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Understanding the hydrodynamics of out-of-equilibrium dense viscous fluids is of key importance to
accurate descriptions of physical systems such as compact stars, particularly their mergers. We consider a
near-equilibrium relativistic fluid with n independent and small chemical potentials restoring the system
back toward equilibrium. By diagonalizing the evolution equation for the out-of-equilibrium chemical
potentials, we construct an explicit evolution equation for the bulk scalar of the system in second-order
hydrodynamics in terms of equilibrium quantities. We find expressions for the 2n transport quantities
and show that, in the rest frame of the fluid, the system admits a Green’s function corresponding to an
n-component fluid.
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I. INTRODUCTION

There are many open questions in the field of transport
phenomena in dense relativistic fluids, with many existing
studies focusing on a specific equation of state for the fluid.
Such systems are found in nature, with a prominent
example being neutron star mergers observed through their
gravitational wave signal [1,2]. Neutron star mergers
provide an environment where a dense near-equilibrium
fluid is being brought toward equilibrium by chemical
reactions. Accurate descriptions of the underlying phenom-
ena are one of the key steps toward properly understanding
dense, strongly interacting systems and especially transport
in such matter [3].
In this manuscript, we are particularly interested in the

case where a repeated compression-decompression cycle
causes energy dissipation due to a finite bulk viscosity,
which consequently has an effect on the observed merger
signal [4–8]. The qualitative behavior of the bulk viscosity
is known to be different for different types of matter present
in neutron stars, namely, for hadronic matter and quark
matter [9–13]—the transport properties depend on the
equation of state of the system as well as the rates of
the relevant chemical reactions.
With a simple system involving few particle species, the

relevant equations derived using relativistic hydrodynamics
are largely manageable, but quickly become unwieldy for a

more complicated system if treated directly [9,10,14]. A
large number of particle species appears, in particular, in
the hadronic phase, where the number of potentially active
composite particle types can be significant.
In this manuscript, we will be rather general: Instead of

selecting a specific equation of state—or even necessarily
one associated with neutron stars—we consider a general
dense fluid with n independent chemical potentials asso-
ciated with reactions bringing the system toward equilib-
rium. By doing so, we provide a general framework for
analyzing relativistic bulk viscous fluids in the linearized
regime irrespective of the number of particle species. We
derive the relevant evolution equation for such systems and
show that under certain general conditions they factorize into
n subsystems. We also find expressions for the associated
transport coefficients in terms of equilibrium quantities. The
derivation as well as the equations themselves are useful not
only for a better grasp of the general behavior of relativistic
dense viscous fluids, but also for describing complicated
systems where n is larger than 1 or 2, important for a more
nuanced understanding of neutron star merger dynamics.
The paper is structured as follows: In Sec. II we first

define precisely what characterizes our near-equilibrium
system. This includes writing down a system of evolution
equations for the set of chemical potentials associated with
the chemical reactions bringing the system toward equilib-
rium. Next, in Sec. III we diagonalize the set of equations to
bring it into a solvable form. In Sec. IV, we write down the
equation for the bulk scalar, finding the associated Green’s
function as well as the relevant transport coefficients in
terms of equilibrium quantities. As the notation used can be
somewhat abstract, in each of the Secs. II–IV we comple-
ment the general definitions and derivations with a corre-
sponding example for n ¼ 2, associated with (unpaired)
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quark matter (QM) in the absence of neutrinos. We will be
rather superficial when it comes to the phenomenology of
this particular system, mainly focusing on how the general
formulas used and derived in this work appear in it, and
encourage interested readers to refer to [15], which the
example discussion is based on. We emphasize that this is
purely for illustrative purposes, and the treatment, in
general, is applicable for a much wider class of systems.
Finally, in Sec. V we discuss the results.

II. LINEARIZED n-COMPONENT FLUID

In this section, we outline a general formulation for the
relevant physical system. We adapt a version of the notation
of Carter [16] in order to provide general expressions and
give explicit expressions in the QM case. We use the
summation convention between upper and lower indices.
Consider a system of k > 1 particle species fpaga∈K ,
jKj ¼ k, with associated chemical potentials fμaga∈K
whose chemical equilibrium has been disturbed and is
being restored by a set of chemical reactions C. The
disturbance of equilibrium manifests as the chemical
potentials becoming dependent on a spacetime point. For
some C∈ C the chemical reactions take the form xCapa →
x̃Ca pa (they also come with a corresponding set of reverse
reactions C0 ∈ C0 of the form xC

0
a pa ← x̃C

0
b pb; in introducing

this notation, we have implicitly fixed what is the “forward”
and the “backward” reaction, fixing a sign ambiguity in the
chemical potentials.) for some integer (“stoichiometric”)
coefficients1 xCa ; x̃Ca (xC

0
a ; x̃C

0
a ), which we set to zero for

particle species not appearing in the reaction. We use
uppercase Latin indices to refer to the various chemical
reactions (A;B;C;…), while lowercase Latin indices
(a; b; c;…) enumerate particle species, with contravariant
indices corresponding to chemical potentials and, later on,
covariant indices corresponding to their conjugate particle
densities.
QM example. K ¼ fu; d; s; eð; νÞg and the relevant

reactions are

C1∶ uþ s ⟷ uþ d; C2∶ uþ e ⟶ dþ ðνÞ;
C3∶ uþ e ⟶ sþ ðνÞ; ð1Þ

where, for simplicity of presentation, we consider a
scenario where the effect of the neutrinos (ν) is absent,2

so that k ¼ 4. Thus, abbreviating Ci as i in the reaction
indices, we find the following coefficients:

fx1u; x1d; x1s ; x1eg ¼ f1; 0; 1; 0g;
fx̃1u; x̃1d; x̃1s ; x̃1eg ¼ f1; 1; 0; 0g;
fx2u; x2d; x2s ; x2eg ¼ f1; 0; 0; 1g;
fx̃2u; x̃2d; x̃2s ; x̃2eg ¼ f0; 1; 0; 0g;
fx3u; x3d; x3s ; x3eg ¼ f1; 0; 0; 1g;
fx̃3u; x̃3d; x̃3s ; x̃3eg ¼ f0; 0; 1; 0g: ð2Þ

