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Random disks of constant curvature: The lattice story
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We lay the groundwork for a UV-complete formulation of the Euclidean Jackiw-Teitelboim two-
dimensional models of quantum gravity when the boundary lengths are finite, emphasizing the discretized
approach. The picture that emerges is qualitatively new. For the disk topology, the problem reduces to
counting so-called self-overlapping curves, that are closed loops that bound a distorted disk, with an
appropriate multiplicity. We build a matrix model that does the correct counting. The theories in negative,
zero, and positive curvatures have the same UV description but drastically different macroscopic properties.
The Schwarzian theory emerges in the limit of very large and negative cosmological constant in the
negative curvature model, as an effective theory valid on distance scales much larger than the curvature
length scale. In positive curvature, we argue that large geometries are ubiquitous and that the theory exists
only for a positive cosmological constant. Our discussion is pedagogical and includes a review of several

relevant topics.
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I. INTRODUCTION

A. Two-dimensional quantum gravity:
From Liouville...

The starting point of our work is to postulate that a
Euclidean theory of two-dimensional quantum gravity must
be a diffeomorphism invariant theory of random metrics on
a two-dimensional manifold ./, , of fixed topology, with
genus s and b boundary components.” A rigorous formu-
lation of such theories can be obtained by following the
Wilsonian paradigm, in the spirit of statistical physics. The
models are first regularized by considering discretized
surfaces made of flat polygons. The problem is then purely
combinatorial: One enumerates all the possible ways to
build a surface by gluing polygons together. This counting
of “maps” was pioneered by Tutte in the 1960s [1]. In 1978,
following ideas first put forward by ’t Hooft [2], Brézin,
Itzykson, Parisi, and Zuber related the combinatorics of
maps to the solution of formal matrix integrals in the large-
N limit [3]. This point of view greatly simplifies the
counting problem. The discretized theory being solved,
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"The study of Lorentzian signature metrics and/or the consid-
eration of the sum over all topologies are, of course, essential in
some applications and will be briefly discussed later.

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2026/113(2)/026012(77)

026012-1

one must then define a continuum limit in which the size of
the polygons goes to zero. The existence of nontrivial and
universal continuum limits relies on the existence of critical
points [4,5].

Another approach, pioneered by Polyakov in 1981 [6], is
to use a direct field theoretic formulation in the continuum,
called Liouville theory. One uses conformal gauge and
treats the conformal factor as an ordinary two-dimensional
quantum field. Diffeomorphism invariance of the under-
lying quantum gravity theory implies that the resulting
Liouville model must be a conformal field theory. This
remains true even when gravity is coupled to an arbitrary,
possibly nonconformal, matter quantum field theory. This
approach has scored a number of impressive successes
[7,8]. When comparable, the results obtained in the
continuum Liouville approach and in the discretized
approach beautifully match. This subject has become so
mature that it is by now a well-established field in
probability theory; see, e.g., [9] and references therein.

A “topological” version of two-dimensional quantum
gravity can also be studied. Instead of considering the space
of all metrics on a given surface .#, ;, one restricts oneself
to metrics of constant negative curvature and requires the
boundaries to be geodesics of given lengths. The resulting
moduli spaces of metrics are finite dimensional. The
associated partition functions are, thus, given by ordinary
integrals that compute the volumes of these moduli
spaces with respect to the Weil-Petersson measure, as a
function of the boundary lengths. These volumes can be
computed by using the Mirzakhani recursion relations [10],
making the link with previous famous work by Witten and
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Kontsevitch [11]. The Mirzakhani recursion relations are
themselves equivalent to the so-called topological recursion
relations in matrix models [12].

Nice reviews and relevant references on these classic
results may be found in [13].

B. ...to Jackiw-Teitelboim

In recent years, a version of two-dimensional quantum
gravity, called Jackiw-Teitelboim quantum gravity [14], or
JT gravity, for short, has been extensively studied. JT
gravity lies somewhere between topological gravity and
Liouville gravity. One fixes the bulk scalar curvature and
the boundary lengths to be constants, as in the case of
topological gravity, but one waives the constraint that
the boundaries must be geodesics.2 The boundary con-
ditions are, therefore, similar to the FZZT (Fateev—
Zamolodchikov—Zamolodchikov-Teschner)  branes in
Liouville gravity (151217 gravity comes in three versions,
depending on whether the bulk curvature is chosen to be
negative, zero, or positive. Most of the literature focuses on
the negative curvature case because of its direct relevance
for holography. The three versions are identical at distance
scales much smaller than the bulk curvature length scale:
They have the same UV completion. The UV-complete
formulation of the models can, thus, be studied by focusing
first on the simplest case of the zero curvature theory, in
which all the essential ideas can be introduced in a
somewhat simplified context. The cases of negative and
positive curvature will also be discussed, in a second stage.
At long-distance scales, we shall explain that the three
models display drastically different physics.

In order to avoid a confusion in the terminology, let us
stress that for us the cosmological constant A is defined to
be the constant multiplying the bulk area term in the
action.* InJT gravity, it, thus, has no direct relation with the
sign of the bulk curvature, which is fixed independently. In
particular, the negative curvature model is defined for any
value of the cosmological constant, positive or negative, the
near-hyperbolic limit most relevant for holography corre-
sponding to A — —oo. On the other hand, we shall argue
that the positive curvature model is defined only for
positive cosmological constant A > 0, whereas the zero

*An important consequence of our work will be to show that
the boundaries in JT gravity are actually fractals with a nontrivial
Hausdorff dimension. The boundary lengths that are fixed are,
thus, “quantum lengths,” analogous to the diffusion time for
Brownian paths, as will be explained later.

’In the original FZZT construction, one fixes the boundary
cosmological constant. Fixing the boundary length is obtained by
a Laplace transform. The important point is that no other
condition is imposed on the boundary.

For the disk topology, and when the nonzero curvature
models are formulated in terms of a dilaton field, as is traditional,
A is proportional to the boundary value of the dilaton.

curvature model is expected to exist as long as A > A, for
a strictly negative critical cosmological constant A..

From the physics point of view, JT gravity may seem to be
too simple. Indeed, since the bulk curvature is fixed, the bulk
geometry cannot fluctuate, and, thus, the local bulk physics
looks nongravitational. Consequently, on closed manifolds
M 1,0, JT gravity is equivalent to topological gravity.

However, the situation turns out to be much more
interesting on manifolds with boundaries. The core of
our work will be to show, following [16], that the situation
is, in fact, even more interesting and far more subtle than
the existing literature suggests.

For instance, in the case of the disk topology, the space of
metrics is directly related to the space of immersions of the
source disk into a canonical target space of constant
curvature, which is either the hyperbolic space H?, the
Euclidean plane E?, or the two-sphere S?, depending on
whether we consider the case of negative, zero, or positive
curvature. The target space geometry itself is totally rigid,
which translates mathematically the fact that the local bulk
physics looks nongravitational. However, there are a very
large number of possible immersions. By pullback, this
yields an infinite-dimensional space of metrics on the source
disk. Intuitively, the degrees of freedom of the theory seem to
be encoded in the shape of the boundary of the immersed
disk into the fixed canonical target spaces. One of the main
goals of the present paper is to explain in detail the
fluctuating boundary picture, from first principles. This will
reveal some truly surprising and unexpected features. In
particular, the standard lore according to which there is a
one-to-one correspondence between the degrees of freedom
of the theory and the shape of the boundary modulo the
action of the isometries of the target space will turn out to be
incorrect. We shall also see that typical immersed bounda-
ries have many self-intersections and are fractal curves.

The vast majority of the literature on JT gravity has
focused on the case of negative curvature in a particular
limit for which the lengths of the boundaries and the
absolute value of the negative bulk cosmological constant
go to infinity, their ratios being kept fixed in the bulk
curvature units. The intuition behind this limit is that it
corresponds to taking the infinite UV cutoff limit in the
dual boundary description. This is often referred to as the
“near-hyperbolic limit” or the “Schwarzian limit.”> The
conjectured dominant configurations in the limit corre-
spond to smoothly wiggling boundaries that fluctuate
mildly on distance scales much larger than the curvature
length scale. Mathematically, they are described by the so-
called “reparametrization Ansatz” for which the JT gravity
path integral reduces to an integral over the group of

>The terminology “near AdS” limit is also frequently encoun-
tered, but we will use the name “hyperbolic space” for the space
of constant negative curvature in Euclidean signature and reserve
the term “anti—de Sitter” for the case of Lorentzian signature.
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diffeomorphisms of the circle governed by the Schwarzian
action. The resulting model is exactly solvable [17].
Despite its simplicity, it has demonstrated its relevance
in shedding light on some nontrivial questions in quantum
gravity. It provides a holographic description [18-21] of
strongly coupled quantum mechanical systems [22,23] that
are relevant to describe near-extremal black holes, includ-
ing, for instance, the process of black hole formation [24] or
the physics of traversable wormholes [25]. The Schwarzian
description has allowed the black hole information paradox
to be addressed in a controlled setup [26]. At the same time,
some unexpected subtleties with the holographic frame-
work itself have emerged, in relation with the nonfactori-
zation of amplitudes. In particular, the Schwarzian
framework is not consistent with a quantum mechanical
boundary description but requires an interpretation in terms
of an ensemble average over quantum theories [27].

Our results imply that the Schwarzian theory is an
effective theory, valid on distance scales much greater than
the curvature length scale L. It emerges as a correct IR
description of the negative curvature JT gravity model in
the limit A - —oo. On distances of the order of or smaller
than L, the structure of the boundaries become much more
complicated than the smoothly wiggling boundaries
described by the Schwarzian. In particular, the boundaries
are self-intersecting fractal curves, and in the microscopic
description of the models the length parameter is a
“quantum” length f, that has an anomalous dimension.
The usual smooth boundary length # characterizing the
configurations included in the Schwarzian description is
itself an effective IR parameter that can be expressed in
terms of the microscopic parameters f;, A, and L in the
A — —co limit.

C. Microscopic and finite cutoff Jackiw-Teitelboim

The primary motivation for the work presented in this
article and the companion papers [16,28] is the observation
that, despite the important applications mentioned above
and the fact that the relevance of the model is widely
acknowledged, the theoretical foundations of JT quantum
gravity have been very little studied and are poorly under-
stood until now. In particular, the status of the subject is far
from the one achieved by Liouville gravity.

Our goal is to provide some of the keys to a rigorous
study of the theory, starting from first principles, in both the
discretized and the continuous approaches. Reference [16]
provides a synthetic exposé of the main findings. The
present article focuses predominantly, but not exclusively,
on the development of the discretized approach. The
continuous approach, using conformal gauge, is further
studied in the upcoming paper [28]. Ideas from the
continuum conformal gauge formalism were used in [29]
to study the JT gravity models coupled to a conformal field
theory of central charge ¢, in the semiclassical limit
¢ — —oo, at the one-loop order.

An important point is that we consider Jackiw-
Teitelboim gravity for finite values of the microscopic
parameters: the curvature length scale L, the bulk cosmo-
logical constant A, and the quantum boundary lengths ﬂq,i.ﬁ
As we have already mentioned, the boundaries in JT gravity
turn out to be fractal.” Thus, they do not have smooth
boundary length parameters. Such a notion emerges only
on long-distance scales in the negative curvature model, in
the Schwarzian limit A — —oo. Instead, the relevant notion
is a renormalized, quantum length.

In the negative curvature theory, working for finite
values of the parameters is interpreted as introducing a
finite UV cutoff in the holographic dual. The Schwarzian
limit A - —oo, in which very large, nearly hyperbolic
geometries dominate,8 is, thus, a large UV cutoff limit from
the boundary perspective. This interpretation comes from
the usual UV/IR relation in holography. However, it is
important to stress that, unlike in higher dimensions, the
strict limit of infinite cutoff is trivial when the bulk
geometry is two-dimensional. This follows from the fact
that, in two dimensions, there is a unique complete metric
of constant negative curvature on the disk, corresponding to
hyperbolic space itself. Therefore, the theory with the
cutoff strictly removed has no degree of freedom.” From
the boundary perspective, the impossibility of completely
removing the UV cutoff is the consequence of the fact that
there is no standard quantum mechanical and nontrivial
conformal field theory in one dimension.'” One can find
theories with conformally invariant IR fixed points, such as
the Sachdev-Ye-Kitaev (SYK) model, but the IR physics
can never be completely decoupled from the UV, which is
not conformally invariant. In other words, conformal
invariance is only approximate and is broken above some
UV scale that is impossible to get rid off.

of course, in the nonzero curvature models, one may set the
units so that L = 1. It is sometimes convenient, for the physical
discussion, to keep L explicitly.

The precise statement is that typical metrics will have fractal
boundaries, with probability one. Metrics with smooth bounda-
ries, of course, exist but form a subset of measure zero in the
space of metrics.

The precise definition of the near-hyperbolic geometries,
described by the so-called reparametrization Ansatz, is reviewed
in Sec. IE 1.

This is discussed in detail in [28]. In Lorentzian signature, a
similar result is valid; see, in particular, [30].

A simple argument is as follows. A conformal primary
operator & of conformal dimension A > 0 must have a two-point
function (€(t)¢(0)) proportional to 1/|¢|*4, which, thus, di-
verges when ¢ — 0. But in quantum mechanics, there is no
singularity when one multiplies operators at the same point and,
thus, no divergence in the two-point functions when t — 0. To
eliminate any possible confusion, let us note that Brownian
motion in two dimensions, which may be viewed as one complex
scalar field z(z) in one dimension, is, according to Lévy’s
theorem, conformally invariant with respect to target space
conformal transformations z — z'(z) but not with respect to
one-dimensional conformal transformations that act on the time z.
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The lesson from this discussion is that it is essential to
formulate the theory for finite values of the parameters. The
distance scales of the order of the curvature length scale are
not decoupled, and the formulation must be UV complete
from the bulk perspective.

D. UV-complete Jackiw-Teitelboim quantum gravity

On which basis can we construct a UV-complete
formulation of JT gravity? Is there a unique “consistent”
UV completion? Why can we not simply assume that the
SYK model, for example, provides a satisfactory UV
completion?

The axiom on which our work is based is that, in general,
Euclidean two-dimensional quantum gravity is a diffeo-
morphism invariant theory of random metrics. In particular,
Euclidean Jackiw-Teitelboim quantum gravity is a diffeo-
morphism invariant theory of random constant curvature
metrics. Note that, in dimensions strictly greater than two,
this minimalist metric point of view may very well be too
naive, but in two dimensions, there is no reason to believe
this. On the contrary, the classical results on Liouville
theory and our own results on JT gravity offer a rather
compelling physical picture and a rigorous UV-complete
formulation of quantum gravity in two dimensions.

The metric axiom rules out the SYK model, or other
similar models, since these are not models of random
metrics. There is another independent argument against the
idea that SYK could be a satisfactory UV completion of JT
gravity, based on the following observations. First, the UV
completion must be the same for all three versions of JT,
negative, zero, or positive curvature, since the curvature
length scale is irrelevant at very short distances. Second, the
Schwarzian description emerges as a long-distance effec-
tive theory only in the case of the negative curvature theory.
As will be made clear in the following, the other models
have a very different long-distance behavior. Third, the
existence of the IR Schwarzian description is the basic
reason, if not the only reason, why the SYK model has been
studied in relation with quantum gravity. It seems highly
improbable that SYK could provide any insight into the UV
structure of the zero or positive curvature models, in which
the Schwarzian plays no role. Putting these three obser-
vations together, it seems extremely unlikely and unnatural
that SYK could provide a UV completion of JT gravity. We
shall argue that the Schwarzian theory is a universal long-
distance description of many models of closed random
loops in hyperbolic space, independently of any relation
with quantum gravity.

A completely different, nonminimalist but physically
well-grounded route to find UV completions of JT gravity
is to consider that the theory is the IR limit of a higher-
dimensional quantum gravity theory. This is natural when
one studies the near-horizon limit of higher-dimensional
near-extremal black holes. The higher-dimensional picture
also suggests to consider general dilaton gravity models in

two dimensions, for which the bulk curvature is not fixed.
From this point of view, JT gravity corresponds to a linear
dilaton potential, in which case the dilaton plays the role of
a Lagrange multiplier field imposing the constant curvature
constraint. The higher-dimensional point of view is cer-
tainly worth exploring further, but this is far beyond the
scope of the present paper. In any case, building a rigorous
UV completion along these lines would require a detailed
understanding of the higher-dimensional quantum gravity
models, at a level which does not seem to be available at the
moment. We believe that an interesting guiding principle to
do this could be to ensure that a matching with the purely
two-dimensional UV-complete point of view developed in
our work should be made.

Even if we restrict ourselves strictly to dimension two
and we follow the metric axiom, is the UV completion
unique? Formally, the metric axiom implies that the theory
is defined by a path integral over constant curvature metrics

/ Dgs(Rlg) - 20/L2)e (), (L1)

where Dg is a formal path integral measure over metrics,
the functional § function imposes the constraint of constant
curvature, with n = %1 or 0 depending on the version of JT
one considers, A[g] is the area associated with the metric g,
and the dots indicate possible insertions of diffeomorphism
invariant operators. The question of uniqueness amounts to
asking whether there are several inequivalent ways to make
sense of the formal path integral (1.1) or, equivalently, if
there are several distinct measures, in the rigorous math-
ematical sense, on the space of constant curvature metrics
modulo diffeomorphisms. The answer to this question is
yes. An obvious way to understand that there are many
interesting measures is that the quantum gravity theory
could be coupled to a nontrivial quantum field theory
(QFT), and integrating out the QFT degrees of freedom
then produces a new interesting measure. Measures that
probably cannot be interpreted in this simple way will also
be constructed in [28]. To achieve uniqueness, one thus
needs an additional guiding principle on top of the metric
axiom. There are, in fact, at least three possible angles of
attack.

One point of view is to start from the real-time
quantization and the requirement that the Euclidean theory
computes correctly suitably defined observables in the
Hilbert space framework. In spirit, this approach is similar
to the logic used in constructing the Euclidean path integral
in quantum mechanics, which reproduces correctly the
quantum mechanical predictions if and only if one uses the
Wiener measure of the set of paths, which are, thus,
Brownian almost surely. However, the rigorous real-time
quantization of JT gravity remains an outstanding open
problem at the microscopic, finite volume, level; see [31]
for an interesting approach in the near-AdS framework. We
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hope that our work on the Euclidean formulation, in the
present paper and in [28], will actually provides important
clues to achieve it in the future.

A second point of view is to assume that the measure
Dg in the path integral (1.1) is the usual ultralocal DeWitt
measure on the space of metrics and proceed from there.
This is nonrigorous, since ultralocal measures are only
formal objects, but experience with Liouville theory
indicates that this approach is valuable in providing strong
clues at to what the correct, rigorously defined measure is.
We shall use this point of view in the companion
paper [28].

A third point of view, that we shall follow in the present
paper, is to use a lattice formulation, discretizing the space
of constant curvature metrics and then taking a continuum
limit. This approach provides a compelling physical picture
and is unique, in the sense that the continuum limit of the
lattice models is universal, independent of the details of the
discretization procedure. In the continuum, it yields a
privileged measure on the space of constant curvature
metrics. We conjecture that this measure is the same as
the one obtained through the formal procedure starting
from the ultralocal DeWitt measure [28] and is also the
correct measure for making the link with the real-time
quantization of the models.

E. Comparison with the previous literature

To the best of our knowledge, possible microscopic,
UV-complete, definitions of JT gravity have been discussed
in only three papers, all focusing on the disk topology.

(1) In [32], the authors take seriously the idea that the
fluctuating boundary behaves as if it were the
trajectory of a “boundary particle.” The path integral
is then defined in the usual quantum mechanical
way, using a quadratic action which describes the
continuum limit of a closed random walk in target
space, which is hyperbolic space for the negative
curvature theory studied in [32]. This point of view
has been used to investigate various properties of the
models; see, e.g., [33].

(i) In [34], the authors use a very different starting
point. They assume that, instead of arbitrary closed
random walks, the fluctuating boundaries must be
self-avoiding loops, that is to say, closed curves with
no self-intersection. This is a highly nontrivial model
of random paths, which has been much studied in the
literature because it has many applications in stat-
istical physics and in mathematics.

(iii) The idea to consider that the boundary must be a
non-self-interesting curve was also used in [35],
albeit with different results than in [34], but making
the link with an interesting “bottom-up” approach in
which the finite cutoff JT theory is postulated to
correspond to a 77T irrelevant deformation of the
Schwarzian infinite cutoff description [36].

The picture that emerges from the investigations pre-
sented below is qualitatively and quantitatively different
from these earlier proposals.

As we shall explain in detail below, a description in terms
of random walks, as in [32], does not satisfy the metric
axiom. The model, however, is quite interesting and
does share some important qualitative features with the
UV-complete formulation that we propose. The approaches
in [34,35], on the other hand, do describe theories of random
metrics, since one can easily show that to any self-avoiding
loop is associated a unique metric on the disk. But the set of
metrics so obtained is a subset of measure zero with respect
to the relevant measure on the space of constant curvature
metrics. Models based on self-avoiding loops may, thus, be
seen as some kind of minisuperspace approximation.

As already mentioned, and in sharp contrast with the
existing approaches based on the fluctuating boundary
picture, one of the most surprising consequences of our
analysis is that the degrees of freedom of the theory are not
in one-to-one correspondence with the shape of the
boundary. This is the consequence of the fact that to a
given boundary curve may be associated several distinct
metrics on the disk, that is to say, metrics that are not related
by a disk diffeomorphism and are, thus, truly physically
inequivalent. This fact alone shows that many ideas about
the model must be rethought.

F. Plan of the paper

Section II is devoted to a detailed discussion of the space
of constant curvature metrics on the disk. In Secs. Il A
and II B, a microscopic, discretized description is given in
the flat case, using surfaces built by gluing polygons.
Generating functions are defined in Sec. II C. A continuum
description in terms of immersions, treating in parallel all
three cases of zero, positive, and negative curvatures, is
given in Sec. IID. Finally, in Sec. IIE, we propose an
overview of earlier approaches, in order to make the paper
as self-contained as possible and also to be able to better
explain and highlight the novelties brought about by our
own contribution. We discuss the reparametrization Ansatz
and the associated notion of “wiggling boundary,” the
Schwarzian theory, the edge mode picture, and the existing
approaches to the finite cutoff models.

In Sec. III, we develop the description of the model in
terms of the boundary curves. The fact that JT quantum
gravity can be approached from two very different per-
spectives, either based on random metrics or focusing on
the boundary fluctuations, is one of its most interesting
properties. The analysis of existing models indeed suggests
that theories of random metrics, e.g., Liouville theory, and
theories of random paths, e.g., self-avoiding paths or
Brownian paths, have qualitatively distinct features and
describe very different physics. After a general introduction
in Sec. III A, we explain in Sec. III B that the correct model
for the fluctuating boundary in JT is a model of random
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self-overlapping curves. General properties of self-over-
lapping curves are explained in Sec. III C. In Secs. III C 1
and III C 2, we discuss simple criteria that self-overlapping
curves must satisfy, based on the Whitney index and the
notion of number of overlaps. A more comprehensive
analysis, in terms of Blank cuts and Blank words, in given
in Sec. III C 3. In Sec. III D, we introduce the fundamental
notion of multiplicity. We illustrate this notion on the
simplest example of the Milnor curve. The multiplicity
of a self-overlapping curve counts the number of distinct
disks it bounds or, equivalently, the number of physically
distinguishable, that is to say, diffeomorphism inequivalent,
constant curvature metrics associated with it. The fact that
the multiplicity can be strictly greater than one implies that
the degrees of freedom of JT quantum gravity are not in
one-to-one correspondence with the shape of the boundary.
In Sec. IITE, we define the precise model of random self-
avoiding polygons that is equivalent to the model of
discretized random constant curvature metrics discussed
in Sec. II. We also mention some possible generalizations
for which self-overlapping curves can be open, and we very
briefly discuss the case of the annulus or higher topologies.
Finally, we give some preliminary information on the
discretized formulation in negative and positive curvatures,
highlighting the subtleties and differences with the
flat case.

The goal of Sec. IV is twofold. First, we provide a
pedagogical review of some ideas that play a central
role in the study of known models of random metrics
(the Liouville theory, Sec. IVA) and of random paths
(Brownian, self-avoiding, convex) in Sec. IV B. Our aim is
to introduce some useful concepts and technical tools and
also to highlight the similarities but also some crucial
differences between random metrics and random paths in
the traditional setups, having in mind that in the case of JT
the random metrics and random paths formulations are
strictly equivalent. We then initiate the study of the self-
overlapping polygon model in Sec. IV C, both in the case of
the uniform measure and in the case of the nonuniform
measure taking into account the multiplicity, which is
relevant for JT. We prove the existence of the connective
constant for both models, which implies, in particular, an
exponential bound on the multiplicity. We describe some
interesting observables that are specific to these models and
explain some conjectures on some critical exponents and
the asymptotic properties of the area distribution law.

In Sec. V, we introduce a Hermitian matrix model that
does the appropriate counting of metrics in flat JT gravity,
its large-N free energy coinciding with the generating
functions introduced in Secs. I and III. The model is
based on the idea of dually weighted graphs, that we review
in Sec. V B. As explained in Secs. VB 3 and V C, some
modifications with respect to the usual formulation must be
introduced in order to be able to describe JT gravity. In
particular, we construct the appropriate JT gravity

macroscopic loop operators and provide a matrix model
formula for the multiplicity of a self-overlapping polygon.

Section VI focuses on the cases of nonzero curvature. At
short-distance scales, the positive, negative, and zero
curvature models coincide, but at long distances they
display drastically different physics. The large-distance
behaviors can be characterized by the asymptotics of the
area probability densities, for which we present conjec-
tures. For the negative curvature model, we explain the
emergence of the Schwarzian description at long distances
and make the link with the ballistic behavior of random
path models in hyperbolic space. For the positive curvature
model, we argue that large geometries will be ubiquitous
due to the absence of an isoperimetric inequality. At the
quantum level, this implies that the model exists only for
positive or zero cosmological constant. We also discuss the
lattice formulation of the nonzero curvature models and
postulate a relation with a suitable analytic continuation of
the matrix model discussed in Sec. V.

Finally, in Sec. VII A, we briefly summarize some of the
main results of our work. We then discuss in Sec. VII B the
consequences for the study of JT gravity on manifolds of
arbitrary topology. We explain that the standard approach
by Saad, Shenker, and Stanford, which applies in the
Schwarzian limit, cannot be generalized in any straightfor-
ward way to the case of the microscopic, finite cutoff
description. We close the paper in Sec. VIIC by high-
lighting some interesting open questions that we would like
to explore in some future research project.

II. CONSTANT CURVATURE
METRICS ON THE DISK

We present a construction of the constant curvature
metrics on the disk, mainly focusing on the discretized
version in the flat case but also discussing the general case
in the continuum. The discretized formulation is central,
since it provides the basis for a rigorous microscopic
formulation of the JT quantum gravity theory. We put
our results into perspective by comparing them with
existing approaches in the literature.

A. Discretized surfaces and discretized metrics

Let us start by briefly reviewing some well-known facts
about the discretization of two-dimensional surfaces and
metrics.

A discretized surface is built by gluing polygons along
their edges. The construction is purely combinatorial in
nature: The data are the set of polygons and the pairing
(gluing) of the edges. These same data define a matrix
model fat Feynman graph as well. To see this, one may use
one of two equivalent points of view. In the first, “direct”
point of view, the p-gons correspond to faces of length p in
the matrix model graph, and the polygon vertices and edges
correspond to the Feynman graph vertices and edges,
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respectively. In the second, “dual” point of view, the p-gons
correspond to vertices of degree p of the Feynman graph
and a gluing is associated to an edge joining the vertices
associated with the glued polygons. The vertices of the
direct point of view are mapped to the faces of the dual
point of view and vice-versa.

Surfaces with k£ boundary components can be described
as closed surfaces with k marked faces that may have an
arbitrary length, the edges belonging to the marked faces
being interpreted as forming the surface boundary. The
marked faces may be removed altogether. The Euler
identity reads

F-E+V=2-2h-b, (2.1)
where F is the number of unmarked faces, E the number of
edges, V the number of vertices, & the genus, and b the
number of boundary components (or marked faces).

Assuming that the unmarked faces are made of p-gons
for a fixed value of p,11 and noting rq, ...r, the lengths
(number of edges) of the boundaries, we have

b
2E=pF+) 7, (2.2)
i=1
Using Euler’s (2.1), we get
b
22-2h-b)+> ri=(2-pF+2V. (23)

i=1

A metric on a discretized surface is specified by
introducing a length scale ;. One decides that all the
polygons building up the surface are flat and regular, with
edge length 7. Moreover, the gluing along the edges is
smooth and flat. The cutoff £, may be interpreted as the
Planck length, but we shall prefer to call it the UV lattice
spacing or UV lattice edge length. In this construction, the
curvature is entirely localized on the vertices. The Ricci
curvature in the vicinity of a bulk vertex (defined to be a
vertex that does not belong to the boundary) of degree ¢, at
which g p-gons are glued together, reads

5(x —xy)
P4 SN

R(x) =R
& g(x)

(2.4)

where x is a local coordinate system around the vertex
situated at x = xy, g the determinant of the metric, and

2

Rpq= » (4-(p-2)(g-2)). (2.5)

""The most general case, with different types of polygons, can
be treated similarly, but we do not need it for our purposes.

The extrinsic curvature in the vicinity of a boundary vertex
of degree ¢ is similarly

k(s) = kp‘qé(s —5y), (2.6)

where s is the curvilinear coordinate along the boundary
and

T

kpg = » 2-(p-2)(g-2)). (2.7)

Let V, and v, be the numbers of vertices of degree g in
the bulk and on the boundary, respectively. We have [also
using (2.2)]

b
2E=Y q(Vy+v,)=pF+Y r.  (28)
q i=1

Moreover, the total number of boundary vertices must
match the total boundary length:

b

Vy = qu = Zri.
q

i=1

(2.9)

Using (2.5) and (2.7), one can then check that the Gauss-
Bonnet formula

/dzx\/g_]R +2 ?{ dsk =4z(2=2h—b)  (2.10)

is equivalent to the Euler formula (2.1) or, equivalently,
to (2.3).

B. Discretized flat Jackiw-Teitelboim gravity

A straightforward application of the ideas reviewed in
the previous subsection allows one to define a discretized
version of Euclidean Jackiw-Teitelboim quantum gravity in
the zero curvature case. Working this out explicitly and
explaining some simple consequences is the subject of the
present subsection.

Equation (2.5) shows that the constraint of zero curvature
in the bulk implies that 2p = (p — 2)q for each bulk vertex.
The solutions are (p,q) = (3,6), (4,4), or (6,3), corre-
sponding to the three regular tessellations of the plane,
made of triangles, squares, or hexagons. These three
possibilities could be used in our construction, and they
are all expected to yield the same theory in the continuum
limit. For illustrative purposes, we mainly focus on quad-
rangulations. Using hexagons may present some technical
advantages that will be mentioned in Sec. V.

We choose to orient the boundaries in such a way that the
outer normal is directed to the right, the surface itself being
situated to the left. With this convention, a positive extrinsic
curvature means that the boundary is making a left turn and
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FIG. 1.

Three examples of discretized disks drawn isometrically on a flat square lattice. The thick black lines represent the boundaries.

The lattice tiles occupied by squares forming the disk, which are the faces of the associated fat graph in the matrix model direct
representation, are shaded in gray. Dark gray tiles are occupied by two overlapping faces. Left inset: a disk with a smoothly wiggling
boundary, akin to the “reparametrization Ansatz” configurations much studied in the literature; center inset: a disk whose boundary is a
typical self-avoiding polygon; right inset: a disk with a twofold overlapping region (shaded in dark gray) and a self-intersecting

boundary.

a negative extrinsic curvature that it is making a right turn.
Precisely, with quadrangulations, formula (2.7) shows that
the extrinsic curvature at the boundary vertices is

z/2  if g = 2(left turn),
k47q - 0
—n/2

if ¢ = 3(straight line),
if ¢ = 4(right turn).

(2.11)

We see that vertices of degree two, three, and four
correspond to a left turn, going straight, or a right turn,
respectively, and that the turns are made at a right angle. We
restrict ourselves to vertices of degree two, three, or four on
the boundary, since, intuitively, this is enough to obtain
boundaries of arbitrary shapes in the continuum limit."*

Let us denote by Vg the number of bulk vertices and by
vL, vg, and vi the number of vertices of degree two, three,
and four, respectively, on the boundary. Equations (2.2),
(2.8), and (2.9) now take the form

2E = 4VB + 21JL + 31)5 + 4UR

b
=4F+) r=4F + v +vs+og.  (212)
i=1

=
In particular,

UL, + 2'1}5 + 37}R = 4(F - VB) (213)

must be a multiple of four. Using (2.12), Euler’s identity
(2.1) is found to be equivalent to

v — g = 4(2 = 2h - b). (2.14)

1t may be sufficient to work with degrees two and four only.
The case of degrees five or more will be briefly mentioned later.

Taking into account (2.11), this is, of course, also equiv-
alent to the zero curvature Gauss-Bonnet formula
§ kds = 2m(2 — 29 — b). Note that, together with (2.13),
we get

vg =2(F —Vg) —2vg —=2(2 = 2h - D). (2.15)
The number of straight vertices must be even.
On the disk, Eq. (2.14) yields
Uy, —Ur = 4. (216)

This is a simple and useful constraint on the possible shapes
of the boundary curve in JT gravity. We have derived it in
the flat case, but we will see later that a version of this
constraint is also valid in the positive and negative
curvature cases; the difference is that in these latter cases
it will not be a direct consequence of Gauss-Bonnet.

What do discretized flat disks look like? We have
depicted in Fig. 1 three simple examples. All our drawings
are made on an underlying square lattice. The basic
building blocks of the lattice are called “tiles.” Each square
face of a discretized disk is put on a lattice tile, building up
a figure satisfying the constraints indicated above. The
result is a graph for which all the faces, but the marked
boundary, have length four, all the bulk vertices have
degree four, and all the boundary vertices have degree two,
three, or four.

A crucial feature is that discretized disks may have
overlaps; see, for instance, the example depicted on the
right inset in Fig. 1. As a consequence, the boundary curves
may have self-intersections. This is an absolutely funda-
mental feature, which is also relevant in the positive and
negative curvature cases.

Intuitively, in the continuum limit, discretized disks are
arbitrary distorted disks, which are obtained by starting
from a round disk and then allowing arbitrary smooth
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o-6e

FIG. 2. A distorted disk with an overlapping region (right inset), obtained by smoothly deforming a round disk (left inset). The
deformation is a regular homotopy between the trivial embedding of the circle in Euclidean space and a more general immersion. It can
also be interpreted, by pullback, as a smooth deformation of the Euclidean round metric on the disk to a more general flat metric.

FIG. 3.
respectively) and impossible boundary curves (right insets).

deformations, stretching and turning around. Under such
deformations, some pieces of the original round disk may
eventually cover other pieces, possibly multiple times. A
deformation process, that yields a continuous configuration
akin to the discretized disk depicted in the right inset in
Fig. 1, is shown in Fig. 2.

Let us immediately dissipate a possible confusion. The
graph associated with the disk is, of course, planar.
As a consequence, it can be drawn on a plane in such
a way that there is no overlap and, in particular, in such a
way that the boundary has no self-intersection. This
comes from a purely topological argument. The reason
why we do get overlaps and self-intersections in our
drawings is that we insist to depict the disks in an
isometric way, respecting the distances defined by the
metric associated with the discretization, as explained in
Sec. IT A. This is a very convenient and visual way to
depict metrics of constant curvature, both in the discre-
tized and in the continuum cases. This point of view will
be further explored in Sec. II D.

