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In this work, we systematically assess the performance of a new method from [H. Shah et al., Phys. Rev.
C 113, L012201 (2026)] for locating the QCD critical point using constant-entropy contours by testing it
against various effective QCD approaches. We demonstrate that, while the method yields spurious critical
points in purely hadronic models (HRG) due to nonparabolic contour behavior at low temperatures
(T ≲ 120 MeV), it accurately reproduces the critical point location in frameworks that feature a genuine
phase transition and benchmarked against lattice QCD, such as holographic Einstein-Maxwell-dilaton, and
functional QCD approaches. Building on our previous determination of constant entropy contours using
lattice data, we extend that analysis to construct a complete lattice-based equation of state (EoS) at finite
density, which features a critical point at ðT; μBÞ ≈ ð114; 602Þ MeV. By integrating the extrapolated
entropy density with respect to temperature, we reconstruct the pressure, baryon density, susceptibility, and
speed of sound in the critical region, and analyze the focusing behavior of isentropic trajectories in the
vicinity of the critical point.
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I. INTRODUCTION

The existence of the conjectured QCD critical point (CP)
has remained a mystery for decades now [1,2]. It is well
known from first principles lattice QCD (LQCD) calcu-
lations that there exists a crossover from confined hadrons
to a deconfined quark gluon plasma (QGP) at vanishing
chemical potential [3]. The analytic crossover at zero
baryon chemical potential occurs at a temperature of
155–159 MeV [4,5]. Whether this smooth crossover turns
into a first order phase transition at finite chemical potential
is unknown, as direct lattice QCD simulations at nonzero
baryon chemical potential are hindered due to the fermion
sign problem.
Experimentally, the QCD critical point search has been

the primary focus for the Relativistic Heavy Ion Collider
(RHIC) for many years. The search will continue at the
future Facility For Antiproton and Ion Research (FAIR)
in Germany. Although no conclusive statement has been
obtained on the location of the CP, the data hints at

interesting behavior for energies
ffiffiffiffiffiffiffiffi
sNN

p ≤ 20 GeV [6–8],
especially the new BESII data for proton cumulants and
transverse momentum fluctuations. However, there are still
sizable errors at the moment that do not allow us to confirm
the location (or even existence) of the QCD critical point.
On the theoretical front, the location of the QCD critical

point (CP) cannot be directly determined from lattice QCD
simulations because of the fermion sign problem. As a
result, several complementary approaches have been devel-
oped to extract the equation of state of strongly interacting
matter at finite baryon chemical potential. These include
analytic continuation from imaginary μB, searches for Lee-
Yang edge singularities, functional methods, and Taylor
or contour-based expansions around μB ¼ 0 [4,9–23].
Extrapolations of lattice QCD data from zero baryon
density generally indicate that the crossover transition
persists at least up to μB ≲ 450 MeV [4,13–15]. More
recently, however, a number of QCD-motivated effective
models, lattice-based extrapolation schemes, and theoreti-
cal analyses of heavy-ion data have suggested the
possibility of a critical point in the approximate range
450 MeV < μB;c < 700 MeV [16–24].
Recently, we introduced a novel method based on the

expansion of constant entropy density contours from zero
μB [22]. The method was used to predict the CP location,
using lattice QCD results and truncating the expansion at
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order Oðμ2BÞ. It was then employed by the Wuppertal
Budapest LQCD collaboration under strangeness neutral
conditions, to predict that the CP is excluded for μB <
450 MeV [25]. The method was also explored in Ref. [26]
in the context of its possible limitations in correctly
predicting the critical point.
In this work, we present a systematic investigation of the

method’s performance within various models for the QCD
equation of state, in particular, its reliability and accuracy
for determining the CP. To this end, we apply it to
approaches both with and without a critical point. These
approaches include an ideal gas of massless quarks and
gluons, hadron resonance gas (HRG) models [27–29] with
various implementations of hadronic interactions, the
cluster expansion model (CEM) [13], the Nambu–Jona-
Lasinio (NJL) model [30], the holographic Einstein-
Maxwell-dilaton (EMD) model [19], and the data from
the functional renormalization group approach [31]. We
also consider expansions of enthalpy and energy density
contours in lieu of entropy density, which produce con-
sistent results. We find that the method produces an
accurate (to 5% accuracy) estimate for the CP in EMD
and DSE/fRG approaches, both of which are consistent
with lattice QCD data at μB ¼ 0. However, we also find a
spurious CP at ðT; μBÞ ∼ ð90; 800Þ MeV in models that
incorporate hadron-resonance degrees of freedom. These
contours start at a temperature T0 < 120 MeV at μB ¼ 0
and indicate that the method cannot be used in that regime.
Finally, we also expand our previous analysis of lattice

QCD results [22]. In particular, we reconstruct the entire
equation of state by integrating the entropy density to
obtain the pressure as a function of T and μB, its natural
variables. We then analyze the behavior of isentropic
trajectories along the phase diagram, especially in the
vicinity of the CP. We also extract Lee-Yang edge
singularities and study their evolution in the complex μB
and how they are connected to the CP singularity on the

real μB axis, and to the Roberge-Weiss phase transition at
imaginary μB.
Our manuscript is organized as follows: In Sec. II, we

introduce the method of expanding constant entropy
density contours. In Sec. III, we apply this method to
various effective models: we begin with an ideal gas of
massless quarks and gluons in Sec. III A, followed by the
hadron resonance gas model and its variants, including
the cluster expansion model, in Sec. III B. We then explore
the Nambu–Jona-Lasinio model in Sec. III C, the holo-
graphic Einstein-Maxwell-dilaton model in Sec. III D, and
functional QCD approaches in Sec. III E. Finally, Sec. IV
presents the construction of a lattice-based equation of state
and its properties, followed by our conclusions in Sec. V.

II. CONTOURS OF CONSTANT ENTROPY
DENSITY METHOD

The idea of developing an expansion scheme to search
for a critical point by following the contours of constant
entropy density was first developed in [22]. The entropy
density is used because, at the mean-field level, it is a
multivalued function in the presence of a first order phase
transition. This implies that, if the Maxwell construction is
not performed to obtain the most stable solution, one will
observe three values for the entropy, corresponding to the
stable, metastable and unstable branches (spinodal region)
as illustrated in Fig. 1.
The left panel of Fig. 1 depicts curves for the entropy

density s as a function of the temperature T for different
values of the chemical potential μB. At low chemical
potential μ1, there is a crossover as s increases monoton-
ically with T; at a higher chemical potential μB;c, a
divergent slope in s at T ¼ Tc signals the critical point;
for μB ¼ μ2 > μB;c, three values of entropy can be obtained
for the same ðT; μBÞ pair, implying that, when we map this
to a ðT; μBÞ plane, the entropy lines should cross as shown

FIG. 1. Left panel: entropy as a function of temperature for three representative baryon chemical potentials, with μ1 < μB;c < μ2.
Right panel: the corresponding constant-entropy trajectories in the ðT; μBÞ plane. The blue star marks the location of the critical point,
the shaded region indicates the spinodal domain, and the red dots highlight the spinodal points at μB ¼ μ2. Figure taken from [22].
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on the right panel of Fig. 1. The crossings span through the
entire spinodal region of the first order phase transition.
Since lattice QCD simulations are feasible only at

vanishing chemical potential, we need to use an expansion
to obtain the constant entropy density contours:

TsðμB;T0Þ ≈ T0 þ
XN
n¼1

α2nðT0Þ
μ2nB
ð2nÞ!þO

�
μ2ðNþ1Þ
B

�
; ð1Þ

where the expansion coefficients are evaluated at fixed s,

α2nðT0Þ ¼
�
∂
2nT
∂μ2nB

�
s

����
T¼T0;μB¼0

: ð2Þ

Due to the fact that ρB ¼ 0 for all temperatures at μB ¼ 0,
all odd power coefficients are zero when starting the
expansion from μB ¼ 0, so the leading-order coefficient
becomes

α2ðT0Þ ¼
�
∂
2T
∂μ2B

�
s

����μB¼0

T¼T0

¼ −
2T0χ

B
2 ðT0Þ þ T2

0χ
B0
2 ðT0Þ

s0ðT0Þ
: ð3Þ

At Oðμ2BÞ, the function TsðμB;T0Þ reads

TsðμB;T0Þ ¼ T0 þ α2ðT0Þ
μ2B
2
: ð4Þ

Using the fact that the critical point is an inflection point,
i.e., ∂

2T
∂s2 ¼ 0, and that the entropy has a divergent slope at

the CP so that ∂T
∂s ¼ 0, the critical point from the expansion

can be determined by applying this pair of equations to the

expansion, hence finding ð∂Ts
∂T0

Þ
μB

¼ 0 and ð∂2Ts
∂T2

0

Þ
μB

¼ 0. This

is due to the fact that ð ∂s
∂T0

Þ
μB¼0

is a positive monotonically

increasing function and is not equal to zero at any finite
temperature T0. Denoting μB;c and T0;c as the values of μB
and T0 corresponding to the CP, the first equation,
ð∂Ts
∂T0

Þ
μB

¼ 0, yields the relationship between μB;c and T0;c

1þ α02ðT0;cÞ
μ2B;c
2

¼ 0 ⇒ μB;c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

2

α02ðT0;cÞ

s
: ð5Þ

This equation also determines the spinodal lines at
μB > μB;c where it has two solutions with respect to T0.

