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Understanding the hydrodynamics of out-of-equilibrium dense viscous fluids is of key importance to
accurate descriptions of physical systems such as compact stars, particularly their mergers. We consider a
near-equilibrium relativistic fluid with n independent and small chemical potentials restoring the system
back toward equilibrium. By diagonalizing the evolution equation for the out-of-equilibrium chemical
potentials, we construct an explicit evolution equation for the bulk scalar of the system in second-order
hydrodynamics in terms of equilibrium quantities. We find expressions for the 27 transport quantities
and show that, in the rest frame of the fluid, the system admits a Green’s function corresponding to an

n-component fluid.
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I. INTRODUCTION

There are many open questions in the field of transport
phenomena in dense relativistic fluids, with many existing
studies focusing on a specific equation of state for the fluid.
Such systems are found in nature, with a prominent
example being neutron star mergers observed through their
gravitational wave signal [1,2]. Neutron star mergers
provide an environment where a dense near-equilibrium
fluid is being brought toward equilibrium by chemical
reactions. Accurate descriptions of the underlying phenom-
ena are one of the key steps toward properly understanding
dense, strongly interacting systems and especially transport
in such matter [3].

In this manuscript, we are particularly interested in the
case where a repeated compression-decompression cycle
causes energy dissipation due to a finite bulk viscosity,
which consequently has an effect on the observed merger
signal [4-8]. The qualitative behavior of the bulk viscosity
is known to be different for different types of matter present
in neutron stars, namely, for hadronic matter and quark
matter [9-13]—the transport properties depend on the
equation of state of the system as well as the rates of
the relevant chemical reactions.

With a simple system involving few particle species, the
relevant equations derived using relativistic hydrodynamics
are largely manageable, but quickly become unwieldy for a
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more complicated system if treated directly [9,10,14]. A
large number of particle species appears, in particular, in
the hadronic phase, where the number of potentially active
composite particle types can be significant.

In this manuscript, we will be rather general: Instead of
selecting a specific equation of state—or even necessarily
one associated with neutron stars—we consider a general
dense fluid with n independent chemical potentials asso-
ciated with reactions bringing the system toward equilib-
rium. By doing so, we provide a general framework for
analyzing relativistic bulk viscous fluids in the linearized
regime irrespective of the number of particle species. We
derive the relevant evolution equation for such systems and
show that under certain general conditions they factorize into
n subsystems. We also find expressions for the associated
transport coefficients in terms of equilibrium quantities. The
derivation as well as the equations themselves are useful not
only for a better grasp of the general behavior of relativistic
dense viscous fluids, but also for describing complicated
systems where 7 is larger than 1 or 2, important for a more
nuanced understanding of neutron star merger dynamics.

The paper is structured as follows: In Sec. I we first
define precisely what characterizes our near-equilibrium
system. This includes writing down a system of evolution
equations for the set of chemical potentials associated with
the chemical reactions bringing the system toward equilib-
rium. Next, in Sec. III we diagonalize the set of equations to
bring it into a solvable form. In Sec. IV, we write down the
equation for the bulk scalar, finding the associated Green’s
function as well as the relevant transport coefficients in
terms of equilibrium quantities. As the notation used can be
somewhat abstract, in each of the Secs. II-IV we comple-
ment the general definitions and derivations with a corre-
sponding example for n = 2, associated with (unpaired)
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quark matter (QM) in the absence of neutrinos. We will be
rather superficial when it comes to the phenomenology of
this particular system, mainly focusing on how the general
formulas used and derived in this work appear in it, and
encourage interested readers to refer to [15], which the
example discussion is based on. We emphasize that this is
purely for illustrative purposes, and the treatment, in
general, is applicable for a much wider class of systems.
Finally, in Sec. V we discuss the results.

II. LINEARIZED r-COMPONENT FLUID

In this section, we outline a general formulation for the
relevant physical system. We adapt a version of the notation
of Carter [16] in order to provide general expressions and
give explicit expressions in the QM case. We use the
summation convention between upper and lower indices.
Consider a system of k > 1 particle species {p“},ck>
|K| =k, with associated chemical potentials {u®},cx
whose chemical equilibrium has been disturbed and is
being restored by a set of chemical reactions C. The
disturbance of equilibrium manifests as the chemical
potentials becoming dependent on a spacetime point. For
some C €C the chemical reactions take the form x$ p® —
Xg p? (they also come with a corresponding set of reverse
reactions C’' € C' of the form x§ p® « x§' p?; in introducing
this notation, we have implicitly fixed what is the “forward”
and the “backward” reaction, fixing a sign ambiguity in the
chemical potentials.) for some integer (‘“‘stoichiometric’)
coefficients' xC,%¢ (x¢',%€"), which we set to zero for
particle species not appearing in the reaction. We use
uppercase Latin indices to refer to the various chemical
reactions (A,B,C,...), while lowercase Latin indices
(a, b, c,...) enumerate particle species, with contravariant
indices corresponding to chemical potentials and, later on,
covariant indices corresponding to their conjugate particle
densities.

