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We propose that quantum gravity may predict the Fermi scale. Fundamental scale invariance implies the
scale invariant standard model. Both the Fermi scale and the Planck mass are given by fields, and their ratio
is dictated by a dimensionless cosmon-Higgs coupling. For an ultraviolet fixed point of quantum gravity,
this coupling is an irrelevant parameter of the renormalization flow and becomes predictable. An analytic
scaling solution for quantum gravity admits no free parameter for the mass term of the Higgs boson. We
discuss a new asymptotically safe quantum gravity fixed point for which the scalar potential is not flat. If
the largest intrinsic mass scale generated by the renormalization flow away from this fixed point is
sufficiently below the Fermi scale, the couplings of the scale invariant standard model are determined by
the scaling solution. For a given short distance model remaining valid to infinitely small distances, the ratio
Fermi scale over Planck mass can then be predicted. With reasonable assumptions for the ultraviolet fixed
point, a numerical solution finds a tiny value for the ratio between the Fermi and Planck scales, very close
to a second order quantum electroweak phase transition. This could explain the observed gauge hierarchy.
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I. INTRODUCTION

In the standard model of particle physics, the Fermi scale
φ0 ¼ 175 GeV denotes the vacuum expectation value of the
Higgs scalar field. It sets the masses of theW- and Z-bosons
and the charged fermions. The characteristic scale for grav-
ity is the (reduced) Planck mass Mp ¼ 2.4 × 1018 GeV.
A consistent description of physics needs a theory of
quantum gravity. Any realistic theory of quantum gravity
has to accommodate the observed tiny ratio of εφ ¼
φ2
0=M

2
p ≈ 10−32. From the point of view of the renormal-

ization group for the standard model the Fermi scale is
associated to a relevant parameter, as typically given by the
quadratic term (mass term) μ2HH

†H in the effective potential
for the Higgs field H. It is a free parameter which cannot be
predicted. The question arises if this situation extends to
quantum gravity.
There is actually no problem of (technical) naturalness

associated to the small ratio εφ [or a similar small ratio
in grand unified theories—the gauge hierarchy [1,2] ]. The
value φ0 ¼ 0 or εφ ¼ 0 is associated to a symmetry,
namely, scale symmetry or dilatation symmetry [3]; see
also Refs. [4–14]. This “particle physics scale symmetry” is

linked to the critical behavior of a quantum second order
phase transition. In the absence of strong interaction effects,
the vacuum (zero temperature) electroweak phase transition
is a quantum phase transition associated to the variation of
the mass parameter μ2H. It is a second order phase transition.
As for any second order phase transition, there exists a
critical surface in the space of running couplings for which
the flow ends in the infrared at criticality, e.g., μ2H ¼ 0. The
critical surface cannot be crossed by any trajectory of
running couplings. If the couplings are precisely on the
critical surface in the ultraviolet, they remain on the critical
surface for the whole flow to the infrared. A relevant
parameter is associated to the deviation from the critical
surface, resulting in nonzero μ2H. Problems of “fine tuning”
in certain perturbative expansions only reflect that such
expansions do not take into account properly this basic
property of a second order phase transition [3]. From the
point of view of physics at the Planck scale, the question of
why εφ is tiny amounts to the question of why our world is
so close to the second order quantum phase transition.
Functional renormalization (FRG) based on the effective

average action [15–20] is a suitable tool for a quantitative
investigation of these issues. Already the first FRG com-
putation of the effective potential for the Higgs field in the
standard model [21] has clearly established the approximate
second order quantum phase transition and the flow of the
relevant parameter for a deviation from the critical surface.
This basic feature persists in the subsequent development of
rather powerful and elaborate techniques [22–33].
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For the present purpose, it is a crucial advantage of FRG
that it can deal with quantum gravity formulated as a
quantum field theory for the metric (or similarly for the
vierbein). Quantum gravity based on the Einstein–Hilbert
action or a suitable generalization is not perturbatively
renormalizable. Quantum gravity can, however, be asymp-
totically safe [34,35] or asymptotically free [36–39]. The
FRG approach allows one to cope with the nonperturbative
issues for both possibilities. In this paper, we address the
issue of the Fermi scale within functional renormalization
for the standard model of particle physics coupled to gravity.
The main new point beyond the FRG investigations of the
effective potential for the Higgs scalar in Refs. [40–45] is
the focus on the scaling solution which is needed in order to
define an ultraviolet complete theory.
In particular, we ask if a Fermi scale compatible with

observations can be realized for fundamental scale invari-
ance [46] for which no relevant parameters are available.
This requires a new asymptotically safe fixed point of quan-
tum gravity which differs from the extended Reuter fixed
point by a field-dependent effective Planck mass, a nonflat
scalar potential, and field dependent couplings. This fixed
point generalizes the dilaton-gravity fixed point [47–49] to
the inclusion of the particles of the standard model. For the
scaling solution characterizing this fixed point, both the
Planck mass and the Fermi scale are proportional to
the scalar fields. Their ratio is given by a dimensionless
cosmon-Higgs coupling λm. For fundamental scale invari-
ance, there is no flow away from the fixed point. There
exists therefore no relevant parameter for the Fermi scale.
This situation remains essentially valid if the largest intrinsic
mass scale for a possible flow away from the scaling
solution is much smaller than the Fermi scale.
The central question of this paper asks if quantum gravity

can predict the ratio Fermi scale over Planck mass in a
setting where the Fermi scale is not determined by a relevant
parameter. This amounts to the question of whether quantum
gravity can predict the value of the cosmon-Higgs coupling.