To close this subsection, we have depicted five for-
bidden configurations in Fig. 3. The first three insets
represent cases with boundary vertices of orders strictly

greater than four: order ¢ = 5, for which k5 = -2 (“U
turn”); ¢ = 6, for which ks = —37/2; and g =7, for
which k4q = —27. Allowing for such configurations

could be interesting, since they may allow for higher
critical points in the model. In the last two insets on the
right are depicted two candidate boundary curves that
turn out to be forbidden, because they do not bound

Forbidden configurations corresponding to boundary vertices (black dots) of degrees 5, 6, and 7 (first, second, and third insets,

distorted disks. It is indeed impossible to find discretized
disks, as defined above, whose boundaries match these
curves. The curve in the fourth inset has v, — vg = 8 and
can, thus, be ruled out by the simple criterion (2.16). The
curve in the rightmost inset satisfies the constraint v —
vg = 4 but is also ruled out because, by checking the
position of the would-be distorted disk with respect to
the boundary, one realizes that it would have to fill up the
entire plane. These simple examples hint at the fact that
the set of allowed boundary curves is constrained in a
rather nontrivial and nonlocal way. This will be discussed
in much more detail in Sec. III.

C. Generating functions

We denote by W, , the number of distorted, flat,
discretized disks with F = p faces and v=v; +vg+vg
boundary vertices. Note that (2.12) implies that v is
even,13 and, thus, we set

v =2n. (2.17)
From (2.12) and (2.16), the total number of edges and bulk
vertices, respectively, is

E=2p+n, Veg=p—-n+1. (2.18)

13Actually, any closed path on a square lattice has even length,
even paths that do not bound a distorted disks.
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FIG. 4. All the distorted disks, modulo lattice rotations, having five faces or less or a boundary length 10 or less. In the lower part of the
figure are also depicted the two simplest distorted disks whose boundaries are not self-avoiding polygons (contributing to the partition
function at the order of ¢'8/%) or that do have an overlap (contributing to the partition function at the order of ¢?°r°).

To define W,, , precisely, we identify two disks that are
related by a lattice translation. From the point of view of the
metric or gravitational interpretation, it would also be
natural to identify configurations related by lattice rotations
and reflections, since these transformations clearly do not
change the metric. However, for various reasons, this is not
the most convenient choice to make; see, in particular,
Sec. V. We thus decide to count as distinct nonidentical
configurations related by lattice rotations or reflections. For
generic configurations, and, thus, also in the continuum
limit, this simply amounts to multiplying the generating
functions by a factor of 4 x 2 = 8. One may then rescale
the generating functions by a global factor of 1/8, but we
will not do this, since it is more natural to work with
coefficients W, , that are integers.

All the distorted disks with low values of n and p are
depicted in Fig. 4. With our counting convention, the first
configuration in the upper-left corner is counted one time,
Wy, = 1, the second two times, W¢, = 2, the third two
times, and the fourth four times, Wg; =6, etc. The
numbers W, , are conveniently encoded in the generating
functions

W(t.g) =Y Wi, trg™. (2.19)
n,p>1
One gets, from Fig. 4,
W(t,9) = gt 4265 + 645 + (18¢'° + ¢ )*
+(8¢'0+55¢'2)° +2¢'010 + 0(¢'%).  (2.20)
This low order counting is not very interesting,

because for low values of n and p the boundaries are
standard self-avoiding polygons (SAPs) [37]. The count-
ing starts to deviate from the SAP case at order g'8¢%;
see Fig. 4.

The parameters ¢ and ¢ are related to the bulk and
boundary bare cosmological constants Ay and 4y by ¢ =
e~M0%6/(167) and g = ¢~%% where £, is the UV lattice edge

lf:ngth.14 The generating functions at fixed boundary length
and fixed area, respectively, are

W2n(t> = ZWZn,ptp7 Wp (g) = ZWZn,pgzn-

p>1 n>1

(2.21)

The full generating function (2.19) can be expressed as

W(t,g) = > Wa, ()" = > W, ().

nx1 p>1

(2.22)

For a given boundary length 27, the area is bounded above
by [n?/4], which is n?/4 or (n*—1)/4 depending on
whether n is even or odd. This is the isoperimetric
inequality on the square lattice. For a given area p, the
largest possible boundary length is 2(p + 1), which, by
using (2.18), is obtained when Vi = 0, i.e., when the disk
is treelike, or branched polymerlike, with no bulk structure.
This implies that the generating functions at fixed length
and fixed area are polynomials, with

deg Wy, () = [n?/4], degW,(9) =2(p+1). (2.23)

In particular,

W2n:W2n(1):ZW2n,p’ wp:Wp(l):ZWZn,p

p=1 n>1

(2.24)

are finite and count the total number of distorted disks with
fixed boundary length 2n and fixed area p, respectively.
From (2.20), one finds

“We use the traditional convention in JT gravity of introduc-
ing a factor of Wlﬂ in the definition of the bulk cosmological
constant.
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wg :7, W10:28,
WS :63

(2.25)

W4 - 19,

The functions W, W,,, or Wp are a priori formal
generating functions encoding the numbers W, ,. Their
radii of convergence and the possibility to define a
continuum limit will depend on the asymptotic behavior
at large n and p. These aspects will be discussed in Sec. I'V.

D. Constant curvature metrics on the disk in the
continuum

The above discussion has a natural extension in the
continuum that we present in this subsection. The cases of
Zero, positive, or negative curvatures are treated in parallel.

1. Immersions and pullback metrics

Let us first recall the definition of an immersion and a
few simple facts about the concept.

Definition 2.1. An immersion F:.# — ./ between two
differentiable manifolds .# and .4, dim A" > dim.#,is a
differentiable function such that dF has maximum rank
everywhere, that s to say, rkdF|p = dim .# for any point P
of .

In local coordinate systems (x*) on .# and (y*) on .4/,
an immersion F is described by functions y“(x) such that
the matrix dy“/dx* has rank dim.# everywhere.

We shall use this in the following way. If F':.Z — A is
an immersion and ./ is endowed with a metric 8, then there
is a naturally associated metric g = F*6 on .Z, called the
pullback metric, given in local coordinates by

ay? ayb
g;w(P) = Ox* OxY ab

(F(P)). (2.26)
The fact that the metric tensor g is positive definite follows
from the facts that  is positive definite and that dy“/odx*
does not have a zero eigenvalue. If we waive the condition
that F' is an immersion, then the symmetric tensor g defined
by (2.26) will still be positive, but it will be degenerate
(noninvertible) at the points where dF is not invertible.
Thus, it will not be a metric in the usual sense.

An immersion F:.#Z — ./ is a local diffeomorphism
between .# and its image F(.#). When an immersion is
injective, one says that the immersion is an embedding.
There is then a global identification between the spaces .#
and F(.#). Of course, a generic immersion is not an
embedding.

The simplest case to consider is that of immersions
F: S! - R? of the circle into the plane. The image Im F =
y is a closed curve. For a general immersion F, y has self-
intersections. The immersion is an embedding if and only if
y has no self-intersection. Another case, which is very

important for our purposes, is that of immersions F': % —
R? from the disk to the plane. The discretized disks in
Sec. I B are the discretized versions of the images F(Z) of
immersions F. The associated metrics are the pullback
metrics (2.26), where 6 is the Euclidean metric. This idea
yields an identification between the space of constant
curvature metrics and appropriate quotients of the space
of immersions, that we are going to work out below.
Consistently with the convention we have already used,
we always denote by Z the disk manifold. This is the
“source” space, on which the quantum gravity theory is
defined. It can be described by the usual polar coordinates
(p,0), 0 < p < 1, or complex coordinates z = pe'?,
7 ={z€C|l|z| < 1}. (2.27)
The boundary is S!=0% = {z€Cl||z| =1}, and the
closed disk is denoted by 2 = 2 U 02.

2. The space of zero curvature metrics on the disk, 1
Let E> = (R?,6) be the two-dimensional Euclidean
plane, where ¢ is the usual flat metric. In Cartesian
coordinates (x,y) and complex coordinates w = x + iy,
6 = dx? + dy? = |dw|?. (2.28)
A flat two-dimensional disk (2, g), where g is a flat metric
on 7, is locally isometric to E2. This is equivalent to saying
that there exists an immersion

F:9 - R (2.29)

such that

g = F*6. (2.30)
Let us denote by Imm(2,R?) the space of immersions
F:9 — R2. This is a bit imprecise, because we do not
specify at this stage the boundary behavior of the allowed
immersions; the discussion of this important point is
postponed to the next subsection.

We can now make precise the notion of “distorted disk”
that we have already encountered above.

Definition 2.2. A distorted disk is an immersion belong-
ing to Imm(2, R?).

On Imm(Z2,R?) act the groups Iso(E?) =1SO(2) =
T(2) x O(2) of isometries of the Euclidean plane, on the
left, and the group Diff,(Z) of orientation-preserving
diffeomorphisms of the closed disk, on the right. We
consider only orientation-preserving diffeomorphisms for
convenience, but including complex conjugation z > 7 is,
of course, straightforward. By definition, the group
Diff  (Z) includes boundary reparametrizations. At the
infinitesimal level, it is generated by vector fields on & that
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are tangent to the boundary at the boundary, as is standard
for a manifold with boundaries.

If we note gr = F*6 the metric associated with the
immersion F as in Eq. (2.30), then, by definition of the
isometry group, gr = g,.r if y €Iso(E?). Moreover, if
@ €DIff  (2), then gp = @G o, i.e., the metrics g and
Jr., are related by the usual action of the group of

diffeomorphisms of %. They are, thus, identified.
Overall, we have shown that the space of flat metrics
on the disk is
Met’(2) = Iso(E?*)\Imm(Z, R?)/Diff  (2). (2.31)
This can be further simplified by noting that, by acting
with Diff | (2) together with the reflection F' +— F, which
is an element of Iso(E?), we can always find a holomorphic
representative F, with F’ never vanishing, for each equiv-
alence class of immersions in the quotient space on the
right-hand side of (2.31). For a holomorphic immersion, the
pullback metric (2.30) is
gr = |F'(z)"|dz]. (2.32)
This result is a special case of a more general theorem that

ensures that any metric on &, not necessarily flat, can
always be put in the so-called conformal gauge,

g = e**|dz|*, (2.33)
for a conformal factor (“Liouville field”) . The flatness
condition is equivalent to the fact that X is harmonic on the
disk and is, thus, the real part of a holomorphic function H,
Y =ReH.If F/ = e,

e = |F(2)

, (2.34)

and, thus, Eq. (2.33) is equivalent to (2.32). Let us denote
by hImm(%) the set of holomorphic immersions
F:2 — C, i.e., the set of holomorphic functions on the
disk such that F'(z) # 0 for all z€ 2."> On hImm(2) act
the group Iso, (E?) = 1SO, (2) = T(2) x SO(2) of orien-
tation-preserving isometries of the Euclidean plane on the
left and the group Aut(%2) of holomorphic diffeomor-
phisms of the disk on the right. This group is the remnant
of the full group of diffeomorphisms in conformal gauge
(2.33). It is generated by the conformal Killing vectors on
the disk and is isomorphic to PSL(2, R). We, thus, have

Met’(2) = Iso, (E?)\hImm(Z)/Aut(2)

= IS0, (2)\hImm(2)/PSL(2.R).  (2.35)

BAs for Imm(2, R?), we let unspecified the behavior at the
boundary. This is discussed in the next subsection.

The explicit actions of the groups on the disk and on the
Euclidean plane are given by

PSL2.R):Z =ele~—0  |zl<1, (s.7)eP?
1-Zz
(2.36)
ISO, (2):w' = e (w — wy), wo €C,
(w,w')€C? = E* x E%. (2.37)

Conformal gauge will be thoroughly studied in a
companion paper [28].

Remarks. ~

(i) Both the group Diff, (2) of diffeomorphisms of the
closed disk and the group Iso(E?) of isometries of
the Euclidean plane must be considered as gauge
symmetries. This statement is equivalent to the
presentation (2.31) of the space of metrics as a
quotient space. It is useful to understand that the
origin of these two gauge symmetries is very differ-
ent. On the one hand, the gauge symmetry Diff, (2)
is consubstantial with our problem: It is the funda-
mental diffeomorphism gauge symmetry present in
any gravity theory.'® On the other hand, the gauge
symmetry Iso(E?) appears only because we use
immersions to describe the metrics. It is a redun-
dancy that enters via the formula (2.30). The same
can be said after the partial gauge fixing that yields
(2.35): The groups PSL(2, R) and ISO, (2) are both
gauge symmetries, but PSL(2, R) is always present
in conformal gauge for quantum gravity on the disk,
whereas ISO, (2) appears because we parametrize
the metrics in terms of holomorphic immersions.

(i1) In the spirit of what we have done in Sec. I B, where
configurations obtained by performing lattice rota-
tions were counted as inequivalent, we could quo-
tient only by the group of translations T(2) instead of
the full isometry group of E?. This kind of modi-
fication is largely irrelevant. It simply introduces
trivial factors of 2z in the definition of the partition
function. The important point is to take into account
the noncompact pieces of the gauge symmetries in
order to work with well-defined path integrals.

3. The space of zero curvature metrics on the disk, I1

The discussion above does not address the problem of
the boundary properties of the disk metrics. There are many
mathematically natural possibilities and, thus, a large

"®Note that so-called “large” diffeomorphisms, that act non-
trivially on the boundary, must be gauged because we are
considering the theory on finite geometries (i.e., at finite cutoff).
This point is particularly important in the continuum approach;
see [28].
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number of a priori interesting spaces of flat metrics on Z.
A precise definition of the Euclidean quantum JT gravity
theory requires one to single out one of these spaces and to
define a probability measure on it.

A seemingly natural choice (which has been made
implicitly in virtually all studies on JT gravity so far;
see, in particular, the review in Sec. IL E) is to impose, in
conformal gauge, Eq. (2.33), that the boundary Liouville
field o =X,y is continuous."” With this choice, the

boundary length
2n
‘= / e’do
0

is well defined and one can consider the space Met%(2) of
flat metrics on the disk with fixed boundary length 7.

An important consequence of the analysis presented in
our work, consistently with the discussion in [16], is that
this smoothness condition on the disk boundary is not well
founded from the point of view of the microscopic,
UV-complete definition of the models.

To clearly appreciate the nature of the problem, it is
useful to use a simple analogy with the standard functional
integral formulation of quantum mechanics. In this case,
one wishes to define a sum over “paths.” But what is
exactly the space of paths one must consider? There are two
physically motivated approaches to answer this question.
The first is to construct a path integral that reproduces the
results obtained from canonical quantization in the tradi-
tional operator formalism of quantum mechanics. The
second is to start from a discretized model, in which the
sum over path is a well-defined finite problem, and look for
a critical point that allows one to define a continuum limit.
Both procedures yield the Wiener measure on the set of
continuous paths, describing Brownian motion. The typical
Brownian paths turn out to be almost surely nowhere
differentiable and have Hausdorff dimension two. If we had
started from the seemingly natural but ad hoc idea that the
paths had to be differentiable, or rectifiable, we would not
have been able to obtain the correct theory.

We propose that exactly the same logic should be used in
the case of JT gravity. One could try to set up a rigorous
canonical quantization formalism in real time and then
explore its consequences for the Euclidean path integral
formulation. This is very interesting but not in the spirit of
the present paper. We favor the discretized formulation, as
defined in Secs. II B and II C. The continuum limit should
then yield precise predictions for the boundary properties of
the typical flat disk metrics. Alternatively, one could start
from a formal continuum approach, based on the formal
ultralocal measure on the space of metrics, and try to make
sense of it; see [16,28].

(2.38)

"Note that the bulk Liouville field is always infinitely
differentiable, because it must be a harmonic function.

We conjecture that all these methods (canonical quan-
tization, discrete formulation, and continuous formulation)
yield the same quantum gravity theory. The results
announced in [16], and confirmed in [29] by studying a
particular limit of JT gravity coupled to conformal matter,
strongly suggest that the resulting disk metrics are highly
singular on the disk boundary. In conformal gauge, the
boundary Liouville field is predicted to be a random
distribution, not a random function.'® The resulting typical
immersed boundary curves are fractal curves of Hausdorff
dimension dy > 1. In particular, the usual geometrical
boundary length defined by (2.38) is infinite for such
metrics, but it is possible to define a notion of renormalized
length, or “quantum” length ,Bq.zo The explicit definition of
Pq is given in Sec. IV in the discretized formulation and in
[16,28] in the continuum formulation. It is similar to the
diffusion time in a Brownian process, which provides a
notion of “quantum length” for a Brownian path. An
important qualitative feature is that the quantum length
does not have the dimension of a geometrical length.

Instead, ﬂ(l]/ % has the dimension of length. The fact that
the renormalized length f, exists is a desirable feature for
physics, since it allows one to define canonical and
microcanonical ensembles; see below.

A similar discussion applies to the spaces of constant
positive and negative curvature metrics that we are going to
discuss below. The relevant metrics and immersions are
highly singular on the boundary, with the same UV
properties as in the flat case.

4. The spaces of constant positive and negative
curvature metrics on the disk

The discussion in Sec. IID2 can be repeated, with
straightforward modifications, to describe the spaces of
constant positive and negative curvature metrics. The
difference is that the Euclidean space, which plays the
role of the canonical target space in the case of the flat
metrics, is replaced by the round two-sphere S? for positive
curvature and by the hyperbolic space H?> for negative
curvature.

Let S2 be the round two-sphere, with canonical constant
positive curvature metric R = +2 given by

"®This is in sharp contrast with the traditional one-dimensional
quantum mechanical variables, which are random continuous
functions. This behavior is closer to that of a quantum field
in dimension two.

PFor the pure JT gravity model, which corresponds to the
discretized model discussed in Sec. II B, the Hausdorff dimension
of the disk boundary is predicted to be two [16]. This is the same
value as for Brownian paths, even though the disk boundary in
JT is not Brownian; see the discussion in Secs. III and IV.

We use the notation f, for the quantum length of the
boundary, in order to avoid confusion with another parameter
p, that we shall denote by fs, which is traditionally used in the
Schwarzian limit; see Eq. (2.50).
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4|dw|?

st=—""
(14 [w?))?

(2.39)

in the usual projective coordinates w € C. Let H? be the
hyperbolic space, with canonical constant negative curva-
ture metric R = —2 given by

4|dw/?

=T

(2.40)

in the usual Poincaré disk coordinates |w| < 1. Let us note
that H? is topologically a disk, endowed with the metric 5™,
so we can write H*> = (2,67).

Let Met*(%) be the spaces of constant positive or
negative curvature metrics, R = £2, on ¥, with suitable
boundary properties, as described in Sec. II D 3. All such
metrics can be written as

g=F&* (2.41)
for some immersion F:% — S? or F:9 — H?. Let
Imm(Z,S?) and Imm(Z,H?) be the associated spaces
of immersions of & into S? or H2. By following the same
logic that yields Eq. (2.31) in the flat case, we obtain

Mett(2) = Iso(S?)\Imm(2, S?)/Diff, (2), (2.42)

Met™(2) = Iso(H?)\Imm(2, H?)/Diff . (2). (2.43)
Going to conformal gauge, Eq. (2.33), we can write the
metrics in terms of holomorphic functions F:

. 2lF ()|

e =—— for R=+2.
[ [F()P

(2.44)

In the case of positive or negative curvature, the holomor-
phic functions are from % to C or from & to &,
respectively. This yields

Met*(2) = Iso, (S?)\hImm(Z, C)/Aut(2)

= SO(3)\hImm(Z, C)/PSL(2,R), (2.45)
Met=(2) = Iso, (H?)\hImm(2, 2)/Aut(2)
_ PSL(2, R)\hImm(Z, 7)/PSL(2, R). (2.46)

The automorphism group PSL(2,R) acting on the
right is as in (2.36), whereas the isometry groups act on
the left as
W =Wy
SO3): w = e ,
(3): wh=em gl
(w,w')eC? =8 xS,

WOEC,

(2.47)

PSL(2,R): W = eic 2~ "0
1 —wow

(w,w') € 2% = H? x H%.

lwol < 1,
(2.48)

Note that, following remark (i) at the end of Sec. II D 2, the
two PSL(2, R) groups, acting on the right and on the left in
(2.46), are of totally different origins, even though they
coincide as abstract groups; this is an important point to
keep in mind—see [28] for further discussion.

5. Quantum JT gravity on the disk

The disk partition function of quantum JT gravity in
zero, positive, or negative curvature, in the canonical
ensemble, is expressed as a path integral

W) = [ dulget i (249)

0. (g
Met, (2)

over the spaces Metg{;ljE (2) of constant curvature metrics on

the disk with a fixed quantum length ﬁq.21 These spaces are
subspaces of the spaces Met"*(%) defined above, for
which we impose the constraint of fixed quantum boundary
length; see [16,28]. In (2.49), A[g] denotes the area of the
disk for the metric g, and A is the cosmological constant.
The expression (2.49) is, of course, formal. The challenge
is to define measures du(g) over the spaces Met?,f(@). As

we have already mentioned, an approach for constructing
these measures is to start from the discretized formulation
and to take an appropriate continuum limit of the generat-
ing functions defined in Sec. II C; see Sec. IV. A direct
continuum approach is also proposed in [16,28].

Remark on stability. The partition functions (2.49) will
always be well defined for positive or zero bulk cosmo-
logical constants, A > 0. The situation for A < 0 is much
more subtle.

At the classical level, we usually consider metrics that
extend smoothly to the boundary. In zero and negative
curvature, the isoperimetric inequalities then imply that the
area is bounded above for fixed boundary length. In this
sense, the models are, thus, classically stable. However, in
positive curvature, there is no isoperimetric inequality and
the model is classically unstable for A < 0; see Sec. VIC.

At the quantum level, the situation is much more subtle.
Even in zero or negative curvature, the isoperimetric
inequalities do not apply, since the boundary is a fractal
curve of infinite length. There are, thus, configurations of
infinite area that have a finite quantum length. As a
consequence, the classical action %A is not bounded

21Throughout the paper, we use the letter W to denote quantum
gravity partition functions in fixed topology, instead of Z, to
emphasize the fact that they are continuum limits of generating
functions which are themselves interpreted as the sum over
connected Feynman graphs in suitable matrix models.
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from below when A < 0. But this does not imply that the
models are quantum mechanically ill defined, since the
entropy of the configurations must be taken into account.

We conjecture the following behavior: (i) The negative
curvature theory is well defined for all values, positive or
negative, of the cosmological constant A. (ii) The zero
curvature theory is well defined only for a range A > A, of
cosmological constants, where the critical value A, is
strictly negative. (iii) The positive curvature theory is
well-defined only for A > 0. This conjectured behavior
will be further discussed in Sec. VI.

E. Discussion of the existing literature

Now that the stage is set, at least at the conceptual level,
it is useful to review some of the basic ideas that underlie
the vast existing literature on JT gravity. This subsection is
written mainly for nonexperts in the field of SYK and JT
gravity. Emphasis is put on important differences between
standard approaches and our own work, in order to put into
perspective the new point of view that we are introducing.

By far the most popular framework to study the negative
curvature model is based on the so-called reparametrization
Ansatz and the Schwarzian action. This description is
usually assumed to become correct in a particular near-
hyperbolic limit*

20
Al

f — o0, A = —oo0, = f fixed. (2.50)

As we shall argue, the Schwarzian theory is an effective
description of JT gravity, that emerges in the limit A — —o0
and is valid on distance scales much larger than the
curvature length scale. The very definition of the limit in
Eq. (2.50) is “effective,” since it refers to a smooth
boundary length parameter ¢ that does not exist at the
microscopic level. The relation between the macroscopic
length £ and the microscopic parameters will be discussed
in Sec. VL

An interesting attempt at a microscopic definition of JT
gravity was proposed by Kitaev and Suh in [32]. The idea is
to assume that the disk boundaries are random Brownian
loops. The resulting path integral is then related to the
quantum mechanics of a charged particle in hyperbolic
space. As is clear from the discussion in Sec. II B, the vast
majority of the configurations introduced in this way are
not associated with disk metrics, because a typical random
loop does not bound a distorted disk. Therefore, the Kitaev-
Suh model is not a model of random metrics.

*The factor of 2 in the definition of Ps is inserted to match
with the standard definition in the literature. Note that the
cosmological constant A is related to the boundary value @,
of the dilaton field in the usual formulation of JT gravity by
Al = =A =20,

FIG. 5. A reparametrization Ansatz, or near-hyperbolic geom-
etry, as defined in [20]. The open disk with the thick boundary is
hyperbolic space H> = (2,67) in the Poincaré disk representa-
tion, Eq. (2.40). The geometry is defined by the cut-out region, in
gray, which is itself determined by the shape of a gently wiggling
boundary curve. In our language, the cut-out regions associated
with reparametrization Ansditze are distorted disks associated with
a very special class of embeddings of the source disk, on which
the quantum gravity theory is defined, into hyperbolic space.

Other proposed microscopic descriptions are based on
using self-avoiding loops [34,35]. This captures only a very
small subset of the allowed configurations, actually a subset
of measure zero. These approaches are, thus, in the same
spirit as the minisuperspace approximations to quantum
gravity. They are unlikely to provide a good approximation
to the microscopics of JT gravity, even qualitatively. For
instance, the Hausdorff dimension of self-avoiding loops
counted with the uniform measure, as in [34], is 4/3, to be
compared to the correct value 2 for pure JT. In the approach
of [35], the boundaries are smooth. A picture based on
“edge modes” or broken diffeomorphisms has also been
studied; it is another minisuperspace approximation,
closely related to the other approaches.

1. Reparametrization Ansatz

The reparametrization Ansatz is relevant only in the case
of the negative curvature theory.

Brief review. The authors of [20] considered the pos-
sibility of defining negative curvature geometries by “cut-
ting out pieces of hyperbolic spaces” with particular
shapes, as they phrase it. A typical example is depicted
in Fig. 5. The piece that is cut out is defined by the shape of
its boundary. The boundary curve is assumed to be smooth,
of length Z, and is described as follows. We introduce the
arc-length coordinate s along the curve and polar coor-
dinates (r,¢), w= re®, such that the hyperbolic metric
(2.40) reads

A2 + r2dg?)

== (2.51)

We parametrize
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1

r(s)z]—;h(&), P(s)=1(9), where&zz—gs (2.52)

is a 2z-periodic variable. The length ¢ is considered to be
large.23 The function f is assumed to be smooth, strictly

monotonic, and such that f(9 + 2z) = f(9) + 2z. These
conditions define the group

Dift, (S') = {f € C'(R)|f(9 + 27)

=f()+2x and f'(9)>0}/2zZ (2.53)
of orientation-preserving diffeomorphisms of the circle.
Denoting with a dot the derivatives with respect to s, the
function £ is related to f by the constraint

2+ r2g? = %(1 - )2, (2.54)
One also assumes that the functions f and 4 are infinitely
differentiable and their derivatives f*) and h®), k > 1, with
respect to 9, are of the order of one when 7 is large. This
implies that 7= 0(£72), #=0(¢7), ¢=0("),
¢ = O(£7?), etc. Under these assumptions, Eq. (2.54)
implies that 4 can be expressed in terms of f in a large-
¢ expansion of the form

h=2ry_ <27”)h

n>0

(2.55)

where the coefficients /, are local expressions involving
higher and higher derivatives of f. For instance, the first
terms are computed to be

1 f//2
hozf/, hlz—zf’z, hzzz—fﬂ
1 1 1 5 f//4 f//z f///
)/ — 4 //2’ hy = —— 12 .
s=glt ool ==

(2.56)

The resulting curve is a gently “wiggling” boundary. The
associated large-£ geometries are called “nearly hyper-
bolic.” Everything is fixed in terms of the diffeomorphism
f, hence the name reparametrization Ansatz.
Reparametrization Ansdtze and distorted disks. In the
language of Sec. IID, the nearly hyperbolic geometries
correspond to particular immersions F: % — H? and, thus,
to particular disk metrics g = F*6~. The cut-out piece of
hyperbolic space is the image F(Z) and, thus, a special
instance of a distorted disk. The immersions, or,

BNote that, with the choice of metric (2.51), the units are
chosen in such a way that the curvature length scale is one.
“Large” thus means large compared to the curvature length scale.

FIG. 6. Left inset: an embedding that is not a reparametrization
Ansatz, because the function ¢(s) is not monotonic. Right inset:
an immersion that is not an embedding, because the associated
distorted disk has overlaps. Note that both configurations are
associated with constant curvature metrics on the disk and, thus,
contribute to the JT quantum gravity path integral.

equivalently, the distorted disks, that are taken into account
by the reparametrization Ansatz, are very atypical:

(i) The reparametrization Ansatz immersions are ac-
tually embeddings, which implies, in particular, that
the distorted disks have no overlaps.

(i1) Since f is assumed to be strictly monotonic, the
boundary curve cannot make zigzags.

An embedding that is not a reparametrization
Ansatz, as well as an immersion that is not an
embedding, is depicted in Fig. 6. Note that immer-
sions that are not embeddings cannot be seen as
“cut-out” pieces of hyperbolic space.

(iii) The condition that the derivatives f¥) of the repar-
ametrization are of the order of one means that we
cut off frequencies of the order of # or higher. In
other words, the distances under which the wiggling
of the boundary curve occurs must be much larger
than the curvature scale.

(iv) The reparametrization Ansatz describes geometries
that have smooth, rectifiable boundaries, whereas
typical geometries will have fractal boundaries al-
most surely.

Replacing the full path integral (2.49) by a path integral
over the smooth wiggling boundaries described by the
reparametrization Ansatz is, thus, an approximation in
which only a measure zero subset of the possible metrics
is taken into account. We shall argue in Sec. VI that this
approximation is justified in the limit A - —oco as an
effective, long-wavelength description, for which the cur-
vature length scale plays the role of an ultraviolet cutoff.

Remarks.

(i) For any given cut-out region, F' exists and is unique
modulo the right action of Diff, (). In conformal
gauge, this result is equivalent to the Riemann
mapping theorem.

(ii) The condition f(9 + 27) = f(9) + 2x on the repar-
ametrization f is usually imposed in a rather ad hoc
way. One might wonder why other sectors with
higher winding number, f(942x)=f(9)+ 2zn,
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neN, are not included (changing the sign
of n would simply amount to changing the orienta-
tion). The answer is that it is only in the case n = 1
that the immersion F exists, and, therefore, it is only
in this case that the gently wiggling curve is asso-
ciated with a metric on the disk. This follows from the
continuous version of the constraint (2.16); see
Sec. IIC 1.

The space Wig(2) of wiggling boundaries. Exactly as in
our discussion in Sec. I D 4, configurations that are related
by the action of the PSL(2,R) isometry group of H?
[Eq. (2.48)] must be identified. This action yields an action
on Diff, (S'), via the relation ¢(s) = f(8) in (2.52), whose
explicit form may be derived straightforwardly in the large-
¢ expansion by using (2.48) and w = re. At leading
order, the action matches with the left action of the standard
PSL(2,R) subgroup of Diff (S'), which amounts to
identifying circle diffeomorphisms f and f related by a
relation of the form

7 f
atans + b
tan]—C: 2

B ad — bc = 1.
2 ctang—i—d

(2.57)

The parameters (zp,a) in (2.48) and (a,b,c,d), con-
strained by ad — bc = 1, are related by

w_ b—c—ila+ad)
(4 == =
c—b—i(a+d)’ o

b+c+i(a—d)
- 2.58

b—c—i(a+d) (2:58)
Moreover, diffeomorphisms that differ by a constant shift
of the variable 9 should also be identified, since there is no
privileged point on the boundary.24 The set of metrics
associated with the reparametrization Ansatz, thus, form the
space

Wig(2) = PSL(2, R)\Diff , (S!)/S!.  (2.59)

The notation Wig refers to the “wiggling” boundary.

Note that, unlike in (2.43), the group Diff | (Z) does not
appear in the quotient defining Wig(2). This is consistent:
The description in terms of the circle diffeomorphism f
does not refer directly to the source disk 2, and, thus, the
group Diff  (Z) does not act on f.

In the above discussion, to derive (2.59) with an action of
the isometry group given by (2.57), we have implicitly
restricted ourselves to isometry transformations that are
independent of #. But, actually, the reparametrization
Ansatz and the large-¢ expansion are not consistent with
the action of the full isometry group. Indeed, the hyperbolic

space H? is homogeneous and PSL(2, R) acts transitively.

*In most of the previous literature, it is actually implicitly
assumed that one has a marked point on the boundary. This is not
natural from the quantum gravity point of view. This point is
discussed further below.

This implies, for example, that we can always find an
isometry that maps any point on the wiggling boundary
parametrized as in (2.52) to the center r = 0 of the Poincaré
disk. This new configuration is clearly not of the form
(2.52) for h = O(1). One can also find isometries that
create turning points and are, thus, inconsistent with the
condition f’ > 0. Since the full PSL(2, R) is gauged, this is
a priori problematic. However, the situation is not so
different in spirit from the usual perturbative treatment of
gauge theories, for which the usual gauge fixing conditions
have Gribov ambiguities. The perturbative consistency is
ensured by the fact that the Gribov copies are too far away
in field space to be seen in perturbation theory.

The Schwarzian theory. The area A[g] for a reparamet-
rization Ansatz can be computed straightforwardly. One
starts from the exact formula giving the extrinsic curvature
of the boundary

(2.60)

As for h in (2.55) and (2.56), the extrinsic curvature has a
local large-¢ expansion involving higher and higher deriv-
atives of f:

2 n
k=1 +Z<—”> k,. (2.61)
n>1 f
The first few terms can be easily computed:
1
kl = O, k2 = SCh[f] + Ef/z, k3 = 0,
k4 _ f//f(4) ]1 2 B 11f//2f/// _ lf/f///
TRV 2" T2
27 (f"M\* 1 1
—+ ? <“]]%> — gfm —+ Zf/lz, etc. (262)

The symbol Sch[f] denotes the Schwarzian derivative of f:

st =00 =53 (7) = (7) -3(7)
(2.63)

Using the Gauss-Bonnet formula (2.10) for (h, b) = (0, 1)
and R = -2, one then gets

Alg] —f—2n+27”AZﬂSch {tanﬂ d9+0(¢73).  (2.64)

The partition function within the reparametrization Ansatz
approximation is then

du(f)eSsalfl, (2.65)

Wsen(fs) = /

Wig(2)
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for a “Schwarzian” action

1 27
SSCh [f] = - %[; Sch [tan §:| dd

LN ,2]
_Sﬁsl Kf) J7ja. - (266)

where the parameter g was defined in (2.50). The formal
measure du(f) is postulated to be the Fadeev-Popov
measure obtained after gauge fixing the PSL(2,R) sym-
metry from the natural formal left-invariant measure on
Diff  (S'). Modulo a multiplicative factor of the form
ebo~P%_ where (, and e, are arbitrary constants, the
Schwarzian partition function can be computed exactly
and turns out to be one-loop exact [17]:
Woen(Bs) = e rsenp?2ets, (2.67)

The constants ¢, and {, can be interpreted as renormal-
ized ground state energy and zero temperature
entropy, respectively; see below. They cannot be pre-
dicted in the Schwarzian theory, because they correspond
to a priori arbitrary finite local counterterms one may add
to the action, associated with a boundary cosmological
constant and the topological Einstein-Hilbert terms,
respectively.25 This formalism, called the “Schwarzian
theory,” is at the basis of essentially all the analytic
calculations made in JT gravity; see, e.g., [38] and
references therein.