The second equation, ð∂2Ts

∂T2
0

Þ
μB

¼ 0, corresponds to

α2
00ðT0;cÞ ¼ 0; ð6Þ

which determines T0;c. The determination of the CP
location thus proceeds by solving Eq. (6) for T0;c, plugging
the result into Eq. (5) to determine μB;c, and computing
Tc ¼ TsðμB;c;T0;cÞ through Eq. (4). At μB > μB;c, the

Maxwell construction of equal areas for entropy density
can be utilized to determine the phase coexistence line.
One can also find an expression for the fourth order

coefficient

α4ðT0Þ ¼
∂
4T
∂μ4B

����
s
¼ −

χ04ðT0Þ
s0ðT0Þ

−
3s00ðT0Þα22ðT0Þ

s0ðT0Þ

−
6α2ðT0Þð2χ2ðT0Þ þ 4Tχ02ðT0Þ þ T2χ2

00ðT0ÞÞ
s0ðT0Þ

:

ð7Þ

Applying the expression above to lattice QCD results is
quite challenging, as one would also require second order
derivatives of α4 to locate the CP, and extracting higher
order temperature derivatives from discrete points leads to a
larger uncertainty in the CP location. Due to this, estimat-
ing the radius of convergence of the expansion becomes
considerably more complicated as the uncertainties
required in the input grows significantly when one per-
forms higher ordered terms in the expansion. Hence, in this
work we study the behavior of the contours truncating the
series so that they are parabolic as Ref. [15] suggests that
constant entropy contours in the T-μ2B plane are approx-
imately linear in the imaginary chemical potential regime,
supporting the use of the Oðμ2BÞ expansion.
Energy density contours: A similar extrapolation can be

performed on contours of constant energy density, as this
quantity should also have multiple solutions in the presence
of a first order phase transition and, thus, a corresponding
S-shaped behavior. The energy density is defined as

ϵðT; μBÞ ¼ −Pþ Tsþ μBnB: ð8Þ

When we apply our method to the case of energy density,
namely finding the contours where dϵ ¼ 0, we obtain this
expression for the coefficient of expansion to second order

αϵ2ðT0Þ ¼ α2ðT0Þ −
T2
0χ

B
2 ðT0Þ

T0s0ðT0Þ
: ð9Þ

Here, α2ðT0Þ is the coefficient of expansion of the constant
entropy density contours as given in Eq. (3). Due to the fact
that the energy density is also a multivalued observable
at the first order phase transition, similar conditions as the
one found for the entropy density contours apply here as
well, namely ðdϵdTÞμB ¼ 0 and ðd2ϵdT2ÞμB ¼ 0. They lead to the

following equations in terms of αϵ2ðT0Þ: αϵ002 ðT0Þ ¼ 0 and

μB;c ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

−2
αϵ

0
2
ðT0cÞ

q
.

Enthalpy density contours: Another quantity for which
our method can be used is the enthalpy density, which is
defined in the grand canonical ensemble as

hðT; μBÞ ¼ Tsþ μBnB: ð10Þ
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We find the following expression for the second order
expansion coefficient of the constant enthalpy density
contours

αh2ðT0Þ ¼ −
T2
0½T0χ

B0
2 ðT0Þ þ 4χB2 ðT0Þ�

T0s0ðT0Þ þ sðT0Þ
: ð11Þ

Similar conditions relating to the inflection point and the
divergent slope of the enthalpy density at the CP can be
applied to obtain the critical point, ðdhdTÞμB ¼ 0 and

ðd2hdT2ÞμB ¼ 0. They yield the equations αh
00

2 ðT0Þ ¼ 0 and

μB;c ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

−2
αh

0
2
ðT0cÞ

q
.

While contours of constant s, ϵ and h correspond to
different expansion coefficients, all of them should lead to
the same location for the critical point, up to truncation
errors. That is, any differences between the predictions
extracted from these three quantities must be attributed to
the truncation of the corresponding expansions in μB. This
might provide us with a way to gauge the robustness of
predictions regarding the existence and location of the
critical point, namely by comparing results from expan-
sions at constant entropy, energy and enthalpy densities.
However, conclusions should be taken with care, since the
errors for each of these expansions may not be entirely
independent, and could be correlated to some extent. As we
show below, while the agreement among different observ-
ables constitutes a necessary condition for the reliable
estimation of the CP, taken alone, it does not constitute a
sufficient condition. In the following, it will also be
instructive to explore which of these expansions yields
the best prediction within each of the models we analyze.

III. APPLICATIONS

A. Ideal gas of massless quarks and gluons

The first model we test is the limit where the particles in
QCD are assumed to be massless quarks and gluons. This
approximation is well-motivated for exploratory and com-
parative studies, where the effects of finite masses and
interactions are considered subdominant. Due to the fact
that the particles are treated as a noninteracting gas, there is
no phase transition in the system. This constitutes a first
check to see if the expansion finds any spurious crossings
despite the absence of a CP. The total pressure in this
model receives contributions from massless gluons and Nf

flavors of massless quarks given as follows [29]:

P
T4

¼ 8π2

45
þ

X
f¼u;d;s

�
7π2

60
þ 1

2

�
μf
T

�
2

þ 1

4π2

�
μf
T

�
4
	

ð12Þ

where the first term represents the contribution from
gluons, and the sum captures the quark sector. This
expression is the Stefan-Boltzmann pressure of a massless

ideal gas of quarks and antiquarks at finite chemical
potential.
Assuming vanishing strange and electric charge chemi-

cal potentials (μS ¼ μQ ¼ 0), and identifying the quark
chemical potentials as μf ¼ μB=3, the pressure normalized
by T4 takes the form

P
T4

¼ 8π2

45
þ
�
7π2

20
þ 3

2

�
μB
3T

�
2

þ 3

4π2

�
μB
3T

�
4
	
: ð13Þ

The baryon susceptibility defined as χB2 ¼ ∂
2P=T4

∂ðμB=TÞ2 becomes

χB2 ¼ 1

3
þ μ2B
ð3πTÞ2 : ð14Þ

Similarly, the entropy density in the model is given as

s ¼ ∂P
∂T

¼ 4T3Cþ Tμ2B=3; C ¼ 8π2

45
þ 7π2

20
: ð15Þ

Now that the entropy density and the second-order
baryonic susceptibility are calculated, one can use them
to get the coefficient of expansion α2 using Eq. (3)

α2ðT0Þ ¼
−1

18TC
⇒ α2

00ðT0Þ ¼
−1

9T3C
: ð16Þ

From the equation above, one can see that α200 goes to zero
at infinity, only asymptotically satisfying the condition for
determining the critical T0c from the expansion, implying
that no spurious phase transition is found at finite T.
Comparing the actual constant entropy contours of the

model against the contours obtained from the extrapolation,
see Fig. 2, we find that the extrapolated contours are
consistent with the contours of the full model both for real
and imaginary baryon chemical potential. We confirm that,
when calculating the contours based on the truncated
Taylor expansion, no artificial critical behavior appears
in the imaginary plane and the contours never cross. One
can similarly calculate the coefficient of expansion for
constant energy density and enthalpy density contours to
find that their second temperature derivatives also approach
zero only as T approaches infinity.
Notice that, at least in this simple example, one would be

able to anticipate the good agreement between the quadratic
extrapolation and the full model contours at real values of
μB by checking the agreement at imaginary values of μB.

