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We propose that quantum gravity may predict the Fermi scale. Fundamental scale invariance implies the
scale invariant standard model. Both the Fermi scale and the Planck mass are given by fields, and their ratio
is dictated by a dimensionless cosmon-Higgs coupling. For an ultraviolet fixed point of quantum gravity,
this coupling is an irrelevant parameter of the renormalization flow and becomes predictable. An analytic
scaling solution for quantum gravity admits no free parameter for the mass term of the Higgs boson. We
discuss a new asymptotically safe quantum gravity fixed point for which the scalar potential is not flat. If
the largest intrinsic mass scale generated by the renormalization flow away from this fixed point is
sufficiently below the Fermi scale, the couplings of the scale invariant standard model are determined by
the scaling solution. For a given short distance model remaining valid to infinitely small distances, the ratio
Fermi scale over Planck mass can then be predicted. With reasonable assumptions for the ultraviolet fixed
point, a numerical solution finds a tiny value for the ratio between the Fermi and Planck scales, very close
to a second order quantum electroweak phase transition. This could explain the observed gauge hierarchy.
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I. INTRODUCTION

In the standard model of particle physics, the Fermi scale
@o = 175 GeV denotes the vacuum expectation value of the
Higgs scalar field. It sets the masses of the W- and Z-bosons
and the charged fermions. The characteristic scale for grav-
ity is the (reduced) Planck mass M, = 2.4 x 10'® GeV.
A consistent description of physics needs a theory of
quantum gravity. Any realistic theory of quantum gravity
has to accommodate the observed tiny ratio of ¢, =
@}/ M3 ~ 10732, From the point of view of the renormal-
ization group for the standard model the Fermi scale is
associated to a relevant parameter, as typically given by the
quadratic term (mass term) 2, H ' H in the effective potential
for the Higgs field H. It is a free parameter which cannot be
predicted. The question arises if this situation extends to
quantum gravity.

There is actually no problem of (technical) naturalness
associated to the small ratio €, [or a similar small ratio
in grand unified theories—the gauge hierarchy [1,2] ]. The
value ¢y =0 or ¢, =0 is associated to a symmetry,
namely, scale symmetry or dilatation symmetry [3]; see
also Refs. [4-14]. This “particle physics scale symmetry” is
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linked to the critical behavior of a quantum second order
phase transition. In the absence of strong interaction effects,
the vacuum (zero temperature) electroweak phase transition
is a quantum phase transition associated to the variation of
the mass parameter 42 Itis a second order phase transition.
As for any second order phase transition, there exists a
critical surface in the space of running couplings for which
the flow ends in the infrared at criticality, e.g., u% = 0. The
critical surface cannot be crossed by any trajectory of
running couplings. If the couplings are precisely on the
critical surface in the ultraviolet, they remain on the critical
surface for the whole flow to the infrared. A relevant
parameter is associated to the deviation from the critical
surface, resulting in nonzero y2,. Problems of “fine tuning”
in certain perturbative expansions only reflect that such
expansions do not take into account properly this basic
property of a second order phase transition [3]. From the
point of view of physics at the Planck scale, the question of
why €, is tiny amounts to the question of why our world is
so close to the second order quantum phase transition.

Functional renormalization (FRG) based on the effective
average action [15-20] is a suitable tool for a quantitative
investigation of these issues. Already the first FRG com-
putation of the effective potential for the Higgs field in the
standard model [21] has clearly established the approximate
second order quantum phase transition and the flow of the
relevant parameter for a deviation from the critical surface.
This basic feature persists in the subsequent development of
rather powerful and elaborate techniques [22-33].
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For the present purpose, it is a crucial advantage of FRG
that it can deal with quantum gravity formulated as a
quantum field theory for the metric (or similarly for the
vierbein). Quantum gravity based on the Einstein—Hilbert
action or a suitable generalization is not perturbatively
renormalizable. Quantum gravity can, however, be asymp-
totically safe [34,35] or asymptotically free [36-39]. The
FRG approach allows one to cope with the nonperturbative
issues for both possibilities. In this paper, we address the
issue of the Fermi scale within functional renormalization
for the standard model of particle physics coupled to gravity.
The main new point beyond the FRG investigations of the
effective potential for the Higgs scalar in Refs. [40-45] is
the focus on the scaling solution which is needed in order to
define an ultraviolet complete theory.

In particular, we ask if a Fermi scale compatible with
observations can be realized for fundamental scale invari-
ance [46] for which no relevant parameters are available.
This requires a new asymptotically safe fixed point of quan-
tum gravity which differs from the extended Reuter fixed
point by a field-dependent effective Planck mass, a nonflat
scalar potential, and field dependent couplings. This fixed
point generalizes the dilaton-gravity fixed point [47—49] to
the inclusion of the particles of the standard model. For the
scaling solution characterizing this fixed point, both the
Planck mass and the Fermi scale are proportional to
the scalar fields. Their ratio is given by a dimensionless
cosmon-Higgs coupling 4,,. For fundamental scale invari-
ance, there is no flow away from the fixed point. There
exists therefore no relevant parameter for the Fermi scale.
This situation remains essentially valid if the largest intrinsic
mass scale for a possible flow away from the scaling
solution is much smaller than the Fermi scale.

The central question of this paper asks if quantum gravity
can predict the ratio Fermi scale over Planck mass in a
setting where the Fermi scale is not determined by a relevant
parameter. This amounts to the question of whether quantum
gravity can predict the value of the cosmon-Higgs coupling.

II. OVERVIEW

Within FRG, an ultraviolet complete theory needs the
existence of a scaling solution for the effective average
action. This scaling solution generalizes the notion of an
ultraviolet fixed point for a finite number of flowing
couplings. One has now to deal with functions of fields
or momenta. For our purpose, we can focus on quantities at
zero or small momentum. The central function we need is the
effective scalar potential which determines the Fermi scale as
a (partial) minimum with respect to variations of the Higgs
field. In addition to the Higgs field H, we consider a singlet
scalar field y, needed for cosmology for the epoch of
inflation or for dynamical dark energy. The “cosmon” y
plays the role of the dilaton for the scale invariant standard
model. We assume a discrete symmetry y — —y. In our

setting, the effective potential U(H, y; k) will depend on the
Higgs field H through the invariant H'H, and on the scalar
singlet field y through the invariant p = y?/2.

The dependence of U on the renormalization scale k
obeys a functional flow equation which obtains as an
approximation to the exact flow equation for the effective
average action [15]. For the scaling solution, the dimension-
less potential # = U/k* only depends on the dimensionless
fields 7 = H'H/k* and p = p/k?, without any explicit
dependence on k. This permits the extension of the theory
to arbitrary short distances, as encoded in the ultraviolet limit
k — oo0. The existence of a scaling solution is not trivial
since u has to exist for all values of fields, 0 < & < oo,
0 < p < o0. We will see that the scaling solution has to obey
a differential equation for its dependence on j or 7 at fixed
h = h/p. While local solutions for a finite range of fields are
found without major problems, the extension to a global
solution in the limit & — 0, p—0, or h— 00, p > ©
typically poses constraints. These constraints make quantum
gravity predictive, a first example being the prediction of the
mass of the Higgs boson [40] before discovery.

The issue of the Fermi scale depends on the role of the
Planck mass. For a first possibility, M, corresponds to a
relevant parameter characterizing the flow away from the
scaling solution. The Fermi scale appears then typically as a
second relevant parameter, and one has to understand the
tiny ratio €, as a ratio between two relevant parameters. In
this case, a rather simple candidate for the scaling solution is
a completely flat scalar potential, and a generalization to an
effective action which is invariant under shifts H — H + c.
Gauge and Yukawa interactions have to vanish for this type
of scaling solution, and there is no nonminimal coupling of
the type H'HR, with R being the curvature scalar. Such a
scaling solution is the generalization of the Reuter fixed
point [35] in the presence of matter [S0-58]. In this scenario,
the field-dependence of the effective potential for the Higgs
scalar is generated completely by the flow away from the
scaling solution due to relevant (including marginal) cou-
plings. The quartic scalar coupling, and therefore the mass
of the Higgs boson, remains predictable for a given value of
the top-quark Yukawa coupling. This is due to the fact that
the metric fluctuations render quartic scalar couplings
irrelevant in the ultraviolet region. In contrast, the Fermi
scale could become predictable only if in the ultraviolet
region a phenomenon of “self organized criticality” renders
the mass parameter irrelevant [44,59-63]. Otherwise, it
remains as a free parameter.

As a second alternative, the observed Planck mass is not
associated to a relevant parameter, but rather given by the
present value of the scalar field y. This requires a different
type of scaling solution without the shift symmetry
x — y + c¢. The effective potential for this scaling solu-
tion is no longer completely flat. For this setting, the
effective action contains a term —£y?R/2 which dominates
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the gravitational interactions for the present cosmological
epoch. The scaling solution is compatible with a term
—f(x*/k*)k*R /2, which includes the nonminimal coupling
for f = &% /k*. If no relevant parameter is responsible for
the Planck mass, the issue of the Fermi scale changes
profoundly. The largest intrinsic mass scale (LIMS) gen-
erated by the flow away from the fixed point can be much
smaller than the Planck mass. Such models can solve the
cosmological constant problem dynamically, similar to the
first proposal for dynamical dark energy or quintessence
[64]. If the effective potential approaches a constant for
x> — oo (or increases less fast than ~y*), and the effective
Planck mass increases M, ~ y, the observable ratio U/M ‘1‘,
decreases to zero for y — oo. For such models, the
characteristic cosmological solutions are “runaway cos-
mologies” for which y increases toward infinity as time
increases toward the infinite future. Thus, the ratio U/ M,
which corresponds to the observable cosmological “con-
stant”, or the cosmological “constant” in the FEinstein
frame, vanishes in the infinite future. An observable dark
energy component reflects the fact that for the finite age of
the Universe the ratio U/M?% still differs from zero. If the
LIMS is of the order of the neutrino masses, say, ~1073 eV,
a rather interesting cosmology with dynamical dark energy
emerges [65-67].

Cosmology provides a strong motivation to investigate
the possibility of a field-dependent Planck mass more in
detail. The scaling solution for this scenario has to be
different from the Reuter fixed point or its generalization to
matter with a shift-invariant potential. Since the term ~y?R
plays a crucial role for the scaling solution, this scaling
solution cannot be shift-invariant under y — y +c. As a
consequence, for £ # 0, the scaling solution for the effec-
tive scalar potential cannot be shift-invariant either [45].
The scaling solution for the standard model coupled to
gravity has to be a generalization of the scaling solution for
dilaton quantum gravity [47-49].

One may ask if in such a scenario the Fermi scale ¢,
could be associated to a relevant parameter for the flow
away from the scaling solution, thus constituting the LIMS.
If the Fermi scale is intrinsic and the Planck mass is field-
dependent, the ratio ¢, would be field-dependent. This
could realize the “Dirac hypothesis” of explaining the small
ratio of electron mass over Planck mass by the huge age of
the Universe, since y can have grown to very large values in
units of the electron mass. Observation seems to indicate
that this possibility may not be realized. For the runaway
cosmologies envisaged here, there are strong bounds on the
time variation of the ratio Fermi scale over Planck scale
[68—73]. A possible way out would need a cosmological
scenario where the decrease of &, would be substantial in
the very early Universe, and essentially stop for the present
cosmological epoch.

A more natural alternative seems to be that the Fermi
scale is not an intrinsic mass scale. In this case, the mass
parameter in the Higgs potential is field-dependent, asso-
ciated to a quartic scalar coupling ~A,, H" Hy? between the
Higgs field H and the cosmon y. This is compatible with a
scaling solution for the effective potential for which the
term quadratic in H takes the form u ~ A,/ p. If y increases
during the cosmological evolution, both M, and ¢
increase at the same rate ~y. The ratio €y remains constant,
in accordance with observation. With particle masses
proportional to y, this extends to other mass ratios.

If the LIMS associated to a relevant parameter is much
smaller than the confinement scale Agcp of quantum
chromodynamics (QCD), quantum gravity realizes the scale
invariant standard model [64,74—84]. For the scaling sol-
ution, all mass scales (except possibly the neutrino masses)
are proportional to y. With constant ¢, the Fermi scale is
proportional to y, ¢y = ,/€,r. The dimensionless gauge
and Yukawa couplings can depend on the ratio H/y or k/y
but not on H, y, or k separately. (For nonzero momenta ¢,
they can also depend on ¢>/H"H or ¢*/y*.) Consequently,
the confinement scale Agcp is proportional to y, such that
the ratio of nucleon mass over Planck mass is independent
of y. The assumption that the LIMS is much smaller than
Aqcp entails that the standard model is determined precisely
by the scaling solution. This setting predicts the scale
invariant standard model.

The scale invariant standard model is compatible with the
strong observational bounds on the time variation of
couplings even for cosmologies where y changes with time.
Due to this simple consequence of quantum scale symmetry
[43], no screening mechanism is needed for dynamical dark
energy. This extends to possible apparent deviations from
general relativity due to forces induced by an almost
massless scalar field, which take the form of violations of
the equivalence principle. Quantum scale symmetry implies
that all those effects are tiny. The scale invariance of the
quantum effective action, rather than scale invariance for the
classical action [85], is crucial for these properties.

The scaling solution for a scenario where the LIMS is
much smaller than the Fermi scale cannot be shift invariant
for the Higgs field, H — H + c. The scaling form of the
effective potential u(h, ) necessarily shows a nontrivial
dependence on /. A term linear in h, U = u,h, results in a
mass term for the Higgs field U = u,k’H'H which
vanishes for k — 0. A nonzero LIMS may replace k> by
an intrinsic scale k3. Still, a mass term ~kJH'H is
negligible if the LIMS is many orders of magnitude smaller
than the Fermi scale. A term quadratic in % in the scale
invariant potential, u = A,h%/2, results in a nonzero quartic
coupling, U = 1,(H'H)?/2. A field-dependent mass term
for the Higgs scalar is generated by the cosmon-Higgs
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coupling u = A, hp or U= A,H'Hy?/2. For a realistic
Fermi scale, the coupling 4,, has to be tiny, since g, ~ 4,,.

The present paper computes the scaling potential u (%, )
in an approximation to the exact flow equation for the
effective potential [15]. A key question will be the size of
An- We find a family of local scaling solutions which are
parametrized by an “integration constant” or “boundary
value” /,,, which corresponds to 4,,(7 — o). Here “local”
refers to a region in field space, with p being sufficiently
large so that quantum gravity effects are small, and & << p.
For these local solutions, /_lm is a free parameter. If these
local solutions can be extended to global solutions valid for
arbitrary p and %, the Fermi scale ¢, cannot be predicted.
For this case, it would not be associated to a relevant
parameter for the flow away from the scaling solution.
Rather it would be related to the existence of a continuous
family of scaling solutions.

On the other hand, if the extension of the local solution to
a global solution is possible only for a certain value of 4,
(or a discrete set), our scenario can compute the Fermi
scale, or more precisely the ratio of Fermi scale over Planck
mass. In this case, observation can falsify (of confirm) a
scenario of quantum gravity with a largest intrinsic mass
scale much smaller than the Fermi scale. We will find that
this scenario is realized for an analytic global scaling
solution. The Fermi scale becomes predictable in principle
if the LIMS is much smaller than Agcp.

The predictivity for the ratio of the Fermi scale over the
Planck mass does not depend on details of the computation
or additional assumptions. The logic leading to predictivity
may be summarized as follows.

Chain of predictivity for the ratio of the Fermi scale over
the Planck mass

local scaling solution

4

global scaling solution

4

analyticity of the global
scaling solution

4

has free parameters as
integration constants

fixes integration constants

: no free parameters in the scaling
solution
LIMS < Agcep no relevant parameter for the
Fermi scale

4

no free parameter for the Fermi scale: predictivity

More in detail, the scaling solution obeys a differential
equation for the p-dependence of u which is rather similar
to the flow equation for the dependence on k. The flow of
couplings with k at fixed p corresponds for the scaling
solution to a flow with p = p/k?. For fixed p, the relevant
parameters reflect for the flow with decreasing k a
dependence of the corresponding couplings on the initial

conditions at large k. For the local scaling solution, this
maps to a dependence of field-dependent couplings on
“initial values” for some fixed small 5. One finds a trace of
the relevant parameters in the existence of continuous
families of local scaling solutions.

There are, however, two new ingredients which are
specific for the scaling solution. The first involves the
necessity of a global solution which imposes restrictions
from the existence of the solution for p — 0 or p — 0.
As is well known for nonlinear differential equations, the
existence of a global solution imposes constraints on the
“extendable” local solutions. The second is related to
the fact that for a scaling solution the dimensionless
couplings become functions of the field. An example is a
field-dependent coefficient of the kinetic term for the gauge
bosons Z(p, h)F*F > Which translates to a field-depen-
dent gauge coupling by ¢ = Z7!. For a field-dependent Z .,
one has new vertices for the interactions between gauge
bosons and the scalar fields H and y. Typically, this field-
dependence becomes negligible in the range of large h
corresponding to k much smaller than Agcp. Nevertheless, it

affects the scaling solution in the range of smaller /. For our
purpose, we will infer the logarithmic field-dependence of
the gauge and Yukawa couplings from perturbation theory.
For p large enough, such that the gravitational fluctuations
decouple, the perturbative flow with k translates then to
the flow with p. This will permit reasonable control of the
local scaling solutions.

We find that generically the requirement of a global
scaling solution for all values of  and / conflicts with the
presence of a continuous family of scaling solutions. There
exists, at best, a discrete set of global scaling solutions.
Therefore, an ultraviolet complete model for the particles of
the standard model coupled to quantum gravity renders the
ratio ¢y/M , predictable if the LIMS is sufficiently below
the Fermi scale. This generalizes to extensions of the
standard model as, for example, grand unified theories.
The predicted value of ¢,/M, may depend, however, on
the details of the model for the physics around and beyond
the Planck scale. While “predictivity in principle” seems to
be generic, “predictivity in practice” requires an
assumption about the particles relevant near the Planck
scale, as well as sufficient computational control of the
scaling solution in this energy range.

A key ingredient for the elimination of free parameters
for the global scaling solution is analyticity for p — 0. As
an example, consider the p-dependence of the mass term
uy(p) for the Higgs boson. The cosmon-Higgs coupling
A,,(p) corresponds to the p-derivative of u,,

1(P) = O3 (p). (1)

For a global scaling solution, we require that 4,, remains
finite for p — 0. This implies that the first derivative dzu,,
remains finite for p — 0. This continues to higher
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derivatives, since d;4,,(p) is again a coupling which should
remain finite for p — 0. Thus, the finiteness of couplings in
the ultraviolet limit 5 — 0 is equivalent to the analyticity of
the function u,(p) for p — 0.

The qualitative implications can be understood in a
simplified setting. Near a UV fixed point p; = u,(0),
the p-dependence of u,(p) has to obey a differential
“scaling equation” of the form

. 1 . .
paﬁ/"h:E(Z_A)(/“‘h_:uh)+dp+"’s (2)
where (2 — A) reflects the dimension two and A is the
anomalous dimension. This is the analogue of the flow
equation for the dependence on k. The general solution for
p — 0 involves a free integration constant c,

- . A 2d
un(p) = Wi+ cp' i+ = (3)

For d = 0 and A < 2, the function u;(p) departs from the
fixed-point value as p increases—this is the analog of a
relevant parameter.

Analyticity requires ¢ = 0 whenever A differs from an
even integer, which is the case in general. For ¢ # 0, the
cosmon-Higgs coupling diverges for p — 0 if A > 0:

im(ﬁ):c<1—A>ﬁ—’3+2d+~--. (4)

For A < 0, the cosmon-Higgs coupling remains finite, but
0d;4,, or some higher coupling diverges. As a consequence,
one has no free integration constant ¢ independently of the
sign of A. This general feature carries over to the coupled
system for several (or many) coupling functions as we will
discuss in detail later. This discussion also covers the
effective appearance of the term dp in (2), which may lead
to a nonzero fixed-point value 4,,, = 4,,(p = 0).

Having established general predictivity for the ratio
@0/ M , the question of what a given model actually predicts
arises. We will find that the prediction yields a very small
value for €,—how small may depend on the details of the
model around and beyond the Planck scale. The small
predicted value of ¢, is closely linked to the presence of an
(approximate) second order quantum electroweak phase
transition. For A > 0, the trajectories of dimensionless
couplings as functions of j are attracted toward the critical
surface of this phase transition for increasing p. If the
critical surface is compatible with analyticity, the prediction
amounts to a Fermi scale on the critical surface. Then the
scaling solution of quantum gravity realizes a new form of
self-organized criticality.

For a LIMS sufficiently below the Fermi scale, the other
couplings of the standard model become predictable as
well. The scaling solution admits no free parameters for the

gauge and Yukawa couplings. This renders our scenario
very restrictive. A given short-distance model can be
falsified by many observations. It seems very unlikely that
the pure standard model coupled to quantum gravity can
survive these constraints. Additional particles with mass in
the vicinity of the Planck mass, as for grand unified
theories, are likely to be needed. In this sense, the
assumption of the LIMS below the Fermi scale becomes
a strong constraint on viable short distance models. The
benefit is a very high degree of predictivity.

Since the issue of the scaling solution for the effective
potential u(p, k) is rather complex, we proceed by a
stepwise extension of our truncation. This will reveal crucial
features one by one. This will also help to disentangle which
features depend on the truncation, and which are robust with
respect to changes of truncation and the precise setting of the
flow equation. The general feature of predictivity of ¢y/M,
is truncation independent, involving only the analyticity of
the scaling solution and the LIMS being much smaller than
the Fermi scale. The presence of a second order quantum
electroweak phase transition and the associated critical
surface is truncation independent. Only QCD effects turn
this transition into a crossover. The attraction toward the
critical surface involves only the sign of A. It is robust to the
extent that this sign is robust. In contrast, the precise value of
the prediction for ¢,/M, may be affected by the details of
the truncation and other approximations. An assertion of the
strength of this dependence will need further systematic
investigations. In any case, the prediction typically depends
on physics near and beyond the Planck scale.

In Sec. II, we present the flow equation for kd.u(p, i, k)
and the corresponding scaling equation for the scaling
potential u(p, /~z) In our truncation, the flow equation has a
very simple structure. Nevertheless, it covers all relevant
features for our discussion. More extended truncations are
not expected to change the general outcome. In Sec. IV, we
discuss the local scaling solution in the limit of field-
independent gauge and Yukawa couplings. In this limit, the
standard model exhibits a second order quantum phase
transition. We also employ a simple approximation for the
fluctuations of the scalar field. The family of local scaling
solutions is then parametrized by a cosmon-Higgs coupling
A, which is field independent. Section V discusses the
infrared limit of very large p. This is needed for a
continuation of the scaling solution to p — oo. This limit
is also relevant for the question of time varying funda-
mental couplings for cosmologies where p increases with
time. We find that these effects are tiny, such that the class
of models discussed here does not enter into conflict with
observation from this side.

Section VI addresses the field-dependence of gauge and
Yukawa couplings which is predicted for the scaling
solution in our setting. This field dependence renders the
properties of the critical surface for the electroweak
transition more complex. It also implies that the transition
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becomes a crossover rather than a second order transition.
The characteristic scale for the crossover turns out, how-
ever, to be three orders of magnitude below the observed
Fermi scale. For realistic models a second order phase
transition remains a very good approximation.

In Sec. VII, we include the effects of the metric
fluctuations on the scaling equations for the gauge and
Yukawa couplings. For the ultraviolet limit, we are open to
possible extensions of the standard model by particles with
masses in the vicinity of the Planck mass. We discuss
possible fixed points with nonzero values for the gauge and
Yukawa couplings. This issue is important for understand-
ing initial values for the flow and field-dependence of
gauge and Yukawa couplings for k& smaller than the Planck
mass. On this basis, we discuss in Sec. VIII the local
scaling solution for u(p,h) in the presence of field-
dependent gauge and Yukawa couplings. The main empha-
sis concerns here the dependence on the Higgs field in the
region of small values of the ratio & = h/p.

In Sec. IX, we turn to the flow or field-dependence of the
cosmon-Higgs coupling 4,,. This coupling is directly
related to the ratio ¢,/M,, constituting a key quantity
for our investigation. Since 4,, is dimensionless, the
question if it is relevant or irrelevant differs strongly from
a similar question for the mass term of the Higgs boson. We
find that even for k below M, the cosmon-Higgs coupling
has the features of an irrelevant parameter. This property
becomes much more pronounced once we include in Sec. X
the effects of the metric fluctuations for k near or above M ,.
We discuss a new form of self-organized criticality which
renders the ratio ¢y/ M, predictable if the flow away from
the scaling solution plays no role. For the scaling solution,
all couplings have to assume for p — 0 precisely their fixed
point values. This holds both for irrelevant and relevant
parameters. There are no free parameters for the flow away
from the fixed point. The crossover from the UV-fixed
point for p — 0 for the IR fixed point for p — oo is
uniquely due to the decoupling of the gravitational fluc-
tuations once p grows sufficiently larger than one.

Section XI complements our analytic discussion with a
numerical solution for a restriction of the flow to a finite
number of couplings. One can see explicitly all features of
the analytic discussion. The numerical solution confirms
the predictivity for the Fermi scale. For reasonable assump-
tions without much tuning of the UV properties, we find a
scaling solution with the observed tiny value of ¢,/M . In
Sec. XII, we summarize our results.

For convenience, we summarize our conventions for
fields and the scalar potential in Appendix A. Appendix B
provides a detailed and coherent exposition of the mod-
ifications due to strong interactions. Since the confinement
scale Aqgcp is three orders of magnitude below the Fermi
scale, these effects turn out to be only small corrections.
Further appendixes are devoted to more technical details.

III. FLOW EQUATION AND SCALING EQUATION
FOR THE EFFECTIVE POTENTIAL

In this section, we focus on the functional flow equation
for the effective potential for a region of field variables and
renormalization scale for which the effects of the gravita-
tional degrees of freedom can (almost) be neglected. This
concerns values of k sufficiently below the Planck mass,
where the latter may be given by the scalar field y. The flow
equation for this region is rather well established. It can be
based directly on the exact flow equation of Ref. [15], with
extensions to gauge theories [16] and fermions [21,86,87].
We employ here the gauge invariant flow equation [88] in
the form of the simplified flow equation [89]. The flow
equation is one-loop exact. The dominant effects beyond
one-loop perturbation theory are the threshold functions
which describe the decoupling of particles with masses
larger than k. Higher loop perturbative effects relevant for
our question are accounted for qualitatively. Two-loop
exactness would require, however, an extension of the
approximation (truncation) with additional resolution for
the kinetic terms [90]. The quantum gravity effects will be
included in Sec. X. This extends the range to k > y.

A. Effective scalar potential

We consider the standard model with an additional
singlet scalar field y. We employ a truncation of the
effective average action

F K
+ ZyD*H'D,H + } (5)

Here H denotes the Higgs doublet and the dots stand for the
pieces involving the fermions and gauge bosons of the
standard model. The effective scalar potential U depends
on H and y, as well as on the “renormalization scale” k, and
similar for F, K, and Z. Here the covariant derivatives D,
are formed with the metric g, where the prime recalls that
we are typically not in the Einstein frame. Due to the gauge
symmetry of the standard model, the functions U, F, K, and
Zy depend on H only via the invariant H' H. For simplicity,
we first neglect the anomalous dimension of the Higgs
scalar by setting Zy = 1. The renormalized Higgs field
which includes effects of the anomalous dimension will be
discussed at the end of this section.

We are interested in the range of y much larger than the
Fermi scale or the renormalization scale k. In this range, we
approximate the scaling solution by

F =& +EyHH + f ok (6)

The effective potential in the Einstein frame reads
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Up=—U. (7)

The fixed Planck mass M is introduced only by the variable
transformation (Weyl scaling)

F
G = Wg//w (8)

It is not a parameter of our model. The Fermi scale ¢ is
given by the value of H at the partial minimum of U with
respect to variation of H:

oU

SH (Hy) =0,

po = |Ho|- 9)
It may depend on y and k. The effective action I'; and the
associated effective potential U only include quantum
fluctuations with (Euclidean) momentum larger than k.
The observable Fermi scale should therefore be evaluated
at k < @.

We may expand F in the small quantities H'H/y? and
k?/x?, leading to

Ug

M*U 2yHTH  2f kP

=aa\l-——r— ) (10
&x X X

A nonzero Fermi scale ¢, indicates spontaneous symmetry

breaking of the SU(2) x U(1) gauge symmetry, requiring

oUg/d(H'H) = 0 at H'H = ¢} and k = 0. This condition

reads

ou

' 2¢ '
W(Z’HU{:@%) =§’§U(x,H1H=¢6>. (11)

For the region of interest of this note, the rhs of Eq. (11) is
tiny as compared to ¢j and will be neglected.

One may be interested in cosmologies for which y varies
in time. We choose units such that the present value y is
related to the observed Planck mass, 5;((2) = M?. The present
value of Ug coincides then with U. We may associate
U(y,H'H = ¢}) with a type of y- and k-dependent
“cosmological constant”. Observation tells us that the time
variation of the ratio Fermi scale over Planck mass must be
tiny in the recent cosmological epoch. If y varies with time,
and £ can be taken as constant, a realistic cosmology
requires 3 = ¢,,¢* with constant £,,. The value of & depends
on the normalization of the cosmon field y. A useful
normalization is specified by & = 1, such that y corresponds
to the Planck mass for the region y/k > 1. For this choice,
the kinetic term of y does not have the standard normali-
zation, with K, = K(y — o) a free parameter.

Experiments measure the Fermi scale in the Einstein
frame @, or more precisely the ratio ¢yz/M. Translating
to the frame with varying F yields

‘p_&_q’_(z):";% (12)

M> F &P

We will therefore be interested in the ratio

240(2) (P%E

The quartic scalar coupling 4;,, which determines the mass
of the Higgs boson by

m 2098 Ano

—= = =—=hy, 14
Mg e 1
is defined as
B *U R 15
/1h,0 = 76(HTH)2 ()(,H H= fﬂo)- ( )

B. Flow equation

The dependence of U on k at fixed y and H obeys an
exact flow equation [15]. We focus first on scales k
sufficiently below M, = V/F such that the metric fluctua-
tions only contribute a field-independent term. Our trun-
cation first assumes field-independent Z; and K (local
potential approximation). The simplified flow equation
maintains gauge invariance, leading to a simple form of
the contribution from gauge boson fluctuations. With these
approximations, the flow of U takes the simplified form

k4
ko U = % = deykt, (16)

Here N denotes the effective number of degrees of free-
dom, with an appropriate minus sign for fermions. If all
particles are massless, A/ is a constant and Eq. (16)
accounts for the contribution to the cosmological constant
from fluctuations between k and k + dk. The field-depend-
ence of the effective potential arises from the field-depend-
ence of A due to mass thresholds. Only particles with mass
smaller than k contribute effectively to N, while particles
with mass much larger than k decouple. The mass thresh-
olds arise naturally from functional renormalization.

We introduce dimensionless functions of dimensionless
fields:

H'H
K

x
2k%’

U ) 3
u:P’ p: h:

(17)

Besides the dependence on k, the dimensionless potential u
depends on two field variables, that we may choose as
(p,h) or (h,h) or (p,h). Different pairs of field variables
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will be optimal for different issues, and we will indicate the
field variables explicitly when needed.