The system becomes simple to treat if we assume it to be
near equilibrium. That is to say, we assume that the reaction
rates ΓC − ΓC0

can be linearized in some small (in a sense to
be established momentarily) linear combinations of the
chemical potentials μa. Note that specifying the inverse
reaction C0 here determines the sign of the chemical
potential. The linearized expansion is most conveniently
rewritten using small reaction chemical potentials3 μ̃A

describing deviation from chemical equilibrium associated
with a specific reaction. Then, using the corresponding
linearized reaction rates λ associated with a specific
chemical reaction C and its inverse C0, one may write

μ̃C ≡ ðxCa − x̃Ca Þμa;
ΓC − ΓC0 ¼ λCA μ̃

A ¼ λCAðxAa − x̃AaÞμa: ð3Þ

Note that the matrix λCA is diagonal, whereas the same
expression written using the chemical potentials μa would
generally involve a nondiagonal matrix. For equations
involving chemical potentials and related linearized quan-
tities (notably particle densities), we always drop the
remainder terms going beyond the linear approximation
for notational simplicity; everything is derived assuming
linearized chemical potentials. To make this more precise,
the reaction chemical potentials are small in the sense that
we require4 that μ̃C=μa ≪ 1∀C∈ C; a∈K. This also
implies that the chemical potentials fμaga∈K can be
expanded around an equilibrium value. That is to say,
∀a∈K; μa ¼ μa0 þ δμa, where μa0 corresponds to a value
obtained by fixing the constraint μ̃C ¼ 0 ∀C∈ C, so that, in
fact, in Eq. (3) one may replace each μa with δμa and take
δμa=μa0 ≪ 1∀a∈K (no summation convention). In what
follows, decorated ( ;̃ ^) chemical potentials are always
taken to be small, as in, expanded to linear order around
a vanishing equilibrium value, as are the deviations δμ that,
in practice, appear only rarely. The importance of the near-
equilibrium expansion is that the equilibrium chemical
potentials fμa0ga∈K carry no dependence on the space-
time point.

1Often, these coefficients are all equal to either 1 or 0.
2In the physical system in question, this is justified at

sufficiently low temperatures, below Oð10 MeVÞ or so, in the
so-called neutrino-transparent regime. For more details, please
see Ref. [15].

3Also known as “reaction affinities.”
4It is often possible to relax this condition by requiring that the

reaction chemical potentials fμ̃CgC∈ C are smaller than only some
of the chemical potentials associated with the particle species
fμaga∈K .
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QM example. The linearized reaction chemical potentials
are

μ̃1 ≡ μu þ μs − μu − μd ¼ μs − μd; ð4Þ

μ̃2 ≡ μu þ μe − μd; ð5Þ

μ̃3 ≡ μu þ μe − μs; ð6Þ

where each of the μa could be replaced with a δμa.
At this point, there is still remaining degeneracy, as the

reaction chemical potentials μ̃A are generally not indepen-
dent. Suppose now that there are n ≤ jCj ¼ jC0j indepen-
dent chemical potentials, in the sense that any possibly
remaining n − jCj rates can be written as linear combina-
tions of the n independent chemical potentials using some
real-valued coefficients cAα , determined by the form of the
chemical reactions. While, in practice, it is convenient to
choose this basis of n chemical potentials to be maximally
coincident with the reaction chemical potentials μ̃A, for
example, by fixing cAα ¼ δAα for A ≤ n, to be general we
allow for generic choices of the cAα , which can then be
collected together to form a jCj × n matrix, determined by
the form of the chemical reactions. We write, finally,

ΓC − ΓC0 ≡ λCAc
A
α μ̂

α; ð7Þ

where the basis elements μ̂α that span the n-dimensional
space can be collected together into an n-dimensional
vector μ̂ ¼ ðμ̂1;…; μ̂nÞ of independent reaction chemical
potentials. These are the degrees of freedom we use to
measure deviation from equilibrium going forward, follow-
ing the elimination of the jCj − n superfluous reaction
chemical potentials. To distinguish the independent degrees
of freedom μ̂α from the reaction chemical potentials μ̃A

labeled by uppercase Latin indices, and we label them by
lowercase Greek indices from the start of the alphabet
(α; β; γ;…). The independent chemical potentials μ̂α will
appear in the hydrodynamic equations below and will be a
central quantity, and by the end of this section, we will
obtain a hydrodynamic evolution equation for it. In
practice, once we move to the hydrodynamic equations,
it will become convenient to use vector notation (e.g., μ̂) for
n-dimensional quantities instead.
QM example. Noting that μ̃3 ¼ μ̃2 − μ̃1, we take the

linearly independent chemical potentials to be μ̂ ¼
ðμ̂1; μ̂2Þ ¼ ðμ̃1; μ̃2Þ. We emphasize that this choice is arbi-
trary. At this point, we have accounted for the fact that the
third chemical potential is linearly dependent and can use a
simpler notation for the two independent chemical poten-
tials. We indeed have n ¼ 2, that is to say, two independent
chemical potentials, and we find cCα ¼ δCα for α∈ f1; 2g, as
well as c31 ¼ −1; c32 ¼ þ1.
To make contact with hydrodynamics, consider a fluid