B. Hadronic models

1. Ideal hadron resonance gas model

A popular model which describes the confined phase of
strongly interacting matter is the ideal hadron resonance
gas (HRG) model, which matches the results for lattice
QCD thermodynamics at low temperatures [27]. This
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model was originally developed in [32], following the idea
that resonance formation dominates the interactions
between ground-state hadrons in the confined phase. The
most standard case is the ideal HRG model, which treats
the particles in the system as pointlike and noninteracting.
The influence of interactions is therefore represented
indirectly through the inclusion of all known resonant
states in the hadron spectrum. Within the grand canonical
ensemble (GCE), the pressure of the HRG model is given
as a sum over partial pressures of all hadron species,

Pid
i ðT; μÞ ¼

d
3

Z
d3k
ð2πÞ3

k2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

i þ k2
p

×

�
exp

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

i þ k2
p

− μi
T

�
þ η

	−1
: ð17Þ

In Eq. (17), η is þ1 for Fermi statistics, −1 for Bose
statistics and 0 for the Boltzmann approximation. The
chemical potential for each species is given by
μi ¼ BiμB þQiμQ þ SiμS. In this work, we use the PDG
2021 + hadron list based on data tables provided in
Ref. [33] and use the Thermal-FIST package [34] for calcu-
lating HRG thermodynamics.
We calculate the coefficient of expansion α2 using

Eq. (3), together with its temperature derivatives as shown
in Fig. 4. For the ideal HRG model, α200 crosses zero, which
yields a spurious critical-point solution via the contour
criteria in Eqs. (5) and (6). This would correspond to
ðT; μBÞ ¼ ð86; 817Þ MeV from entropy-density contours.
Since the ideal HRG model has no phase transition, this
should instead be interpreted as the onset of nonparabolic

contour behavior and, therefore, the breakdown scale of the
quadratic truncation. Consistently, the same procedure
applied to other observables gives similarly spurious
results: ðT; μBÞ ¼ ð88; 791Þ MeV from enthalpy density
and (86,777) MeV from energy density. It was shown in
[26] that this fake critical point is due to the mesonic
degrees of freedom dominating at zero baryon chemical
potential and high temperature.
We now take a similar approach to that used in the

previous section for the ideal gas of massless quarks and
gluons, and analyze the contours of constant entropy
density in the ideal hadron resonance gas (HRG) model.
To this end, we consider the ideal HRG with Boltzmann
statistics in both the real and imaginary chemical potential
planes. The Boltzmann approximation is chosen because it
represents the simplest version of the ideal HRG, and other
variants of the model are expected to exhibit quantitatively
similar contour behavior.
If possible, one should study the behavior of the contours

in the imaginary μB plane. If the quadratic expansion works
in the imaginary plane, then the expansion in the real plane
is expected to be trustworthy. For this model, in Fig. 3 we
compare the full entropy density contours obtained directly
from the model with those reconstructed from the truncated
expansion at order μ2B, both for real and imaginary μB. From
Fig. 3, it can be seen that the quadratic approximation fails
to reproduce the contours adequately in both planes for this
model. In the real plane, the contours that start from low T0

at μB ¼ 0 are flat when expanded to higher μB values at

FIG. 3. True contours (black, solid) shown against the
extrapolated contours (blue, dashed) in an ideal hadron reso-
nance gas model following Boltzmann statistics in the real and
imaginary plane. The discrepancy in the extrapolated contours
displays the invalidity of the parabolic approximation for the
expansion in this case.

FIG. 2. True (black, solid) vs truncated (blue, dashed) contours
starting from different temperatures at zero μB for an ideal gas of
massless quarks and gluons for both imaginary and real μB.
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order μ2B, while the true contours of the model have an
exponential decline when μB is close to the mass of the
proton. However, the contours that start from high temper-
atures suggest a quadratic behavior and the truncated
contours represent the full ones accurately. Due to the
quadratic term not being able to reproduce the contours at
low temperature, the fake crossings appear, giving rise to
the fake critical point and first order phase transition in the
real μB plane.

2. Excluded volume HRG model

In the excluded-volume (EV) formulation of the HRG
model, one adds a short-range repulsive interaction akin to
hard-sphere repulsion [35]. In this model, the available
volume in the system for a hadron to move is effectively
reduced by repulsion. Typically, repulsive interactions are
introduced for baryon-baryon and antibaryon-antibaryon
pairs [36,37] and this is the approach we employ here. In
this case, the pressure is separated into contributions from
noninteracting mesons, and interacting baryons and anti-
baryons

PevðT; μÞ ¼ Pid
MðT; μÞ þ Pev

B ðT; μÞ þ Pev
B̄ ðT; μÞ; ð18Þ

where the partial pressures of (anti)baryons are determined
from the equations

Pev
BðB̄ÞðT; μÞ ¼

X
i∈BðB̄Þ

Pid
i ðT; μ�i Þ; ð19Þ

μ�i ¼ μi − bPev
BðB̄ÞðT; μÞ: ð20Þ

Therefore, to solve the excluded volume model in the
grand-canonical ensemble, one needs to obtain the solution
of the above transcendental equations for each point of the
ðT; μBÞ plane. For our hadron resonance gas model, the
excluded volume parameter for (anti)baryons is taken to be
b ¼ 1 fm3. This value of b is chosen based on the fit to
lattice results for the susceptibilities at μB ¼ 0 [29,37,38].
We use Thermal-FIST [34] for calculations.
When one uses the excluded volume HRG, which

describes the lattice QCD results similarly to the ideal
HRG at vanishing μB, and calculates the constant entropy
density contours, a similar behavior for the truncated
contours is found. As seen in Fig. 5, the contours truncated
at the quadratic order deviate from the actual contours when
they start from lower T0 at μB ¼ 0. The contours at higher
temperature still look quadratic and are able to reproduce
the actual contours up to higher chemical potential. Even
so, as the actual contours are not reproduced properly at
low temperature and high μB, a fake critical point is found
due to the crossing of the contours. The unphysical critical
point is obtained at ðT; μBÞ ¼ ð85; 831Þ MeV.
From the results in the ideal and excluded volume HRG,

we conclude that the expansion up to second order in μB is

not able to describe the system at low temperature, namely
in the hadronic phase. The truncation of the contours at
Oðμ2BÞ hints at a critical point at μB > 800 MeV, sug-
gesting that such high values of μB cannot be probed using
this expansion.

3. Quantum van der Waals HRG model

In the QvdW-HRG model, both attraction and repulsion
are incorporated, and the parameters are fixed to reproduce
the saturation density and binding energy of nuclear matter
[27,37]. Just like for the case of the EV-HRG model,
the pressure contains contributions from noninteracting
mesons, interacting baryons and antibaryons. We do not
incorporate attraction in meson-meson or meson-baryon
channels, since such interactions are already incorporated
in the HRGmodel to a large extent by including resonances
in the particle list. The attractive and repulsive interactions
are assumed to be the same between all pairs of baryons and
antibaryons in the list of hadrons and resonances. The
presence of the attraction terms modifies the transcendental
equations slightly.1 Namely, one has [39]

PvdW
BðB̄ÞðT; μÞ ¼

X
i∈BðB̄Þ

Pid
i ðT; μ�i Þ − an2BðB̄Þ; ð21Þ

nBðB̄ÞðT; μÞ ¼
nBðB̄ÞidðT; μ�Þ

1þ bnBðB̄ÞidðT; μ�Þ
; ð22Þ

μ�i ¼ μi − bPvdW
BðB̄ÞðT; μÞ − abn2BðB̄Þ þ 2anBðB̄Þ; ð23Þ

where nBðB̄ÞðT; μÞ is the number density of (anti)baryons in
the van der Waals model, while nBðB̄ÞidðT; μ�Þ is the ideal
gas density evaluated at shifted chemical potentials μ�i . For
our work, we choose a ¼ 329 MeV fm3 and b ¼ 3.42 fm3,
as these values provide the correct description of the
nuclear saturation density and the binding energy of the
nucleons [40]. These values also yield a fair description of
the lattice QCD thermodynamics at vanishing chemical
potential [37]. Also in this case we use Thermal-FIST [34] for
calculations. When the coefficient of expansion for the
constant entropy density contours is obtained from the zero
density equation of state, as seen in Fig. 4, the quantity α200
goes to zero at a critical value of T0c ¼ 115 MeV, similar
to the values found in the other HRG-based models. This
similarity arises due to the mesonic degrees of freedom
being dominant at vanishing baryon chemical potential and
temperatures lower than the pion mass, whereas the
interactions among baryons become subdominant, leading
to all the HRG models having a similar behavior in this
regime. It is also observed that the fake critical points
obtained in HRG-based models are consistently found at