If u(p,h) has no partial minimum at h =0, i.e.,
o,u(p,0) <0, the partial minimum of U occurs for
H'H > 0. In this case, the h-derivative of u(p, h) at fixed
p determines the Fermi scale by Eq. (13) and

ou

%(ﬁ, hy) = 0. (18)

The quartic Higgs scalar coupling (15) is given by

A o*u
A = — = 1, D% 19
h o2 P (19)

or
L, .
lh,o = ?dhu(p, ho) (20)

This determines the mass of the Higgs boson by Eq. (14).
Our central equation is the flow equation for u(p, h)
which is evaluated for fixed p and A,

kou = —4u + 2pd;u + 4cy. (21)

The term —4u arises from u ~ k=4, the term Zﬁaﬁu reflects

the switch from fixed y to fixed p, and ¢, = k30, U
accounts for the fluctuation contributions to the effective
potential U at fixed y and H. For the range of large p > 1,
the scaling solution for F' can be approximated by

F =&, (22)

with £ and K being constants. For &p > 1, the metric
fluctuations are effectively decoupled from the flow, being
suppressed by inverse powers of £5. An exception is a field
independent contribution to c¢;;. We recall that we neglect
first the anomalous dimension of the Higgs doublet.

In the range p > 1, h < 1 the simplified flow equation
[89] yields a simple expression for the mass thresholds and
therefore for ¢ [42,45,66,67],

CU:1287[2(NS+2NV_2NF+2). (23)

Here Ng, Ny, and N are the effective numbers of scalars,
gauge bosons, and Weyl fermions, respectively. They
depend on the fields via the mass thresholds that reflect
the decoupling of particles with masses larger than k. The
last term is the contribution of the two physical graviton
degrees of freedom. For the fermions, we approximate the
neutrinos as massless, while for the charged fermions the
squared masses are

m; = y:H'H, (24)

where the Yukawa couplings y, can depend on p, &, and k.
One obtains

_ mjzc -1
NF:Z<1+F> +3

f
= (1+yhp)" +3, (25)
f

with . extending over quarks and charged leptons.
For the gauge bosons, one has

_ 6 3
,.,2_3_"18, (26)
1+my 1+

where

27, 2 2
B g>hp - 9 39 ~
My ==y = <72+1_01)hp’ 27)

with g, and g, being the gauge couplings of the SU(2) and
U(1) groups of the standard model. The measure term
subtracts one for W* and Z. Eight massless gluons and the
massless photon account for the last term +18. Finally, the
effective number of scalars amounts to

_ m2\ !

N, = Z<1 +k—2‘) : (28)
s

with m? being the eigenvalues of the mass matrix

, U
Y a‘/’ia%"

(29)

where ¢; = (y, H,) with H, the four real fields in H, e.g.,

H, :\/%(Hl +iH,), szﬁ(gﬁ'iﬁd’ H'H =33 Hj.
For the simplified flow equation the mass threshold
function for scalars coincides with the standard approach

using the Litim cutoff [91].

C. Scaling equation for the scaling solution

The scaling solution obtains from the flow equation (21)
by setting kd,u = 0. This results in a nonlinear differential
equation for u(p, h),

posu = 2(u — cy). (30)

In our approximation, it has to be supplemented by an ansatz
for the field dependence of the gauge and Yukawa couplings.
We will see below that for the range p > 1, h < 1 this field
dependence can be well approximated by the one-loop
perturbative flow equations for the running dimensionless
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couplings of the standard model. The p-derivative in Eq. (30)
is evaluated at fixed /. For fixed /, one has hd;, = pd;. We
can therefore equivalently use for u(h, ) the flow equation

hoju = 2(u — cy), (31)

for which the /-derivative is taken at fixed /. The differential
Eq. (30) or (31) for the scaling solution of the flow equation
will be called the “scaling equation”.

The structure of the flow equation (16) and the associated
scaling equation is very simple. As long as the particle
masses are much smaller than k, each degree of freedom
contributes to kd; U a constant k*/(32z2), with a minus sign
for fermions. This is precisely the result of a naive
perturbative computation, which treats free fields as a family
of uncoupled harmonic oscillators for the different momen-
tum modes. The usual result diverges or involves some
ultraviolet cutoff. The flow equation focuses on the change
if a cutoff is varied. This change only includes a finite range
of momentum modes around k, and therefore yields a finite
result. The power k* simply reflects the dimension of U.
This perturbative result is only modified by the threshold
functions for the decoupling of particles with mass larger
than k. At first sight, the threshold functions may appear as a
purely technical device. They contain, however, key physi-
cal features. Without the threshold functions, a field-
independent potential would remain field-independent
during the flow. The field dependence of u is a direct
consequence of the threshold functions. Expanding the
threshold functions in powers of fields we will recover
the standard perturbative one-loop result for the running of
the quartic Higgs coupling. It is the strength of functional
renormalization that a simple equation for u covers at once
all couplings associated to field derivatives of u.

The scaling equation (30) for u is rather similar to the
flow equation for the k-dependence of u at fixed y (instead
for fixed p), which is obtained from Eq. (16). One simply
replaces kdy by —2pd;. It is therefore not surprising that
features of the flow at fixed y (which may be associated
with a fixed Planck mass) are found again for the local
scaling solution. This concerns, in particular, the relevant
parameters for the flow with k. They appear as free
parameters labeling the members of a family of local
scaling solutions.

Despite the formal analogy with the k-flow at fixed
Planck mass, there are important differences for the
physical setting. We deal now with an effective action
depending on two fields H and y. Cosmology is based on
the solution of the field equations for both fields. The y-
dependence of gauge couplings and Yukawa couplings
induces new interactions. And most importantly for our
purpose, the local scaling solution needs to be extended to a
global solution covering all field values. From the math-
ematical point of view, the scaling equation is a nonlinear

differential equation for a function of two variables / and &

or p and h. This complex problem gets further enhanced by
the presence of field-dependent functions for the various
gauge and Yukawa couplings.

The ranges of the field variables we have to cover are
huge. For h< 1, the masses of the standard model particles
are much smaller than k. Perturbation theory is valid. For &
around one and smaller, the threshold functions lead to a
subsequent decoupling of particles. For 7 > ¢,/m,, the
electron has decoupled and the particle physics of the
standard model is settled except for the neutrinos. We focus
on h < 1, as appropriate for a small ratio of Fermi scale over
Planck mass. In this case, the value of p = i/h is already
very large for values of / near one. Finally, as / approaches
one, the gravitational fluctuations become important and we
have to extend the flow equation (16), and correspondingly
the scaling equations (20), (21). The two quantities / and /
measure the Higgs field in very different units. They
therefore differ by many orders of magnitude, as given by p.

D. Anomalous dimension for the Higgs field

Fluctuation effects also lead to a scale dependence of the
kinetic term for the Higgs scalar. For fixed fields y and H,
one has

kakZH\;(,H = —Nulpy. (32)

For large enough p, such that the gravitational fluctuations
can be neglected, functional renormalization amounts to
leading order to the one-loop perturbative result

3 3 3
=—koyInZy=_—> (-3 —=~
NH kN ZLpy 822 <)’z 492 20

g%). (33)
Here y, is the Yukawa coupling of the top quark and g,, g,
are the gauge couplings of the gauge groups SU(2) and
U(1) of the standard model, respectively. For realistic
values of these couplings, 77 is a small quantity.

Taking the k-dependence of Zj; into account, one defines

h and h in terms of a renormalized field

h= H;Qf]’? = Z”H;H, h= ﬁ (34)
k k p
With
ko1 = kOxym, — %HR%W, (35)
one has
kowp.n = KOy + Moy + 2P0, (36)

This replaces in the flow equation for fixed p and 4, as well
as for the scaling solution,
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2p05, — 2P0, + nphoy,
Zilamh -2+ ’lH)ilail\h + nhoy,- (37)

For the scaling solution y,, g,, g; will be functions of p
and h. Then 5y only depends on p and h without any
explicit dependence on k. The anomalous dimension 7y
only induces small quantitative corrections without chang-
ing the qualitative features. For the sake of simplicity of the
discussion, we will omit it for most of our discussion. We
add its effect at the appropriate places, as for the numerical
solution. The field-dependence of 7y and Zg implies that
the field transformation (34) to renormalized fields is
nonlinear. In principle, this introduces corrections to the
flow equation ~pad;ny [92], which are further suppressed as
compared to the corrections ~5y by the f-functions of the
Yukawa and gauge couplings. They will be omitted.

IV. LOCAL SCALING SOLUTION FOR CONSTANT
YUKAWA AND GAUGE COUPLINGS

In this section, we discuss the local scaling solution in the
limit where ¢ is a function of p and A. For this purpose,
the scalar mass terms are approximated by zero for the
Goldstone modes and the cosmon, and by #i,> = 24,/ for
the radial mode. Then c¢; does not involve u or its
derivatives. We may investigate the contributions of the
different particles of the standard model, starting with the
top quark which has the largest coupling to the Higgs boson.
Subsequently, we include the couplings of the scalars and
the gauge bosons, as well as other fermions. In the
approximation of this section, the field-dependence of the
Yukawa and gauge couplings is neglected.

A. Top-quark fluctuations

In order to get a glance at qualitative features of the
scaling solution of Eq. (30), we first set all gauge couplings
and Yukawa couplings except for the top quark to zero. The
top-quark Yukawa coupling is approximated by a constant
v,. At this stage, we approximate the contribution from

scalar fluctuations by setting /i? = 7 =0,o0r N,=5.1In
this approximation, one has

_ _ ] 6
Ne=5  Ny=12, Np=39+——" (38
N Vv F 1+y%h,0 ( )
or
| 12
- (41— ). 39
‘v 128712( +1+y,2h[)> (39)

Let us first discuss the overall effect of the top-quark
fluctuations. For the region y?hp < 1, the general local
solution of Eq. (30) reads

59
=L_(hWp*———=+... 40
u=L (WF -5+ (40)
Similarly, for y?hp > 1, one finds approximately
47
=L (W)p*————+... 41
u +( )ﬂ 1287[2 + ( )

We will see below that the “integration constants” L, and
L_ coincide. Thus, the top-quark fluctuations shift u by a
constant value 3/(327°) between the regions in p for which
the top quark is effectively massless, and the region where
its mass is much larger than k.

For an investigation of the dependence of u on the Higgs
doublet, we take a h-derivative of Eq. (30):

3yip doln y;
- 1 .42
1621+ y2hp)E \ | atn (42)

In the present approximation, we neglect the small term
|0Iny?/d1n h| < 1. This yields for the approximate mixed
second derivative

705 (dyu) = 20,

3y7

- 43
167%(1 + y?hp)? (43)

2
af,dhu = :6hu
P

For the second h-derivative, this approximation implies

2, 3yt

el (44
7 sy Y

jh = 6%u, 6;)2;, =
For y?hp < 1, the approximative solution of Eqs. (43)

and (44) is found by an integration over p,

3yrp | 3ythp?

opu = 0,L_(h)p? U n(hp
nli h —( ),0 +167L'2+ 871'2 (,0)"' ’
3ylp?
Fu=0L_(h)p* + S—H(ln(hﬁ) +1)+ ... (45)
or
5 59 3y2h 3y4R? -1

=L_(Wp* - In(h)—= )| + ...

. (WP = o8 T o2 T ez \ M) =5 ) +

(40)

Equation (46) involves the first three terms in an expansion
of ¢y in powers of y?hp, accounting for the two lowest
correction terms to Eq. (40). We observe that the fluctuation
contribution only depends on h = H'H /k?.

Restoring dimensions yields

1 50Kt 3yUCHTH
U=-L_(h)y*- !
T e T

4
3yHHTH)? H'H\ 1

1 — 4

e \"e ) 72 (47)
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Evaluating the flow with k at fixed y and H,

Wl — 59 k4+3y%k2HTH_3y;‘(HTH)2
Kol = 3002 872 8n2

(48)

one finds the one-loop contribution from top quarks for the
mass term and quartic coupling in the Higgs potential,

k@kxlh — = 5. (49)

Adding the part from the anomalous dimension 7, this is
the standard perturbative result.

For y?hp > 1, the top quark decouples from the flow.
The contribution of the top fluctuations are suppressed by
powers of (y?hp)~!. Only other effectively massless par-
ticles contribute to the flow of u.

B. Mass thresholds for the scaling potential

At fixed h, one has ,ZJ();, = 710;1, and we can write the
scaling equation (30) as
1 12
hoju = 2u + 47 + —= ). 50
h 64 2( 1+ y%h) (50)

For constant y,, one can find the explicit solution

47 =

=L(h)h*- m?), m?=y*h. (51
(Mh =156 3Zﬂzu( 0, g (51)
The threshold function [66,67]
=2
t,(m?) =1 -2m* — 2m* In—— (52)
obeys
rh26,;,ztu = Zl‘u - w (53)

It interpolates between #, = 1 for in> — 0 and ¢, = 0 for
> — co. With t, shifted by one as the top-quark mass
threshold is crossed, the potential u is shifted by the
constant value —3/(3272). This relates the two asymptotic
expressions (40), (41) with L_(h) = L_(h).

The threshold functions 7, (7?) contain important infor-
mation about the flow of couplings. This can be seen by

evaluating the derivatives of the threshold function (48),

ot 2> in?
w_ (o 421 54
o’ ( tixm n< +rh2)> (54)

and

o, n? 4 2
= —(4In ) — T =22 )
(om?) L+m i +m*  (1+m?)
(55)
Derivatives of the potential with respect to & are directly

related to derivatives of 7, with respect to /.
We may define a type of quartic scalar coupling by

= _02u 3y} 0%,

A (h) = R An(h) = 320 G (56)

It has a simple relation (see below) to the quartic scaling
coupling 4, by switching from constant & to constant p.
Equation (55) implies

3yt HH JHH
A=A+ o [In <y,2 2 —In(1+y?—— 2

2 k4
+ y?H H + k* + 2(y?H'H + k2)2] '

(57)

For k* > y7H'H, we observe the logarithmic increase of 4,
with decreasing k due to the top-quark fluctuations

3 HIH\ 3
Xo=7 Sy’ {m <y,2 e )+§]. (58)

This accounts again for the top contribution to the pertur-
bative running at fixed H'H,

3y¢
ko, = ——=. 59

For arbitrary values of &, we may also directly evaluate
the flow of 4, (k) from Eq. (50):

hoj Ay, = hoy(02u) = 0 (hdju) — 24,

3 3y#
=——d(+ 27 7’~. 60
o2 G i) 8722(1 + y2h)3 (60)

This shows that 2}, is monotonically increasing for increas-
ing h. The solution of Eq. (60),

3 27 1 1
)
8 1+y2h 1+y?h  2(1+y2h)?

(61)

Ny=2+

agrees with Eq. (57). This demonstrates that the threshold
function (48) encodes both the logarithmic increase of the
quartic scalar coupling for k> > m? and the stop of this
increase for k> < m?. The integration constant Z}, corre-
sponds to the IR-value of 4, for k — 0.
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In a similar way, we may define

wi(h) = oqu(h. ). (62)
The flow of y), with h,

hjptyy, = 95 (hoju) — ),
o w
"r6a2(1 4 yh)?

has the solution

- 3y? ( y?h . y*h
= h+ 1+ —+2y?h1n ~1 ).
=S T e U T 1 y2n T 1 2

The integration constant ¢, multiplies A, such that there is

no free integration constant for 4 (h = 0). Comparison
with Eq. (47) implies

Cy=

=2L. (65)

~=I

The only free integration constant for the scaling solution is

the coefficient L of the term quadratic in /2. From the simple
relation

3y}
1622’

pi(h = 0) (66)

one infers that the minimum of U occurs for H = 0 if L is
independent of 4. The mass term for the Higgs scalar
decreases ~k? for this scaling solution,

ou 3y2k?
2 = ==, 67
" O HH) 167 (67)
It vanishes for £k — 0.
Comparison with Egs. (40), (41), and (46) yields
- L_(h L. (h L(h

h? h? h?

Except for a possible i-dependence of the boundary term
L(h), the scaling potential u(, k) is only a function of /.
We will see that this is characteristic for a second order
quantum phase transition.

The quantities that are directly related to the H-deriv-
atives of U at fixed y and k correspond for the scaling
solution to A-derivatives at fixed p:

oUu
oH H|y

2

i = Ojupp = k= (69)

and

U
ﬁh:agu~:f . (70)
h |p ( oH H)z\)(

We can take these as functions of the fields or for certain
fixed fields, say at h = 0. For the observables related to the
Higgs potential, the function u(p, /) is most appropriate.
On the other hand, the scaling equations (30) and (31)
assume their simple form for derivatives at fixed 4. One
may switch between derivatives at fixed & or p by the
identity

h

The difference between g, and y,,, or 4; and 4,, therefore
concerns only the boundary term L(h).

C. Fermi scale
The local solution involves the free function L (/) which
sets the “boundary values” or “initial values” for the local
solution of the differential equation (30). These boundary
values encode the behavior for 7 — oo, or for k — 0 at
fixed H'H. They are therefore directly related to the Fermi
scale. For small #, we may approximate

L(h) = %ZX + Aph + %Zhhm +A(h). (72

The normalization of A(#) affects the precise definition of
A, For a minimum of L(h) at h = 0, we take A(0) = 0. In
the case of a minimum of L (k) for hy # 0, we choose the
normalization such that the relation between h, and /, is
simple. Inserting the approximation (71), the effective
potential reads

1- 1-
U= 3 L+ EMﬁHTH

1- 2HTH
(a8

k* yH'H
- 47 + 12, 55— |. 73
1287:2{ * ( k2 )] (73)

For k — 0, one employs

lim #,(m?) =
m?—o00

2
The term ~k* vanishes, and we conclude that the couplings
Ays Am»> and 4, correspond in the approximation (74) to the
boundary values for k — 0 or p — co.

For 4,, < 0, one observes spontaneous breaking of the
SU(2) x U(1) symmetry according to
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1= 1)
Uimo = 5 0(H'H = »})* + §?f4 +AU,  (75)
where ], is specified by

OnL(h)p, = OnL(h) g = Anho, (76)

|7

and 4,, = ahL(h)|O. This specifies the constant part in A by
the relation

1
With this normalization, the term

1-

does not contribute to oU/d(HH) at 3. The Fermi scale
@o 1s proportional to y,

A _
2 _ _tmop 57 _Im 79
»; 27X , (79)

The observable quartic Higgs coupling obeys

U . 3 1
/Ih = = /lh (1 + _hahA + 5h20h2A> . (80)
o

o(H H)? 2 "

For the scaling solution, a possible logarithmic dependence
of the field-dependent quartic scalar coupling
0*U/o(HTH)? only arises through A(h) in the boundary
term. This may be understood from the observation that for
k = 0 and zero momentum any logarithm needs a second
scale, as present in the ratio H'H /y*. We will often omit A
since a quadratic approximation to L(h) is sufficient for
many purposes.
With

hy =" (81)

a small value h requires small |4,,/4,|. For the local
solution, the couplings 4, and /_1)(, as well as the ratio @3/,
are free parameters. On this level, there is no prediction for
the Fermi scale, the mass of the Higgs boson, or a possible
cosmological constant. Restrictions on the form of L(h) or
the parameters /_1}(, /_1,", and /_lh may arise from the require-
ment of a global scaling solution that exists for all values of
p and h. These global requirements will increase the
predictive power of the scaling solution.

D. Scalar fluctuations

We next evaluate the effective number of scalars Ng. For
this purpose, we have to diagonalize the scalar mass matrix

(29). By virtue of the SU(2) x U(1) symmetry, it is
sufficient to evaluate the second derivatives for a configu-
ration A, = V2hk?, H, = Hy = H, = 0. The mass matrix
becomes block diagonal, with three “Goldstone direc-
tions”:

m2 = oju. (82)

The radial mode of the Higgs scalar and the cosmon y are
mixed, with 2 x 2 matrix
)

(83)

SN

my =

<0,~1u+2}~15iu 2\/12;)@,30,314) (~g i
i

2\/hpososu  dyu + 2p02u 2

]
an

C

The h-derivatives are taken at fixed /, such that 05 = p~loy,

and the p-derivatives are taken at fixed 7.
The eigenvalues of the mass matrix (83) are

i = 3 (i o+ i 2\ = 2)? + i), (84)

1
2
If needed, the entries in the mass matrix (83) can also be

expressed in terms of u(p, h) with p-derivatives taken at
fixed A,

1 A
iy =~ (Opu + 24,h)
P
1
= 2\/];(()/;0;114(?, h) —:Ghu —ﬂhhﬁ> (85)
P
For the expressions involving p-derivatives at fixed /, one

uses

h

In terms of the eigenvalues (84), the effective number of
scalars is given by

_ 3 1 1
N

= . 87
: 1+p—lahu+1+mi+1+ﬁﬁ (87)

Consider the p-dependent partial minimum for £ at
ho(p),
Ou(p. ho(p)) = 0. (88)

At this partial minimum, the Goldstone boson mass
vanishes, and M2 ~ hyp,
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For the off-diagonal part, one finds

fitze = =/ ho(iit} — 20;0,u(p, hy))

= —ho m%+3—y‘2 . (90)
8% (1 + y7hp)?

The ratio m2./m2 is proportional to /A, and therefore
small for small hy. To a good approximation, we can
replace /% by 2, with

% = 2A,hy = 2A,hop. (91)

For h near h, the effect of the radial Higgs boson,
fluctuation is similar to the top fluctuations, with y?
replaced by 24, and a prefactor one instead of —12.
Away from the partial minimum, the effect of the scalar
fluctuations is more complex. This concerns the flow of
h-derivatives of u. For example, the Goldstone boson fluctua-
tions contribute to the flow of the quartic scalar coupling 4,
or scalar fluctuations induce an anomalous dimension for the
running of 4,,. We will come back to these issues below.

E. Integration constants

The local solution of the scaling equation (30) has free
“integration constants” or boundary values. We may view
Eq. (30) as a family of first order nonlinear differential
equations, one for each value of 4. There are then infinitely
many integration constants, one for each value of /. This is
reflected by the boundary function L(h4). There will be
additional requirements on L(%), as continuity and differ-
entiability. If the first few derivatives of L(h) existat h = 0,
we may use a Taylor expansion in the small quantity A. If
L(h) is analytic in a neighborhood of A, the coefficients of
a Taylor expansion around A, may be associated to the
infinitely many integration constants for the local solution
of Eq. (30). For very small & and h only, the few lowest
expansion coefficients will matter in practice.

The simple form of the boundary term L(h)p? holds
globally for all p only in the approximation that cy is a
function of p and & which does not involve u. The
contribution of the scalar fluctuations violates this property
since the field-dependent scalar masses involve d;u and
d/%u. Nevertheless, in the limit where the scalar masses can
be approximated by zero or by functions of p and & which
do not involve u explicitly, the global form of the boundary
term remains preserved. In this case, a family of local
solutions can be found by starting from a particular solution
i(p, h) by constructing the general solution as

u(p, h) = u(p.h) + L(h)p*. (92)

We will first work with this approximation and discuss the
modifications due to the scalar fluctuations at a later stage.

More generally, the local scaling solutions are always
characterized by an “initial value function” or “boundary
function” L(h). Only the global form (92) no longer holds.
For general field-dependent couplings, we may define the
threshold functions such that they vanish in the limit
in? — co. There is a region in field space for h > 1 where
all massive particles of the standard model except the
neutrinos have masses ﬁz,z > 1, while for the others one can
approximate 77 ~ 0. In this region, the form (92) becomes
a good approximation for / near the partial minimum #.
We could specify L(h) as the “initial value function”
defined by some 7;, in this region. We will actually take

h;, to infinity and define L(h) by the boundary value for

ﬁ—)oo,iz—>oo.

F. Scaling solution for constant gauge
and Yukawa couplings

Many features of our discussion of the top-quark fluctua-
tions features persist if we include the effects of fluctuations
of other particles of the standard model. Neglecting the field-
dependence of Yukawa and gauge couplings, the scaling
solution for u becomes

1
— ~2 52
u=L(h)p*+ 12872 {17 -2 Ef nyt, (iny)

+3) () + Zzu(mz)}. (93)

Here ny =1 for neutrinos, ny =2 for charged leptons,
ny = 6 for quarks, and /m; = m;/k for the dimensionless
fermion mass. The sum ), is over the three massive vector
bosons W, Z and >, sums the five scalars with mass
eigenvalues m2 = m?/k* in an approximation where they
can be taken to be proportional to & or zero.

For k — 0 or p — oo, the potential is dominated by the
boundary function L(h), which encodes the boundary
information for p — oo. Possible restrictions on the behav-
ior for p — 0 will have to be translated to restrictions on
L(h). The scaling solution implies the important property
of the scale invariant standard model [64,74,75] that the
Fermi scale is proportional to the field y, given by the
location of the minimum of L(k) at hy.

Let us consider the scaling solution for a range of k larger
than the mass of the charm quark. In this range, the flow
equations (30) and (31) may be a reasonable approxima-
tion, since the effects of the strong interactions are not yet
very large. We will discuss the continuation to lower k later.
We approximate
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_ ~ 1= - 1-
L(h)p? = Amﬁh+§/1hh2 +5/1X,32. (94)

In the limit of constant gauge and Yukawa couplings and
vanishing neutrino masses, the scaling solution for the
effective potential is given by Eq. (93):

=P h+ %Ahiﬁ - lz)ﬁ - %82{3%(;@)
+ 61, (i3,) + 3t,(m2) + t,(m?) — 121, (in})
—12t,(m3) — 121, (%) — 41, (in?) — 32}. (95)

Here we have neglected the Yukawa couplings of the s, u,
and d quarks and the electrons and muons, and we
approximate the cosmon mass by zero. For the nonzero
dimensionless vector boson mass terms, one has

1,3 )\:
(gz—i—lo )h, (96)

with g, and g, being the gauge couplings of the SU(2) and
U(1) groups of the standard model. For the top, bottom,
and charm quark we take

oy =ik (97)

Nl\)
oyl

vih, =y

SN

and for the scalars
M2 = oyu, = Opu + 2hd%u. (98)

The derivative of Eq. (95) with respect to & reads
- - . 1 2
oju = Ay + Aph — i 3g3s, (M3,)

3, 9 ] ]
+ (58 + 152 )sutm2) = 12535,
(mb) - 12yc u( ) 4yr u( r)

+362us (m2) + (362+2h63)us (m 2)} (99)

- 12y2s,

The function

m? N
1+ m? 1 + m?

s,(m?) =1 +2ﬁ121n<

1 1
=——|1t,(m*) - —— 100
()~ 1) (100)
interpolates between the limits
g 1
5,000=1 and s,(M* - ) = Fred (101)
m

With 4, = a%lu depending only on /1, we can recover the
perturbative one-loop flow equation for the quartic scalar

coupling. Taking the h-derivative of Eq. (99) yields a
logarithmic dependence of A, on h. Adding the scalar
anomalous dimension #y in Eq. (33), one has

kO = —2ho5an(h) = 2012 (h).

(102)
The expansion in powers of the dimensionless couplings
yields in the limit where the particle masses are small
(h < 1) the perturbative result. This demonstrates that
essential physics is encoded in the threshold functions.

We recall, however, that the solution (95) with threshold
function (52) is only an approximation. For gauge and
Yukawa couplings depending on fields, the threshold
function will be somewhat modified. The appearance of
derivatives of u in the scalar mass terms will induce a
deviation from the structure (92). For a rough picture of the
scaling solution, these are small effects. In this rough
picture, a tiny value of h is, however, also a rather small
feature. For the determination of the Fermi scale, we will
later have to take these modification into account.

G. Scaling potential for vanishing
cosmon-Higgs coupling
For the scaling potential (95), the cosmon-Higgs cou-
pling ,, is approximated by 4,,, which does not depend on
fields. In the limit 4,, = 0, the scaling potential is particu-
larly simple. The partial minimum of « is located for all p at
hy = 0. Indeed, a partial minimum at 1, > 0 can only occur
for a range of couplings for which the curly bracket in
Eq. (99) is positive. For the region of /%> < 1, this requires

2m3, + % + e > 4(m? + m3), (103)

where 7 = 21,h = 202u, and fzd%u is neglected. For
gauge and Yukawa couplings in a range compatible with
observation, this condition is not met. In the limit & < 1,
the partial minimum for the Higgs potential is located at
H = 0 with positive mass term

U=mH'H+ - =mk®H'H+---, (104)
with
i = Ol = —y {4y? +4yp 4y + 7
647
(3 B+ 5 6+ 200 (0)>}. (105)

As k decreases, the different terms in Eq. (105) are
suppressed by s,(m?) < 1 as h grows large. As long as
the fermion fluctuations dominate, m% remains positive.
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H. Second order phase transition

If one neglects the running of the gauge and Yukawa
couplings, the electroweak theory exhibits a second order
quantum phase transition (at zero temperature). There exists
a critical surface in parameter space for which both the
expectation values of the Higgs field and the mass of the
Higgs particle vanish. The symmetric phase with Hy =0
and m% > 0 joins at this phase transition the phase with
spontaneous symmetry breaking (SSB-phase) where H > 0.

The approximate scaling solution (93) reflects this phase
transition in a particularly simple way. The critical surface
is realized by a potential of the form

u = uy(h) + ux(p), (106)
where both u; and u, depend only on one dimensionless
field variable without further dependence on the ratio 4.
This is realized for L(h) = (1, + 4,h*)/2,i.e., 4,, = 0. For
k > 0, the (partial) minimum of this potential may occur for
hy > 0 (spontaneously broken regime), or for s, = 0 with
ji2 = dju(h = 0) > 0 (symmetric regime). For k — 0, one
finds 3 = hok®> — 0 or m%, = ji2k> — 0, respectively. This
constitutes the critical surface.

Moving away from the critical surface to the symmetric
or SSB-phase requires deviations from the form (106). The
potential (51) is of the form (106) for A, = 0. For 4,, # 0,
the contribution ~L,

- ~ 1- 1- - - .
L(h)p* = L(h)h* = Ei}(ﬁz - Eihhz +Auhp,  (107)
is the only source of a deviation from the form (106). For
An > 0, one ends in the symmetric phase, where Eq. (73)
yields

1-
m} = E/Im;(z, (108)
while for 1,, < 0 one realizes the SSB-phase with @5 given
by Eq. (79). This generalizes to the potential (95).

V. INFRARED LIMIT

In this section, we investigate the infrared limit for k — 0
at fixed y and H, or p — oo for the scaling solution. This
limit is needed for the initial value function L(h). The
infrared region is relevant for the understanding of dynami-
cal dark energy or quintessence in the recent cosmological
epochs [64-67,93—105]. We will see that the scaling
potential u evaluated at the partial minimum denoted by
ho(p) approaches a constant for p — co. The present ratio
Ug/M* ~ up=? corresponds to huge values p =~ 10°°. For
realistic values o ~ 10732, also & ~ hop ~ 10?® is huge. In
this range, all particles of the standard model with mass
equal to or greater than the electron mass have decoupled

from the flow. For i away from the partial minimum at
hy = hyp, the potential increases steeply, with 7m? =
2M,ho > 1. One expects that u(p,) can be reduced
effectively to a “cosmon potential” depending only on p.

A. Cosmological evolution of Fermi scale

Independently of the boundary function L(%), the scal-
ing solution predicts the p-dependence of /. The minimum
condition (7) holds for all p, implying

050,u(ho) + A9k = 0. (109)
If we include only the contribution from the top-quark
fluctuations (44), one has

3y;

630 u ~,h = - —5 -
oD o) = =161 4 y2hop)

(110)

The location of the partial minimum slowly increases with
p for y?hyp <1, and settles to a constant value for
yihop > 1,

i 3y7
05h = = . 111
PP = 60+ v )
Inserting the quartic Higgs coupling (19),
2
Ay = Opu =1, (112)
P
one obtains
3y7
poshy = . 113
PO = 16x20,p(1 + y2hop)? (113)
For large /m? = y?hp, this change is tiny,

olnp  167°4,m2hip*’

For cosmologies with a time-varying y, the scaling
solution predicts in this approximation the absence of a
time variation of the Fermi scale in units of the Planck mass.
Additional small contributions to the p-dependence of A for
a Yukawa coupling y, depending on p or & will be discussed
later. The situation remains similar once the other dimen-
sionless couplings of the standard model are included. The
conclusion that cosmologies with a time variation of y
encounter no problem from this side is rather robust. It does
not depend on details of the scaling potential.