The Schwarzian partition function (2.67) can be
expressed in terms of a density

2
pSCh(E) = ;ego Sinh \/ ﬂ'(E —_ €0> (268)
as
Wsen(fs) = / psen(E)eEAE. (2.69)

This may suggest a boundary quantum mechanical inter-
pretation for which fg is an inverse renormalized temper-
ature and pg,, the density of state for a boundary
Hamiltonian H, such that

9
Wsch(ﬂs) = tre_ﬁsH. (270)
We put a question mark on top of the equal sign because
this formula cannot be strictly correct as such. Indeed, the
partition function for a Hamiltonian with a continuous

“In principle, counterterms should be discussed in the
UV-complete microscopic description, not in the effective
Schwarzian description. Consistency between the two descrip-
tions imply an interesting constraint; see Sec. VI.

spectrum is always infinite?® and, thus, (2.70) does not
make sense. The state-of-the-art interpretation of the
Schwarzian partition function, together with its general-
izations, when multiple boundaries are present, is that it
gives an ensemble average for a suitable random matrix
model, the random matrix being the Hamiltonian itself
[27,39]. Formula (2.70) is, thus, replaced by
Wsen(Bs) = (tre ™M) g, (2.71)
where only the disk contribution in the genus expansion of
the matrix model is kept on the right-hand side.”’
Discussion.
(1) The Schwarzian partition function Wgy, should be
the limit of the “microscopic” partition function
w- (ﬂq, A) defined in (2.49), when A — —oo, with a
particular scaling given by (2.50). Recall that £ is a
macroscopic length parameter, which, in principle,
can be expressed in terms of the microscopic
parameters ﬂq and A; see Sec. VL
However, it turns out that the partition function

(2.67), with the coefficient of proportionality ,Bgy 2
corresponds to a counting for which one marks a
point on the disk boundary. The marking yields an
additional factor of fg with respect to the standard
quantum gravity conventions, that we are using in
the present paper.28 Another way to state this is that
the Schwarzian partition function corresponds to an
integral over PSL(2,R)\Diff (S!) instead of
Wig(2) = PSL(2,R)\Diff  (S')/S!. The fact that
the proportionality factor ﬂ§3/ 2 corresponds to a
counting with a marked point on the boundary is also
supported by the calculations presented in [29] and
is consistent with what one finds in simplified
models [32,34,40].

(2) The difficulties in interpreting the Schwarzian theory
in a full-fledged quantum mechanical framework do
not prevent the Schwarzian theory from capturing
correctly some important features of genuine quan-
tum mechanical systems in some limit. For example,
the free energy predicted in the Schwarzian frame-
work is of the form

T 3
PsF=—-InWgy, = fsen— —%+§lnﬁs. (2.72)

*This is a consequence of the fact that the stationary states are
not normalizable in the case of a continuous spectrum. A similar
remark was also made in [17].

Higher genus contributions correspond to higher genus
topologies on the JT gravity side.

Marking a point on the boundary is not natural in quantum
gravity, because all the markings are associated with the same
metric.
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In the SYK model (or in similar quantum mechani-
cal tensor or vector-matrix models), the free energy
has the general form [22,32]

ﬂFSYK:ﬁEo—N<S0 +Z,—}+ﬁ+0(l/(ﬁj)2)>

+%ln(cﬁJ) +o(N?). (2.73)

The parameters are the inverse temperature f5, a
dimensionful coupling constant J that plays the role
of a UV cutoff for the Schwarzian description, and
the number of degrees of freedom N; a;, a,, and ¢
are dimensionless numerical constants.”’ Eyand Ns
represent the ground state energy and the zero
temperature entropy, respectively. The expansion
(2.73) is valid at large N and large dimensionless
coupling #J. Interestingly, the ratio 5J/N may be of
the order of one. The leading terms at large N and SJ
in (2.73), even when J /N is of the order of one, can
be identified with (2.72) if we set

20 apl
|A|  4Na,

Bs (2.74)

The Schwarzian description is also consistent
with the thermodynamic properties of near-extremal
black holes; in particular, it reproduces the linear
growth of the heat capacity at low temperature. The
emergence of a continuous spectrum is also in line
with the idea that a large-N limit is taken. The near-
conformal properties are associated with the large
cutoff gJ > 1.

In spite of its great interest, the Schwarzian descrip-
tion is far from capturing the full complexity of the
SYK model or of similar quantum mechanical
models. It is an infrared effective description that
does not correctly account for the UV properties that
are crucial to ensure the quantum consistency of the
models. Simple conjectured extensions of the
Schwarzian result, as reviewed below in Sec. IIE 4,
are also not able to reproduce the details of the large-
pJ expansion of the quantum mechanical models,
that involves fractional powers of 1/(fJ). This is, of
course, well known. What may not have been fully
realized or emphasized until now is that the Schwar-
zian description has the same status with respect to
JT gravity as it has with respect to SYK. It is an
effective description of JT gravity that falls short of
capturing essential features of the microscopic
description, like, for instance, the fractal nature of
the boundary. As a consequence, the one-loop

#In the SYK model, one often writes a; = 27%as.

exactness of the partition function (2.67) does not

have any fundamental meaning.

(4) It is interesting to pinpoint the various levels at
which we make an approximation when we use the
Schwarzian description.

(1) The description takes into account only a subset
of measure zero in the space of constant
negative curvature disk metrics. For instance,
configurations like the ones depicted in Fig. 6
are not taken into account. Moreover, the
boundary is assumed to be smooth, whereas
it is a fractal at the microscopic level.

(i) The Schwarzian description is based on the use
of an approximation of the area term %A in the
action, valid on distance scales much larger
than the curvature scale. It is easy to construct
reparametrization Ansatz configurations for
which the area is finite and yet not given by
the Schwarzian action. For instance, take

a
fQ@) =9+ Fcos(m()), (2.75)

where the frequency 7 is of the order of #. This
Ansatz is such that f’ and f” are of the order of
one at large 7, because the amplitude is chosen
to go as 1/n?, but [ = 0(¢), f* = 0(¢?),
etc. In this case, the local expansions (2.55) and
(2.61), and, thus, the formula (2.64) for the
area, are not valid. However, the small ampli-
tude in 1/n” ensures that the condition

Algl = ¢ +22=0(1/¢), (2.76)

which yields the finiteness of the action after
the usual counterterms have been subtracted, is
satisfied. Note that it is also easy to construct
finite action configurations that have many
microscopic zigzags or overlaps.

(ii1) Last, but not least, the correct UV structure of
the theory is not governed by the area term but
by a completely different induced boundary
gravitational action a la Liouville, as explained
in [16,28]. The induced gravitational action is
essential to ensure the consistency of the theory
on all scales.

2. Edge modes

Basic idea. The so-called edge modes appear when
gauge theories are formulated on manifolds with bounda-
ries in such a way that the boundary conditions break part
of the gauge symmetry on the boundary. The broken
generators then become genuine dynamical degrees of
freedom. A typical example is BF gauge theory on a disk
with gauge group G. Naively, because the BF theory gauge
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connection is flat and the disk is contractible, there is no
degree of freedom. But the standard boundary conditions
break the gauge symmetry on the boundary. Edge modes
are then described by maps #:0% — G, and the model is
equivalent to the dynamics of a particle moving on G. A
similar phenomenon occurs in the gauge theoretic descrip-
tion of JT gravity [41].

Gravitational edge modes are similarly associated with
the partial breaking of the group of diffeomorphisms. They
play a central role in three-dimensional asymptotically
hyperbolic or AdS gravity, where the asymptotic boundary
conditions break part of the full group of diffeomorphisms
[42]. Tt is natural to study whether a similar description is
possible in two dimensions as well [43]. Since imposing the
constraint of constant curvature eliminates the local metric
degrees of freedom, it is legitimate to seek a formulation in
terms of edge modes. The wiggling boundary picture seems
consistent with this idea.

However, there are major differences between
the two- and the three-dimensional cases, and these
differences seem to be at the origin of some confusion.”
An important difference is that, in two dimensions, there is
a unique complete asymptotically hyperbolic geometry
in two dimensions, which is hyperbolic space itself,
H? = (2,57). We, thus, work with finite cutoff geom-
etries (finite quantum boundary length /3, or finite smooth
length 7 if one deals with smooth boundaries). But, in this
case, the group of diffeomorphisms Diff, (2) is not
broken: It remains an exact gauge symmetry of the model,
for any finite value of the microscopic parameters, and this
unbroken gauge symmetry includes the boundary repar-
ametrizations. There is, thus, no standard edge mode in
the fundamental gravitational description of the model on
finite geometries.

A construction in JT gravity and the space of embed-
dings. Let us consider the group Diff, (H?) of diffeo-
morphisms of hyperbolic space. This is, of course, a group
of diffeomorphisms of the disk 2, but, unlike for
Diff, (2), the diffeomorphisms of Diff, (H?) do not need
to extend smoothly to 02, which is at infinite distance in
H2. The group Diff (H?) acts of the space of immersions
Imm(2,H?) by left multiplication, F + yoF. Using
g=F*6", we get an action on the space of metrics
Met™(Z). The space Met™(2), thus, decomposes into a
disjoint union of orbits under Diff, (H?).

One of the orbits corresponds exactly to the space of
embeddings, Emb(2, H?) € Imm(2, H?), which is asso-
ciated to the subspace of metrics

We thank Junggi Yoon for a stimulating discussion on these
topics. This discussion has motivated us to write the present
subsection, the aim of which is to clarify certain subtle and
potentially confusing aspects in a pedagogical way.

SAL~(2) =1Iso(H?)\Emb(2,H?)/Diff  (2) ¢ Met™(2).
(2.77)

The notation SAL™(Z) is motivated by the fact that
embeddings are in one-to-one correspondence with the
boundary curves that are self-avoiding loops. Note that all
the embeddings are in the same orbit, because there is
always a diffeomorphism that maps the interior of two
distinct self-avoiding loops.

To obtain an explicit description of this orbit, we can start
picking a particular element of the orbit, i.e., a given
embedding F, associated with a background metric
go = F6™. For instance, we can use a round disk, F(z) =
Rz for some R, 0<R < 1. We denote by 2, = Im F,, C H?
the associated distorted disk and by Diff, (Z,) the sub-
group of Diff, (H?) that maps %, onto %, and 0%, onto
0%y. Any y €Diff (%) is such that y 5 = Foo o Fp'
for some ¢ € Diff, (). For y €Diff, (%), the embed-
dings F and y o F, thus, correspond to the same metric,
since woFy=Fyop for @e€Diff,(?). The group
Diff , (2,) is, thus, a genuine gauge symmetry that realizes
the group of diffeomorphisms of the source disk embedded
in H? via F,,. In other words, Diff, () is the isotropy
group of the embedding F,, under the action of Diff | (H?)
in the quotient (2.77). Overall, this implies that

SAL~(2) = Iso(H?)\Diff, (H?)/Diff. (Z,). (2.78)

This is an “edge-mode-like” description: One might say
that the group Diff, (H?) is broken and that the “edge
modes,” that are the nontrivial diffeomorphisms with
respect to the quotient (2.78), are the degrees of freedom
of the theory. These edge modes are the diffeomorphisms
that do not let the boundary 0%, invariant. They are
sometimes called “radial diffeomorphisms.”

Let us emphasize that the edge mode terminology in the
present context is dangerous, because it hides some crucial
differences with the gauge theoretic models for which a
fundamental edge mode description is possible. The
differences are twofold.

(i) First, the group Diff,(H?) is not the group
Diff , (2) of diffeomorphisms of the source mani-
fold 2. The group Diff (2) is the fundamental
gauge symmetry of the gravitational theory. The
group Diff, (H?) appears when one describes the
metrics via immersions in H? as the group of
diffeomorphisms of the target space H>.

(i) Second, the space of metrics (2.78) described in this
formalism is only a small subset of the full set of
metrics, associated with embeddings, whereas the
general case involves immersions.
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Let us note that the reparametrization Ansatz, which is
itself a special case of embeddings, can be obtained from
(2.78) by considering infinitesimal elements of Diff, (H?).

Some clarifications on the nature of the degrees of
freedom in JT gravity. The formulation in terms of the
wiggling boundary and/or in terms of edge modes may lead
to considerable confusion as to the nature of the degrees of
freedom of the model and in the way these degrees of
freedom have to be treated. One might think that the metric
5~ on the target space H?, the wiggling boundary, and the
metric g on the source disk Z are three independent sets of
variables that must be varied independently in an action
principle or that must be integrated over in a path integral.
This is incorrect. The only degrees of freedom are the
constant curvature metrics g on the source disk %, modulo
the action of Diff (2), as described in Secs. Il A~II D. The
wiggling boundary is nothing more than a convenient trick
to describe a subset of the metrics on 9, using g = F*6~
and a set of special embeddings F. Varying the wiggling
boundary amounts to varying F and, thus, g. Note that 6~ is
fixed. Thus, the wiggling boundary does not correspond to
new degrees of freedom in the model. As for the metric 5~
on H?, it is unique. Varying it or integrating over it does not
make any sense.

3. Approaches to the finite cutoff models

The first proposal for a microscopic definition of JT
quantum gravity, for the case of negative curvature, was
made by Kitaev and Suh in [32]. The proposal is based on
two assumptions: (i) The degrees of freedom of the theory
are in one-to-one correspondence with the shape of a
boundary curve immersed in H?, and (ii) the boundary
curve can be an arbitrary closed random walk.

These assumptions lead to an equivalence between
quantum JT gravity in negative curvature and the quantum
theory of a particle in H?. As argued in [32], the properties
of the model so obtained are consistent with the results
expected in the Schwarzian limit (2.50).

However, if we assume, as we do, that JT gravity is a
theory of random constant curvature metrics, the assump-
tions made in [32] are inadequate. Indeed, on the basis of
what we have already explained, it is clear that the vast
majority of closed random walks do not bound a distorted
disk and are, therefore, not associated with a metric. Simple
examples of forbidden closed walks were depicted in
Fig. 3. The rather subtle conditions under which a closed
curve is associated with a metric will be explored in detail
in Sec. III. So assumption (ii) is ruled out by the metric
axiom. Moreover, and this is one of the biggest surprises to
emerge from the analysis of Sec. III, the very idea that
the degrees of freedom are in one-to-one correspondence
with the shape of the boundary is actually erroneous.
Assumption (i) must, therefore, also be called into question.

The conclusion is that the model proposed by Kitaev and
Suh, even though perfectly well defined, is not a theory of

quantum gravity, if one is willing to insist on the fact that a
theory of quantum gravity in two dimensions must be a
diffeomorphism invariant theory of random metrics.

This being said, the Kitaev-Suh model is a very valuable
tool to explore, at the qualitative level, some important
physical features of JT gravity, like, for instance, the
emergence of the Schwarzian description on long-distance
scales for a large negative cosmological constant. A notable
fact, that suggests that the Kitaev-Suh model is a sensible
approximation to JT, is that the Hausdorff dimension of the
Brownian paths is 2, matching the expected value for pure JT
[16]. It can also be generalized to the flat and positive
curvature cases, yielding interesting qualitative clues on the
possible behavior of JT gravity in these cases as well. Further
discussion of the model will be givenin Sec. IV B and in [40].

Stanford and Yang have proposed in [34] a very different
approach. They do keep the assumption (i) by Kitaev and
Suh, that the degrees of freedom are in one-to-one
correspondence with the shape of the boundary curve,
but, instead of using arbitrary closed random walks, they
propose that the boundary curves should be self-avoiding
loops. As explained above, each self-avoiding loop corre-
sponds to an embedding of the disk and is, thus, associated
with a unique metric on the disk, belonging to the space
SAL™(Z) defined in (2.77). However, this takes into
account only a measure zero fraction of the full set of
constant negative curvature metrics. In particular, the
Hausdorff dimension of a typical SAL boundary is 4/3
and not 2 as in JT. It is unlikely that the SAL model could
provide a satisfactory approximation to JT gravity, but we
found some qualitative aspects of the model and of the
discussion in [34] very instructive. For these reasons, we
shall provide more information on the self-avoiding loop
model in Sec. IV B.

Iliesu et al., in [35], use the same basic assumptions as in
[34], but instead of starting from the usual microscopic
definition of random self-avoiding loops, which is based on
the natural uniform measure in the discretized lattice
formulation and which yields, in particular, fractal boun-
daries, they develop the model directly in the continuum,
using various assumptions on the path integral integration
measure, etc., which are in line with the usual assumptions
made in the Schwarzian description. In particular, they deal
with smooth rectifiable boundaries. Of course, the results
obtained in this way are very different from the results
presented in [34]. Instead of an attempt at a microscopic
definition of the model, the work in [35], and its interesting
generalization in [44], may be better interpreted as being a
proposal for a possible extension of the -effective
Schwarzian framework, trying to push its range of validity
beyond the leading order in the near-hyperbolic limit (2.50)
but by remaining within the framework of an effective long-
wavelength description.

In the next subsection, we are going to show that the
results in [35] yield a nontrivial conjecture on the form of

026012-21



FRANK FERRARI

PHYS. REV. D 113, 026012 (2026)

the semiclassical expansion of JT gravity that does not
seem to have been noted previously. As we shall argue, this
prediction appears to be hard to reconcile with the expected
microscopic properties of the theory.

4. A conjecture to all orders in the large-|A| expansion

According to [35], the finite cutoff disk partition function
in negative curvature is given by’'

WI_KTV(ﬂS)E/ pirv(E)eSEAE - (2.79)
€0

for a density
2 32

pixry (E) ==ef0 <1 - (E_50)>
V4 A

xsinh\/ﬂ(E—eo)(l—%(E—eo)> (2.80)

generalizing the Schwarzian density (2.68). The symbol =
in Eq. (2.79) means that the formula must be understood
perturbatively, as explained below. Indeed, if taken seri-
ously as a strict equality, Eq. (2.79) would predict an
imaginary part in the partition function. Instead, one must
imagine that there is a cutoff which is o(|A|?) in the integral
over E. One can also give an expression in terms of a
modified Bessel function:
: 27\ 2
(%)

(2.81)

|Al¢

e Tor |AlZ
81+ (%) *| l6x

Wikry (Bs) = eo7se

or an alternative integral representation using the
Schwarzian density (2.68):

f\A\[

Wikry (Bs) E/ Pscn(E) e Tor 1-64n(E=e0)/ N4 F
€0

9’

(2.82)

which is suggested by an approach via the one-dimensional
TT deformation [36].

The formulas (2.79)-(2.82) all yield the same near-
hyperbolic expansion, corresponding to the limit (2.50), to
all orders in 1/¢ at fixed fig; see below. However, they
contain imaginary parts and differ by terms that are

exponentially small, of the order of exp(— ‘A‘f) These
nonperturbative pieces in the formulas are unphysical.

3170 compare with the formulas in [35], note that, in our
conventions, the cosmological constant is related to the boundary
value ¢y, of the dilaton in the usual formulation of JT gravity by
Al = =A = 2¢,.

Reference [35] discusses possible ways to constrain the
nonperturbative contributions, and the nonperturbative
structure from the point of view of resurgence is also
studied in [44].

The near-hyperbolic expansion to all orders. The
near-hyperbolic expansion may be obtained straightfor-
wardly by expanding the density (2.80). One can also use
the known large-z asymptotic expansion of the Bessel
function:

Z D(k—3/2)0(k +5/2)
\/271'Z 2k k! Zk )

k>0

I)(2) (2.83)

Note that the (unphysical) nonperturbative corrections to
(2.83) are proportional to ie~*. One gets

3
In Wigry = $o — Bséo + 4ﬁ Elnﬂs
T T
+ﬂ—s;<;> Pi(ps/ 7). (2.84)

where P, is a polynomial of degree k + 1,

1 1
Py (x) :—Z—Sx— 15x%,  Py(x) :§+ 10x +30x% — 60x°,

5
P3(x) = _E<3 +64x +216x2 —576x3 +432x4),
7
Py(x)= 3 +80x +300x? —960x° + 1080x* + 1440x°,

21
Ps(x)= 5 256x —1050x2 +3840x> — 5400x*

—11520x° +47520x°, etc (2.85)
The first terms in (2.84) reproduce the Schwarzian partition
function (2.67), which is the expected leading piece in the
limit (2.50). These leading terms get contributions only at
tree level and one loop, as is well known [17]. Interestingly,
the above formulas also predict that the subleading cor-
rections, at any given order 1/£2*, get contributions only up
to k + 1 loops, the loop counting parameter being here f.
To summarize, the IKTV framework suggests two non-
trivial properties: (i) The effective Schwarzian description
can be extended to all orders in 1/#2, and (ii) within this
effective description, a consistent loopwise expansion
exists and there is a nonrenormalization theorem, that
generalizes the famous one-loop exactness at leading order,
stating that the contributions at the order of 1//% are
(k + 1)-loop exact, for all £ > 0.

These properties are atypical for an effective, long-
wavelength description. Usually, descriptions of this kind
do not yield consistent loopwise expansions, since loop
corrections probe arbitrarily short-distance scales. Indeed,
our discussion below will cast some doubts on the validity
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of these results, at least within our purely metric and two-
dimensional point of view on JT gravity.

A semiclassical large-|A|, fixed-¢ expansion. The IKTV
framework actually has even more powerful consequences
than those we discussed above and which do not seem to
have been noted in the literature. By reordering the terms of
the original large-Z, fixed-fis = 2£/|A| expansion, it is
indeed possible to get a new

A - —o0, ¢ fixed (2.86)
expansion of the form
In Wigry = o = Bseo + |A|fo(€) + f1(Z. A)
+ > AR fL(), (2.87)
L>2
with
|A|Z 27\ ?
A fo(?) =— — -1}, 2.88
Alfo(e) == |y 1+ (5 (288)
3.2¢ 5 2m\2
A) = In— —=In|1 — 2.
fen=-nie-Tuli+ (2) ] e
£\2]5
ful@)=po|l+ (5 . L>2 (290
with numerical constants p;,
pa =15, p3 = —60, ps = —180,
ps = 1440, pe = 47520, p7 = 921600,
121953600
PR=—"+ " Do = 373248000,
Pio = 9628761600, etc. (2.91)

This expansion may be derived either from (2.82) by using
a saddle-point approximation or directly from (2.83). Note
that the usual expansion (2.84) can also be obtained from
(2.87), replacing |A| by 2¢/ps, fs being fixed, using the
fact that |A|'"L £, (£) o 1/£*~2 for L > 2 and reordering
the terms. The two expansions, Eqgs. (2.84) and (2.87), thus
contain exactly the same information but presented in
different ways.

The notable fact about the formulas (2.88)—(2.90) is that
they show that the infinite series in 1/#? contributing at a
given order |A|'"L according to IKTV have a finite radius
of convergence and can, thus, be summed. In principle,
we then obtain an information which is valid for finite
values of 7.

The term { — figeq in (2.87) corresponds to the arbitrary
bulk Einstein-Hilbert and boundary cosmological constant
counterterms, as already discussed in previous subsections.
The leading-order contribution (2.88) matches with the

renormalized classical action % (Aq — ¢+ 2x). The con-
tribution —# 4 2z can be absorbed in the counterterms
Co — Pseg, and A is the area of a round disk of boundary
length # embedded into hyperbolic space. This configura-
tion corresponds to the maximal area metric and is, thus, the
classical solution of JT gravity. This is all perfectly con-
sistent with the idea that the expansion (2.87) could
represent the standard quantum gravity semiclassical expan-
sion, at fixed boundary length #, the semiclassical expansion
parameter being 1/|A[, consistently with the fact that the
classical action is proportional to A; see also Appendix A.

However, the extremely simple form of the result
[Egs. (2.89) and (2.90)] appears to be hard to reconcile
with some basic predictions of our microscopic definition
of JT quantum gravity. Actually, the very existence of the
semiclassical limit (2.86) seems to be very difficult to make
consistent with the microscopic formulation.

Indeed, as we have emphasized above, in particular, in
Sec. I E 1, the smooth boundary length parameter ¢ is an
effective, macroscopic parameter that makes sense only on
length scales that are much larger than the curvature scale.
Therefore, this parameter cannot enter, a priori, in formulas
valid at a strictly finite cutoff. Instead, one expects that loop
corrections should generate an anomalous dimension for
the length, revealing the fractal nature of the boundary. This
is exactly what is found in the context of the semiclassical
¢ —> —co limit a la Zamolodchikov studied in [29].
Moreover, the UV structure of the theory, which is essential
in making any loopwise expansion sensible, is not gov-
erned by the area term but by an induced gravitational
action that does not become semiclassical when A — —o0
[16,28]. Explicit evidence that this precludes the existence
of a semiclassical expansion at A - —oo is given in [29],
and general arguments in this direction will also be
presented in Sec. IV.

Actually, a difficulty with the expansion (2.87) can be
directly detected, by looking at the flat space limit of the
theory. To discuss the flat space limit, it is convenient to
introduce explicitly the curvature length scale, denoted by
L, by writing the Ricci scalar R = —2/L?. The dimension-
less parameters of the theory then become #/L and AL?,
and the flat space limit is L — oo at £ and A fixed. In this

limit, the tree-level term (2.88) reduces to ‘24‘:22 which

is the expected result: The classical solution of flat

JT gravity corresponds to a Euclidean disk of circum-
ference #, which has area %, and, thus, the classical action
: Al 22 _ Al
IS — (o X5 =~ However, at the one-loop level,

(2.89) yields a diverging result:

3 2¢ 5 2L\ 2
= " _Znl1+ (=
Jr==3 Al 4“[*(5’”

1AL
=—In——
2 25672

+O0(L™2). (2.92)
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This seems to be a serious problem but should not come as
a surprise. The macroscopic parameter £ does not make
sense at all in flat space JT gravity. The flat space theory
does not have a regime that can be described by a
Schwarzian effective theory or by smooth boundary
curves. It is impossible to obtain information
about the flat space theory within the near-hyperbolic
framework. The reliability of the would-be one-loop result
(2.89) and, by extension, that of the would-be higher loop
results (2.90) or of the all-order near-hyperbolic expansion
(2.84), which indicate that the large-£ series can be
resummed to obtain results at finite #, must therefore be
called into question.

III. CURVES THAT BOUND A DISTORTED DISK

A. General introduction

Models of (discretized) random paths are pervasive in
theoretical physics and have also been studied extensively
by mathematicians. The simplest and most important
example is the random walk. The lattice version has a
universal continuum limit called Brownian motion. The
associated probability measure is the Wiener measure,
which is used, in particular, to define the path integral in
Euclidean quantum mechanics. Other well-known exam-
ples of random paths are the Schramm-Loewner evolution
processes, which are conjectured to describe the continuum
limit of various models of physical interest: self-avoiding
walks and polygons, percolation exploration paths, Ising
model interfaces, etc. For some entry points in the literature
on these subjects, see, e.g., [45] and the excellent text-
book [46].

JT gravity is fundamentally a theory of random metrics.
Yet, a description in terms of fluctuating boundaries seems
very natural as well, at least when the base manifold is a
disk. Actually, the fact that two equivalent dual formula-
tions may exist, one in terms of random metrics and the
other in terms of random paths, is conceptually nontrivial,
since models of random geometries and models of random
paths are usually associated with qualitatively different
behaviors and different types of observables. In a sense, JT
gravity seems to stand at a delicate equilibrium point
between the two classes of models. This may be its
distinctive and most interesting feature.

Our goal in this section is to show that a formulation in
terms of random closed paths is indeed possible and that
this formulation is actually much more subtle than what has
been envisioned so far. We are going to show that the
relevant random path model is of a new kind, with unusual
properties.

Focusing on the disk topology, for which there is only
one boundary, the main features are as follows.

The set of allowed closed curves must obey a subtle
constraint: Only closed curves that bound a distorted disk
are allowed. The notion of distorted disk, both at the

discretized level and in the continuum, has been introduced
in Sec. II. Following a terminology found in the math-
ematical literature, we call the allowed curves self-over-
lapping polygons (SOPs) in the discretized case and simply
self-overlapping curves in the continuum.

The set of SOPs is strictly between the set of SAPs and
the set of arbitrary closed loops. This means that SAPs are
SOPs, but a generic SOP is not a SAP, and that SOPs are
closed loops (obviously), but a generic closed loop is not a
SOP. As for SAPs, the constraint defining a SOPs is non-
Markovian. However, whereas it is immediate to decide if a
closed polygon is self-avoiding or not, the case of SOPs is
much more subtle.

Fortunately, the problem of deciding whether a given
closed curve is self-overlapping or not has been studied
extensively in the mathematical literature, from many
different points of view (analytic, geometric, algorithmic),
starting with the works of Titus and Blank [47], as reviewed
by Poénaru in [48]. The work of Blank completely solves
the problem, using a nice method of “cuts” that will be
illustrated below on examples. Motivated by possible
applications in robotics and the design of integrated
circuits, Shor and Van Wyk proposed an efficient algorithm
which allows to determine if a curve is self-overlapping
[49]. For a discretized curve of length 2n, their algorithm
runs in O(n®Inn) time. A more recent algorithm was
proposed in [50], with average running time O(n?). There
are also applications in the study of benzenoid hydro-
carbons; see, e.g., [51] and references therein. Other
references that we found very instructive include [52].

One of the most important messages of [16] and the
present paper is that the correct formulation of JT quantum
gravity in terms of a fluctuating boundary is a theory of
random self-overlapping polygons. This provides an
entirely new application of these objects and also empha-
sizes the importance of studying random SOPs, a subject
on which virtually nothing is known.

The most surprising aspect of the model is that, in
general, a given SOP does not determine a unique distorted
disk; equivalently, it does not determine a unique metric.
Since this is so important and understandably very con-
fusing, let us say it again: There exist cases where distinct
distorted disks, for which the associated disk metrics are
physically different (which means that they are not equiv-
alent modulo the action of disk diffeomorphisms), have
exactly the same boundary curve. This implies that the
correct measure on the set of SOP is not the uniform
measure: A nontrivial multiplicity index must be attached
to each SOP, which counts the number of distinct metrics
associated with it. This multiplicity can be computed, in
principle, by using the Shor—Van Wyk or the Mukherjee
algorithms [49,50]. At a conceptual level, this phenomenon
implies that the degrees of freedom of JT quantum gravity
are not in one-to-one correspondence with the shape of the
boundary.
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FIG.7. Three instances of closed paths, or polygons, on the square lattice. The paths in the left and center insets are SOPs, but the path

in the right inset is not; see the main text.

B. SOPs, boundary code, and symmetry factors

Consistently with Sec. II, we use a square lattice in our
discussion; a similar treatment applies to triangular or
hexagonal lattices.

1. Basic definitions

A closed path, or polygon, on the square lattice, of length
v, is a cyclic sequence of lattice points (P, Py, ..., P,),
with P, = P;,,, such that P, is obtained from P, by
walking along a single edge of the lattice (i.e., P, and P
are nearest neighbors), with the constraint that P, | # P,_;
(we do not allow U turns). Note that v is necessarily even,
and, thus, we note v = 2n. We have depicted in Fig. 7 three
typical polygons.

A path may be entirely coded by telling, at each
step, in which direction we are going: straight, right,
or left.** For instance, the “path code” for the simplest
possible closed path, encircling a unique lattice tile, is
LLLL. Of course, only the cyclic ordering of the letters in
the code is important, since the starting point along the
path may be chosen arbitrarily.33 The two possible
orientations of a given path are considered to be equiv-
alent, so two codes obtained by reversing the cyclic
ordering and at the same time exchanging the L and R
moves are identified.

A SOP is a closed path bounding a discretized flat disk
(distorted disk) as defined in Sec. II. SOPs have a
canonical “anticlockwise” orientation, which is such that
the disk it bounds is on the left. The SOP code will always
be chosen to be canonical. Note that the relation (2.16) is
then automatically satisfied: The number of left turns
minus the number of right turns is always equal to four.
This rules out, for example, the polygon in the right inset
in Fig. 7.

2For the hexagonal lattice, only right and left are available.
3This is consistent with the fact, mentioned in Sec. II, that we
do not have a marked point on the boundary.

2. Counting and symmetry factors

To define a theory of random SOPs, we need to define a
measure on the set of SOPs. For now, let us limit ourselves
to a few basic remarks. This discussion will be refined, in a
subtle and surprising way, in Sec. III D.

If we describe a SOP by its code, with the canonical
orientation, two SOPs that coincide modulo lattice trans-
lations and rotations are automatically identified.
Moreover, a reflection with respect to a vertical or hori-
zontal axis acts by reversing the order of the letters in the
path code. Because of this, we might consider the pos-
sibility of identifying a code and its reverse. Strictly
speaking, this is the natural choice in the metric interpre-
tation of the theory, but it turns out that it is not very
convenient and, in particular, it does not match with the
conventions used in Sec. II C. Since we want to keep using
the same conventions, we make the choice of not identify-
ing a configuration with its image under a reflection.
Moreover, we also count with an appropriate multiplicity
SOPs that do not match under the action of lattice rotations.
This amounts to counting any ‘“generic” SOP path code
with a factor of 4. This choice will, thus, have a trivial effect
in any well-defined continuum limit of the model.

Let us be a bit more precise. Let us pick a SOP of length
2n. To each vertex v, we associate the “rooted” code B, at
v, which by definition is the representative of the code for
which the first letter corresponds to the vertex v. A SOP is
generic if the 2n rooted codes B,, for any v, are all
distinct. Generic SOPs are conventionally counted with a
factor of 4.

More generally, pick a vertex v and let v’ be the closest
vertex following » along the SOP such that B, = B,,.
Assume that the distance between v’ and v is d, which we
note v’ = v +d. Thus, B, = B, 4 = B, ,, for any inte-
ger p. The sequences of d letters from v + pd to v +
(p+1)d—1 are the same for any p; let us note this
sequence o. Moreover, since d is the smallest possible
distance such that B, = B, ,, d necessarily divides 2n.
We can, thus, write 2n = dr for some positive integer r.
The code of the SOP is, thus, a repetition of r times the
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sequence o. If vf and v§ represent the numbers of left and
right vertices, respectively, in the sequence o, then, using
(2.14), we get v —vg =4 = r(v{ — v%). Thus, r divides
4. There are only three possibilities: Either r = 4, in which
case the SOP has a Z, symmetry corresponding to a 90°
lattice rotation; or r = 2 and the SOP has a Z, symmetry
corresponding to a 180° lattice rotation; or » = 1 in which
case the SOP is generic.

The precise counting rule is then that Z,-symmetric
SOPs are counted once, Z,-symmetric SOPs are counted
twice, and generic SOPs are counted four times. This
counting is equivalent to counting distinct rooted codes
with a weight 2/n.

An additional multiplicity factor, of a very different
nature, will be introduced in Sec. III D.

C. General properties of self-overlapping curves

We are now going to present criteria that allow to decide
whether a closed curve is self-overlapping or not, by using
information directly contained in the shape of the curve.
This discussion allows us to develop a better understanding
of our problem and suggests some natural generalizations.
Since the ideas apply equally well to discrete polygons and
to continuous piecewise smooth curves, we deal with this
latter case, which is more general. Note that in the
continuum limit, which will be discussed in Sec. IV, these
curves may become fractal. Strictly speaking, the discus-
sion below applies before the continuum limit is taken.

Let us set up some notations and recall some of the
results explained in Sec. II D. The source disk is as in
Eq. (2.27), with coordinates

z=x!+ix? = pe®. (3.1)
It is oriented by the volume form dx' A dx? (anticlockwise
orientation). The disk boundary 0% = S! is parametrized
by @ = 0 + 2x. The target space R? = C is parametrized by
Cartesian coordinates (w',w?) or by the complex coor-
dinate w = w! + iw?.

We consider closed, continuous, piecewise smooth
curves y: S! — R? = C such that y’ # 0, which is equiv-
alent to saying that y is an immersion of S! into C.