1Note that for a ¼ 0 the QvdW-HRG model reduces to the
EV-HRG model.
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values of T0 below 120 MeV. In this particular model, the
critical point location using the extrapolation of s-contours
is found at ðT; μBÞ ≈ ð85; 830Þ MeV, which is very close to
the one obtained in the excluded volume HRG model. This
suggests that, even though there is a nuclear liquid-gas
phase transition in the model, the coefficient α2 at zero
chemical potential is not particularly sensitive to it and
provides the same fake crossings of entropy density
contours. For energy density contours, the CP from
extrapolation is obtained at ðT; μBÞ ≈ ð86; 789Þ MeV while
for enthalpy density contours, its location is ðT; μBÞ≈
ð87; 805Þ MeV. Thus, also for this version of the HRG
model, the extrapolation of these contours to order μ2B is
insufficient.
We note that the QvdW-HRG model describes a

nuclear liquid-gas transition and does contain a CP at
ðT; μBÞ ≃ ð20; 908Þ MeV. In principle, the CP at ðT; μBÞ ≈
ð85; 830Þ could have been related to the nuclear CP, but
given the similarity of this result to those obtained in the

ideal HRG and EV-HRG cases, we consider it to be a
spurious one. The nuclear liquid-gasCP is located at values
of μB which are too high (and values of T which are too
low, giving μB=T ∼ 45) to be captured by a parabolic
extrapolation from μB ¼ 0.
Having established that HRG-based descriptions with

both ideal and interacting systems generate spurious critical
points when truncated atOðμ2BÞ, we explored the expansion
in another lattice-constrained hadronic description of QCD
by using the cluster expansion model (CEM) [13]. The
CEM provides an equation of state at finite baryon density
based on lattice QCD, obtained from an expansion in
baryonic fugacities [29,41,42]. The equation of state at real
μB does not incorporate a first order phase transition. We
used the parametrized version of the CEM [43] to obtain
the coefficient of the expansion for the constant entropy
contours. We found that the 2nd derivative of the expansion
coefficient vanishes at a similar temperature to that of the
HRG models. For this reason, we obtain a spurious CP
close to the ones obtained from the expansion in HRG
models, giving a CP value located at ðT; μBÞ≡ ð95; 815Þ.
Since the CEM has no first-order phase transition, this is
again interpreted as the breakdown of the quadratic
approximation at μB ∼ 800 MeV. Now that we have
tested models describing the hadronic behavior, we will
next look at models that describe the quark phase on the
QCD phase diagram.

C. Nambu–Jona-Lasinio model

We now analyze how our expansion performs in a
quark-based model with degenerate bare quark masses.
Specifically, we use the Nambu–Jona-Lasinio (NJL)
model, the Lagrangian of which reads

LNJL ¼ ψ̄ðiγμ∂μ −m0Þψ þGS½ðψ̄ψÞ2 þ ðψ̄iγ5τ⃗ψÞ2�; ð24Þ

where GS is the scalar coupling, which gives the dynamical
mass of the quark when coupled with the scalar condensate,
and is also responsible for the pseudoscalar coupling
related to pions. For simplicity, we do not include the
effects of a vector coupling.

FIG. 4. Constant entropy contour expansion coefficient α2 and its temperature derivatives across various HRG-based models as
functions of the temperature at vanishing μB.

FIG. 5. Full (solid,black) vs truncated (blue,dashed) contours of
constant entropy density in the excluded volume HRG model in
the real baryon chemical potential plane, starting from different
initial temperatures.
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In a previous work, this model was employed to test
whether the expansion of the entropy density contours up to
second order could correctly locate the critical point [26].
Here, we check if this expansion is valid by comparing the
exact contours to those obtained via the quadratic extrapo-
lation, both at positive and negative values of μ2B.
Using the mean field approximation, the effective

thermodynamic potential is as follows:

ΩNJL ¼ ðM −m0Þ2
4GS

þΩvac þ Ωth; ð25Þ

with

Ωvac ¼
Z

Λ d3p
ð2πÞ3 ϵp; ð26Þ

where the integral for the vacuum part goes up to a cutoff
parameter Λ. The thermal contribution to the thermody-
namic potential is given by

Ωth ¼ 12T
Z

d3p
ð2πÞ3 ðlnð1 − fÞ þ lnð1 − f̄ÞÞ;

where f and f̄ are the Fermi-Dirac distributions for quarks
and antiquarks, and regularization is not required. We
employ the model parameters from [30], namely Λ ¼
0.5879 GeV, m0 ¼ 0.0056 GeV, Gs ¼ 2.44=Λ2 which
yields a critical point at ðT; μBÞ ¼ ð82; 966Þ MeV [30].
To obtain the pressure, one must first solve the gap

equation to obtain the constituent quark mass [30,44]

∂ΩNJL

∂M
¼ 0:

In our case, since the vector coupling is zero, this will be the
only equation we need to solve. Once the gap equation is
solved, the dynamical quark mass is used in the thermo-
dynamic potential and the pressure at finite temperature and
chemical potential is obtained as PðT; μÞ ¼ −ΩðT; μÞ.
From this pressure, one can obtain other thermodynamic
quantities such as the entropy density and the second-order
baryon susceptibility, which can be used to calculate
the quadratic coefficient α2 as well as the corresponding
entropy-density contours.
When calculating the expansion coefficients in the

model, we find no roots of the equation α2
00ðT0Þ ¼ 0,

indicating that the extrapolated contours do not capture the
phase transition. One likely reason is that the critical point
in this model is relatively far from zero chemical potential,
so a truncated quadratic approximation is not reliable at
large baryon chemical potential. In fact, it was shown
in [26] that the predictions from the extrapolated contours
become more accurate when the CP is closer to μB ¼ 0 in
the NJL model.

This behavior can be understood by examining the
contours of the model in the imaginary chemical potential
plane, shown in Fig. 6. The exact contours deviate from the
approximate quadratic behavior, and the quadratic expan-
sion fails to reproduce the true contours at large jμBj. While
contours starting from higher initial temperatures are
reasonably well described at both real and imaginary μB,
the agreement between extrapolated and true contours
becomes increasingly worse as T0 decreases. This behav-
ior, especially evident in the imaginary-μB direction at low
temperatures, shows that the quadratic expansion ceases to
be valid for this model, as the constant- entropy contours
emerging from low T0 are not well approximated by a
quadratic form in μB.

D. Holographic black-hole model

We now proceed to test our method on the holographic
EMD model, which contains a phase transition between
two strongly coupled fluids [45]. This section is based on
the holographic gauge/gravity correspondence and its
phenomenological application to QCD has been devel-
oped in Refs. [46–50].2 In this model, the physical
thermodynamic observables in a strongly coupled non-
Abelian gauge theory (QCD) in flat four dimensions are
obtained by solving the classical equations of motion of a
higher-dimensional theory of gravity in asymptotically
anti–de Sitter spacetime. The action in the EMD model is
defined as

FIG. 6. Full constant entropy density contours obtained from
the NJL model (black, solid) compared to the truncated ones
(blue, dashed) in the real and imaginary μB planes.

2For independent work on similar models, see for
instance [51–58].
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S ¼ 1

2κ25

Z
M5

d5x
ffiffiffiffiffiffi
−g

p �
R −

ð∂μϕÞ2
2

− VðϕÞ − fðϕÞFμνFμν

4

�

ð27Þ

where κ25 ¼ 8πG5, while G5 is the five-dimensional
Newton’s constant. The real scalar field ϕ breaks the
conformal invariance such as to mimic the running
coupling of QCD, while Aμ is the Maxwell field that
promotes global Uð1ÞB symmetry associated with
baryon-number conservation to a local symmetry in the
bulk, and Fμν ¼ ∂μAν − ∂νAμ. The terms on the right-hand
side of Eq. (27) correspond to the Einstein-Hilbert action,
the kinetic and potential terms for the dilaton field and the
Maxwell action, respectively. The dilaton-gauge coupling
fðϕÞ couples the renormalization group flow to the
baryonic current without breaking the Uð1ÞB symmetry.
Thermal states are described as black-hole solutions to

the classical equations of motion, each of them

corresponding to a point in the T-μB phase diagram of
QCD. When mapped to QCD thermodynamics, the model
gives a first-order phase transition between two strongly
coupled fluids. One of the reasons to test the extrapolation
in the holographic black-hole model is that it fixes the
parameters in the functional form of VðϕÞ and fðϕÞ
through lattice results for the entropy density s and baryon
susceptibility χB2 , which are the necessary quantities needed
in our extrapolation to follow the entropy density contours.
From these inputs, the EMD model is capable of predicting
a variety of other lattice QCD results [45,49,50]. Here we
employ the so-called polynomial-hyperbolic Ansatz for
fðϕÞ and VðϕÞ with best-fit parameters from Ref. [19].
In Fig. 7, the reconstruction of constant entropy density

contours from the expansion in Eq. (4) is compared with the
full contours from the holographic model. Even for an
expansion that was truncated at 2nd order, the extrapolated
contours show very good agreement with the actual
contours of the model, indicating that the contours in the
model itself are almost quadratic. We observe crossings of
the contours suggesting a first-order phase transition in the
model. One observes crossings in the expanded contours,
whereas no intersecting contours appear in the holographic
black-hole model. This is because the Maxwell construc-
tion has already been performed on the equation of state in
the holographic black-hole model. As a result, one observes
only the first-order phase transition line and not the
spinodal region, which is what gives rise to the crossings
in the constant entropy density contours. If the Maxwell
construction were not applied, one would indeed observe
crossings in the true contours of the model as well, and the
expanded and true contours of the model would overlap
even beyond the critical point. The critical point can be
located by extrapolating entropy-density contours and
using the temperature derivatives of α2, according to the
criteria in Eqs. (5) and (6). The coefficient of expansion and
its derivatives are shown in Fig. 8. It is observed that α200
vanishes at a certain value of T0, suggesting the presence of
a critical point, and that the corresponding chemical
potential is real and finite. In this case, the critical point
obtained by truncating the expansion at second order sits at
ðT; μBÞ ¼ ð104; 637Þ MeV. The actual critical point in the