B. Reduced cosmon potential

The reduced cosmon potential evaluates the effective
potential for 4 at the location of the partial minimum £y (5),
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#(p) = u(p, ho(5))- (115)
We want to derive an effective scaling equation for the
p-dependence of &(p). For this purpose, we show that for
the IR-region the scalar mass matrix becomes block
diagonal to a very good approximation, with one of the
eigenvalues computed in terms of derivatives of #(p). All
particles except neutrinos, photons, gravitons, and cosmons
decouple effectively for the scaling equation for ().
The minimum condition,

Opu(p. ho(p) = 0. (116)

holds for all p. For the p-derivatives of &#(p), one finds

0,11(p) = 0pu(p, ho) + 0pu(p. ho)0sho = u(p.hg)  (117)
and
93i(p) = d3u(p, ho) + 20;0,u(p, ho)dzhg
+ 05u(p. ho)(9;h0)°. (118)
Insertion of Eq. (109) yields
2 (5 2 (5 ! ~ 2
o5u(p) = d5u(p. ho) — T (050,u(P, ho))*. (119)

h

The term N}L,',' can be shown to reflect the effective
diagonalization of the scalar mass matrix.

One may compute the cosmon mass term from the
reduced cosmon potential

g = 0, + 2po3i = dzu(p, hy)

P 2p
+2p35u(p, ho) — 1 (05051)°,
h

(120)

where all derivatives are evaluated at i = hy(p) and 72 is
given by Eq. (83). This may be compared with the
eigenvalue M2 in Eq. (84) for the case iy}, < (M2 — m?)?,

52

m* = m2 — (121)

where 72 is converted to p-derivatives at fixed h,

ﬁ’l% = (0,-, + 2ﬁal~2))ll([~7, ]’lg) + hgﬁ’l% - 4]1()6/36;,1/{([7, h())

(122)
For in? < in?, m2 = 2l,hy/p, the mass eigenvalue m2
coincides with /2. In the limit where /2 is the dominant
entry in the mass matrix (83), we can replace /> by /m? and
% by m2. In this region, which is the relevant one for the
IR-limit, we can solve self-consistently the scaling equation

for i1(p). For the contribution for fluctuations of fermions or
gauge bosons, one inserts for / the partial minimum % (p).

For cosmological epochs long after the electroweak
phase transition, the invariant & has settled to the partial
minimum at /((p). One can therefore work with the
reduced cosmon potential. The flow equation for the
reduced cosmon potential #(p) equals the flow equation
for u(p, h) evaluated for h = hy(p). The same holds for the
differential equation for the scaling solution which eval-
uates Eq. (30) for & = ho(p). Inserting hy(p) in Eq. (25),
the fermion mass term can be cast into an effective Yukawa
coupling for y [67],

my = yihop = 2h3p. (123)

This holds in a similar way for the massive gauge bosons,
while for the Higgs boson one employs 2 = 24,hp.

The scaling solution for the reduced cosmon potential
i1(p) has been discussed in detail in Ref. [67]. Extending the
range of p to values of the order one, the contribution of the
metric fluctuations becomes more complicated than the
simple term 1/(64x2) in c;. Also the scaling solution for U
has to be combined with a scaling solution for F.
Furthermore, for hyp <1, the partial minimum hg(p)
may no longer be taken to be approximately constant.
Nevertheless, for p < 1, only the fluctuations of the stan-
dard model particles with their known couplings are needed.
The scaling solution #(p) gives rise to an interesting
cosmology with dynamical dark energy [66,67].

C. Boundary conditions

Possible predictions of the scaling solution for the
cosmological constant, the Fermi scale, or the quartic scalar
coupling depend on restrictions for the boundary function
L(h). For the reduced cosmon potential, this reduces to the
constant Ly = L(hg). General properties of the scaling
solution for the reduced cosmon potential in the limit of
large p are very similar to dilaton quantum gravity [47,48].
Only the fluctuations of the massless photon have to be
added for very large 5. A common scaling solution for ()
and f(p) = F(p, hy(p))/k* has only been found for Ly = 0.
This reflects a general restriction that for y — oo, the
potential cannot grow faster than F [106].

The condition L, = 0 translates to a relation between the
couplings /_11, A, and A, in Eq. (72), namely, § =0 in
Eq. (79). As a consequence, the reduced cosmon potential
becomes flat for p — oo,

5
limia(p) =up =——. 124
fim 2(p) = oo = 170 (124)
where the factor 5 accounts for the massless graviton,
photon, and cosmon. We emphasize that the flat direction
reflected by Eq. (124) corresponds precisely to the partial

minimum % = hy(p). For more general h, there is no
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similar property requiring L(/) = 0. Only the increase of
L(h) with h will be bounded for & — oo.

A potential U = u, k* combined with F = &y? results in
a decrease of the potential in the Einstein frame with
increasing y,

44
Uy = w (125)
“Runaway cosmologies” for which y diverges in the
infinite future lead then to a dynamical solution of the
cosmological constant problem.

For very large jp or i > 1, the potential is dominated by
the boundary term. With our boundary condition, m2 = 7>
vanishes. At the partial minimum of u with respect to
variations of % or h, the potential does not depend on p,
corresponding to a flat direction in the space of the two field
invariants p and / or p and &. In a cosmological context, the
cosmon will acquire an additional mass due to the coupling
of y to the curvature scalar R. This cosmon mass is
proportional to the Hubble parameter and therefore tiny.

A second set of boundary restrictions arises from the
extension of the scaling solution to p — 0. For fixed fields y
and H this corresponds to the UV limit k£ — co. We define
the dimensionless quartic couplings at the UV-fixed point by

U *U
Aog=4——, Ao =2 —5——r—,
‘2,0 (a)(Z)Z 0 ax2a(HTH)
*U
Ao =——s, 126
"0 O(HTH)? (126)

evaluated at y = 0, H'H = 0. In perturbation theory, these
couplings would be marginal. The graviton fluctuations
induce, however, an anomalous dimension which renders all
quartic scalar couplings irrelevant. For k — oo, they take the
values at the UV-fixed point. If gauge and Yukawa couplings
vanish in the ultraviolet limit for k — co or p — 0, the
couplings 4, o, 4,0, and 4, o vanish. For a fixed point with
nonzero gauge and Yukawa couplings, the fixed point value
of 1, differs from zero. It remains very small, however, of
the size y?/(16x*). Computing the flow of 1;, from p = 0 to
p — oo yields 4,: This gives rise to the quantum gravity
prediction for the Higgs boson mass [40].

What remains open at this stage is the relation between
Amo and A,. This key issue for the understanding of the
Fermi scale will be addressed in the later parts of this paper.

VI. FIELD-DEPENDENT YUKAWA AND
GAUGE COUPLINGS

The zero-temperature transition in the standard model is
not precisely a phase transition of second order. Due to the
running of dimensionless couplings, the Fermi scale ¢
cannot be arbitrarily small. Chiral symmetry breaking in

QCD implies quark-antiquark condensates which sponta-
neously break the electroweak symmetry. The physical
Higgs doublet becomes a mixture of the “fundamental”
Higgs field and mesons with the same quantum number.
This effect is small if the Fermi scale ¢, is much larger than
the scale of chiral symmetry breaking in QCD or the related
confinement scale Agcp. It becomes important, however, for
@y close to Agcp, and finally leads to a lower bound for ¢,

A second important effect of running gauge and Yukawa
couplings is the generation of new interactions. These
vertices result from the field dependence of these couplings.
This field dependence arises necessarily for the scaling
solution and does not depend on a given truncation or other
approximation. For zero momentum, the fluctuations which
induce running couplings are cut off by the infrared scale k.
As a consequence, the couplings depend on k as long as k is
in a range where mass terms can be neglected. For small
couplings, the running with k at fixed fields H and y is
governed by the standard perturbative f-function.

For a scaling solution, the couplings can only depend on

2
i
k-dependence is allowed by the very definition of the
scaling solution. If couplings depend on k at fixed fields,
they will depend on  or & and therefore be field-dependent.
For fixed &, the p-dependence of the gauge and Yukawa
couplings follows directly from their k-dependence. We
therefore only need to understand the h-dependence at
fixed p or h. In other words, one has to determine which
part of the flow arises from the p-dependence at fixed /, and
which part is due to the A-dependence at fixed j. This issue
may involve assumptions about the ultraviolet behavior
which we will discuss in the next section.

If gauge or Yukawa couplings depend on both / and 7,
this will involve effective couplings between y and H.
These couplings contribute to the flow of the cosmon-
Higgs coupling 4,,. They will affect the precise location of
the critical surface for the (almost) second order electro-
weak quantum phase transition. Since running couplings
are responsible for turning the phase transition into a
crossover, one has to investigate whether this violation
of particle scale symmetry could induce a departure from
the critical surface already for scales substantially above the
confinement scale of QCD. In principle, the violation of
particle scale symmetry by running gauge and Yukawa
couplings could even generate the observed Fermi scale.
Our findings indicate that this is not the case. As long as the
running couplings remain perturbative, they only induce a
modification of the location of the critical surface in
coupling constant space.

We discuss here only vertices which arise from terms as
Ze(p, h)F*F ,w for the gauge couplings, and similar terms
for Yukawa couplings. In our truncation, they can be
incorporated in a rather direct way into the flow equation
of the effective potential by allowing the gauge and Yukawa

the dimensionless quantities)';—i and no further explicit
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couplings to depend on p and A. In principle, other terms
with more complex structures of derivatives are generated
by the functional flow as well. We see no good reason why
such additional terms should change the qualitative behav-
ior. We actually find that their effect on the flow of u is
likely to be subleading compared with the vertices retained
here. The one-loop structure of the exact flow equation for
u and the decomposition into separate contributions from
different representations of the Lorentz and gauge groups
largely fixes the structure. Beyond field-dependent mass
terms, one may have corrections to the momentum depend-
ence—a sort of field-dependent and momentum dependent
anomalous dimension. These anomalous dimensions are
small already in leading order perturbation theory.

In summary, one expects that the effects of running
couplings lead to deviations of the scaling solution for the
effective potential from the form (106). These effects
should become important as ¢, comes close to Agcp.
We will see, however, that they remain rather moderate in
the range where H'H > Agcp, as relevant for the observed

Fermi scale. In this range, the main modification will
simply replace in Eq. (95) the constant dimensionless
couplings by field-dependent Yukawa and gauge cou-
plings. In the following, we include the effects of running
dimensionless couplings for the scaling form of the
effective potential.

A. Strong gauge coupling

Let us start with the gauge coupling g; of QCD. At fixed
fields H and y, its dependence on the renormalization scale
k follows for k? < &y? the perturbative flow of the standard
model. In the one-loop approximation, one finds

korg3 = B3gi. (127)
with
_ 33 1 K2
=- : 128
Ps 24ﬂ2+127t2;k2+m§ (128)

In this approximation, the only “nonperturbative” effect of
functional renormalization is the decoupling of the quarks
from the flow once k is much smaller than the quark mass
m,. As an effect, the effective gauge coupling will be field-
dependent. The threshold function for the decoupling of
heavy particles used in Eq. (128) is only approximative.
(The true threshold function leads to a stronger suppression
for mZ/k* > 1.) We use it here since it accounts for all
qualitative features and permits a simple analytic treatment.

Within functional renormalization, the gauge couplings
become field-dependent functions. One adds to the effec-
tive action (5) a gauge invariant kinetic term for the gauge
bosons:

1
oL [ inen, o

with F,,, being the gauge invariant field strength tensor. The

function Zy(y, H) is a function of the scalar fields. In turn,
the field-dependent gauge coupling is defined by

Zr(x. H) = g7 (r. H).

Similar to the scalar effective potential, the scaling solution
for Zp or g~2 depends on & and h or p and A, but not
separately on k.

For finding the scaling solution, one may investigate the
flow of g5(k;h, h) at fixed & and h. The scaling solution
g3(}~z, h) obtains from ko, g5 (k, h, h) = 0. Thus, the scaling
solution is only a function of & and . It obeys at fixed / the
differential equation

(130)

- 1-
ho;g3 = =5 P3g3- (131)
At fixed h, we may turn to gs(p, h) using hd; = po;. For
93(p, h), Eq. (131) yields then the form of the scaling
equation of Ref. [107].

For h>> h or p > 1, the fluctuations of the metric and
possible other heavy particles (as for grand unified theories
or other extensions of the standard model) are already
decoupled. In this range, 5 can be well approximated by
the known perturbative f-function for the running strong
gauge coupling, whereby functional renormalization pro-
vides for the appropriate thresholds. In one-loop order, one
has

33 1 1
Ps __24n2+12n22q:1+ﬁ1§1

1 1
=—— (332" —).
24;;2( Zl+y§h>

q

At fixed h, we can solve the flow equation (131) starting
at h = h, with & and h being much larger than 4 and much
smaller than one, such that neither Planck-scale physics nor
the quark mass thresholds are important. In this range, one
has

(132)

- 7
ho-072 = ——— 133
GO T (133)
The solution,
1 1 7  h 71  h
95 g5 loém” h l6m h

is parametrized by 33 = g%(h = h, h). Here
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(135)

is the value of & at which g;(h,h) diverges in this
approximation. This approximation requires %, < 1. For
a realistic confinement scale below the Fermi scale, the
quark mass threshold matters; see below.

B. Confinement scale

The “confinement scale” k. at which the strong gauge
coupling diverges is proportional to H,

H'H H'H 1672
=0T e <— 6”) (136)

ke h iz
Using p, = fzc /h, one sees that for fixed 4 the confinement
scale is also proportional to y [64],

)(2

2p.

K= (137)

This proportionality of the confinement scale and y is a
general property of the scaling solution. A dependence of
g2 on h introduces a further dependence of Agcp on
H'H /y?. This will not change the proportionality k, ~ y
once h settles to a fixed value h,.

If g3 is independent of A, the scaling solution for g3 only

depends on 7 and does not depend on / separately. This is
similar for the other dimensionless couplings. For Yukawa

couplings yq(fz) not depending on h separately, the mass
term th in Eq. (132) depends only on A. As a conse-
quence, the scaling solution for g3(%) remains only a
function of / even for the region where the mass thresholds
for the quarks matter. An important modification of this
situation will be connected to the h-dependence of g3.
For a more quantitative treatment of the thresholds, we
approximate yq(iz) by its value for 71, = 1, e.g.,

Vg = vq(h = 35%). (138)

This yields

hojg3” =

= 139
ﬂ2+24ﬂ2;1+)—15h (139)

[For a suitable choice of )‘12, Eq. (139) may also be used for
a more accurate threshold function in Eq. (128).] The

solution reads
In (:> 247 M2 Z (

~ 1 7

+ yéh)

(140)

For a given 33 = g3(h = h), we can again determine the
value &, for which g% diverges, and determine the confine-
ment scale

, _HH

c

(141)

In the limit where E]% does not depend on 4 or p, the value
h.. does not depend on 4 or p. Then the confinement scale
Aqcp is proportional to H. As long as the gauge and
Yukawa couplings only depend on A without explicit
dependence on /i, the running couplings will not induce
deviations of the scaling potential from the form (106)

u =ity (h) + #(p) + L p. (142)
In this limit, the coupling 4,, will be independent of / or p,
given by the boundary value 4,,. The value 4,, = 0 deter-
mines again the critical surface of a second order phase
transition. In turn, the Fermi scale vanishes for Zm = 0. For
k — 0, the scaling potential is determined in this case
uniquely by the boundary terms, similar to Eq. (73):

1- 1. 1-
U= gﬂ)()(4 + 5Am;(zhﬁH + 5,1,1(1 +A)HTH)?.  (143)

C. Field-dependence of couplings and confinement scale

A modification of this situation, leading to a nontrivial
field-dependence of 4,,, arises from the dependence of the
dimensionless couplings on % besides their dependence on
h. We may demonstrate this by the dependence of the
strong gauge coupling and the associated confinement scale
on h. This is connected to the mass thresholds.

Let us consider a value p, sufficiently large as compared
to one, such that gravitational fluctuations can be neglected,
and not too large, such that the mass thresholds do not play
a role for the f-function. The scaling solution is para-
metrized by a fixed value of g3 at py which is independent
of h,

6:%(50) = 53, (144)
This assumption plays an important role for determining
the field-dependence of couplings and the induced flow of
the cosmon-Higgs coupling 4,,. In a region of k* much
above the field value H'H, it seems natural that the value of
H or h plays no role. The gauge coupling then depends only
on the ratio of k over the effective Planck mass y, and
therefore on p. In other words, a change of the value of
H'H/y? plays no role and one has in this region

095 (p.h) ~ 0 (145)
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We can the parametrize the gauge coupling by its value at
some fixed p, in this region, which is the content of
assumption (144). We will further motivate this relation by
a discussion of the ultraviolet physics in Sec. VIIL.

From (144), we can extrapolate the value of ¢3(7, h) to
larger values of p. A dependence on 4 will be induced once
p grows large enough such that the particle masses propor-
tional to ~h start to matter. One expects g3(p, h) to be
approximately independent of / for /2 > 1, and to develop a
h-dependence for i < 1.

We approximate the mass thresholds by taking fs
stepwise constant,

- c
=—-—7, 146
.B3 2471_2 ( )
with ¢ = 21 as long as /m? < 1, ¢ = 23 for the range where
my < 1,m}>1,c=25ifm? <1, > 1,and c = 27 if
2, > 1. The value of p where in? = 1 corresponds to

ytzhﬁt =1, P == (147)

and similar for p, and p,,. For h< 1 or p < p,, the
coupling ¢3 depends only on . A dependence on / is only
introduced by the quark mass threshold for p = p,.

The value of the strong gauge coupling for p > p., is
given by

_ 7T P 23 Py
2y D X
95°(P) —gg,o—ﬁlnﬁ—o—wlng

25 D 9
_ 1 Pch I 14

—In——-—=In—. 148
A87> Py 167 pon (148)
With the definition
7 . yi 23 y7
Gz In%———=In~—
B =00+t —= 1622 ny%h 48722 nyi
25 y% 1
- n—2 ——1Iny?, 149
4877.'2 y%h 8 2 Yen ( )
one has
1 9 p
2(p,h) = 72 ——In(hp ——In—. 150
37 (p.h) = G3 872 n(hpg) — 1622 n/’o (150)

Here we take for the Yukawa couplings the values they have
at the corresponding mass threshold. These values depend
on h, but the corresponding /-dependence of 3% is
subleading.

In the approximation of massless u, d, s quarks, the
critical p,. at which g3 diverges is given by

5. 1672 2
n2e = 27 Zin(hpy),
Po 9%; 9

(151)

It decreases with increasing 4. The corresponding confine-
ment scale obeys

2 )(2 1 +17\270
AQCD 27, = eXp 992 (H'H) kg,

(153)

The confinement scale increases with increasing H' H since
the heavy quarks decouple at a higher scale. At fixed y and
H, the scale k is the one where g5 is fixed:

g%(ko) = 9%,0-

In summary, the field-dependent confinement scale is
given approximatively by

(154)

71'2 2 14
o) @A

93 0
6111)&/1) }

(156)

A§cp = exp ( (155)

with

32 y? ¥2
A, —exp{ <211n——23 ln— 25 ln
2 ych yb th

The dependence ~(HTH)?/? is valid for the range of h for
which the charm-quark mass is above the confinement
scale, while the strange-quark mass is of the order of or
below the confinement scale. For this region, the power 2/9
does not depend on the precise truncation or thresholds. For
values of h outside this region, one can modify the
discussion, starting again from (144) and taking mass
thresholds into account as p increases beyond py.

The important general lesson is that the gauge and
Yukawa couplings depend both on p and on A in the
region 2 < 1, while they become essentially independent of
h for h < 1. The matching to the observed values may be
done for k at the top-quark mass, /i, = 1, or h~ 1. For
h < 1, the effective top-quark mass depends on / through
the p-dependence of the Yukawa coupling, m?(p,h) =
y2(p)h. The p-dependence of the Yukawa coupling will
lead to a nontrivial dependence of the cosmon-Higgs
coupling 4,, on p and therefore modify the precise location
of the critical surface for the electroweak quantum phase
transition. For 7 < 1, the jp-dependence of the gauge and
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Yukawa couplings will be given by the perturbative j-
functions and is therefore rather robust. We also observe
that assumption (144) permits a smooth transition to the
symmetric point i = 0, h = 0. The p-dependence of the
couplings corresponds then to the standard model with
massless quarks and leptons.

D. Nonperturbative strong interaction effects

The strong interactions of QCD break the electroweak
gauge symmetry nonperturbatively. They induce a lower
bound for the masses of W- and Z-bosons. This is seen
most directly by the chiral condensate of quark-antiquark
pairs for the light quarks. These condensates have the same
transformation properties as the Higgs doublet. A nonzero
condensate breaks the electroweak symmetry spontane-
ously. This induces constituent quark masses of the order of
the confinement scale, which are substantially larger than
the current masses for the up and down quarks. Couplings
to gauge bosons are universal via covariant derivatives. The
kinetic term for the gg-composites therefore produces
contributions to the W- and Z-boson masses.

The nonvanishing masses of W- and Z-bosons indicate
that the electroweak transition cannot be a second order
phase transition. There exists no symmetric phase for
which the W- and Z-bosons would be massless. We rather
deal with a crossover from a SSB-regime, where the W- and
Z-boson masses are set by the negative scalar mass term i,
to a regime where they are given by Agcp independently of
the parameters. This generic behavior has been demon-
strated for one-flavor QCD by the use of k-dependent field
transformations or “flowing bosonization” [108,109]. This
method can account for the interplay between quark-
antiquark condensates and the Higgs doublet.

For the standard model, one expects a lower bound for
the Fermi scale ¢, and the associated particle masses. This
can be established by employing flowing bosonization for
the coupled system of top-antitop composite and the Higgs
doublet. We will find that the lower bound for ¢, is
substantially below the observed Fermi scale. This lower

bound for & is found approximately at (AS%D /x)?, where

AS&D is the confinement scale for six massless quark
flavors, which is somewhat smaller than the confinement

scale of the standard model. With AgéD [x =50 MeV/M,,,
the lower bound for & is smaller than the observed value
by a factor #1077, As a consequence, for A in the region
corresponding to observation, the nonperturbative QCD-
effects from flowing bosonization are a small correction.
The simplified picture of a second order quantum phase
transition remains a good approximation in this case. Only
for hy zAéCD/Mf, do the strong QCD effects have an
important influence. Nevertheless, for 4, in the observed
range, the QCD-induced top-antitop composite may lead to
a small correction of the predicted ratio of Higgs boson

mass over top-quark mass. This may matter for the
quantum gravity prediction of this ratio [40] and the value
of “vacuum stability”.

The understanding of nonperturbative QCD effects is
important because they affect the general nature of the
electroweak transition. Since at the end the effect is found
to be small in the region of & relevant for the observed
Fermi scale, we deal with the quantitative features of
flowing bosonization in Appendix B. This also accounts
for the nonperturbative masses of the light quarks and the
W,Z-gauge bosons. The generation of the gluon mass is
more complex. One possibility is spontaneous color sym-
metry breaking in the Higgs picture of QCD [110,111].

For the region of 4 corresponding to the observed Fermi
scale, the nonperturbative QCD effects are expected to be
small for all values of p or . They are further suppressed
for i < 1, where quarks and gauge bosons are effectively
massless. In view of the qualitative change from a second
order phase transition to a crossover, we nevertheless want
to deal with these effects quantitatively. This may also be
used to explore the region of field space where 4 is much
smaller than the observed value. We employ here a rough
approximation which covers the qualitative features.

Nonperturbative strong interaction effects will generate a
mass gap through chiral symmetry breaking. These non-
perturbative masses are proportional to Agcp. Instead of
massless gluons and light quarks, we take for simplicity a
common mass,

macp = €sAdep- Mgep = = (157)

In this rough approximation, we may take for mgcp the
mass of the p-meson, mgep * 4Agep. Using this mass in
the threshold functions accounts qualitatively for non-
perturbative QCD effects. This leads to our final approxi-
mation for the differential equation defining the scaling
solution for the effective potential (28),

1 12 12 12
CU:_lzszﬂ{1+y%iz+1+y%jz+1+y3hiz
4 12 6 3
T TR 11, 1+l

1 3
— — 20 5.
1+ w2 1+6hu/ﬁ+ }

(158)

Here we approximate muons, electrons, neutrinos, and the
cosmon as massless, and employ

2 2 2
g2 2t s (5 30
W=y Mz <2+ 10) ’
Ot + 21}
2 = Ont T 2oyt w2 = mdep + 2R (159)
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The contributions of the gluons cancel with the contribu-
tions of the up and down quarks. The role of the strange
quark is particular. For small enough #, the current quark

mass contribution y2/ is small and /2 can be approximated
by méCD. On the other hand, for large enough /4, one has

2 ~ y2h. The actual strange quark mass is found in the
transition between the two regimes.

E. Field dependence of Yukawa coupling

The field-dependence of the Yukawa coupling for the
scaling solution can be estimated in close analogy to the
strong gauge coupling. The flow equation for the depend-
ence of y? on k at fixed y and H can be approximated by

2

167%(k* 4+ m?)

9 . 17
- <l6g% + 59% + EQ%)ﬁ] . (160)

kowy? = p, = {9%‘

This is the perturbative f-function, modified by a threshold
function for m? > 1.

A very rough approximation, which nevertheless covers
all qualitative features, takes the ratio

9 17
R, = <9§+§9§+ﬁ9%>/yg (161)

as constant. Indeed, in the limit g3 = ¢? = 0 and neglecting
the mass threshold, the one-loop evolution of the ratio

yi/ g3 obeys
() 9% (32
"\% 3222\ 9)°

with an infrared attractive fixed point at R, =9/2. The
observed value R, ~ 1.9 at the Z-boson mass is somewhat
below this fixed point. [For a more detailed justification of
approximately constant R,, see Ref. [43].]

For constant R,, the scaling solution for y? obeys the
equation

(162)

b y4
e 2 J— [ t —_—
pa/jyl\h = - bt =

9 — 16R,
2(1+yihp)' '

= (163)

For the observed values of the dimensionless couplings,
one finds negative b,. Replacing 1 + y?hp by 1 + y?hp and
taking b, as constant, the solution of Eq. (163) is given by

b p
2(P.h) =y 2 (o h) + = |In{ — ==
i (P h) =y (po. h) + > [n<1+)‘z,2h,7)>

-n(i 5|
1+ y7hpy

(164)

where we take j, with 32hp, < 1, py < p. For a numerical
solution, we employ Eq. (160).

Similar to Eq. (144), we assume that y?(jg,h) is
independent of / for p, in a range where hy = hp, < 1.
For all values p < (72h)~!, the Yukawa coupling depends
on p, but not on /4 or h. The p-dependence is given by the
perturbative p-function (160), where we may add the
contribution from the scalar anomalous dimension 7.

F. Effective vertices from field-dependent gauge and
Yukawa couplings

The field-dependence of the gauge couplings induces
effective vertices for the interaction of the Higgs boson and
the cosmon with the gauge fields. This can be seen directly
from Eq. (129) with a field-dependent Z;. An interaction
involving two cosmons and two gluons is proportional to
0Zr/dp, and similar for higher couplings. Similarly, one
obtains a quartic interaction between two Higgs bosons and
two gluons by 0Z/d(H' H). These interactions are propor-
tional to the S-function for g3. Similarly, the dependence of
the Yukawa coupling on y induces an effective five-point
vertex involving two cosmons, one Higgs doublet, and two
top quarks.

The effective y>7tH-vertex is of the size

dy 2 1
FZ;{,ZLH == —2P0~)’t = _W

. (165
=7 B (165)

It is suppressed by two powers of the inverse Planck mass
2. The corresponding interaction is even weaker than
gravitational strength by the factor f,. Nevertheless, it
contributes to the field-dependence of the cosmon-Higgs
coupling 4,,. Since the top quark couples to both the
cosmon and the Higgs boson, a top-quark loop contributes
to a vertex ~y>H'H and therefore to /,,. In the absence of
the coupling (165), and similar induced couplings for other
particles, only graviton loops would connect the cosmon
and the Higgs doublet. In the absence of gravity, 4,, would
not flow or be field-dependent. The field-dependence of the
scaling solution for 4,, which will be discussed in Sec. IX
can be directly connected to the induced vertices as in
Eq. (165). The dimensionless vertex kzel,zt.H is propor-
tional to p~'. It is therefore dominated by ultraviolet
physics with small values of p.

The quartic vertex involving two cosmons and two
gluons, evaluated for typical momenta ¢> ~ k>, is of the
size

0z oz

(166)

where the dots denote a contribution from the A-depend-
ence of ggz. For large p, this interaction is again very small.
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For the present epoch, it is suppressed by the second power
of the inverse Planck mass M~2 and its strength is weaker
than gravity.

For large p, the additional effective interactions are very
small. On the other side, the observed value of the cosmon-
Higgs coupling 4,, ~ 1073* is also tiny. The p-dependence
of the gauge and Yukawa couplings is the only important
contribution to the flow of 4,, besides gravity. We therefore
need to take it into account. Furthermore, we have to follow
the scaling solution to 5 — 0 where the suppression ~p~!
no longer operates.

VII. ULTRAVIOLET LIMIT FOR GAUGE AND
YUKAWA COUPLINGS

So far we have investigated the field-region p > 1,
corresponding to k sufficiently below the Planck mass.
One finds a family of local scaling solutions parametrized
by boundary functions as L(%). For a UV-complete theory,
these local scaling solutions have to be continued to p — 0.
This will select among the local scaling solutions a discrete
set for which this is possible. For p < 1, one deals with
scales k above the Planck mass. The gravitational fluctua-
tions become important. They will decide on the selection
of the global scaling solution. One expects that predictions
for the couplings of the standard model, and in particular
for the Fermi scale, may depend on the precise setting for
the gravitational fluctuations.

The fluctuations of the gravitational degrees of freedom
affect the dependence of dimensionless couplings as g3(p)
for small values of 5. They matter for the “initial value” of
the “infrared flow, g3(f,). This is the reason why this
section discusses the ultraviolet limit for the gauge and
Yukawa couplings before we address the local scaling
solution in the presence of field-dependent couplings in the
next section. For the moment, we may consider the results
of this section as an argument motivating Eq. (144) and a
similar assumption for the Yukawa coupling. Once we turn
to the general UV-limit for p — 0 in later parts of this work,
the UV-flow of the gauge and Yukawa couplings will be an
important part of the picture. We will then discuss the effect
of the gravitational fluctuations on the effective scalar
potential. For p < 1, the gravitational fluctuations also add
further terms to the scaling equation (30) for the effective
potential u(p, k). Those will be addressed in Sec. X.

A. Ultraviolet-infrared connection

For very small &, the Fermi scale ¢ and the Planck scale
y correspond to field values separated by many orders of
magnitude. In a rough sense, we may associate the Higgs
field H with the “infrared physics”, and the singlet field y
with the “ultraviolet physics”. For the infrared physics, the
scalar field y plays no direct role for the flow equation, and
we correspondingly have formulated the scaling solution
by functions of h. On the other hand, for Planck scale

physics, the Fermi scale ¢, is unimportant. In the field
region relevant for Planck scale physics, a formulation of
the scaling solution in terms of p seems more appropriate.
The flow of couplings has to match the ultraviolet (UV) and
infrared (IR) regions. This will provide information on the
“boundary values” of the local scaling solution as g3(/) or
L(h) for the potential. The dependence of the boundary
values on 4 reflects a dependence on the scale separation
between the UV- and IR-regions.

The ratio h, or on a logarithmic scale In(%), is a measure
for the separation of the IR-physics from the UV-physics.
The variation of 7 measures the dependence of quantities as
the gauge couplings or the effective potential on the UV-IR
separation. The issue is directly related to the cosmon-Higgs
coupling 4,,. A very small 4,, results in a large separation for
h taken at the partial minimum of u, and vice versa.