The curve y is self-overlapping if and only if it can be
extended into an immersion of & into C, that is to say, if
and only if there exists an immersion F: % — R? such that
Fla9 =v. Without loss of generality, we always use
orientation-preserving immersions, for consistency with
the orientation conventions made up to now. We also know
from Sec. II D that the immersion F may be chosen to be
holomorphic, in which case

(3.2)

We want to discuss necessary (and even, ideally, sufficient)

conditions on y that ensure that the extension by an
immersion F exists. For the sake of simplicity, we assume
that y is generic, in the sense that it has a finite number of
self-intersection points and that the self-intersections are
transverse and correspond to double points (the discussion
can be straightforwardly adapted to the more gen-
eral cases).

Note that the most important points of the discussion in
the present and the next Sec. III D are purely topological in
nature and do not depend on the metric on the target space.
They, thus, apply to the cases of zero, positive, or negative
curvature equally well.

1. Whitney index

Since the tangent vector ¥’ never vanishes, it has a well-
defined winding number

1 o0 }’”

This is an integer, often called the Whitney index of the
curve, which may also be seen as the winding number of
the map from S' to S! defined by the normalized tangent
vector y'/|y'|.** The Whitney index is an invariant of the
curve modulo regular homotopies (homotopies y, that are
immersions, y; # 0, for any homotopy parameter A).
Whitney theorem states that closed curves in the plane
are classified by their Whitney index modulo regular
homotopies.

Proposition 3.1. Any self-overlapping curve with the
anticlockwise orientation has a Whitney index W(y) = +1.

Proof. A simple proof uses the representation (3.2) in
terms of a holomorphic function F. One gets in this way

(3.3)

1 F//
Wy)=1+-—¢ —dz
(]/) * 2im 09 F' ¢

(3.4)
Since F’' # 0 everywhere in the disk by the immersion
property, F”/F’ is holomorphic in & and the contour
integral over 07 vanishes.

Another interesting proof uses the discretization. An
immersion F: 2 — C being given, we can always assume,
even if we are dealing with the positive or negative
curvature models, that the target space is endowed with
the flat Euclidean metric. We can then use the discretization
in terms of which the curve y becomes a polygon on the
square lattice. It is clear that the total winding angle of the
tangent vector is 5 (v — vg); the Whitney index is this
divided by 2z and is, thus, equal to one by (2.16). [

*The normalized tangent vector 7'/|y’| is the unit tangent
vector in the zero curvature case, when the target space is the
Euclidean plane, but this is irrelevant for computing the winding
number.
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Corollary 3.1. Any self-overlapping curve has an even
number of self-intersections.

Proof. This comes from the fact that the Whitney index
and the number of self-intersections have opposite parities.
Indeed, the number of self-intersections is always preserved
modulo 2 by a regular homotopy. Since Whitney theorem
ensures that any self-overlapping curve, which must have
W(y) =1, is regular homotopic to a circle, and since a
circle has no self-intersection, we conclude. ]

We immediately get an interesting generalization to
arbitrary topologies. Imagine we have an immersion
F: M, — R? from a surface of genus g with b circle
boundaries into the plane. Let y, ..., y, be the images of
the boundary components of .#,, by F. Then, (2.14)
yields

(3.5)

2. Number of overlaps
Consider an arbitrary point P in C\y, with complex
coordinate wp. The winding number v, (P) of y with respect
to P is defined in the usual way to be the winding number
of the ray vector from P to y when the curve is traveled all
over once in the anticlockwise direction:

1 2n ]/l
" 2in 0o r—Wp

de. (3.6)

v, (P
The set

C\Imy = (U; Q;) U Q (3.7)
is the disjoint union of simply connected open sets, which
are all bounded except Q. The winding v, (P) is integer
valued and constant in each components €;. Clearly, it is
zero in the unbounded component.

If y is a self-overlapping curve, it bounds a distorted disk
which may overlap with itself. The number of layers is a
constant in each open set ;. We denote it by v;. Clearly,
this number is always positive and is zero in the unbounded
component.

Proposition 3.2. Let y be self-overlapping. Then, the
number of layers v; in a bounded simply connected
component Q; of C\Imy is equal to the winding
number v, (P) of y with respect to any P € Q. In particular,
v,(P) > 0 for any P.

Proof. Using (3.2), the integral (3.6) defining the wind-
ing number v,(P) can be rewritten as

(P =5 f -2

= — —dz. 3.8
2in oy F@) —wp (38)

The contour integral picks a contribution 1 from each pole

of the integrand, i.e., from each solution of F(z) = wp for
7z € 9. The number of solutions is the number of preimages
of P under F, which is precisely the number of layers at P.m

This result is particularly interesting, because the cri-
terion v,(P) >0 that any self-overlapping curve must
satisfy is easy to check. It also yields a very simple way
of counting the number of layers at any point without
having to understand the details of the structure of the
distorted disk bounded by the curve. This is actually quite
nontrivial, as will become clear in the next Sec. III D.

Corollary 3.2. Let g be a constant curvature metric on .
Then, the area A[g] of Z with respect to g depends only on
the shape of the boundary of the associated distorted disk.

Proof. Writing as usual C\Imy = (U; Q;) U Q,, we
have

Alg) =) _mAlQ)]. (39)

where v; is the number of layers of the distorted disk
covering €; and A[Q;] is the area of the component Q;
computed with the relevant target space metric, which is
given by (2.28), (2.39), or (2.40) depending on whether we
are considering the case of zero, positive, or negative
curvature. L]

Three simple examples, with the winding numbers in
each components explicitly indicated, are depicted
in Fig. 8.

Remark I. A simple and convenient way to determine the
winding around a point P is to draw a generic oriented half
line from P to infinity and to count the number of crossings
of this half line with the curve, with a plus sign if the curve
crosses from right to left and a minus sign if the curve
crosses from left to right.

Remark 2. If y is an arbitrary closed curve, there is no
obvious notion of “area enclosed by y.” But we can always
write. C\Imy = (U; Q;) UQ,, and define the winding
numbers v; € Z with respect to the bounded simply con-
nected components €2;. This yields three natural notions of
area:

ALévy [7] = ZViA[Qi]’
Ayinalr] = Z|I/i|A[9i]’

Aginly] = ZA €] (3.10)

called the Lévy (or algebraic, or stochastic), winding, and
arithmetic areas, respectively. The algebraic area was
studied long ago by Lévy in the context of Brownian
motion [53]. It plays an essential role in the definition of the
Kitaev-Suh model [32] and its generalizations; see
Sec. IV B and [40].
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FIG. 8. Three examples of closed curves y for which we have indicated the winding numbers v, in each bounded simply connected
components of C\Imy. The curve on the left is self-overlapping. It is a slightly more complicated version of the example in Fig. 2. The
curve in the center satisfies the constraints v, (P) > 0 everywhere but has an odd number of self-intersections (and Whitney index 2) and,
thus, cannot be self-overlapping. It is actually an interior boundary; see Sec. III C 3. The curve on the right has Whitney index one, but
there is a region for which v, < 0 and, thus, it is not self-overlapping (nor an interior boundary).

3. Blank cuts, Blank words, interior boundaries

A cut of an oriented closed curve y is a choice of two
distinct points P and Q on y together with a cut path from P
to Q that crosses y transversally at P and Q. To a cut of y is
associated a decomposition of y into two closed oriented
curves: one obtained by going from P to Q along y and then
from Q to P along the cut path and the other obtained by
going from Q to P along y and then from P to Q along the
cut path.

There are two types of cut. A Blank cut is such that the
curve crosses the cut path from left to right at one of its end
points and from right to left at the other end point. The two
possibilities and the associated decomposition are shown in
Fig. 9. If y decomposes in y; and y,, the Whitney indices
are such that W(y;) + W(y,) = W(y) + 1 for a Blank cut
and W(y;) + W(y,) = W(y) otherwise.

It can be shown [47,48] that a curve is self-overlapping
if and only if a decomposition in terms of Blank cuts
having the following properties exists. First, using a
Blank cut, y = y, is decomposed into a simple (i.e., non-
self-intersecting) curve 7, and a new closed curve y;. If y;
is simple, the procedure stops. Otherwise, we use a new
Blank cut to decompose y; into a new simple curve 7, and
7». And we keep going in this way until, in the last step,
the two curves produced by the decomposition are
simple.

The intuition behind this approach is that the interiors of
the simple curves 7;, called Blank domains, are pieces of the
distorted disk that do not overlap, from which the full
distorted disk can be reconstructed by gluing along the cuts.

This procedure can be made systematic in the following
way. In each bounded connected component Q; of C\Imy,
1 <i < m, pick a point P; and draw an oriented half line L;
from P; to infinity in a generic way. Then build a word out
of m letters a; as follows. Go all over y starting from an
arbitrary base point. Each time you cross a half line L; from
right to left, add the “positive” letter a; to the word. Each
time you cross a half line L; from left to right, add the
“negative” letter a;! to the word. The result is called a
Blank word. Since the base point on y is arbitrary, the Blank
word is defined modulo cyclic permutations of the letters.

Note that the number of layers v; of the distorted disk on
Q; is equal to the number of times the letter a; occurs minus
the number of times a;! occurs in the Blank word.

A Blank cut corresponds to a pair (a;, a;'!) in the word
such that only positive letters appear between a; and a;! (or
between a; ! and a;). A step in the Blank cut decomposition
corresponds to “reducing” the word by removing a;, a;!
and the sequence of positive letters in between. The curve y
is self-overlapping if and only if W[y] = 1 and the word can
be reduced in such a way that at the end we are left with
positive letters only. One can show that the conclusion does

-~
-
e — -

FIG. 9. A Blank cut (left inset) and a non-Blank cut (right inset). The cut path is the thick line.
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FIG. 10. Blank cut decomposition of a

self-overlapping curve,
asa,aazaszas' a,a3'a,asa;s. It is reduced to a, by removing the sequences asa;a,asazas’ and then a3'a,a,az. These sequences,
together with the final word, represent the three simple curves depicted on the right. These simple curves bound pieces from which the
distorted disk can be reconstructed, by gluing along the Blank cuts (outlined in red).

with three Blank domains. The Blank word is

* 7

FIG. 11.

An interior boundary with Blank word a,a,a4a;as. It can be reconstructed by gluing the interior of two simple curves, shown

on the right, corresponding to the non-Blank cut aa,asa;. The associated map F:Z — C has a branch point, indicated by a black

bullet.

not depend on the set of generic points P; and half lines L;
we pick. The problem of recognizing a self-overlapping
curve is, thus, reduced to a purely combinatorial analysis of
the properties of the Blank word.

To illustrate the Blank word method, we have depicted in
Fig. 10 a Blank cut decomposition for the self-overlapping
curve on the left in Fig. 8.

An interesting generalization corresponds to the case
when a decomposition in terms of simple curves is
possible, but only if one allows both Blank and non-
Blank cuts. This amounts to allow pairings of a; with itself
(or of ai‘l with itself) in the Blank word. An example is
depicted in Fig. 11. Curves with this property are called
interior boundaries in the mathematical literature. Note
that the configurations depicted in the second and third
insets in Fig. 3 are interior boundaries, their boundary
curve being of the type of the example depicted in the
center in Fig. 8. Interior boundaries clearly satisfy the

positivity constraint v,(P) > 0 on the winding numbers,
but their Whitney index may be an arbitrary positive
integer. One can show that interior boundaries of Whitney
index k may be split by removing recursively k self-
overlapping pieces corresponding to closed arcs of the
curve starting and ending at a self-intersection point. In
particular, interior boundaries that have W =1 are self-
overlapping.

The defining property of a self-overlapping curve y is
that there exists an immersion F:% — C such that
Flos =v. In the case of an interior boundary, one still
has a map F:% — C such that F|y5 =y, but F is con-
strained only to be open (the image of an open set is an
open set), light (the preimage of a point is a collection of
distinct points), and orientation preserving. Modulo a disk
diffeomorphism, one can always assume that F' is analytic.
For a self-overlapping curve, F’ # 0 everywhere, but for an
interior boundary F may have a finite number of branch
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FIG. 12. The Milnor curve.

points around which it behaves as F ~ (z — zo)" for r > 2.%
Interior boundaries, thus, do not correspond to smooth
metrics on the disk.

D. The Milnor curve and multiplicity

When the boundary curve is a self-avoiding loop, it
separates the plane into two regions, the interior and the
exterior. The associated distorted disk is then easily and
uniquely identified with the interior region. When the
boundary curve has self-intersections, it is no longer
obvious, in general, to decide whether it bounds a distorted
disk or not and, if it does, to reconstruct the distorted disk
explicitly. A systematic procedure to solve this problem,
using Blank cuts and words, has been outlined in the
preceding subsection.

Let us now consider the closed curve depicted in Fig. 12.
We call this curve the Milnor curve.® This is a typical
example where a simple visual inspection is not enough to
immediately decide whether it bounds a distorted disk or
not. But we can straightforwardly compute a Blank word
and look at its possible reductions. We let the reader do this
very instructive exercise carefully.

The result is extremely interesting: One finds that the
curve is self-overlapping, but it actually bounds two distinct
distorted disks.

The two disks correspond to two distinct reductions of a
Blank word, using distinct set of cuts. This is depicted in
Fig. 13. It is important to realize that the pieces making up
the two distorted disks are genuinely different and could
not be made identical by cutting in different ways.
Mathematically, this means that the two immersions
F;: 9 — C,i = 1or2,corresponding to the two distorted
disks, are inequivalent in the sense that there is no
diffeomorphism ¢ of the disk such that F{ = F,o0¢. In

BSee, e.g., [54] for details.
It seems to be acknowledged that this curve was first found
by Milnor, even though his discovery was never published.

particular, and this is the most relevant point for us, the
two disk metrics g; = F}6 and g, = F36 are physically
distinguishable.

This fundamental example shows that the correspon-
dence between self-overlapping curves and disk metrics is
not one to one. In JT gravity language, this is equivalent to
saying that the degrees of freedom of the theory (the space-
time metrics) are not in one-to-one correspondence with
the shape of the allowed (self-overlapping) boundaries.

Definition 3.1. The number of distorted disks bounded
by a closed curve y is called the multiplicity of y and is
denoted by u,.

The integer p, can always be determined systematically
by counting the number of distinct reductions of a Blank
word of the curve or, equivalently, by running the algorithm
of Shor and Van Wyk.

Let us mention two general and useful qualitative features.

(i) If , > 1, then one can show that there must exist a
simply connected component of C\Im y for which the
number of layersis v > 3. This result was conjectured
in [49] and proven by Graver and Cargo [52]; see also
[51]. In the case of the Milnor curve, Figs. 12 or 13,
the small central connected component of C\Imy,
roughly square in shape, is covered three times by any
of the two associated distorted disks.

(i) As wexplained in Sec. III C 2, the number of layers
v; in each simply connected component of C\Imy is
entirely determined by the shape of the boundary
curve only. The sets of integers v;, thus, match for all
the distinct distorted disks bounded by a given
curve. Suppose that px, >2 and denote by
Gus-eos G, the corresponding metrics. It then follows
from Corollary 3.2, or, equivalently, from Eq. (3.9),
that the areas of the disk calculated with these
different metrics must all be equal:

Algi] = Alg] = --- = Alg, |-

This is nontrivial, because the metrics g; are not
equivalent under the action of a diffeomorphism.

(3.11)

Remarks. (i) The Milnor curve can be generalized in a
rather straightforward way to construct examples that have an
arbitrary integer multiplicity; see Fig. 3 in [48] and the
discussion in Sec. IV. (ii) In the case of interior boundaries,
there will typically be a moduli space associated with a given
curve, since the positions of the branching points depend on
the particular choice of Blank cuts. An example of this is
given by the configurations in the second and third insets
in Fig. 3.

E. Generating functions and generalizations

1. Generating functions

We now have all the ingredients we need to define the JT
gravity models from the point of view of the boundary
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FIG. 13.
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The Milnor curve bounds two distinct distorted disks, depicted on the left and on the right. Upper insets: the Milnor curves

with two distinct sets of Blank cuts. Central insets: the resulting simple curves. Lower insets: reconstruction of the disks by gluing the

simple pieces along the cuts.

curve. We focus here on the zero curvature case. The cases
of negative and positive curvatures will be briefly discussed
in Secs. IIIE4 and VL

The generating (or partition) function is

W(Z, g) = Z”VIF(}/)QUW) — Z W2n,ptpgzn-
14

n,p=1

(3.12)

The sum is over all self-overlapping polygons, counted as
explained in Sec. III B, with the additional multiplicity

factor y, defined in Sec. Il D. F(y) is the number of faces
of the associated distorted disks, which depends only on y,
according to (3.11), and »(y) is the boundary length or,
equivalently, the number of letters in the boundary code.

The definition (3.12) of the generating function has been
carefully designed to be equivalent with the definition in
Sec. IIC.

As already mentioned in Sec. IIC, at low orders, the
generating function W matches with the standard generat-
ing function for self-avoiding polygons. The counting starts
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FIG. 14. The smallest SOP with multiplicity two on a square lattice, with boundary code LSSLSSLSRRRRSLSS
LSSLSSSSLSSLSSLSRRRRSLSSLSSLSSSS, 2n =48, and p = 31 (the code is rooted on a vertex denoted by O in the figure;
see also Fig. 21). This configuration is Z, symmetric (invariant under a 180° rotation) and has multiplicity 2. It is, thus, counted
2 x 2 = 4 times in the generating function. Similar Milnor configurations with no symmetry can be easily obtained, for instance, by
adding a face at the bottom, with new boundary code LSSLSSLSRRRRSLSSLSSLSSSSLSSLSSLSRRRRSLSSLRLLRLSSSS (the
added sequence is in boldface). Such a configuration must be counted 8 times in the generating function.

to deviate at the order of ¢'8/%, for which there exists a SOP
that is not a SAP (see Fig. 4). Moreover, the lowest order at
which a SOP with higher multiplicity appears is 3! g*8.%’
This configuration is a Milnor-like polygon, depicted
in Fig. 14.

The fact that higher multiplicities first appear at rela-
tively high orders in the expansion of the generating
function may convey the impression that higher-multiplic-
ity curves are very rare, but this is misleading. A simple
argument given in Sec. IV shows that the number of SOPs
of length 2n that have a higher multiplicity is exponentially
large in n. We shall also see that, for a given SOP, the
multiplicity index can also be exponentially large in n’®

The generating function (3.12) can be generalized to a
more refined version in a natural way. Let #/, , .. ».
be the number of SOPs such that the boundary code
contains vy, vg, and vy letters L, S, and R, respectively,
of total area p and of multiplicity p. The generalized
generating function is

W(tv gL, 9gs 9r» u) = Z W?/‘L.vs,HR,ﬂ,ﬂtpgﬁngsgER ut.

p=lop >4
vg VR 420

(3.13)

Note that, due to the constraint (2.14), there is a trivial
redundancy in the parameters.

"We have not tried to prove this fact rigorously. For
an analysis on the hexagonal lattice, see [55].
] thank Peter Shor for pointing this out to me.

2. Open self-overlapping curves

It is possible to define a natural notion of open self-
overlapping curves, joining two distinct points wy and w, in
C. We consider a fixed oriented curve y,; from w, to w;. An
obvious possibility is to choose a straight line, which would
correspond to “chordal self-overlapping curves,” but more
generally y,; may be an arbitrary continuous curve from w,
to wy. We then say that an oriented open curve y from w; to
w, is self-overlapping if and only if the closed curve y,; U y
is self-overlapping.

This notion is not directly relevant for the quantum JT
gravity application that we study in this paper, but inves-
tigating random open self-overlapping curves may present
some mathematical interest.

3. Remarks on other topologies

The concept of distorted disks explained in Sec. II can be
straightforwardly generalized to the concept of distorted
surfaces of arbitrary topologies, with genus /4 and b
boundary components. In the continuum, distorted surfaces
are described by immersions F: .#,;, — C that, by pull-
back, yield constant curvature metrics on .#, ;.

For higher topologies, however, the point of view in
terms of the boundary curves becomes extremely subtle,
even more so than the disk case discussed above. The
picture that emerges seems staggering.

Even for the annulus, which seems to be the simplest
case beyond the disk, the ideas developed for the disk are
no longer applicable. For instance, one can readily see that
boundary curves of arbitrary shapes are allowed, by
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FIG. 15. A distorted annulus obtained by the thickening of a
non-self-overlapping closed curve, which is depicted as a thin
black line.

“thickening”—see Fig. 15. At a deeper level, it was
shown in [56] that the problem of determining whether a
curve bounds an arbitrary immersed surface or not is
NP-complete, in sharp contrast with the case of the disk
which is polynomial [49].

Moreover, and unlike for the disk, the set of constant
curvature metrics obtained by pullback from immersions
is only a subset of the full set of constant curvature metrics
on surfaces of more complicated topologies. The asso-
ciated flat connections are indeed constrained to have
trivial holonomies along the noncontractible cycles of the
surface.”

The case of higher topologies will be briefly discussed
again in Secs. V and VIL

4. The cases of nonzero curvature, light version

The discretized formulation of flat JT gravity presented
in Sec. IT or above in Sec. Il is based on the use of a regular
tessellation of the flat Euclidean space, for instance, the
square lattice. This can be straightforwardly generalized to
constant negative or positive curvatures, by using tessella-
tions of hyperbolic space or the two-sphere, but these
generalizations comes with interesting subtleties and
limitations.

In negative curvature, there is an infinite number of
regular tessellations {p, g} made of regular p-gons and
degree ¢ vertices. The edges and vertices associated with
these tessellations form the so-called regular hyperbolic
lattices. The only constraint that the integers p and g must
satisfy is

(p-2)(g—2) > 4. (3.14)
which follows from the formula for the curvature given in
(2.5). The hyperbolic lattices are commonly used to
discretize or approximate hyperbolic space; see, e.g., [57]

I thank the referee for making this useful observation.

for recent interesting applications. Random self-avoiding
walks have also been studied on these lattices [58,59]. A
natural approach to JT quantum gravity in negative
curvature is, thus, to consider models of random self-
overlapping polygons, counted with multiplicity, on the
regular hyperbolic lattices. As will be explained in Sec. VI,
these models may have a very interesting physical inter-
pretation, but they are not suitable to define JT gravity in a
UV-complete way.

In positive curvature, regular tessellations correspond to
the five Platonic solids. In particular, they have a finite
number of tiles. Such discretizations are clearly inadequate
to approximate JT gravity in any useful way. More general
irregular tessellations of the two-sphere must be used to
obtain an interesting model.

We refer to Sec. VI for a more detailed discussion of the
models in nonzero curvature.

IV. ON RANDOM SELF-OVERLAPPING CURVES

The aim of this section is to provide a basic introduction
to the study of random self-overlapping curves, a subject on
which nothing seems to have ever been published. Our goal
will be to outline some interesting expected properties of
the model, emphasizing, in particular, the continuum limit.
We focus on the flat theory, but we also discuss, mainly at
the qualitative level, the cases of negative and curvature.
The microscopic properties are the same, whether the
curvature in positive, zero, or negative, but the macroscopic
features will differ, even qualitatively, between the
three cases.

We begin the section with two review subsections on
some aspects of standard Liouville gravity and random
curves models. The problem we are studying is subtly lying
somewhere in between these two classes of models and
having a synthetic presentation of some relevant features at
hand is very useful (and very hard to find in the existing
literature). Our goal is to put our analysis into an appro-
priate context, introduce some important concepts, refine
our intuition, and motivate some of the ideas and con-
jectures we will propose. References include [8,13,15,60]
on the Liouville side and [53,61] and [37,45,46] for
Brownian and self-avoiding curves, respectively, as well
as many additional references therein.

A. Review of Liouville gravity

1. Pure Liouville gravity on the sphere

Discretized formulation. The standard two-dimensional
gravity is a theory of random metrics on a two-dimensional
surface of fixed topology.*’ It can be defined rigorously by
using the ideas reviewed in Sec. I A, starting from the set

“One may also consider the possibility to sum over all the
possible topologies, but this aspect is not discussed in the present

paper.
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of discretized metrics obtained by quadrangulating the
surface and then taking an appropriate continuum limit.*!
The counting of the possible configurations was performed
long ago by Tutte [1] by using combinatorial arguments.
The counting can also be made elegantly by solving a
quartic matrix model in the large-N limit [3].

The generating function

= ZWE:) tP

p20

(4.1)

encodes the numbers W of quadrangulations of the
sphere with p squares > In terms of a formal matrix
integral over an N x N Hermitian matrix X, we have

NWOD) / dX NG —ux?) (4.2)
where it is understood that only planar diagrams are kept.43
The series (4.1) must clearly diverge when ¢ = 1, since
there is an infinite number of possible quadrangulations of
the sphere. One finds

() _ 37(2p)! .
2p(p +1)(p +2)p?

(4.3)

When p — oo, which corresponds to large surfaces,

1 127
Wy ~
r P—>0°2\/7_rp7/2

This implies, in particular, that the series (4.1) has a strictly
positive radius of convergence t, such that

(4.4)

. 1
lim (WS)V/P = = = 12.

p— t

(4.5)

*

Continuum limit. This p — co behavior allows one to
define a continuum limit as follows. Consider the generat-

ing function at fixed area WE,S) 17 Introducing the UV lattice
spacing 7, the area is

A= p. (4.6)

The factor #” can be written as

*'The continuum limit is universal and does not depend on the
typg of polygons we use. We consider %quares for simplicity.

The precise definition of W involves symmetry
factors attached to each discretized surface, according to their
automorphism group. This is similar to the discussion in
Sec. IIIB2; see also Sec. V. In the continuum limit, these
symmetry factors play a trivial role.

Note that we use here the “dual” point of view, as defined at
the beginning of Sec. Il A, the matrix model vertex trX* being
associated with a square of the sphere quadrangulation.

= ePnt = e_lAﬁ_(IrA, (4.7)

where AO 1% In1 plays the role of a bare cosmological
constant.”* A nontr1v1al continuum limit
p = o, £y — 0, A = ptifixed (4.8)

is then obtained by adjusting the bare cosmological con-
stant in such a way that

t—>1;, and A= 1;—2” <1 —i> > 0 is fixed. (4.9)
0 *

The intuition behind this scaling is that, when ¢t — ¢, from
below, the quadrangulations with a very large number of
squares dominate and the scaling ensures a finite macro-
scopic area. Strictly speaking, this intuition is valid only if
we are considering quadrangulations of surfaces of genus
h > 2; see Eq. (4.12) below. In the case of the sphere, the
1/p"/? asymptotic behavior in (4.4) shows that only the
higher moments (p*) for k >3 actually diverge when
The continuum limit is then defined after sub-
tracting the piece that is regular when ¢ — 7, in the partition
function W®)(¢), in such a way that the leading term after
subtraction is

4 t\5/?
Wilsl>|:)1<t)t_r:;: 5 (1 _t_) :

A similar remark applies to the torus topology.

Note that the renormalized cosmological constant
obtained in this way is always positive, because the limit
has to be taken from below, ¢ < t,. There is no getting
around this fact: The generating function (4.1) is ill defined
for t > t,, because the number of quadrangulations of the
sphere is infinite. As a consequence, one cannot define a
continuum limit for which ¢ — ¢, from above. This is not
surprising: For strictly negative A, the classical action is not
bounded from below, and one expects the theory to be
inconsistent.

Note also that the precise value of ¢, is irrelevant in the
continuum limit. This is consistent with the fact that this
value is not universal and depends, for example, on the type
of polygons we use to discretize the surface. The only
universal property of ¢, is that 0 < £, < 1. On the other
hand, the exponent 7/2 in (4.4) is universal. The generating
function at fixed area (4.4) scales as®

t—t,.

(4.10)

“The factors of 167 are included to be consistent with the
usual conventions for the cosmological constant used in the
context of JT gravity; see, e.g., Eq. (2.49).

Here and below, the proportionality sign « indicates that the
generating functions in the continuum limit are fixed up to a
trivial, parameter-independent, multiplicative constant, that may
involve powers of the cutoff 7.
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W (A) o« A77/2em 16, (4.11)
This is a famous result, which can be generalized to random
closed surfaces of arbitrary genus h:

W) (A) o A= rse=2)(1=h) p=i6A, (4.12)
The exponent y,, called the string susceptibility, is yq, =

—1/2 in the case of pure gravity and takes the more general
KPZ form

o =3 (c=1-VE=De=2) (413
when two-dimensional gravity is coupled to an arbitrary
matter conformal field theory (CFT) of central charge
¢ < 1. There is a so-called barrier at ¢ = 1, beyond which
Eq. (4.13) predicts a nonsensical imaginary string suscep-
tibility. At ¢ = 1, logarithmic corrections to the scaling law
(4.12) are believed to be present [62], with

WE(A) «x A3 (InA)2e 1674, (4.14)

2. Pure Liouville gravity on the disk

To come closer in spirit to the problem we are studying in
the present paper, let us make one more step in the
framework of Liouville gravity and review the case of
the disk topology. On the disk, we can define in Liouville
gravity the exact analogs of the JT gravity generating
functions (2.19) and (2.21). To avoid confusion and for the
sake of consistency, we continue to use the notation W for
JT gravity and use instead W for Liouville gravity. The
difference between W and W is that, in the first case, we
sum over all possible discretized disk metrics, whereas in
the second case we restrict ourselves to the metrics of zero
curvature.*®

Let us mention right away that thinking that JT has to be
simpler than Liouville because we have to take into account
less metrics is naive and probably misleading: Problems
with constraints are typically more difficult.*’

Discretized formulation. From direct combinatorial
counting a la Tutte or from the solution of the matrix
model, the Liouville disk generating function can be
computed exactly, with only slightly more effort than in
the case of the sphere. The number of quadrangulations of
the disk of area p and boundary length 27 is found to be

2n—1)12p +n—1)!
nl(n—1)(p+n+1)p!

W,, , =37 (4.15)

**Or more generally to constant curvature; see Secs. IIIE 4
and VI

“7A famous illustration of this “principle” is the Ising model.
The exact Onsager solution of the model on a fixed flat lattice is
much more difficult than the solution on a random lattice [63].

As a consistency check, note that W, ,_; counts the
number of quadrangulations of the sphere with p —1
unmarked and one marked squares, the marked square
corresponding to the boundary of length four. This implies
that W, ,_; = pWE,S), where WE,S) is given in Eq. (4.3). This
is indeed satisfied.

The generating function at fixed boundary length is
found to be

W2n (t) = ZWZH.p 1P

p=1
2n —1)!
- 22”E1n!(n1—|)—'2)! () (" - é”azm)
(2n—1)!
IETCE (4.16)
where
a*(1) :%(1 - V1-121) (4.17)

is a solution of 3ta* — 4a? + 16 = 0.®

From the point of view of the matrix model (4.2), it is
interesting to note that the generating function W,, (7) is a
simple expectation value:

1 /1
WZn(t) = % <NtI'X2n>.

Indeed, in the dual Feynman graph point of view, the
insertion of trX?" corresponds to a marked face, which is
removed to get the disk topology. The factor 1/(2n) takes
into account the fact that all the edges of the boundary are
equivalent (there is no marked edge on the boundary).49
One can also show straightforwardly that the full generat-
ing function

(4.18)

W(t,g) = > W, (1)g™" (4.19)
n>1
satisfies
oW
955 = Zznwzn(f)gzn
9 n>1

1 {1 t+t<l+a2(t)
2% 7 ¢ 2

%) - aZ(t)gz].

(4.20)

“®The interval [—a, a] represents the support of the planar
matrix model eigenvalue distribution.

“For the same reason, there is a factor 1/4 in the interaction
term in the matrix integral (4.2).
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These results show that W,, () has a finite radius of
convergence ¢, = 1/12, matching with the radius of con-
vergence of the sphere generating function.’® Similarly, one
may check that Wp (9) = > us1 Wa, ,g*" has a radius of
convergence g, = 1/2 and that ), W,,(¢)g*"
radius of convergence ¢, (t) = 1/a(t), etc.
Continuum limit. As in the case of the sphere, we can
define a universal continuum limit. Let us work with the
generating function at fixed boundary length W,,,(t)g*". In
terms of the lattice spacing ¢, the boundary length is

has a

£ = 2nt,. (4.21)

The factor g*" plays the rdle of a bare boundary cosmo-
logical constant:

g2n — eQn]ng — e—/lof’ (422)
with 4y = (In)/#,. The continuum limit is
no oo,  fo—0, £=2nfofixed,  (4.23)

adjusting at the same time the bare bulk cosmological
constant ¢ as in (4.9), which is equivalent to setting

t PA 1
—=1-—=. 4.24
t, 647 n? ( )

In this limit, W,, (7) behaves as
1 8" _u& VA
W2n<t> /\/'—/: ( \/_

~N =75
”—Woﬁrﬂ/z

The exponential growth 8" can be canceled, as usual, by
adjusting the bare boundary cosmological constant g to its

critical value g, (t,) = g, = 1/a(t,) = 1/(2V/2):

1
9= g A= (1 - 2) > Ofixed.  (4.26)
0

9«

We then get from (4.25) that W, (7)g*" scales as

(4.27)

i
W(Z,A) o 772745 (1 + fﬁ).

8z

We could absorb the A-dependent contribution in the
exponential by redefining 4, but we prefer to keep the
formula in this way, with the parameter A directly coupling
to the area; see below.

Note that, as we have already noticed in the case of the
sphere topology, the theory makes sense only if A > 0. For

This fact and its generalizations are easily understood in the
matrix model framework.

A < 0, even on a disk of fixed boundary length, the theory
is unstable. As explained in Sec. IID5 and further
discussed in Sec. VI and [40], this is similar to the expected
behavior of JT gravity in the positive curvature case but in
sharp contrast to the case of negative curvature, for which
JT gravity is believed to exist for all positive and negative
values of the cosmological constant. The behavior in zero
curvature is probably intermediate, the theory existing for
all positive and at least for some range of negative values of
the cosmological constant.

Bulk and boundary scalings. An important and interest-
ing feature of Liouville gravity is that the relative scaling of
the bulk area and the boundary length is “classical” in the
continuum limit, in the sense that the area scales as the
square of the boundary length. For instance, working at
fixed boundary length as above, the existence of the
moments of the bulk area

£ 0PW,,(1) -

(A*) = Wy, (1) olner 25 (")

(4.28)

in the continuum limit (4.23) and (4.24) implies that the
expectation values (p*) scale as n?* in this limit, for any
integer k> 1. This can be checked explicitly from
Eq. (4.16). The expectation values (A*) can actually be
computed straightforwardly in the continuum from (4.27),
for instance,

Ay = JomoW &
W oA g1 +440)

(4.29)

One could also take the point of view of the generating
function for which both the area and the boundary length
are fixed [Eq. (4.15)]. The above discussion implies that
there exists a nontrivial continuum limit Z, — 0 for which
both the area and the boundary length are finite. In other
words, we take n — oo and p — oo, with

A
P _ 2 fixed.
fZ

B (4.30)

Dealing with the usual exponential divergence by renorm-
alizing the bare bulk and boundary cosmological constant
using (4.9) and (4.26), we get the continuum partition
function at fixed £ and A:

N
P 2r\W. W(A. 7 _err ™ 4.31
g 2n,p ,,_],ojm ( ’ )_ £12A5/2 ( ’ )

p=an4/62

By integration,
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W(£,A) = / " W(A, £)dA, (4.32)

we find again (4.27).

In the continuum formulation of Liouville gravity, the
bulk and boundary cosmological constant operators are
represented by renormalized bulk :e’3¥: and boundary
re"?: exponentials of the Liouville field ¢ for which the
boundary constant y;, is equal to half the bulk constant yg,
7o = 1yp.”" This implies the classical scaling A o« £2.

As we have already emphasized in Sec. [I D 3 and in part
of the discussion in Sec. IT E, the situation in JT gravity is
completely different. The boundary cosmological operator
is still represented by a renormalized boundary exponential
te?: of the boundary Liouville field, with an associated
renormalized quantum boundary length §, = J rer?: do,
but the bulk operator is no longer renormalized, due to the
constant curvature constraint. This yields a quantum-
corrected scaling A « ﬂczl”, for a nontrivial critical exponent
v = 1/dy which is the inverse of the Hausdorff dimension
of the boundary [16,28].