FIG. 7. Full constant entropy density contours obtained from
the holographic black-hole model (black, solid) compared to the
extrapolated contours (blue, dashed) depicting a good match at
quadratic order of the expansion.

FIG. 8. Expansion coefficient of constant entropy contours toOðμ2BÞ, along with its derivatives in different QCD-based models with a
QCD phase transition, compared with the lattice QCD parametrization of the μB ¼ 0 equation of state.
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model is located at ðT; μBÞ ¼ ð103; 599Þ MeV. Therefore,
the results from the quadratic extrapolation are off by 1.4%
and 6.4% in T and μB, respectively.
The energy density contours yield a critical point at

ðT; μBÞ ¼ ð104; 611Þ MeV, while the enthalpy density
contours give ðT; μBÞ ¼ ð104; 638Þ MeV. Both sets of
contours closely track the true critical region, further
validating the extrapolation method and confirming that
the temperature derivative of α2 provides a consistent
and accurate signal of criticality across thermodynamic
observables.

E. Functional QCD

The continuum nonperturbative approaches of the func-
tional renormalization group (fRG) and Dyson-Schwinger
equations (DSE) can be combined to compute the equation
of state (EoS) of QCD at finite temperature (T) and baryon
chemical potential (μB). In the fRG framework, one
integrates quantum, thermal, and density fluctuations scale
by scale through the Wetterich flow equation [59], incor-
porating dynamical hadronization to account for emergent
mesonic degrees of freedom. This approach enables con-
sistent flows of couplings and propagators, while the DSE
provides nonperturbative gap equations for quark and
gluon fields. Combined, the fRGþ DSE framework can
be leveraged to yield an equation of state based on QCD,
including pressure, entropy, and baryon density, across the
crossover and first-order regions. This framework has been
recently used to predict a critical point on the QCD phase
diagram [60], which is consistent with other effective
approaches to QCD (see [16–18] for details). In particular,
the recent study [31] employs this combined framework
to obtain an equation of state with a critical point at
ðT; μBÞ → ð103; 660Þ MeV.
Because the temperature derivatives of s and χB2 required

for applying the present method were not made available in
[31], we parametrized the entropy and χB2 for this dataset,

using the same functional forms that were previously used
for lattice data in [22], shown in Eqs. (28) and (29) in
Sec. IV below. The expansion coefficient using this para-
metrization is shown in Fig. 8, and the extrapolated CP is
predicted at ðT; μBÞ → ð108; 629Þ MeV. Using enthalpy
density and energy density contours, the extrapolated
critical points are obtained at ðT; μBÞ ¼ ð107; 624Þ MeV
and (106,603) MeV, respectively. This should be compared
to the actual critical point, found at ðT; μBÞ ¼
ð103; 660Þ MeV in Ref. [31]. Due to α2 being extremely
sensitive to the derivatives s0 and χB

0
2 , one can obtain

slightly different results based on the analysis performed on
the data, and it becomes difficult to obtain the exact
location for the extrapolated CP, unless these derivatives
are calculated directly from the framework itself.
Nonetheless, our analysis leads to an extrapolated critical
μB within 10%–15% of the actual μBc from Ref. [31].
The critical points obtained within different approaches,

including fRG-DSE, and from various thermodynamic
contours, are summarized in Table I. We stress that both
the functional renormalization group and holographic
black-hole models feature a critical point on the QCD
phase diagram while successfully reproducing lattice-QCD
results at vanishing chemical potential. Remarkably, the
critical-point predictions from these two approaches fall
within a similar range, and can be approximately repro-
duced by the expansion of constant-entropy contours
truncated at the quadratic term—especially in the holo-
graphic case, where the agreement is nearly exact. We
further note that lattice QCD results at imaginary μB seem
to confirm that the quadratic approximation indeed captures
the behavior of the entropy density contours [15].3

TABLE I. Real and extrapolated CP locations across models. The contour-based CP column lists results obtained
from constant entropy/constant enthalpy/constant energy density extrapolations, respectively. The last column
shows the critical T0;c for the constant entropy density contour expansion. Lattice values correspond to the
expansion using the mean parametrization of s=T3 and χB2 given in Table II.

Model
Real CP

ðT; μBÞ [MeV]
Entropy/Enthalpy/Energy

CP ðT; μBÞ [MeV] T0;c [MeV]

Ideal massless QGP � � � � � � = � � � = � � � � � �
Ideal HRG � � � ð86; 817Þ=ð88; 791Þ=ð86; 777Þ ∼118
EV-HRG � � � ð85; 831Þ=ð87; 805Þ=ð86; 789Þ ∼115
vdW-HRG (19, 922) ð85; 830Þ=ð87; 805Þ=ð86; 789Þ ∼115
CEM � � � ð95; 815Þ=ð96; 802Þ=ð97; 779Þ ∼111
BH Model (103, 599) ð104; 637Þ=ð104; 638Þ=ð104; 611Þ ∼124
fRG–DSE QCD (103, 660) ð108; 629Þ=ð107; 624Þ=ð106; 603Þ ∼133
NJL Model (82, 966) � � � � � �
Lattice QCD unknown ð114; 602Þ=ð112; 606Þ=ð114; 601Þ ∼141

3It would be interesting to study how the constant entropy
density contours at imaginary chemical potential in the holo-
graphic black-hole model and in the fRG–DSE approach,
allowing for a more direct comparison with lattice QCD.
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IV. THERMODYNAMICS FROM LATTICE QCD
AND APPLICATIONS

In the previous sections, we studied the expansion of
constant entropy-density contours truncated at Oðμ2BÞ in
various approaches. Using different hadronic equations of
state, we found that this expansion fails to describe
hadronic degrees of freedom when extrapolated to high
μB. Similarly to what was done in [26], we have also
examined the quark-based NJL model to find that the
quadratic expansion of thermodynamic contours fails to
capture the high-density phase transition of the model.
Nonetheless, we notice that the NJL model does not
accurately reproduce lattice QCD results at low density.
We then turned to a holographic black-hole model [45] and
the fRG-DSE framework as more realistic descriptions of
the deconfined and crossover regimes of QCD, able to
reproduce lattice results at low μB while predicting a first-
order phase transition at large baryon densities. Within
these two approaches, we demonstrated that the expansion
of constant-entropy-density contours truncated at Oðμ2BÞ
provides an excellent description of thermodynamic
observables in this region of the phase diagram.
Following these results, we now extend this methodol-

ogy to lattice QCD in order to construct a full equation of
state that incorporates a QCD critical point [22]. We
reconstruct the pressure by integrating the entropy density
in the temperature variable. Since the expansion is not able
to describe the hadronic physics correctly, we perform the
integration from a nonzero temperature of T ¼ 80 MeV,
where we fix the integration constant by matching to a van
der Waals HRG equation of state at a fixed temperature for
each value of μB. Doing so yields a well-defined thermo-
dynamic equation of state in the low-temperature region.
In this section, we describe in detail the methodology used
to obtain the full thermodynamic equation of state from
lattice QCD data within this framework. We then present
the resulting thermodynamic quantities and discuss their
behavior, particularly by looking at the critical point and
the region of first-order phase transition.