OM example. K ={u.d,s,e(,v)} and the relevant
reactions are

Ci:u+s«—u+d, Cry:ut+e—d+(v),
Ci:ut+e— s+ (v), (1)

where, for simplicity of presentation, we consider a
scenario where the effect of the neutrinos (v) is absent,2
so that k = 4. Thus, abbreviating C; as i in the reaction
indices, we find the following coefficients:

lOften, these coefficients are all equal to either 1 or 0.

In the physical system in question, this is justified at
sufficiently low temperatures, below O(10 MeV) or so, in the
so-called neutrino-transparent regime. For more details, please
see Ref. [15].

{xh xb.xb xl} = {1,0,1,0},
{%i. X5, % %} = {1.1,0,0};
{x2,x2,x2,x2} = {1,0,0, 1},
{%2,%2,%2,%2} = {0,1,0,0};
{x3,x3,x3,x3} = {1,0,0,1},
{7, %3, %, %} = {0.0,1,0}. (2)

The system becomes simple to treat if we assume it to be
near equilibrium. That is to say, we assume that the reaction
rates [C — '’ can be linearized in some small (in a sense to
be established momentarily) linear combinations of the
chemical potentials p?. Note that specifying the inverse
reaction C’ here determines the sign of the chemical
potential. The linearized expansion is most conveniently
rewritten using small reaction chemical potentials’ ji*
describing deviation from chemical equilibrium associated
with a specific reaction. Then, using the corresponding
linearized reaction rates A associated with a specific
chemical reaction C and its inverse C’, one may write

ﬁc (xa - xa )/" ’

¢ -1 = 25" = 2§ (x4 — ¥)us. (3)

Note that the matrix A is diagonal, whereas the same
expression written using the chemical potentials ¢ would
generally involve a nondiagonal matrix. For equations
involving chemical potentials and related linearized quan-
tities (notably particle densities), we always drop the
remainder terms going beyond the linear approximation
for notational simplicity; everything is derived assuming
linearized chemical potentials. To make this more precise,
the reaction chemical potentials are small in the sense that
we require’ that ji€/u® < 1VCeC,acK. This also
implies that the chemical potentials {u“},o.x can be
expanded around an equilibrium value. That is to say,
VYaeK,u* = ug + op®, where pg corresponds to a value
obtained by fixing the constraint i€ = 0 V C €C, so that, in
fact, in Eq. (3) one may replace each p* with u“ and take
ou’/ug < 1V ae€K (no summation convention). In what
follows, decorated (,) chemical potentials are always
taken to be small, as in, expanded to linear order around
a vanishing equilibrium value, as are the deviations du that,
in practice, appear only rarely. The importance of the near-
equilibrium expansion is that the equilibrium chemical
potentials {u§},cx carry no dependence on the space-
time point.

3Also known as “reaction affinities.”

It is often possible to relax this condition by requiring that the
reaction chemical potentials {fi®} ¢ are smaller than only some
of the chemical potentials associated with the particle species

{/’la}aeK'
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OM example. The linearized reaction chemical potentials
are

Bl=pt ot =t - = -l (4)
B =t 4 e = p, (5)
=t 4t -, (6)

where each of the u“ could be replaced with a ou“.

At this point, there is still remaining degeneracy, as the
reaction chemical potentials fi* are generally not indepen-
dent. Suppose now that there are n < |C| = |C’| indepen-
dent chemical potentials, in the sense that any possibly
remaining n — |C| rates can be written as linear combina-
tions of the n independent chemical potentials using some
real-valued coefficients ¢4, determined by the form of the
chemical reactions. While, in practice, it is convenient to
choose this basis of n chemical potentials to be maximally
coincident with the reaction chemical potentials ji#, for
example, by fixing ¢4 = §4 for A < n, to be general we
allow for generic choices of the ¢4, which can then be
collected together to form a |C| x n matrix, determined by
the form of the chemical reactions. We write, finally,

¢ —1¢ =Scape, (7)

where the basis elements fi* that span the n-dimensional
space can be collected together into an n-dimensional
vector ft = (4!, ..., ") of independent reaction chemical
potentials. These are the degrees of freedom we use to
measure deviation from equilibrium going forward, follow-
ing the elimination of the |C| —n superfluous reaction
chemical potentials. To distinguish the independent degrees
of freedom 4% from the reaction chemical potentials ji*
labeled by uppercase Latin indices, and we label them by
lowercase Greek indices from the start of the alphabet
(a, B,7, ...). The independent chemical potentials a* will
appear in the hydrodynamic equations below and will be a
central quantity, and by the end of this section, we will
obtain a hydrodynamic evolution equation for it. In
practice, once we move to the hydrodynamic equations,
it will become convenient to use vector notation (e.g., f) for
n-dimensional quantities instead.