with a velocity field u, and write ϑ ¼ divu ¼ ∇νuν,

Du ¼ uν∇ν, where the f∇νgdν¼0 are spacetime derivatives.5

To fix conventions, we use the mostly minus metric,
although the signature only enters into expressions obtained
in fixed frames, and use the summation convention for
spacetime indices. In second-order hydrodynamics, ϑ is
formally treated as an independent variable in the evolution
equations. Nevertheless, it is associated with the conserved
Noether current ja of particle numbers and connected to
them via a continuity equation. We have

ja ≡ divnnoneq:a u≡ uν∇νn
noneq:
a þ nnoneq:a ∇νuν

≡Dun
noneq:
a þ nnoneq:a ϑ ∀a∈K; ð8Þ

which we will use in the derivations below (and where
fnnoneq:a ga∈K are nonequilibrium particle densities conju-
gate to the chemical potentials fμaga∈K and defined
explicitly shortly). In the absence of rates, ja ≡ 0, but
the presence of rates will introduce a source term, as we
shall see below.
On the other hand, another central quantity, the pressure

of the system in equilibrium p, depends on the equilibrium
chemical potentials fμa0ga∈K , the equilibrium temperature
T, and possible other variables that are independent of the
spacetime point, such as particle masses. The bulk scalar of
the system Π ¼ pnoneq: − p measures deviation from equi-
librium in terms of the nonequilibrium pressure pnoneq. and
must take the form Π ¼ Παμ̂

α ≡ hΠ; μ̂i in the near-equi-
librium linearized approximation, whereΠα are coefficients
depending on equilibrium quantities exclusively. The
equilibrium densities na conjugate to the equilibrium
chemical potentials μa0 and the (generally nondiagonal
but symmetric) susceptibilities, all in equilibrium, are given
by na ≡ ∂ap; χab ≡ ∂a∂bp, respectively. Here ∂a ≡ ∂=∂μa0
are partial derivatives taken with respect to the equilibrium
particle chemical potentials.
Importantly, in the definition of Π one may fully

incorporate other constraints such as conservation laws that
may exist in the system besides those given by the chemical
reactions and the continuity equation. This is vital for
treating physical systems, but does not affect the derivation
presented here, so the exact form of these constraints and the
Π is irrelevant for our present purposes. Nevertheless, it is
the evolution equation of Π we are after.
QM example. Writing δμa for the deviations of the

particle chemical potentials from their equilibrium values,
the additional constraints fulfilled in QM can be written in
the linearized regime as

ðχea − χuaÞδμa ¼ 0; ðχda þ χsa − χeaÞδμa ¼ 0: ð9Þ

5We work in flat spacetime, but use the notation ∇ν to
distinguish the spacetime derivatives from those taken with
respect to the chemical potentials. To further eliminate the chance
for confusion, we strive to use index-free notation when dealing
with the spacetime derivatives.
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These correspond to “charge neutrality” and “β equilib-
rium,” respectively, with their equilibrium counterparts
being μd0 ¼ μs0 ¼ μu0 þ μe0 and 2nu − nd − ns − 3ne ¼ 0.
We note that in this special case these conditions imply
that μu ≈ μd ≈ μs ≫ μe. In QM, the two components Π1,
Π2 of the bulk scalar as well as the equilibrium suscep-
tibilities and densities Π depends on can be expressed
uniquely in terms of a single equilibrium chemical potential
(and the temperature T)—for explicit expressions in QM,
see the Appendix of [15]. Such a representation is not
always possible, but it should not be taken as a problem as
such; it simply means that the system is characterized by
more than one free chemical potential. To reiterate, while
the constraints and especially their practical implementa-
tion can be somewhat subtle, they are not relevant for the
derivation presented in this work and are only mentioned
for completeness for applying the results to specific
physical systems.
Following [9,15], we next write down an evolution

equation for the reaction chemical potentials. Generally,
the near-equilibrium chemical potentials as well as the
velocity u itself (or, specifically, its divergence ϑ) are taken
to be functions Mdþ1 → R. To begin, we note that the
linearized rates of the chemical reaction disturb equilibrium
by adding a source term to the continuity equation of the
nonequilibrium particle densities nnoneq.a . They are defined
as the derivatives of the pressure with respect to the
nonequilibrium chemical potentials ∂pnoneq:=∂μa. That is,
we must have

ja ¼ divnnoneq:a u ¼ −ðxCa − x̃Ca ÞδCBλBAcAα μ̂α ≡ ðλ̂ μ̂Þa;
ð10Þ

where we have defined the new (real-valued) quantity λ̂, a
k × n matrix of coefficients6 consisting of linearized
production rates. Next, we note that in the linear regime
the expansions

pnoneq: − p ¼ naδμa; nnoneq:a − na ¼ χabδμ
b ð11Þ

hold ∀a; b∈K (recall that we always omit remainder
terms). The third step is to connect the continuity equa-
tion (10) to the linearized expansions and write

divnnoneq:a u ¼ DuðχabδμbÞ þ ϑðna − χabδμ
bÞ

¼ χabDuμ
b þ ϑna ¼ ðλ̂ μ̂Þa: ð12Þ

Here, the remainder term proportional to ϑδμwas discarded
and, on the other hand, under the derivative we could
replaceDuδμ