A. Contour expansion from lattice QCD

In [22], we have already extracted the location of the
QCD critical point from the quadratic expansion of lattice
QCD constant s contours, taking into account the uncer-
tainties in the lattice data. It was also shown that the entropy
density extrapolated to finite μB was consistent with the
already available lattice QCD equation of state for μB=T ≤
3.5 [9]. When extended to higher values of μB, the critical
point location was found at ðT; μBÞ ¼ ð114� 7; 602�
62Þ MeV at vanishing strange and electric charge chemical
potentials (μS ¼ μQ ¼ 0). Here, we employ the expansion
to obtain a lattice QCD-based equation of state with a
critical point at finite T and μB. In addition to the entropy
density studied previously, we compute the net-baryon

density, pressure, speed of sound, and second-order baryon
number susceptibility, and analyze their behavior in the
vicinity of the critical point. Furthermore, we determine
the Lee-Yang edge singularities from the expansion and
investigate their behavior in the complex baryon chemical
potential plane.
In order to apply the expansion to lattice data, the

entropy density and the second-order baryonic susceptibil-
ity from the Wuppertal Budapest collaboration [9,61] were
parametrized to match the mean values of the dataset [22].
A parametrization of these quantities is needed because
their higher order temperature derivatives are required to
obtain the expansion coefficient and its derivatives. The
parametrization is given as follows:

s
T3

¼ a · tanh

�
T − T0

d

�
þ b; ð28Þ

χB2 ðTÞ¼d0

�
2 ·mp

π ·x

�3
2

·
exp

�
−mp

x

�
1þ

�
x
d1

�
d2
þd3 ·

exp
�
−d4

5

x4

�
1þ

�
x
d1

�
−d2

: ð29Þ

Here x ¼ T=ð200 MeVÞ and mp ¼ ð938=200Þ ≈ 4.7 is the
proton mass in units of 200 MeV, as in Ref. [11].
Propagating uncertainties of the lattice QCD input through
the parametrization, the critical-point location was found to
be ðT; μBÞ ¼ ð114� 7; 602� 62Þ MeV [22]. The mean
value for the critical point was obtained through the mean
value of the parameters (given in Table II), such that the
resulting lines pass through the lattice QCD data points. In
Ref. [22], it was also shown that using smoothing splines
instead of this parametrization yields consistent results
within errors, indicating that the particular parametric form
we used does not bias the results appreciably.
As a consistency check, before constructing the equation

of state from constant entropy-density contours, we first

TABLE II. Mean parameter values for s=T3 (left) and χB2 (right)
describing lattice QCD data using the parametrization given in
Eqs. (28) and (29) respectively from Ref. [22]. The covariance
matrices are available in Ref. [22].

Parameter Value

a 5.65608
b 6.43026
T0 163.681
d 43.3516

Parameter Value

d0 3.60763
d1 0.750215
d2 21.1553
d3 0.330518
d5 0.758584

LATTICE-BASED EQUATION OF STATE WITH A CRITICAL … PHYS. REV. D 114, 034501 (2026)

034501-11



examine the location of the CP obtained from constant
enthalpy-density and constant energy-density contours.
In an exact equation of state, the CP should be independent
of the choice of the thermodynamic variable used to
define the contours. However, since the expansion is
truncated at second order in μB, deviations in the extracted
CP location may arise when different thermodynamic
quantities are employed. Using Eq. (9), we obtain a CP
using linear error propagation of lattice uncertainties
resulting the location at ðT;μBÞ→ ð113�7;584�61ÞMeV
from the energy-density contours, while employing the
enthalpy-density expansion in Eq. (11) yields ðT; μBÞ →
ð113� 6; 606� 58Þ MeV. Despite the second-order trun-
cation, the CP locations extracted from these contours are
in close agreement and lie within the 68% confidence
interval of the CP determined from constant-entropy-
density contours [22].

B. Equation of state

Hydrodynamic simulations play a central role in the
theoretical interpretation of the medium created in heavy-
ion collisions, as they model the space-time evolution of the
strongly interacting matter produced in these experiments
[62–69]. In particular, complete simulations are required to
realistically describe the effects of the QCD critical point on
the evolution of the system. While standard relativistic
viscous hydrodynamics requires important modifications
near the QCD critical point, where fluctuations and non-
trivial transport phenomena become significant, effects of
criticality should also enter these simulations via the
equation of state (EoS), which should incorporate all
available theoretical insights. Here, we use our expansion
along contours of constant entropy density to construct a
lattice-based equation of state presenting a critical point at
high baryon density.
Before obtaining the thermodynamics from the entropy

density contours through lattice data, it is important to
recall the type of structure we might expect when calculat-
ing the equation of state. If one could perform first principle
calculations of the QCD equation of state in the thermo-
dynamic limit, in the first order phase transition region one
would see the most stable solution, namely a discontinuity
in the entropy density. In the case of our expansion, as it is
analytic and truncated at second order in μB, one observes
the metastable and unstable branches in the equation of
state, reflecting a mean-field-type behavior. Thus, the
entropy is expected to have a multivalued behavior, and
the other thermodynamic quantities as well.
Applying the parametrization from the previous section

and the expansion Eq. (4), one can calculate the entropy
density in the ðT; μBÞ plane. At this order, each contour is
labeled by its intercept T0 at μB ¼ 0, and for a given point
ðT; μBÞ one obtains T0ðT; μBÞ by solving the implicit
relation T ¼ TsðμB;T0Þ in Eq. (4). However, the entropy
as a function of T and μB itself does not contain full

thermodynamic information about the system. Instead, it is
the pressure, which has T and μB as its natural variables.
Entropy and pressure are related through a thermodynamic
identity sðT; μBÞ ¼ ½∂PðT; μBÞ=∂T�μB. Therefore, the pres-
sure can be reconstructed by integrating the entropy density
with respect to the temperature

Z
T

T low

sðT 0; μBÞdT 0 ¼ PðT; μBÞ − PðT low; μBÞ; ð30Þ

where T low is some temperature below T. To fix the
integration constant PðT low; μBÞ we set T low ¼ 80 MeV
and use the QvdW-HRG model to calculate PðT low; μBÞ.
The integral in Eq. (30) can be simplified. We note that

sðT; μBÞ ¼ s0½T0ðT; μBÞ� where T0ðT 0; μBÞ is determined
through Eq. (4) (where T ≡ Ts) in implicit form. Making a
variable change T 0 → T 0

0 as using, based on Eq. (4), that

�
dT
dT0

�
μB

¼ 1þ α02ðT0Þμ2B
2

; ð31Þ

we can write the pressure as

PðT; μBÞ ¼ PðT low; μBÞ þ
Z

Tup
0

T low
0

s0ðT 0
0ÞdT 0

0

þ
Z

Tup
0

T low
0

s0ðT 0
0Þ
α02ðT0Þμ2B

2
dT 0

0: ð32Þ

Here T low
0 ≡ T0ðT low; μBÞ and Tup

0 ≡ T0ðT; μBÞ.
The first integral in Eq. (32) yields the pressure differ-

ence at μB ¼ 0, i.e.,

Z
Tup
0

T low
0

s0ðT 0
0ÞdT 0

0 ¼ p0ðTup
0 Þ − p0ðT low

0 Þ≡ p0ðT0Þ
���Tup

0

T low
0

:

ð33Þ

To evaluate the second integral, we apply integration by
parts. One obtains

PðT; μBÞ ¼ PðT low; μBÞ þ p0ðT0Þ
���Tup

0

T low
0

þ μ2B
2
½s0α2�

���Tup
0

T low
0

−
μ2B
2

Z
Tup
0

T low
0

s00ðT 0
0Þα2ðT 0

0ÞdT 0
0:

ð34Þ

To evaluate the remaining integral in Eq. (34) we use the
fact that α2ðT0Þ ¼ −½T2

0χ
B
2 ðT0Þ�0=s00ðT0Þ. This leads to the

final expression for the pressure which avoids numerical
integration
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PðT; μBÞ ¼ PðT low; μBÞ þ p0ðT0Þ
���Tup