OM example. Noting that ji® = ji> — ji', we take the
linearly independent chemical potentials to be =
(', p%) = (', i?). We emphasize that this choice is arbi-
trary. At this point, we have accounted for the fact that the
third chemical potential is linearly dependent and can use a
simpler notation for the two independent chemical poten-
tials. We indeed have n = 2, that is to say, two independent
chemical potentials, and we find c¢§ = S for a € {1,2}, as
well as ¢} = —1,¢3 = +1.

To make contact with hydrodynamics, consider a fluid
with a velocity field u, and write 9 = divu = V, i,

D, = u*V,, where the {V,}?_ are spacetime derivatives.’
To fix conventions, we use the mostly minus metric,
although the signature only enters into expressions obtained
in fixed frames, and use the summation convention for
spacetime indices. In second-order hydrodynamics, & is
formally treated as an independent variable in the evolution
equations. Nevertheless, it is associated with the conserved
Noether current j, of particle numbers and connected to
them via a continuity equation. We have

. __ 4. noneq.  __ noneq. noneq.
Je=divag tu=utVyng T +ng TV ub

= D,ng" Y + 09 Va€eK, (8)

which we will use in the derivations below (and where
{na"™*},c x are nonequilibrium particle densities conju-
gate to the chemical potentials {u“},cx and defined
explicitly shortly). In the absence of rates, j, =0, but
the presence of rates will introduce a source term, as we
shall see below.

On the other hand, another central quantity, the pressure
of the system in equilibrium p, depends on the equilibrium
chemical potentials {ud},c g, the equilibrium temperature
T, and possible other variables that are independent of the
spacetime point, such as particle masses. The bulk scalar of
the system IT = py,peq — p measures deviation from equi-
librium in terms of the nonequilibrium pressure pygneq and
must take the form IT = I1,2* = (IL, @) in the near-equi-
librium linearized approximation, where I1, are coefficients
depending on equilibrium quantities exclusively. The
equilibrium densities 7, conjugate to the equilibrium
chemical potentials pf and the (generally nondiagonal
but symmetric) susceptibilities, all in equilibrium, are given
by n, =0,p.xa = 9,0, p, respectively. Here 0, = d/du
are partial derivatives taken with respect to the equilibrium
particle chemical potentials.

Importantly, in the definition of Il one may fully
incorporate other constraints such as conservation laws that
may exist in the system besides those given by the chemical
reactions and the continuity equation. This is vital for
treating physical systems, but does not affect the derivation
presented here, so the exact form of these constraints and the
IT is irrelevant for our present purposes. Nevertheless, it is
the evolution equation of I1 we are after.

OM example. Writing ou“ for the deviations of the
particle chemical potentials from their equilibrium values,
the additional constraints fulfilled in QM can be written in
the linearized regime as

()(ea _Z“a)éﬂa = O’ ()(da +)(sa _)(ea)éﬂa =0. (9)

*We work in flat spacetime, but use the notation V, to
distinguish the spacetime derivatives from those taken with
respect to the chemical potentials. To further eliminate the chance
for confusion, we strive to use index-free notation when dealing
with the spacetime derivatives.

016009-3



SAGA SAPPI

PHYS. REV. D 114, 016009 (2026)

These correspond to “charge neutrality” and “f equilib-
rium,” respectively, with their equilibrium counterparts
being ,ug = puy = py +py and 2n, —ny—ng—3n, =0.
We note that in this special case these conditions imply
that p" ~ u? ~ p* > p¢. In QM, the two components IT;,
I1, of the bulk scalar as well as the equilibrium suscep-
tibilities and densities I1 depends on can be expressed
uniquely in terms of a single equilibrium chemical potential
(and the temperature T)—for explicit expressions in QM,
see the Appendix of [15]. Such a representation is not
always possible, but it should not be taken as a problem as
such; it simply means that the system is characterized by
more than one free chemical potential. To reiterate, while
the constraints and especially their practical implementa-
tion can be somewhat subtle, they are not relevant for the
derivation presented in this work and are only mentioned
for completeness for applying the results to specific
physical systems.

Following [9,15], we next write down an evolution
equation for the reaction chemical potentials. Generally,
the near-equilibrium chemical potentials as well as the
velocity u itself (or, specifically, its divergence 9) are taken
to be functions M?*! — R. To begin, we note that the
linearized rates of the chemical reaction disturb equilibrium
by adding a source term to the continuity equation of the
nonequilibrium particle densities ng " . They are defined
as the derivatives of the pressure with respect to the
nonequilibrium chemical potentials dpponeq. /0p®. That is,
we must have

noneq.,

Ju = divng —(x§ = x§)Scpifcap = (AR),,

(10)

where we have defined the new (real-valued) quantity A a
kxn matrix of coefficients® consisting of linearized
production rates. Next, we note that in the linear regime
the expansions

Pt —p = ngut,  ong Y —ng = yapou” (1)
hold Va,beK (recall that we always omit remainder
terms). The third step is to connect the continuity equa-
tion (10) to the linearized expansions and write

divngoneq.u = Du (Xabéﬂb) + 19(”(1 _)(uhdub)
= XasDut” + 9, = (A1), (12)