II. OVERVIEW

Within FRG, an ultraviolet complete theory needs the
existence of a scaling solution for the effective average
action. This scaling solution generalizes the notion of an
ultraviolet fixed point for a finite number of flowing
couplings. One has now to deal with functions of fields
or momenta. For our purpose, we can focus on quantities at
zero or small momentum. The central function we need is the
effective scalar potential which determines the Fermi scale as
a (partial) minimum with respect to variations of the Higgs
field. In addition to the Higgs field H, we consider a singlet
scalar field χ, needed for cosmology for the epoch of
inflation or for dynamical dark energy. The “cosmon” χ
plays the role of the dilaton for the scale invariant standard
model. We assume a discrete symmetry χ → −χ. In our

setting, the effective potential UðH; χ; kÞ will depend on the
Higgs field H through the invariant H†H, and on the scalar
singlet field χ through the invariant ρ ¼ χ2=2.
The dependence of U on the renormalization scale k

obeys a functional flow equation which obtains as an
approximation to the exact flow equation for the effective
average action [15]. For the scaling solution, the dimension-
less potential u ¼ U=k4 only depends on the dimensionless
fields h̃ ¼ H†H=k2 and ρ̃ ¼ ρ=k2, without any explicit
dependence on k. This permits the extension of the theory
to arbitrary short distances, as encoded in the ultraviolet limit
k → ∞. The existence of a scaling solution is not trivial
since u has to exist for all values of fields, 0 ≤ h̃ < ∞,
0 ≤ ρ̃ < ∞. We will see that the scaling solution has to obey
a differential equation for its dependence on ρ̃ or h̃ at fixed
h ¼ h̃=ρ̃. While local solutions for a finite range of fields are
found without major problems, the extension to a global
solution in the limit h̃ → 0, ρ̃ → 0, or h̃ → ∞, ρ̃ → ∞
typically poses constraints. These constraints make quantum
gravity predictive, a first example being the prediction of the
mass of the Higgs boson [40] before discovery.
The issue of the Fermi scale depends on the role of the

Planck mass. For a first possibility, Mp corresponds to a
relevant parameter characterizing the flow away from the
scaling solution. The Fermi scale appears then typically as a
second relevant parameter, and one has to understand the
tiny ratio εφ as a ratio between two relevant parameters. In
this case, a rather simple candidate for the scaling solution is
a completely flat scalar potential, and a generalization to an
effective action which is invariant under shifts H → H þ c.
Gauge and Yukawa interactions have to vanish for this type
of scaling solution, and there is no nonminimal coupling of
the type H†HR, with R being the curvature scalar. Such a
scaling solution is the generalization of the Reuter fixed
point [35] in the presence of matter [50–58]. In this scenario,
the field-dependence of the effective potential for the Higgs
scalar is generated completely by the flow away from the
scaling solution due to relevant (including marginal) cou-
plings. The quartic scalar coupling, and therefore the mass
of the Higgs boson, remains predictable for a given value of
the top-quark Yukawa coupling. This is due to the fact that
the metric fluctuations render quartic scalar couplings
irrelevant in the ultraviolet region. In contrast, the Fermi
scale could become predictable only if in the ultraviolet
region a phenomenon of “self organized criticality” renders
the mass parameter irrelevant [44,59–63]. Otherwise, it
remains as a free parameter.
As a second alternative, the observed Planck mass is not

associated to a relevant parameter, but rather given by the
present value of the scalar field χ. This requires a different
type of scaling solution without the shift symmetry
χ → χ þ c. The effective potential for this scaling solu-
tion is no longer completely flat. For this setting, the
effective action contains a term −ξχ2R=2 which dominates
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the gravitational interactions for the present cosmological
epoch. The scaling solution is compatible with a term
−fðχ2=k2Þk2R=2, which includes the nonminimal coupling
for f ¼ ξχ2=k2. If no relevant parameter is responsible for
the Planck mass, the issue of the Fermi scale changes
profoundly. The largest intrinsic mass scale (LIMS) gen-
erated by the flow away from the fixed point can be much
smaller than the Planck mass. Such models can solve the
cosmological constant problem dynamically, similar to the
first proposal for dynamical dark energy or quintessence
[64]. If the effective potential approaches a constant for
χ2 → ∞ (or increases less fast than ∼χ4), and the effective
Planck mass increases Mp ∼ χ, the observable ratio U=M4