0

T low
0

þ μ2B
2
½s0ðT0Þα2ðT0Þ þ T2

0χ
B
2 ðT0Þ�

���Tup
0

T low
0

: ð35Þ

The baryon density is obtained from the thermodynamic

relation nBðT; μBÞ ¼ ½∂PðT;μBÞ
∂μB

�
T
. Applying this derivative to

Eq. (35) one obtains

nBðT; μBÞ ¼ nBðT low; μBÞ þ
�
s0ðT0Þ

�
∂T0

∂μB

�
T

	����T
up
0

T low
0

þ μB½s0ðT0Þα2ðT0Þ þ T2
0χ

B
2 ðT0Þ�

���Tup
0

T low
0

þ μ2B
2

�
s0ðT0Þα02ðT0Þ

�
∂T0

∂μB

�
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	����T
up
0

T low
0

: ð36Þ

To calculate the derivative ð∂T0

∂μB
Þ
T
, we differentiate the

implicit relation T ¼ T0 þ α2ðT0Þμ2B=2 at fixed T

0 ¼
�
∂T0

∂μB

�
T
þ μBα2ðT0Þ þ

μ2B
2
α02ðT0Þ

�
∂T0

∂μB

�
T
;�

∂T0

∂μB

�
T
¼ −

μBα2ðT0Þ
1þ μ2B

2
α02ðT0Þ

: ð37Þ

Plugging this expression into Eq. (36), after simplifications,
we obtain a compact final expression for nBðT; μBÞ:

nBðT; μBÞ ¼ nBðT low; μBÞ þ μB½T2
0χ

B
2 ðT0Þ�

���Tup
0

T low
0

: ð38Þ

Using the above equation, one obtains the baryon density as
a function of temperature and baryon chemical potential.
For completeness, we also write here the μB derivative of
the entropy density sðT; μBÞ

�
∂s
∂μB

�
T
¼ −μB

α2ðT0Þs0ðT0Þ
1þ α0

2
ðT0Þμ2B
2

: ð39Þ

From the baryon density, pressure and entropy density,
one can calculate the energy density, which is given by
Eq. (8). Our final results for the normalized pressure,
energy density and baryon density are shown as functions
of temperature at constant values of μB=T in Fig. 9. The
solid lines with bands are the values obtained in this
analysis, while the points with error bars are lattice
QCD-based results from Ref. [9] based on the T 0 expansion
scheme. We observe that both expansion schemes are in
agreement up to μB=T ≤ 3.5.
To further illustrate the resulting equation of state in the

ðT; μBÞ plane, Fig. 10 shows the normalized pressure,
baryon density, and entropy density surfaces as functions
of temperature and baryon chemical potential. In the region
of the first-order phase transition, the Maxwell construction
is applied and only the thermodynamically stable solution
is displayed. Finally, Fig. 11 shows the behavior of
different thermodynamic quantities as functions of temper-
ature at different values of the baryon chemical potential.
For μB > μBc, the multiple solutions associated with the
first-order phase transition are kept intact. The values of
different thermodynamic quantities at the CP along with its
error estimate are shown in Table III.
The above procedure allows us to analyze the structure of

the CP and the associated mixed phase region in the
vicinity of the CP in the T-nB plane, in addition to the T-μB
plane studied before. We note that baryon density at the CP
is nB;c ≈ 0.6n0, where n0 ¼ 0.16 fm−3 is the normal
nuclear density. At subcritical temperatures, T ≲ Tc, the
first-order phase transition leads to the emergence of a
mixed-phase region in the T-nB plane. As the temperature
is decreased, the baryon density of both the low- and high-
density phases increase relative to nB;c. This feature is
markedly different from the inverted U-shape commonly
observed in mean-field models without explicit hadronic
degrees of freedom, such as NJL, but consistent with the
“bananalike” shape of the coexistence region modeled in
Ref. [70]. The expected shape of the coexistence region

FIG. 9. Scaled (a) pressure, (b) net baryon density and (c) energy density as functions of the temperature at constant values of μB=T
obtained from our analysis (solid lines) compared with the T 0− expansion scheme results (error bars) from Ref. [9]. The bands depict the
error propagation of the lattice QCD input data. The μB=T slices are scaled by numerical factors to avoid overplotting.
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was further discussed in [71], where the liquid-gas type
coexistence region in mean-field models was criticized as
unphysical, leading, in particular, to the coexistence of
vacuum and quark droplets when extended to T ¼ 0. For
a CP located at a baryon density smaller than the normal
nuclear density n0, as is the case in our study, the shape of the
coexistence region thus necessarily has to be different from
the inverted U-shape, and this is what we observe here.
Using Eq. (38), the second order baryon number sus-

ceptibility can be obtained by taking the derivative of

baryon density with respect to μB, namely T2χB2 ðT; μBÞ ¼
ð∂nB=∂μBÞT . One obtains

T2χB2 ðT; μBÞ ¼ T2
lowχ

B
2 ðT low; μBÞ þ ½T2

0χ
B
2 ðT0Þ�

���Tup
0

T low
0

þ μ2B

�
s00ðT0Þ½α2ðT0Þ�2
1þ μ2B

2
α02ðT0Þ

	����T
up
0

T low
0

: ð40Þ

FIG. 10. (a) Normalized pressure P=T4, (b) net baryon density nB=T3, and (c) entropy density s=T3 as functions of temperature and
baryon chemical potential. For μB > μB;c the surfaces correspond to the thermodynamically stable branches selected by the Maxwell
construction. The solid red lines depict the boundaries of the first-order phase transition along the coexistence line. The red circle marks
the critical point, where the first-order transition ends and the discontinuities in nB and s close.

FIG. 11. Equation of state properties obtained in our analysis. The different quantities are shown as functions of the temperature for
different constant values of the baryon chemical potential. The quantities are (a) the scaled pressure, (b) baryon number density (in units
of nuclear saturation density), (c) scaled entropy density, (d) scaled energy density, (e) second order baryon number susceptibility
(bottom, middle) and (f) square of the speed of sound, in the crossover (μB ¼ 450 MeV), critical point (μB ¼ 602 MeV) and first order
phase transition (μB ¼ 690 MeV) regions. The baryon susceptibility plot has Maxwell construction applied for the μB ¼ 690 MeV, the
other plots are obtained without the Maxwell construction. The bands depict the error propagation of the lattice QCD input data.
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Using the above equation, χB2 as a function of the temper-
ature at constant μB is obtained, and shown in Fig. 11. The
resulting χB2 diverges at the critical point, as expected.
Thereafter, in the first-order phase transition, we apply
Maxwell construction to obtain and depict in Fig. 11 only
the stable branch solution for this quantity. The adiabatic
squared speed of sound reads [72]

c2sðT; μBÞ ¼
�
∂p
∂ϵ

�
s=n

¼
n2 ∂

2p
∂T2 − 2sn ∂

2p
∂μB∂T

þ s2χB2

ðϵþ pÞ
�
∂
2p
∂T2 χB2 −

�
∂
2p

∂μB∂T

�
2
� :

ð41Þ

Notably, c2s stays finite at the CP in our model. This reflects
the mean-field universality class that our construction
provides, and different from the expected 3D-Ising univer-
sality class behavior, where the value of the speed of sound
would be exactly zero at the CP [73,74]. Moving beyond
the critical chemical potential, we enter the first-order phase
transition region, where both metastable and unstable
branches of the speed of sound appear. In particular, the
formal single-phase expression for c2s yields negative
values within the spinodal region, reflecting the mechanical
instability.

C. Isentropic trajectories

Utilizing the entropy density and net-baryon density
obtained in our analysis, we can calculate the isentropic
trajectories of constant s=nB across the phase diagram.
They are shown in Fig. 12 for a few different values of
s=nB. At small μB the trajectories in our constructed EoS
are similar to various lattice-based calculations in the
literature [13,50,75]. At higher densities we observe a
focusing behavior due to the critical point, similar to the
one discussed recently in [76]. When traversing a first-
order coexistence line, the trajectories exhibit a jump before
exiting in the hadronic phase. This is consistent with
expectations for the QCD phase transition and in contrast
to a liquid-gas type transition, which only has locally
incoming isentropic trajectories [77].

The isentropic trajectories are relevant for heavy-ion
collisions, as they approximate the trajectories that the
system created in these collisions would follow during
its evolution when viscous effects can be neglected.
Hence, these trajectories can provide useful information
on the effect of the CP in heavy-ion experiments. However,
it is important to note that the system studied here
corresponds to μS ¼ 0 and μQ ¼ 0, while the system
created in heavy ion collisions has global strangeness
neutrality and nQ=nB ≈ 0.4. This difference is insignificant
at small chemical potentials but may become sizable at
μB ≳ 600 MeV [78,79].

D. Lee-Yang edge singularities

Lee and Yang showed that phase transitions of a
thermodynamic system can be understood in terms of
the complex singularities of the grand canonical partition
function [80,81]. The branch points of these singularities
pinch the real axis at the point of second order phase
transition, which is the critical point [20]. Recently, there
have been a lot of developments in obtaining these
Lee-Yang edge (LYE) singularities in the complex plane
through lattice QCD simulations at imaginary μB
[20,21,23,82,83] and in QCD-based models [84–86].
These Lee-Yang edge singularities can just be treated as
spinodals in the complex plane [87] and hence can be
obtained through the expansion of entropy density con-
tours. We observe the spinodals using the conditions
dT=ds ¼ 0 and Eq. (4), but in this case T0 and μB are
in the imaginary plane, while the temperature T is real.
From this, we obtain the singularities at complex values of
the chemical potential, the imaginary part of which is

TABLE III. Thermodynamic quantities evaluated at the CP.
The displayed errors propagate the uncertainties in the lattice
QCD input.