Generalization. Based on the fact Zv/A is the only
nontrivial dimensionless parameter in the model at fixed
boundary length, one expects that the scaling limit of the
generating function is of the general form

W(Z,A) & £7-3e~ f <$>

for an exponent o and a function f which are a priori
unknown. For pure gravity, Eq. (4.27) yields « = —1/2 and
f(z) = e™*(1 + z). In spite of its very simple form, it is
actually quite challenging to derive this result from a direct
continuum approach within Liouville theory [8,13,15,60].
Strong arguments [15] show that, in the more general case
for which gravity is coupled to an arbitrary CFT of central
charge ¢ <1, a matches with the string susceptibility
exponent y, given by (4.13) and

(4.33)

v/ A/ (167)

sin %
—Vstr

(4.34)

W(Z, A)  ¢rs=3e~ (¢y/N) -1 K|

Vst

where K is the modified Bessel function of the second kind.
For pure gravity, (4.34) is consistent with (4.27), modulo
a multiplicative constant in the definition of #v/A:

Y

=37

(VA (EVA) con- (4.35)

3'This condition comes from the fact that the bulk operator
:e?8?: must be of conformal dimension 2, whereas the boundary
operator :e”?: must be of conformal dimension 1.

The subscript “sq” on the left-hand side refers to the
quantity defined within the discretized approach using
quadrangulations [Eqs. (4.6) and (4.21)], whereas the
subscript “cont” on the right-hand side refers to the quantity
defined directly within the continuum Liouville approach
used in [15]. A finite multiplicative renormalization as in
(4.35) is harmless. It simply shows that the choice of lattice
model in Liouville affects renormalized lengths only by a
multiplicative factor in the continuum limit.

Semiclassical limit. The existence of a semiclassical
regime in which the fluctuations of the geometry are tamed
and the physics is dominated by a smooth classical
geometry is a desirable feature of any interesting quantum
gravity model.

Pure Liouville quantum gravity does not have a semi-
classical limit. On the disk, one may want to consider
A — +o0 at fixed £, but this limit is dominated by singular
geometries for which the disk has a branched polymer
structure. As for the limit A - —oo, it does not make sense
since the model is unstable for A < 0. Nevertheless, as
noticed by Zamolodchikov in [64], when Liouville gravity
is coupled to conformal matter of central charge c, the limit
¢ — —oo does correspond to a semiclassical limit. Indeed,
at large |c|, the Liouville action, that governs the gravita-
tional dynamics, is multiplied by a constant proportional to
—c. To obtain an interesting limit, one must also rescale the
cosmological constant in such a way that the cosmological
constant term in the action is proportional to |c| as well. The
semiclassical limit of Liouville gravity on the disk, thus,
corresponds to

2
c—> -0, A-+oo, A/|c|:§,u and 7 fixed. (4.36)

The factor 2/3 in the definition of u is added because it
allows us to simplify some formulas below. The semi-
classical loopwise expansion of W(#, A) takes the form

4 11 (EVH
an(f,A):—ﬂf+(ystr—3)ln§+2|c| fL<7,

L>0
(4.37)
with, according to (4.13),
le] 25 6
=3 =——=="4—4+0(1/|c]?). 4.38
7str 6 6 + |C| + ( /|C| ) ( )

The contributions f; at any loop order can be straightfor-
wardly obtained from the exact formula (4.34) and the
asymptotic expansion of the Bessel function for large
argument
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X T e—uh 1 ,
2,2 (1 +2%) 1/42 )
(4.39)

where

h(z) = V1+ 2 +ln

o \/_ (4.40)

and the U, are polynomials of degree 3k that can be
computed recursively, for example,

1
Up(x) =1, U,(x) = ﬂ(3x—5x3), etc. (4.41)
Normalizing W in such a way that
W(¢ =2n,u=0,c) =e*, (4.42)
we find, up to two loops,
1 1+vVIi+22 1 5
fo(Z) —glnf—6< 1+Z —1), (443)
1+V1+z> 13 1
fi(z ): 1 tvitz V1+722=1)—=In(1+7?),
6 2 12 4
(4.44)
£(2) = —61n 1+V1+2"  313z% +7592° 4506 253
2= 2 48(1 + 22)2 24
13 72 7’
— - —(V1+22-1). 4.4
Fariasa (Ve ) (4.45)

One can check explicitly that the leading terms in (4.37),
corresponding to the contribution —|c¢|/6 in (4.38) and to f,
in (4.43), precisely match with the expected result obtained
from a classical disk geometry; see Appendix A. In
principle, the higher loop contributions can be obtained
from the path integral following the same logic as in [64].
This is checked explicitly in [29], where the analog of the
limit (4.36) is also studied for JT gravity.

B. Review of random paths models

Our goal in this subsection is to summarize the standard
framework in which models of random polygons, which
yield theories of random closed paths in the continuum
limit, are usually analyzed. We, thus, consider a general
model of random polygons on the square lattice. As we
shall see, there are similarities, but also crucial differences,
with the Liouville models of random metrics reviewed in
the previous subsection. Understanding this physics in
detail is important in order to elucidate which aspects,
some more metriclike, others more pathlike, are likely to be

relevant for the new model of SOPs we are primarily
interested in; see Sec. IV C. Indeed, as already emphasized
many times, the most characteristic property of this model
is to have dual interpretations, either in terms of random
polygons or in terms of random metrics.

Our discussion is illustrated on the examples of arbitrary
random polygons (RPs), SAPs, and convex polygons
(CPs), which may all be seen as toy approximate models
for flat JT gravity. The RP model is the flat version of the
model proposed by Kitaev and Suh in negative curvature
[32]. The SAP model is the one studied in Stanford and
Yang in [34]. The CP model shares some properties with
the one-loop exact reparametrization Ansatz used in the
near-hyperbolic limit of negative curvature JT gravity.

1. Generalities

Let us first note that, for an arbitrary polygon, there is no
unique canonical notion of area; see, e.g., Eq. (3.10). For
this reason, the case of the RP model is a bit special; see
Sec. IV B 4. For the time being, we limit ourselves to
models like CP, SAP, or SOP for which the notion of area
is unambiguous.

We note W5 p the number of polygons of length 2n and
area p in the polygon model under consideration. The
numbers W5 p may include a multiplicity factor, as in

the case of SOP; see Sec. II E. We introduce, as usual, the
generating functions at fixed length and area

Wgn(t ZWQH p- ZWZn pg 4 46)
p>1 n>1
and the “grand canonical” generating function
=D WL =D Wi (447)
n>1 p>1

The parameter ¢, or more precisely its logarithm, plays the
role of a “bare bulk cosmological constant.” Note that, in
the context of random polygon models, one may rather talk
about “pressure,” with

A
P=——. 4.48
167 ( )

This terminology is more natural when one uses the
polygons to model pressurized vesicles, cell membranes,
or polymer chains.

To develop our analysis, we assume that the following
properties are satisfied.

Hypothesis 4.1. There exist strictly positive constants a
and b such that W5, , = 0 unless 2bn < p < a(2n)*.

In our models, this follows from the isoperimetric
inequality, which ensures that for a given n there is a
maximum possible value p = p,(n) = [{n?], and from
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Eq. (2.18), which ensures that for a given p there is a
maximum value n = ny,(p) = p + 1.

A simple important consequence is that W% (7) is a
polynomial in 7. In particular, the number

wh, =W, (1) =D Wi, (4.49)

p>1

of polygons of a given length is finite. These properties, as
well as other crucial consequences described below, are
not valid in Liouville gravity.

An important physical feature is the typical “size” of the
polygons. This can be measured by studying the area
distribution, whose expected moments are given in terms of
the derivatives of the generating function as

(P)an(1) = W%ﬂ;{:g”, : (4.50)
Let
Wy = YW, (@.51)
pz1
generalizing (4.49). We assume that, at large n,
wzpn;rn:ma,g;z” (2n)2r=9)=1, (4.52)

forall r > 0, for certain strictly positive constants a, and g,
and critical exponents v and §. In particular,

WPn'r a,
(Pt =1) === ~ (20> (4.53)
w5, n—oo d

The asymptotic scaling (4.52) is found in many models, by
analytical methods or numerically. We conjecture that this
large-n scaling will be valid for SOPs as well, modulo
possible logarithmic corrections.

Observables other than the area can also be used to
measure the size of polygons. A widely used quantity is the
radius of gyration R,. For an arbitrary polygon y made of
/" points located at w; €C, noting w, :#Zi w; the
“center of mass,” it is defined by

1 & 1
R = 7; Wi —w, > = ﬁzw" —wil%,  (4.54)

i<j

where the second equality can be checked by an elementary
calculation. One could also consider the diameter D, =
max, ; [w; —w;| and several other quantities of the same
type. It is natural to expect that the moments of these
quantities will have scalings similar to (4.53), e.g.,

<R2r> o (Zn)h’r_

n—oo

(4.55)

If the notion of size provided by the area and the radius of
gyration are the same, then ¢/ = v, which, as far as we
know, happens in all known models for which both
exponents have been studied.

From the above, one can easily derive a few important
general properties that the generating functions must
satisfy.

(i) The constant g, appearing in (4.52) is the radius of
convergence of the series Y,  wh,g*". It is such
that 0 < g, < 1. The quantity 1/g, is usually called
the connective constant of the model. Its precise
value is not universal (it depends on the lattice) and
is, thus, not of great interest in physics, but comput-
ing it is a challenging and interesting problem in
mathematics; see, e.g., [65] for the case of SAP>?

(i) For r <1, the series _,5; W5 (1)g*" has a strictly
positive radius of convergence g.(#), which is a
decreasing function of ¢, with ¢,(t = 1) = g,. One
shows that g,(¢) > g,™", where b is the constant
appearing in Hypothesis 4.1. In our models, with
Nmax (P) = p + 1, we actually have g, (t) > g.//1.
In particular, lim,_ g,(f) = +o00. When 7 > 1, the
radius of convergence is g,(f) = 0.

(iii) The series Y ,5; W} (g,)1”, as well as the derivatives
of this series with respect to ¢, to any order, has
radius of convergence ¢, =1 and, moreover,
lim,_,;- 0;W¥(t,g.) = 0;WF(1,g,) for any r > 0.

(iv) The critical exponent v is the inverse of the Haus-
dorff fractal dimension of the curves, dy = 1/v, and
satisfies

<v<l (4.56)

N[ =

For instance, the values v=1/2,v = 3/4,and v = 1
corresponds to purely random loops, self-avoiding
loops, and smooth loops (realized for convex poly-
gons), respectively. More generally, SLE, curves
have v = max((1 + «/8)~',1/2). For JT quantum
gravity coupled to a matter CFT of central charge
¢ <0, the continuum formulation developed in
[16,28] implies that

_1 - c
Y73 c—24|

This formula predicts that the exponent is a strictly
decreasing function of ¢ that goes to one when
¢ — —oo, consistently with the idea that this limit is
semiclassical [29,64], and is equal to 1/2 for the

(4.57)

2For SAPs on a square lattice, 1/g, ~2.638.
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FIG. 16. Phase diagram of a random closed paths model in the
grand canonical ensemble (from [46]). The representative curve
of the function ¢, () is plotted. Above and on the right of the
curve, the grand canonical generating function W¥ (¢, g) does not
exist. The thick dot represents the critical point (¢, = 1, g, ) which
plays a crucial role in defining the continuum limit of the model.

pure gravity theory, ¢ = 0, on which we focus in the
present paper. So the SOP model has the same
critical exponent v, or, equivalently, the same Haus-
dorff dimension, as the random walks.

2. Phases

The phase diagram in the (7,g) plane is depicted in
Fig. 16. If we work at fixed length n, we can distinguish
three regimes.

(i) The deflated regime occurs when t < 1 (positive
cosmological constant, negative pressure) and cor-
responds to a large-n linear growth of the free energy
InW¥ (1) ~—2nlng,(t). In particular, the average
area

din W8 tq, (1)
= n o~ 2
<p>2n(t) dlnt n—oo n g*(l‘)

is proportional to n. This indicates that the typical
polygon is treelike or, equivalently, that the deflated
regime is a branched polymer phase.

(i1) The critical point occurs at t = 1 (zero cosmological
constant or pressure). It is characterized by the
scaling laws (4.52) and (4.53). As we shall see
below, the critical point is instrumental in defining
the continuum limit and the continuum limit is
entirely determined by the properties at the critical
point.

(iii) The inflated regime occurs when t > 1 (negative
cosmological constant, positive pressure). Using
Hypothesis 4.1, one finds that, if # > 1,

(4.58)

(@ < WP (1) <wk @’ (4.59)

Using (4.52) for r =0 [or the weaker condition
Inwt = o(n?)], we get

1
lim ——In W5 (1) =alnt.

lim = (4.60)

In particular, recalling that a = 1/16 for our models,

2
(Phan(0), ~ dan® ==

n—-oo

(4.61)

matches with the maximum area allowed by the
isoperimetric inequality: The polygons are inflated
“balloons” in this phase.

The very simple result (4.60) is valid when the limit
n — oo is taken at fixed + > 1. However, if ¢ — 1 is scaled
appropriately with n at large (but finite) n, a more
interesting behavior is generally expected, based, for
example, on numerical simulations; see, e.g., [66] for a
study of the case of SAPs. It is useful to distinguish two
ranges of parameters in the inflated phase.

(a) The region 0 < n*(t—1) < n*~! corresponds to an
inflated “crumpled” phase. If v > 1/2, one can dis-
tinguish a weakly inflated regime, corresponding to
n?(t — 1) of the order of one, and a strongly inflated
regime, for 1 < n?(t—1) < n®7.

(b) For v > 1/2 and n*(t—1) > n**~!, we have a fully
inflated phase, characterized by {p) « n?.

The existence of the inflated crumpled phase plays an
important role; see the next subsection on the continuum
limit. The fact that the case v = 1/2 is special also has
important qualitative consequences; see Sec. [V B 4 for an
example and the conjecture is Sec. IV C 4.

Remark. The transition at = t, = 1 is reminiscent of a
deconfining or of a Hagedorn phase transition, in the sense
that the large-n scaling of the free energy changes, here
from In W5 (1) < n for t < 1 to In W% (¢) o n? for 1 > 1.

3. Continuum limit

A very important property of the random paths models is
that their continuum limit can be defined starting from the
critical point at t =1¢, =1, i.e., for zero cosmological
constant, and then possibly deform away from it, by
turning on the renormalized cosmological constant.

Critical theory. To define the continuum limit, we
introduce as usual a cutoff ;. The dimensionful area is
then given by A = p£3 and Eq. (4.53) yields

(AT = 22 (ang /e, (4.62)
[0
The continuum limit is then defined by taking
n—oo, £y—0, 20" =p,fixed. (4.63)
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The parameter f, is the “quantum length” of the polygons
in the continuum limit, to which we have already referred
several times in previous sections. Note that it is propor-
tional to the microscopic length 7, and yet its engineering
length dimension is 1/v. The scaling (4.63) yields well-
defined moments for the area:

a
AT = r 2ur.
) =54,

(4.64)
Under mild assumptions (see the remarks at the end of this
subsection), these moments determine uniquely the area
distribution law at zero cosmological constant, noted pgq,

which is such that

(Ar) = / AT (A)dA. (4.65)

0

The continuum generating function at zero cosmological
constant, W (f,, A = 0), is determined by the asymptotics
of wh , given by (4.52) for r = 0, together with the scaling
(4.63). Considering, as usual [compare with Eq. (4.26)],
g*"wh | for a bare parameter g adjusted in such a way that

1
9= g A=— (1 - 2) fixed,  (4.66)
4, «
and discarding an overall factor f§'9+1/ ¥ of the cutoff, we

get

WP (. A = 0) = age Patg1=29, (4.67)

The contribution e#* is a “boundary cosmological coun-
terterm” that may be adjusted at will. It is important to
emphasize here that the logarithm of this term is propor-
tional to the quantum length f3,. In particular, the boundary
cosmological constant A has dimension of length to the
power —1/v. This observation may be unremarkable from
the point of view of a standard random path model, but it is
nontrivial for the SOP model, which has a gravitational
interpretation: It shows that the naive gravitational boun-
dary length counterterm, which is ill defined in the quantum
theory because the boundary is fractal, should be replaced
by a quantum boundary length counterterm.

Turning on A. The generating function for nonzero
cosmological constant is obtained by using the area
distribution as

WP (. A) = WF(B,.0) A " e p, (A)dA.  (4.68)

This can be put in a form similar to (4.33):

2v
WP ) = aoe P 20 (). (69
for
f (Z):lzmzr (4.70)
P ag r! ’ '

r>0

The continuum generating function W* (3, A) may also be

obtained directly from ¢g*"W?¥ (¢) defined in (4.46), in a
way similar to what is done in Liouville theory, by using the
scalings (4.63) and (4.66) and

16
t—1, =1, Aszﬂ(l—t)fixed,
0

(4.71)

which is exactly as in (4.24).

The representation (4.68) shows that the models are
always well defined for positive cosmological constant,
A >0. On the other hand, the existence for negative
cosmological constant is not a priori ensured. It depends
on the asymptotic behavior of the area probability distri-
bution pj, (A) for large A.

The discussion at the end of Sec. IV B 2, which applies
to the regime A < 0 for models defined on a flat lattice,
shows that when 1/2 < v < 1 the continuum limit selects
the crumpled phase. It is then natural to conjecture that such
models will exist for all values of A, positive or negative.
When v = 1/2, the situation is less clear, and one may
expect an upper bound on the possible value of —A; see, for
example, the example in Sec. IV B 4 below.

In the case of JT gravity, the asymptotic behavior of the
density Pp, and, thus, the existence of the models for
negative A is expected to strongly depend on whether the
curvature of space-time is positive, zero, or negative; see
Secs. IVC4 and VI and [40].

Grand canonical ensemble and scaling form. It is also
useful to discuss the grand canonical continuum generating
function WP (1, A), which is the continuum limit of the
generating function W?(z, g) defined in (4.47). One has>

WPLA) =2 [T wR(s,. A)dg,.

3 (4.72)

We have reintroduced the cutoff 7, in** (4.72) in order to

regulate the divergence of the integral at f; = 0 which,
from (4.69), occurs when v8d > 0. From (4.69) and (4.70),

Note that the factor e#+* is conventionally included in
WP (B,. A); see Eq. (4.69). Note also that the sum over n should

be replaced by an integral over f; with the measure df,/ (2f(l)/ ),

according to the definition (4.63). We also discard any overall
power of £, as usual.

The way we do it is natural because, from (4.63), 2f(')/ Y is the
minimal value of f in the microscopic theory.
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we get
WP(A, A) LA 19.7-“ 16 2%/1 + diverging piece
=—(— — i
=2 \len A VEIBIng prece.
(4.73)
where

F(Z) — Zfrz—b(r—ﬁ),

r>0

(4.74)

The diverging piece can be straightforwardly evaluated; if &
is not a negative integer, it is a polynomial in A of degree
[2v8]. Using (4.66) and (4.71), one sees that Eq. (4.73)
follows from the scaling form:

WP(1,9) = Why(t,9) + % (1-1)’F (%‘%ij) (4.75)

which is valid near the critical point (¢, g) = (1, g, ), when
t = 17 and g — ¢, . The regular part is a nonuniversal piece
that plays no role in the continuum limit. Using the
expansion (4.74) in (4.75), we also get the critical behavior

/P 1 r
%a_WO: l,g N_M. (4.76)
rl ot 9= (1 —g/g,) =9
If 9 is a positive integer and r = 9, the above power-law
behavior is replaced by a logarithmic singularity.

Remarks.

(1) Necessary and sufficient conditions for the moments
of a random variable to fix uniquely the associated
probability distribution are well known; see, e.g.,
[67] and references therein. A simple sufficient
condition is the existence of the theory at negative A.

(i1) In the case of the Liouville theory, it is straightfor-
ward to check from (4.29) that the moments (A”) all
diverge at the critical point A = 0, except for r = 1.
In particular, there is no convergent expansion as in
Egs. (4.69) and (4.70), in Liouville gravity. Physi-
cally, this is related to the fact that Liouville gravity
exists only for positive cosmological constant, as the
exact results (4.29) or (4.34) clearly show. A similar
qualitative behavior is expected for the positive
curvature JT gravity theory; see Sec. VI and [40].

4. Example 1: Purely random polygons

As a first example, let us discuss the case of the RP
model: general, unconstrained, random polygons, with the
uniform measure. This is the flat space version of the model
studied by Kitaev and Suh in negative curvature [32].

For general polygons, there is no canonical notion of
area. We use Lévy’s algebraic area defined in Eq. (3.10) to
define the model. This notion matches the ordinary notion
of area for CP, SAP, and SOP. For arbitrary polygons, the
algebraic area may be positive or negative and there is a
symmetry A — —A.

The model was solved as soon as 1950 by Lévy himself
[53], and the results were rediscovered later by physicists
using the link with the quantum mechanics of a particle in a
uniform imaginary magnetic field [61].

On the square lattice, the number of rooted polygons is
(2n)1?/n!*, and, thus, the asymptotics of the number of
unrooted polygons, that is to say, polygons with no marked
(privileged) point, is given by

w122 4
2n

n:oo% nt# n:oo271'n2' (4.77)

Comparing with (4.52) and using the well-known fact that
v = 1/2 for random walks, we get 9 = 1 and ay = 2/x. In

the continuum, with f, given as in (4.63), the model is
described by the particle action

1 ff . A
— dr + = ¢ (xdy — yd 47
S 2% 'y 1'—1—32”%()6)1 ydx),  (4.78)

where r = (x,y) is the particle position vector. The area
distribution is found to be

1
RP(A) = = 479
Pp, (A) 24, coshz’;j—A (4.79)
q
and the generating function at fixed S is
oo,
WRE (e A) = W5, 0) [ e ayan
20-Mq Ma
=L (4.80)

ﬂﬂé sin%‘;
It is important to realize that the peculiar symmetry
A — —A, or, equivalently, A — —A, of the model, implies
that we are always in the “inflated crumpled phase,”
described at the end of Sec. IV B 2, for the critical exponent
v =1/2. In particular, this model does not allow one to
probe the A > 0 regime of the models for which the area is
positive. However, it is plausible that it can capture, at least
at the qualitative level, some physical features of flat JT
gravity in the negative cosmological constant regime.
With this in mind, it is very interesting to highlight the
following property, which illustrates nicely, on a toy model,
the discussion we made in Sec. II E 4.
Naively, the limit of large dimensionless parameter |A|f
1s a semiclassical limit, akin to the A — —oo limit at fixed
discussed in JT gravity in Sec. I E4. In this limit, the area
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term dominates in the action (4.78) and one may expect, in
the same way as this might have been naively expected in
JT, to have small fluctuations around a circle configuration,
which maximizes the area.” But this is nor what happens.
The exact formula (4.80) for the generating function shows
that, actually, there is a maximal value

(|AIBg) max = 3277 (4.81)
There is, thus, no large—|A|ﬂq limit in this model. Instead,
the loop “explodes™ at the critical value (4.81), for which
the average area

dlnWRP  p [ 1 327:}
A) = —1671 . - 4.82

diverges.

The divergence of the expected area in the model at fixed
quantum boundary length 3, is a nice illustration of the fact
that the isoperimetric inequality gives no constraint in the
continuum limit, because the closed polygon becomes a
fractal in this limit, of infinite geometric length. Let us also
mention that if, instead of taking the strict continuum limit,
we simply consider n large but finite, the sharp bound
(4.81) becomes a crossover scale between the crumpled
regime for which (A) o n*¢3 = n£3, which characterizes
the continuum theory, to a fully inflated “smooth” regime
with (A) « n?#3. As we shall argue in Sec. VI, this
crossover is similar to the transition from the full-fledged
microscopic description to the effective Schwarzian
description at large negative A in the negative curvature
JT theory; see also [40].

As a last comment, let us mention that it is also possible
to compute, when A = 0, the average area A, of the sectors
that are enclosed by the loop and that have a winding
number v, as defined in Eq. (3.6); see Comtet et al. in
[61,68]. The result is

() =8 (A =

P

P if v#0.

(4.83)

In particular, the average arithmetic area defined in
Eq. (3.10) is

aw) = DA ="20 s

whereas the average winding area

>0n the square lattice, it is the square configuration that
maximizes the area. In the continuum formulation based on the
action (4.78), it is the circle.

Aumt) = 3 WA = +oo

UV=—00

(4.85)

diverges. This is an interesting piece of information, to put
into perspective with the model of self-overlapping poly-
gons, for which the winding area coincides with the actual
area of the associated distorted disk.

5. Example 2: Random self-avoiding polygons

The model of self-avoiding polygons (polygons that do
not self-intersect), with the uniform measure, was proposed
by Stanford and Yang in [34] as a possible microscopic
definition of JT. We have explained in previous sections
that such a model takes into account only a measure zero
subset of the allowed configurations in JT and is, thus,
expected be a rather mediocre minisuperspace approxima-
tion to the full theory. Yet, as for the simple RP model, it is
illuminating to describe its main features.

Note that relatively little is actually proven rigorously for
this model, in spite of decades of intense study. In
particular, the numbers W3)" counting SAPs of length
2n bounding a distorted disk of area p are not known for
arbitrary values of n and p. Explicit formulas that would
allow one to determine these numbers recursively are not
known either. But general properties can be derived, and
well-motivated conjectures exist about many important
quantities [37,45,46]. In particular, the critical exponents
v and 0 are

v="> 9=1 for SAP. (4.86)

The (nonuniversal) connective constant that governs the
exponential growth in (4.52) is 1/g, ~ 2.638 on the square
lattice.”® The parameter a that enters in the asymptotic law
(4.52) for r = 0 is not known exactly but can be determined
numerically:

ap ~ 0.562301. (4.87)

On the square lattice, the numbers (4.49) are, thus, given by

2.638%"
Wi~ agg:?"(2n) 7/ > 0.562 R

(4.88)

The most impressive result available for the model is a
conjecture for the exact solution in the continuum limit
[69]. This conjecture is supported by analogies with the
simpler, exactly solvable, model of staircase polygons and
has been confirmed to a very high degree of precision by
numerical analysis. To present the result, we introduce the
logarithmic derivative of the Airy function

See [65] for an exact calculation on the hexagonal lattice.
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(4.89)

This function has an asymptotic large-x expansion of the
form

(4.90)

1-3r
=> X7

r=>0

Using the differential equation Ai”(x) = xAi(x), which
implies that ¢ satisfies a Riccati equation, one finds that the
coefficients ¢, can be computed recursively from

_q 1 5
@Yo = 1, P = 4 Py = 32
3r 1L
Pre1 = _Z(pr 5 E PrPr—y +1 for r > 2. (491)

r=2

The conjecture states that the derivative of the scaling
function defined in (4.74) is given by
F(2)

= (2a9)*Pp((2a9)*mz). (4.92)

The parameter a; is given in Eq. (4.87). The coefficients a,
can be straightforwardly deduced from (4.92) by using
(4.74):

(_1)r+1 r! Py
a, = 2\/ra, - (4.93)
TG (r=3) (22 a)
Equations (4.69) and (4.70) then yield the exact SAP
generating function:

_ﬂq Aﬁ3/2 r
2\/7_7610 5/2 Z 1 ) (3271.5/200) ’

(4.94)

WSAP(ﬂq, A)=

The series on the right-hand side of the above equation has
an infinite radius of convergence; see Appendix B. The
continuum SAP generating function is, thus, an entire
function, well defined for any value, positive or negative, of
the cosmological constant A.

It is interesting to study the limit for which
the dimensionless parameter Aﬂq — —oo. In contrast to
the case of random polygons discussed in the previous
subsection, this limit is well defined, since the generating
function (4.94) is an entire function. We show in
Appendix B that”’

S"This result does not seem to have been derived before.

WSAP<ﬁq,A)
e_ﬂqﬁ A2ﬁ3 2/1\2/} 2 5
V- 5?21 %%a e (1+0(1/(A47)))- - (4.95)
In particular, the average area is
|A‘ﬂ3/2 3/2 3227543
= — 2 1 o(1 A4 6 .
AﬂZ/2—>—oo3'277r4a% a + Azﬂa + ( /( p ))
(4.96)

We see that there is a well-defined A — —oo expansion, but
it is not a standard semiclassical expansion around a
dominant configuration. In particular, the expected area
diverges when A — —o0. As in the case of ordinary random
polygons reviewed in the previous subsection, this is

possible because the microscopic length ¢ = 2nf, =

B/ f(l)/ 3 diverges in the continuum limit and, consequently,
the isoperimetric inequality implies no constraint. We can
also note that the term governing the exponential growth in
(4.95) is proportional to A2, not to A, as might have been
suggested by the fact that the cosmological constant term is
proportional to A; moreover, the corrections are governed
by the expansion parameter 1/(A%4%), not 1/(ApY?).

6. Example 3: Random convex polygons

As a last example, let us present the model of convex
polygons. Convex polygons form a subset of SAP polygons
for which the intersections of the associated distorted disk
with horizontal rows and vertical columns of aligned
occupied lattice tiles are all connected. For instance, the
polygon on the left in Fig. 1 is convex, but the polygon in
the center of this figure is not. The model is, thus, an
approximation to the approximation from the point of view
of JT, but it has the advantage of being exactly
solvable [46,70]. Moreover, it displays qualitative features
reminiscent of those expected in the Schwarzian limit of
negative curvature JT.

The universal critical exponents v and 9 are, respectively,

(4.97)

whereas the nonuniversal connective constant and coef-

ficient a, are, on the square lattice, 1/g, = 2 and ay, = ﬁ.
The number of convex polygons, thus, grows as
22n
WwCP
W e 108 (4.98)

The moments of the area at zero cosmological constant are
given by
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2

|
;> (4.99)

W e

Equivalently, the exact area distribution law is

8 1
PEP(A) = = (4.100)

i i —16a/82

One can check that this very simple distribution matches
the distribution obtained in the continuum limit of random
rectangles, which is elementary to solve.”®

The upper bound on the area, Ay, = (8,/4)?, corre-
sponds to the area of a square of perimeter ;. The existence
of the bound is a consequence of the isoperimetric inequal-
ity on the square lattice. Unlike the examples of RP and
SAP reviewed in the previous subsections, this inequality
applies to convex polygons in the continuum, because
the value of the critical exponent v = 1 implies that the
polygon length # = 2n¢, = f; has a finite limit in the
continuum; the ‘“quantum length” is simply the usual
geometric “classical” length in this example.

By using Egs. (4.68)—(4.70), the fixed length continuum
generating function is found to be

I V[ v
W By ) = o e e / e dx.  (4.101)
0

256

It is then straightforward to study the AS; — —co limit.
One finds

c B Y T \/\\/1521 _%
W P(ﬁQ’A)Aﬂé:_me P Welﬁﬁﬂ {1 —+ O(e 256;:):| .
(4.102)
In particular, the average area is
i 1287 5
Ay = Pafp- 0( ——) . (4103
I aRT: AR (4.103)

These results show that the A,B(Zl — —oo limit in the convex
polygon model is a standard ‘“‘semiclassical” limit. It is
dominated by the classical configuration maximising the
area, which is the square of perimeter f; and area Ay, =
(B4/4)* on the square lattice. The leading exponential in
(4.102) is obtained by evaluating the “classical action”
Sa = %A on this configuration. Corrections to the leading

BOf course, the asymptotic law (4.98) is not valid for
rectangles, which simply have w,, = n — 1. But, in the con-
tinuum limit, the area moments (4.99) are the same for both
rectangles and convex polygons. This kind of unexpected
simplification, or universality, in the limit distributions, is at
the basis of the conjecture for the solution of the SAP model,
discussed in the previous subsection.

classical term are governed by 1/(|A|f3), as expected for a
standard semiclassical expansion. We also observe that the
perturbative series stops at one loop: There is no term of the
order of 1/(|A|f3)" for L > 2 in the asymptotic expansion
(4.102) of the generating function.

This behavior is clearly reminiscent of the effective
Schwarzian description of the negative curvature JT model,
including the perturbative one-loop exactness. This may
have been expected, since convex loops are similar to the
smoothly wiggling boundaries described by the reparamet-
rization Ansatz. Note, however, that, even for this very
simple model of convex loops, the model has nonpertur-

. . _Iaf
bative corrections of the order of e TerAmax,

7. Model comparison and summary

We have reviewed three models of closed random paths.
In Fig. 17, the expected area as a function of the
cosmological constant is represented for each model, to
illustrate some similarities and differences between the
three models.

The R model of purely random Brownian paths is likely
to be the best toy model for pure JT quantum gravity when
the cosmological constant A is negative (it does not allow
one to probe the positive cosmological constant regime).
Even though it is not a model of random metrics, the
“boundary” (boundary in quotation marks because a purely
random loop does not bound a disk, in general) has the
same Hausdorff dimension as for pure JT. The negative
curvature version of this model was studied by Kitaev and
Suh in [32]. In zero curvature, there is a maximum allowed
value for |A| beyond which the loop “explodes”. The model
can also be studied in positive curvature, yielding

(A) 2
041
J
\ //
/
— _- 02F
I P M — L
—60 —40 —20 167
—-0.21

FIG. 17. Area expectation values in the SAP (black line), CP
(gray line), and R (light gray line) models, as a function of the
cosmological constant. Dashed lines correspond to the asymp-
totic forms (4.96) and (4.103). The parameter f, for SAP is
chosen to be f  sap = 1. The parameter f, = B cp = ,,%O ~1.843
for CP is chosen in such a way that the expected area for A = 0

matches with SAP. The parameter f; = g = 3 10-37 ~ 0.1211

272°%a,
for R is chosen in such a way that the quadratic fluctuations AA
for A = 0 matches with SAP.
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interesting insights for positive curvature JT as well; see
Sec. VI and [40].

The SAP model of self-avoiding loops has the advantage
to describe random metrics on the disk. It was proposed by
Stanford and Yang in [34] as a microscopic definition of JT
gravity. It takes into account only a measure zero subset of
the space of constant curvature metrics on the disk. It
predicts that the boundary is a nontrivial fractal but with the
wrong Hausdorff dimension. The model does not have a
A — —oo semiclassical expansion and the area for a given
B4 1s not bounded above, features shared by the SOP model
describing JT gravity.

The CP model of convex loops is the simplest of all three
models we have reviewed. It has the advantage of being
exactly solvable. It describes random metrics on the disk
but an even smaller subset than that taken into account in
the SAP model. The boundaries in the continuum limit of
the convex loop model are smooth. It is a rather terrible
model for flat space JT but shares some basic properties
with the Schwarzian description of negative curvature JT in
the limit A — —oco.

C. Random self-overlapping polygons

We now focus on the model of random self-overlapping
curves, which provides the correct microscopic definition
of JT quantum gravity on the disk. We shall use the
intuition developed in the previous subsections. Our
presentation, and the conjectures we propose, should be
seen as a springboard for further research in the future.

There are actually many random SOP models one may
wish to consider. The model most relevant to us is the one
corresponding to the definition (3.12), which counts SOP
with the multiplicity factor y,. This model provides the
microscopic definition of pure JT gravity. When we talk
about the SOP model, we refer to this one. One could also
consider models associated with the coupling of JT gravity
with a bulk QFT, which amounts to counting SOPs with a
much more complicated measure. For instance, precise
predictions for the case of a coupling to an arbitrary CFT
were made in [16]. Another obvious model to contemplate
is the model with the uniform measure, for which we count
each SOP once without taking into account the multiplicity
factor p,. The generating function, noted with a hat, is then

W(t.g) = Z &) gn) = Z W p P P
y € SOP n.p>1

(4.104)

We call this model SOP,. It is not very natural from the
metric point of view, since it amounts to identifying metrics
that are not diffeomorphism equivalent, but, as a model of
random paths, SOP,, is interesting in its own right and some
properties are easier to prove for SOP, than for SOP. We
discuss SOP and SOP, in parallel below.