p

decreases to zero for χ → ∞. For such models, the
characteristic cosmological solutions are “runaway cos-
mologies” for which χ increases toward infinity as time
increases toward the infinite future. Thus, the ratio U=M4

p,
which corresponds to the observable cosmological “con-
stant”, or the cosmological “constant” in the Einstein
frame, vanishes in the infinite future. An observable dark
energy component reflects the fact that for the finite age of
the Universe the ratio U=M4

p still differs from zero. If the
LIMS is of the order of the neutrino masses, say, ∼10−3 eV,
a rather interesting cosmology with dynamical dark energy
emerges [65–67].
Cosmology provides a strong motivation to investigate

the possibility of a field-dependent Planck mass more in
detail. The scaling solution for this scenario has to be
different from the Reuter fixed point or its generalization to
matter with a shift-invariant potential. Since the term ∼χ2R
plays a crucial role for the scaling solution, this scaling
solution cannot be shift-invariant under χ → χ þ c. As a
consequence, for ξ ≠ 0, the scaling solution for the effec-
tive scalar potential cannot be shift-invariant either [45].
The scaling solution for the standard model coupled to
gravity has to be a generalization of the scaling solution for
dilaton quantum gravity [47–49].
One may ask if in such a scenario the Fermi scale φ0

could be associated to a relevant parameter for the flow
away from the scaling solution, thus constituting the LIMS.
If the Fermi scale is intrinsic and the Planck mass is field-
dependent, the ratio εφ would be field-dependent. This
could realize the “Dirac hypothesis” of explaining the small
ratio of electron mass over Planck mass by the huge age of
the Universe, since χ can have grown to very large values in
units of the electron mass. Observation seems to indicate
that this possibility may not be realized. For the runaway
cosmologies envisaged here, there are strong bounds on the
time variation of the ratio Fermi scale over Planck scale
[68–73]. A possible way out would need a cosmological
scenario where the decrease of εφ would be substantial in
the very early Universe, and essentially stop for the present
cosmological epoch.

A more natural alternative seems to be that the Fermi
scale is not an intrinsic mass scale. In this case, the mass
parameter in the Higgs potential is field-dependent, asso-
ciated to a quartic scalar coupling ∼λmH†Hχ2 between the
Higgs field H and the cosmon χ. This is compatible with a
scaling solution for the effective potential for which the
term quadratic inH takes the form u ∼ λmh̃ ρ̃. If χ increases
during the cosmological evolution, both Mp and φ0

increase at the same rate ∼χ. The ratio εφ remains constant,
in accordance with observation. With particle masses
proportional to χ, this extends to other mass ratios.
If the LIMS associated to a relevant parameter is much

smaller than the confinement scale ΛQCD of quantum
chromodynamics (QCD), quantum gravity realizes the scale
invariant standard model [64,74–84]. For the scaling sol-
ution, all mass scales (except possibly the neutrino masses)
are proportional to χ. With constant εφ, the Fermi scale is
proportional to χ, φ0 ¼ ffiffiffiffiffi

εφ
p

χ. The dimensionless gauge
and Yukawa couplings can depend on the ratio H=χ or k=χ
but not on H, χ, or k separately. (For nonzero momenta q,
they can also depend on q2=H†H or q2=χ2.) Consequently,
the confinement scale ΛQCD is proportional to χ, such that
the ratio of nucleon mass over Planck mass is independent
of χ. The assumption that the LIMS is much smaller than
ΛQCD entails that the standard model is determined precisely
by the scaling solution. This setting predicts the scale
invariant standard model.
The scale invariant standard model is compatible with the

strong observational bounds on the time variation of
couplings even for cosmologies where χ changes with time.
Due to this simple consequence of quantum scale symmetry
[43], no screening mechanism is needed for dynamical dark
energy. This extends to possible apparent deviations from
general relativity due to forces induced by an almost
massless scalar field, which take the form of violations of
the equivalence principle. Quantum scale symmetry implies
that all those effects are tiny. The scale invariance of the
quantum effective action, rather than scale invariance for the
classical action [85], is crucial for these properties.
The scaling solution for a scenario where the LIMS is

much smaller than the Fermi scale cannot be shift invariant
for the Higgs field, H → H þ c. The scaling form of the
effective potential uðh̃; ρ̃Þ necessarily shows a nontrivial
dependence on h̃. A term linear in h̃, U ¼ μhh̃, results in a
mass term for the Higgs field U ¼ μhk2H†H which
vanishes for k → 0. A nonzero LIMS may replace k2 by
an intrinsic scale k̄20. Still, a mass term ∼k̄20H†H is
negligible if the LIMS is many orders of magnitude smaller
than the Fermi scale. A term quadratic in h̃ in the scale
invariant potential, u ¼ λhh̃