b byDuμ
b. We are almost done, but in order to

get a convenient form for our purposes, we isolate the

μ̂ dependence. To do so, we find a (symmetric) k × k
matrix7 M such that Mcaχabμ

b is a vector of linear
combinations of particle chemical potentials μa whose first
n ≤ k components coincide with the values of the μ̂α. In this
process, we find a rotated basis of k linearly independent
chemical potentials whose first n components form μ̂. In
principle, this construction can be realized in many ways,
so long as the resulting basis is complete, but to be explicit
we outline a specific method. Having chosen cAα ¼ δAα for
A ≤ n for demonstrative purposes, we use its trivial inverse
to define Mαb ¼ cαCðxCc − x̃Cc Þðχ−1Þcb for the first n rows,
α ≤ n, and simply set Mab ¼ ðχ−1Þab for the remain-
ing k ≥ a > n.
By multiplying the resulting expression by M and

moving the θ-term to the right-hand side, we obtain

DuMabχbcμ
c ¼ Mabλ̂bαμ̂

α − ϑMabnb: ð13Þ

In practice, we are only interested in the first n components
of Eq. (13), as those are the ones appearing in Π, and by
construction the left-hand side then restricts to Duμ̂.
Writing M̂ ¼ ðMαaÞ for the restriction of M to its first n
rows (so that M̂ is an n × k matrix), we define an n × n
matrix Ω via Ω≡ −M̂ λ̂ (Ωα

β ¼ −M̂αaλ̂aβ) and an auxiliary

n-dimensional vector8 z ¼ ðzαÞ by zα ≡ ðΩ−1ÞαβM̂βana.
Connecting these quantities to physics, the matrix Ω has

units of ½time�−1 and its eigenvalues will be associated with
the (inverse) relaxation times appearing in the fluid
description, whereas z has units of ½chemical potential�2,
and will be associated with the bulk viscous transport
coefficients. Note that, despite the minus sign appearing in
the definition of Ω, λ is constructed such that for the
relevant physical systems the eigenvalues of Ω are positive.
QM example. The rotated basis is fμ̂1; μ̂2; μs; μeg, and

na ¼ ðnu; nd; ns; neÞ. The matrix M extracts the μ̂ depend-
ence by connecting the bases fμu; μd; μs; μeg and
fμ̂1; μ̂2; μs; μeg and reads for a∈ fu; d; s; eg,

6The overall sign is largely conventional and chosen to agree
with [15] and to counteract the overall sign of Ω.

7We abuse notation slightly here, and use lowercase Latin
indices to index M, even though the resulting quantity will mix
reaction chemical potentials and particle chemical potentials in its
covariant indices. However, the n independent reaction chemical
potentials μ̂α naturally embed to span a subspace of the larger
space spanned by the k particle chemical potentials μa. More
rigorously, one could take M to be a map to (a subspace of) the
Cartesian product of the two spaces and introduce a fifth index
type, but we opt against this as it would further clutter the
notation, and we are ultimately only interested in one of the
factors of this product space.

8We do not include ϑ in the definition of z, as in the case
relevant for us, we will haveDuz ¼ 0 butDuϑ ≠ 0. Note also that
M̂; λ are generally nonsquare matrices, so that their individual
inverses are not defined, and only the inverse of Ω is, so that the
expression for z cannot generally be simplified further.
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M ¼

0
BBBB@

ðχ−1Þ1u ðχ−1Þ1d ðχ−1Þ1s ðχ−1Þ1e
ðχ−1Þ2u ðχ−1Þ2d ðχ−1Þ2s ðχ−1Þ2e
ðχ−1Þsu ðχ−1Þsd ðχ−1Þss ðχ−1Þse
ðχ−1Þeu ðχ−1Þed ðχ−1Þes ðχ−1Þee

1
CCCCA;

ðχ−1Þ1a ≡ ðχ−1Þsa − ðχ−1Þda;
ðχ−1Þ2a ≡ ðχ−1Þua þ ðχ−1Þea − ðχ−1Þda: ð14Þ

Finally, the matrix of rates is

λ̂ ¼

0
BBB@

λ3 −λ2 − λ3

λ1 λ2

−λ1 − λ3 λ3

λ3 −λ2 − λ3

1
CCCA: ð15Þ

Here λi are the elements of the diagonal matrix λBA, and
each correspond to the linearized rates of the reactions Ci,
i∈ f1; 2; 3g, defined in earlier examples. The quantities Ω,
z obtained by matrix multiplication do not simplify in a
meaningful way in the special case of QM.
Considering the first n components, Eq. (13) becomes

ðΩ−1Du þ idnÞμ̂ ¼ −zϑ ⇔ Ωμ̂ ¼ −Ωzϑ −Duμ̂; ð16Þ

where both forms will prove useful. From now on, we use
vector notation almost exclusively, as we have exclusively
moved to n-component quantities and will suspend the
summation convention, as we encounter more nontensorial
super- and subscripts. Here (already in the definition of z)
and from now on, we have implicitly assumed that the
matrix Ω is invertible. If this is the case, one can factorize
the system of equations for μ̂. In practice, this is true as long

as the rates λ are all nonvanishing, unless the pressure takes
a particularly degenerate form. For a physical system,
the degeneracy of Ω also essentially implies that one is
considering extraneous degrees of freedom: If Ω is r-fold
degenerate, one is, in fact, dealing with only n − ðr − 1Þ
independent chemical potentials.
To finish this section, we summarize the main notation

used in the manuscript in Table I.