B. Field dependence of gauge couplings in
the ultraviolet

The fluctuations of the gravitational degrees of freedom
(metric or vierbein) induce an anomalous dimension B, in
the flow of the gauge couplings [107,112—-117]. We para-
metrize the flow in the UV region at fixed y and H by

korg* = —B,g* — Brg*, (167)

where Bj arises from the fluctuations of gauge bosons,
fermions and scalars. The gravitational fluctuations decou-
ple once k becomes much smaller than the flowing Planck
mass,

M3 (k) = 2wok? + &% = 2w(p)k>. (168)

One finds the approximative behavior [107]

5k? 4 3
> (o~ er) ()
with
_ (i)
v(k) = W)’ (170)

For large p, the dimensionless squared Planck mass
increases w & &p, such that v vanishes ~p~'. Then B,
decreases,

B,(p> 1)~

N 171
288725 (171)

and ngz can be neglected as compared to Bp.
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Toward the UV for k — oo or p — 0, one has

. 5 4 3 o
~ - , vy = —.
7772887 wy \1 —vy (1 —=1p)? " W

(172)

The part Brg* involves the contribution of the particles of
the standard model —f, plus additional contributions (for
example, from additional particles with mass ~y) which
decouple for large p,

_ DF
By = —f— .
r ﬂ 1+CF/~)

(173)

For the example of the strong gauge coupling, f is given by
f5 in Eq. (128).

C. UV-fixed point for gauge couplings

For p — 0, both B, and By, reach constant values. Those
depend on details of the microscopic model. We will
therefore treat them as unknown constants. For B, > 0,
the coupling g is asymptotically free, with a fixed point at
g, = 0 that is approached in the UV for k — 0. Another
fixed point is present if B, and By have opposite sign, with
value

(174)

For B, <0, By > 0, this fixed point is approached in the
UV for k — oo. In contrast, for B, > 0, Br < 0, the fixed
point (174) is approached as k is lowered. In this case,
the coupling g has two fixed points, at ¢° =0 and
¢* = —B,/Bg. For both B, < 0 and By < 0, the coupling
g diverges for k — co and the model is not ultraviolet
complete.

For the scaling solution, we can convert Eq. (167) to the
scaling equation

B, , By

In the limit of constant B, and By for p — 0, the solution
reads for B, > 0

~ —lB, B
0/~ P\ F

g2 =C <—) -—. (176)
g D Bg

For positive By, this solution implies the existence of a
critical p where g2 reaches zero. In contrast, for negative
Bp, the fixed point (174) is approached for p — oo. For
B, <0, By > 0, the solution (176) holds for g~ > ¢;2. In
this case, the fixed point is approached for p — 0, while g2
diverges for p — co. In the range g~ < ¢;2, one has instead

g (p) =- (g) e % ’ 177

g

such that g=2 vanishes for / approaching a critical p,.

D. Field-dependent gauge coupling below the
Planck mass

As p grows larger, the gravitational fluctuations decouple
according to Eq. (171). The term ~Br dominates Eq. (175),
leading to a logarithmic change. At this point, ¢* is a
function of p:

Br P
——In—.

2 )

(178)
It is independent of h if §~2 is independent of h. The
coefficient By may undergo some change as additional
heavy particles decouple. If these masses do not involve the
Higgs doublet, this change occurs as a function of p,
independently of A. This question decides on a possible
dependence on £ for the gauge coupling 9%.0 in Eq. (144).
Let us focus on a scenario where the UV-fixed point
value for p — 0 is independent of A. This rather natural
assumption implies
0,97%(p = 0) =0. (179)
We further assume that a possible i-dependence of the
decoupling of the fluctuations of the gravitational degrees
of freedom and heavy particles can be neglected. A
dependence on /1 only arises then from the masses of
particles generated by electroweak symmetry breaking for
H # 0. For simplicity, we consider here the contribution of
the top quark to the running of the strong gauge coupling

B 3 1 1. -
P030,95% = _EahBF = EahﬂS

(1 +2h5). (180)

R
 24x?

In the approximation of A-independent y?, this becomes

o yip
PO;0195~ = T2+ )R (181)
As long as y>hp < 1, this results in
s
g3 :—22’52, (182)

with y? being an appropriate p-average of y?. One
concludes
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yihp
2472

95°(p- h) = g5°(p.0) — (183)
For the tiny values of & corresponding to the observed
Fermi scale, the dependence of g3 2 on h is negligible at a
scale j, which corresponds to k*> much larger than H'H.
This justifies Eq. (144).

This dependence on / involves the combination /. The
shift in the gauge coupling due to its dependence on £ is
tiny as long as m? = y?hp is a tiny quantity. More
generally, the integration of Eq. (181) yields for y?(p, h)
replaced by y?,

> yip
N e L L— 184
n93 2472(1 + y21p) (184)
and therefore
2(5.1h) = g2(5,0) = ——In (1 + 2hp).  (185)
937\Ps 937\P, 2472 n yinp).

We observe that d,¢3 remains finite for all 5 for which g3
remains finite. For an estimate of the relative size of the /-
dependence as compared to the p-dependence, one has to
compare hd;,g3* with pd;g3%. One finds a suppression

factor /1 which is very small at /5, by assumption.

E. Boundary value for the gauge coupling of the
effective low energy theory

The effective low energy theory is formulated in terms of
g% as a function of / and h. For the solution (134), we need
the dependence of the boundary g3 on h. The switch from
G (p,h) to g3(h, h) is a pure translation of variables. No
physical “matching condition” is involved. For a function
depending only on p = &/h, the logarithmic dependence
on h is the negative one of the logarithmic dependence on
h. We therefore expect that g%(fz h) depends substantially
on h in the region 7 < 1. B

The switch from g3(p, 1) to ¢3(h, i) involves typically a
logarithm of 4 since p = i/h. In particular, if one solves
the evolution equation for g3(/, i) with some initial value
3 (h) = g3(h = h, h), this initial value involves In 4. The
translation from g3 (p, h) to g%(h, h) is done according to

G(h = hp.h) = G(p.h). (186)

We may switch the variable at some given py > 1, with
hpy < 1. At py, the gauge coupling has the value

Bo =B Po.h) = G(h = hpy. h). (187)

We want to translate to a fixed h, corresponding to
p=h/h,

% =gi(h=h.h). (188)
The value of g3 depends on A according to
55" = g + %Bg In (hip() : (189)
The corresponding h-dependence of 33,
houg;* = —%B% (190)

is much bigger than the one from Eq. (182), which is
suppressed by h. In other words, the relation of the coupling
at k> = H'H/h to the short distance coupling at k> = cy?
depends on the scale separation between H'H and y?, as
encoded in A. It is the dependence of g3 on & which induces
the dependence of the confinement scale on y.

Similar arguments apply to the other dimensionless
couplings. The dependence of their values at 2 =k on h
is determined by the p-functions at & = k. It does not
involve any additional suppression by small dimensionless
particle masses. An explicit dependence of the dimension-
less couplings on / at fixed & will lead to a nontrivial
dependence of 4,,(p, h) on p.

The scale of the infrared physics is set by ¢q(k). The
particle scale symmetry associated to a second order phase
transition states that, for a fixed Planck mass or fixed y, the
effective low-energy theory does not involve an intrinsic
scale. In this case, the dimensionless couplings can only
depend on ¢,/ k or h. A dependence of the gauge or Yukawa
couplings on  at fixed / violates particle scale symmetry.
We have seen that this violation is due to the logarithmic
running of the dimensionless couplings. It ultimately leads
to the crossover instead of a second order phase transition.
The infrared physics keeps some memory of the ultraviolet
physics which induces a scale proportional to y.
Observation tells us that this violation of particle scale
symmetry does not induce a large mass scale. The mass
scale generated by the violation of particle scale symmetry
is not minimal, however. For a minimal mass scale, ¢,
would be around Agcp.

F. Validity of assumptions

The dependence of the gauge and Yukawa couplings on
p for fixed / is crucial for the induced effective vertices of
the cosmon and the scaling solution for 4,,. One may
therefore question the robustness of our assumptions. The
effective squared Planck mass involves a term ~H'H in
addition to the one ~y2. The threshold behavior for the
decoupling of the gravitational fluctuations for the flow of
the field-dependence of u will therefore depend on #,
leading to an h-dependence of g3(p). For small A, it seems
reasonable to linearize in /4, such that the 4-dependence of
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g2 is linear in K. A similar argument applies for the h-
dependence from the decoupling of fluctuations of addi-
tional particles with mass ~y. Given the tiny scale of the
IR-physics related to the Fermi scale for 7 < 1, it seems
reasonable that the shift in couplings due to z # 0 can be
linearized in h. It is then very small if one takes boundary
values at /1 < 1.

While reasonable, our assumptions are not proven. From
the point of view of the local solution for the differential
equation defining the scaling solution for g3, the initial
value g3(h = h) is an arbitrary function g3(h) of A,

ol

g5(h = h.h) = g3(h). (191)
Every function g3(h) defines a member of the family of
local scaling solutions. Restrictions arise only from the
requirement of a continuation of the local solution to 7 — co

and i — 0. Only a detailed investigation of the UV behavior
for p — 0 can definitely establish our assumptions.

For example, one could envisage the alternative pos-
sibility that g3(h) is approximately independent of 4, and
similar for the other dimensionless couplings. For such a
scenario, the ratio of the strong interaction confinement
scale over the Fermi scale, Ajcp/@g, is predicted as a

function of % and LE]%, without further dependence on y. The
cosmon-Higgs coupling 4,,(p, #) would be independent of
p for all & in this case. It is not disproven so far that this
alternative local scaling solution could have a continuation
to p — 0. Nevertheless, our considerations of the UV-fixed
point for the dimensionless couplings make this scenario
rather unlikely. We will therefore work with the approxi-
mation that 9%,0 in Eq. (144) or (189) is independent of 4.

VIII. SCALING POTENTIAL FOR FIELD-
DEPENDENT DIMENSIONLESS COUPLINGS

Our truncation for the flow of the effective potential,
together with the perturbative running of the gauge and
Yukawa couplings with given initial values at j, indepen-
dent of h, defines a closed system. We can therefore
establish the general local solution for this system for
p > po- The general local solution of the scaling equa-
tions (30) and (23) yields for the region of small / a rather
detailed and robust picture for the dependence of u on p and
h. This local scaling solution involves two free parameters
A, and Z,. They correspond to the renormalizable cou-
plings for the Higgs potential in the standard model,
namely, the mass term and the quartic coupling. The
validity of the local scaling solution extends to values of
p near one where gravity and perhaps additional fields as
for grand unified theories become important. We will
include these additional fluctuations below in order to
perform the “ultraviolet completion” by extending the local
scaling solution to p — 0. This extension to a global scaling

solution will fix 4,, and 4, and allow for predictivity for the
Fermi scale.

Control over the j-dependence of u and its A-derivatives
over a large range between p =~ 1 and p — oo is necessary to
connect the physics below the Planck mass with the physics
above the Planck mass. In the regions where the number of
particles with masses 7m? < 1 does not change with , the
simple truncation (23) produces correctly the running of the
couplings, including the anomalous mass dimension. It is
one-loop exact if one treats the scalar fluctuations more
carefully—this will be done in the next section—and
includes the scalar-field anomalous dimension 7y dis-
cussed in Sec. III. Furthermore, it deals coherently with
all mass thresholds.

The field-dependent gauge and Yukawa couplings
appear in the scaling equation (30) for the effective
potential u(p, k). In this and the next section, we focus
on local scaling solutions for p > 1. Additional terms in
Eq. (30) for the contribution of the metric fluctuations for
p <1 will be included in Sec. X. We first discuss the
approximation where c¢;; does not depend explicitly on u or
its field derivatives. The field-dependence of the dimen-
sionless couplings does not change the structure of the
solution in this case. Only the threshold functions #;; are
modified. We are mainly interested in the dependence of u
on h, or the quantity Z(p, h) = d,u(p, h). The second part
of this section establishes a scaling equation for 7(p, h)
which continues to hold if ¢;; depends on u. We derive both
the formal solution and an approximate solution.

A. Threshold functions for field-dependent couplings

For cy; independent of u, the general scaling solution for
u takes the form

u=L(h)p* +

1 i
Soadlw?).  (192)

12872

Here we work on a basis of mass eigenvalues m;. This is the
same expression as for Eq. (93)—only the threshold
functions tEf) are modified. The general threshold functions

£ (in?) obey the defining equation

5 (0) (i) 1
0~tu B 2 tu - )
P ( 1+ﬁ1$>

where 0; is taken at fixed h. We recall that the factors 7;
count the number of degrees of freedom for a given mass
eigenvalue m;, m? = m?/k* with a minus sign for fer-
mions. With 7. (0) =1, Eq. (192) also includes the
constant contribution of massless particles. For the par-
ticular case where /7 ~ p, the threshold functions tﬁp equal
the ones given by Eq. (40) since pod; = in?0;2. In the
presence of running gauge couplings, the p-dependence of

(193)
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m? may deviate from a strictly linear behavior, such that the
threshold functions are modified [67]. _

We display details on the threshold functions tﬁf) for
field-dependent couplings in Appendixes C and D. The
main outcome is that the threshold functions continue to
vanish ~in;? for /m? > 1. In a reasonable approximation,
they are again given by Eq. (52), with 7#2? now involving the
field-dependent dimensionless couplings. This approxima-
tion yields a valid overall picture of the scaling equation for
u. When one needs more precision on the derivatives of u, it
is advantageous to define threshold functions associated to

the derivatives of 7 with respect to the mass 7.

B. Dependence of effective potential on the Higgs field

For a discussion of the Fermi scale, we are mainly
interested in the dependence of U on the Higgs scalar, or
the dependence of u on 4. Instead of a detailed investigation

of the threshold functions t,&i), we can focus directly on the
quantity
B(p.h) = 04u(p. h)

= P (p: h). (194)

with

v(p) = (. 0). (195)
Up to a factor p, the quantity T corresponds to p;, =
ou(p,h). Tt is related to the cosmon-Higgs coupling
function 4,, by

A (P, 1) (196)

| i
= /;(/)5;; — hoy, = 1)v(p. h).

In particular, one has for # = 0 the cosmon-Higgs coupling
~ - 1 1., . o(p)

An(P) =4,,(p,0) = <:6~—T>vp —0~< — > 197
(P) =4 (p.0) 5% 5 (P)=9; 5 (197)

As long as 7(p, h) remains positive for all &, a partial
minimum of u(p, h) with respect to h occurs for h = 0. A
possible nontrivial partial minimum (or maximum) at /()
is realized for

o(p, hy) = 0. (198)
In principle, the location of an extremum at 4y (p) depends
on p. The Fermi scale obtains a partial minimum from
ho(p = o) = hy. Thus, the determination of the Fermi
scale investigates a possible zero of 7(p, h) for p — oo.

In particular, for negative values of 7 = I(p, 0), the value
h =0 is not a partial minimum of u with respect to & at
fixed p. This partial minimum occurs rather for 4y (p) > 0
according to

ahuV, = + /Ihho,bz = 0, (199)
where we have assumed the validity of an expansion in the
small quantity /y(p). The Fermi scale is obtained for k — 0
or p — oo,

95 =5 ho(p = )i,

293 v(p)
hy =" = ———2—(p = ). (200)
x n(P)P?
In general, the threshold functions t,(f) defined by

Eq. (193) depend on the flow of the dimensionless
couplings. In addition to their dependence on /?, they
typically depend on the f-functions of these dlmensmnless

couplings. It is instructive to discuss # in the limit where tg,i)

are only functions of 7?7, such that
V(. h) = B(p, h) — L ()7 Z 2 90
P =rvp, h 128 Th70. 2 n; h la 2
(201)
For Eq. (52), this yields
1 . .
v= _WZn,ahm sf,)( 2, (202)
with
i oa Lot N
(203)
With
(a2 1
lim s, (;) = —7. (204)
200 3

and diverging /m?(p — o), the ths of Eq. (202) vanishes for
p — oo, implying

limv = 0, lim 2(p, h) = 0,Lp>.

p—0 p—00

(205)

This result is independent of the detailed shape of threshold
functions, since only the decrease of s,(]) for increasing m?
matters. This property remains valid if the field-dependence
of dimensionless couplings is taken into account. We recall,
however, that the general structure (192) holds only in the
approximation for which the explicit dependence of ¢ on
u is neglected.

The rather complex field-dependence of v is discussed in
Appendix E. One uses in Eq. (202) the relation d,/m? =

[J();lﬁftl? where both derivatives are taken at fixed p. In turn,
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05?7 involves dimensionless couplings, as y? for the top-
quark fluctuations. One finds that for 4,, > 0 the function
D(p, h) remains positive for the observed values of the
gauge and Yukawa couplings. In this case, the partial
minimum of the scaling potential occurs for /y(p) = 0. A
value h, > 0 requires 4,, < 0.

C. Scaling equation for 7(p, h)

For field-dependent couplings, it is possible to compute
directly the p-dependence of 7 without an explicit solution
for the threshold functions tﬁf). For fixed y, the flow with p
is transmuted to the flow with k, such that the p-dependence
of U corresponds to the k-dependence of the derivative
0U/o(H'H). Furthermore, the cosmon-Higgs coupling 4,
can be related directly to the flow of T with p.

The p-dependence of 7(p, k) is given by

posu(p, h) = 0, (posu) = 20,(u — cy) = 20— 20,¢y.
(206)

If the dependence of ¢ on u is neglected, we may write
this in the form

~y o~ )~ 1 N (i) 1
PO55(p,h) =20, L +WZ”"0’1 (tu -1 m2> . (207)

in order to see that massless particles do not contribute to
the sum. This approximation is not needed, however.
Equation (206) follows directly from our ansatz for the
scaling equation for u without further approximations.

It is convenient to work with the expression

po(p. h) =20(p. h) — B(p, h), (208)
with
B =20,cy = %Zﬁ,@h(l + m2)~!
64r° <~
= - 641][2 Zﬁiahﬁﬁ(l + m?)2. (209)

Omitting for a moment the scalar fluctuations (which will
be treated more accurately below), we employ

m? = a;(h, h)h = a;hp, (210)
with
Oy, = Oy + poRing,
_ (1 + (33111111(;; + lei(:;)ﬁ. (211)

Equivalently, we may use m? = a;(p, h)hp with

olna;(p.h)\ .
—|P. 212
dlnh >p (212)
D. General scaling solution for 7(p. h)
For the general solution of Eq. (208), we define

B

B, =—=. 213
5 (213)
This implies
v\ _#p
= | =%, (214)
’ <p2> P’
with general local solution
oo ” h
o(p, h) = 0,Lp* —,32/ dp'ﬂy(pia). (215)
P

In its general form, Eq. (215) is an implicit solution since f3,
may depend on 7. It provides in this form a good view on
how Z(p, h) at finite 5 is connected to the IR values for
p — oo. The boundary condition is defined by
(5. h
@hL = lim M .

p—0 [)2

)

(216)

The dependence of f, on U arises from the scalar
fluctuations. Their role will be discussed separately below.
We first focus on an approximation where the mass of the
Goldstone modes is set to zero and the mass of the radial
mode is given by 24,%, with 1, independent of 7. These
relations hold for a partial minimum at hy(p), while for
general h and for derivatives of 7 modifications are
expected for a more accurate treatment of the scalar
fluctuations. For this approximation for the scalar fluctua-
tions, f, is simply a function of p and /4, as determined by
the field-dependent dimensionless couplings. With @; being
simple functions of these couplings, perturbation theory
becomes a good guide for Eq. (212). In leading order, one
can omit the term ~dIna;(ph)/d1n h, resulting in

1 A ~\ =
po g St s,

In the range where a;hp < 1, the quantity 3, is domi-
nated by the top-quark fluctuations. It is negative and
almost constant. For constant f3,, the general solution (215)
reads

D= —f,p+ 0L (218)

On the other side, for a;hp > 1, one can approximate
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1 ;
=) —. 219
b 647* Zaihzﬁz (219)
Neglecting the p-dependence of «;, this yields
7(p.h) = 0,Lp* — ! Z"— (220)
’ h 19227 &~ a;1%p

This confirms that the “integration constant” L(h) corre-
sponds to the boundary value for p — oo.

E. Approximate scaling solution for 7(p, h)

For an approximate computation of Z(p, i), we define B,
by
D(p, h) = O4Lp* = B, (. h)p. (221)

Here f3, is an appropriately weighed integral (215) over f3,,
obeying
ﬁaﬁ.ﬁu = IBI./ =P (222)

The integral (215) for 3, can be written in terms of 3, (%, )
as

ALy = A o B )
64;;2Z / W21+ a;l)? +ah’

h) by a;(h, h), one finds

- 1 - a:h 1
—— NThall+an(21 it §
P 647:2211106’{ ta < n(1+aih>+1+aih>}

(223)

Approximating a;(h’,

1 .
= WZniaisu(m (224)
and
~ 1 N ~ aiil
0;,/}1/“; = Wzi:niahaim |:1 + 4(11',’1 ln<1 n ai;l)
da;h a?h?
+ — - . 225
l+ah (14 aih)z} (225)
For a;h > 1, the quantity B, decreases ~h~>:
~ n;
P =00 ZE
- ; ah%h
B 226
o = 192ﬂ2h2 Z (226)

F. Dependence of scaling potential on the Higgs field

From f, and its derivatives, we can compute the field
derivatives of the effective potential at fixed y and k as

oUu

1 ~
———— =—y%0,L - Bk 227
and
PU IS
)’h - W - ahL - Eahﬁylﬁ. (228)

The term —f3, k2 determines the quadratic term for the Higgs
field for the region of large k, k> > m?. In this region of k,
one finds at the origin H = 0:

oU m
oHH) " 2% 64 64n° Z” i (229)
This extends the relation (105) to the case of running
dimensionless couplings. This result for the k-dependence
of the mass term for the Higgs scalar is very simple. The
term ~k? is the remnant of the “quadratic divergences” in
perturbation theory [21]. We will improve this result below
by a more accurate treatment of the scalar field dimension
1y What is not settled at this stage is the boundary value 4,,
for the local scaling solution which will finally determine
the Fermi scale for k — 0. For large enough k2, the term
~Anx® can be neglected. For realistic values of the
dimensionless couplings, the contribution from the top-
quark fluctuations dominates. This results in a positive
quadratic term. For large k, the partial minimum of U is
located at H = 0.

We can also infer the k-dependence of the quartic Higgs
coupling. The logarithmic field-dependence of 4 is recov-
ered by

1. - )
Eahﬂu(p’ h) =4 —ﬂh(ﬂ, h)

with leading term ~a?. The expression remains finite for
h # 0. Taking the logarithmic k-derivative at fixed fields,
one recovers for m? < 1 the perturbative renormalization
group equation for 4, if one adds the contribution from the
anomalous dimension #y. The p-function for A,(k)
involves the renormalized couplings at the scale k.
Furthermore, Eq. (230) accounts for the decoupling of
fluctuations once /? > 1. The coupling 4, (p, i) involves
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the integration constant A,. Its field-dependence is fixed
by Eq. (230).

One may want to evaluate more precisely the contribu-
tion of the top-quark fluctuations to the scaling form of the
effective potential. With a, = y?, we need the dependence
of y? on p and h. For the dependence of the Yukawa
coupling on &, Eq. (164) implies

L, N b,yiyt
70 2+ 520p) 23
Insertion of this expression in Egs. (225) and (228) leads to
a subleading contribution to A, proportional to y?. The
functional flow equation is nonperturbative and not limited
to small couplings. In the limit of small couplings, a given
truncation produces beyond the perturbative one-loop
results already many higher loop contributions. The cor-
rection (231) may be interpreted as one of these higher loop
contributions.

In summary, the field-dependence of the top-quark
Yukawa coupling results to a good approximation in the
insertion of the field-dependent coupling into the formula
we have found previously for a field independent coupling.
This generalizes to the other dimensionless couplings. We
can use Eq. (99) by inserting the field-dependent Yukawa
and gauge couplings. This provides a rather simple
expression for the dependence of the scaling potential on
the Higgs field. The dominant correction to this simple
picture expands in Eq. (223): a;(K’, h) around «; (1, ). This
involves the f-functions for @; which are much smaller than
a;. A similar approximation can be used for the scaling
form of the effective potential (95), with field-dependent
dimensionless couplings used for the threshold func-
tions t,(m?).

We have obtained a rather robust picture for the overall
features of the scaling potential for the region of small A
and p < 1. This will only be mildly modified by a more
accurate treatment of the scalar fluctuations. What remains
open at this stage are the “integration constants” 4,, and 4.

G. Global h-dependence of boundary term

In this paper, we focus on very small 4 for which a
polynomial expansion of the boundary term around some
small A is justified. The overall h-dependence of the
boundary term L(h) is more complex, being far from a
simple polynomial. This may be demonstrated by the effect
of the top-quark fluctuations.

Taking into account only the top-quark fluctuations with
constant Yukawa coupling y,, we can derive ¥ directly from
Eq. (51),
3y7

v(p,h) = 0,L(h)p*
I/(p ) h()p +16ﬂ.’2

ps.(yihp).  (232)

which agrees with Eq. (224).

If one has information on Z(py, k) for small 5, one can
extract information on L(h) by

o,L(h) = - LOZhpy). (233
I ( ) /~)(2) 167[2/~)0S (Yt ,00) ( )
For example, one has, for /m?, = y}hpy,
5 0u(Po, h)  3y? 9s,(ii7)
Ay(h) = 2L(h) = — “
h( ) h ( ) ,5(2) 1671'2 aﬁ’l%
0nv(po, h) 3y} i} 1
s ()
25 8z 1 + my, 1+ m;,
1
TR — (234)
2(1+ m,z’o)z]

If there is a value p, for which 0,0(pg, h) = 0, one infers

. 3y 1+ y2hp 1
0 - 24 (L) L
87 yihpo L+ yihpo

I
st @9

For h < (y?py)~", one infers the logarithmic dependence

on h:

- 3y# 1

Ap(h) ~=—=In| —|. 236
On the other hand, for & > (y?5,)~", one uses ds, /dm* =

—2/(3m"%), implying a fast decay:

1

/_I, h =~ 533"
= S

(237)

One concludes that the global dependence of the boundary
term on £ is far from being a polynomial.

For a polynomial expansion for small £, Eq. (233) relates
the short distance value of the couplings at p,, specified by
/p3, to the infrared values encoded in d,L(h). In order to
avoid infrared complications, we may consider an expan-
sion around some fixed small value /,, which may be
identified with the location of the potential minimum at the
end. Defining

~ ~ T a 17 ﬁ’}_l 7 ~
() = Ou(p. ho) = %, In = M(p — 00),
(238)
one obtains
= . 3y; 0s,(m7)
An = (Do) — - (239)
o 0 |z
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Here m?(pg) = y?hopy is evaluated at h = h,. For a
realistic &, this quantity corresponds to m?/k>, with m,
being the physical top-quark mass. With Eq. (236), the
logarithmic dependence describes the running of 4;, due to
the top-quark fluctuations. One may include the contribu-
tion of other fluctuations and consider $d;4,(p) for an
improved estimate.

Let us consider the next term in the expansion,

 Ephe) -
(p) = "—5——= poiu(p. hy). (240)
p
The infrared value,
7n(p = ) = 0L =7y, (241)

parametrizes the polynomial expansion of the effective
potential at H = H,,

dU__2p,

W =7 (242)

Equation (233) yields for constant y,
3y?ﬁ0 azsu(ﬁ/ltz)
167% (0m?)?
3y

87[2}_10

i =vn(Po) —

7 (o)

(14 m7 (o))~

="7h (.00)

(243)

For m?(py) < 1, the second term dominates y,(p,) by
many orders of magnitude if /1, is very small. The coupling
7, 1is infrared dominated, and we may omit a small
correction y,(pg). As a consequence, the boundary term
d;L is not a free parameter. It is predicted by the local
scaling solution. The corresponding term in the potential is
given by

U 3y#

O(H'H)® ~  822HH, (244)

Similar features are found for higher orders in a poly-
nomial expansion of L(h)—they are all infrared dominated
and predicted by the local scaling solution. This generalizes
if the contribution from other fluctuations is included. One
may improve the estimate by following the scaling equation
for posy,. We conclude that A,, and 1, are the only free
parameters for the local scaling solution in the region of
small A.

H. Overall picture of the local scaling solution

In the region of small 4, the p-dependence of u according
to the local scaling solution is rather similar to the
dependence on k=2 of u, as computed by the flow equation

in a model without the scalar cosmon field. The two
relevant parameters in the k-flow correspond to the inte-
gration constants 4,, and 1,,. These are the free renormaliz-
able couplings. All features of u can be computed in terms
of these two free parameters. The local scaling solution
encompasses in this respect the predictivity of a renorma-
lizable theory.

The effective potential according to the local scaling
solution is rather smooth. For small /4, it can well be
approximated by a polynomial potential, with running (p-
dependent) couplings which can involve logarithms. For
the small couplings of the standard model, the dominant
running is given by the one-loop S-functions. In one-loop
order, those are the same for the p-dependence of the local
scaling solution and the k~2-dependence of the model
without the cosmon. As a result, the overall picture of the
potential for small » and p <1 or k* < M3 is rather
similar for the two scenarios. Since both are based on
functional flow equations, they both account for the
important threshold functions describing the decoupling
of heavy particles. It is rather impressive to see how these
threshold functions produce correctly the one-loop running.

The difference between the p-flow of the local scaling
solution and the k=2-flow of the standard model without the
cosmon originates in the fact that p-dependent couplings
induce new vertices which in turn affect the flow. These
effects are of higher loop order and therefore modify the
overall shape of the potential only modestly. Nevertheless,
for tiny quantities such as the cosmon-Higgs coupling 4,,,
these effects have to be taken into account. We will see in
the next section how they affect the precise location of the
critical surface for the second order phase transition.

The flow equation involves a choice of an infrared cutoff
function. Different cutoff functions lead to different details
of the threshold functions which retain, however, the
qualitative features. One could consider this as a source
of uncertainty. In addition, our truncation captures well all
the physics relevant for our problem but it is, of course, not
perfect. It is particularly well adapted to the simplified flow
equation for which the threshold functions are fixed. For
k — 0, the flowing action becomes the quantum effective
action. In this limit, there is no longer an uncertainty from
the choice of cutoff functions for an idealized situation
without truncation. For fundamental scale invariance (or
LIMS very small), the local scaling solution describes
already the limit K — 0. One may therefore suspect that the
effective potential computed from the local scaling solution
is a particularly robust quantity. It involves quantum
vertices in the limit k& — 0, which is obtained from
p — oo. These vertices are directly related to observables.

To sum up the status at this stage, the local scaling
solution for the dependence of the effective potential on the
Higgs field is well under control, in the region of small &
and p > 1. It retains the predictivity of a renormalizable
quantum field theory, with renormalizable couplings
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associated to the two free parameters 4,, and 4,. In this
sector, the only additional predictivity from the global
scaling solution concerns a prediction for 4,, and 4,. In
addition, the local scaling solution fixes completely the
dependence of the potential on the cosmon field, including
the determination of ’_1;(' This can be used directly for
cosmology.

IX. COSMON-HIGGS COUPLING AND
ELECTROWEAK PHASE TRANSITION

This section discusses the cosmon-Higgs coupling 4, in
a field range where the gravitational fluctuations can be
omitted. We derive the scaling equation for a coupling
function A,,(p,h) with boundary value A,(p — oo,
h= 0) = A,,. The critical surface of the quantum electro-
weak phase transition is associated with a critical trajectory
for 4,,(7,0). Due to the field-dependence of the gauge and
Yukawa couplings, this critical cosmon-Higgs coupling

/If,?) (p) vanishes only for 5 — oo, while it differs from zero

for finite p. An anomalous dimension for 4,, and the
associated critical exponent are obtained by including the
dependence of the scalar mass term on the derivatives of
the potential.