2=2, results in a nonzero quartic
coupling, U ¼ λhðH†HÞ2=2. A field-dependent mass term
for the Higgs scalar is generated by the cosmon-Higgs
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coupling u ¼ λmh̃ ρ̃ or U ¼ λmH†Hχ2=2. For a realistic
Fermi scale, the coupling λm has to be tiny, since εφ ∼ λm.
The present paper computes the scaling potential uðh̃; ρ̃Þ

in an approximation to the exact flow equation for the
effective potential [15]. A key question will be the size of
λm. We find a family of local scaling solutions which are
parametrized by an “integration constant” or “boundary
value” λ̄m, which corresponds to λmðρ̃ → ∞Þ. Here “local”
refers to a region in field space, with ρ̃ being sufficiently
large so that quantum gravity effects are small, and h̃ ≪ ρ̃.
For these local solutions, λ̄m is a free parameter. If these
local solutions can be extended to global solutions valid for
arbitrary ρ̃ and h̃, the Fermi scale φ0 cannot be predicted.
For this case, it would not be associated to a relevant
parameter for the flow away from the scaling solution.
Rather it would be related to the existence of a continuous
family of scaling solutions.
On the other hand, if the extension of the local solution to

a global solution is possible only for a certain value of λ̄m
(or a discrete set), our scenario can compute the Fermi
scale, or more precisely the ratio of Fermi scale over Planck
mass. In this case, observation can falsify (of confirm) a
scenario of quantum gravity with a largest intrinsic mass
scale much smaller than the Fermi scale. We will find that
this scenario is realized for an analytic global scaling
solution. The Fermi scale becomes predictable in principle
if the LIMS is much smaller than ΛQCD.
The predictivity for the ratio of the Fermi scale over the

Planck mass does not depend on details of the computation
or additional assumptions. The logic leading to predictivity
may be summarized as follows.
Chain of predictivity for the ratio of the Fermi scale over

the Planck mass

local scaling solution : has free parameters as
integration constants

⇓
global scaling solution : fixes integration constants

⇓
analyticity of the global
scaling solution

: no free parameters in the scaling
solution

⇓
LIMS ≪ ΛQCD : no relevant parameter for the

Fermi scale
⇓

no free parameter for the Fermi scale: predictivity

More in detail, the scaling solution obeys a differential
equation for the ρ̃-dependence of u which is rather similar
to the flow equation for the dependence on k. The flow of
couplings with k at fixed ρ corresponds for the scaling
solution to a flow with ρ̃ ¼ ρ=k2. For fixed ρ, the relevant
parameters reflect for the flow with decreasing k a
dependence of the corresponding couplings on the initial

conditions at large k. For the local scaling solution, this
maps to a dependence of field-dependent couplings on
“initial values” for some fixed small ρ̃. One finds a trace of
the relevant parameters in the existence of continuous
families of local scaling solutions.
There are, however, two new ingredients which are

specific for the scaling solution. The first involves the
necessity of a global solution which imposes restrictions
from the existence of the solution for ρ̃ → 0 or ρ̃ → ∞.
As is well known for nonlinear differential equations, the
existence of a global solution imposes constraints on the
“extendable” local solutions. The second is related to
the fact that for a scaling solution the dimensionless
couplings become functions of the field. An example is a
field-dependent coefficient of the kinetic term for the gauge
bosons ZFðρ̃; h̃ÞFμνFμν, which translates to a field-depen-
dent gauge coupling by g2 ¼ Z−1

F . For a field-dependent ZF,
one has new vertices for the interactions between gauge
bosons and the scalar fields H and χ. Typically, this field-
dependence becomes negligible in the range of large h̃
corresponding to kmuch smaller thanΛQCD. Nevertheless, it
affects the scaling solution in the range of smaller h̃. For our
purpose, we will infer the logarithmic field-dependence of
the gauge and Yukawa couplings from perturbation theory.
For ρ̃ large enough, such that the gravitational fluctuations
decouple, the perturbative flow with k translates then to
the flow with ρ̃. This will permit reasonable control of the
local scaling solutions.
We find that generically the requirement of a global

scaling solution for all values of ρ̃ and h̃ conflicts with the
presence of a continuous family of scaling solutions. There
exists, at best, a discrete set of global scaling solutions.
Therefore, an ultraviolet complete model for the particles of
the standard model coupled to quantum gravity renders the
ratio φ0=Mp predictable if the LIMS is sufficiently below
the Fermi scale. This generalizes to extensions of the
standard model as, for example, grand unified theories.
The predicted value of φ0=Mp may depend, however, on
the details of the model for the physics around and beyond
the Planck scale. While “predictivity in principle” seems to
be generic, “predictivity in practice” requires an
assumption about the particles relevant near the Planck
scale, as well as sufficient computational control of the
scaling solution in this energy range.
A key ingredient for the elimination of free parameters

for the global scaling solution is analyticity for ρ̃ → 0. As
an example, consider the ρ̃-dependence of the mass term
μhðρ̃Þ for the Higgs boson. The cosmon–Higgs coupling
λmðρ̃Þ corresponds to the ρ̃-derivative of μh,