III. DIAGONALIZING THE DIFFERENTIAL
EQUATION

We are now ready to manipulate the system of differential
equations. Note that what follows makes no assumptions on
the specific form or physical meaning of the quantities
considered, other than that the square matrices are non-
degenerate and the relevant functions otherwise sufficiently
well behaved (that everything is well defined in the relevant
regime of temperatures and chemical potentials and at all
spacetime points, in particular, that ϑ is Cn smooth, and
eventually that Du commutes with the coefficient matrix).
Thus, the approach is valid for any system of differential
equations of the above form.
To start, we consider the characteristic polynomial of an

invertible real-valued n × nmatrixΩ. To remind the reader,
it is given by

pΩ∶ Rn×n → R½x�∶Ω ↦ pΩðxÞ ¼
Xn
i¼0

ci½Ω�xk

¼
Y

ω∈Σ½Ω�
ðx − ωÞ; ð17Þ

where Σ½Ω� is the set of eigenvalues of Ω and the nþ 1
coefficients fci½Ω�gni¼0 are formed of invariants ofΩ and its

TABLE I. Summary of the most important notation used in Sec. II.

Symbol Meaning

k Number of particle species enumerated by fpaga∈K
C (C0) Set of (inverse) chemical reactions responsible for equilibration
xCa (x̃C

0
b ) Weight of particle species a (b) in (inverse) chemical reaction C∈ C (C0 ∈ C0)

n Number of independent chemical potential degrees of freedom
μa Chemical potentials of individual particle species split into equilibrium and nonequilibrium

values by μa ¼ μa0 þ δμa

μ̃C Reaction chemical potential measuring deviation from equilibrium for reaction C expressed
as a linear combination of the μa

μ̂ ¼ ðμ̂αÞ Vector of linearly independent reaction chemical potentials indexed by α∈ f1…ng
cCα Constants for expressing μ̃C using μ̂α

λC Linearized reaction rate associated with the reaction C∈ C and the corresponding inverse reaction C0 ∈ C0
u, Du, ϑ Four-velocity of the fluid, convective derivative along it, and its divergence
Π Bulk scalar quantifying the deviation of pressure pnoneq. from equilibrium p
na; χab Particle densities and susceptibilities in equilibrium
M, λ Coefficient matrices of inverse susceptibilities and reaction rates
Ω, z Combinations of equilibrium quantities appearing in the evolution equation
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powers. For example, cn½Ω�≡ 1; c0½Ω�≡ ð−1ÞnDetΩ.
While there exists no simple formula for the ci valid for
all i, their exact form is not of particular interest to until we
fix n, only that they are not degenerate. We denote
p̃ΩðΩÞΩ ¼ pΩðΩÞ − c0½Ω�idn. That is, p̃ΩðΩÞ ¼P

n
i¼1 ci½Ω�Ωi−1. Then, by Cayley-Hamilton

p̃ΩðΩÞΩ ¼ −c0½Ω�idn ⇔ Ω−1 ¼ −c−10 ½Ω�p̃ΩðΩÞ: ð18Þ

QM example. For n ¼ 2, we have c0½Ω� ¼ DetΩ−1;
c1½Ω� ¼ −TrΩ; c2½Ω� ¼ 1, so that the statement of the
Cayley-Hamilton theorem becomes

Ω2 − TrΩΩþ DetΩ ¼ 0

⇔ Ω−1 ¼ −
1

DetΩ
ðΩ − TrΩid2Þ ¼ TrΩ−1id2 − DetΩ−1Ω:

ð19Þ

Using the representation of Eq. (18), we can write the set of
differential equations of the form shown in (16) as an nth-
order set of differential equations diagonalized for the μ̂,
assuming that ½Du;Ω� ¼ 0, which for the physical case
holds since Ω contains only equilibrium quantities. First,
we note that for any i ≥ 1

DuΩiμ̂ ¼ Ωi−1DuΩμ̂ ¼ −DuΩizϑ −D2
uΩi−1μ̂: ð20Þ

This recursion gives

DuΩiμ̂ ¼ ð−1ÞiDiþ1
u μ̂þ

Xi−1
j¼0

ð−1Þjþ1Djþ1
u Ωi−jzϑ: ð21Þ

Substituting this to Eq. (16) by using Eq. (18) and
extracting the i ¼ 1-term out of the characteristic poly-
nomial we have

Xn
i¼2

ci½Ω�ð−1ÞiDi
uμ̂ − c1½Ω�Duμ̂þ c0½Ω�μ̂

¼ −c0½Ω�zϑ −
Xn
i¼2

ci½Ω�
Xi−2
j¼0

ð−1ÞjDjþ1
u Ωi−j−1zϑ: ð22Þ

Equation (22) is already of the desired form. However,
we may make it more visually appealing by explicitly
extracting the characteristic polynomial. We formally
write

P
i−2
j¼0 ð−1ÞjΩi−j−1Djþ1

u ¼ ðΩþDuidnÞ−1½ΩiDu þ
ð−1ÞiΩDi

u�, which equals zero for i ¼ 1 and the identity
for i ¼ 0, to obtain

0 ¼
Xn
i¼0

ci½Ω�ð−DuÞiμ̂þ
1

Duidn þ Ω

×

0
BBB@
Xn
i¼0

ci½Ω�ð−DuÞiΩþDu

Xn
i¼0

ci½Ω�Ωi

zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{¼0
1
CCCAzϑ

¼ pΩð−DuÞ½μ̂þ ðDuidn þ ΩÞ−1Ωzϑ�: ð23Þ

Above, pΩð−DuÞ is to be understood as an nth-order
differential operator whose coefficients are the coefficients
of the characteristic polynomial with an alternating sign,
and importantly the inverse operator appearing in the
equation is nothing nonlocal, but simply a finite (double)
sum of the powers of Ω andDu acting on zϑ. The system of
equations is now diagonalized for the μ̂, and easy to treat
with standard methods.
QM example. When n ¼ 2, the general formula for