Here, the remainder term proportional to 9oy was discarded
and, on the other hand, under the derivative we could
replace D, 8u’ by D, u’. We are almost done, but in order to
get a convenient form for our purposes, we isolate the

®The overall sign is largely conventional and chosen to agree
with [15] and to counteract the overall sign of Q.

ji dependence. To do so, we find a (symmetric) k X k
matrix’ M such that M “ay i’ is a vector of linear
combinations of particle chemical potentials y“ whose first
n < k components coincide with the values of the ji*. In this
process, we find a rotated basis of k linearly independent
chemical potentials whose first n components form f. In
principle, this construction can be realized in many ways,
so long as the resulting basis is complete, but to be explicit
we outline a specific method. Having chosen ¢4 = 54 for
A < n for demonstrative purposes, we use its trivial inverse
to define M® = ¢&(x¢ = x5)(y~1)¢ for the first n rows,
a <n, and simply set M = (y~")% for the remain-
ing k>a>n.

By multiplying the resulting expression by M and
moving the #-term to the right-hand side, we obtain

DuMabec,uC = Mab;lbaﬁa - 191uabnb' (13)

In practice, we are only interested in the first » components
of Eq. (13), as those are the ones appearing in I1, and by
construction the left-hand side then restricts to D,j.
Writing M = (M®) for the restriction of M to its first n
rows (so that M is an n x k matrix), we define an n x n
matrix Q via Q = —M 1 (€ = —AA/I"“;Iaﬂ) and an auxiliary
n-dimensional vector® z = (z%) by z% = (Q‘l)g]f/[/”“na.
Connecting these quantities to physics, the matrix € has
units of [time]~! and its eigenvalues will be associated with
the (inverse) relaxation times appearing in the fluid
description, whereas z has units of [chemical potential]?,
and will be associated with the bulk viscous transport
coefficients. Note that, despite the minus sign appearing in
the definition of Q, A is constructed such that for the
relevant physical systems the eigenvalues of Q are positive.
OM example. The rotated basis is {a', i%, p*, u¢}, and
n, = (n,,ny,ng, n,). The matrix M extracts the fi depend-
ence by connecting the bases {u*,u?, p*,u°} and
{p", @, p*, u¢} and reads for a € {u,d,s, e},

"We abuse notation slightly here, and use lowercase Latin
indices to index M, even though the resulting quantity will mix
reaction chemical potentials and particle chemical potentials in its
covariant indices. However, the n independent reaction chemical
potentials i* naturally embed to span a subspace of the larger
space spanned by the k particle chemical potentials p“. More
rigorously, one could take M to be a map to (a subspace of) the
Cartesian product of the two spaces and introduce a fifth index
type, but we opt against this as it would further clutter the
notation, and we are ultimately only interested in one of the
factors of this product space.

8We do not include 9 in the definition of z, as in the case
relevant for us, we will have D,z = 0 but D, 9 # 0. Note also that
M, are generally nonsquare matrices, so that their individual
inverses are not defined, and only the inverse of  is, so that the
expression for z cannot generally be simplified further.
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TABLE I. Summary of the most important notation used in Sec. IL

Symbol Meaning

k Number of particle species enumerated by {p,},cx

C ) Set of (inverse) chemical reactions responsible for equilibration

x§ (5;5’) Weight of particle species a (b) in (inverse) chemical reaction C€C (C' €(’)

n Number of independent chemical potential degrees of freedom

ue Chemical potentials of individual particle species split into equilibrium and nonequilibrium
values by u = ug + ou®

ac Reaction chemical potential measuring deviation from equilibrium for reaction C expressed
as a linear combination of the p®

a= (" Vector of linearly independent reaction chemical potentials indexed by a € {1...n}

c§ Constants for expressing i€ using g*

Ac Linearized reaction rate associated with the reaction C €C and the corresponding inverse reaction C' €’

u, D, 9 Four-velocity of the fluid, convective derivative along it, and its divergence

I1 Bulk scalar quantifying the deviation of pressure pjoneq. from equilibrium p

Ny Xab Particle densities and susceptibilities in equilibrium

M, A Coefficient matrices of inverse susceptibilities and reaction rates

Q, z Combinations of equilibrium quantities appearing in the evolution equation

1d (Z—l)ls
2d (){—1)25'
()(_I)SS
ed (Z—l)es

Mg

(14)
0{—1)2:1 = W—l)ua + (Z—l)ea _ (X—l)da.
Finally, the matrix of rates is
A A =4
A A A
A= ! > (15)
A=A A3
A A =4

Here A; are the elements of the diagonal matrix A%, and
each correspond to the linearized rates of the reactions C;,
i€{1,2,3}, defined in earlier examples. The quantities €,
z obtained by matrix multiplication do not simplify in a
meaningful way in the special case of QM.