A. Cosmon-Higgs coupling

The cosmon-Higgs coupling 4,, is a central quantity for
our investigation. Its value 4,, for p — co determines the
ratio of Fermi scale over Planck scale. This coupling is also
closely related to deviations from a second order quantum
electroweak phase transition, as we have seen for the simple
approximation for the top-quark fluctuations with constant
Yukawa couplings. For general / and 7, the cosmon-Higgs

coupling function 4,,(p, h) is defined by

Jn(p. ) = 0505u(7. ): (245)
Here the p-derivative is taken at fixed A, and the h-
derivative at fixed p. Thus 4, (p.%) is given by the p-
dependence of the dimensionless Higgs mass function g, in
Eq. (69):

An(Po 1) = Opun(p.h). (P k) = Oju(p.h).  (246)
We may also employ the function 4,,(p, #) which is related
to u(p, h) by

1
ﬂm(ﬁ’h) :[?ah(pa[) _hah)u<ﬁ’h) (247)

In Eq. (245), the derivative d; is taken at fixed R, and in
Eq. (247) at fixed h, with

9 h
5h = Ipln + ap—~ah|ﬁ = 9l = 5 - (248)

The off diagonal elements in the scalar mass matrix (83)
are proportional to 4,,,

e = 2\/ 1 ph (P, ).

This dependence of scalar masses or their derivatives on 4,,
will lead to an anomalous dimension in the p-flow of 4,,,
which is related to the anomalous mass dimension.

For the Fermi scale ¢y, we are interested in the field
dependence of 4,, with the limits

(249)

lm(f) —0,h= O) = /1m,07

In(P = 00,h =0) = A,. (250)
Our main focus will therefore be on the scaling solution for
the cosmon-Higgs coupling:

An(P) = A(p,h = 0). (251)
The scaling equation for ,,(p) relates a given 4, to a value
(Do) with pg in the vicinity of the onset of the gravita-
tional fluctuations. The relation between 4,,(py) and 4,,(0)
depends on the ultraviolet physics and has to include the
quantum gravity effects. This relation, which is at the origin

of the predictivity for the Fermi scale, will be discussed
in Sec. X.

B. Critical trajectory for cosmon-Higgs coupling

In the presence of a second order quantum electroweak
phase transition, there exists a critical trajectory for the
cosmon-Higgs coupling 4,,(p, h = 0) which characterizes
the critical surface. It is characterized by the boundary
value 4,,(p - 0,0) = 0. With 1,,(p) = 4,,(p, h = 0), the
basic definition of the critical trajectory /Is,fr) (p) is given by
the choice of the integration constant 4,, = 0,

A(p - 00) = 0. (252)

We may also use some extended definition of P (p, h)
with 247 (5) = 27 (5, h = 0).
We can extract Ay from the behavior of v(p) =

7(p,h = 0). With u, = /p, the quantity f, is related to
An(P. h) by Eq. (246):

I ) = 03 (/-”)) _ (aﬁlh ‘?ﬁﬁ) </”—]) (253)

In the limit where the dependence of ¢, on u is neglected,
we may define
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An(B.h) = 0,L — h2L + A" (5. h).  (254)
Using Eq. (221), this yields
(cr)  ~ ~ h -~ h .
Am (P h) = =0ppP, 5, = lgahﬂu\iz = fahﬂyu}- (255)

In particular, if /3, is only a function of &, one finds that 1,,
is purely given by the boundary term L(%) and therefore
independent of p, 29 = 0.

The critical cosmon-Higgs coupling is defined by
29(5) = 257 (5, h = 0). We will see that A" (5, h = 0)
determines the location of the critical surface for a(n)
(approximate) second order quantum phase transition. For
general field-dependent gauge and Yukawa couplings,
A (5, h = 0) does not vanish for finite p.

For a first estimate of ,1£,?), we evaluate the rhs of
Eq. (255). Focusing on i (é) we take Eq. (225) for i = 0
and insert in Eq. (255) for h =0

(er) 1 N B
lm = &4—71% Ei nihdhai‘h
1 s
=~ 647[2,5 Ei :nipaf)ai\izzo

1 .
- 1287[2ﬁ zi:niﬂ[ﬂ

(256)

where ff; =
dimensionless combinations of couplings a; evaluated at
h = 0. In this approximation, lﬁ,fr) approaches a finite value
for p — 0 if §;/p stays finite. We will argue below that this
condition has indeed to be met by the scaling solution. The

appearance of the f- functions in Eq. (256) shows directly

that a nonvanishing /1 ( ) is related to the field- depend—
ence of the gauge and Yukawa couplings. The factor p~!

—2posa; = koa, are the f-functions for the

2k%/4% shows that A" (5) is suppressed by the inverse
second power of the Planck mass.

The field-dependence of the dimensionless couplings in
B, induces a field-dependence of the quadratic term
~H'HK? in the effective potential. This induces a nonzero
cosmon-Higgs coupling 4,,, which is, however, suppressed
by y72. The simplest view states that the quadratic term
~H'Hk?* depends logarithmically on y. As a consequence,
the critical surface for the second order phase transition, as
measured in terms of 4,,(p, h = 0), depends on p, corre-

sponding to a nonzero 4" in Eq. (255).

For the contribution 0f the top-quark fluctuations to the
field-dependence of /Im ), we insert Eq. (225) into
Eq. (255),

(er) = py _
(P ) = 64ﬂ2~ Zn p0; — hoy)a,Ti(ah),  (257)
with
= ~ ah 1 2h?
Ti Otih = 1 +4a1h ln ! = + = - = .
(ih) ( 1 +a;h 1+aih> (1 +a;h)?
(258)
For the top-quark fluctuations, we use Eq. (164);
~ 2 by 4
(paﬁ — hoy)y; = _E)’t- (259)

As long as /? < 1, this implies the approximative solution

(er)r 3P,
Am = 32ﬂ2~ , (260)
with 8, given by Eq. (160). The approach to zero for 71, >
1 is accounted for by the threshold function T;(7?). For the
observed values of the gauge and Yukawa couplings, one
finds negative 3, for a substantial range of & < 1. This
implies a positive contribution to /1,(,?). Even for the range of
very small /1 where 3, turns positive, a negative 4,, will not
imply a negative mass term for the Higgs scalar. This mass
term is given by f, which remains positive.

The precise location of the quantum electroweak phase
transition continues to be given by the value of the
“integration constant” A, = 0. The effect of the field-
dependent couplings only affects the way how this value
is reached as p increases. Typically, the value of 4,,(p) =
Am(P, h = 0) is larger in size than 4,, for / that is sufficiently
small. According to Eq. (260) or (254), its size decreases
with increasing p proportional to 5!, until 4,, settles finally
at A,. In the ultraviolet limit » — 0, the dimensionless
couplings reach fixed points. The vanishing of the p-
functions fj; is, however, not sufficient for obtaining a finite
A, (p = 0). One needs finite values for f3;/p.

Up to this point, we have found no constraint which fixes
or limits 4,,. This integration constant for the local solution
remains so far a free parameter specifying a particular
member of a family of scaling solutions. This situation has
been obtained, however, in the approximation that the
dependence of 5, on I is neglected in Eq. (215). Only in

this case the difference between 4,, and /lf,ir) in Eq. (254) is
a p-independent term 0,L — haﬁL. We will see that the
scalar fluctuations induce an anomalous dimension for this
difference. Extending our truncation in order to include the
fluctuations of the gravitational degrees of freedom for
p <1 will argue that a positive anomalous dimension
persists for the whole range of p, rendering 4,,(p, h = 0)
an irrelevant parameter of the renormalization flow.
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C. Scaling equation for cosmon-Higgs coupling

Starting from the scaling equation for u« at fixed &, one
can derive the scaling equation for the cosmon-Higgs
coupling function 4,,(p, h) by combining suitable deriva-
tives. One acts with pd,;, on Eq. (247). At fixed h, the
p-dependence of 4,, obeys

N | N
paﬁlm - _Z/Im + ?ah (,00/) - hah)paﬁu
2
=2 +p 5 01(P05 — hoy) (u — cy)
2
= —?5h(ﬂ0p — hoy)cy

(261)

1 1 h
—2((z0,-— o 62}c.
Kﬂ/ pz)h R

If we express ¢y as a function of p and A, one arrives at

PO (p. h) = =20;05¢ (. h). (262)
The rhs of Eq. (262) vanishes if ¢, is only a function of /.
Summing over the contribution of particles with various

masses yields

. . 1
+ 30, Zdhm

(263)

Here d; is taken at fixed / on the lhs and at fixed h on the
rhs. The numbers 7; are the degrees of freedom for the
different mass eigenstates, including a minus sign for the
fermions, e.g., i; =3 or i1, = —12.

For the fermions and gauge bosons, we employ
m? = a;hp = a;h, resulting in

aﬁ’h?‘;, = h(po, — hoy)a;(p, h),

5’712‘ = a‘(f’, h) + hoya;(p. h),

Op0uiE = = (70, = hoy) 1+ hoy)(pu ). (264)

For m? < 1, the h-dependence of @; can be neglected,
resulting in

- 1 R - o o
POy = — VT Z/niﬂi + oA + posal). (265)

Here )/ sums only over the contributions of fermions and
gauge bosons, and the two last terms involve the contri-
bution of the fluctuations of the Goldstone and radial
modes of the Higgs scalar.

A special role is played by the scalar fluctuations. For the
Goldstone bosons, one has

mf, = djup (266)
With
A (D, 1) PR (P, h) = (%V)u, (267)
one has
72 )
a;mgm = A> 0hmg|ﬁ Ans
i 1
3P 1) = = (3 = ho)up ). (268)
The Goldstone boson contribution to 504, (5, h) is there-
fore given by
po Al = 3 (50 — hoy) (1 + )2
P 642 ( 4 h) h( +mg)
3 _
32 Py} j'm/Ih(l ) 3' (269)
Similarly, for the radial Higgs boson, one has
m? = 2 + 24,h, (270)

and

o (r I o
PO = s (P05 — hdy) (3 + 2hd,) A (1 + m2) =2

1
32 2 (/1 + 2h(p6~ —_ h()h)/lh)
X (3 + 2h0y) Ay (1 + im7) . (271)

The scalar contributions to the flow of 4,, involve 4,,.
Therefore the rhs of Eq. (265) is not simply a function of

pand h. If 24 (p, h) is a solution of the scaling equation,
this does not hold for a constant shift 4,(p,h) =

i<cr>( ,h) + 64,,. This reflects the fact that ¢, is not
independent of # and its derivatives. The family of local
scaling solutions no longer has the simple form (192) or
(221) with a boundary term ~L(h) valid for all . For the
global features of the scaling solution, this is a rather small
effect. For a precise understanding of the p-dependence of a
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possibly tiny quantity as 4,,, it needs to be taken into
account, however.

Let us focus on the scaling equation of the cosmon-
Higgs coupling 4,,(p) = 4,,(p, h = 0). We write it in the
form

1

1 -
Eﬁm = _E<ﬂm +Am/1m)’

- | . b
Pn = 6472p {Zm" (1+m3)?

i

(i i) O

POy = = (272)

and

4 _3,1h< Lo
"oterr \(1+m2)* (14 mi)?

) +ny.  (274)

Here we added to A,, the contribution of the anomalous
dimension 5y for the Higgs field. For &7 = 0, one has
m? = 0, m2 = M2 = p;,. The part j,, is proportional to 5.
For large p, it is a tiny quantity. For p~! = h, which
corresponds to k given by the observed Fermi scale, the
suppression factor is of the order 10733, If 4,, is very small,
the p-dependence of 4,, is dominated by the ultraviolet for
small p. Even for p = 1, which corresponds to k around the
Planck mass, f3,, remains a small quantity due to the small
factors f3;/(64x%). The fate of 1, for p < 1 needs the
effects of quantum gravity which will be incorporated in the
next section. For the moment, we retain the picture of a very
small value of 4,,, which tells us already that one expects 4,
to be very small, and therefore the Fermi scale to be much
smaller than the Planck mass.

D. Location of electroweak quantum phase transition

From the point of view of physics at the Planck scale, the
standard model is characterized by a second order quantum
phase transition. This is not exact, since nonperturbative
effects of the strong interactions proportional to Agcp
modify the precise character of the transition. Since Agcp is
much smaller than the Fermi scale, we may first discard
these strong interaction effects. We can then proceed with
the approximation of a second order phase transition at zero
temperature.

The quantum phase transition occurs as the parameters of
the model are varied. For the local scaling solution, this
translates to a variation of the boundary values, e.g., 4,, or
the associated 4,,(pg). At every k, a critical surface in the
space of flowing couplings separates the phase with SSB
from the symmetric phase. (Strictly speaking, gauge sym-
metries are not broken spontaneously, but the perturbative
picture of spontaneous symmetry breaking is actually a

good guide.) In the symmetric phase, one has four scalars
with equal mass, corresponding to the unbroken SU(2) x
U(1) symmetry acting on the Higgs doublet. The W- and Z-
bosons as well as the fermions are massless. In the SSB
phase the W- and Z-bosons and the charged fermions are
massive, with masses proportional to ¢,. There is only one
massive Higgs boson. A second order phase transition is
continuous. Exactly on the transition, the particles of the
standard model are massless. The discussion of the phase
transition concerns the quantum effective action for k — 0.
At nonzero k, the critical surface separates the region in the
space of couplings which ends for kK — 0 in the symmetric
phase from the one which ends in the SSB phase.

The presence of the second order phase transition takes
over to the local scaling solution. One has now a critical
surface for every p. Instead of k — 0, one investigates the
limit p — co. The transition separates again massless
fermions and gauge bosons and massive Higgs scalars
on the symmetric side from massive fermions and gauge
bosons on the SSB side. For the local scaling solution, the
location of the transition is characterized by

A = A (p = 00, = 0) = 0. (275)

For arbitrary p, a point on the critical surface corresponds to
a trajectory in the space of p-dependent couplings which
ends for p — oo at A, =0. If a second order phase
transition is compatible with a global scaling solution, this
guarantees that there is at least one trajectory in the space of
field dependent couplings that covers the whole range from
p = 0to p — oo, and ends at 4,, = 0. For an ultraviolet
complete theory, this trajectory denotes a crossover from a
UV-fixed point for p — 0 to an IR-fixed point for p — oo.

In our setting, this is the critical trajectory given by 240 (D).

The critical surface can be multidimensional. Not all
couplings need to have unique values on the critical surface.
For the local scaling solution, this is reflected by the values
of the Yukawa and gauge couplings. Such free parameters
correspond to relevant (including marginally relevant)
directions for the flow away from the UV-fixed point as
p-increases. One defines the dimension of the critical surface
by the number of such free parameters. Generically, most of
the infinitely many couplings in functional renormalization
take fixed values on the critical surface since they corre-
spond to irrelevant directions at the UV-fixed point. The
dimension of the critical surface is then finite.

For the local scaling solution, the critical surface exists
up to the small nonperturbative QCD effects which are
negligible for Agcp/k* < 1 or p < p,. It is not guaranteed,
however, that this critical surface can be continued to
p — 0, as required for a global scaling solution. We will
argue that the presence of quantum gravity selects a unique
trajectory for A,,(p). This will fix the value of 1,,, which
may come out different from zero.
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E. Critical cosmon-Higgs coupling
We will compute the critical cosmon-Higgs coupling

24 (p) by a particular iterative solution of the scaling
equation (272). In a first approximation, it corresponds to
the critical surface, but it may deviate from it by small
effects leading to tiny nonzero /,,. For a general solution of
the scaling equation, we make the ansatz

Am =

(1+9)Pn- (276)

l\-)l'—‘

For ) — oo, one has f3,, = 0. Thus, 4,,(p = o) =1, =0
if g remains finite. The first approximation for /15,?) takes
g = 1. This resembles the estimate (256), now with a better

estimate of the contribution from the scalar fluctuations.
We write

. bm
Pn = 64n%p’
m;f; + 277
Z 1+ /’lh) ( )
The dependence of f,, on j obeys
~ ~ d
~a~ — _ _ 7m’
P pﬁm :Bm 1287[2[)
d,, = =2pd;b,,. (278)

Since b,, typically contains products a;a, the quantity d,,
involves corresponding products ;o + fra;. For small a;,
it is suppressed as compared to b,,.

Inserting the ansatz (276) into the scaling equation (272)
yields

1 - 1. _ 1/~ 1+
(279)
or
pyg = (20— An(1 + )y + LE D 5g0)
m m m 6477:2ﬁ

The scaling equation of g no longer involves factors p~!,

1/d
(g, ).
I 2(bm m>

In the limit of constant f,,, the solution reads

(281)

0 (p) = <9(f7)0) n (282)

fm [) 1+ fm fm
1 +fm) </’—o) Y

For decreasing p, the function g¢,(p) approaches the
particular solution

(er) [~ fm( )
g (p) = . 283
Our first iteration step for A )( ) is given by
Cr) /~ bm ﬁ
1) = 7 (284

1287°p(1 + £ (P))

This approximation breaks down if f,,(7) approaches
the value —1. As long as f,,(p — oo) remains finite, one

has 7,, = A\ (p = o) = 0. We can continue the iteration
by making the ansatz
fn(P)

I

The next iteration step yields

Lo h<p>) (285)

' (p) =

= /) (l U= )P

Indeed, the scaling equation for 4() involves the derivative
P95, which is further suppressed by small g-functions for
small gauge and Yukawa couplings. This iteration scheme
breaks down as one approaches Agcp with large values for
the S-functions.

Let us estimate b,, and f, in the limit where we keep the
gauge couplings, the top-quark Yukawa coupling, and the
quartic scalar coupling and take y;, = 0. One obtains

9 9
b, = —12p,+ 6p), +§/32 +1—0ﬁ1

1 9 17
:@{—12[9)’?—@6934‘ 92+10 )%2}

9 9 27
+6 {mﬁ — 12y} +y 109291 +W91 + 12y7 4

L[ 19 +9414
2|73 % tig| 59

102
{ 180y7 + 192y7 93 + 54y7 93 +7yt g1

g+
9
- 99%}% - gg%/lh]

1622

+ 72/12 + 72y Ah 54g lh glllh

5

27
- 153+ 96t + 3 et | (287)

For realistic values of the couplings, b,,
that the lowest order value for 4,,

is positive, such
is positive,
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b,
1287225

AN = (288)

The function d,, involves again p-functions for the
gauge, Yukawa, and quartic scalar couplings:

1
dn =15 {192»%

102
19243 — 360y? + 5493 + 5 @+ 7%) B,

54
< — 54¢5 - §9% + 144/1h>ﬂh

27
54y? — 3043 + - 5%) p
102 27 54
+ < 5 N 5 g§+189%—?/1h>ﬁ1}. (289)

This quantity is negative. The negative region of the ratio
d,/b,, reflects the increase of b, with increasing p
according to Eq. (278).

We have solved the system of flow equations numerically;
see Sec. XI. From the flow of 4,,, one can extract g according
to Eq. (276). We plot g as a function of x = Inp for the
observed values of the couplings of the standard model in
Fig. 1. Close to the observed Fermi scale corresponding to
xp =75, the value of g depends on the “initial value” of
6, = pA, at xp. We show curves for two initial values,
o,(xp) = =0.1 (lower curve, blue) and o,,(xz) = 0.0009
(upper curve, orange). The universal critical curve is
approached rapidly for smaller values of x. We also show
the critical g according to the approximation (283) (middle
curve, green). The good agreement shows that the critical
trajectory for the second order phase transition is well under
control, both analytically and numerically. A divergence of g
for x > x indicates a nonzero /,,.

0.15[ g
0.10 [
0.05
0.00 X
-0.05 , ‘ ‘ \ ‘ \
30 40 50 60 70
FIG. 1. Ceritical trajectory. We plot g as a function of x = Inp,

for two initial values o,,(xy) = —0.1 (blue) and o,,(x;) =
0.0009 (orange). The green curve shows the critical curve.

F. Sensitivity coefficient and critical exponent

The critical behavior of a second order phase transition is
characterized by critical exponents. In the limit where the
quantum electroweak phase transition is a second order
phase transition, one expects small deviations from the
critical surface to be governed by such critical exponents.
We consider here the critical surface as a special solution
among the more general class of local scaling solutions. A
critical exponent is related to the question of how scaling
solutions that start in the ultraviolet at some small p in the
neighborhood of the critical surface behave in the infrared.
This is analogous to phase transitions in classical statistical
thermal equilibrium systems. The quantity which corre-
sponds to the difference from the critical temperature
T — T, may be taken as

(290)

For Sm > 0 (“T > T,”), one ends in the IR in the symmetric
phase, and for 3,,, < 0 (“T < T_.”)in the SSB phase. One is
interested in how the ratio of Fermi scale over Planck mass
or hy depends on 5,,.

For this purpose, we generalize the parameter measuring
the deviation from the critical surface to a p-dependent
function,

5u(P) = An(P) = 25" (P)., (291)

with
(292)

5m([)0) = va 5m(/~) - OO) =1

For small enough 6,,, we can linearize the scaling equation:

POpm ﬂmv
1 0P
P50, = —=—0p. 293
P pYm 2()/1,” m ( )
We consider first the approximation
B = Bn(D) = A (D) s (294)

with $,,(p) and A,,(p) being independent of 1,. One
concludes in this case

(295)
and therefore
(296)

with
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Calp) =exp{ - (297)

l/ﬁ dp/Am(p’)}'
2 Po P '

The quantity C,,(p) is the sensitivity coefficient. A small
value of the sensitivity coefficient means that the infrared
physics at large p is comparatively insensitive to the
ultraviolet physics at small p,. The sensitivity coefficient
C,, is related to the mean anomalous dimension of the
cosmon-Higgs coupling A,,,

5 pdp" A (p'
A, = [0, (298)
Po P ln(%)
by
C(p) = (Nﬁ) i (299)
Po

In our approximation, we infer from Eqgs. (269) and (271)
a positive A,,,

(300)

The sensitivity coefficient is therefore smaller than one, and
neighboring trajectories have a tendency to approach the
critical surface as p increases. If we take p, somewhat
above one and evaluate  for k & ¢, one finds p/p, =~ 10*.
For a present value 1, ~ 1/4, one has A,,(p) ~ 1072, and
A,, somewhat smaller since A, increases with . The
sensitivity coefficient C,,(p) ~ 10~"! stays close to one.
This will not change qualitatively if effects of the anoma-
lous dimension for the scalar field due to the flow of the
kinetic term are included. We will see that this situation
changes substantially once the gravitational fluctuations are
included and the UV limit p, — 0 is taken.
The critical exponent f defined by

hy = D|5% (301)
reflects that the relevant sensitivity coefficient C,,(5) de-
pends on K through the ratio /. If we take p = hg!, one
obtains

Ay Cu®) 5 18] 3 200
ho = =22 = =82\ 5) = L pA 22 (302
0o==g =, = (302)
or
PERY PR (303)
2 2)

The critical exponent £ is close to the canonical value 0.5.

G. Mixing effects for the linearized flow

The relation (294) is an approximation. A more complete
treatment takes into account that the scaling equation for
the couplings in the standard model forms a coupled
system. For example, the f-functions for the electroweak
gauge couplings depend on py,, and y;, depends on 4,,. In
this way, B depends on 4,, and therefore on §,,. In a linear
approximation, we may add a term (df,,/d4,,) to the
anomalous mass dimension A,,.

We may demonstrate this by keeping only one of the
couplings «;, with obvious generalization to several cou-
plings. We write the coupled system equations for @ and
1 = py, in the form

N 1.
POsp = — Eﬂﬂ(M, a),

1
Py = =3 bl ). (304)

In the linear approximation for small deviations (Su, da)
from a given scaling solution, one obtains

op /Sy Sua\ (1
50~ = —— , 305
pp<5a> 2<Say Saa><5a) ( )

where the elements of the stability matrix S are given by

P, P,
KR A
9Be 9B
=— =—. 306
Sa;t (),Ll ’ Saa da ( )

We have to diagonalize S. We employ [3’” =-2p, =
—na/(32x°), with n given by 7 including mass thresholds
according to Egs. (208), (209), (211), (213), and (217).
With 8, = ca?, the off-diagonal element Squ vanishes for
h = 0 for fermions and gauge bosons. An exception is the
scalar contribution with @ = 24,,. In this case, 3, involves a
mass threshold function (1 + x)=3, such that (3, = 28,)

0 942 0 32
Do i P Sh 5
ou 2% (1 +p) da  27°(1+p)
One also has
B 3 B, S
da 3271 +u)*’ ou 872 (1 +p)’
(308)

and we recognize in d3/du the contribution to the anoma-
lous mass dimension A,,. (There is a similar contribution
from the anomalous dimension 7y of the Higgs field.)
The eigenvalues of S read in second order of Z = 34,/
(16*(1 + p)*),
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Lo B 34, 2
T 222 (1 4 p)? 167(1 4+ u)3)
32, 34, 2
Ao ==2 18 . (309
+87r2(1 +,u)3+ (16712(1 +H)3> (309)

Comparison with the diagonal elements of S shows that the
effect of the off-diagonal terms in S is small, contributing in
second order in Z.

The eigenstate of A_ is 6y — ¢Za, with ¢ = O(1), while
the eigenstate of A, has a small admixture of du, given by
oa + ¢Z6u. In the IR limit for p — oo, the eigenstate of A_
dominates, with

51 = 5u(po) (ﬁ) - (310)

Po

In contrast, for decreasing p, the eigenstate of A, will
finally dominate unless one has at p, a pure eigenstate of
A_. For example, if one starts at gy with da(py) = 0, one
finds

w@:w%ﬂW¢aG§*+wGQ#}@m

o Po

In view of the small value of 1., the deviation ou settles
almost to a constant for small p.

This can be translated directly to small deviations &, of
the cosmon-Higgs coupling 4,, from a given scaling
solution,

6(5) = 950u(p)

Su(p p\
2po Po
7\ 1+
+/1+Z*Z<~—> ] (312)
Po
with
n 272,
A,=A,l+——=. 313
(U)o

For the flow toward the IR, one obtains only a small
correction to A,,, reflecting the influence of df,,/dA,,. In
the opposite direction for the flow toward the UV with
decreasing p, the deviation §,, will increase ~p~! once p
has reached a value of the order 1,¢Zp,. This effective
asymmetry in the flow toward the IR and toward the UV
matters for the interpretation of numerical solutions. For the
flow toward the UV, the difference §,, between two initial
values of the cosmon-Higgs coupling follows Eqgs. (295),
(296), and (299) only for a certain range in p, starting to
increase very substantially ~p~! after a certain value of j is
reached.

Starting at some small pg with ,(p9) > 0, the mass term
uy(p) may reach zero at some value of p > p,. Increasing p
further will lead to negative y; for which the definition of
couplings at 4 = 0 is no longer a good choice. One rather
should continue the flow by defining couplings at the
partial minimum /() > 0. In this case, the fermions and
gauge bosons get masses. We discuss the flow in this “SSB
regime” in Appendix G. The qualitative features of the
stability analysis remain similar to the case for u;, > 0.

X. QUANTUM GRAVITY AND
SELF-ORGANIZED CRITICALITY

In this section, we show that the existence of a second
order quantum electroweak phase transition in quantum
gravity leads to the phenomenon of self-organized criti-
cality. For this setting, fundamental scale invariance [46], or
more generally a largest intrinsic mass scale much smaller
than the Fermi scale, is a key ingredient. For a LIMS larger
than the Fermi scale, this statement does not hold. By
existence, we mean that the critical surface of the local
scaling solution extends to a global scaling solution which
is analytic for p — 0. We use ‘“second order phase tran-
sition” with the understanding that nonperturbative QCD
effects finally turn the transition into a crossover.

If the mass term in the effective potential for the Higgs
field is given by a scalar field, the critical quantity for
deviations from the phase transition is related to the
dimensionless cosmon-Higgs coupling 4,,. Self-organized
criticality requires in this case only a positive anomalous
dimension A,, for this coupling. More precisely, the
average value A,, has to remain positive and nonzero in
the UV-limit py — 0.

This situation contrasts from a setting where the mass
term u2 in the Higgs potential is field-independent. In this
case, the canonical dimension of u2, equals two and self-
organized criticality requires an anomalous mass dimen-
sion A, >2 [3,59,118]. The latter is quite far from a
perturbative value, unless the canonical dimension of fields
is changed [63]. For A, < 2, a tuning of the UV parameters
is required in order to realize criticality, as well known from
the presence of a relevant parameter.

For k* > M%, the metric fluctuations induce a positive
anomalous dimension A,, > 0. For fundamental scale
invariance, self-organized criticality occurs then whenever
the UV completion of a model admits a second order
quantum electroweak phase transition. This is a property of
the UV-fixed point for p — 0 and not changed by the
deviations from an exact phase transition in the IR (very
large p) by effects of the strong interactions. Suppose that
one can find a critical trajectory for which the particles of
the standard model remain almost massless for the whole
range h < 0.1, and which connects to finite 4, for 5 — 0.

This corresponds to the continuation of 20 (p) to p— 0.
Fundamental scale invariance predicts then that such a
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critical trajectory is realized. The “tuning” to the critical
surface is enforced by the positivity of the anomalous
dimension A,, and the finiteness of A, for p — 0.

The predictivity of ¢,/M, extends beyond the case of a
second order electroweak quantum phase transition. We
find that it is a general property of analytic scaling
solutions. The predicted value of ¢,/M, is related to the
question of which value of 1,, = 4,,(p — oo) is connected
to a finite value of 4,,(p — 0). We discuss this in detail
within a linearized scaling equation for 1,,(p). Realistic
values for the Fermi scale require that the scaling solution
admits an approximate second order quantum electroweak
phase transition, as associated to a tiny value of /,,.

A. Gravity induced anomalous dimension for
cosmon-Higgs coupling

For quantum gravity in the UV range k — oo, the
fluctuations or the graviton (transverse traceless metric
fluctuations of corresponding fluctuations of the vierbein)
constitute the dominant contribution to the anomalous
dimension of all quartic scalar couplings. Within the gauge
invariant flow equation [88] or simplified flow equation
[89], this contribution takes a rather simple form [43,106],

-2 M2 (k
A%r): 5 1_2_1/! , f:EZ p( )
12722 f f k? k>

In the UV limit, f approaches a constant, f — 2w, and

(314)

AS,%I) therefore approaches a positive constant. (One always
has v =2u/f < 1.) On the other side, in the IR limit,
the gravitational fluctuations decouple, since f = 2&p
diverges.

The anomalous dimension AE,%I) follows from Egs. (293),
(294), and (262),

A2, = 40,0;¢ (5, ). (315)

Here we complete in the flow equation (16) for u the
gravitational contribution [106]

ol

1 1/ dlnf 5 1Y
_128n2{<1+§<1 alnﬁ>><1—v+1—v/4> 4}'

(316)

Its interpretation is rather easy for the simplified flow
equation. One recognizes the five components of the
transverse traceless metric fluctuations. The dimensionless
mass term for an expansion around flat space is negative for
U > 0, leading to an inverse graviton propagator of the
form Fq*> —2U + Fk*r(q*/k*), where the last term
involves the infrared cutoff. Similar to the other contribu-
tions in Egs. (25) and (28), there is a threshold function,

(I+mi) =1 -0,
u  2u
=-== 317
=22 (317
The contribution ~1 (1 — 3112; |h) arises from the propor-

tionality of the IR cutoff to F. There is a similar con-
tribution from the physical scalar fluctuation in the metric,
with mass term —U /2 instead of —2U. Finally, the last term
—4 in the bracket is a negative measure contribution,
accounting for the four components of the gauge symmetry
associated to diffeomorphisms. In the IR limit for large p,
one has dln f/d0Inp = 1 and v = 0, such that one recovers
the two propagating degrees of freedom of the graviton
in Eq. (23).

Equation (316) is an approximation. For example, there
are subleading terms mixing the scalar degree of freedom in
the metric with the cosmon [42]. Nevertheless, the leading
contributions from the five-component traceless tensor field
are rather robust. Early computations using different
versions of the flow equation can be found in
Refs. g41,50,54—56]. They typically find a positive sign
of Agfr , even though the situation is sometimes less clear.