the derivatives is not needed, only that DuΩμ̂ ¼
−ΩzDuϑ −D2

uμ̂. In addition, Eq. (22) is more convenient

than Eq. (23), reading immediately

c2½Ω�D2
uμ̂ − c1½Ω�Duμ̂þ c0½Ω�μ̂ ¼ −c0½Ω�zϑ − c2½Ω�ΩzDuϑ

⇔ D2
uμ̂þ TrΩDuμ̂þ DetΩμ̂ ¼ −DetΩzϑ − ΩzDuϑ: ð24Þ

IV. BULK SCALAR EVOLUTION AND TRANSPORT COEFFICIENTS

To understand the underlying physical system, we are looking for an evolution equation for the bulk scalar. We contract
the vector-valued Eq. (23) with the vector Π. For reasons of convention and to get the appropriate units, we rescale the
equation by multiplying it with DetΩ−1; this, in particular, sets the coefficient of Π without derivatives to unity for any n.
The result is the following differential equation for the bulk scalar (again, we emphasize that it is only the fμ̂αgnα¼1 and ϑ that
are acted on nontrivially by the derivatives; the components of Π appearing in the scalar products are given in terms of
equilibrium quantities and commute with the convective derivative Du):

DetΩ−1pΩð−DuÞΠ ¼ −DetΩ−1hΠ; ðΩþDuidnÞ−1Ωzi½pΩð−DuÞϑ�

⇒
Xn
α¼1

TαDα
uΠþ Π ¼ −

Xn
α¼1

ZαDα−1
u ϑ: ð25Þ

SAGA SÄPPI PHYS. REV. D 114, 016009 (2026)

016009-6



Above, we have implicitly defined 2n transport coefficients
as Tα, the n combinations of relaxation times and Zα, the n
bulk viscous coefficients. They are all given in terms of
equilibrium quantities. While the evolution equation (25) is
already of a usable form for, e.g., numerical simulations of
viscous systems, we can obtain further qualitative under-
standing of the behavior of the corresponding physical
systems. Because of the structure of the fcαðΩÞgnα¼1, the
form of the constant terms and the highest derivatives on
both sides of the equation is always fixed: 1 and DetΩ−1 on
the left-hand side, hΠ; zi and DetΩ−1hΠ;Ωzi on the right-
hand side, respectively. More generally, at any fixed n ≥ 1

and i∈ f1;…; ng the coefficient of Di
uΠ (Di

uϑ) equals the
coefficient ofDiþ1

u Π (Diþ1
u ϑ) as n ↦ nþ 1 so that only the

coefficient of the first derivative is new at a given order.
Equation (25) is an nth-order linear differential equation

with constant, and by assumption nondegenerate, coeffi-
cients. This already implies that the general solution will be
a superposition of exponentials. Still, to find an explicit
solution, we consider the rest frame, so thatDu → ∇t (recall
that ∇ is used purely to avoid confusion with the thermo-
dynamic derivatives, and in the typical flat-space scenario
this can be thought of as an ordinary partial derivative), in
the linearized approximation (but we treat ϑ as an inde-
pendent variable in the spirit of second-order hydrodynam-
ics). As long as the derivatives ∇α

t ϑ are all piecewise
continuous on R, the existence of a unique solution to
the corresponding initial-value problem is guaranteed, and
in particular, the system admits a Green’s function analysis.
As a linear ordinary differential equation with constant
coefficients, the form of the Green’s function is well known.
The homogenous equation admits n linearly independent
exponential solutions, and the Green’s function is their sum
multiplied by the Heaviside function θðtÞ. For the physical
system under consideration, we look for decaying solutions
so that the general form is

G≡X
α

Gα∶ R → R such that

t ↦ GðtÞ≡ θðtÞ
Xn
α¼1

ζα
τα

e−t=τα : ð26Þ

The physical implication of the form in Eq. (26) is that the
system is in a superposition of n separate fluid components,
each with a relaxation time τα and a bulk viscosity ζα, and
each obeying the Israel-Stewart equation for bulk viscosity,
the n ¼ 1 counterpart of the evolution equation (23)
τDuΠþ Πþ ζDuu ¼ 0, for τ ¼ τα; ζ ¼ ζα. Formally, for
each component we then have τ ¼ χ0=λ0 and ζ ¼ n02=λ0 for
some rate, density, and susceptibility λ0; n0; χ0, but these need
not correspond to physical quantities.
The general form of (26) is implicit by the structure of

the relevant equations. Indeed, just as the case n ¼ 2
corresponds to the so-called Burgers model in the study
of viscoelastic materials, the case for general n corresponds

to a generalized Maxwell model [17]. In particular, the
Green’s function of (26) is of the form of a so-called Prony
series. In the context of viscoelasticity, this is a commonly
used fitting ansatz [18–20]. However, here we are able to
solve the coefficients explicitly in terms of equilibrium
quantities.
QM example. For n ¼ 2, writing τþ; τ− for the eigen-

values of Ω−1, Eq. (25) becomes

τþτ−D2
uΠþ ðτþ þ τ−ÞDuΠþ Π

¼ −hΠ; ziϑ − τþτ−hΠ;Ωzi: ð27Þ

The Green’s function has the form

GðtÞ ¼ θðtÞ ζ1
τ1

e−t=τ1 þ θðtÞ ζ2
τ2

e−t=τ2 : ð28Þ

From the homogeneous equation, we find

DetΩ−1pΩðτ−1α ÞGαðtÞ ¼ 0 ∀ α∈ f1…ng: ð29Þ

Given that Ω is nondegenerate by assumption, for Gα not
identically zero, this dictates that the inverse relaxation
times fτ−1α gnα¼1 are the eigenvalues of Ω,