Considering the first n components, Eq. (13) becomes

(Q_lDu + 1dn>ﬁ =-z9& Qﬁ = —Qz9 - Duﬁ’ (16)

where both forms will prove useful. From now on, we use
vector notation almost exclusively, as we have exclusively
moved to n-component quantities and will suspend the
summation convention, as we encounter more nontensorial
super- and subscripts. Here (already in the definition of z)
and from now on, we have implicitly assumed that the
matrix Q is invertible. If this is the case, one can factorize
the system of equations for ji. In practice, this is true as long

as the rates A are all nonvanishing, unless the pressure takes
a particularly degenerate form. For a physical system,
the degeneracy of Q also essentially implies that one is
considering extraneous degrees of freedom: If Q is r-fold
degenerate, one is, in fact, dealing with only n — (r — 1)
independent chemical potentials.

To finish this section, we summarize the main notation
used in the manuscript in Table 1.

III. DIAGONALIZING THE DIFFERENTIAL
EQUATION

We are now ready to manipulate the system of differential
equations. Note that what follows makes no assumptions on
the specific form or physical meaning of the quantities
considered, other than that the square matrices are non-
degenerate and the relevant functions otherwise sufficiently
well behaved (that everything is well defined in the relevant
regime of temperatures and chemical potentials and at all
spacetime points, in particular, that 9 is C* smooth, and
eventually that D, commutes with the coefficient matrix).
Thus, the approach is valid for any system of differential
equations of the above form.

To start, we consider the characteristic polynomial of an
invertible real-valued n x n matrix €. To remind the reader,
it is given by

po: R - R[x]:Q > po(x) = Zci[g]xk

= H (x — ), (17)

weX[Q]

where X[Q] is the set of eigenvalues of Q and the n + 1
coefficients {c;[Q]}}_, are formed of invariants of  and its
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powers. For example, c¢,[Q]=1,¢y[Q] = (—1)"DetQ.

While there exists no simple formula for the c; valid for

all i, their exact form is not of particular interest to until we

fix n, only that they are not degenerate. We denote

Pa(Q)Q = pa(Q) — co[Qid,.  That is,  po(Q) =
" ¢;[Q)Q!. Then, by Cayley-Hamilton

Pa(Q)Q = —c[Qlid, & Q7! = —¢5'[Qpa(Q).  (18)

OM example. For n =2, we have ¢[Q] = DetQ!,
c1[Q] = -TrQ, ¢,[Q] = 1, so that the statement of the
Cayley-Hamilton theorem becomes

Q2 —TrQQ + DetQ =0

& Q7 =—

og (@~ Tridy) = TrQ"id; — Det@”™'Q.

(19)

Using the representation of Eq. (18), we can write the set of
differential equations of the form shown in (16) as an nth-
order set of differential equations diagonalized for the f,
assuming that [D,, Q] =0, which for the physical case
holds since Q contains only equilibrium quantities. First,
we note that for any i > 1

D,Qp = Q"D O = —-D,Qz8 — D2Q'a.  (20)
This recursion gives
i1 '
D,Qij = (1) Dita+Y " (-1)*' DM Qiz9.  (21)
J=0
Substituting this to Eq. (16) by using Eq. (18) and
extracting the i = l-term out of the characteristic poly-

nomial we have

than Eq. (23), reading immediately

n

> ailQ(=1)Dip = | [QID i + co[ Qi
i=2

n i—2
= —o[Qz8 = (> (-1)YDiN Q9. (22)
i=2 j=0

Equation (22) is already of the desired form. However,
we may make it more visually appealing by explicitly
extracting the characteristic polynomial. We formally
write Y073 (-1YQ1DIM = (Q+ D,id,) ' [QD, +
(=1)'QD!], which equals zero for i = 1 and the identity
for i = 0, to obtain

n o 1
0= Z ci[Q(=D,)'A + Did 10

0
=0
n n
X Ci[QK—Du)iQ—FDuZ ci[Q]Qi zd
i=0 i=0

= pa(=D,)|it + (D,id, + Q)~'Qzd]. (23)

Above, po(—D,) is to be understood as an nth-order
differential operator whose coefficients are the coefficients
of the characteristic polynomial with an alternating sign,
and importantly the inverse operator appearing in the
equation is nothing nonlocal, but simply a finite (double)
sum of the powers of Q and D, acting on z8. The system of
equations is now diagonalized for the f, and easy to treat
with standard methods.