λmðρ̃Þ ¼ ∂ρ̃μhðρ̃Þ: ð1Þ

For a global scaling solution, we require that λm remains
finite for ρ̃ → 0. This implies that the first derivative ∂ρ̃μh
remains finite for ρ̃ → 0. This continues to higher
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derivatives, since ∂ρ̃λmðρ̃Þ is again a coupling which should
remain finite for ρ̃ → 0. Thus, the finiteness of couplings in
the ultraviolet limit ρ̃ → 0 is equivalent to the analyticity of
the function μhðρ̃Þ for ρ̃ → 0.
The qualitative implications can be understood in a

simplified setting. Near a UV fixed point μ�h ¼ μhð0Þ,
the ρ̃-dependence of μhðρ̃Þ has to obey a differential
“scaling equation” of the form

ρ̃∂ρ̃μh ¼
1

2
ð2 − AÞðμh − μ�hÞ þ dρ̃þ � � � ; ð2Þ

where (2 − A) reflects the dimension two and A is the
anomalous dimension. This is the analogue of the flow
equation for the dependence on k. The general solution for
ρ̃ → 0 involves a free integration constant c,

μhðρ̃Þ ¼ μ�h þ cρ̃1−
A
2 þ 2d

A
ρ̃þ � � � : ð3Þ

For d ¼ 0 and A < 2, the function μhðρ̃Þ departs from the
fixed-point value as ρ̃ increases—this is the analog of a
relevant parameter.
Analyticity requires c ¼ 0 whenever A differs from an

even integer, which is the case in general. For c ≠ 0, the
cosmon-Higgs coupling diverges for ρ̃ → 0 if A > 0:

λmðρ̃Þ ¼ c

�
1 −

A
2

�
ρ̃−

A
2 þ 2d

A
þ � � � : ð4Þ

For A < 0, the cosmon-Higgs coupling remains finite, but
∂ρ̃λm or some higher coupling diverges. As a consequence,
one has no free integration constant c independently of the
sign of A. This general feature carries over to the coupled
system for several (or many) coupling functions as we will
discuss in detail later. This discussion also covers the
effective appearance of the term dρ̃ in (2), which may lead
to a nonzero fixed-point value λm� ¼ λmðρ̃ ¼ 0Þ.
Having established general predictivity for the ratio

φ0=Mp the question of what a given model actually predicts
arises. We will find that the prediction yields a very small
value for ϵφ—how small may depend on the details of the
model around and beyond the Planck scale. The small
predicted value of ϵφ is closely linked to the presence of an
(approximate) second order quantum electroweak phase
transition. For A > 0, the trajectories of dimensionless
couplings as functions of ρ̃ are attracted toward the critical
surface of this phase transition for increasing ρ̃. If the
critical surface is compatible with analyticity, the prediction
amounts to a Fermi scale on the critical surface. Then the
scaling solution of quantum gravity realizes a new form of
self-organized criticality.
For a LIMS sufficiently below the Fermi scale, the other

couplings of the standard model become predictable as
well. The scaling solution admits no free parameters for the

gauge and Yukawa couplings. This renders our scenario
very restrictive. A given short-distance model can be
falsified by many observations. It seems very unlikely that
the pure standard model coupled to quantum gravity can
survive these constraints. Additional particles with mass in
the vicinity of the Planck mass, as for grand unified
theories, are likely to be needed. In this sense, the
assumption of the LIMS below the Fermi scale becomes
a strong constraint on viable short distance models. The
benefit is a very high degree of predictivity.
Since the issue of the scaling solution for the effective

potential uðρ̃; h̃Þ is rather complex, we proceed by a
stepwise extension of our truncation. This will reveal crucial
features one by one. This will also help to disentangle which
features depend on the truncation, and which are robust with
respect to changes of truncation and the precise setting of the
flow equation. The general feature of predictivity of φ0=Mp

is truncation independent, involving only the analyticity of
the scaling solution and the LIMS being much smaller than
the Fermi scale. The presence of a second order quantum
electroweak phase transition and the associated critical
surface is truncation independent. Only QCD effects turn
this transition into a crossover. The attraction toward the
critical surface involves only the sign of A. It is robust to the
extent that this sign is robust. In contrast, the precise value of
the prediction for φ0=Mp may be affected by the details of
the truncation and other approximations. An assertion of the
strength of this dependence will need further systematic
investigations. In any case, the prediction typically depends
on physics near and beyond the Planck scale.
In Sec. III, we present the flow equation for k∂kuðρ̃; h̃; kÞ

and the corresponding scaling equation for the scaling
potential uðρ̃; h̃Þ. In our truncation, the flow equation has a
very simple structure. Nevertheless, it covers all relevant
features for our discussion. More extended truncations are
not expected to change the general outcome. In Sec. IV, we
discuss the local scaling solution in the limit of field-
independent gauge and Yukawa couplings. In this limit, the
standard model exhibits a second order quantum phase
transition. We also employ a simple approximation for the
fluctuations of the scalar field. The family of local scaling
solutions is then parametrized by a cosmon-Higgs coupling
λm which is field independent. Section V discusses the
infrared limit of very large ρ̃. This is needed for a
continuation of the scaling solution to ρ̃ → ∞. This limit
is also relevant for the question of time varying funda-
mental couplings for cosmologies where ρ̃ increases with
time. We find that these effects are tiny, such that the class
of models discussed here does not enter into conflict with
observation from this side.
Section VI addresses the field-dependence of gauge and