Tα ¼ ð−1ÞαDetΩ−1cα½Ω�; fταgnα¼1 ¼ Σ½Ω−1�: ð30Þ

The latter relation motivates the notation Ω−1 ¼ T in [15].
For the solutions to be decaying, the relaxation times must
be positive and, as was noted above, this is the case for
physical systems, and we assume so going forward.
The coefficients fζαgnα¼1 are “partial bulk viscosities.” To

relate them to the coefficients fZαgnα¼1, known in terms of
equilibrium quantities, we generalize the approach of [21].
For demonstrative purposes, it suffices if the bulk scalar Π
also splits into n distinct components; for instance, if ϑ
varies slowly so that ϑðt − t0Þ ≈ ϑðtÞ under the convolution
integral appearing in the particular solution of the differ-
ential equation using the Green’s function.9 The split
obtained here is generally distinct from the earlier split
ofΠ ¼ hΠ; μ̂i, as, denotingΠ ¼ P

n
α¼1 πα, each component

fulfills the n ¼ 1 equation,

τα∇tπα þ πα þ ζαϑ ¼ 0 ∀ α∈ f1;…; ng: ð31Þ

This fixes the partial bulk viscosities fζαgnα¼1. We consider

Xn
α¼1

Yn
β¼1;β≠α

ðτβ∇t þ 1Þðτα∇tπα þ πα þ ζαϑÞ ¼ 0 ð32Þ

and find that the πα-dependent parts reduce to Eq. (25)
automatically. To match the ϑ-dependent part, we make

9That is to say, we are in the Navier-Stokes regime.
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some auxiliary definitions. We write for any n
Pα∶ Rn → R; y ↦ PαðyÞ, defined for α ≤ n, for a function
that evaluates to the sum of the products of α − 1 combi-
nations of the elements of y. This quantity is related to terms
seen in the characteristic polynomial written in terms of
eigenvalues, but without oscillating signs. Indeed, we also
define for m ≤ n a reciprocal characteristic polynomial as
q∶Rm×m→R½x�; A↦qAðxÞ¼

P
m
i¼0cm−i½A�xi and, finally,

an ðn − 1Þ × ðn − 1Þ matrix βT ¼ diagðτ1;…; τβ̄;…; τnÞ,
i.e., with the βth entry removed, and βT for the corre-
sponding n − 1 vector. Then, we find that [in the second
step substituting the rhs of the first line of Eq. (25)]

Zα ¼
Xn
β¼1

PαðβT Þζβ

⇒ ζα ¼
τn−1α

pαT ðταÞ
hΠ; qαT ðΩÞzi ∀α∈ f1…ng: ð33Þ

QM example. We have T1 ¼ τþτ−; T2 ¼ τþ þ τ−. The
eigenvalues indeed match the relaxation times, τ1 ¼
τþ; τ2 ¼ τ−, and the bulk viscous transport coefficients are

Z1 ¼ hΠ; zi; Z2 ¼ DetΩ−1hΠ;Ωzi

⇔ ζ1 ¼ τ1
hΠ; zi − τ2hΠ;Ωzi

τ1 − τ2
;

ζ2 ¼ τ2
hΠ; zi − τ1hΠ;Ωzi

τ2 − τ1
: ð34Þ

Figure 1 shows a flowchart describing the general
process of obtaining the evolution equation and/or the
transport coefficients. It is important to highlight that, for a
fixed n, the approach of this work gives both the evolution
equation as well as the transport coefficients in an explicit
form composed of matrix invariants. Explicit examples in
terms of matrix invariants can be found in the Appendix for
small n (including, for completeness, a reiterated n ¼ 2
without specifying the particle and reaction content).

V. DISCUSSION AND OUTLOOK

We have analyzed the transport properties of a general
dense system with n independent chemical potentials in
second-order hydrodynamics in the linearized regime.

FIG. 1. A flowchart demonstrating the steps starting from identifying the appropriate physical system and leading to obtaining the
transport coefficients and the evolution equation of the bulk scalar. The details of the fifth step, distinguished by dashed lines, depend on
the specifics of the system under consideration.

SAGA SÄPPI PHYS. REV. D 114, 016009 (2026)

016009-8



Themain results of this work are the evolution equation (25)
of the bulk scalar as well as the form of the relevant
transport coefficients (relaxation times and bulk viscosities)
that were found in two different representations, both
expressed in terms of equilibrium rates, densities, and
susceptibilities. In our analysis, we found that the system
factorizes into an n-component fluid, with each component
evolving according to the Israel-Stewart equation.
In particular, the generally convoluted expressions for

the bulk viscosities for the subsystems are given by simple
expressions (as long as the bulk scalar splits into n compo-
nents, e.g., in the Navier-Stokes regime) and by far the most
complex part of their determination is essentially reduced to
determining the eigenvalues of an n × n matrix Ω−1.
The form obtained for the transport coefficients is readily

implemented for a given physical system. This will be
especially useful for, e.g., numerical purposes in viscous
hydrodynamical simulations in comparison to directly
writing out the expressions in terms of susceptibilities,
rates, and densities, which already for n ¼ 2 results in
remarkably unwieldy expressions.
The results found will be useful when studying the

transport properties of increasingly complicated systems
involving multiple particle species, which arise naturally in
the multifaceted setting of neutron star physics. As the
results and techniques used have been rather general, they
improve the general understanding of viscous systems and
will hopefully prove helpful for the study of viscosity in
systems beyond neutron stars, as well.
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APPENDIX: EXPLICIT RESULTS FOR SMALL n