OM example. When n =2, the general formula for
the derivatives is not needed, only that D, Qp =
—QzD,9 — D2j. In addition, Eq. (22) is more convenient

QD — ¢, [QID i + ¢o[Qft = —¢o[Qz8 — ¢,[Q]QzD, 9
& D2ji + TrQD ji + DetQf = —DetQz9 — QzD,,9. (24)

IV. BULK SCALAR EVOLUTION AND TRANSPORT COEFFICIENTS

To understand the underlying physical system, we are looking for an evolution equation for the bulk scalar. We contract
the vector-valued Eq. (23) with the vector IL For reasons of convention and to get the appropriate units, we rescale the
equation by multiplying it with DetQ™"; this, in particular, sets the coefficient of IT without derivatives to unity for any 7.
The result is the following differential equation for the bulk scalar (again, we emphasize that it is only the {#*}”_, and 9 that
are acted on nontrivially by the derivatives; the components of IT appearing in the scalar products are given in terms of
equilibrium quantities and commute with the convective derivative D,,):

DetQ_po(_Du)H = —DetQ™! <H’ (Q + Duidn)_lgz> [pSZ(_Du)m

= Z DS+ 11 = — Z Z,Di'9. (25)
a=1

a=1

016009-6
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Above, we have implicitly defined 2n transport coefficients
as T, the n combinations of relaxation times and Z,,, the n
bulk viscous coefficients. They are all given in terms of
equilibrium quantities. While the evolution equation (25) is
already of a usable form for, e.g., numerical simulations of
viscous systems, we can obtain further qualitative under-
standing of the behavior of the corresponding physical
systems. Because of the structure of the {c,()}"_,, the
form of the constant terms and the highest derivatives on
both sides of the equation is always fixed: 1 and DetQ ™! on
the left-hand side, (I, z) and DetQ~! (I, Qz) on the right-
hand side, respectively. More generally, at any fixed n > 1
and i € {1,...,n} the coefficient of DiII (D', 9) equals the
coefficient of DiH'TT (DiF'9) as n +— n + 1 so that only the
coefficient of the first derivative is new at a given order.

Equation (25) is an nth-order linear differential equation
with constant, and by assumption nondegenerate, coeffi-
cients. This already implies that the general solution will be
a superposition of exponentials. Still, to find an explicit
solution, we consider the rest frame, so that D, — V, (recall
that V is used purely to avoid confusion with the thermo-
dynamic derivatives, and in the typical flat-space scenario
this can be thought of as an ordinary partial derivative), in
the linearized approximation (but we treat § as an inde-
pendent variable in the spirit of second-order hydrodynam-
ics). As long as the derivatives V%9 are all piecewise
continuous on R, the existence of a unique solution to
the corresponding initial-value problem is guaranteed, and
in particular, the system admits a Green’s function analysis.
As a linear ordinary differential equation with constant
coefficients, the form of the Green’s function is well known.
The homogenous equation admits »n linearly independent
exponential solutions, and the Green’s function is their sum
multiplied by the Heaviside function 6(¢). For the physical
system under consideration, we look for decaying solutions
so that the general form is

G= ZGO’: R — R such that

t— G(t) = 6(1) Zn:@e—fﬁa. (26)

a=1 Ta

The physical implication of the form in Eq. (26) is that the
system is in a superposition of n separate fluid components,
each with a relaxation time 7, and a bulk viscosity {,, and
each obeying the Israel-Stewart equation for bulk viscosity,
the n =1 counterpart of the evolution equation (23)
D JI+ 11+ ¢D,u =0, for r =7,,{ = {,. Formally, for
each component we then have 7 = /A’ and ¢ = n’?/) for
some rate, density, and susceptibility A', n’, ¥/, but these need
not correspond to physical quantities.

The general form of (26) is implicit by the structure of
the relevant equations. Indeed, just as the case n =2
corresponds to the so-called Burgers model in the study
of viscoelastic materials, the case for general n corresponds

to a generalized Maxwell model [17]. In particular, the
Green’s function of (26) is of the form of a so-called Prony
series. In the context of viscoelasticity, this is a commonly
used fitting ansatz [18-20]. However, here we are able to
solve the coefficients explicitly in terms of equilibrium
quantities.

OM example. For n = 2, writing 7, 7_ for the eigen-
values of Q~!, Eq. (25) becomes

7.t DX+ (¢, +7_)D,JI+ 11
= —(I,z)9 — 7, v_(I1, Qz). (27)

The Green’s function has the form

G1) = G(I)%e"/” + o) %e—f/fz. (28)

From the homogeneous equation, we find
DetQ ™' po(1;')Gy(t) =0 YV a€{l...n}.  (29)

Given that Q is nondegenerate by assumption, for G, not
identically zero, this dictates that the inverse relaxation
times {r;'}"_, are the eigenvalues of Q,

T,= (1Dt Q. {r i, =@, (30)
The latter relation motivates the notation Q~' = 7 in [15].
For the solutions to be decaying, the relaxation times must
be positive and, as was noted above, this is the case for
physical systems, and we assume so going forward.