Yukawa couplings which is predicted for the scaling
solution in our setting. This field dependence renders the
properties of the critical surface for the electroweak
transition more complex. It also implies that the transition
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becomes a crossover rather than a second order transition.
The characteristic scale for the crossover turns out, how-
ever, to be three orders of magnitude below the observed
Fermi scale. For realistic models a second order phase
transition remains a very good approximation.
In Sec. VII, we include the effects of the metric

fluctuations on the scaling equations for the gauge and
Yukawa couplings. For the ultraviolet limit, we are open to
possible extensions of the standard model by particles with
masses in the vicinity of the Planck mass. We discuss
possible fixed points with nonzero values for the gauge and
Yukawa couplings. This issue is important for understand-
ing initial values for the flow and field-dependence of
gauge and Yukawa couplings for k smaller than the Planck
mass. On this basis, we discuss in Sec. VIII the local
scaling solution for uðρ̃; h̃Þ in the presence of field-
dependent gauge and Yukawa couplings. The main empha-
sis concerns here the dependence on the Higgs field in the
region of small values of the ratio h ¼ h̃=ρ̃.
In Sec. IX, we turn to the flow or field-dependence of the

cosmon-Higgs coupling λm. This coupling is directly
related to the ratio φ0=Mp, constituting a key quantity
for our investigation. Since λm is dimensionless, the
question if it is relevant or irrelevant differs strongly from
a similar question for the mass term of the Higgs boson. We
find that even for k below Mp the cosmon-Higgs coupling
has the features of an irrelevant parameter. This property
becomes much more pronounced once we include in Sec. X
the effects of the metric fluctuations for k near or aboveMp.
We discuss a new form of self-organized criticality which
renders the ratio φ0=Mp predictable if the flow away from
the scaling solution plays no role. For the scaling solution,
all couplings have to assume for ρ̃ → 0 precisely their fixed
point values. This holds both for irrelevant and relevant
parameters. There are no free parameters for the flow away
from the fixed point. The crossover from the UV-fixed
point for ρ̃ → 0 for the IR fixed point for ρ̃ → ∞ is
uniquely due to the decoupling of the gravitational fluc-
tuations once ρ̃ grows sufficiently larger than one.
Section XI complements our analytic discussion with a

numerical solution for a restriction of the flow to a finite
number of couplings. One can see explicitly all features of
the analytic discussion. The numerical solution confirms
the predictivity for the Fermi scale. For reasonable assump-
tions without much tuning of the UV properties, we find a
scaling solution with the observed tiny value of φ0=Mp. In
Sec. XII, we summarize our results.
For convenience, we summarize our conventions for

fields and the scalar potential in Appendix A. Appendix B
provides a detailed and coherent exposition of the mod-
ifications due to strong interactions. Since the confinement
scale ΛQCD is three orders of magnitude below the Fermi
scale, these effects turn out to be only small corrections.
Further appendixes are devoted to more technical details.

III. FLOW EQUATION AND SCALING EQUATION
FOR THE EFFECTIVE POTENTIAL

In this section, we focus on the functional flow equation
for the effective potential for a region of field variables and
renormalization scale for which the effects of the gravita-
tional degrees of freedom can (almost) be neglected. This
concerns values of k sufficiently below the Planck mass,
where the latter may be given by the scalar field χ. The flow
equation for this region is rather well established. It can be
based directly on the exact flow equation of Ref. [15], with
extensions to gauge theories [16] and fermions [21,86,87].
We employ here the gauge invariant flow equation [88] in
the form of the simplified flow equation [89]. The flow
equation is one-loop exact. The dominant effects beyond
one-loop perturbation theory are the threshold functions
which describe the decoupling of particles with masses
larger than k. Higher loop perturbative effects relevant for
our question are accounted for qualitatively. Two-loop
exactness would require, however, an extension of the
approximation (truncation) with additional resolution for
the kinetic terms [90]. The quantum gravity effects will be
included in Sec. X. This extends the range to k > χ.