Since a positive sign of A,, is crucial for self-organized
criticality, we may discuss the robustness of the sign in
some more detail. This concerns the robustness of cg}gr). In
the flow equation for u, the contributions of sectors with
different representations of the Lorentz and gauge sym-
metries are independent. The conceptually simplest con-
tribution arises from the traceless transverse component of
the metric or the vierbein. These fluctuations are invariant
under diffeomorphism transformations, such that their
contribution is not affected by the choice of gauge fixing.

As long as the momentum dependence of the inverse
graviton propagator is well approximated by the form
q> + m2(p), the computation of the graviton fluctuations
is completely analogous to other degrees of freedom. Since

gravitons are bosons, the contribution to c%(fr) is positive.

The prefactor in Eq. (316) depends on the implementation
of the IR cutoff, and its precise value may be debatable. Its
sign is always positive.

The effective graviton mass m2 = —2U/M? follows
directly from the second functional derivative of the flowing
action (1). Its sign is unambiguous. We are mainly interested
in short distance theories where u(p — 0) > 0 since those
give rise to interesting inflationary cosmology. For the
scaling solution this is realized if the bosonic contribution
overwhelms the fermionic contribution, as typically realized

. . . . . T
in grand unified theories. Increasing u increases c§> and

Afﬁr). The tachyonic mass term for the graviton is actually

the reason why no local scaling solutions with u ~ p* for
p — oo are found. For u ~ /7, the term zf—” would diverge
~p?, violating the condition 2u/f < 1. For u ~ —p?, the
instability occurs in the scalar sector.
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For positive u or v, the graviton contribution dominates

the other contributions to c(&“’r), and this effect is enhanced

for 0(:5?) /v, which enters in Af,fr). As a consequence, the
contributions from the scalar and vector components of the
metric cannot change the sign of Afffr). This conclusion
could only change for large negative values of », for which
the scalar and vector contribution may be comparable to the
graviton contribution. The treatment of the scalar and
vector contributions is more complex since it depends
on the precise setting and the choice of gauge. It becomes
particularly apparent for the gauge-invariant or simplified
flow equation which decouples the physical scalar mode in
the metric from the gauge degrees of freedom. The gauge
degrees of freedom contribute only a measure factor which
does not depend on the values of the scalar fields. Then the
main uncertainty will reside in the precise contribution of
the physical scalar mode in the metric and its mixing with
other scalar fields. As long as this contribution remains

subleading, it cannot affect the sign of Afﬁr). We may

require Afngr) > (0 as a condition for the short distance theory
which leads to self-organized criticality. In view of the
above discussion, this is not a very restrictive criterion.

Let us first consider the approximation where

19y

= 1
9 40np (318)

does not depend on k. Taking a h-derivative of cE,gr) at fixed
P, one finds

e 7y _ (L= 89)050 > :
Opcy (P.h) = 062 : <(1 —v)? Jr4(1 - 0/4)2>.
(319)

The graviton contribution dominates by a factor of 20 over
the scalar metric fluctuations (unless v is negative and
large). Neglecting from there on the scalar metric fluc-
tuation, one obtains

- 1-¢6
(&) (5 7y _ ‘ ) )
aﬁc,}é (p, h) = m (0hlxl - Mah lnf) (320)
Taking a further p-derivative at fixed / yields
- An(1=6,) osudju(l —5,)
(er)  ~ m g 4% g
0;0;, Jh) = - A,
pice” Ph) = Ge (T 21— o T e
(321)

where A, involves derivatives of In f and does not contain
A For small 6, the first term ~4,, leads to the anomalous
dimension (314). Writing u(p, h) = A,p h+a(p, h), the
dependence of the second term on 4,, follows from

0yudju = A2,p h+2,/(pd, + hoy,)iu + 0,iid;it

= —22ph+22,(u — cy) + 0,0yl (322)
Since we evaluate 4,, at i = 0, the term ~A2, does not
contribute. Furthermore, the scaling solution for p — 0 is
typically given by u# = ¢y, such that the term that is linear
in 4,, in Eq. (322) does not contribute either. The deriv-
atives of i, together with a term ~d;0;it in A, contribute
to f,,(p) in Eq. (294), but not to the anomalous dimen-
sion A,,.
We finally need to discuss the field-dependence of

f=2w 428 + Eyh, (323)
or
Crors - sn M
In this approximation, one has
d,-llnf:%q, ai,lnf:%, 0,~ldl~,lnf:—25]€—f,
(325)
and
0;6, = % (1-45,). (326)

In the limit 5 — 0, 7 — 0, the function f approaches a
constant, f = 2wy, and 5, = 0. Nevertheless, the field
derivatives 0; In f = & /(2wy), 0;1In f = &/w, contribute
to p03A,, = —p,,/2. In the limit where &/wy and &5 /w, can
be considered as independent of 4,,, the field derivatives of
f do not contribute to the anomalous dimension A,,,
however.

For the computation of A,,, we have assumed implicitly
that the other couplings such as y?, g3, &/w,, etc. are
independent of 4,,. The proper procedure considers small
deviations of all couplings from their values on the critical
surface. In the linear approximation, the flow (or p-
dependence) of these deviations is given by the stability
matrix. The anomalous dimension A,, corresponds to an
eigenvalue of the stability matrix. The diagonalization of
the stability matrix is equivalent to a computation to which
degree other couplings depend on 4,,. Given the small role
that the Higgs field plays in the ultraviolet region, and the
smallness of 4,,, it seems unlikely that other couplings
depend effectively on 4,, in a substantial way. This justifies
the neglect of this effect for the computation of A,.
Additional fields of the short distance model can also
contribute to the scalar field anomalous dimension 7. The
contribution from gauge bosons is negative, which can
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somewhat lower the value of A,,. These contributions are
suppressed, however, by the small values of the gauge
couplings.

B. Self-organized criticality

The presence of a substantial positive gravity induced
anomalous dimension for quartic scalar couplings implies
that these couplings correspond to irrelevant parameters of
the renormalization flow. Let us consider in the region
p — 0 the general form of the local scaling solution for
Am(P) = An(p, h = 0). We suppose that there exists some
regular local scaling solution ﬂE,f) (p) which remains finite
for p — 0. Local scaling solutions in the vicinity of A(")
obey

(7)) = 243 (P) + dyp™ (327)
with d,, being a free integration constant. For p — 0, the
anomalous dimension A,, is dominated by the gravitational
fluctuations and takes a constant value. With A,, > 0, a
finite value for 4,,(p) in the limit 5 — O requires d,, = 0.
This is the meaning of an irrelevant coupling. Starting at j,

with an initial value 4,,(pg) not too far from A0 (Do), the

difference 2,,(p) — a0 (p) decreases with increasing p
proportional to (5/py) /2. For py — 0, the coupling
An(p) coincides at any finite nonzero p with A (D).
There is no free integration constant for the field depend-
ence of A,,(p). For all p, the cosmon-Higgs coupling is
given by the regular solution Al (7). If a4 () = 2L (»)
corresponds to the critical surface of a second order
quantum phase transition, all scaling solutions in its vicinity
have to be on the critical surface. This property is called
self-organized criticality. No parameter has to be tuned in
order to obtain the critical behavior. If a scaling solution (or
a family of scaling solutions) which corresponds to a second
order phase transition exists, the other local scaling sol-
utions will be attracted toward the critical surface as p
increases. If the range in Inp for which this attraction is
present grows to infinity, as for p — 0, any small deviation
from the critical surface vanishes at finite nonzero p.

For the scaling solution, the self-organized criticality in
the quartic scalar coupling 4,, extends to self-organized
criticality for the dimensionless mass term of the Higgs
scalar p;, = 0;u(p, h = 0). Indeed, for the scaling solution,
Im(p) and py(p) are related by 4,(5) = doun(p). This
implies that yu,(p) is determined by 4,,(p) up to a constant.

In particular, if 4,,(p) is given by P (p), one concludes
that u,(p) has to take its value on the critical surface,
,uzcr) (p). In this respect, there is a crucial difference between
the field-dependence of couplings for the scaling solution
and the k-dependence of couplings for arbitrary solutions.
For the flow with k at fixed p and H, the deviations from the
critical surface involve y;, and 4, as two independent

couplings. While 4, is irrelevant in the presence of the
gravitational fluctuations, p; is a relevant coupling for
A,, < 2. Then the initial value of y; has to be tuned in order
to obtain the critical behavior. For the scaling solution, this
tuning is enforced by the finiteness of 4,, for p — 0.

For more detail, consider the general k-dependence of y,
at fixed p and & = 0, where we do not impose the scaling
solution,

Taking for c;; the leading gravitational contribution, one
infers from Eq. (316)

kowun = 2pduy + (A, — 2)un, (329)
with anomalous mass dimension
T 1 T T T
Ol = Ay, 4+ AE = A (330)

4 H

This implies for deviations &, from the critical surface

(k) = W (k) +6,(k),  8,(k) ~ kW2 (331)
For k — 0, one finds a diverging J,, indicating a relevant
parameter.

For the local scaling solution, the k-dependence trans-
lates to the p-dependence:

m@) = w"(P)+8,(p).  8,(p) =d,p"E. (332)
Again, 6, diverges in the infrared for p — oo if d,, # 0. For
the scaling solution, the deviations from the critical surface

8,(p) and 6,,(p) are related, however. With

P =0V (). 64n(p) = 0,6,(p).  (333)
Egs. (327) and (332) imply
A
d, =d, (1 — 7’") (334)

With d,, = 0, one concludes d, = 0. Thus, u,(p) has to

assume its value ,uglcr) (p) on the critical surface.

This argument generalizes to an arbitrary regular sol-
ution A{)/ (p) which does not necessarily coincide with a
second order phase transition. The corresponding scaling
solution for u,(p) is unique, being given by a regular
solution uy) (p). There is no free parameter for the scaling
solution despite the fact that, for general solutions of the
flow with k, the mass term u;, is a relevant parameter.

Scaling solutions fix the relevant parameter to zero. A free
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parameter does not reappear in the form of a continuous
family of scaling solutions.

A crucial ingredient for this important conclusion is the
standard assumption that an irrelevant coupling remains
finite in the UV limit. The finiteness of 4,, relates rather
naturally to the analytic properties of ¢y at h = 0. For
p — 0, the scaling equation for u,(p) takes the typical form

5 (335)

. 1 A
POty = —Eﬁp(ﬂ) + (1 __”>ﬂh-
The critical values for u, and 1,, take in this case the
limiting value for p — O:
Pu(0)

2-A,

,(0) = (336)

This corresponds to the regular solution and contains no
free integration constant.

We emphasize that the coupled system of cosmon and
Higgs scalar is the basis for this version of self-organized
criticality. Without the cosmon, there is no coupling 4,,, and
therefore no restriction on d,, in Eq. (332).

C. Predictivity for the Fermi scale

The relation between u;, and 4,, for the scaling solution
implies that there is no free mass parameter for the
dependence of the effective potential on H. Also the
cosmon-Higgs coupling 4,,, which determines the ratio of
Fermi scale over Planck mass, does not involve a free
integration constant. As a consequence, the “integration
constant” 4,, = 4,,(p — o) is predicted for a given short
distance model. Similarly, the quartic Higgs coupling 4, =
An(p — o) is fixed. Consequently, the ratio hy = @3/p is
computable rather than being a free parameter. This results in
the prediction of the Fermi scale in units of the Planck mass,

b0 _ ﬁgz(_igf
M, 28 280,
For the normalization of the cosmon field with £ = 1 and

given quartic scalar coupling 4, the value 4, determines
directly the ratio ¢y/M .

(337)

In general, the regular function /Iﬁ,f) (p) depends on other

functions, as y?(p) or g3(p). This could induce supple-
mentary free parameters in the form of boundary values.
Since for p — oo these coupling functions are measured,
the corresponding boundary values are fixed. In extensions

of the standard model, the precise form of A0 (p) may also
depend on couplings in the beyond standard model sector.
This could weaken the predictivity of the scaling solution
for the Fermi scale. We comment on theses issues below.
In any case, here, predictivity means “predictivity in

principle” in the sense that a given model has no free
parameter to adjust the outcome for the Fermi scale.
“Predictivity in practice” may depend on the knowledge
of the ultraviolet physics.

In the limit where a second order quantum electroweak
phase transition is realized by a scaling solution, the predic-
tion becomes unique, namely, /_lm = /1,(??) (p > 0)=0.In
such a scenario, it would be sufficient that a local scaling
solution with boundary values 4,, = 0 can be extended to all
values of p and /. This would then constitute a global scaling
solution. Self organized criticality for A,, > O selects this
particular solution within the family of neighboring local
scaling solutions with 4,, # 0. Usually, the problem is to
explain a tiny ratio ¢/M ,. For an exact second order phase
transition, one would end with a prediction, but for this
prediction ¢y/M,, = 0 turns out to be too small.

Due to the running of the dimensionless couplings, the
quantum electroweak transition is not precisely a second
order phase transition. The masses of W- and Z-bosons
cannot be smaller than the QCD confinement scale Agcp.
This also holds for the quark masses. A characteristic mass
scale for nonperturbative QCD may be taken around 1 GeV,
the mass of the vector mesons or baryons. The question
arises if the deviations from the second order phase
transition can induce a Fermi scale which is a factor 200
higher than this characteristic strong interaction scale. Our
discussion in Appendix B indicates that the nonperturbative
QCD effects are too small for generating a realistic Fermi

scale in the case where the critical scaling solution 24 (»)
can be extended to a finite value at p = 0.

On the other hand, the violation of particle scale
symmetry by running couplings is also present for k around
the Planck mass. It needs to be explored if this effect is
responsible for a small value /,, # 0.

D. Analytic scaling solution

The basis for the predictivity for the Fermi scale is the
requirement that 4,,(p) remains finite for p — 0. This type
of requirement is the standard setting for irrelevant param-
eters. For the flow with the renormalization scale k, any
deviation from the UV-fixed point value of an irrelevant
parameter diverges for k — oo in the linear approximation.
In turn, the assumption that for arbitrarily large k a finite
deviation from the fixed point remains within the range of
validity of the linear approximation implies the prediction
that the deviation is zero. There remains no freedom in the
choice of an irrelevant parameter in the vicinity of the fixed
point. This generalizes to other couplings corresponding to
irrelevant parameters. For example, the derivative d;4,,(p =
0) is such a coupling. In the standard setting for irrelevant
parameters, it is finite for the scaling solution and can be
predicted.

The property underlying the concept of irrelevant para-
meters is the analyticity of the scaling solution for p — 0
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and & — 0. This assumption of analyticity has important
consequences. Consider the scaling potential u(p, fz).
Analyticity implies that u;, (5 =0) = 0jul;_j_g, An(p=0) =
0;05,t|;_ji—o> and 4, (p = 0) = dzul;_;_, all are finite. The
same holds for higher couplings as 0;,0%u| sei—o OF
0/%6;,u|ﬁ=;,=0. This finiteness imposes restrictions for the
behavior of f-functions in the vicinity of the UV-fixed
point. Consider the scaling equation for y;(p),

Hn(P) = Opu(p, h = 0),
1

ﬁaﬁ/’th = __ﬁ,u-

5 (338)

Since d;uj, = 4,, remains finite for p — 0, one infers that
p,/p remains finite for 5 — 0. This condition is stronger
than the fixed point condition f3,(p — 0) = 0. We can also
take a p-derivative of Eq. (338):

. 1
Since the lhs of Eq. (339) remains finite, this also holds for
9;p,. Typically, p, depends on the other couplings.
Inserting the scaling solution for these couplings f,(p)
becomes an analytic function of p,

Bp) =+ =205+ (340)

These conditions for f-functions generalize to arbitrary
coupling functions ¢(p), with pd;6 = —f,/2. Once f, is
expressed in terms of scaling solutions for couplings it
becomes a function of p. The coefficients of an expansion
of ,(p) in powers of p are given by finite fixed point values

for couplings. Similar arguments hold for an expansion in
terms of / at fixed h. With

g =~ = (341)
and
ho2py, + Ay = —%a,;ﬁ,,, (342)
one finds for f3,(h) relations as
0ibulio = —24(h = 0). (343)

A somewhat particular role is played by the gauge
couplings. An analytic scaling solution may be realized
if Zp = ¢ 2 is analytic for p — 0, i — 0, cf. Eq. (129). This
poses no problem for a UV-fixed point at finite g2. On the
other hand, for asymptotic freedom, g2 diverges for p — 0.
In this case, one needs to employ renormalized gauge fields

and an appropriate definition of coupling functions which
remain analytic for 5 — 0, i — 0. More generally, analy-
ticity has to be imposed for renormalized fields. We use this
type of fields implicitly, which induces for the Higgs field
the anomalous field dimension 7.

An interesting case is the S-function for the cosmon-

Higgs coupling 4,,(p),

1 1

7 R . —
POpAm ﬂm 128ﬂ2ﬁ

A 1
D) Zniﬂi - EAm/Im' (344)

For p — 0, the analytic behavior f; ~ ¢;p is needed in order

to find a finite fixed point for 4;, = 4,,(p = 0),

_ diftici
641%A,,

A = (345)

If the analytic behavior of f; similar to Eq. (340) were not
realized, a finite value 1), would require strong cancella-
tions of individual contributions ;. The finiteness of d;4,,
further restricts the behavior of the rhs of Eq. (344). It is
realized for finite d;A,, and

di
ﬂi:Ci/N)"i_Epz"i'"'v (346)

with
1 .
05 = Wzl:nid,- + ApOih + A A (347)

The analyticity of the scaling solution provides for a
selection among the family of local scaling solutions in the
UV-region of small p. Assume that one has found an
analytic scaling solution (") (p) for some coupling function
o(p). Solutions of the scaling equation in the vicinity of this
scaling solution obey the differential equation

o(p) = o (p) + 5,(p).

3 1
PO, = =5 A0y,

A, = 0,P,. (348)
Here the critical exponent A, is evaluated for the analytic
scaling solution o(") (p). Equation (348) may be generalized
to the standard system of linear equations in the case of
several coupled coupling functions o;(p). In this case, ¢
corresponds to one of the eigenmodes of the stability matrix
A;j. In the vicinity of p = 0, one can approximate A, by a
constant, with local scaling solution

A

o(p) =6 (p) + cop™. (349)

Analyticity of ¢(p) requires ¢, = 0 unless A, takes the
special values —2, —4.... This selects the particular solution
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o')(p) among the family of local scaling solutions char-
acterized by c,. No free parameter remains.

For A, > 0, one deals with an irrelevant parameter and
retrieves the standard result that irrelevant parameters can
be predicted. Analyticity requires, however, the condition
¢, = 0 also for the relevant parameters with A, < 0. This is
the reason for self-organized criticality and predictivity of
the Fermi scale, which follows from taking ¢ = p;,. The
analyticity argument is very general. An analytic scaling
solution implies a discrete set of local scaling solutions for
p — 0 for all coupling functions. Both irrelevant and
relevant parameters are fixed or “predicted”. A continuous
family of analytic scaling solutions is only possible for the
exceptional cases A, = —2,—4.... In general, this is not
realized.

E. Linear approximation

In the limit where the dependence of f,, and A,, on A,
can be neglected, Eq. (272) becomes a linear differential
equation for 4,,. This is not exact, since the gauge and
Yukawa couplings and their -functions depend on y;,, and
u;, depends on 1,,. The complete system of differential
equations couples all couplings to each other. Nevertheless,
the approximation of decoupling the p-flow of 4,, from the
other couplings can provide a good overview of the general
behavior. With x = In(p), we write Eq. (272) as

Ay
ox

1 -
_E(ﬁm(x) +A(x)}“m) (350)
We can interpret Eq. (350) as a general expansion of the
scaling equation for 4,, in powers of 4,,. This includes the
indirect contribution from the 4,,-dependence of the other
couplings in linear order in 4,,. From there, A may receive
additional terms beyond A,, and similar for B,.. The
discussion of the solution to Eq. (350) extends to p — 0
where gravitational and other degrees of freedom contribute
to § or A. It remains valid to the extend that nonlinear terms
22, can be neglected. Since A,, remains very small for the
whole range of p, this will be a good approximation. When
it comes to effects of the order of 1073, as for the observed
present value of 4,, it is not excluded, however, that
nonlinear effects can play a role.

Equation (350) has the general solution

A (X) = Ac(x) + C(x) A (%0), (351)
with
Cx) = exp {—; / ' dx’A(x’)}. (352)

The second term involves the integration constant or initial
value ,,(xg). The part A.(x) is given by

(353)

__CW) [r o BalY)
lc(x)——T/xode.

For large x, the integrand in Eq. (353) decays exponen-
tially:

1-

> Pm(x) = (354)
The value of 1, =A,(x — o) is determined by the
combination of the contribution from 4,0 = 4,,(xy) and
the integral (353), which is dominated by x < 1.

We need information about the integration constant
Am(xg) for xq in the region with p < 1, together with
information about A(x) and f3,,(x) in the region x < 1. This
is necessary for the computation of 4,,(py) in a region
where py > 1. For p > p,, one can then use the flow in
standard model. We will discuss here the general features of
the p-dependence of 4,, for p near zero by an expansion in
powers of p. The values of the expansion coefficients will
depend on the short-distance model.

For p — 0 or x - —o0, we assume an analytic scaling
solution for u;(p),

Hi(P) = Ho + Aop + -+ (355)
The scaling equation for y; reads
. A
L N 5 JHn + B (356)

with g, given by Eqgs. (217) and (213) for p > 1, and taken
more generally here. We include in A the anomalous field
dimension 7 and other possible contributions linear in y;,.
We expand
Bo=Po+Pip+--, A=Ag+Ap+---.  (357)
The UV-fixed point for p — 0 follows from Egs. (355),
(356), and (357) as

— g (1%
Ho = ﬁo(l 2> s

_ 20, — Ao Ao
S 2 (g ) sy

We identify 4,, , with 4. The scaling equation for 4,,(p) =
031, (p) follows from Eq. (356)

P

4o

ﬁaﬁlm( ) /)ﬂv( ) A(ﬁ)ﬂh(ﬁ) - A(ﬁ)/lm(ﬁ)’

(359)

1
2

m»—

and we identify
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For p — 0, analyticity results in
Po = Pu(p = 0) = =21 + Aspo. (361)

Let us take x, in the region of p <« 1 for which the
expansion applies. One finds

~ 1 [pdp
lnC:——/ —p,(Ao—l-Alp’)
2 Po

1 p - .
=75 (Aolnﬁ—o‘f’Al(P—Po)),
A9

- () or(0m)

For the approximate computation of A, in this region, we
expand

(362)

B(p)=Po+Pp+- (363)

and linearize the exponential in Eq. (362). This yields

+2ﬂ1 + A1y <~1+’%°~_A_o ~> (364)

4124, Lo PP

The scaling solution for 4,, in the linear approximation
(350) therefore reads for small p and p:

A, " Tazoa,

(1 +40))2)

—&—i- A1ﬁ0_2ﬁ1+A1ﬁo -
A, \24,  4+2a, )"

ﬂ-m(ﬁ) _ (& 2151 +A1ﬁ0 ~

St

X

(365)

A finite value of 4,(p) for p — 0 requires for the
integration constant 1,,(7,) the value

~ BO 231 +A1,BO~ A] - -1
Am(Po) <A0 + 4724, Po +t5 P (366)

This demonstrates the general result that an analytic scaling
solution does not admit free integration constants. In lowest
order in j, the relation A,,(py) = —fy/A, corresponds to
the fixed point value. This also ensures that the second term
in Eq. (365) vanishes for the lowest order of the simulta-
neous expansion in p and p, chosen here. What remains is a
linear approach of 4,,(p) to the fixed point value for 5 — 0,

j‘m (ﬁ) =

_@+ (Alﬁo 25 +A1ﬂo>ﬁ’ (367)

A, \24,  4+24,

as required for an analytic scaling solution.

We can use the information on ,,(py) for the compu-
tation of 4,,(p) for arbitrary p. We choose initial conditions
for py — 0 and obtain from Egs. (351), (352), and (353)

1 [7dp j
autp) == fim exo{ =3 [ G |
0 p

A
1L [frpdp -~ 1 [ dp’
_ _r _ A 1/ .
+2/ﬁ0 ,ﬂm(/’)eXP{z/ﬁ 7 (")
(368)

The first term vanishes for py — 0. For both p, and p > p,
in the region of validity of the expansion in powers of p,
this yields

49

An(p) = =7 lim /ﬁdp_/j/([;o B <%’>2
(369)

in accordance with Eq. (367) since we have omitted the
contribution ~A;p in A.

We may also express the general solution by choosing
xo = o0, with 4,,(xq) = 4,

i) =exo{3 "% A0 o+ 807, 670

1 [eodp - 1 [edp”
A,(P) == — ! —— A
n(P) 2/ﬁ 7 ﬁm<p)e><p{ 2//)/ o

(") } :

(371)

For a given value of 4,,, this solution should be continued to
p — 0. The predicted value for 4,, is the one for which
1,(p) according to Eq. (371) reaches for p the value

—By/Ay. For neighboring values of 4,,, the value 4,,(7)
will not obey Eq. (366), and the solution (364) will violate

analyticity for p — 0, with 4,,(7) diverging ~p~(40/2),
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The factor

o) =eso {5 [T %A}

diverges for p — 0 proportional to p~4»/2). The condition
for an analytic scaling solution is therefore given by

(372)

T = —4,,(0)

=5 [ L bren{ =3 ["Lraen}. o)

The relation A,,(0) = 0 is singled out as the condition for
an analytic scaling solution to realize a second order
quantum electroweak phase transition. This is associated
with a “particle physics scale symmetry”.

We may define some type of renormalized cosmon-
Higgs coupling:

I (p) = D™ () (7)- (374)
The field-dependence of /1,(,5) is given by
1 .
PO —ﬁm = 3D (@)pu(p).  (379)

For a finite value 4,,(p = 0), the renormalized coupling
lff)(O) vanishes. Equation (373) reads

IR (VN 1/°°dﬂ’~<R>,
==y [T a0 =3 [TEEe. 19
The function ﬁﬁf ) behaves for p—0as

~(R - - i 2

PO =Go+ b (5) 00) 67

with p < 1 such that the expansion in powers of p’ is valid
for f3,, and A in the region p’ < p. The integral (376) has for
p' — 0 the same behavior as Eq. (369) and is therefore
finite.

From Eq. (376), a tiny value of 1,, requires that the
negative contribution to the integral from the region p 2 1
needs to be canceled by a positive contribution from the
region p < 1. Thus, f,, has to change from positive values
for large p to negative values for small p. At this stage, we
do not know if a cancellation needs the particular selection
of a short distance model, or if there exists some more
general mechanism based on the fixed point behavior of the
critical trajectory linked to particle scale symmetry.

F. Iterative global solution

Some lessons may be learned by an attempt to construct
iteratively a global scaling solution corresponding to a
second order electroweak quantum phase transition. Instead
of 1,,, we choose the variable

1=+ 7) (=35 )

(378)

zﬂm’ m
and c¢(4,, zﬂm) for p < ¢. We have subtracted from 4,,
the lowest order expression of the critical trajectory for
large p. The constant c is of the order one and indicates the
onset of the short distance regime at p =~ c. We can choose ¢
freely and look for an optimal value later. The scaling
equation (261) for 4, translates to

[ p_An
6xy<c+ﬁ—7>y
1 - A,
_E(C+p)|:( 7>ﬂm+axﬁm:|

with p = e*. In the region p > ¢, we employ f,, = b,,/p
and neglect c, resulting in

A 1/ - A, -
oy=(1-"2)y—=(o “mp .
Y < 2)7 2<xﬁm+ 5 ﬂm>

The lowest order solution sets the rhs to zero:

O_1(5z LAn; _An\™
=5 (o) (1-%) o8

A first iteration step for y sets the rhs of Eq. (379) to zero.
This corresponds to a fixed point in the limit where the
x-dependence of the source term is small compared to the
coefficient of the term linear in y. In this approximation,
one finds

It interpolates between o, = pA,,, for large p,

(379)

(380)

A N\~ -
+ 7’”) B+ ax/fm} D!

For large p > c, one recovers Eq. (381) and 4,, =
results in
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1 2y

m_ 1 _ 1

1. - A, A\
:Eﬂm(1+(dxlnbm+7>(l—7) ) (383)

We recognize the critical trajectory (283) in leading order
in 0,1nb,,. )

In the opposite limit p < ¢, one has, with f, =
Po+ PP, Am = Ag + AP,

(1) C,Bo 1 -
=—(14+=A Ep,
V< AO ( +2 O> +Ep

| [ p
E:—{2ﬁo+cﬂ1+(2—CA1)'BO+2A0('BO+ZCﬂ1)}

Ay A
(384)
This yields
,1<1)le _|_£ 1P :_ﬁ_0+F~
m =5k c A, P
1 Ap 7 (2- CAl),B
. 1 4o
CAO{()( 2>+‘ﬂ‘+ A
1 - N

For p — 0, the function /15,9 is analytic and reaches the UV-

fixed point of the exact solution. The coefficient F' depends
on ¢ and differs, in general, from the exact solution.

The coefficient of the term linear in y in Eq. (379)
changes sign at p = cA,,/(2 — A,,). It is positive for large
p, and negative for p — 0. As a consequence, the factor D!
in Eq. (382) diverges at this value of p.

For a very small linear coefficient of y, the approxima-
tion of the solution which sets the rhs of Eq. (379) to zero is
not valid. We therefore may modify our ansatz y(!) by
smoothing D7,

b= (2 [(2 ) )
c+p 2 c+p 2 (c+p)

(386)

The positive constant € can be adapted for later purposes.
)

This form of smoothing does not affect the value of AW at
p =0 or in the limit p > 1.
As a next step, we write
r(P) =" (P)n(p)- (387)

An analytic scaling solution for 4,, with 4,, = 0 would be
realized if for #(0) = 1 the function 7(p) remains finite for

p > 1. The scaling equation for x reads

oy

o = ) 70, Iny() = Gy — D, (388)
14
with
p A
__r — -2 _ 9. InyM
c+p 2
A . #Inp,+10.A,
:—[—m+6xlnﬁm+ nAﬂ +204 —d,InD].
2 1+5+0,Inp,
(389)
We may consider the approximate solution
D
=—. 390
n=c (390)

This replaces in Eq. (382) the factor D~! by G/,
1 ~ Am 7 7 —
y(Z) = E(C +p) |:<l +7>ﬂm + axﬁm:| G 17
1. 1 A\ ~ -
I’ =3Pt [(1 + 7“)/},” + axﬂm] G (391)

Since the factor D! cancels out, we may first have a look at
what happens if we take € — 0, resulting in

1 5 5 A\
axlnD:—<6xAm— L 2)( p~—’"> . (392)
2 (c+p)*)\c+p 2

The value G™'(p = 0) = —2/A, is the same as for D!,
such that 4,,(p =0) = —Bo/A, remains unchanged. For
p > c, one finds a further iteration for the critical trajectory

according to
4 O5An -
2-A,,)

(393)

A 5 0)2(1 ~m+la.xA’n
G—':<1——’"—ax1nﬁm— 0+
2 0, Inp, +3A,

The function G(p) still has a zero, since for large p it
assumes a positive value close to one, and for p = 0 it is
negative. The position of the singularity of y(®) has shifted
somewhat as compared to y(!). The value of p where G
diverges due to Eq. (392) corresponds to y® =0 and

therefore /153 ) = B2

One could continue this iteration. It may produce more
accurate estimates of the behavior for p > ¢ and p — 0.
There will remain, nevertheless, a “transition region” in p
where the sign of the term linear in the coupling switches.
This region will not be under control for an expansion
which assumes that the inverse of this term is small in some
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sense. For the full solution of the scaling equation for y with
boundary condition set either at p = 0 or at p — oo, this
transition region is not problematic. For a numerical
solution, the vanishing of the term linear in the coupling
is not an issue. The iterative solution investigated here
involves, however, boundary values simultaneously atp — 0
and p — oo. The branches of the iterative solution for small p
and large p may not match in the transition region.