1. Basic results and simple proofs

A crucial basic property we would like to prove is the
exponential growth of the numbers w,, and W, of self-
overlapping polygons counted with and without multiplic-
ity, respectively. This amounts to proving the existence of
the connective constant 1/g, for these models. A simple
argument, adapting well-known ideas, can be made in the
case of the SOP, model.

Theorem 4.1. Let W,, be the number of self-overlapping
polygons of length 2n in the SOP, model (for which
polygons are counted with the uniform measure). Then, the
connective constant

lim (W,,, )2 = 1/, (4.105)
n—-oo

exists and is finite. Moreover, 1/§, < 3.

Note that the connective constants of the various models
we have studied automatically satisfy

/R >21/5. 21/ > 1/6°,  (4.1006)

simply because there are more arbitrary polygons than
SOPs, more SOPs than SAPs, and more SAPs than
CPs. These inequalities are true on any lattice, in spite
of the fact that the precise values of the connective
constants depend on the lattice. On the square lattice,
1/gR = 4,1/ ~2.638, and 1/¢5* = 2. Combined with
1/g, <3, we see that the first and the third inequalities in
(4.106) are strict. It is natural to conjecture that all the
inequalities are strict, not only on the square lattice but on
the triangular and hexagonal lattices as well.

In the case of SOPs, a similar result is true, but the proof
will require more work.

Theorem 4.2. Let w,, be the number of self-overlapping
polygons of length 2n in the SOP model, i.e., counted with
the multiplicity factor u,. Then, the connective constant

lim (w, )5 = 1/g, (4.107)

exists and is finite. Moreover, 1/§, < 1/g, <4 = 1/gR.
Note that the inequality 1/, < 1/g, is trivially satisfied.
The proofs of Theorems 4.1 and 4.2 rely on the super-
multiplicativity of the sequence (W,,),», and (Wy,),ss-
More generally, one has the following.
Proposition 4.1. If W, , , denotes the number of SOPs
of boundary length 2n, area p, and multiplicity p, then

W2("1+n2)vpl+172+lvﬂll42 2 W2"1~,Pl~ﬂ1 Wz"z,Pz-llz‘ (4108)

The sequences (WZIl,p)nZZ,pZI and (Wy,),s, satisfy

A

W2("|+"2),P1+I72+1 2 W2"1,P1 W2n2,p2 v Wo(ngtny) 2 Wan, Wan, -

(4.109)
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Similarly, the sequences (Wz,,!p)nzz’p21 and  (wy,),»
satisfy

W2(”1+"2)~P1+P2+1 2 W2"1~,Pl W2nz~l72’
(4.1 10)

W2(n1+n2) > W2nlw2nz-

Proof. We adapt a well-known gluing argument used to
prove the supermultiplicativity property in the case
of SAPs.

We introduce a Cartesian coordinate system (x, y) € Z>
on the square lattice. For any self-overlapping polygon on
the lattice, we call “upper boundary piece” any segment of
the polygon made of horizontal edges having the maximum
possible value of y, and we call similarly “lower boundary
piece” any segment of the polygon made of horizontal
edges having the minimum possible value of y.** The code
for an upper or a lower boundary piece is necessarily of the
form LS ---SL, with ¢ > 0 straight vertices appearing in
between the two left turns. We call a boundary edge upper
(or lower) if it is a horizontal edge belonging to a upper
(lower) boundary piece.60 Note that any polygon has at
least one upper and one lower edge.

We then define a notion of gluing two self-overlapping
polygons y; and y, along an upper boundary edge e, of y;
and a lower boundary edge e of y, as depicted in Fig. 18.
The new polygon obtained after the gluing is noted
¥y =71(eu)Uya(e). We also use the ambiguous notation
y =74y, when the precise choice of upper and lower
boundary edges is irrelevant.

Crucially, if y; and y, are self-overlapping, the new
polygon y = y;Uy, is self-overlapping. This is obvious
from the definition given in Sec. II: If y; and y, bound
distorted disks, then y also bounds a distorted disk.
Moreover, if we note 2n,, p,, and u, the boundary length,
area, and multiplicity, respectively, of a SOP , then clearly

My, = My, +n72’ Py, = Py, +p72 + 1,

Hyuy, = Hy My, (4111)

If we denote by SOP,,, , , the set of SOPs of length 2n, area
p, and multiplicity y, we can use the gluing to construct a
map

L:SOPy,, p, uy X SOP2y, )y = SOPZ(”]+”2)’PI+P2+1’ﬂlﬂ2'

(4.112)

There are, of course, many possible maps, depending on the
detailed choice of upper and lower boundary edges used in

*Note that distinct lower or upper boundary pieces may be
located on top of each other, as in the example in Fig. 14.
Note that we could similarly introduce the notions of
rightmost and leftmost boundary pieces and rightmost and
leftmost edges.

el T

euf M

FIG. 18. Gluing of two SOPs y; and y, along an upper
boundary edge e, of y; and a lower boundary edge e; of y,
(outlined in orange) to form a new SOP y;Lly,. Some faces of the
distorted disks bounded by yy, y,, and y Ly, are in gray. This
construction is used in the proof of the superadditivity inequal-
ities (4.109).

the gluing of each pair of elements of SOP,, , ., X
SOP;,,, 1, 1,- We work with a given choice. This map is
injective. This is checked by noting that, in y,Lly,, the
distorted disk associated with y; is entirely below the
distorted disk associated with y,. The equality y;Ly, =
¥ Uyh, together with the fact that the lengths of y; and y; are
given by 2n; and are, thus, the same, then implies that
yi =v:. The existence of the injective map LI implies the
inequality (4.108).

Moreover, denoting by SOP,, , and SOP,, the set of
SOPs of length 2n and area p, or the set of SOPs of length
2n, respectively, the gluing restricts to injective maps

LU:SOP,, , X SOPy,. . = SOPy o) pripaits (4.113)

L:SOP,,, X SOP,,, = SOPy(, 1 p,)- (4.114)
The existence of these maps imply the inequalities (4.109).
Finally, let us now denote by Disk,, , and Disk,, the set
of discretized flat disks of boundary length 2n and area p,
or the set of distorted disks of boundary length 2n,
respectively. The same gluing operation as above yields
injective maps acting on the distorted disks themselves:

[N :DiSkZill,p] X DiSkZIlz,pz e d DiSkZ(n1+ng)~P1+pz+1’ (41 15)
U:Disk,, x Disk,,, = Diskyg, 14,), (4.116)
from which the inequalities (4.110) follow. [

By Fekete’s lemma, the supermultiplicativity property of
the sequences (W,,) and (w,,) implies that the limits in
(4.105) and (4.107) exist. However, a priori, this limit may
be infinite.

In the case of the sequence (W,,), this loophole can be
easily overcome, because we have the trivial bound Ww,, <
4 x 3%" by the total number of possible boundary codes
times the factor of 4 due to lattice rotations. Theorem 4.1,
including the bound 1/§, < 3, is thus proven.

The case of SOP is more subtle. Because the polygons
are now counted with a multiplicity p, for which, to the best
of our knowledge, no bound is known as a function of the
polygon length 2n, we cannot prove a bound on w,, in a
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completely elementary way. To fully appreciate the nature
of the problem, let us make a few comments.

It is not difficult to construct SOPs for which the
multiplicity grows exponentially with the boundary
length.61 For example, by gluing r times the smallest
Milnor SOP depicted in Fig. 14, we get a SOP of length
2n = 48r that has multiplicity 2" = 2"/?* If we could
prove that the multiplicity were always exponentially
bounded above as a function of the SOP length, i.e., u, <
AB?" for some constants A and B, then we would deduce
that w,, < AB*'W,,. The existence of g, would follow,
with 1/g, < B/§.. However, finding a direct proof of the
bound u, < AB?" is nontrivial.

Furthermore, while a bound of the form Inw,,, < O(n) is
natural for a random path model, it is rather nontrivial for a
random metric model. From the metric point of view, we
can make the following direct reasoning. The total number
of quadrangulations of the disk, with boundary length 2n
and p faces, is W,, ,, given in Eq. (4.15). Itis easy to check
that Wy, .1 > W,, ,. Moreover, quadrangulations corre-
sponding to flat disks necessarily have n — 1 < p < [n?/4];
see, e.g., the discussion after Hypothesis 4.1 in
Section IV B 1. Thus,

[n*/4]
Wy, < Z W2n.p < ([n2/4] —n+ 2)W2n.[n2/4]' (4117)

p=n—1

The large-n asymptotics of W,, (2 4 then yields a bound of

the form Inw,, < O(n?). This is much weaker than the
bound Inw,, < O(n) that we seek.

In the next subsection, by using a more elaborate
approach, using explicitly the flatness condition, we shall
prove the following theorem.

Theorem 4.3. The number of distorted disks having
boundary length 2n is bounded above as

42n+1)  (2n)12 84
“nn+ 12 (n+2) n* nscomnt’

Won (41 18)

The right-hand side of the inequality is simply 2/n
multiplied by the number of excursions in the positive
quadrant; see the proof of Theorem 4.4 below. Combining
(4.118) with the second inequality in (4.110) proves
Theorem 4.2.

Corollary 4.1. The multiplicity of a SOP of length 2n is
bounded above by

42n+1) (2n)12 84
Hr = nn+1)72(n+2) n!* necomn*’

(4.119)

®'T thank Peter Shor for pointing out this possibility.

Proof. This is a direct consequence of the trivial
inequality

Wo, = Z p, > max{u,|y € SOP,,}. (4.120)

y € SOP,,

|

More generally, we conjecture that the SOP model fits in

the general framework discussed in Sec. IV B. In particular,

Conjecture 4.1. The critical exponents v and 8, which

govern the way the continuum limit is defined, Eq. (4.63),

and the partition function at zero cosmological constant,
Eq. (4.67), are given by

(4.121)

This conjecture is motivated by the continuum approach
to JT gravity introduced in [16]. Note that logarithmic
corrections to the asymptotics given in Eq. (4.52) cannot be
excluded and are suggested by the fact that pure JT gravity
seems to share similarities with Liouville theory coupled to
¢ = 1 matter [16]. For instance,

Conjecture 4.2. The large-n asymptotic behavior of the
number w,, of SOP, counted with multiplicity, is of the
form

wa, ~ dogi (2n)7(Inn)? (4.122)

for a connective constant 1/g, > 1/g5A?

exponent ¢ that may be nonzero.

and a new critical

2. The bound on w,,

Let us present the proof of the inequality (4.118).> We
start by introducing a few elementary notions that we need
to present the argument in a transparent way.

Strips (columns and rows), rails, cuts, chords, and rays.
A row (or column) is a maximum collection of squares
aligned horizontally (or vertically) on the discretized flat
disk. A strip is either a row or a column. A row (or column)
starts and ends on vertical (or horizontal) boundary edges,
called end edges of the row (or column). Conversely, any
vertical (horizontal) boundary edge belongs to a unique row
(or column) and is, thus, paired, in a unique way, with
another vertical (horizontal) boundary edge, corresponding
to the other end of the strip. Boundary edges paired in this
way by a row (or a column) are said to face each other
horizontally (vertically). The paths corresponding to the
two sides of a strip lengthwise are called rails. A column
has a right rail and a left rail; a row has a top rail and a
bottom rail. Note that any square in the disk is at the
intersection of a unique row and a unique column.

*The core of this proof was offered to us by the referee, who
should take all the credit for it.
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Py

FIG. 19. Upper-left inset: illustration of the notions of strips, rails, strip cuts, chords, and rays for a simple discretized disk. The three
rows are colored in three different shades of gray. Row cuts and column cuts, chosen to be geodesics of the flat disk, are green and red
lines, respectively. (A, B, C) and (D, E) are top rails; (B, C, D, E) is a bottom rail. (A, B, C, D, E) is a chord. (B, C) and (D, E) are rays.
Upper-right inset: convenient representation of the strip structure of the same disk. The boundary corresponds to the unit circle, with
boundary vertices depicted by dots. For greater clarity, the strip cuts are now represented by geodesics of the hyperbolic disk. The
intersections between the row cuts and the column cuts correspond to the squares that make up the disk. Each region delimited by the
cuts is associated with a vertex, for which we have indicated the horizontal and vertical coordinates, as defined after Egs. (4.124) and
(4.125), choosing the root vertex to be P = P. Lower-left inset: Blank cut decomposition of the disk associated with the rows. We get
four horizontal Blank domains. Compare, for example, with the right inset in Fig. 10. Lower-right inset: chord structure. The chords end
points are depicted as brackets. The strip structure is also shown in dotted lines. Note that there is exactly one horizontal (vertical) chord

in each horizontal (vertical) Blank domain; this is a general property, and, thus, Blank domains can be identified with chords.

A cut that separates a strip into two pieces lengthwise is
called a strip cut. It is a Blank cut, as defined in Sec. III C 3.
Cutting in this way all the rows (or all the columns) yields a
Blank decomposition of the disk. The Blank domains
associated with the row cuts (column cuts) are called
horizontal (vertical) Blank domains. The strip cuts may be
chosen to be geodesics of the flat disk, but any set of smooth
curves in the disk joining the open interiors of the edges that
face each other encode the same combinatorial data.

These notions, together with the notions of chords and
rays introduced below, are illustrated in Fig. 19.

Definition 4.1. The strip structure of a discretized flat
disk is given by the ordered set of edges (e, €1, ..., €2,_1)
forming its boundary and by the two lists of pairs of edges
that are facing each other, horizontally and vertically. By
convention, we choose the first boundary edge e, =
(Pg, Py) to be a lower boundary edge starting at a boundary
vertex P, of type L.

Lemma 4.1. A discretized flat disk is entirely determined
by its strip structure.

Proof. The strip structure of a discretized disk can be
conveniently pictured by depicting the ordered set of
boundary edges (eq, ey, ..., e5,_1) by a sequence of arcs
of equal lengths on the unit circle and by representing the
pairings by the associated horizontal or vertical strip cuts.
By convention, the first edge is chosen to be horizontal,
oriented to the right. This fixes the orientation of the disk.
This construction is illustrated in Fig. 19 (upper-right inset)
and also in Fig. 21 below.

Let us first show that the strip structure determines
uniquely the boundary SOP. Recall that the boundary SOP
is given by an ordered sequence of lattice points P,
0<k<2n-1, with e, = (P, Pry,) for 0<k <2n-2
and e,,_; = (Ps,_1, Pg). The SOP is determined by its
boundary code, i.e., the types of the boundary vertices Py,
which can be left, straight, or right. We chose P, to be L.
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The edge ¢, is lower, thus necessarily horizontal. More
generally, column cuts end on horizontal edges and row
cuts end on vertical edges; we thus know the nature,
horizontal or vertical, of each boundary edge. The type
of any vertex P, is then determined in the following way. If
the cuts surrounding P, which are the cuts ending on the
edges e;_; and ey, are both row cuts or both column cuts,
then the boundary does not change direction at Pj. This
means that P, must be of type S. If one cut surrounding P;,
is a column cut and the other a row cut, the boundary
changes direction. The vertex P; is then of type L if the cuts
intersect and of type R if the cuts do not intersect.

The full discretized disk is then reconstructed by gluing
together the set of rows, or, equivalently, the set of columns,
according to the boundary edge pairing given by the strip
structure. Note that the length of a given strip (i.e., the
number of squares in it) is equal to the number of
intersection points that the associated strip cut has with
other “perpendicular” strip cuts. The total number of
intersections found in the bulk of the strip structure is,
thus, equal to the total number of squares making up the
disk, i.e., its area. n

Dual to the notion of strip is the notion of chord. Chords
are maximal purely horizontal or vertical paths on the
discretized disk. Chords may have both bulk pieces (called
rays; see below) and boundary pieces. Their end points are
on the boundary, with two perpendicular chords ending on
L vertices, one ending on S vertices, and none ending on R
vertices. Any vertex, bulk or boundary, is at the intersection
of two perpendicular chords. Bulk and R vertices are at
intersections that are not chord end points; S vertices are at
intersections that are the end point of one chord but not of
the other; L vertices are at the end points of the two chords
that intersect.

Definition 4.2. The chord structure of a discretized flat
disk is given by the ordered set of edges (eg, €1, .-, €2,_1)
forming its boundary and by the two lists of horizontal and
vertical chords, a chord being encoded by an ordered set of
boundary points through which it passes. By convention,
we choose the first boundary edge ey = (Py, P;) to be a
lower boundary edge starting at a boundary vertex P, of
type L.

Lemma 4.2. A discretized flat disk is entirely determined
by its chord structure.

Proof. The proof is very similar to that of Lemma 4.1.
One notices that the number of chords ending on a
boundary vertex determines its type; the chord structure
thus determines the boundary SOP. Furthermore, since each
bulk vertex is at the intersection of two chords, and each
edge corresponds to a chord section joining two vertices,
the full graph is encoded in the chord structure. [

Finally, one may also introduce the notion of ray,
following the recent work [71]. Rays are maximal purely
horizontal or vertical paths on the discretized disk that visit
only bulk vertices except for their end points. To a

boundary vertex of type R is always attached two rays,
one vertical and one horizontal; to a boundary vertex of
type S is attached a single ray, perpendicular to the
surrounding boundary edges; no ray is attached to a
boundary vertex of type L. Rays are geodesics, ending
on the disk boundaries, that intersect at the bulk vertices.
They are Blank cuts. One can define the ray structure of a
discretized disk to be the ordered set of boundary vertices
(Pg, ..., Py,_;) together with the two lists of pairs of
boundary vertices that are the end points of the same
horizontal rays and of the same vertical rays. It is
straightforward to prove that the ray structure determines
uniquely the discretized disk, exactly as in the cases of the
strip and chord structures. However, for our purposes, using
strips and/or chords is more convenient than using rays.

Horizontal and vertical distances. Let P and Q be two
vertices (bulk or boundary) of the discretized disk. Let
['(P,Q) be the set of oriented paths from P to Q. If
y€I'(P,Q), we note h, and v, its horizontal and vertical
lengths, respectively, which are equal to the total number
of horizontal and vertical edges in y. The total length is
d, = h, + v,. The usual distance, the horizontal distance,
and the vertical distance between P and Q are then
defined by

d(P,Q) = min{d,.yel(P.Q)}.  (4.123)
h(P.Q) = min{h, y€T(P,Q)}.  (4.124)
v(P,Q) = min{v,.y T(P,Q)}.  (4.125)

The set I'(P, Q) being finite, there is always at least one
path y such that 2(P, Q) = h,, etc. Such paths are said to
realize the distance.

Note that, by definition, vertices belonging to a path
never repeat themselves along the path. When no such
constraint is imposed, we refer to it as a walk instead of a
path. Using walks in the above definitions does not change
the associated notions of distances.

From now on, we fix a root vertex P (which may be a
bulk or a boundary vertex), and we note hp = h(P,-) and
vp = v(P,-) the horizontal and vertical distance functions,
respectively, from P.

Lemma 4.3. Let (x,y) € Z* be a Cartesian coordinate
system on the square lattice, centered on P. We note
(xg,yp) the coordinates of a vertex Q on a discretized disk.
Then,

hp(Q) = I (4.126)

) UP(Q) 2 |J’Q|

and

xo=hp(Q) mod?2,

yo=vp(Q) mod2. (4.127)
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Proof. This is the direct consequence of an elementary
counting. Denote by right,, left,, up,, and down, the
number of right, left, upward, and downward moves along
a path y €I'(P, Q). On the one hand,

xo = right, —left,, yo = up, —down,, (4.128)
and, on the other hand,
h, = right, + left,, v, = up, +down,. (4.129)
Combining the above equations, we get
h, > |xg]. v, > |yl (4.130)
and
xg =h,—2left,=h, mod2,
yo =, —2down, =v, mod?2. (4.131)

Equations (4.126) and (4.127) follow by applying (4.130)
and (4.131) to paths that realize the distances hp(Q)
and vp(Q). m

Lemma 4.4. Assume that Q and Q' are two vertices of a
discretized disk. If Q and Q' are joined by a horizontal
edge, then vp(Q) = vp(Q') and hp(Q') = hp(Q) £ 1.If Q
and Q' are joined by a vertical edge, then hp(Q) = hp(Q’)
and vp(Q') = vp(Q) £ 1.

Proof. Assume that Q and Q' are joined by a horizontal
edge (Q, Q). By considering a path that realizes vp(Q),
followed by (Q, Q'), we deduce that vp(Q’) < vp(Q). By
considering a path that realizes vp(Q’), followed by
(0, Q), we deduce that vp(Q)<vp(Q’'). Thus, vp(Q)=
vp(Q'). By considering a path that realizes hp(Q), fol-
lowed by (Q, Q'), we deduce that hp(Q') < hp(Q) + 1.
Similarly, by symmetry, hp(Q) < hp(Q’)+ 1. Thus,
hp(Q') = hp(Q) or hp(Q') = hp(Q) £ 1. The first pos-
sibility is ruled out by Eq. (4.127) and the fact that
xg = xg £ 1. The proof of hp(Q) = hp(Q') and vp(Q') =
vp(Q) £ 1 if QO and Q' are joined by a vertical edge is
strictly similar. [

Corollary 4.2. The connected components of the level
sets of hp and vp are the set of vertices on vertical and
horizontal chords (or, by abuse of language, the vertical and
horizontal chords themselves), respectively.

Proof. The set of edges on vertical (horizontal) chords
are sets of constant ip (vp) by Lemma 4.4. Two vertical
(horizontal) chords having the same value of hp (vp) are
disconnected. Indeed, if not, they would be joined by a
horizontal (vertical) edge, which is impossible by
Lemma 4.4. u

Strip structure and level sets. Consider the Blank cut
decomposition associated with column cuts (the case of
row cuts is strictly similar). Assume that the disk has ¢
columns, and thus ¢ column cuts. These cuts delimit ¢ + 1

Blank domains, as, for instance, in the lower-left inset in
Fig. 19. These domains are level sets of /#p. More precisely,
we have the following.

Lemma 4.5. Blank domains and chords are in one-to-one
correspondence, each Blank domain associated with the
row cut (column cut) Blank decomposition being made of a
unique horizontal (vertical) chord. In particular, horizontal
(vertical) Blank domains are level sets for vp (hp), and the
number of horizontal (vertical) chords is equal to the
number of rows (columns) plus one.

Proof. Consider one horizontal Blank domain associated
with the row cuts (the case of vertical Blank domains is
strictly similar). By definition, this domain is bounded by at
least one row cut. Either the top or the bottom rail of the
associated row is in the Blank domain. Extending this rail
horizontally in a maximal way to the left and to the right,
we get a chord. This chord is entirely included in the Blank
domain. Indeed, when extending the rail, we cannot leave
the Blank domain before we reach the disk boundary, since
the row cuts are horizontal [see, e.g., the extension of the
top rail (A, B,C) to the chord (A, B,C,D, E) in Fig. 19,
upper-left inset]. Assume now that a given horizontal Blank
domain contains two distinct horizontal chords. Since a
Blank domain is connected, this would imply that the
horizontal Blank domain contains a vertical edge. But this
is impossible, since a vertical edge always crosses a row cut
and, thus, joins two distinct Blank domains. The counting
of the chords then follows from the counting of the Blank
domains. [

Corollary 4.3. The vertices of the discretized disk are in
one-to-one correspondence with the intersections of the
horizontal and the vertical Blank domains, which corre-
spond to the intersection of the associated chords.

Consider now a strip cut, that we denote by C, cutting a
strip S(C). The cut divides the disk in two complementary
regions Rp(C) and Rp(C), the region Rp(C) containing the
root vertex P. One rail of S(C) is in Rp(C); it is a piece of a
chord that defines a Blank domain that we denote Cp. The
other rail of S(C) is in Rp(C); it is a piece of a chord that
defines a Blank domain Cp. If Cp and Cp are horizontal,
we denote by vp(C) and 7p(C) their associated constant
values of vp; if they are vertical, we denote by /p(C) and
hp(C) their associated constant values of /p.

Lemma 4.6. If C is a column cut (a row cut), then
hp(C) = hp(C) + 1 [9p(C) = vp(C) + 1]. Moreover, all
the vertices in Rp(C) have hp > hp(C) [hp > vp(C)].

Proof. Let us make the reasoning in the case of a column
cut C. The situation is depicted in Fig. 20. Let Q' be a
vertex in Rp(C). Any path y going from P to Q' must cross
C. Just before crossing, the path goes through a vertex in
Cp; taking into account the horizontal edge used for
crossing, it thus contains at least /p(C) + 1 horizontal
edges. This shows that p(Q’) > hp(C). Let us now pick a
vertex Q in Cp and a vertex Q' in Cp such that (Q, Q') is a
horizontal edge; such vertices always exist. From what we
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FIG. 20. Schematic representation of a column cut C (in red)
dividing the disk in two regions Rp and R . The end edges of the
column are noted (Py, Pyy1) and (P, P,), as in the proof of
Theorem 4.4. We have hp(Py) = hp(P,s1) = hp(C) and
hp(Pyy1) = hp(P,) = hp(C) = hp(C) + 1. All vertices in Rp
have hp > hp(C).

have just shown, i1p(Q") = hp(C) > hp(C) + 1; Lemma 4.4
implies that this inequality must be an equality. (]

Lemma 4.6 makes it easy to compute the horizontal and
vertical “coordinates” (h, v) of any vertex of the discretized
disk or, equivalently, of the intersections of vertical and

horizontal Blank domains. These coordinates are indicated
in Fig. 19, upper-right inset, and in Fig. 21, in the
interesting example of the two distinct disks that are
bounded by the same minimal Milnor SOP depicted in
Fig. 14. Note that the lemma also shows that rows and
column have a natural transverse orientation pointing away
from the root vertex, in the direction of increasing vp or /ip;
this is an important property used in the recent work [71].
Discretized disks and discrete excursions in the quad-
rant. We endow the square lattice with Cartesian coordinates
(x,y) € Z*. Let Exc,, be the set of excursions of length 27 in
the positive quadrant, that is to say, the set of walks on the
square lattice, starting and ending at (0,0), of length 2n and
confined in the quadrant x > 0, y > 0. Let Disk5, be the set
of discretized flat disks of boundary length 2n with a marked
vertex on the boundary. We are going to build an injection
¥:Disk’, — Excy,. (4.132)

The map W associates an excursion Y¥(D)=
(P, ..., Py,_1, Py) to a disk D eDisk, in the following
way. We note (P, Py, ..., P»,_;) the rooted boundary SOP
of D, P, being the root. To the boundary vertex P, we
associate the vertex P, on the square lattice having Cartesian
coordinates Xy = hp (Py) and J; = vp (P;). Lemma 4.4
ensures that (Py, Py, ..., P,_;, Py) is aclosed walk, and it is
trivially confined to the positive quadrant, X; > 0, y, > 0.

FIG. 21.

Strip structures of the two distinct disks bounded by the same Milnor SOP depicted in Fig. 14. The upper-right inset in this

figure corresponds to the disk on the left-hand side. The vertex P is as in Fig. 14. Row cuts and column cuts are drawn in green and red,
respectively. For greater clarity, we have chosen to represent these cuts by geodesics of the hyperbolic disk. As explained in the main
text, the strip structure determines uniquely the discretized disk. For instance, the area of the disk is equal to the number of intersection
points between the row cuts and the column cuts. We let the reader work out the dual chord structure of these examples; there is a single
vertical (horizontal) chord in each vertical (horizontal) Blank domain. Choosing the root vertex to be P = P, we have indicated the
horizontal and vertical coordinates at the intersections of Blank domains, which are in one-to-one correspondence with the vertices of the

underlying graph.
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FIG. 22. The two distinct excursions in the positive quadrant, associated with the two disks bounded by the Milnor SOP in Fig. 14. The
excursions are straightforwardly built from the coordinates indicated in Fig. 21. Theorem 4.4 ensures that the two distinct discretized

disks can be reconstructed from the excursions alone.

The map W is, thus, well defined. The excursions associated
with the two disks bounded by the Milnor SOP depicted in
Fig. 14 are represented in Fig. 22, using the data given
in Fig. 21.

Theorem 4.4. The map ¥ is an injection.

Proof. Let us show that we can reconstruct the strip
structure of the disk from the excursion. We can then
conclude by using Lemma 4.1.

Let us first note that Lemma 4.4 implies that if an edge
e = (Py, Pryy) of the boundary SOP is horizontal (ver-
tical), then the associated edge &, = (Py,P;.;) in the
excursion is also horizontal (vertical).

Assume that the edge ¢;, and, thus, also &, is horizontal.
The edge ¢, is then the end edge of a column S(C), with
associated cut C. To reconstruct the strip structure of the
disk, all we need is to find the edge e, = (P,.P,) that
faces e, vertically, that is to say, the other end edge of S(C).

In the pair of edges (e;.e,) that face each other
vertically, one edge will be oriented from Cp to Cp

and the other from C p, to Cp,, since the disk must be on the
left of the boundary edges. Without loss of generality, we
can thus assume that e, is oriented from Cp to CPO.
Equivalently, by Lemma 4.6, X;, | = X, + 1. We are then in
the situation depicted in Fig. 20, with P = P. The vertex

Py is in Cp, with hp(Py) = % = hp(C), whereas the
vertex Py is in Cp, with X, =hp(Pry) =hp(C) =
hp(C)+1=3%,+1. By Lemma 4.6, all the boundary
vertices that follow P,,; must be in RPO(C), and, thus,
have hp > hp(C), as long as the boundary does not cross C
again. The crucial remark is then that the boundary crosses
C precisely at the edges e, and e,,. The vertex P, is thus
characterized by being the first boundary vertex after P,
that has X, = Xj.

A strictly similar reasoning can be made in the case of
vertical edges, using the vertical distance instead of the
horizontal distance. [

The existence of the injection W proves that the cardinal
of Disk;,, which is, according to the discussion at the end
of Sec. Il B 2, Sw,, is bounded above by the number of
excursions in the quadrant, which is well known:

22n+1) (2n)?
(n+2)(n+1)* nt*

|[Exc,,| = (4.133)

This yields the inequality (4.118).
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3. Observables

Beyond the standard boundary length, area,” and radius
of gyration discussed before, there are several interesting
observables to study. A nonexhaustive list is as follows
(many variants are possible).

(i) The arithmetic area A,;y, defined in (3.10), which
provides an intuitive measure of the size of the SOP
drawn on the Euclidean plane. This is expected to
yield a notion of size which is equivalent to the
radius of gyration, with a scaling exponent ¢/; see
Eq. (4.55). It is interesting to recall that, in the case
of the Brownian path model, the arithmetic area and
the winding area behave very differently; see
Egs. (4.84) and (4.85). In the case of the SOP
model, it is natural to conjecture that v/ = v.

(i)) The number ¢, of bounded simply connected com-
ponents of Rz\y or, equivalently, the number of self-
intersections 1, — 1 of the boundary curve.” The
average area of the bounded simply connected
components is a = %Aamh

(iii) The average number 0f overlapsv, =1 =Y Vi, Where
v; is the number of overlaps in the' ith bounded
simply connected component of R?\y, as defined in
Sec. HIC2.

(iv) The hull of the SOP is the closed curve that bounds
the region occupied by the bounded simply con-
nected components of R?\Imy. In the case of
Brownian loops, a famous conjecture by Mandelbrot
[72,73] states the hull is the continuum limit of the
SAP model, with Hausdorff dimension 4/3. It is
natural to conjecture that the hull of the SOP model
will also be a SLE, curve, for a certain value of .

(v) The multiplicity s,

It is interesting to study all these observables in the SOP
and in the SOP, models as well as in the natural
generalizations of SOP associated with the coupling to a
CFT of arbitrary central charge c.

The most thought-provoking observable of all is
undoubtedly the multiplicity, which is a very subtle and
surprising feature of the quantum gravity model, that has no
counterpart in other random path models. Are the SOP and
SOP, models equivalent in the continuum limit, with the
same critical exponents, partition functions, etc.? This
would be the case if the space of SOPs having nontrivial
multiplicities were of measure zero in the continuum limit.
Or, on the contrary, does multiplicity play a crucial role in

%Note that, for SOPs, the notions of Lévy and winding areas
defined in (3.10) coincide and match with the area of the disk
computed with the associated metric.

In the continuum limit, a generic curve will self-intersect at
double points only. Such a curve drawn on the plane, thus, yields
a four-regular planar graph, whose number of vertices, which
equals the number of self-intersections, must be the number of
faces, given by 7, + 1, minus 2.

the quantum gravity models, the set of configurations
having a nontrivial multiplicity being of measure strictly
greater than zero? Is it actually essential to ensure, for
instance, the consistency with quantum mechanics?
Aesthetically speaking, the possibility that an effect as
subtle could play a fundamental role in quantum gravity is,
of course, extremely attractive.

4. The area distribution law

The area distribution law pSOP of the SOP model in the
continuum limit governs the A dependence of the partition
function [Eq. (4.68)]. Its large area asymptotics provides an
important qualitative information on the theory and gov-
erns, in particular, the behavior of the theory when A is
negative and large. We conjecture the following.

Conjecture 4.3. The area distribution of the SOP model,
1.e., pure JT gravity in zero curvature, decays exponentially
at large area, with

In pSOP <A)A—:—oo

— kA/ By, (4.134)

where « is a strictly positive numerical constant.

This conjecture implies that JT gravity in zero curvature
is defined only for A > A, for a strictly negative critical
cosmological constant A, = —167k/f.

The motivation for this conjecture comes from the
general discussion in Sec. IVB2. At the end of this
subsection, it is explained that, when v = 1/2, which is
the expected value for SOPs, the so-called inflated
crumpled phase a priori exists only for a finite range of
the parameter n*(t—1). In the continuum limit, this
suggests that the theory exists only for a finite range of
negative cosmological constant. This is also observed in the
purely random polygon model, which has x = 2x;
see Eq. (4.79).

When JT gravity is coupled to ¢ < 0 conformal matter,
the exponent v was predicted in [16] to be as in Eq. (4.57),
which implies that 1/2 <v < 1, the limit v =1 being
reached in the semiclassical regime ¢ — —oo studied in
[29]. In these cases, based on the discussion in Sec. IV B 2,
we expect the theory in flat space to exist for arbitrary
values of the cosmological constant. We make the follow-
ing conjecture.

Conjecture 4.4. The area distribution of JT gravity in
zero curvature coupled to ¢ < 0 conformal matter, which
has a critical exponent v given by Eq. (4.57), has the
asymptotic behavior

- KD(A/,B(ZJV)}(”, (4.135)

In ﬂ?}q (A)A—;jroo

where «, is a strictly positive numerical constant and y, a
critical exponent, which is a strictly increasing function of v
satisfying limb_,%+ x, =1 and lim,_ - y, = +o0.
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The fact that y, > 1 for v > 1/2 ensures the existence of
the theory for all A. The conjectured limit when v — %* is
consistent with Eq. (4.134). The conjectured limit when
v — 17 is consistent with the semiclassical analysis in [29].
Actually, a straightforward saddle-point analysis, using
Eq. (4.68), shows that Eq. (4.135) is equivalent to the

following asymptotic behavior of the JT gravity partition

function:
W=
16z ’

(4.136)

Xv— 1 1
In Wo(ﬂq, A)A/ﬂuN ”)( ()(y](y) To-1
Y ——co v

or, equivalently, of the expected area:

(A) |A|ﬂéb 7 2
AR ——o \16my,K, 4

Comparing with the ¢ - —oo results in [29], we find that

(4.137)

Je] 1
Ves—o 12 v-1- 2(1 — IJ) '

X (4.138)

It is tempting to conjecture that this asymptotic law as a
function of v is actually exact.