The coefficients {,}”_, are “partial bulk viscosities.” To
relate them to the coefficients {Z,}”_,, known in terms of
equilibrium quantities, we generalize the approach of [21].
For demonstrative purposes, it suffices if the bulk scalar IT
also splits into n distinct components; for instance, if 9
varies slowly so that 9(7 — #') = 9(r) under the convolution
integral appearing in the particular solution of the differ-
ential equation using the Green’s function.” The split
obtained here is generally distinct from the earlier split
of IT = (IL, /1), as, denoting IT = > " _, 7, each component
fulfills the n = 1 equation,

t Vir,+ 1, +(9=0V ae{l,....,n}. (31)

This fixes the partial bulk viscosities {¢,}7_,. We consider

n n

ST @Y+ D@V, + 2, +9) =0 (32)
a=1 p=1p#a

and find that the z,-dependent parts reduce to Eq. (25)
automatically. To match the 9-dependent part, we make

“That is to say, we are in the Navier-Stokes regime.
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Write down the reactions C

and obtain the corresponding coefficients {x}, {#%}

)
l

Identify the independent chemical potentials 2%
and determine the coefficients <,

Construct M and 5\[19 and use them to obtain the
auxiliary matrices Q = —MX\ and z = Q"' Mn

v

Find the eigenvalues {7, } of Q7!

@ and/or compute the characteristic polynomial po ()

Evolution equation of the bulk scalar II
det Q7 'pg (=D,) I = — det Q~HIL, (Q + Duidn)71 Qz) [pa (—Dy) V)

Relaxation times 7,

@ and partial bulk viscosities ¢, = 72" IL, q_, () 2)/p.+ (Ta)

®

FIG. 1.

Impose possible physical constraints to find
the coefficients of the bulk scalar II with respect to g®

A flowchart demonstrating the steps starting from identifying the appropriate physical system and leading to obtaining the

transport coefficients and the evolution equation of the bulk scalar. The details of the fifth step, distinguished by dashed lines, depend on

the specifics of the system under consideration.

some auxiliary definitions. We write for any n

“: R" - R,y — PB*(y), defined for a < n, for a function
that evaluates to the sum of the products of @ — 1 combi-
nations of the elements of y. This quantity is related to terms
seen in the characteristic polynomial written in terms of
eigenvalues, but without oscillating signs. Indeed, we also
define for m < n a reciprocal characteristic polynomial as
q: R™M 5 Rx|, A>qa(x) =" cpoilA]x" and, finally,
an (n—1) x (n—1) matrix ;7 = diag(zy, ..., 73, ..., 7,),
i.e., with the pth entry removed, and ﬂT for the corre-
sponding n — 1 vector. Then, we find that [in the second
step substituting the rhs of the first line of Eq. (25)]

Z,= Z spa(ﬁT)Cﬁ
=1

n—1
= é’a _-_*

e (2] (I, 4,7 (Q)z) Yae{l...n}.  (33)

OM example. We have T\ =71,7_,T) =7, +7_. The
eigenvalues indeed match the relaxation times, 7; =
7,,7, = 7_, and the bulk viscous transport coefficients are

Z, = (ILz), Z, = DetQ~(I1, Qz)
or 0D -l
T — 17
52 =1 <H’ Z> 3! <H’ Qz> ) (34)
T =T

Figure 1 shows a flowchart describing the general
process of obtaining the evolution equation and/or the
transport coefficients. It is important to highlight that, for a
fixed n, the approach of this work gives both the evolution
equation as well as the transport coefficients in an explicit
form composed of matrix invariants. Explicit examples in
terms of matrix invariants can be found in the Appendix for
small n (including, for completeness, a reiterated n = 2
without specifying the particle and reaction content).

V. DISCUSSION AND OUTLOOK

We have analyzed the transport properties of a general
dense system with n independent chemical potentials in
second-order hydrodynamics in the linearized regime.
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The main results of this work are the evolution equation (25)
of the bulk scalar as well as the form of the relevant
transport coefficients (relaxation times and bulk viscosities)
that were found in two different representations, both
expressed in terms of equilibrium rates, densities, and
susceptibilities. In our analysis, we found that the system
factorizes into an n-component fluid, with each component
evolving according to the Israel-Stewart equation.

In particular, the generally convoluted expressions for
the bulk viscosities for the subsystems are given by simple
expressions (as long as the bulk scalar splits into n compo-
nents, e.g., in the Navier-Stokes regime) and by far the most
complex part of their determination is essentially reduced to
determining the eigenvalues of an n x n matrix Q.

The form obtained for the transport coefficients is readily
implemented for a given physical system. This will be
especially useful for, e.g., numerical purposes in viscous
hydrodynamical simulations in comparison to directly
writing out the expressions in terms of susceptibilities,
rates, and densities, which already for n = 2 results in
remarkably unwieldy expressions.

The results found will be useful when studying the
transport properties of increasingly complicated systems
involving multiple particle species, which arise naturally in
the multifaceted setting of neutron star physics. As the
results and techniques used have been rather general, they
improve the general understanding of viscous systems and
will hopefully prove helpful for the study of viscosity in
systems beyond neutron stars, as well.