The variable y reveals a general structure. For large p, the
critical trajectory is ultraviolet attractive due to a positive
linear term ~y on the rhs of Eq. (379). For small p, the
analytic solution is infrared attractive due to the negative
term —A,,y/2. The transition region corresponds to this
switch in attraction properties. If there are no special
properties associated with the second order electroweak
phase transition, the two branches will not meet precisely
unless the parameters of the short distance model have
appropriate values. This may be called a “tuning” of the
short distance physics. For an analytic scaling solution,
such tuning is possible only if the lack of knowledge of the
precise short distance model is put into the form of free
parameters. The amount of tuning necessary depends on
how far the extension of the critical trajectory into the
region of small p results in an almost constant y with value
not too far from the limit for p = 0. There may be particular

interesting cases as f; = 0 resulting in 4,,(0) = 0.

G. Predictions for gauge and Yukawa couplings

Analytic scaling solutions are rather restricted. In gen-
eral, there is at most a discrete set of such solutions, without
free parameters. For example, if gauge couplings have a
UV-fixed point (174) at a nonzero value g2, this fixed point
has to be realized for p — 0 exactly. The scaling solution
for p — 0 cannot involve the term ~C, unless B, is a
negative even integer. Otherwise, the function Zp(p) in
Eq. (129) would not be analytic for p - 0 and some
couplings involving p-derivatives of Z would diverge. The
coefficient B, is a loop expression involving factors of . In
the absence of p-dependent masses, it is not expected to be
an integer. With the analyticity of the scaling solution
requiring C, = 0, this leads to a simple strong conclusion.
There is no free parameter which permits the gauge
coupling near the Planck mass to assume an arbitrary
value. Its value is fixed by the properties of the UV-fixed
point for p — 0. As a consequence, the value of the gauge
coupling at the Fermi scale can be predicted for a given
model. This “predictivity in principle” is rather similar to
the issue of the Fermi scale. Since the predicted value
depends on the short distance model, either the comparison
with observation discards models which do not have the
required fixed point structure, or the LIMS cannot be below
the Fermi scale.

The gauge couplings still flow away from their UV-fixed
point as p increases. For the flow with &, the deviation of
the gauge coupling from the fixed point value is a relevant

or irrelevant parameter, depending on the sign of B,. It
involves the free parameter C. Predictivity is realized only
if the gauge coupling is an irrelevant parameter. In contrast,
for the scaling solution, the behavior in the vicinity of the
fixed point for 5 — 0 is a mass-threshold effect both for a
relevant and irrelevant parameter, independently of the sign
of B,. Predictivity is realized in both cases if the LIMS is
below the Fermi scale.

The decoupling of the metric fluctuations or of massive
particles allows for an evolution away from the fixed point
once p grows sufficiently large. This p-dependence of the
gauge couplings is induced by the p-dependence of the
Planck mass and particle masses. For p — 0, we can
linearize the threshold functions and extend Eq. (175) to

o B, _ .. B _
POy ==—Lg (1= rp) = (1=rp).  (394)
Expanding
B
g2=-"L15g72 (395)
B!]
yields

o By _ . B .
P0;0g72 = —é’ég 2(1=rp) —|—7F (re—ry)p. (396)
An analytic scaling solution is realized for

Sg7F = VP + -, (397)
with yr being the fixed point value of a coupling involving
two scalar fields and two, three, or four gauge bosons. The
expansion in p yields

vp = BE (- rg)<1 +%)_1. (398)

2

The coupling y is typically small, with By ~ 1/(1672),
rp ~g*. At the value py where the metric fluctuations
decouple effectively, the relative change of the gauge
coupling as compared to its fixed point value is given
by the factor

-2 2:(rg

—rp)Bp B
5979 =

rr
: t,——|, 399
2+B, 2+Bg<-" rg> (399)

with ¢, = r,p, being close to one. For small 6g2gZ, the
fixed point value ¢?>/(4z) has to be close to the value
extrapolated from the observed value at the Fermi scale
which yields a, = 1/40. Such a scenario requires for small
p the presence of particles beyond the standard model.
Similar arguments apply to the Yukawa couplings and
the quartic Higgs coupling 4;,. An analytic scaling solution
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predicts the value of A, near the Planck mass, or more
precisely at p, where the gravitational fluctuations decou-
ple. It has to be close to the fixed point value 1. The value
of 7, is rather small, leading to the successful prediction of
the ratio between Higgs mass and top-quark mass [40]. An
analytic scaling solution further implies a prediction for the
value of the fS-function f, for 4, at p,. It is given by the
value of the six point function for the Higgs scalar,

_ o)
},h(pc) - aﬁ = Pe>

P

Pi(pe) = =2p0;0(pc) = =21 (Pe)pe- (400)

For small y;, close to its value for p = 0 the value f,(p.)
remains small, close to its zero for p = 0. Suppose that the
six-point function y, remains very small at a scale pqy; for
which the standard model can already be used as an
effective theory. If pgy is not very large, this predicts a
small value for f,(psy). On the other hand, one can
compute f3,(psy) perturbatively as a function of the
Yukawa and gauge couplings. Thus, a small f;(psu)
implies a relation between Yukawa and gauge couplings.
In turn, this results in a prediction for the value of the top-
quark mass which corresponds to a small f;(pgy). This
relation works well and is compatible with the observed
mass of the top quark.

If the LIMS, is far below the Fermi scale, all couplings of
the standard model are given by the scaling solution, except
perhaps the masses of neutrinos. For an analytic scaling
solution, they all become predictable in principle in the UV.
In the case of a discrete set of analytic scaling solutions
with more than one solution, one shall find a discrete set of
predictions. If for a given model the computational pos-
sibilities permit the estimate of the predictions with
sufficient accuracy, the hypothesis of the LIMS below
the Fermi scale, or of fundamental scale invariance, can be
falsified by comparison with the observed values of
couplings. With this hypothesis, one can then judge if a
UV-model with a given particle content is viable or not. Of
course, predictability in principle is not yet a prediction in
practice.

The predictions of fundamental scale invariance with an
analytic scaling solution are based on the assumption that a
given model can be continued to infinitely short distances
or k — oo. It is also conceivable that a model with a given
particle content remains only valid up to some scale kyy
much above the Planck scale, with the scaling solution only
valid for p > pyy, puyv < 1. In this case, the predictions are
weakened. One typically obtains “infrared intervals”
around the predictions which would hold for pyy = 0.
In the limit pyy — 0, these intervals shrink to points.

For the present investigation, we will assume that the
particle content of the UV model yields fixed point values

of gauge and Yukawa couplings which lead to infrared
values compatible with the observed values.

XI. NUMERICAL SOLUTION

Our analytic results can be checked by a numerical
solution of the scaling equation. For the scaling equation in
our truncation, this does not involve any further approxi-
mation. We are mainly interested here in the general issue
of predictivity for the Fermi scale. For this purpose, we do
not aim for a realistic model of the ultraviolet physics. We
simply adjust the “particle content” by choosing for k
beyond the Planck mass (5 < 1) a form of the f-functions
for gauge and Yukawa couplings such that these fixed point
values are compatible with observation. We focus on the p-

dependence of the couplings defined at /1 = 0.

A. Scaling solution for the standard model

We first solve the scaling equation for the region p > 1
where the fluctuations of the metric and possible particles
with masses near the Planck mass can be neglected. The
particle content is given by the standard model plus the
cosmon. For this local scaling solution, we set “initial
conditions” at a value of p which corresponds to k = mi.
At this scale, we can employ the measured values of the
gauge and Yukawa couplings as well as the quartic scalar
coupling. The only free initial value is then the cosmon-
Higgs coupling 4,. We neglect all Yukawa couplings
except the one for the top quark and use one-loop
p-functions for the gauge and Yukawa couplings.

For an expansion of u(p, i) in powers of & at i = 0, one
finds in our truncation a closed system of nonlinear
differential equations for the scaling solution that may
be solved numerically. We are mainly interested in the
p-dependence of 4,,(p) = 4,,(p, h = 0) and consider for
this purpose the scaling equation for the quantity

O (P) = PAn(p.h = 0), (401)

which reads
) . I
paﬁgm =0, +p 0[)/1m =0y — Epﬂm

1 ', . _
= Um _12871-2{2 niﬂi - 12,06;’,2}1(1 +0,'1Lt) 2

i

+ 242,0,,(1 + 0;lu)‘3}. (402)
Here the sum ) ;" extends over all particles except for the
scalars. For these particles, one has ﬁ1,2 =0for h=0,

1
it = aihp, PO = =5 p;. (403)
The last term in Eq. (402) involves the anomalous

dimension A,,, such that we may write
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A
P00, = (1 - 7’") o

12; 2 {Z/Alﬁl + 6ﬂh(1 +,uh) }’ (404)

where

pn(p) = dju(p,h = 0),

B = —2P0;24(). (405)
For the anomalous dimension of the cosmon-Higgs cou-
pling A,,, we include the part of the anomalous dimension
ny of the Higgs field. This replaces A,, = A,, + 1y,
resulting in

3,
A, =2 406
8ﬂ2(1+”h)3+’71‘1 ( )
with
3 (5, 3(5¢+4)
— 2 (22T I 407
" Snz(y‘ 2001+ ) o

For the f-functions, all particles except the scalars are
massless for 2 = 0, implying in our approximation

b= _2/30[))’%
1 3y4 4
~ 79‘3‘
By = —2/70;)9% = T8
1
= —2p053 g,
po= =90t =3 (5= g

(408)

T
1 1
4 2n2< a0 +uh>3)g‘

For f,, we add the contribution from the scalar field
anomalous dimension 7,

P = —2po,

3( R ., 3, 3 0
ﬂh—rﬁ{m—h +E92+409291 2007

For some of the expressions, the dependence on u, is
somewhat more complicated than a simple power
(1 + p;,)77. In this case, our simplified formula expresses
only the leading power for the suppression for large p,. In
any case, we will see that the effect of nonzero y, is minor.
The mass term y;, is related to 4,, by

)*m = OpHp> (410)

implying the scaling equation

Pospun = o1 (411)

The system of the scaling equations (402), (408), (409),
and (411) for the seven couplings u, 6, A, Y3, g3, g5, and
g7 is closed in our approximation. It can be solved
numerically. The flow variable x = Inp takes the value
zero for k* = y2/2, which corresponds to k = M,/v/2 in

the normalization of y with £ = 1. We may set initial
conditions at xp corresponding to k = m; = 91.2 GeV,

x —ln<M—%’> =749
F = B - .
2my

For the gauge couplings ¢7(xy), we insert the observed
values normalized at a renormalization scale equal to M.
For 1, we use for this purpose the measured mass of the
Higgs boson m2, = 2/1h(p The ratio 4, /y? is predicted for
the scaling solution from the condition 4, (x = 0) & 0, since
A, is an irrelevant coupling. We adapt y?(x;) in order to
realize this condition. This results in a “one-loop value” for
the top-quark mass slightly smaller than the observed top
mass. (For a precise determination of the predicted ratio
m,/my, one has to proceed beyond a one-loop approxi-
mation.) We take o,,(xz) as a free input parameter and
approximate

(412)

u(xp) = 0, (xr) + Opu(xp). (413)
We choose oy in the vicinity of
3 3 3
=—-—— -2 414
Her 32”2 (lh + - 92 20 yt) ( )

The numerical results for x < x are rather insensitive to
the precise choice of du(xp).

In Fig. 2 we plot 6, (x) for two different boundary values
at xp, namely, o,,(xz) = —0.1 (blue) and o,,(xz) = 0.4
(orange). Both values approach quickly the common
critical coupling as x decreases. Continuing the flow for
smaller x, both curves follow with high precision the
trajectory given by the critical cosmon-Higgs coupling
ﬂgﬁ” according to Eq. (284).

In Fig. 3, we show the corresponding values of 4,,(x) for
a range of x corresponding to k near the Planck mass. One
observes the increase of ,,(7) proportional p~!, as pre-

dicted by /Icr)( ). Near the Planck scale at p=1, the
cosmon-Higgs coupling reaches a value around 107>, We

also plot the critical trajectory 2 (x). We take here the

approximation
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FIG. 2. Infrared flow of cosmon-Higgs coupling. We plot 6,, =
P, as afunction of x = In p. The two curves correspond to initial
values o, (xp) = —0.1 (blue) and o,,(xz) = 0.4 (orange).
1. A\ 7!
A :Eﬁm<1 —7") : (415)

where

o= (SVap oy P
ﬂm - 6471'2,5 (Z niﬂl + (1 _'_'uh)z)' (416)

i

Here f3,, subtracts from f3,, the contribution ~o,,, which is
incorporated in A,,

1~ 1

503 = — =P — = Apd- 41
pap/lm Zﬁm 2 m/1m ( 7)
The three curves almost coincide. On the level of precision
visible in Fig. 3, the difference between the improved value
of 4" (5) which includes in Eq. (284) the contribution
from d,, # 0 and the approximation (415) is not visible.

For the initial value 4,(xz) =—0.1, one finds
An(0) =3.3359 x 107>,  while  4,,(xz) =04 yields
A (0) = 3.3311 x 1075, The difference between the two

4.x107% ¢
Am
3.x107%+
2.x107% ¢

1.x107%}

2 3 4 5 6 1 8
FIG. 3. Flow of cosmon-Higgs coupling 4,, in the Planck region

as a function of x = In p. Two of the three curves correspond to
the initial values o,,(x;) = —0.1 and 6,,(xf) = 0.4 as for Fig. 2.

The third curve is an approximation to /1,(4?). The three curves
almost coincide.

initial values of 1, at xp is of the order 1072, It has
increased to around 5 x 1078 at x = 1. More in detail, the
difference remains almost constant ~1073? for a certain
range of x near xp, and subsequently increases almost
~p~!, with almost constant difference in o,,. This behavior

is precisely what one expects from the mixing effect in

Eq. (312). Also the difference to our approximation for /15,?)

is for x =0 in the range of a few times 1077 or 1078,
respectively. At this level, one cannot decide which one of
the two boundary values is preferred. For this question, one
has to include the gravitational fluctuations. A continuation
to p — 0 or x - —oo will decide for which boundary value
a finite value of 4,, is reached for p — 0, and for which
other boundary values 4,,(p» — 0) diverges. The corre-
sponding tuning of §,,(xr) yields the prediction for the
Fermi scale.

B. Ultraviolet fixed point

We assume that for p — 0 all couplings approach an
ultraviolet fixed point, as appropriate for an ultraviolet
complete theory. For the gauge couplings, we assume for
simplicity a common fixed point at g2, as realized for grand
unified theories. We realize this by choosing Dy in
Eq. (173) as

Dr; = puv — bi pi= ﬂig?' (418)
The constant By = —nyy/(87%) reflects the running in a
grand unified theory (GUT) model. For ¢y, we take
cr = 1/pgur, where pgyr = exp(xgur), with xgur ~ 11
corresponding to k = 10'® GeV. For f, and 3, we take
slightly larger values of xgyr such that for p < pgyt the
three couplings g; coincide. For the gravity induced
anomalous dimension, we add to f; a term

ﬂz('gr> = _ngiz?
5 4 3
B, = - :
7288w\l —v  (1-0v)?
w=wy+p, v="10 (419)
w

Here we employ the normalization & = 1, uy = u(p — 0),
and wy determines the ratio M3 /k? for k — co. For f,, we
add a contribution from fluctuations of the metric and
heavy particles:

AL, =
b 1672

yt2 {a)’y% - Clgg% 2bt } (420)
L+cpp  3w(l—0)f"
Finally, we add in the scalar sector Ag,, to A,,.
It is not our aim here to construct a realistic ultraviolet
model. We rather want to demonstrate the predictive power
of the scaling solution for the Fermi scale. For this purpose,
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we choose the parameters for the f-functions of gauge and
Yukawa couplings rather arbitrarily. We take a setting for
which the gauge couplings have in the presence of gravity an
infrared stable fixed point g2, which is realized for B, >0,
By < 0. With our choice vy = v(p = 0) = 0.2, one realizes
B, > 0, and we take positive Puv implying negative B for
p = 0. The fixed point occurs for g7 = B,/ puy- The running
away from this fixed point sets in only once the gravitational
fluctuations decouple for p > wy. This type of fixed point
predicts the values of the gauge couplings. In order to be
compatible with observation, g2 needs to occur at the right
value. This can be achieved approximately with a mild
tuning of parameters. Following the evolution from large p
toward p = 0, the f-functions for the gauge couplings, and
similarly for the Yukawa couplings, should vanish for p — 0
if the assumed values of the couplings at the Fermi scale
coincide with the predicted values. For our mild tuning, these
p-functions are of the order 10™* for p — 0, which is
sufficient for our purpose. We show the p-dependence of
the gauge couplings, top-Yukawa coupling, and quartic
Higgs coupling in Fig. 4.

The extrapolation of 4,, toward p = 0 becomes sensitive
to the boundary value of §,, at xz. In Fig. 5, we plot 1,,(x)
in the UV-range x < 0 for the same boundary values as for
Figs. 2 and 3. The green curve for §,,(xz) = —0.1 stays

very close to zero and coincides with lf,fr). On the other
hand, for the orange curve with boundary value
Sn(xrp) = 0.4, one observes a substantial increase of 4,
for x < —8. For this boundary value, a finite value 4,,(p =
0) is not realized. On this level of accuracy, the boundary
value §,,(xr) = —0.1 is compatible with an analytic scaling
solution, while &,,(xz) = 0.4 is not.

The plot in Fig. 5 should be seen as demonstration of the
“predictability in principle” of the Fermi scale. It should not

1.5}

1.0}

0.5}

0.0} : ‘ ‘ X
0 20 40 60

FIG. 4. Field-dependent couplings of the standard model. As a
function of x =Inp, we plot the squared top-quark Yukawa
coupling y? (blue), the squared gauge couplings g3 (orange), g3
(green), and g% (red), as well as the quartic scalar coupling 4,
(violet).
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FIG. 5. Ultraviolet flow of cosmon-Higgs coupling. We plot 4,,

as a function of x = Inp, for two initial values o,,(xz) = —0.1
(green) and o,,(xr) = 0.4 (orange). The curve for o, (xz) =
—0.1 coincides with ﬁf,fﬂ (p). This figure should be interpreted as
a demonstration of predictivity rather than an actual prediction of
the values of the cosmon-Higgs coupling at the Fermi scale.

be interpreted as a “prediction in practice” which precise
value of Ay is selected. The latter may depend on the choice
of the ultraviolet physics. The dependence of 4, on the
assumptions for fixed points, gravitational contributions,
and contributions of heavy particles with mass ~y is not
investigated here. We have verified numerically, however,
that for slight shifts of the parameters used here an
extrapolation of the observed value of &, to a regular
scaling solution for x — —oo remains possible. There is no
obstacle for realising a realistic value of the Fermi scale.
The prediction for the value of the Fermi scale becomes a
matter of the ultraviolet model.

Taking things together, this first numerical investigation
should be seen as a confirmation of our analytic results. In
particular, the predictivity for the Fermi scale can be seen
clearly in Fig. 5. A next step toward practical predictions
for certain classes of short distance models should consider
a variation of the parameters characterizing the short
distance model, and an investigation of the dependence
on assumptions for the effective low energy theory.
Presumably, the variation of the short distance model
has the largest effect and may be done first. We plan to
perform such an analysis in the future. The complication
arises from the fact that we consider a system of several
couplings which are all predicted for a given short distance
model. For given values of the observed couplings and
given parameters of the short distance model, a violation of
analyticity can arise from nonanalyticity in the flow of each
coupling. Analytic scaling solutions will correspond to a
relation between infrared couplings and short distance
model parameters in a multidimensional coupling constant
space. For this reason, the next numerical step needs
already a dedicated effort.
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XII. CONCLUSIONS

This work investigates the question of whether the ratio
of Fermi scale over Planck mass ¢,/M, can be predicted
by quantum gravity. Our basic assumption is the existence
of an ultraviolet complete quantum field theory for the
metric and particle fields, being realized by an ultraviolet
fixed point for the renormalization flow of couplings. We
focus on a setting where the largest intrinsic mass scale
characterizing the flow away from the ultraviolet fixed
point is much smaller than the Fermi scale. In this case, the
observed couplings of the standard model are given by the
scaling solution of the functional flow equation.

Our main result states that in this case the ratio ¢y/M,
can be predicted. There is no free parameter that can be
adjusted in order to obtain an arbitrary value of ¢,/ M ,. The
predicted value depends, however, on the details of the
short distance physics for momenta around and above the
Planck scale. For a given short distance model, the Fermi
scale is predicted—this is “predictivity in principle”.
“Predictivity in practice” needs the selection of the model
and the computational capacity to extract the predicted
value of ¢y/M . In other words, the proposal of a given
short distance model can be falsified if the predicted value
of @y/M, does not coincide with observation. The pre-
dictivity is lost if the largest intrinsic mass scale is above the
Fermi scale. In this case, the Fermi scale becomes a relevant
parameter of the renormalization flow whose value can be
chosen freely. The discussion of this paper can therefore
also be seen as a test if fundamental scale invariance or a
largest intrinsic mass scale below the Fermi scale are viable
concepts. So far our answer is positive.

A theory of quantum gravity becomes ‘“ultraviolet
complete” if an ultraviolet fixed point for the flow of
couplings exists. In this case, it can be extrapolated to
infinitely high momentum or infinitesimal length scales
without further change of the couplings. Within functional
renormalization, an ultraviolet fixed point does not only
concern a finite number of couplings. Infinitely many
couplings, as generated, for example, by a Taylor expan-
sion of functions as the scalar potential, need to assume
fixed point values. An ultraviolet fixed point is associated
to a scaling solution for which dimensionless functions of
dimensionless scaling fields do not depend on the renorm-
alization scale.

A condition for predictivity is the existence of a unique
scaling solution, or perhaps a discrete set of scaling
solutions. In contrast, if a continuous family of scaling
solutions would exist, there will be free parameters speci-
fying the individual members of this family. If the Fermi
scale depends on these free parameters it cannot be
predicted. A first key question therefore asks if the scaling
solutions form a discrete set or a continuous family.

Scaling solutions for the dimensionless scalar potential
or similar quantities have to obey a “scaling equation”.
These are first order nonlinear differential equations for

functions of fields. A “local scaling solution” for some
local region in field space typically has free integration
constants or initial values. Local scaling solutions form
continuous families. The restrictions leading to discreteness
arise from the necessity to extend the local scaling solutions
to the whole field space. The scaling potential for the Higgs
field has to be valid for a zero field value and extend to
arbitrarily large field values. The compatibility with boun-
dary conditions for small and large fields may be given only
for a finite set of solutions, somewhat analogous to the
bound states in quantum mechanics.

Infinitely many couplings may be defined by derivatives
of the scalar potential with respect to renormalized fields.
For example, a quartic coupling for the Higgs scalar can be
defined as the fourth derivative of the potential with respect
to the Higgs field. The standard setting for the treatment of
irrelevant parameters in critical phenomena is the
assumption that all couplings take finite values at the
ultraviolet fixed point. This means that the scaling solution
for the potential is analytic at the point defined by zero field
values.

For an analytic scaling solution, we find that no
continuous family of scaling solutions exists. Scaling
solutions are unique or form a discrete set. For an analytic
scaling solution, the ratio ¢y/M, does not depend on a
continuous parameter. This has far-reaching consequences.
For example, if a scaling solution would describe the
critical surface of a second order quantum electroweak
phase transition, no neighbouring scaling solutions with
arbitrarily small ¢,/M, are allowed. In this case, the
scaling solution would imply ¢y, = 0 in the limit where
the infrared cutoff scale k vanishes. This could explain why
the Fermi scale is tiny as compared to the Planck mass. The
predicted value would turn out, however, to be too small.

Our second question asks if a tiny ratio ¢y/M, is
predicted by the scaling solution. The ratio ¢,/M, is
mainly set by the infrared value of the dimensionless
cosmon-Higgs coupling 4,,. We find that 4,, is determined
by the short-distance physics for momenta around or above
the field-dependent Planck mass y. The p-function S,
dictating the dependence of 4,, on the dimensionless ratio
p = x*/(2k?) vanishes ~p~! for p > 1. This holds pro-
vided that only the particles of the standard model
contribute in this range of k. Within the effective standard
model for k <y, we find no approximately constant
contribution to f,,. Such a constant value would lead to
a logarithmic dependence of 4,, on p which would provide
for a simple possible solution for the gauge hierarchy. An
effective theory with light particles beyond the standard
model would be needed for such a “low energy solution” of
the gauge hierarchy problem.

If the theory below the Planck mass, or below some
grand unified scale in its vicinity, is given by the standard
model, one is left with a “high energy solution” for the
gauge hierarchy ¢,/M ,. Typically, the value of ¢y/M, is
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determined in this case by properties of the ultraviolet fixed
point. We find that ¢, /M, is generically a small parameter
<107, For obtaining the observed value of 1073, addi-
tional properties are needed. This may involve, in particu-
lar, enhanced symmetries realized by the scaling solution.
A natural candidate is the “particle scale symmetry” [43]
associated to a second order quantum electroweak phase
transition. We have discussed the formal conditions for the
realization of this symmetry, but have not attempted to
prove that a scaling solution with these properties exists
independently of details of the short distance model.

Another interesting ultraviolet symmetry is given if the
potential u at p =0 becomes independent of h. This
realizes shift symmetry in H. A consequence is the
vanishing of u;, and 1, for p = 0. This entails additional
relations between parameters of the standard model. In
particular, the boundary condition 4, (p = 0) = 0 induces a
relation between the top-quark Yukawa coupling and the
gauge coupling. The corresponding prediction for the mass
of the top quark seems compatible with observation.

The particle scale symmetry associated to a second order
quantum electroweak phase transition predicts g, /M, = 0.
The zero temperature or quantum electroweak transition is,
however, not precisely a second order phase transition.
While it shows the typical features of a second order phase
transition for scales sufficiently above the confinement
scale of QCD, the nonperturbative spontaneous chiral
symmetry breaking in QCD turns it to a crossover around
the confinement scale. The particular “particle scale sym-
metry” associated to an exact second order phase transition
is violated by the running of gauge and Yukawa couplings.
In the limit of constant couplings, one finds a second order
quantum phase transition with a plausible prediction
@o = 0. Strong QCD effects induce an approximate bound
@0 2 Aqcp- The question arises if running couplings could
be responsible for a value ¢,/ Aqcp of a few times 10%. In
other words: how strong is the deviation from a second
order quantum phase transition? We find that the non-
perturbative QCD effects set a lower bound of around
50 MeV for the Fermi scale, which is not sufficient for an
explanation of its observed value.

A first numerical investigation of a setting with an
ultraviolet fixed point at nonvanishing gauge and
Yukawa couplings suggests that a realistic Fermi scale
may indeed be possible. The result is far from being
conclusive since a systematic investigation of how
@o/M,, depends on assumptions for the ultraviolet fixed
point needs to be performed. Nevertheless, it is intriguing
that already a first investigation of a model for a UV-fixed
point has found a tiny ratio ¢,/M, without any particular
tuning of parameters. This may, of course, also be acci-
dental. We leave a systematic investigation of the depend-
ence of ¢/Aqcp on properties of the UV-fixed point for
future research.

The ratio ¢,/M , predicted for the scaling solution for a
given UV model is not necessarily the end of the story. In a
general functional renormalization setting, the couplings
flow away from the scaling solution due to the presence of
relevant parameters. If the Fermi scale is associated to a
relevant parameter, it cannot be predicted in a general
setting. If for a given short distance model the predicted
value of the Fermi scale conflicts with observations, the
largest intrinsic mass scale has to be above the Fermi scale.
The second condition for predictivity of the ratio ¢y /M , is
therefore that the largest intrinsic mass scale is much below
the Fermi scale.

On the other hand, the setting of fundamental scale
invariance postulates that no deviation from the scaling
solution occurs. Fundamental physics is described by the
exact scaling solution of functional renormalization. In this
case, @y/M, is predicted for a given model. It is highly
nontrivial that this prediction coincides with observation. If
one can find acceptable short distance models which yield
the correct prediction for ¢y/M ,, this could be interpreted
as a strong hint toward fundamental scale invariance. If not,
fundamental scale invariance may be excluded. These
statements extend to settings where the largest intrinsic
mass scale generated by the flow away from the scaling
solution is far below the Fermi scale.

Fundamental scale invariance offers a dynamical mecha-
nism for a vanishing cosmological constant and dynamical
dark energy. Its predictivity for the ratio of the Fermi scale
over the Planck mass may have excluded this possibility.
With the present investigation, this has not happened. The
option of fundamental scale invariance provides a powerful
tool for restricting possible short distance models.

Finally, a given short distance model for physics around
and beyond the Planck scale may not be valid to infinitely
short distances. It may itself be an intermediate effective
theory which could be replaced far beyond the Planck
scale. In this case, the sharp prediction for ¢, /M, would be
weakened to an infrared interval. The allowed interval for
®o/M , would result from the requirement that 4,, does not
grow to huge values for p within the range of validity of the
intermediate model for quantum gravity. The difference
between the observed value of ¢,/M, and the precise
prediction of the short-distance model would indicate the
scale p where the intermediate model of quantum gravity
has to be replaced.

In summary, the present work has laid the groundwork
for a systematic investigation of the ratio ¢,/M, for the
scaling solution of quantum gravity. The next step will have
to investigate how this ratio, or the ratio ¢/ Aqcp, depends
on the properties of the microscopic model.
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APPENDIX A: NOTATIONS

For the convenience of the reader, we summarize here
our notation for scalar fields and the scalar potential.

1. Fields
2
x: cosmon field, p =%, p = .
H: Higgs-doublet field, i = bZZH, h = %: ZZZH

2. Potential

U: scalar potential, u = 4 = u(p, h) = u(p, h).

For partial derivatives of u, it matters which fields are
kept fixed. If not indicated explicitly, these are the fields in
the argument, e.g., dju(p, h) = % e

3. Potential derivatives

(P, h) = oju(p. h), )
An (P, ) = 050;u(p, h) = g (P, h),
’1)((,57 h) = a%u(ﬁ, h),

24(p. F) = Bu(p. ) = 0440, (5. )
Ha(P) = pi(p,0),

An(P) = (P, 0),

(D) = Phn(P),

n(P) = 4 (p.0),

Ax(ﬁ) = ){(ﬁvo)‘

v(p. h) = oyu(p, h) = puy(p, h)
(p) = 1(p.0).

A (p.h) = ou(p. h)

4. Location of partial minimum

ho(p): location of partial minimum, 9;, (7, /)] ho) = 05
»5(p) = 162710(/3), ®o = @o(p — oo): Fermi scale,
o T .
ho(p) = "2, 9yu(p. 1), = O,
20} _ 2207

ho = ho(p — o0) =5+ = 5.

5. Quartic couplings

/1;,0(,5) (s ho(/’)) (H*H |H1H n(p)
,:1 =1 (ﬁ - ),
2, :A,( o),
A, = 4,(p = ).

APPENDIX B: STRONG INTERACTIONS

In this appendix, we investigate the nonperturbative
effects of the strong interactions. They are responsible
for turning the second order quantum electroweak phase
transition into a crossover. The dominant effect for electro-
weak symmetry breaking is the generation of effective
four-quark interactions by the functional flow. By flowing
bosonization, they can be absorbed into modifications of
the running of the Yukawa coupling and Higgs mass term,
leading finally to electroweak symmetry breaking. We
focus on the top quark. Including the other quarks will
not change the result qualitatively.