Conjecture 4.5. The exponent y, governing the asymp-
totic behavior of the area distribution, Eq. (4.135), is
given by

(4.139)

This is consistent with the limit limyﬁy ¥, = 1.
Moreover, the formula predicts that y3,4 =2 and, thus,
(A) o |A| in the limit A —» —oo in this case. This is the
behavior found for the SAP model; see Eq. (4.96). It is
natural to expect that flat space JT for v = 3/4 (which
corresponds to ¢ = —8) and the SAP model will have
similar properties in the large geometry, A — —oo, limit.

V. THE MATRIX MODEL FORMULATION

A. Introduction

Matrix model techniques are extremely useful in the case
of Liouville gravity, and it is, thus, natural to look for a
matrix model formulation of JT gravity. We construct such
a matrix model in this section, focusing on flat JT. The
possible relevance of the construction to the cases of
positive and negative curvature will be discussed in Sec. V1.

To avoid confusion, let us immediately emphasize that
the matrix model we are discussing below is conceptually
distinct from the matrix model proposed by Saad, Shenker,
and Stanford in [27]. Our matrix model is designed to
compute the generating function W(z, g) or, more generally,

the generalized generating function % defined in (3.13). It
is, thus, a reformulation of the combinatorial problem of
counting self-overlapping curves, taking into account the
multiplicity index or, more generally, discretized flat
metrics on an arbitrary surface with boundaries. This is
along the lines of the matrix model formulation of Liouville
gravity, but it is very different from [27]. The matrix model
in [27] is supposed to describe a random ensemble of
quantum Hamiltonian to which JT gravity is dual in a
certain limit.

The basic idea underlying our construction, the so-called
dually weighted graphs, dates back to a remarkable work of
Di Francesco and Itzykson [74]. Our contribution is to
explain how to correctly introduce boundaries in this
picture, which amounts to constructing the JT gravity loop
operators.

Models of dually weighted graphs are much more
difficult to study than the usual Hermitian one-matrix
model or other similar models, but they have been solved
in some interesting cases [75]. The model relevant to JT
gravity cannot be solved straightforwardly with the existing
technology, but one may hope that a solution will even-
tually be found by appropriately extending the powerful
formalism developed in [75].

As a preparation for what follows, let us recall that the
disk generating function at fixed boundary length in
Liouville gravity is obtained by considering the expectation
value of the so-called macroscopic loop operator trX>" in
the matrix integral [Eq. (4.18)]. By summing, the full
generating function (4.19) is, thus,

W(t.g) = % <lnm>

> when N - c0.  (5.1)

Il 1
- N \det(I - gX)

The second equality is valid because we consider only the
leading large-N approximation, which is given by a saddle
point for the matrix X. It is then natural to introduce a pair
of complex vector variables (Q;, Q'),;<y and consider the
free energy F defined by

F(r.9) fdXdeQe_N"(%XZ—ﬁXﬂ—NQ(II—gX)Q
eFlrg) = |

dee—Ntr(%Xz—ﬁx“) (52)
Using the identity
1 _ ,
— —  — | dOdQeNQ(I-gX)Q 53
we get the large-N expansion
F(t,9) = N>WO) (1) + NW(z, g) + O(N®), (5.4)
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where W)(¢) is the sphere generating function defined
in (4.1).

So boundaries can be introduced either by inserting
macroscopic loop operators trX>" or by introducing vector
variables.

B. Dually weighted graphs

1. Basic idea

When we write (5.1), we use the dual point of view, for
which an interaction term trX* in the matrix model action
yields a discretized surface built out of squares and the
insertion of trX?" corresponds to a marked face of length
2n. More generally, with an action

S(X; {1}) = Ntr<%X2 - Z%’xp), (5.5)

P

we get discretized surfaces built out of p-gons, the number
of p-gons being counted by the power of the coupling 7, in
the corresponding Feynman graph.

To build a matrix model for flat JT gravity, we want to fix
the bulk curvature of the discretized surfaces to zero.
According to Eq. (2.5), we thus need to have control both
on the order of the vertices and on the lengths of the faces
that can appear in the matrix model graphs. Associated with
the three regular tessellations of the flat Euclidean plane,
we have three possibilities: If we use square tiles, p = 4,
only faces of length 4 are allowed; if we use hexagonal
tiles, p = 6, only faces of length 3 are allowed; and if we
use triangular tiles, p = 3, only faces of length 6 are
allowed.

The trick to do this is to introduce a new set of coupling
constants 7, in the model, in such a way that each face of
length ¢ in the Feynman graph produces a factor 7, in
exactly the same way as each vertex of degree p produces a
factor 7). This is the idea of “dually weighted graphs,”
developed by Di Francesco, Itzykson [74], and Kostov. One
considers an external background Hermitian N x N matrix
A and sets

- 1
= —1trA9.
N

i (5.6)

The action (5.5) is generalized to

S(X: {1}.{7}) = Nur Gxﬂ - Z%’ (AX)P). (5.7)

p

It is then straightforward to check that each face of a
Feynman graph now produces a factor of trA? = N7,
instead of the usual factor of N, exactly as looked for. If

SFUT / X eS0T, (5.8)

one has the large-N expansion

~ _ h i~d;
FUep AT =D N2 S wp T
} ij

h=0 {Pi,‘I,'

(5.9)

where Wg’f g} counts the number of genus /# Feynman
irqj

graphs with p; vertices of degree i and ¢, faces of length j
or, equivalently, in the dual picture, the number of dis-
cretized surfaces of genus i made of p; i-gons with g;
vertices of degree i

It is natural to introduce another background Hermitian
matrix A and write

1.
ty = A, (5.10)

The free energy F is then a function of the external
matrices A and A. Standard manipulations show that

eFAA) = / dXdVAV T e SX2=NuV VANuVAVIAX
= / AXdV AV e—YeXP-NuV VANuVIAVAX
(5.11)

_ / dvavi e—NtrVTVJr%tr(V*AV;})Z,

where V is a complex matrix and X a “dual” Hermitian
matrix. These formulas make manifest the duality

A< A, X < X, Ve Vi (5.12)
which exchanges vertices and faces. One has
F(AA) = F(AA). (5.13)

Equation (5.11) also makes manifest an underlying U(N) x

U(N) covariance:

F(A,A) = W(QAQT, QAQT), (5.14)
under which the variables transform as
A QAQT, A QAQT, X QAQT,
X QXQf veQvd' VvieQviQf (5.15)

SAs usual, the matrix integrals are normalized to one when the
couplings are zero, and the counting is made modulo the order of
the automorphism groups of the graphs. See below for a
discussion of these symmetry factors in the cases of interest
for JT gravity.
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where Q and Q are independent unitary matrices. The two
independent U(N) symmetries are associated with the
strands forming the faces in the direct and dual represen-
tations of the Feynman graphs, respectively.

Let us remark that, at finite N, the definitions (5.6) and
(5.10) imply that only (7,...,7y) and (fy,...,1y) are
independent couplings. But in the formal large-N expan-
sion of the matrix integrals we are interested in, it is
consistent to consider that all the couplings are indepen-
dent. This is important for our purposes, since, to impose
the flatness condition in the bulk, we choose

for
(3,6).

5P Po

(Po’%) = (4,4),( ,3). or (5.16)

2. The Di Francesco-Itzykson formula

The integral (5.8) can be expressed explicitly as a sum
over Young tableaux, or partitions [74]. Explicitly, for a
partition ﬂ:(ﬂ],...,/bv), j.] 2122 Z),NZO, we
define h; = N — i+ ;. We note Ay the set of partitions
such thatif N = 2n is even, n of the &;’s are even (noted Af)
and n are odd (noted A¢); if N = 2n — 1 is odd, n of the h;’s
are even and n — 1 are odd. We then have

)HH hOH
nn 1)/2
Z Hlj )

AEAN

eF(AA) —

5,(A)s;(A),
(5.17)

where s; is the Schur polynomial. One can show that
summing over the partitions of a given size |1 = > ; 4;
yields the sum over the Feynman graphs that have a given
number of edges E = [4]/2.

The main advantage of this formula is that the number of
degrees of freedom is reduced from N? in the original
matrix integral to N in the sum over partitions
A= (A1,...,Ay). This is technically similar to the usual
diagonalization method, the partitions replacing the eigen-
values. It is then tempting to try to evaluate (5.17) in the
large-N limit using a saddle-point method, assuming that a
very large partition will dominate the sum. This idea is at
the basis of the results presented in [75].

Let us emphasize, however, that the assumption that the
sum is dominated by a single partition is very nontrivial in
itself, in particular, because the sum in (5.17) involves
terms of positive and negative signs. In relation to this,
there are cases for which the free energy is easy to evaluate
directly from the Feynman graphs, whereas the matrix
integral or the sum (5.17) seem to be very complicated to
compute directly. For instance, if we use flat quadrangu-
lated surfaces, (pg, qo) = (4,4), then by Gauss-Bonnet we
know that only the torus topology can contribute to F and
one finds

F_ !

[Tiwi (1 =914

by examining the possible Feynman graphs. We have
checked that this formula matches with (5.17) up to the
order of #'? in the small-f expansion, but we do not know a
simple derivation of the identity (5.18) starting from (5.17),
nor do we know how to obtain this result from a
saddle point.

¢ (5.18)

3. No-go theorems

The flatness condition in the bulk is enforced by
choosing the couplings as in (5.16). The resulting models
are rather trivial, as Eq. (5.18) shows. To make the link with
JT gravity, we need to introduce boundaries.

It is very natural to try to do so by inserting macroscopic
loop operators, which is the standard tool in Liouville
gravity as we have reviewed in Sec. [V A 2. There are four
natural loop operators that one may consider in the models,
which are also the observables studied in [75]:

1 1 1 2 1 1
wl () = h <NtrXL>, W) = . <Ntr(AX)L>,

(5.19)

together with their duals. The aim of this subsection is to
show that these standard loop operators are trivial in
our case.

Proposition 5.1. W(Ll) (1) is independent of 7 and is, thus,
equal to the r = 0, Gaussian matrix model value

(2n)! (1)

w 1%
t - ’
2n ( ) 2n(n 1)]’1!2 2n+1

()=0. (5.20)

Proof. Let us analyze the possible graphs contributing to

W(Ll)(t). We work in the direct representation. We have V
vertices of degree p,, one marked vertex of degree L, E
edges, and F faces. It is useful to decompose
F=f+f.+ f., where f is the number of faces that do
not go through the marked vertex, f. the number of faces
that go only through the marked vertex, and f the number
of faces that go through the marked vertex and through
other vertices as well. We also denote by f., the number of
faces of length k that go only through the marked vertex
and by f , the number of faces that go through the marked
vertex k times and through other vertices as well. Note that
the faces that do not go through the marked vertex must all
have the same length g, and that the faces that go through
the marked vertex k times and also through other vertices
must have length k + g,. Standard arguments yield the
relations

2E=poV+L=qof + kfex+ D (qo+Kk)fl,. (5:21)
k>1 k>1
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S k(fox+fir) =L (5.22)
k=1
F —E+V =1 (Euler). (5.23)
Combining (5.21) and (5.22) yields
qo(F = f.) = poV. (5.24)
We then get, using (5.23),
4—(po—2)(q0—2) L
\% ==+ 1. 5.25
= +f=541 (529)

But the prefactor in front of V is proportional to the
curvature (2.5) and, thus, vanishes for the allowed values of
po and gq. This yields

L

fo=5+1 (5.26)

This formula proves that L is even, L = 2n, and that the
number of faces that go through the marked vertex is n + 1.
Proposition 5.1 then follows from the following elemen-
tary lemma.

Lemma 5.1. Assume that a connected planar graph has a
vertex of degree 2n such that there exist n + 1 distinct faces
that go through this vertex and only through this vertex.
Then the planar graph has only this vertex.

The key to this result is to realize that there is always at
least one face that goes only through the marked vertex and
that has length one. Indeed, from (5.22), we get

2n 2 kfug 2 o +2D fu

k>1 k>2

=—fat+2fe=—-fu+2n+2  (527)

and, thus, f.; > 2. One then proves the lemma straight-
forwardly from a recursion on n, by using a simple
operation of deletion of one of the faces of length one. m

Proposition 5.2. W(Lz)(t) =0.

Proof. Working again in the direct representation, one
observes that the faces of the graphs potentially contrib-
uting to Wf) all have length ¢ and that all the vertices have
degree p, except one that has degree L. This marked vertex
introduces a potential curvature defect on the otherwise flat
discretized surface, with local Ricci scalar R, ; given by
(2.5). The Gauss-Bonnet formula then yields (2 — go)L =
24, or, equivalently, L = —p,, a condition that cannot be
satisfied. (]

C. JT gravity matrix models

1. Vector degrees of freedom

As explained at the end of Sec. VA, in ordinary Liouville
gravity, boundaries may be introduced either by using loop
operators or by adding vector variables. The no-go theo-
rems of the previous section show that the usual loop
operators are not adequate for JT gravity. The simplest and
most pedagogical way to proceed is then to introduce
vector degrees of freedom. This will also produce auto-
matically the correct loop operators.

It is convenient to work in the direct formulation, in
which the Feynman 6graphs of the model correspond to the
discretized surfaces.”® The degrees of freedom are a N x N
Hermitian matrix X and a complex N-vector (Q', O;). We

introduce a polynomial

P(x) =) g2 (5.28)
§>2
and define the free energy as
eF(AA{g}) — /dXdeQ*e—S(XVQ.Q*;AA[ (5.29)

for an action

S(X,0,0%A,4,{g,})

= Ntr (%)(2 —Z%"(Ax)f/> +NQ*(I-P(AX)A)Q.
(5.30)

The external matrices A and A are as in Egs. (5.6) and
(5.10), with the couplings (5.16).

The matrix propagators form the bulk edges and the
vector propagators form the boundary edges. The bulk
vertices correspond to the interactions tr(AX)? and the
boundary vertices correspond to Q*(AX)*~2AQ. The back-
ground matrix A is inserted precisely in such a way that a
face of length p is weighted by the factor 7, = %trﬁ” , both
in the case of “bulk” faces, whose edges are all made of
matrix propagators, and in the case of faces touching the
boundary, that have one or more edges made of vector
propagators.

For the choices (5.16), the graphs correspond to dis-
cretized surfaces for which there is no curvature at the bulk
vertices and for which, according to (2.7), the boundary has
extrinsic curvature k, , at a vertex Q*(AX)472AQ. This is

55Strict consistency with the notations used so far would
require one to put tildes on top of our matrix variable X, but this
would be unnecessarily cumbersome.
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N A
R

FIG. 23. Feynman rules for the (pg, qo) = (4.4) and (pg. g9) = (6,3) models (5.32) and (5.35). Double lines correspond to the
matrix degrees of freedom X and simple lines, that form the boundary, to the vector degrees of freedom (Q, Q*). The orientation is such
that the faces that form the discretized surface are to the left. The vertices are drawn isometrically. For each model, there is a unique bulk
vertex (to the left). The (4,4) model has three boundary vertices L, S, and R (upper right). The (6,3) model has two boundary vertices L.
and R (lower right). At leading large-N order, the associated Feynman graphs are distorted disks, as in Fig. 1.

precisely what we need to build the distorted disk con-
tributing to the JT gravity theory.

Explicitly, if we use quadrangulations, the generalized
disk partition function % defined in (3.13), in the case
where the variable u counting the multiplicity is set to one,
is given by the leading large-N term in the large-N
expansion of the free energy F:

1
F =NV (1.9 95 9r: 1) + O(N), (5.31)
for the model with action
S = Nir[Sx2 -2 (AX)*
B 2 4

+NQ* (I - (g1 + gsAX + gr(AX)))A)Q  (5.32)

and background matrix A satisfying
trtA? = N15, 4. (5.33)

The factor 1/4 in (5.31) comes from the fact that, by
convention, we count configurations modulo lattice trans-
lations but not modulo lattice rotations, as explained in
Secs. IIC and III B 2. See also the next subsection for a
discussion of the symmetry factors.

If we use a honeycomb lattice instead, p, = 6, we have
only two types of boundary vertices, left or right, and
Eq. (2.11) is replaced by

/3
K6a = { in’/3

if ¢ = 2(left turn),

. ) (5.34)
if ¢ = 3(right turn).

The factor 1/4 in (5.31) is then replaced by a factor 1/6,
and the action is

1 1.
— “v2 _ 3
S-Ntr(zX 3 (4X) )

+NQ (I~ (g + wAX)A)Q  (5.35)
with a background matrix A satisfying
trA? = N1, 6. (5.36)

One may similarly consider the case of triangulations,
po = 3. The Feynman rules are depicted in Fig. 23.

Finally, note that considering the case of a general
polynomial P amounts to allowing branch points. These
are clearly interesting models to consider as well, with
potentially a variety of critical points and associated
continuum limits. As briefly discussed in Sec. III, these
models correspond to a generalization for which the
boundaries are not standard self-overlapping curves but
more general “interior boundaries.” Let us mention that an
interesting model counting a subset of interior boundaries,
called “fighting fishes,” is presented in [76].

2. Symmetry factors

Symmetry factors associated to a Feynman graph cor-
respond to the order of the automorphism group of the
graph. We would like to show that this matches precisely
with the counting rules explained in Secs. II C and III B.

Let us deal with the case of quadrangulations and assume
we have a graph with v , vg, and vy left, straight, and right
boundary vertices, respectively, and Vg bulk vertices. The
contribution of such a graph to the free energy F is
computed by adding up all the possible Wick contractions
of the monomial
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UL Us UR
9L 9s 9r
UL!US !’UR! VB !4VB

x (tr(AX)*)»

(Q*AQ)"(Q*AXAQ)"s (Q*AXAXAQ)"®
(5.37)

that produce the graph under consideration. The prefactor
comes from the expansion of e~5, where S is given by
(5.32), at the desired order.

Let us first consider the Wick contractions of the vector
variables. The structure of the possible contractions is
completely determined by the path code of the boundary, as
defined in Sec. III B. Concretely, imagine that we start from
a given left term Q*AQ in (5.37). Let us call this term the
“root” [note that there are always at least four such terms;
see Eq. (2.16)]. This left term must correspond to a
particular left vertex in the code. Let us pick one, that
we denote by v. As explained in Sec. IIIB, to v is
associated a rooted code B,. The allowed contractions
are clearly completely fixed by the rooted code. At each
step along the boundary, we must choose which vertex we
contract with. This yields a total of (v — 1)!lvglog!
possibilities. Taking into account the 1/(v!vglvg!) pre-
factor in (5.37), we get a contribution 1/v; . According to
Sec. III B, there are then three possibilities. In the generic
case, the marked codes associated with the vy left vertices
are all distinct. This means that the root term Q*AQ we
started with can be associated with »; distinct patterns of
contractions all yielding the same unrooted path code.
Overall, we get a contribution viL x v, = 1. In another case,

the boundary code has a Z, symmetry, which means that
there are only v /2 distinct patterns of contractions and we
get the symmetry factor 1/2. In the last possible case, the
boundary code has a Z, symmetry, with only v; /4 distinct
patterns of contractions, yielding a symmetry factor 1/4.

It remains to contract the matrix variables. Geometrically
speaking, the procedure amounts to picking the vertices
tr(AX)* one by one and attaching them to the preexisting
boundary and bulk vertices, building up the distorted disk.
Since the Vy vertices tr(AX)* are identical, we get V!
possible contraction patterns that yield precisely the same
distorted disk. Moreover, each vertex can be attached in
four equivalent ways, since they have a Z, rotational
symmetry. This yields an additional 4"® factor. We, thus,
geta V!4Vs factor that precisely cancels the corresponding
prefactor in (5.37).

In conclusion, our matrix-vector model counts the
distorted disks, or, equivalently, the SOP that form the
boundaries, using precisely the same rules as those
explained in Secs. II C and III B.

3. JT gravity loop operators and arbitrary topologies

The construction presented above works perfectly well
for the disk topology. What about more general topologies?

The large-N expansion of the free energy defined in
(5.29) is of the form

F =Y N**F,,

k>1

(5.38)

where F, gets contributions from Feynman graphs of genus
h and b boundaries, with

k =2h+b. (5.39)

The leading term selects unambiguously the disk topology,
(h,b) = (0,1), with, according to Eq. (5.31), F; =1%.
However, the higher-order terms pick contributions from
several topologies. For example, at k = 2, we get contri-
butions from the torus, (h,b) = (1,0), and from the
annulus, (h,b) = (0,2); at k=3, from (h,b) = (0,3)
and (h,b) = (1,1); etc. In the case k = 2, we can subtract
the known torus contribution [Eq. (5.18)] to single out the
annulus contribution. But, even in this simple case, we do
not get the most general annulus partition function in this
way, because the couplings gy, g5, and gg count the vertices
on both boundaries without distinction. This implies, for
instance, that we cannot extract the partition function for
which the lengths of the two boundaries are fixed inde-
pendently of each other. When k > 3, the situation is even
less favorable, because contributions from various topol-
ogies cannot be disentangled.

This problem is easily solved in the case of Liouville
theory, by using loop operators For instance, generalizing
Eq. (4.18), the number W ’’’’ Ky p of quadrangulations of
genus & surfaces with b boundarles of lengths k4, ..., k;, and
area p is obtained by computing the connected correlator of
macroscopic loop operators:

1 1
<—trX"1 ~~-—terb>
kl kb c
_ ZNz 2h— bW ,...,k,,(t>
h>0
SSWEEISWY e (s0)
h>0 p>0
in the one-matrix matrix model with action
Ntr(3X* — £ X%).

For JT gravity, we have explained in Sec. V B 3 that the
naive Ansdtze for the loop operators do not work. But we
now have all the ingredients to construct the correct loop
operators.

To motivate the construction, let us start from the matrix-
vector integral (5.29) and let us integrate out the vector
variables explicitly. For concreteness, we focus on the case
of quadrangulations, with action (5.32) and trA”? = N 10,4
and trA? = N§, 4 (the case of hexagons or triangles is very
similar). We get

026012-60



RANDOM DISKS OF CONSTANT CURVATURE: THE LATTICE ...

PHYS. REV. D 113, 026012 (2026)

e~ NUBEX>—(AX)*]

el = /dX%
det(I— P(AX)A)

_ / dXe—Ntr[%Xz—%(AX)ﬂ+Zk21%m/)(X)“ (5.41)
where ¢(X) is the Hermitian matrix defined by
$(X) = P(AX)A = g A + gsAXA + grAXAXA. (5.42)

At leading large-N order, we can write
: I dXe—Ntr[%Xz—%(AX)“]JerZ]%trd;(X)"
- f dX e~ NuBX—5(AX)"]
= (Tt = Tl rb011100°) (5,43

NF,+O(N°

e

where in the last equality we have used the standard large-
N factorization of correlation functions, (tr¢* tr¢p*2) =
(trg*1) (trg*2) + O(1/N). This yields

Fy=3¥ = Z% <%tr¢(X)k>

k>1

(5.44)

at leading large-N order. The disk generating function at
fixed boundary length is, thus,

1 1/1
This is the exact analog of (4.18), with a loop operator for
JT gravity identified with  trgp(X)*.

More generally, we can write the analog of Eq. (5.40) for
JT gravity:

_ Z N2—2h—b7//((h) ;

Lowees b
¢ h>0

<ki1 trepy (X)*1 -+ kibtrfﬁb (X)k">
(5.46)

connected flat discretized surfaces of genus i with b
boundaries. The operators ¢,(X), 1 < a < b, are given by

¢a(X) = gLaA + gSaAXA + gRaAXAXA (547)
If we do not want to keep track of the number of left,
straight, and right boundary vertices but only on the lengths

of the boundary components, Egs. (5.46) and (5.47)
simplify to

1 1
k k _ 2-2h—-byy7(h)
(o0t g ) = Swwl) o)

for an operator

p(X) = A+ AXA + AXAXA. (5.49)
In the case of the honeycomb lattice, we work with
trA? = N 16,6, AP = NG, 3, and a simpler loop operator

@ =A+AXA.

4. A matrix formula for the multiplicity

An interesting application of the loop operator formalism
is to derive a matrix integral formula for the multiplicity
index p, associated with an arbitrary polygon y. Recall that
H, is a positive integer that counts the number of distinct
distorted disks bounded by y; see Sec. III D. In particular,
#, is nonzero if and only of y is a self-overlapping polygon.

As usual, for concreteness, we work with the square
lattice, the generalization to the hexagonal and triangular
lattices being straightforward. We introduce

o = A, ps = AXA, pr = AXAXA. (5.50)
Let y be an an arbitrary polygon, characterized by a certain
path code, as defined in Sec. III B. Call y, the polygon y
rooted at a certain vertex v, with associated rooted code B,,
as in Sec. III B 2. To y,,, we associate the matrix ¢, , which
is obtained by taking the product of ¢, ¢g, and ¢, ordered
according to the rooted path code. For instance, for
B, = LSLSLLRL, we have ¢, = @Los@L@s@LPLPRPL-
The operator trg, does not depend on the marked vertex,
thanks to the invariance of the trace under cyclic
permutations.

Definition 5.1. The loop operator associated with a
polygon y is defined to be trp, , where v is an arbitrary
marked vertex on y. Since the loop operator does not
depend on the choice of v, we denote it by tre,.

Theorem 5.1. We consider the large-N Hermitian matrix
model with action

1 1 -
S =Nt =X>——(AX)*), (5.51)
2 4
where the external Hermitian matrix A is such that
trA? = N 15, 4. The expectation value of the loop operator
associated with a polygon y, satisfying the constraint
v, — vr = 4 [Eq. (2.16)], in this matrix model, is given by
(trg,) = Nu, tPr, (5.52)
where y, and p, are the multiplicity of y and the area of the
distorted disks it bounds, respectively (recall from
Sec. III C 2, Corollary 3.2, that the area depends only on
y, even in the cases where Hy > 1).
Proof. The proof is based on a slight refinement of the
discussion made in Sec. V C2. A boundary code y being
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given, it was shown that the number of Wick contractions
of the vector variables in (5.37) associated with y is
v !vglvg!/o,, where o, is the symmetry factor associated
with y (one for a generic polygon and two or four for a Z,
or Z4 symmetric polygon). The new piece of information
we need is that these contractions precisely yield the loop
operator trg,(X). This is straightforward to check. The
subsequent contractions of the matrix variables and sum
over the number V of tr(AX)* insertions amounts, on the
one hand, to computing (;L, (trp,) and, on the other hand, to

reconstructing all the distorted disks bounded by y, yielding
the contribution Nt’ru,/c, to the free energy F. We
conclude. L]

Equation (5.52) is exact at any order in the large-N
expansion; it, thus, implies that the expectation value of the
loop operator gets contributions only from the disk top-
ology. If we waive the constraint vy, — vg = 4, Eq. (2.14)
predicts that (trg,) = 0 if v, — vg is not of the form 4(1 —
2h) for a positive integer & and gets a contribution only at
genus h if vy —wg =4(1 —2h). Similarly, we could
compute connected correlators (trg, ---trg, ). in the
matrix model to decide whether the curves y; bound a flat
surface.

Investigating these questions and more generally finding
a solution to JT gravity, on the disk and possibly on higher
topologies as well, using the matrix model, is clearly a
challenging and fascinating problem for the future.

Note. Very recently, the problem of counting so-called
rigid quadrangulations of the flat disk was solved [71,77].
The rigid quadrangulations, defined in [71], form a strict
subset of the set of discretized disks considered in our
paper, for which the allowed rays must join R and S vertices
(the notion of ray was defined in Sec. IV C2). It is very
plausible that the continuum limit of the model of rigid
quadrangulations may be identical to that of the more
general model of discretized disks. As mentioned in [71], in
arigid quadrangulation, the bulk edges are oriented from R
to S, suggesting a formulation in terms of a complex matrix
model. Using the ideas introduced in the present section, it
is indeed straightforward to build the matrix model that
counts the rigid quadrangulations. The degrees of freedom
are a N x N complex matrix X and a complex N vector
(Q, 0*), with a complex action

S = Ntr(XTX — (AX)2(AX)?)

+ NO*(I— (g + gsAX + gr(AXT))A)Q  (5.53)

and background matrix A as in Eq. (5.33). The analysis
presented in [71,77] gives the exact disk partition function
of this model for =1 [one can show that only the
combination ¢f (gr.g3gr)*~3, for k >3, can enter in the

Feynman graphs; one can, thus, set g =gs =9gr = ¢
without loss of generality]. The counting at ¢ # 0O, that is

to say, with a control on the area, remains an outstanding
open problem.

VI. THE CASES OF NONZERO CURVATURE

We have already briefly discussed the case of nonzero
curvature in Sec. Il E4. We can now go into more detail
and attempt to paint a general qualitative picture of the
properties expected for negative and positive curvatures.

A. Qualitative features

There are two important properties that we would like to
emphasize.

The microscopic structure of the models cannot depend
on the curvature of space-time. If L is the curvature length
scale, defined by R = £2/L?, then both the positive and
the negative curvature models will be well approximated by
the flat model on distance scales much less than L. When
A > 0, this will be the case as soon as the quantum length
of the boundary f, is much less than L2% In the negative
curvature model, if A is negative, one must also impose that
PqlAl is not too large. We shall argue that the positive
curvature model is actually well defined only for A > 0. In
terms of the partition functions, which were formally
defined in Eq. (2.49), one must have

: + _ 0
L1—1>I<POOW (ﬂq9A’L) - W (ﬂq’A)9

(6.1)

the limit being taken for A > 0 in positive curvature or for
either A > 0 or A < 0 and S,|A| not too large in negative
curvature.

The fact that all three models have the same short-
distance behavior is equivalent to saying that they have the
same UV completion.

The models in negative, zero, and positive curvature
differ in very important ways on large-distance scales.
These differences will be made very precise below, in
particular, by offering conjectures on the large area
asymptotics of the area probability densities. At a quali-
tative level, we can understand the very different behavior
of the three models at long distances by referring to the
existence, or nonexistence, of isoperimetric inequalities. In
negative curvature, for a disk having a smooth boundary of
length 7, the area is bounded above by the area of the round
disk:

2

1+L} whenR=-2/L%.  (6.2)

2
A<2zL [—1 g

For large configurations, the bound grows linearly with the
boundary length, A < LZ. In zero curvature, the upper

"Recall that B has the dimension of a length square, because
the exponent v = 1/2 in pure JT gravity; see Eq. (4.57) and [16].
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bound is still given by the round disk:

2

el
47

when R = 0. (6.3)

It now grows quadratically with the boundary length. In
positive curvature, there is no bound. This will be illus-
trated explicitly below, in Sec. VIC.

If the boundaries were smooth in the quantum theory, the
above bounds would imply that the area probability
densities in negative and zero curvature would have
compact support. Instead, the boundary is a fractal, with
a fixed quantum boundary length f, but an infinite smooth
length Z. There is, thus, no bound on the possible areas in
the quantum theory, and the probability densities can have
tails that extend to infinity, even in negative or zero
curvature. It is natural to expect that the densities will
decay much faster in negative curvature than in zero
curvature, since the smooth bound as a function of the
boundary length is stricter in negative curvature, and much
faster in zero curvature than in positive curvature, since
there is no smooth bound in the latter case. The decay laws
of the area probability densities can be interpreted as
quantum versions of the classical isoperimetric inequalities.
Conjectures about their explicit form are given below; see
Conjectures 4.3, 4.4, 6.1, and 6.5.

The rapid decay in negative curvature implies that large
areas are strongly suppressed; this ensures the existence of
the theory for any value of the cosmological constant,
including the regime of large negative A where the effective
Schwarzian description is emerging. In zero curvature, we
conjecture an exponential decay, implying that the pure
gravity model exists for a range of cosmological constant
A > A, where A, is finite and negative. In positive
curvature, we conjecture a power-law decay. Large area
configurations are then ubiquitous and the theory exists
only for positive cosmological constants.

B. Negative curvature

1. Area distribution law

Conjecture 6.1. The area distribution of JT gravity in
negative curvature coupled to ¢ < 0 conformal matter, with
critical exponent v given by Eq. (4.57), has the asymptotic
behavior

A\
Inp; (A) ~ —x;|—] , 6.4
o), =~ () (6.4

where «; is a strictly positive numerical constant and y, a
critical exponent, which is a strictly increasing function of v
satisfying limy_,%+ ¥, =2 and lim,_,;- y, = +o0.

The fact that y; > 2 > 1 ensures the existence of the
theory for all A, including in the case of the pure gravity

theory, for which y; is conjectured to be 2. The limit when
v — 1~ follows from the semiclassical analysis of [29]. The
limit v — %* is motivated in part by a similar behavior
found for purely random Brownian paths in hyperbolic
space [40]; see also the discussion in Sec. VI B 2 below.

In a very similar way to the discussion in Sec. IV C 4, we
observe that Eq. (6.4) is equivalent to the asymptotic

behavior

_ go=1, (AL
W= (B A L) = (k) (T;

(6.5)

for the JT gravity partition function in negative curvature
or, similarly, to the asymptotic behavior

[AIBEL 7
A) ~ (2R Ve
< >A—>—oo<16ﬂ')(,jl('; :Bq

(6.6)

for the expected area.
These formulas as consistent with the ¢ — —oco analysis
presented in [29], with

& 1

Uc—»—oo 6 11 —1/'

P (6.7)

They are also consistent with the discussion in Sec. VIB 2
below. We conjecture that the asymptotic law (6.7), as a
function of v, is exact.

Conjecture 6.2. The exponent y, governing the asymp-
totic behavior of the area distribution [Eq. (6.4)] is given by

X = : (6.8)

2. Area distribution, ballistic behavior, and the
Schwarzian limit

As already mentioned repeatedly, e.g., in Sec. [T E 1, one
expects that the negative curvature JT gravity theory has an
effective description in the A — —oo limit, valid on scales
much larger than the curvature length scale L, in terms of
near-hyperbolic geometries described by the reparametri-
zation Ansatz and the Schwarzian action. These effective
geometries have a smooth boundary, with a fixed length Z.
This length is an effective macroscopic parameter which
can be expressed, in principle, in terms of the microscopic
parameters ﬁq, A, and L. We now have the necessary
ingredients to derive this relation.

But first things first, in order to get an intuitive under-
standing of why and how the Schwarzian description may
emerge, it is useful to recall the behavior of Brownian
motion in hyperbolic space; see, e.g., [78]. If we let a
Brownian particle move for a diffusion (“quantum’) time
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B> then the average geodesic distance between the particle
and its initial position will start to grow as the square root of
Py as it does in flat space. Precisely, with the conventions
used in Sec. IVB4 to define the Brownian bridge, this
average distance is y/mf/2. The square root behavior is
directly related to the fact that the exponent v is 1/2 for
Brownian motion. In flat space, this behavior remains valid
for all f,. But in hyperbolic space, the situation is
drastically different. The square root growth is valid as
long as f, < L?, but when 8, > L? one finds a completely
different “ballistic” regime for which the average geodesic
distance grows linearly, as f3,/(2L). The linear growth with
B4 indicates that, at large distances, an effective description
emerges, with an effective exponent v = 1 corresponding
to a smooth trajectory.

We claim that the transition from the flat space descrip-
tion to the Schwarzian description in negative curvature JT
gravity is of a similar nature.”® The long-distance, large
geometry limit is obtained when the cosmological constant
A — —oco. The emergent macroscopic length parameter £
can be naturally defined by the asymptotic expected area,
consistently with the leading term in Eq. (2.64):

(A) ~ ¢L.