For a fixed n, the coefficients cα½Ω� appearing in the
characteristic polynomial can be written down in terms of
matrix invariants, e.g., with the Faddeev-LeVerrier algo-
rithm [22]. Here, we reproduce such forms of the evolution
equation and form of the coefficients of (25) for n ¼ 2,
n ¼ 3 which have been studied in the context of compact
stars and also display n ¼ 4. Regardless of the applications
cited here, we emphasize that the method is general for
systems following differential equations of this form. For
n ¼ 1, 2, we reproduce results such as [9,10,15,21] and for
n ¼ 3 we find a considerable simplification to the forms
presented in [14]. As was already seen in [15] (see the
Appendix), the simplification using linear algebra is con-
siderable over working with the explicit coefficients of the
matrices. This process is feasible for any n, even when
explicitly solving the eigenvalues is generally not possible.

1. n= 2

The results for n ¼ 2 can be collected from the examples
in the main text, but we list them all below. From pΩðxÞ ¼
x2 − TrΩxþ DetΩ, the evolution equation (25) becomes

DetΩ−1D2
uΠþ DetΩ−1TrΩDuΠþ Π

¼ −hΠ; ziϑ − DetΩ−1hΠ;ΩziDuϑ: ðA1Þ
For any n, the inverse relaxation times fτ−1α gnα¼1 are the
eigenvalues of Ω. The bulk viscous coefficients are

Z1 ¼ ζ1 þ ζ2 ¼ hΠ; zi;
Z2 ¼ ζ1τ2 þ ζ2τ1 ¼ DetΩ−1hΠ;Ωzi ðA2Þ

or, alternatively,

ζ1 ¼
τ1Z1 − Z2

τ1 − τ2
¼ τ1

hΠ; zi − τ2hΠ;Ωzi
τ1 − τ2

; ζ2 ¼
τ2Z1 − Z2

τ2 − τ1
¼ τ2

hΠ; zi − τ1hΠ;Ωzi
τ2 − τ1

: ðA3Þ

2. n= 3

For n ¼ 3 the equations are still very reasonable: The evolution equation is

DetΩ−1D3
uΠþ DetΩ−1TrΩD2

uΠþ DetΩ−1

2
ðTr2Ω − TrΩ2ÞDuΠþ Π

¼ −hΠ; ziϑ − DetΩ−1ðTrΩhΠ;Ωzi − hΠ;Ω2ziÞDuϑ − DetΩ−1hΠ;ΩziD2
uϑ ðA4Þ
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and the bulk viscous coefficients are

Z1 ¼ ζ1 þ ζ2 þ ζ3 ¼ hΠ; zi;
Z2 ¼ ðτ2 þ τ3Þζ1 þ ðτ1 þ τ3Þζ2 þ ðτ1 þ τ2Þζ3 ¼ DetΩ−1ðTrΩhΠ;Ωzi − hΠ;Ω2ziÞ;
Z3 ¼ τ2τ3ζ1 þ τ1τ3ζ2 þ τ1τ2ζ3 ¼ DetΩ−1hΠ;Ωzi: ðA5Þ

As mentioned in the main text, for any n > 1 all but one of the bulk viscous coefficients Zα reduce to a form found in the
n − 1-component system. The partial bulk viscosities read

ζ1 ¼
τ21ðhΠ; zi − ðτ2 þ τ3ÞhΠ;Ωzi þ τ2τ3hΠ;Ω2ziÞ

ðτ1 − τ2Þðτ1 − τ3Þ
; ζ2 ¼

τ22ðhΠ; zi − ðτ1 þ τ3ÞhΠ;Ωzi þ τ1τ3hΠ;Ω2ziÞ
ðτ2 − τ1Þðτ2 − τ3Þ

;

ζ3 ¼
τ23ðhΠ; zi − ðτ1 þ τ2ÞhΠ;Ωzi þ τ1τ2hΠ;Ω2ziÞ

ðτ3 − τ1Þðτ3 − τ2Þ
: ðA6Þ

3. n= 4

Even for n ¼ 4, which to the best of our knowledge has not been considered in the context of dense relativistic
hydrodynamics, even in specific simplifying cases, the results are simple enough to be written down in a relatively compact
form, although, in practice, it would be less tedious to do it indirectly using the coefficients of the characteristic polynomial.
The evolution equation is

DetΩ−1D4
uΠþ DetΩ−1TrΩD3

uΠþ DetΩ−1

2
ðTr2Ω − TrΩ2ÞD2

uΠþ DetΩ−1

6
ðTr3Ω − 3Tr2ΩTrΩþ 2TrΩ3Þ þ Π

¼ −hΠ; ziϑ −
DetΩ−1

2

�
ðTr2Ω − TrΩ2ÞhΠ;Ωzi − 2TrΩhΠ;Ω2zi þ 2hΠ;Ω3zi

�
Duϑ

− DetΩ−1ðTrΩhΠ;Ωzi − hΠ;Ω2ziÞD2
uϑ − DetΩ−1hΠ;ΩziD3

uϑ; ðA7Þ

with bulk viscous coefficients

Z1 ¼ hΠ; zi; Z2 ¼
DetΩ−1

2
½ðTr2Ω − TrΩ2ÞhΠ;Ωzi − 2TrΩhΠ;Ω2zi þ 2hΠ;Ω3zi�;

Z3 ¼ DetΩ−1ðTrΩhΠ;Ωzi − hΠ;Ω2ziÞ; Z4 ¼ DetΩ−1hΠ;Ωzi: ðA8Þ

The partial bulk viscosities again follow the general pattern from Eq. (33).
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