs to classify and better

understand various candidate theories of gravity, as out-
lined in Refs. [2,5,43], is, of course, not limited to the
WTdiff-invariant case. Even in the (broadly defined) area of
unimodular gravity, the same concept can be applied, e.g.,
to the recently proposed diff-invariant first-order formu-
lation [52,53], to the gauge-fixed theory [32], to the
teleparallel version [54], and to WTdiff-invariant gravity
with dynamical volume D-form [22]. The EPs could help
establish a hierarchy of these approaches, whose physical
(in)equivalence remains somewhat obscure in the literature.
Our work may then also serve as a first step in this direction.
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APPENDIX: THE WTDIFF-INVARIANT
EHLERS CRITERION

In this appendix, we provide a WTdiff-invariant formu-
lation of one of the well-established criteria for matter fields
compatible with the Einstein EP, the Ehlers criterion [44]
(using its “g-approximating” version proposed in [4]). For a
WTdiff-invariant theory, the criterion can be stated in the
following way. We start with a manifoldM endowed with a
dynamical metric gμν and a nondynamical volume D-form
ω (which together allow us to construct the auxiliary metric
g̃μν). We further consider a collection of fields ψ . We
prescribe the equations of motion for the matter fields to be
A½g̃μν;ψ � ¼ 0, where A½g̃μν;ψ � is a differential expression
constructed from the auxiliary metric g̃μν, the fields ψ , and
their derivatives. In a neighborhoodO of an arbitrary regular
point P∈M, we introduce a flat spacetime metric ημν such
that it agrees with g̃μν in any pointQ∈O to the first order in
the geodesic distance betweenP andQ. Consider any ψ̄ that
solves the equation A½ημν; ψ̄ � ¼ 0 inO. Then, for any ϵ > 0,
there exists some ψ solving the curved spacetime equation
A½g̃μν;ψ � ¼ 0 in some neighborhood O0 of P, such that
O0 ⊆ O, which approximates ψ̄ . More precisely, we require
that there exists someneighborhoodU ofP such thatU ⊆ O0
and jjψ̄ − ψ jj < ϵ in U. The choice of a suitable norm jj · jj
depends on the context, one possible example being the Ck

supremum norms on the subneighborhood U [4].
If a matter field theory satisfies the Ehlers criterion, it is

locally specially relativistic in the following sense. A
solution to the flat spacetime matter equations of motion
is approximated by some curved spacetime solution in the
neighborhood of any given point, and this approximation is
arbitrarily good in a sufficiently small neighborhood. It is
easy to see that this statement indeed implies the validity of
the Einstein EP for the given matter field coupled to a
metric, diff- or WTdiff-invariant theory of gravity.
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