Quantity Value at the CP

T0 [MeV] 140.94� 1.95
T [MeV] 114.29� 6.85
μB [MeV] 602.06� 62.05
P=T4 0.70� 0.19
s=T3 6.95� 0.82
nB=n0 0.59� 0.13
s=nB 14.36� 4.25
ϵ=T4 8.67� 1.79

FIG. 12. Several isentropic trajectories in the ðT; μBÞ plane
converging toward the critical point and line of first order phase
transition.
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plotted as a function of temperature in the left panel
of Fig. 13.
The right panel in Fig. 13 shows the LYE singularities on

the complex μB plane, illustrating how the critical point at
imaginary chemical potential is connected to the QCD
critical point at real μB. A related analysis based on lattice
QCD simulations was presented in Refs. [20,21], where a
qualitatively different behavior of the singularity trajecto-
ries was observed. In particular, at high temperatures the
LYE singularities were found to bend away from the
Roberge-Weiss critical end point in the complex μB plane
before approaching the line ImðμB=TÞ ¼ π. In contrast, as
shown in Fig. 13, our analysis suggests that the LYE
singularities move from the real axis toward the Roberge-
Weiss critical end point with increasing temperature, with-
out an intermediate deviation in the complex plane.
The red dashed line in the right panel of Fig. 13

corresponds to Im μB ¼ π, where the Roberge-Weiss criti-
cal end point should be found with ReμB=T ¼ 0. The
s-contour expansion shows a critical end point at purely
imaginary μB, but it is located at Im μB=T ≈ 3.55, due to the
truncation of the expansion at second order in μB [22].
Conversely, because of truncation errors, there is a small
nonzero value of ReμB=T for the singularity at iμB=T ¼ π.
Regardless of truncation error, the s-contour expansion
indicates that the CP in the real plane is connected to the
Roberge-Weiss CP at imaginary μB. Whether this behavior
is a coincidence due to the truncated expansion or con-
nected to actual physics is still under investigation, as there
are no indications from lattice QCD or model studies that
the two critical points should be connected to each other.

V. CONCLUSIONS

In this work, we examined contours of constant entropy
density in several QCD-inspired models to assess how the
expansion developed in [22] performs when truncated at
Oðμ2BÞ. Since the method relies on thermodynamic quan-
tities becoming multivalued in the region of a first-order
phase transition, other quantities besides entropy density

can also be used. Therefore, we further analyze the
expansion by looking at contours of enthalpy density
and energy density. Ideally, all of them should yield the
same critical point, although truncation at second order can
introduce differences. As a baseline test, the expansion is
first applied to an ideal gas of massless quarks and gluons,
which does not contain a critical end point. When the
expansion was applied, it did not yield any CP and
reproduced the contours of the model in both the imaginary
and real μB planes.
However, when applied to the ideal hadron resonance

gas model, which also does not have a CP, the expansion
showed a fake critical end point at a high value of baryon
chemical potential. The reason for this is that the actual
contours of the model are not parabolic when μB
approaches the mass of the proton, but rather become
exponential. The expansion was also unable to capture the
behavior of the contours at imaginary chemical potential,
thus proving unreliable when applied to this particular
model. The expansion was also studied in other versions of
the HRG model, including the excluded volume HRG
model, the van der Waals HRGmodel, as well as the cluster
expansion model (which reduces to HRG at low temper-
atures). Because all these models behave very similarly to
the ideal HRG at low temperatures and μB ¼ 0, a similar
fake CP at an equivalently high value of μB with a T0c ≤
120 MeV was predicted for all of them. Given that the
HRG model is expected to provide a good approximation
of QCD thermodynamics at T ≲ 120 MeV and μB ¼ 0, we
conclude that the expansion of constant entropy contours is
not reliable at T0 < 120 MeV and any CP corresponding
to T0;c < 120 MeV is likely to be spurious.
Besides, the method produces a null result (no CP) when

applied to the NJL model in its standard parametrization,
which contains a CP at ðT; μBÞ ¼ ð82; 966Þ MeV. Our
result here echoes the analysis in [26], where other para-
metrizations of the NJL model were considered.
Interestingly, the NJL model did not produce a fake CP
at T0;c < 120 MeV, unlike HRG-type models. This likely

FIG. 13. Left panel: Lee-Yang edge singularities plotted as a function of temperature in the imaginary plane. Right panel: Lee-Yang
edge singularities on the real and imaginary μB axes displaying how the critical point in the imaginary plane is connected with the QCD
critical point on the real axes.
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reflects the absence of explicit hadronic degrees of freedom
in the model.
Finally, the expansion was tested on models that predict

a first-order phase transition in QCD and reproduce the
available lattice QCD thermodynamics at μB ¼ 0. First, it
was applied to a holographic dual black-hole (BH) model,
where the expansion successfully predicted a CP close to
the actual CP location in the model. It also provided an
accurate description of the true entropy contours of the
model as the true contours in the model exhibited an almost
quadratic behavior. The analysis of contours of constant
energy or enthalpy density produces similar results, with
the value of μB;c using energy density contours being closer
to the actual value. Another approach that describes lattice
data at μB ¼ 0 and predicts a CP at finite density is the
functional QCD (fRG-DSE) approach. Using tabulated
data from Ref. [31], we constructed the expansion of
entropy density contours at order Oðμ2BÞ and obtained a
CP within 10% of the actual CP value in this approach.
Both the BH and fRG-DSE frameworks describe lattice

QCD thermodynamics at μB ¼ 0 and exhibit nearly quad-
ratic constant-entropy contours, which justifies truncating
the expansion at second order and helps explain why
the corresponding critical-point estimates are close to the
true values in these models. When applied to lattice
QCD data [22], the constant entropy method yields
ðTc; μBcÞ ¼ ð114; 602Þ MeV, which is compatible with
the CP location in BH and fRG-DSE frameworks.
Taken together, these results lend credence to the possibil-
ity that the QCD CP is located in this region of the QCD
phase diagram. Still, the possibility remains that this lattice-
based estimate of the critical point in Ref. [22] does not
correspond to a true critical point of QCD. Should this be
the case, it would point to a limitation of the constant-
entropy expansion when applied to lattice QCD, despite its
successful application to the holographic black-hole and
fRG-DSE approach. Even though lattice QCD results
indicate parabolic behavior of constant-entropy contours
in the imaginary-μB plane (in the strangeness-neutral
direction) [15], the breakdown of this behavior in real
μB direction cannot be ruled out. Such a scenario would
indicate an intrinsic difficulty of inferring critical behavior
from effective descriptions constrained at small μB rather
than an issue directly related to the shape of constant-
entropy contours.
Combining the above observations within different

models, one can give the following recipe to assess the
reliability of CP predictions from the constant-entropy
expansion method:

(i) Inspect the behavior of the contours in the imagi-
nary-μB plane (if available). If the contours show
notable deviations from a quadratic behavior in μB,
the Oðμ2BÞ truncation is unlikely to be reliable.

(ii) If the extracted value of T0;c is below 120 MeV, the
predicted CP is likely to be spurious and reflect the

breakdown of the quadratic approximation in the
hadronic regime.

(iii) Cross-check the robustness of the inferred CP by
comparing results from constant entropy, energy,
and enthalpy density contours and verifying that
they predict consistent crossings.

Finally, taking the quadratic behavior of constant-
entropy contours from lattice QCD at face value, we
reconstructed the full equation of state. This was achieved
by integrating the entropy density over the temperature at
each value of μB and matching the integration constant to
the HRG model at low temperatures. As a result, we
obtained a lattice-based equation of state model which
contains a CP at ðT; μBÞ → ð114; 602Þ MeV in line with
available constraints on the CP. Alongside the equation of
state, we studied the behavior of isentropic trajectories
(contours of s=nB) and their focusing in the vicinity of the
CP. We also studied the behavior of Lee-Yang edge
singularities in the complex chemical potential plane.
For quadratic entropy density contours, the LYE trajecto-
ries smoothly connect the QCD critical point singularity on
the real μB axis to the Roberge-Weiss end point at
imaginary μB. This equation of state can be used to test
the effect of a critical point in hydrodynamic simulations of
heavy-ion collisions, and its predictions for baryon number
fluctuations can be compared with measurements of proton
number cumulants in heavy-ion collisions, albeit with an
appropriate treatment of caveats associated with theory-to-
experiment comparisons [88].
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