ACKNOWLEDGMENTS

I thank Cristina Manuel for not only interesting discus-
sions during the preparation of [15], which led me to
investigate the n-component generalization, but also for
encouraging me to write the generalization down, as well as
both C. Manuel and Aleksi Vuorinen for valuable feedback
on an initial version of this work. I acknowledge support
from the program Unidad de Excelencia Maria de Maeztu
CEX2020-001058-M financed by MCIN/AEIL/10.13039/

501100011033/FEDER, UE (FSE+); as well as from the
Generalitat de Catalunya under Contract No. 2021 SGR 171.

DATA AVAILABILITY

There are no publicly available research data or
software supporting this manuscript. Requests for further
information or data should be sent to the authors.

APPENDIX: EXPLICIT RESULTS FOR SMALL n

For a fixed n, the coefficients c,[Q] appearing in the
characteristic polynomial can be written down in terms of
matrix invariants, e.g., with the Faddeev-LeVerrier algo-
rithm [22]. Here, we reproduce such forms of the evolution
equation and form of the coefficients of (25) for n = 2,
n = 3 which have been studied in the context of compact
stars and also display n = 4. Regardless of the applications
cited here, we emphasize that the method is general for
systems following differential equations of this form. For
n = 1, 2, we reproduce results such as [9,10,15,21] and for
n =3 we find a considerable simplification to the forms
presented in [14]. As was already seen in [15] (see the
Appendix), the simplification using linear algebra is con-
siderable over working with the explicit coefficients of the
matrices. This process is feasible for any n, even when
explicitly solving the eigenvalues is generally not possible.

1.n=2

The results for n = 2 can be collected from the examples
in the main text, but we list them all below. From pg(x) =
x% — TrQx + DetQ, the evolution equation (25) becomes

DetQ~! D211 + DetQ~! TrQD, IT + I1

= —(ILz)9 — DetQ~(I1, Qz) D, 9. (A1)
For any n, the inverse relaxation times {z,'}"_, are the

eigenvalues of Q. The bulk viscous coefficients are

Z, =+ = (ILz),

501100011033 and by the MaX-CSIC Excellence Award Z, = {115 4 &1y = DetQ | (I1, Qz) (A2)
No. MaX4-SOMMA-ICE,; the project PID2022-139427NB-
100 financed by the Spanish MCIN/AEI/10.13039/  or, alternatively,
|
Z,-Z I, z) — 7, (11 Z,—-Z I,z) — 7, (I
C]ZTl 1 2:r]< .2) = 1o ,Qz)’ 52212 1 2272< .z) =7 QZ) (A3)
10 T1—0 =17 T =17
2.n=3
For n = 3 the equations are still very reasonable: The evolution equation is
-3 -1 2 DetQ™! 2
DetQ ™! D311 + DetQ ' TrQDAIT + (Tr*Q — TrQ*) D, I1 + 11
= —(I1,z)8 — DetQ ™! (TrQ(I1, Qz) — (I1, Q%)) D, — DetQ (1, Qz) D29 (A4)
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and the bulk viscous coefficients are

Z, =0+ + 8 = (ILz),

Zy = (2 +13)¢1 + (11 +13)80 + (71 + 12)¢3 = DetQ ™ (TrQ(II, Qz) — (I, Q7z)).
Zy = 1,131 + 11738, + 117283 = DetQ (11, Qz). (AS)

As mentioned in the main text, for any n > 1 all but one of the bulk viscous coefficients Z, reduce to a form found in the

n — 1-component system. The partial bulk viscosities read

11 (T z) = (15 4 73) (IL Qz) + 7,73(I1, Q%2))

gl = s CZ

(11 =) (71 — 73)
73((IL z) — (71 + 7o) (IL Qz) + 7,7, (10, 92@).

(13 = 71) (73 — 1)

G =

5 ((TILz) = (1) 4 73) (IL Qz) + 7, 73(11, Q%2))

’

(12 —71) (72— 73)

(A6)

3.n=4

Even for n =4, which to the best of our knowledge has not been considered in the context of dense relativistic
hydrodynamics, even in specific simplifying cases, the results are simple enough to be written down in a relatively compact
form, although, in practice, it would be less tedious to do it indirectly using the coefficients of the characteristic polynomial.

The evolution equation is

DetQ! DetQ!
DetQ ' DT + DetQ' TrQDI + eT (Tr2Q — TrQ?) D11 + eT (Tr*Q - 3TPQTIQ + 2TrQ?) + 11
DetQ™! 5 5 5 s
= —(ILz)9 - (T2Q — TrQ?)(IL, Qz) — 2TrQ(IL, Q%) + 2(IL %) | D9
— DetQ! (TrQ(IL, Q) — (IL, Q%)) D28 — DetQ~ (IL, Qz) D39, (A7)

with bulk viscous coefficients

DetQ!
Z, = (ILz), Z, = 5

Z5 = DetQ ™! (TrQ(I1, Qz) — (I1, Q%2)),

[(Tr?Q — TrQ?)(II, Qz) — 2TrQ(II, Q%z) + 2(I1, Q%2)],
Z, = DetQ (I, Qz). (A8)

The partial bulk viscosities again follow the general pattern from Eq. (33).
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