A——

(6.9)

The fact that the boundary will be effectively smooth means
that # will be proportional to f3,, exactly as for the ballistic
regime of Brownian motion. Assuming a simple power-law
dependence in A and L, dimensional analysis implies that

£ = afy|A[cL 71 /v e, (6.10)
where a is a numerical constant of proportionality and € an
exponent. The results of [29] yield the ¢ — —oo behavior:

6
e =i+ O(c)
g

The linearity of ¢ with f; also has the following nice
consequence. At the microscopic level, there is a boundary
cosmological constant counterterm that is proportional to
the quantum boundary length ﬂq.69 This means that the
logarithm of the partition function of the theory is defined
modulo the addition of terms that are proportional to f3,. In
the effective Schwarzian description of the theory, such a
boundary cosmological counterterm is usually used to

(6.11)

% And a similar mechanism is undoubtedly responsible for the
fact that the Kitaev-Suh model for JT gravity, which is based on
Brownian motion in hyperbolic space, also has a Schwarzian
description at long distances [32,40].

At a fundamental level, this comes from the exponential
growth of the number of configurations with the discretized
boundary length n and the fact that §, is proportional to n; see
Sec. IV B 3 and, in particular, Eq. (4.63).

cancel the diverging leading £L term in the Schwarzian
area expansion [Eq. (2.64)]. But a term proportional to the
macroscopic length parameter # in the effective description
is actually an allowed counterterm from the fundamental,
microscopic point of view only if # is itself proportional to
Bq- The ballistic property £ o f3; ensures that this is indeed
the case.

Note that Egs. (6.9) and (6.10) are consistent with (6.6),
withe = 1/(y; — 1). Using the conjecture (6.8), we get the
prediction

1

e=—-—1.

5 (6.12)

In the pure gravity case, v = 1/2, ¢ = 1, and Eq. (6.10)
yields 7 o fy|A|L. In particular, the dimensionless
Schwarzian limit parameter fg defined in Eq. (2.50) turns
out to be simply proportional to f,/ L?, in pure gravity.

3. Lattice formulation and the Schwarzian limit

Up to now, we have (extensively) discussed the lattice
formulation of JT gravity only in zero curvature. It is, of
course, natural to look for a similar formulation with
nonzero curvature and, in particular, for negative curvature,
which is the case we are interested in in the present section.
This turns out to be more subtle and interesting than one
might have expected and sheds an unexpected light on the
Schwarzian regime.

A straightforward generalization of the lattice formu-
lation in zero curvature, that uses regular tessellations of the
Euclidean plane, is to consider the self-overlapping poly-
gon model on regular tessellations of hyperbolic space, also
called “hyperbolic lattices.” As in flat space, these tessel-
lations are characterized by the number of edges p of the
regular polygons forming the lattice tiles and the degree ¢
of the vertices at which the tiles meet. The integers p and ¢
must satisfy the inequality (3.14), already mentioned in
Sec. I E4, that follows from the formula (2.5) for the
curvature and the constraint of negative curvature.

A crucial difference with the case of flat space is that the
regular tessellations of hyperbolic space cannot be scaled
down to take a continuum limit. The edge length and
polygon area are indeed fixed in terms of the curvature
length scale and the values of p and g. For instance, in the
construction in Sec. II, for which the polygons are flat, of
edge length £, and the curvature is localized at the vertices,
the area of a regular p-gon is

pty

Ao = Tanal7) (6.13)

and the area per vertices is gAy/p, since a given vertex
belongs to g different p-gons. If we denote by —2/L? the
average curvature, the integral of the curvature per vertex is,
thus, —2gA/(pL?). On the other hand, this integral is also

given by R, ., as defined in (2.5). This yields
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zL?

Ao:7((1?—2)(61—2)—4)- (6.14)

Thus, the area of the basic building block of the lattice is
proportional to L2, and a continuum limit in which this area
goes to zero does not exist. Of course, the edge length £
itself can be made very small when p is very large at
fixed ¢ and L, Egs. (6.13) and (6.14) implying that
£3 ~dn? qT_Z%LZ, but at the same time A, goes to infinity,

proportionally to p. Thus, this is not suitable for a
continuum limit. It is actually easy to check that the
polygon area is bounded below by %ﬂLz, a bound saturated
for (p.q) = (3.7).

The conclusion is that a lattice model for negative
curvature JT gravity based on regular tessellations (or
similar tessellations, like the semiregular tessellations,
for which the microscopic length and area are also fixed
by L) cannot yield a microscopic description of the theory,
valid on arbitrarily small length scales, but at best an
effective description, valid on length scales much greater
than L. Obviously, we have a very natural candidate for this
effective theory, for which the “UV” cutoff is L: It is the
Schwarzian theory.

Conjecture 6.3. The Schwarzian effective description of
negative curvature JT gravity is the continuum limit of
lattice models of self-overlapping polygons, defined on
regular or semiregular tessellations of hyperbolic space.
This continuum limit corresponds to taking the curvature
length scale L « Z; to zero and the polygon length n to
infinity, with the combination nL held fixed and propor-
tional to the macroscopic length parameter 7. In particular,
the critical exponent v and the Hausdorff dimension 1/v are
one in this case.

One may actually conjecture that the Schwarzian descrip-
tion is universal and is not limited to the SOP model or JT
gravity. Any model of random closed curves in hyperbolic
space having a suitable macroscopic limit will likely be
described by the Schwarzian on length scales much greater
than the curvature length scale. Strong evidence for this in
the case of purely random curves was discussed above and
given in [32]. Self-avoiding polygons on hyperbolic lattices
have also been studied in the literature [58]. The ballistic
property was proven in [59], consistently with the idea that a
Schwarzian description will also emerge for these models in
the limit A — —oo0.

The intuitive reason explaining why ballisticity seems to
be generic in hyperbolic space is that the number of lattice
vertices accessible after n steps from a given vertex grows
exponentially with n for hyperbolic lattices instead of
quadratically for flat space lattices.”” A random path
starting from a given point has, thus, many more

"This is the lattice version of the well-known exponential
growth of a round disk area A as a function of its geodesic radius
r, for large r, A ~ zL?e"'".

possibilities to extend far away in hyperbolic space than
in flat space.

To obtain a microscopic definition of JT gravity in
negative curvature by using a lattice formulation, one thus
needs to refine the regular tessellations in one way or
another, in order to create a lattice mesh of arbitrarily small
length scales. There are many ways to do this, cutting the
polygons of the regular tessellations into smaller pieces;
see, e.g., the discussion in Sec. V of the first reference
in [57].

4. Matrix model

The matrix model formulation described in Sec. V in flat
space can be straightforwardly generalized to the case of
negative curvature. One simply chooses the matrices A and
A such that

Ak = N15, . wA* = N§, (6.15)
for integers p and ¢ satisfying the inequality (3.14),
(p—2)(g—2) > 4. The coupling to the vector variables
is as in Eq. (5.30), and the loop operator is
¢$(X) = P(AX)A, along the lines of Sec. VC3. The
polynomial P can be naturally chosen to be of degree
q — 2. The matrix model partition function is then the
generating function for self-overlapping polygons on the
hyperbolic lattice (p,q), the allowed polygons being
defined as in Sec. III. The fact that deg P = g — 2 ensures
that the only constraint on successive points P, and Py
along the polygon is that the edge joining P, and P, is
not the same as the edge joining P;_; and P;.

As mentioned in the previous subsection, such a model
has a short-distance cutoff set by the curvature length scale
L. Tts “continuum” limit is expected to yield the
Schwarzian theory.

However, it might be the case that the matrix model is
more powerful than this and could give access to the full
UV-complete theory in curved space. The idea is that there
may exist a natural and physically relevant way to ana-
lytically continue the matrix model partition function and
correlators as a function of the parameters p and gq.
Actually, only the analytic continuation in one of the
parameter is needed, e.g., in g. Let us then set p = 3, 4,
or 6 and consider ¢ to be very near 6, 4, or 3, such that the
curvature R, , [Eq. (2.5)] can be made arbitrarily small.
This trick will make it possible to fix the curvature so that it
is very small in the lattice spacing units. For concreteness,
let us work with a square lattice p = 4 as we have done in
most of this paper, and let us write

qg=4(1+¢), (6.16)
where & is small and positive. To leading order in e,
Egs. (6.13) and (6.14) yield (for p = 4)
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FIG. 24. One step in the construction of a metric of constant positive curvature on the disk having arbitrarily large area and arbitrarily
small boundary length. The distorted disks are drawn on the two-sphere in projective coordinates, with the metric given by Eq. (2.39). In
the process depicted in the figure, the boundary length and the area are both multiplied by a number that can be made arbitrarily close to
two. By repeating this operation n times and making the figure as large as we want in the last step, we construct a metric of area ~4zn
and arbitrarily small boundary length. See the main text for more details.

£ = 2xL%. (6.17)

By taking ¢ — 0T, we can therefore obtain, in principle, a
genuine continuous limit for the theory of negative curva-
ture. This is summarized by the following (bold)
conjecture.

Conjecture 6.4. The disk partition function

Waip =) =3 Loy ) (61)

of the matrix model with action

1 1 -
S = Ntr (—X2 -— (AX)‘1> (6.19)
2 q
for trAk = N 16; 4 and loop operator
92 .
p(X) = (AX)A (6.20)
s=0

admits an analytic continuation in the variable ¢, in the
vicinity of ¢ = 4, such that the limit

L2
n— oo, f%:%(g—4)—>0+, -1,
5 167
nty=pfq and A= 7(1 — 1) fixed (6.21)
0

yields the UV-complete disk partition function of pure JT
gravity in negative curvature R = —2/L”.

Of course, similar conjectures can be made when p = 3
or 6.

C. Positive curvature

1. Area distribution law

A crucial qualitative feature of the positive curvature
theory is the existence of smooth geometries that can have
arbitrarily large areas and arbitrarily small boundary
lengths at the same time. A step in the construction of
such a geometry is illustrated in Fig. 24. The drawings
depict immersions of the disk on the sphere, which is
represented in projective coordinates with metric given by
Eq. (2.39) (the units are such that the curvature length
scale is L = 1). Starting from a round disk of projective
coordinates radius R, boundary length #(R), and area
A(R),

4nR 4
” T A(R)=RA(R) ~ 4,

- 1 + R2 R—NmOF’ R—o00 (622)
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we get a distorted disk of approximately twice the original
boundary length and area. By repeating the same pro-
cedure n times, we obtain a distorted disk which overlaps
n times with itself over a region covering a fraction of the
entire two-sphere. The associated metric has a boundary
length ¢, which is approximately nZ(R) and an area A,
which is approximately nA(R). By taking R>> 1, the
overlapping region covers almost the entire two-sphere,
which implies that A, ~4zn, whereas the boundary is
concentrated in a tiny region around the south pole, with
£, ~4rxn/R. If we scale R with n in such a way that
n/R — 0 when n — oo, for instance, by taking R ~ n?, we
obtain a constant positive curvature metric on the disk
that has arbitrarily large area and arbitrarily small boun-
dary length.

This example illustrates a fundamental feature of the
positive curvature JT gravity theory, that large geometries
will be ubiquitous. This yields the following conjecture on
the large area behavior of the area distribution law for
positive curvature JT.

Conjecture 6.5. The area distribution of JT gravity in
positive curvature coupled to ¢ < 0 conformal matter, with
critical exponent v given by Eq. (4.57), has the asymptotic
behavior

K (By/L) (L_2>” L (623)

4
P q (A)A—:;—oo L2 A
where k; is a strictly positive function of the dimensionless
parameter f/L and y, a critical exponent, which is a
strictly increasing function of v satisfying lim,_ i X =2
and lim,_ ;- ¥ = +o0.

The asymptotic power-law behavior (6.4) implies that
the positive curvature JT gravity theory exists only for
positive cosmological constant. Moreover, only a finite
number of moments of the area at zero cosmological
constant exist, (A*) < oo for k <y — 1. Note that these
properties are shared by Liouville gravity. Actually, in the
case of Liouville, it is straightforward to derive the area
distribution law p* from the exact partition function given
in Eq. (4.34). One finds

1 22 1=yg 72

L D
(A :—(—) Arw—2e~5 6.24
( ) F<1 - ystr) 4 ( )

for
~ 4
P — (6.25)
sin—=

1 Vst

The large area behavior of P& is, thus, also powerlike. The
moments (A¥) exist only when k < 1 — y,, and the theory
is well defined only in positive cosmological constant.

The conjectured behavior lim,_ - ;7 = 400 is consis-
tent with the idea that this limit is semiclassical and all the
moments of the area then automatically exist, with
(A%) = AX, where A, is the area of the relevant classical
background. In fact, this argument is not without its
subtleties, because the simple round disk classical back-
ground in positive curvature exists only when the boundary
length £ is less than 2zL. The behavior in the ¢ —» —o0
limit is not known if this condition is not satisfied [29]. One
may, thus, expect a nontrivial behavior of the function «; in
Egq. (6.4) in the limit v — 17 if #; > 2zL. The conjectured
behavior limv_,%+ x5 =2 is motivated by the fact that the

Brownian bridge model in positive curvature (that is to say,
the generalization of the Kitaev-Suh model [32] to the case
of positive curvature) is found to have an area distribution
that goes as 1/A? asymptotically [40], and it is plausible
that JT gravity will behave similarly for very large areas.

2. Lattice formulation, matrix model

Regular tessellations of the two-sphere must satisfy the
inequality (p —2)(g —2) < 4. The only solutions are the
five Platonic solids, (p,q) = (3,3), (3,4), (3,5), (4,3), or
(5,3), with a finite number of vertices and tiles. As in the
case of negative curvature, the area of the p-gons are of the
order of L?, the precise formula being exactly as in
Eq. (6.14) with a global sign change in the right-hand
side of this equation. The random SOP model on such
lattices seems too trivial to have any interesting physical
application; in particular, contrary to the negative curvature
model, there is no Schwarzian-like limit in positive
curvature. To obtain an interesting lattice model for positive
curvature JT, one must thus refine the Platonic solids and
discretize the two-sphere with tiles that may be made
arbitrarily small—a problem well studied in weather
forecasting and climate modeling.

The matrix model may also be conjectured to be
relevant, mimicking Conjecture 6.4. The only change
with the case of negative curvature is that the small
parameter € in Eq. (6.16) is now taken to be negative
and the formula (6.17) for the lattice spacing becomes
¢} = —2xal% =™ (4 — q), which goes to 0% in the
continuum limit.

VII. SUMMARY AND OUTLOOK

A. Upshots

We have proposed a UV-complete definition of
Euclidean Jackiw-Teitelboim quantum gravity, starting
from the fundamental postulate that two-dimensional
quantum gravity is a diffeomorphism-invariant theory of
random metrics. The model on the disk has a dual
formulation in terms of a theory of random self-overlapping
loops that describes the fluctuating boundary. Self-over-
lapping loops must bound a distorted disk, a highly
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nontrivial constraint that can be analyzed algorithmically
using Blank cuts. A surprising aspect of this formulation is
that some self-overlapping curves bound several distinct
disks and, therefore, must be counted with a nontrivial
multiplicity, being associated with diffeomorphism-inequi-
valent metrics on the disk.

At the microscopic level, JT gravity can, thus, be
reduced to a purely combinatorial problem, which
amounts to counting self-overlapping polygons with the
appropriate multiplicity. This is very similar to, but
probably harder than, the counting of “maps” (polygoni-
zations) of surfaces in Liouville gravity. We have con-
structed a matrix model that does the counting, using an
upgraded version of the method of dually weighted
graphs. All these ideas open the way to studying the JT
theories using techniques of enumerative geometry,
matrix models, and numerical simulations, which in the
past have been instrumental in gaining insight into non-
trivial random polygon models, such as the self-avoiding
polygon model.

We have learned that the space of constant bulk
curvature metrics one must consider is highly singular
on the boundary, albeit perfectly smooth in the bulk.
Viewed as closed curves immersed in the canonical
spaces of constant curvature (hyperbolic space,
Euclidean space, or two-sphere), the boundaries are
fractals with a nontrivial Hausdorff dimension dy, which
is conjectured to be two in the case of the pure gravity
model. In particular, the boundaries do not have a smooth
geometric length. Instead, one can associate to them a
quantum length S, which has geometric length dimen-
sion dy. This quantum length is analogous to the
diffusion time, or Euclidean quantum mechanical time,
that is associated to Brownian paths. At the microscopic
level, it is proportional to the number of discretized, UV
lattice length edges that form the boundary, but in the
continuum limit it takes on an anomalous dimension,
reflecting the very singular nature of the boundary metric.
As is made clear elsewhere [16,28], the boundary metric
is actually distribution valued.

The short-distance properties of the three models of JT
gravity (negative, zero, or positive curvature) are identical:
They have the same UV completion. On the other hand, the
IR properties drastically differ. The large-distance behavior
is governed by quantum versions of the classical isoperi-
metric inequalities. In negative curvature, the probability
density for the area at fixed quantum boundary length f, is
conjectured to decay as fast as exp(—k~A%/(f,L?)), where
k_ is a strictly positive numerical constant and L the
curvature length scale, whereas in zero curvature a simple
exponential decay is expected. In positive curvature, the
absence of a classical isoperimetric inequality is conjec-
tured to imply a power-law decay. Large area configura-
tions become ubiquitous, and the model is well defined
only for a positive cosmological constant, as is also the case
for the Liouville theory.

The usual formulation of the negative curvature model in
terms of the Schwarzian theory emerges when the cosmo-
logical constant A — —o0. Itis an approximate, IR effective
description of JT gravity, valid on distance scales that are
much larger than the curvature length scale L. In particular,
the usual smooth boundary length # is an effective, long-
distance parameter that can be expressed in terms of the
microscopic parameters in the model, f;, A, and L, as in
Eq. (6.10). The Schwarzian theory, therefore, plays a role,
with respect to JT, that is similar to the one it plays with
respect to the SYK model. We believe that the Schwarzian
theory is a universal large-distance effective theory for
many different random loop models in hyperbolic space,
including models that do not have a metric or quantum
gravity interpretation. Its emergence and universality is
tightly related to the asymptotic ballistic property of
random paths models in hyperbolic space.

B. Comments on general topologies

In the framework of the Schwarzian description, the
construction of the negative curvature JT gravity on a two-
dimensional manifold of arbitrary topology was presented
in [27]. The results are particularly simple and elegant.
They rely on two basic assumptions.

The first assumption is to consider that the contributing
geometries in genus & with b boundaries can be built as
follows. One considers a “core” geometry of genus & with b
geodesic boundaries of lengths [;,...,[,. These are
precisely the geometries that are considered in topological
gravity. They yield the moduli space volumes
Vip(li, ..., 1) that are discussed in [10]. On these core
geometries are glued “trumpets” that correspond to annulus
partition functions for which one of the boundary is a
geodesic of fixed length whereas the other is a JT gravity
boundary, which means that it has a fixed length but need
not be a geodesic. Let us call Wgy ™' (S, [) the associated
partition function, where [/ is the geodesic boundary length
and fg the Schwarzian limit parameter for the JT boundary,
defined in Eq. (2.50). The full JT gravity partition function,
that follows from this gluing construction, is given by [27]

Ps.p)
:/[0 P Vil 1y I_IWIST;?IDet (Ps.11)1;dL;.
,+00

h.b
W(Sch)(ﬂs,lv

(7.1)

The case of the annulus, 2 = 0, b = 2, is special, because
there is no core manifold with this topology and geodesic
boundaries. The partition function is then given by the
gluing of two trumpets:

WD (Bs.1.Bsa) = / W™ (Bs.1. )Wean ™ (Bs 2. 1)1d1.

(7.2)
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The measure of integration /d/ comes from the usual Weil-
Petersson measure, the factor of / being associated with the
choice of twisting one has to make when one glues the
trumpet on the core surface.

The second assumption is that the trumpet partition
function, in the Schwarzian limit, is obtained from an
argument following closely the derivation of the disk
partition function [Eq. (2.67)] in the same limit. It is then
found to be one-loop exact and given by

trumpet _ p1/2 -
Ween ' (Bs, 1) = P ' “e s, (7.3)

Using the equivalence between the Mirzakhani recursion
relations [10] and the Eynard topological recursion [12],
Egs. (7.1) and (7.2) imply that the JT gravity partition
functions in the Schwarzian limit are computed by a
standard Hermitian matrix model. The explicit spectral
curve for the matrix model is derived straightforwardly
from Eq. (7.3).

In the microscopic formulation of JT gravity, the
partition function in genus % and b boundaries is a function
Wis(Bq1s ---» Bqp) of the b quantum boundary lengths f3 ;.
In the Schwarzian limit A — —oo, this microscopic parti-

tion function should match with W(S’z,hb)’ with an appropriate

identification between the microscopic parameters f ;, A,
and L and the Schwarzian parameters fg ;. The discussion
at the end of Sec. VIB2 suggests that fg; is simply
proportional to f, ;/ L? in the pure gravity theory. Even
though it remains to be derived rigorously, we strongly
believe that the matching between W), , and W(sléif) in the
Schwarzian limit is valid, and so is the analysis presented in
[27] in the same limit. The physics underlying the emer-
gence of the Schwarzian or matrix model description is the
same as for the disk topology, as explained in Sec. VL.

A fundamental open problem is the computation of
Wis(Bqis---»Bqp) for finite values of the microscopic
parameters. Can we hope that the Saad-Shenker-Stanford
framework can be suitably generalized in this case? Is it
possible to maintain the relationship with a matrix model?
The answer to these questions seems to be a definite no.
Indeed, it is straightforward to construct many geometries
contributing to W, ;, that do not admit the simple “trumpet
decomposition” that yields the formula (7.1), because they
do not contain a geodesic on which the gluing can be made.
Let us illustrate this on the simplest case of the annulus.

The “double-trumpet” geometries that contribute in (7.2)
are characterized by the fact that the holonomy of the
associated flat PSL(2, R) connection along the nontrivial
cycle of the annulus is a so-called hyperbolic element,
conjugate to a matrix of the form

el/? 0
( 0 e‘l/2>'

(7.4)

The parameter [ is the length of the geodesic along which
the gluing of the trumpets is made. These double-trumpet
geometries can be explicitly described by an immersion of
the annulus into hyperbolic space with an appropriate
identification. The simplest way to depict this immersion
is to use the strip representation of H?, with metric, in units
for which L = 1, given by

, dr?+do? P 7
= - <<=,

d .
s cos“o 2 2

(7.5)

and identify 7 =7+ a. The geodesic of length a is at
o = 0; see the upper-left inset in Fig. 25.

But there are myriads of annulus geometries that are not
of this type, including geometries that can have arbitrarily
large smooth boundary lengths. For instance, the annulus
represented in the lower-left inset in Fig. 25 does not
contain a geodesic, even though its holonomy is hyper-
bolic. One can also use immersions into H? in the Poincaré
disk representation, with the metric given by Eq. (2.51), for
instance, of the type represented in Fig. 15. The holonomy
of such configurations is trivial. Configurations with a more
general elliptic holonomy of the form

( co.s(2ﬂa) sm(2na)) (7.6)
—sin(2za) cos(2xa)
are obtained if one identifies ¢ = ¢ + 2za in (2.51).
Annulus with a parabolic holonomy can be constructed
using similar ideas, considering immersions into H? in the
Poincaré half-plane representation, with metric ds> =
(dx? + dz?)/z* and identification x = x + const. The exist-
ence of all these geometries clearly invalidates the decom-
position (7.2) away from the Schwarzian limit. Similar
constructions similarly invalidate (7.1). Let us also note that
the trumpet partition function itself, or similar partition
functions involving mixed boundary conditions (some
boundaries being geodesics, other being fluctuating JT
boundaries), involve rather singular geometries in the
microscopic theory, as illustrated in the lower-right inset
in Fig. 25. The JT boundaries may indeed fluctuate wildly
and touch the geodesics, yielding fluctuating boundaries
with several components and degenerate, infinitely thin
annulus portions.

C. Future research directions

There are many possible future research directions. Let
us briefly outline a few of them.

We have already mentioned the new interesting combi-
natorial questions in relation with the self-overlapping
polygon model, its matrix model formulation, and the
relevance of numerical methods. One would like to obtain
an exact solution in the continuum limit and answer
interesting conceptual questions about the model. For
instance, is the measure of the set of configurations having
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FIG. 25.

q"

Annuli of constant negative curvature depicted as immersions into H? in the strip representation, with metric (7.5) and

identification 7 = 7 + [. The identified sides are crossed out twice. Upper-left inset: a double-trumpet geometry, with its smooth and
gently wiggling boundaries. It contains a closed geodesic at 6 = 0. Upper-right inset: one of the trumpets used to build the geometry on
the upper-left inset. It has a geodesic boundary on the left and a fluctuating JT boundary on the right. Lower-left inset: a geometry with a
hyperbolic holonomy but a wildly fluctuating boundary on the right, that also contains an overlapping region for the sake of illustration.
The geometry does not contain a closed geodesic. Lower-right inset: a geometry a priori contributing to the “trumpet” partition function
in the microscopic theory, with a geodesic boundary and a fluctuating JT boundary. The fluctuating boundary may have several
components that end on the geodesic. Note that, in the microscopic theory, the fluctuating boundaries are fractal curves, exactly as in the

case of the disk topology.

a multiplicity index strictly greater than one zero, or is it
strictly positive?

The study of the microscopic formulation of JT gravity
on any topology is an outstanding and nontrivial problem.
We have emphasized that the usual picture in terms of the
trumpet decomposition and the associated matrix model
formalism a la Saad-Shenker-Stanford does not generalize
in any straightforward way. Yet, the understanding of the
contributions of arbitrary topologies is important for many
physical applications. On the one hand, these contributions
are responsible for the so-called factorization problem,
which makes it impossible to obtain a standard holographic
interpretation in terms of a dual quantum theory. On the
other hand, they seem to be essential for guaranteeing the
full consistency of the quantum theory, in particular, in
relation with the black hole information problem.

In any case, our work indicates that the real-time
quantization of JT gravity needs to be revisited. The
UV-complete Euclidean theory we have developed in the
present paper from the discretized point of view can also
be formulated directly in the continuum by using the

conformal gauge [16,28]. This approach strongly suggests
that the correct degree of freedom is the boundary
conformal factor and the action to start with when
quantizing has to include a “Liouville-Hilbert” term that
is not present in the classical JT gravity action. It also
suggests that, if space-time has the topology of a strip
I x R, for a finite-size spatial interval /, boundary time
reparametrization invariance remains a good unbroken
gauge symmetry. This is the counterpart of the fact that, in
the microscopic Euclidean theory, reparametrizations of
the boundary coordinate are perfectly good unbroken
gauge symmetries. This implies that there cannot be a
nontrivial boundary Hamiltonian. In this sense, the model
with boundaries is not so different than a model for a
closed universe, with space-time topology S' x R. Both
the bulk time and the boundary time seem to be emergent
concepts in this framework. The boundary time may
emerge as an effective parameter in the near-AdS limit,
possibly in a way similar to the emergence of the smooth
boundary length parameter in the near-hyperbolic limit of
the Euclidean theory.
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Finally, we have explained that the positive curvature JT
quantum gravity theory is a perfectly consistent model for a
positive cosmological constant, even though it has been
very little studied up to now. In view of its relation with
cosmological models, it may turn out to be the most
interesting JT model for physics, especially if the real-
time quantization can be studied, potentially shedding light
on quantum gravity in de Sitter space and de Sitter
holography.
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APPENDIX A: CLASSICAL LIMITS OF
LIOUVILLE AND JT GRAVITY ON THE DISK

The continuum generating function (also called partition
function in this context) W(#, A) for Liouville quantum
gravity on the disk, discussed in Sec. IVA 2, has a formal
path integral representation

1
Vol(Dift(7))

X / Dge—lé—nA[g]ZCFr[g}é(f— }'{ ds>. (A1)

The integral is over all the metrics on the disk, with the
constraint, imposed by the & function, that the disk
boundary length is fixed and equal to #. The factor
Zcrr|g] represents the partition function of an arbitrary
CFT coupled to gravity. The cosmological constant A
couples to the disk area Alg|. In conformal gauge, the

W(Z.A) =

metrics take the form

g=e%5 (A2)
for an arbitrary background disk metric §. Standard
manipulations then yield71

o Zcrr [5]
~ Vol(PSL(2,R))

. / Dae%suéd—#w]a(f_ ]{ ds). (A3)

The partition function Zcgp[§] is an overall irrelevant,
parameter-independent, constant. One must still formally
divide by the (infinite) volume Vol(PSL(2,R)) because
there is a PSL(2,R) subgroup of Diff(Z) that remains
unbroken in conformal gauge. The measure Do over the
Liouville field ¢ is a formal background-independent
nonlinear integration measure. The action Sp is the
Liouville action

W(Z.A)

S.[6,6] = /9 d2xV/5(6%0,60,0 + R[d)6) 42 759 dssk[b)o.

(A4)

The quantities R[5], s5, and k[5] refer to the Ricci scalar,
arc-length coordinate, and extrinsic curvature of the boun-
dary computed with the background metric J, respectively.
The Liouville action captures the metric dependence of the
CFT partition function Zcgr[g] and of the Fadeev-Popov
ghosts determinants that appear when the gauge (A2) is
imposed.

Our goal is to discuss the semiclassical limit of the
theory, defined in Eq. (4.36), to leading |c| — oo order. To
do this, the precise definition of the measure Do or the
treatment of the unbroken PSL(2, R) gauge symmetry are
irrelevant. All we need is to solve the classical equations of
motion associated with the classical action

Sa =1 (516,01 + ualg)).

24z (A3)

where p :ﬁl\ is the rescaled cosmological constant
defined in (4.36), taking into account the fact that the

boundary length is fixed:

]{ds:%ds(;e”:f.

The classical action evaluated on the classical solution,
Sq = S5, then yields the leading large-|c| behavior of the
generating function according to

(A6)

""Basic references for Liouville gravity include [6-8,13].
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lim iln W(Z,A) =-S5

c—-o |

(A7)
Dealing with the constraint (A6) with the help of a

Lagrange multiplier £, it is straightforward to show that the
equations of motion derived from (AS5) are equivalent to

R = —2A,

k=, (A8)

where R and k are the Ricci scalar and extrinsic curvature of
the disk boundary computed with the metric g = ?°5,
respectively. The two equations in (A8) come from the
vanishing of the bulk and boundary terms in the variation of
the action (AS).

The fact that the Ricci curvature is a negative constant
and the extrinsic curvature of the boundary is constant as
well implies that the solution is a disk embedded in
hyperbolic space. Choosing the background metric o to
be the flat Euclidean metric for a disk of area 7z, the
conformal factor of the solution in polar coordinates is
given by

6_2 ro

VEL=13p*

IA
IA

p. (A9)

The constraint (A6) yields

2 z
o —”[—1+ 1+”—} (A10)

- VHE 47>

On this solution, the area and the Liouville action evaluate,
respectively, to

dr 1} 4 4nr’ 2
TN TT0 e T a0 (A
pl=rg i I-rg VH
Introducing the variable
C\/0
=_Y- Al2
z= (A12)

and using (A10), we get

2
1
D0 (c14V1+2), 2ﬂ

l—r(z)_Z r0:

S0V,

(A13)

Combining (AS5), (A7), and (A11) with the above formulas,
we finally obtain

1 1 ¢ 1
lim —InW(AA) = ——In—— (V1 +22 -1
Jm i WEA) = —glns s (VI -1
1 1+VI+ 2
+6ln¥. (A14)

This result matches with the predictions of Eq. (4.37),
(4.38), and (4.43) in the main text.

In the case of JT gravity in negative curvature, the
constraint R = —2 is imposed by definition of the model.
The semiclassical limit corresponds to A — —oo at fixed £
and was discussed in Sec. IIE4. Since A < 0 in this case,
the classical solution, minimizing the action, corresponds
to a disk of maximal area, at fixed boundary length #. As is
well known in the theory of extremal surfaces, this implies
that the extrinsic curvature of the boundary must be
constant. One, thus, gets exactly the same classical
equations (AS8) as in the case of Liouville gravity, with
u = 1. Using the value for the on-shell area given by
(A11)-(A13), we obtain the leading behavior of the
partition function:

1 AT 1 2%
lim —InZ(£A) === 1+ [ =
alm AN =16 =3 +(2n)

1_¢ | (2 1
8 16x £ 8

This matches with Egs. (2.87) and (2.88) modulo the usual
counterterms, as discussed below Eq. (2.88).

(A15)

APPENDIX B: ASYMPTOTIC ANALYSIS OF THE
SAP GENERATING FUNCTION

The aim of this appendix is to derive the asymptotic
formulas (4.95) for the SAP generating function (4.94) in
the limit

AP = —0 (B1)
of a large negative cosmological constant.

We are going to use a nice integral formula [79] for the

coefficients ¢, of the asymptotic expansion of the loga-
rithmic derivative of the Airy function [Eq. (4.90)]:

3

q)rzﬁ(—l)’“/oot3("l>/2A(t)dt forany r>1, (B2)
™ 0

where

1

Alr) = A2(1) + Bi2(1) (B3)

Let us introduce the functions y and y:
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io:r Gr—1)/2) r_;%‘p(x)’ (B4)

r=I1

in terms of which the exact formula (4.94) for the
generating function reads

WSAP(B A) = 2\/7_ra0 <" < ! —H//(x)) forx:ﬂ.
’ B2 \2\m ’ 327°%ay
(B5)

Note that the asymptotic behavior of ¢, can be straight-
forwardly obtained from (B2) by using the saddle-point
method and the known large-tr behavior of the Airy
functions. One gets

2/3\"
i~ (—1)’+1\ﬁ(z) Fre
r—o00 w

This implies, in particular, that the series defining y or,
equivalently, WSAP have an infinite radius of convergence.

Using (B2) and permuting the infinite sum and integral
signs, we can perform explicitly the infinite sum. We get in
this way

(B6)

w0 = [T A (B7)
for
+ﬁ(l — F(u?/27)), (B8)

where the function F is a generalized hypergeometric
function:

F(z) = F5({1}.{-1/6,1/6,1/2};2).  (BY)

When u — —oo, which is the relevant regime to study the
limit (B1), f has an asymptotic expansion of the form

1
2\/7mu

flu)=-= Iu’“+ +0(1/u¥).  (B10)

This asymptotic form becomes valid when u is of the order
of one and larger. In the integral (B7), this is the region
where ¢ is of the order of 1/|x|*3 or larger. Introducing an
arbitrary M > 0, we thus write (B7) as a sum of two terms:

W(x) = AM/XZ/BA(t)f(ﬁ/Qx)dtJrA:O A1) f(£x)dt.

/I
(B11)

The first term on the right-hand side of this equation can be
evaluated when |x| — oo by making the change of variable
¢ = |x[*t and then expanding the function A near zero.
This yields contributions of the order of 1/]x|*/3, with
expansion parameter 1/|x|*/? « 1/(|A|*/3p). Using (B10),
the second integral can approximated as

oo 2 o0
/ F(APOA(dr ~ -2 / A(t)e ™ idr - (B12)
M5 3 Sy

up to exponentially subleading terms. The integral (B12)
can be evaluated systematically by using the saddle-point
method. The saddle point 7, satisfies

At

= .
At

(B13)

Using the asymptotic expansion

_ —4p3/2 _
A(t) = nes \/E(l YR

0(1/t3)> +0(e"),
(B14)

we find that 7, =1|x[*3. It is, thus, natural to set
t =1|x|*37. Up to exponentially small terms in the limit
|x| = oo, the integral (B12) is of the form

_|x|4/3/°° P
— e el dr
6 Jo

(B15)

for

1 1
S(r)= —Z|x|27—lnA <4 |x|4/3r>

_Lin 3/2 3 77|x|2/3 1 2
6|)c| <T 57 In 5 2ln1—|—0(1/|x| ).

(B16)

On this form, a systematic expansion in powers of 1/|x|?
around the saddle point 7 = 1 can be obtained straightfor-
wardly, to any desired order, by setting 7 = 1 + 7//|x| and
expanding. One finds in this way

232

) = =Tollet 21+ 001/2). (B17)

Using (BY), this yields (4.96).
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