1. Top-antitop composite

Let us introduce the quark bilinear for the top quark:

. /1
HFtR(b )
L

where a summation over colors is implied. In terms of H,,
the top-quark Yukawa coupling term can be written in the
form

(B1)

Ly, =HH, +H.c. (B2)
The quark bilinear A, has the same transformation proper-
ties as the Higgs doublet H with respect to the gauge
symmetries of the standard model. A four-quark interaction
takes the form

2HH,.

Ly = (B3)

1
2
The functional renormalization flow generates this inter-
action through box diagrams involving the exchange of

gauge bosons and scalars. Omitting mass threshold func-
tions one finds [108,109] for fixed fields y, H

kOudy = ~ 1672k2°

80
D =— g4 -5y}

S (B4)

2. Flowing bosonization

Flowing bosonization [108] absorbs this term by a k-
dependent field redefinition of the Higgs doublet:
H,=H+ a;H,. (B5)

Evaluating the flow equation at fixed H}, instead of fixed H,
one has
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kol y, = koIl + A,

Ay =— —0,H, +0H,— |, (B6
k /x(aHk ) + 0, de};) (B6)

with

0tHk = kdka|H’1:1, = k@kakH,. <B7)
The first term on the rhs of Eq. (B6) arises from the k-
dependence of the IR cutoff and amounts to the usual flow
equation. The second term reflects the k-dependence of the
field variables. We employ a truncation where H is replaced
by H ke
Neglecting derivatives of H, our truncation amounts to
]
O o(HHy)
o'y oU

= 7Hk +yt1:1t’

St T (B8)
OH;  o(H Hy)

and one finds the correction term

oU o
A, =— | kool ———HH +v HH —l—H.c.}.
k /x k k{a(H,tHk) iy T Y 11y

(B9)

In the following, we omit the label k for H . With the choice
(B10)

the contribution of the field transformation for the four-
quark interaction cancels the term (B4) arising from
ko T't|. We can therefore work with 4, = 0.

The first part of the correction term reads then

- D ou -
A =— H'H,+H.c.).
g 1 64x°k*y, o(H'H) (H'H, +He,)

This yields a correction to the flow of the Yukawa coupling:

(B11)

D aUu
647°k*y, 0(H'H) "

A(kogy,) = (B12)

The expression oI, /dH, in Eq. (B8) depends on momen-
tum due to the kinetic term for the Higgs doublet. This
generates a momentum dependence of the Yukawa cou-
pling. We define y, as the Yukawa coupling at zero
momentum and neglect the momentum dependence.
Accordingly, the flow of y? is modified to

Doju

kak)’zz = ﬁz,H - W

= ﬁt,H ~5A 2

with f3, ;; being the part without the field transformation. In
our setting, y?, u;,, and D are functions of the scalar fields y
and H. We switch again to dimensionless scaling fields.
The four fermion vertex 4, depends on momenta. A
dominant momentum dependence can be accounted for
by a further rescaling of the renormalized Higgs field.
This adds to the anomalous field dimension 7 a term #,,.
The field-flow of the Yukawa couplings receives then an
additional contribution ~#,.y?. We obtain the scaling
equation (omitting mass thresholds)

) 1 9 . 17
posy? = —W{%‘ — <16g§ +§g% +Eg%>y?

1 1 5
- EDﬂh - Enzcyt-

(B14)
As long as |u;| remains small, the incorporation of the four-
quark interaction by a k-dependent field transformation
remains a small correction for the field-dependence of the
Yukawa coupling. For the scaling solution corresponding to
a second order phase transition, one has in lowest order
wn = 3y?/(167%) + - - -, which is indeed a small quantity.
The correction ~Dy,;, is of the order of a two-loop
contribution.

3. QCD-induced IR-fixed point

For larger values of |u;|, the term ~Dy,, can no longer be
neglected. For understanding its effect, it is useful to
consider the evolution of the ratio

o
r k)
vi
. | .
POsE, = 7 (POspy, — EPOsYT). (B15)
1
We use Eqgs. (194) and (214),
y 1
POptn = pn + By =5 (1 + Het) s (B16)

with B, given by Eq. (217). The top-composite induced
anomalous dimension 7., cancels out in the field depend-
ence of &. Omitting mass threshold and anomalous
dimensions, one finds

PO, = 2 4 Ee, - B17
POk = gt g (BI7)
with
E=1 ! 3y? — [ 1643 492
T ap [T\ s
943 22
F=12- (29229 24 (BIS)
2y;  10y7 oy
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A qualitative understanding can be gained by taking the
gauge and Yukawa couplings constant. A more quantitative
analysis can be done numerically.

If one neglects the ~D and takes the gauge and Yukawa
couplings approximately constant, one finds a fixed point

F

€ =—. B19
€r,uv 6472E ( )
This fixed point is IR-unstable. It corresponds to the scaling
solution for y; for constant gauge couplings,

3 [, (3, 3 1
= = (EF+—F+-4]|. (B2
= {6 {y, (892+4Og%+6 h>:| (B20)

which denotes the critical surface for a second order
electroweak phase transition.

For D # 0, a second IR-stable fixed point is present in
the limit of constant threshold functions and constant gauge
and Yukawa couplings. The rhs of Eq. (B17) vanishes for
the two possible fixed point solutions:

¢ = %TZ (E+\/E2 - DF/(32227).  (B21)

These fixed points exist as long as DF < (32z%E)?. For
|DF| < (327°)?, the fixed point with the relative minus
sign can be identified with the IR-unstable fixed point
(B19). The second fixed point occurs approximately for

5 6472E
€LIR = D

(B22)

It is approached for increasing p. For D > 0, E = 1, this
fixed point is located at positive yy,

64n2y?

(B23)

For D < 0, one has y;, < 0, which would correspond to a
minimum of u at nonzero A,

= 647°y?

hy ~ Dl (B24)
The fixed point with negative D is not realized at the
minimum of #, however. Negative D is only possible if the
Yukawa coupling dominates in Eq. (B4). For the large value
hy in Eq. (B24), both the top-quark mass and the mass of the
radial scalar mode are large. Mass thresholds with powers of
(14 y2h)~" suppress the contribution ~D in Eq. (B17). For
negative &, one should adapt the definition of & for an

evaluation at the minimum /g of u, i.e., & = —A,h/y?. This
implies m? = —y#&,/A;, such that the suppression factors
(1+m?)"' = (1 —yt&,/4,)"" annihilate the increase ~&?

of the term ~D in Eq. (B17). There is no second fixed point
for negative €,.

Let us concentrate on the case of positive D, which is
realized if the gauge interactions dominate D in Eq. (B4).
This is indeed the case in the vicinity of the fixed point
(B22), (B23). The contribution to D involving the Yukawa
coupling arises from box diagrams with the exchange of a
Higgs scalar. It is suppressed by threshold functions
involving factors (1 + p,)~" with large p;, according
to Eq. (B23).

In the vicinity of the fixed point (B22), we can therefore
omit in Eq. (B4) the contributions ~y?, resulting in D > 0.
For smaller values of j,, the contributions ~y{ are present
for D, but the overall size of the term ~D is small. With
reasonable accuracy, we may only include the contributions
of the gauge couplings in Eq. (B4).

4. Electroweak crossover

If for some p the scaling solution deviates from the UV-
fixed point & yy with & > & yy, the value of &(p) will
increase until it reaches the IR-fixed point €&r. The
trajectory describes a crossover between the two fixed
points. For large p, one ends in an IR-stable scaling solution
with a positive mass term of the Higgs double m2, ~ k2.
This contrasts with a flow toward the symmetric phase for
which m? ceases to decrease due to the decoupling of
fluctuations because of the threshold functions.

As p increases, the approximation of weak and slowly
varying gauge couplings no longer remains valid. Due to
the large couplings of QCD, the two fixed points approach
each other and finally disappear. This happens at a critical
scale p, for which g3 is large enough such that the square
root in Eq. (B21) vanishes, i.e., for

D = (327%)*E?*/F. (B25)
At this value of p, one has
F F F Fy?
P _—— = — 2 = ! . B26
‘ \/; ncE M \/;y = aep B2

For p increasing further beyond p,, the rhs of Eq. (B17)
turns negative and €, reaches rapidly zero. From there on, a
nontrivial minimum of u at iy(p) > 0 develops, and finally
the p-dependence of A stops due to threshold functions.
One ends in the phase with spontaneous breaking of the
electroweak symmetry. The final value of A sets the Fermi
scale ¢g. The value p, for which the fixed point for €&
disappears corresponds to a renormalization scale k. This
scale sets the order of magnitude for the Fermi scale. In
turn, k,, is the scale for which g3 reaches the critical value
for which D obeys Eq. (B25).
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For an estimate of p,, we employ Eq. (163),

2
93 9
E=1- 1- R B2
271'2( 16R,> v (B27)
with R, ~ 1.9 and
993 174
Ry=1+2 49~ (B28)

32¢5 16043

close to one. We observe that E approaches zero as g%
increases. The numerical values are taken at the Z-boson
mass, with R, approaching 4.5 and R, approaching 1 for
smaller k. The scale k, is above the scale where E reaches
zero. We may estimate the size of F by inserting the
measured particle masses

6 2 3 2 2
F—i1p- 2w 202 T (B29)
my my i

Evaluating at k =my,, one finds F=9.3, while it
approaches 12 for decreasing k.

The leading contribution to D arises from a box diagram
with exchange of two gluons and reads [108]

80 B
D; = ?Q§ID3(mz2), (B30)
with threshold function
tp3(Mm?) = (1 + m?)=2 1+# . (B31)
D3V “o\3 T 31+ m)

Keeping only this contribution, the scale k, corresponds to
(g% = 4”as)

1222E2 1222, 2 2
B e B ”[1—0’&(1 9)134. (B32)

5F 5F r \_ 16R,
In the approximation of constant F and B, = (1 — 169R,)R9’
this results in the quadratic equation
| 488D\ | 4878, 12e _ (833)
5F )% sp BT sp T

The solution yields a,(k,) which is reached for k, some-
what above the confinement scale.

We have solved Egs. (B13) and (B14) numerically,
approximating 7., = 0. One finds indeed a lower bound
for k, where u, reaches zero. In units where y is the present
Planck mass, this is given by k, ~# 45 MeV, slightly larger

than the scale where g3 diverges.

5. Correction to the mass of the Higgs boson
and top quark

The four-quark interaction ~4, in Eq. (B3) is not taken
into account for a perturbative computation of the flow of
the Yukawa coupling and quartic scalar coupling. The
operator mixing between the Higgs field H and top-antitop
composite H , matters, however, for the precise value of the
mass of the Higgs boson and its Yukawa coupling to the top
quark. Flowing bosonization is an efficient way to account
for this operator mixing. The additional term ~D in the
flow equation for the top-quark Yukawa coupling will
affect the prediction for the ratio of Higgs boson mass and
top-quark mass my /m,. It concerns directly the quantum
gravity prediction for this ratio, which is given in our
setting by the ratio 4,/y7 = m%/(2m?). The effect on this
ratio is small, typically at the percent level or below. It
decreases this ratio due to a slightly faster increase of y?
toward the infrared. For a given measured mass of the
Higgs boson, this could lead to an increase of the top-quark
mass on the percent level. This may be sufficient to improve
compatibility with “vacuum stability” or the quantum
gravity prediction for the Higgs boson mass [40]. The
latter may be turned into a prediction of the top-quark mass
since the Higgs boson mass is measured precisely.

Since the effect is small, we can use an expansion linear
in the correction. For this purpose, we consider the flow of
the ratio

A

S, = )7 koS, = Ps,, + Ps, (B34)
t

where fi , is the perturbative result in some loop order (all
computed perturbative parts are induced here). In pertur-
bation theory, the ratio S, approaches toward the IR at a
partial fixed point [118,119]. The top-antitop bilinear
induces a correction:

D2 8091 — 15y} ) upa
ofs = ”hz Z = (80g; 2yi)ﬂh . (B35)
3277y, 9677y}
With
St = St,p + 555 kakSt,p = ﬁS,p’ (B36)

the change of S, due to the inclusion of the term ~D obeys

These formulas should only be seen as a rough guess on
the possible size of this correction. For a reliable compu-
tation, the momentum structure of the four-quark vertex
matters. It seems preferable to introduce a separate field for
the top-antitop bilinear, and to compute its potential as well
as its interaction with the Higgs doublet.
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APPENDIX C: THRESHOLD FUNCTIONS FOR
FIELD-DEPENDENT COUPLINGS

The threshold functions defined by Eq. (193) constitute
the formal solution for the scaling form of the effective
potential. They encode the global form of u for arbitrary
values of /5 and /. Their main content is the decoupling of
particles with masses larger than k. We will mainly be
concerned with the behavior of u for very small values of &
for which an expansion in powers of # is valid. While the
necessary information is contained in the exact solution for
the threshold functions, we will employ more direct
methods following flow equations for the hA-derivatives
as functions of p. The threshold functions remain, never-
theless, an important ingredient for the understanding of
properties of u for a wider field range. In the presence of
field-dependent gauge and Yukawa couplings, explicit
analytical solutions become difficult. The qualitative fea-
tures and important qualitative details remain computable
and will be discussed in this appendix.

Equation (213) is a differential equation whose solution
involves integration constants. We choose these integration
constants such that tg,')(f)) vanishes for p — co. With this
definition, the solution of Eq. (193) takes the form

(1)~ o [ dp
t'(p,h) =2p / i
» PP+ mi (o, h))

=1-2p? — (C1)
5 PP(L+mi(p, b))
For the h-dependence at fixed p, one finds
52
(5 ) — 252 [y OnMi
opty’ (P, h) = =2 dp) ——— . C2
We may parametrize
2(p. h) = a;(p. h)hp. (C3)
resulting in
(i) o [* ., o+ houa;
Opty’ = =2 dp) —————. C4
h P /ﬁ pp/Z(] +a,~hp/)2 ( )

For fixed H # 0 and y # 0, the particle masses m; take
for k — 0 values that no longer depend on k. This implies
m? ~k=2, and therefore for p — co the behavior
m?(p, h) ~p, with a;(p — c0,h) — @;(h). As a conse-
quence, one finds for p — oo

(i)~ [ dp/ 2
9 (p.h) =2 _
00 =2 [ i = s
2
- - C5
301 (©3)

This generalizes Eq. (74) to the case of running dimension-
less couplings. In the limit p — oo, also the i-dependence

of tE,i) vanishes for & > 0,

2(a; + hoya;)
3azh’p

2 /1 _
:_3—ﬁllz E—i—ahlnai .

Since the threshold functions vanish for p — oo, the
effective potential u for p — oo is determined by the
boundary term L(h)j?. As for the case of field-independent
gauge and Yukawa couplings, L(%) can be associated to the
limiting behavior of u for p — oo. If for a given UV-range
of p the form of uyy () is given, one can determine L (%) by
comparison with Eq. (192):

ot (B, h) = —

(Co)

. . 1 i)
LW = upy (p) = 5= itk (). (C7)

Here p may typically be chosen in a range where the
gravitational fluctuations have decoupled, such that
Eq. (192) is valid, and small enough such that perturbation
theory is valid. In this way, the threshold functions describe
the matching between the ultraviolet part of u for small p
and the infrared part for large p. (The ultraviolet part
involves here still values of k smaller than the Planck scale
since the effects of the metric fluctuations are not included.)

For a determination of L(k), one needs the behavior of

the threshold functions tg,l) for sufficiently small p. Let us
focus on the h-dependence according to Eq. (C4). For
im? < 1, the mass thresholds involving / do not yet play a
role. In this range, the running dimensionless couplings,
and therefore a;, are functions of p independent of /.

We may divide the integral (C4) into two regions,
separated by a transition at

C

I f cy < 1, (C8)
such that
a; + hoa;
dp/ ——L o = A + Ay,
/,a P Uty T
e dp'a(p)
Al _/ p/2 9’
P
0 a; + ho,a
A, = f— L 9
2 /ﬁu ,0/2(1 +a,hp/)2 ( )

Only the first part A; depends on p, while the second part
A, gives a p-independent contribution. The ultraviolet-
infrared connection (C7) can be realized by a proper
matching of these regions.
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For the first integral, we employ (for a(p’) = o;(p’, h))

) 4y~ _a <f (p/)>’

7 7
p

(C10)

where f(p') obeys

f(l—ﬁgi):a@w (cti)

dlnp/

We may solve Eq. (C11) iteratively:
folp') = alp’),
filp) = “)

1— olna(p')’
dlnp’

alp’)
fn(p/) = 1 a]nf"_l(p/) .
LY

(C12)

With perturbative f functions (at fixed y, H) given by
koya; = p;, one has for the scaling solution

oa; 1

—=——f. C13

T A (C13)
The p-functions are higher order in the couplings, with

typical values f3;/a; < 1. We may therefore stop at f(p’),
approximating

_ a(P) _ (P )h
,5(1 - (ﬂi/%’)(ﬁ)) Ctr(l - (ﬂi/ai)(f’tr)) .

For the second region, we divide A, into three parts:

A

(C14)

A2:A3+A4+A5,

o dp'a;(p o0 hoya;
Aa—/ # A4—/ dp
e P e PRI aihp’)

0 2 31,/
As = —h/ ap i@y (C15)
pe P (L+aihp')
The part A5 cancels the second term of Eq. (C14), such that
a dependence on the chosen boundary p, only can arise
from A4 + As. The integral As is essentially a logarithm
and we may take the approximation of constant «;:

®© 2 a;h
As = —ha? dp’ - !
’ “ /ﬁu g (P'(l +a;hp’)  (1+ a;hp’)2>

: |
= ho? (2l —Zw ) 4 .
1+ Q;Cy 1 =+ AiCyy

With As ~ h, the logarithmic contribution from Aj reflects
the running of the quartic scalar coupling 4;,. A similar
logarithmic term arises from A if we expand in linear order

(C16)

in h, canceling the dependence of As on c¢,. For our
purpose, we may approximate the h-dependence of the
threshold function for sufficiently small p by

_ 20;(p)p
1= (Bi/ ;) (P)

with corrections linear in h. This maps d,L(h) to the
ultraviolet physics by Eq. (C7).

ot (p. ) ~ ~2pA,,  (C17)

APPENDIX D: THRESHOLD FUNCTIONS FOR
LOW ENERGY EFFECTIVE THEORY

In this appendix, we provide further details on the
threshold functions. We formulate them here as functions
of i and h as adapted to an effective theory for the standard
model degrees of freedom. A

The threshold functions for the potential tgf)(fz, h) obey
the defining equation

A ; 1
hoyt) =2 A - : DI
i =2(# - o)
with boundary condition
£0(h = 00, h) = 0. (D2)
With
(i)
- ([t 2
hj | = | =—————=>, D3
h<h2> (1+m2)h? (B3)
the solution takes the form
(i) (7, i [ dn’
ty'(h,h) =2h
=28 [ o i)
=y [ dW'm3 (K, h)
=1-2n’ - . D4
A W31 + g (W, h)) (D4)

If /2 (h, h) increases for i — oo with some positive power
of h, the boundary condition (D2) is obeyed. Parametrizing

2 (h,h) = a;(h, h)h (D5)
yields
W7y g g2 [ dWa(R h)
) (h,h) =1—2h A VLt a (W I (D6)

The dependence of t,(f) on  (at fixed h) arises from the A-

dependence of «;:

. 2h% [ di hoyo; (', h)
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The integral is dominated by the region near the lower
boundary. For h < 1, the coefficients a;(p,h) depend
mainly on p since the mass thresholds do not yet play
role for the running dimensionless couplings. Using

h()h‘;l = hopp — Py, (D8)
we can write equivalently, with &' = hp/,
- o dp/(p'd,y — hdy)ei(p', h)
(i) ~2 P \P Oy n)i\P s
ot =2 D9
= ey ™)

Let us consider the threshold function for the top quark
in the limit of vanishing gauge couplings, with @, = y?. For
fixed H and y, the flow of the field-dependent top Yukawa
coupling y?(k, H,y) is given by

bty;1

ko, y? = =, =—. D10
kY1 1+ y?h ) ( )
For the scaling solution, this implies
7.2 1y 27\—1
hd;,yt‘h = —Ebty, (1 4+yrh)~'. (D11)

The flow of y? is logarithmic for y2h < 1, and essentially
stops for y2h > 1. We may therefore approximate (1+
y2h)~' by (1 + 32h)~!, with 37 being a suitable average,
typically close to the value at the threshold

yi =i (h). (D12)
The solution in this approximation reads
. - b, (h(1+2hy,)
“2(h) = y;2(hy +—’1n(A ) D13
720 =37 h) (7 SR 01)

For 52h > 1, the flow of y?(h) indeed stops, according to

5 By b, 1+535h, b
72(h) = y7 2 (hy) + 2 In—Z0 -
y[ ( ) yt ( n) 2 )_]tzhin 2)_7[2,’1

(D14)

The dependence of y?(/, k) on h at fixed & only arises
from the h-dependence of the initial value y?(/;,),

hoja, = hoyy; = =yihy;* (h.h) = =yh0,y7? (hin).
(D15)
The h-dependence of y? at fixed h;, is due to the fact that

the ultraviolet behavior is parametrized by fixing y? at
sufficiently small p, independently of A,

yi(po.h) = 57y (D16)

A given p, is connected to a value & = hp, by a relation
which depends on /. Keeping ;, fixed, the condition (D16)
results therefore in different y?(h;,). Equivalently, we can
keep a fixed initial value )‘/io which is realized for different

hi, = hpy. From

~ b hp b 7
~2(h :‘—2—tln(0 )+lln<~>,
e =T = M T sg,) T2 M
(D17)
one infers
_ by
ho,y; (h, h) = =i (h. h), (D18)

where we use p, in a range where 72hp, < 1.
One obtains the #-dependence of the top-quark threshold
function as

dn'yt (1, h)
L+ yi (W h)H)*

hopt) (i h) = —b, / ® o (D19)

This integral is dominated by the range of 4’ close to the
lower boundary at . We may approximate it by

hopts) (h, h) = —b, iy} (h)J (R), (D20)

&
—
S
Nad)
Il
ol

/00 dn’
P RS
_2~
o~ yrh 1
=14+ 52h(2In — | + = . D21
Y < (lw%h) 1+y%h> (b21)

We conclude

£0(h, h) = 1 (h, hy) — by*(R)hJ(h) In (hﬁ> (D22)
0

where ytz(fz) is given by Eq. (D17). For y2h > 1, one finds

_— 1

D23
3yih? (b23)

such that the h-dependence of tff) vanishes for 7 — oo.

If we only include the contribution of the top-quark
Yukawa coupling, the y-dependent part in the effective
potential takes the form
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1 3b H'H H'H
AU = - L(h)y* Ly4 1
U=gLihy +32n2y’( 1> )J( 2 ) !

2H'H
x( . )H"'sz.

X

(D24)

This y-dependence does not modify the second order
character of the phase transition. For L(h) = 1,,h?/2, there
is no y-dependence of the boundary term, and one finds for
k¥ < H'H

- D25
DLHH 2 (D25)

6 i
AU bk i <2H H>‘
X

APPENDIX E: DEPENDENCE OF v ON h

The parameter v describes the h-derivative of the
potential with the boundary term subtracted. For the
standard model, the dependence of v on h is rather
complex. It will be discussed in this appendix. In particular,
we investigate if for ,, = 0 a partial minimum of u with
respect to variation of £ is possible. The answer is negative
for the observed values of Yukawa and gauge couplings.

In the approximation (202), the h-dependence of v at
finite p is nontrivial, even if we approximate the dimen-
sionless couplings by constants. Let us first consider only
the contributions of top-quarks, W- and Z-gauge bosons
and the Higgs scalar,

Ayp

6477’
1
A, = 12535 (}hp) = 3g3si” (5 g%hﬁ)

3 991\ @ (% 39\,
<7+W s \\2 0 )P
— 32,5 (2/1hhﬁ + i) : (E1)
Y/

For h < (y?p)~!, one finds v > 0, the sign determined by
the sign of the combination

1
A, =—(12m7 — 6im}, —3m% —3m%) > 0.  (E2)
Po

Here we have expressed the Yukawa and gauge couplings
by the observed values of the particle masses divided by the
observed Fermi scale .

In contrast, for 2 > (y?p)~!, the sign of v turns negative,
according to

(4 2 1 1
A—:(P(z)<__2_j—_—2—j)<0- (E3)

One concludes that u — L(h)j? has a partial maximum at

Cmax
Rpax = ot (E4)
yip

For a given finite p, one has

}}i_}rgu([), h) =0, (E5)
since all @7 grow much larger than one as & increases to
very large values. One concludes that u(p, ) — L(h)p has
also a partial minimum at /i, = h(5). This minimum
typically occurs once the fluctuations of the bottom and
charm quark and the tau-lepton become dominant and turn
v again to positive values. The location of this minimum is
roughly given by

2 1 2 4
123 + 12m2 + 4m? = —+—+-———. (E6)
my, iy g

or

ho(p) = /=A_/ 857" (E7)

with

_12m3 + 12im?% + 4m?

Ay ) (E8)
Po

In this approximation, fzo decreases ~p~!, according to
constant 710 = fzoﬁ.

A zero of u(, h) at hy(p) corresponds to an extremum of
u — L(h)p*, notof u. If L(h) can be expanded for small £, a
zero of U(p, h) requires

(P, ho) + (A + Apho)p* = 0. (E9)

For 4,, = 0, this requires for a nonvanishing h(p) the
condition

D(ﬁ’ hO) )

hy = —— E10
0 /?-hﬁz ( )
With Eq. (E1), this condition reads
7 ~ Av(ilO)
hy = hop = — =, Ell
0 0P 64ﬂ2/1h ( )
or
. A, m}
~2 2 _ 14 t
Mijo = Vi hy = i —m% (E12)

In the range of negative A,, this quantity does not exceed a
few. With /2, < 1072 according to Eq. (E12), this leads to

1,0 ~
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a contradiction with the condition 7/}, 2 1 necessary for
negative A,. We conclude that for 4, = 0 a nontrivial
partial minimum of u(p, h) is not possible for the observed
values of the Yukawa and gauge couplings. A partial
minimum at /4(p) > 0 requires 4,, < 0. In this case,
ho(p — o0) remains larger than zero.

The situation would be different for a smaller value of the
top Yukawa coupling. In this case, A, may be negative for
all values hy < 1. Equation (E11) would have for large
enough k a solution for nonzero fzo(ﬁ) even for 4, = 0.
This would also be the case if one adds to the standard
model bosons with couplings to the Higgs scalar over-
whelming the ones of the top quark.

APPENDIX F: POLYNOMIAL EXPANSIONS OF
EFFECTIVE POTENTIAL IN THE RATIO OF
FERMI OVER PLANCK SCALE

In this appendix, we translate a polynomial expansion of
u in powers of h to a corresponding dependence of the
Higgs potential U on H. We consider both expansions
around H = 0 and around a minimum at nonzero H. This
relates the parameters discussed for the scaling form of u to
observable quantities as the Fermi scale and the mass of the
Higgs boson.

If the first two derivatives of u(p, h) in h exist at h = 0,
the expansion of u(p, h) in h at fixed p yields

1
u:u0+ﬂh+56hﬂh2+...
1 ST
=uy+ <h0h+§hza§>Lhopz —ﬂyh—ihdhﬁyh, (F1)

where the h-derivatives are taken at fixed p and evaluated
for h — 0. Employing j3, (1, h) from Egs. (223) and (224),
with hah/?y‘,; = hahﬁ,,m + iza,;/?y‘h, and turning to dimen-
sionful quantities leads to the scaling solution for the
effective potential:

1 1
U = uy(p)k* + ExmgﬁHTH + Elh(HTH)Q
. 10Inp - k2
B, ()1 +-—"k*H H - 0,,(h) — (H H)?.
(F2)

Here ﬁv(il) = Bv(il’ h = 0)’ ahﬁy(il) = ahﬁva;lv h = 0)’
with i = H'H/k? inserted in Egs. (224) and (225). For
A, = 0, the only y-dependence of U results from u, and the
contribution to the term quartic in H which is suppressed by
k?/y?. For all k > 0, the potential for the critical surface
involves a term quadratic in H'H proportional to k>, with
additional logarithms of H'H/k* and p/k* from .

As an alternative second case, we rather expand around
some nonzero small value k. This is needed if hd,p,
differs from zero for h — 0, typically because of a
logarithmic dependence of a;(%, 1) on h. This expansion
reads

- [~y(il, ho) + = (hdy, + h0;)p,(h, ho) (1 - %ﬂ
x (= Fop). (F3)
For example, we may choose %, such that
oL (ho) = 0, L (o) = 2pp- (F4)

The corresponding scaling from of the effective potential
reads

1]- 1.+ - 1- 2
U= upk* + = |:/1h 0= = b (P, ho)] (HTH - —h0)(2>
207 p 2
- _ , 1-
= (P, ho)K* (HTH 3 hoﬂfz) . (Fs)

For k — 0, the terms involving f, vanish and we can
associate g with the ratio 293 /x* and A,y = A;,. For k > 0,
the minimum of U moves away from H'H = hqy?/2,
according to

ou

_ 1 - _ 1-
o(HTH) = [ﬂh _Eahﬁu(ﬁv ho)} <H+H - Eho)ﬂ)

_ﬂu(ﬁ’ hO)kz' (F6)

APPENDIX G: FLOW IN THE SSB REGIME

In this appendix, we discuss the case of a partial
minimum of the effective potential u at a nonzero value
ho(p). We use the scaling equation for the dependence of
on py for a “stability discussion” for the behavior of small
deviations from a given scaling solution.

Let us assume a nonzero partial minimum of u at /o(p).

For u(p, h), it obeys the condition
057 holp)) = 0. (1)

This holds for all 5 as long as /(p) remains positive.
Taking a logarithmic p-derivative yields the scaling
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equation for /o(p):

P030;(p, ho(P)) + 03 updzho(p) = 0. (G2)

(Here the p-derivatives are taken at fixed h, and the A-
derivatives at fixed p.) We recognize the couplings

Am(P) = 0305ulf,» An = 6gu|,;0.

2 (G3)

They are now evaluated at /1y(5) > 0 instead of 2 = 0. The
flow of hy(p) is given by

~ T ﬁﬂm Om
Ohy = —"—=—— ,
T
~ O-m
Gy = P {=——. (G4)
/1]1
We need the flow of £,
1
0;¢ = pa Om + 5 p() A
Ah
pﬁm ¢hn
= — 4= G5
=&t 24, * 20, (G5)
For f,,, we use Egs. (272) and (273):
PP = P + Anom, (G6)
with
-~ 1 124, ( 1 )
= — — -3 1+—
” 64n° {(1 +yiho)? g (1 +224h0)?
3% 3B,/249,/10 }
(1+g3ho/2)* (1 +g3/2+3g7/10)hg)?
(G7)

Here we have neglected a contribution ~ﬁ6[~,710 due to the
fact that f,, should be evaluated at a p-dependent value of
hy. One obtains

PoC = 1¢ (710)5 +ne(ho).
L Aw B _ Pbn
=1 2 +2/1h ng = 2, (G8)

Due to the value of y, close to one, the flow of { is unstable
toward the IR of increasing p.

This induces an instability in the flow of &, With
x =Inp, we can write

Pho = 0,C = y¢(ho)d,ho + ne (o). (G9)

Let us neglect the flow of the couplings y? etc., as well as
the dependence of y, on hy. Let us further suppose that ne
has a zero for some fzo. Linearizing in 6k = hy — IA10,

’Ig(ilo) = ’7/¢5il, (G10)
yields
026h = y,0,6h — n.5h. (G11)

The solution &k = &h(x,)exp{w(x —xo)} involves the
solutions of the quadratic equation

o* —yew—n, =0, (G12)
given by
441
oy =" (14 [1+°1), (G13)
2 Yz
with approximate values
A "
o, =y +—, w_=-——. (G14)
+ ¢ ve Ve

The leading contribution for 8k for increasing p reads

oip) = (o) (2"

o (G15)

while for decreasing p the exponent w_ dominates. The
issue of stability is similar to the case where the partial
minimum occurs at sy = 0.
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