A. Effective scalar potential

We consider the standard model with an additional
singlet scalar field χ. We employ a truncation of the
effective average action

Γk ¼
Z
x

ffiffiffiffi
g0

p �
−
F
2
R0 þU þ K

2
DμχDμχ

þ ZHDμH†DμH þ…

�
: ð5Þ

HereH denotes the Higgs doublet and the dots stand for the
pieces involving the fermions and gauge bosons of the
standard model. The effective scalar potential U depends
onH and χ, as well as on the “renormalization scale” k, and
similar for F, K, and ZH. Here the covariant derivatives Dμ

are formed with the metric g0μν, where the prime recalls that
we are typically not in the Einstein frame. Due to the gauge
symmetry of the standard model, the functionsU, F,K, and
ZH depend onH only via the invariantH†H. For simplicity,
we first neglect the anomalous dimension of the Higgs
scalar by setting ZH ¼ 1. The renormalized Higgs field
which includes effects of the anomalous dimension will be
discussed at the end of this section.
We are interested in the range of χ much larger than the

Fermi scale or the renormalization scale k. In this range, we
approximate the scaling solution by

F ¼ ξχ2 þ ξHH†H þ f∞k2: ð6Þ

The effective potential in the Einstein frame reads
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UE ¼ M4

F2
U: ð7Þ

The fixed Planck massM is introduced only by the variable
transformation (Weyl scaling)

gμν ¼
F
M2

g0μν: ð8Þ

It is not a parameter of our model. The Fermi scale φ0 is
given by the value of H at the partial minimum of UE with
respect to variation of H:

∂UE

∂H
ðH0Þ ¼ 0; φ0 ¼ jH0j: ð9Þ

It may depend on χ and k. The effective action Γk and the
associated effective potential U only include quantum
fluctuations with (Euclidean) momentum larger than k.
The observable Fermi scale should therefore be evaluated
at k ≪ φ0.
We may expand F in the small quantities H†H=χ2 and

k2=χ2, leading to

UE ¼ M4U
ξ2χ4

�
1 −

2ξHH†H
ξχ2

−
2f∞k2

ξχ2

�
: ð10Þ

A nonzero Fermi scale φ0 indicates spontaneous symmetry
breaking of the SUð2Þ ×Uð1Þ gauge symmetry, requiring
∂UE=∂ðH†HÞ ¼ 0 at H†H ¼ φ2

0 and k ¼ 0. This condition
reads

∂U
∂H†H

ðχ; H†H ¼ φ2
0Þ ¼

2ξH
ξχ2

Uðχ; H†H ¼ φ2
0Þ: ð11Þ

For the region of interest of this note, the rhs of Eq. (11) is
tiny as compared to φ2

0 and will be neglected.
One may be interested in cosmologies for which χ varies

in time. We choose units such that the present value χ0 is
related to the observed Planck mass, ξχ20 ¼ M2. The present
value of UE coincides then with U. We may associate
Uðχ; H†H ¼ φ2

0Þ with a type of χ- and k-dependent
“cosmological constant”. Observation tells us that the time
variation of the ratio Fermi scale over Planck mass must be
tiny in the recent cosmological epoch. If χ varies with time,
and ξ can be taken as constant, a realistic cosmology
requires φ2

0 ¼ εφχ
2 with constant εφ. The value of ξ depends

on the normalization of the cosmon field χ. A useful
normalization is specified by ξ ¼ 1, such that χ corresponds
to the Planck mass for the region χ=k ≫ 1. For this choice,
the kinetic term of χ does not have the standard normali-
zation, with K∞ ¼ Kðχ → ∞Þ a free parameter.
Experiments measure the Fermi scale in the Einstein

frame φ0E, or more precisely the ratio φ0E=M. Translating
to the frame with varying F yields

φ2
0E

M2
¼ φ2

0

F
¼ φ2

0

ξχ2
: ð12Þ

We will therefore be interested in the ratio

h0 ¼
2φ2

0

χ2
¼ 2ξ

φ2
0E

M2
: ð13Þ

The quartic scalar coupling λh, which determines the mass
of the Higgs boson by

m2
H

M2
¼ 2λhφ

2
0

ξχ2
¼ λh;0

ξ
h0; ð14Þ

is defined as

λh;0 ¼
∂
2U

∂ðH†HÞ2 ðχ; H
†H ¼ φ2

0Þ: ð15Þ

B. Flow equation

The dependence of U on k at fixed χ and H obeys an
exact flow equation [15]. We focus first on scales k
sufficiently below Mp ¼ ffiffiffiffi

F
p

such that the metric fluctua-
tions only contribute a field-independent term. Our trun-
cation first assumes field-independent ZH and K (local
potential approximation). The simplified flow equation
maintains gauge invariance, leading to a simple form of
the contribution from gauge boson fluctuations. With these
approximations, the flow of U takes the simplified form

k∂kU ¼ N k4

32π2
¼ 4cUk4: ð16Þ

Here N denotes the effective number of degrees of free-
dom, with an appropriate minus sign for fermions. If all
particles are massless, N is a constant and Eq. (16)
accounts for the contribution to the cosmological constant
from fluctuations between k and kþ dk. The field-depend-
ence of the effective potential arises from the field-depend-
ence ofN due to mass thresholds. Only particles with mass
smaller than k contribute effectively to N , while particles
with mass much larger than k decouple. The mass thresh-
olds arise naturally from functional renormalization.
We introduce dimensionless functions of dimensionless

fields:

u ¼ U
k4

; ρ̃ ¼ χ2

2k2
; h̃ ¼ H†H

k2
; h ¼ h̃

ρ̃
¼ 2H†H

χ2
:

ð17Þ

Besides the dependence on k, the dimensionless potential u
depends on two field variables, that we may choose as
ðρ̃; hÞ or ðh̃; hÞ or ðρ̃; h̃Þ. Different pairs of field variables
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will be optimal for different issues, and we will indicate the
field variables explicitly when needed.
If uðρ̃; hÞ has no partial minimum at h ¼ 0, i.e.,

∂huðρ̃; 0Þ < 0, the partial minimum of U occurs for
H†H > 0. In this case, the h-derivative of uðρ̃; hÞ at fixed
ρ̃ determines the Fermi scale by Eq. (13) and

∂u
∂h

ðρ̃; h0Þ ¼ 0: ð18Þ

The quartic Higgs scalar coupling (15) is given by

λ̂h ¼
∂
2u
∂h2

¼ λhρ̃
2 ð19Þ

or

λh;0 ¼
1

ρ̃2
∂
2
huðρ̃; h0Þ: ð20Þ

This determines the mass of the Higgs boson by Eq. (14).
Our central equation is the flow equation for uðρ̃; hÞ

which is evaluated for fixed ρ̃ and h,

k∂ku ¼ −4uþ 2ρ̃∂ρ̃uþ 4cU: ð21Þ

The term −4u arises from u ∼ k−4, the term 2ρ̃∂ρ̃u reflects
the switch from fixed χ to fixed ρ̃, and cU ¼ k−3∂kU
accounts for the fluctuation contributions to the effective
potential U at fixed χ and H. For the range of large ρ̃ ≫ 1,
the scaling solution for F can be approximated by

F ¼ ξχ2; ð22Þ

with ξ and K being constants. For ξρ̃ ≫ 1, the metric
fluctuations are effectively decoupled from the flow, being
suppressed by inverse powers of ξρ̃. An exception is a field
independent contribution to cU. We recall that we neglect
first the anomalous dimension of the Higgs doublet.
In the range ρ̃ ≫ 1, h < 1 the simplified flow equation

[89] yields a simple expression for the mass thresholds and
therefore for cU [42,45,66,67],

cU ¼ 1

128π2
ðN̄S þ 2N̄V − 2N̄F þ 2Þ: ð23Þ

Here N̄S, N̄V , and N̄F are the effective numbers of scalars,
gauge bosons, and Weyl fermions, respectively. They
depend on the fields via the mass thresholds that reflect
the decoupling of particles with masses larger than k. The
last term is the contribution of the two physical graviton
degrees of freedom. For the fermions, we approximate the
neutrinos as massless, while for the charged fermions the
squared masses are

m2
f ¼ y2fH

†H; ð24Þ

where the Yukawa couplings yf can depend on ρ̃, h, and k.
One obtains

N̄F ¼
X
f

�
1þm2

f

k2

�−1

þ 3

¼
X
f

ð1þ y2fhρ̃Þ−1 þ 3; ð25Þ

with
P

f extending over quarks and charged leptons.
For the gauge bosons, one has

2N̄V ¼ 6

1þ m̃2
W
þ 3

1þ m̃2
Z
− 3þ 18; ð26Þ

where

m̃2
W ¼ g22hρ̃

2
; m̃2

Z ¼
�
g22
2
þ 3g21

10

�
hρ̃; ð27Þ

with g2 and g1 being the gauge couplings of the SUð2Þ and
Uð1Þ groups of the standard model. The measure term
subtracts one for W� and Z. Eight massless gluons and the
massless photon account for the last term þ18: Finally, the
effective number of scalars amounts to

N̄s ¼
X
S

�
1þm2

s

k2

�−1
; ð28Þ

with m2
s being the eigenvalues of the mass matrix

M2
ij ¼

∂
2U

∂φi∂φj
; ð29Þ

where φi ¼ ðχ; H̃γÞ with H̃γ the four real fields in H, e.g.,
H1¼ 1ffiffi

2
p ðH̃1þ iH̃2Þ, H2¼ 1ffiffi

2
p ðH̃3þiH̃4Þ, H†H ¼ 1

2

P
γ H̃

2
γ .

For the simplified flow equation the mass threshold
function for scalars coincides with the standard approach
using the Litim cutoff [91].

C. Scaling equation for the scaling solution

The scaling solution obtains from the flow equation (21)
by setting k∂ku ¼ 0. This results in a nonlinear differential
equation for uðρ̃; hÞ,

ρ̃∂ρ̃u ¼ 2ðu − cUÞ: ð30Þ

In our approximation, it has to be supplemented by an ansatz
for the field dependence of the gauge and Yukawa couplings.
We will see below that for the range ρ̃ ≫ 1, h < 1 this field
dependence can be well approximated by the one-loop
perturbative flow equations for the running dimensionless
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couplings of the standard model. The ρ̃-derivative in Eq. (30)
is evaluated at fixed h. For fixed h, one has h̃∂h̃ ¼ ρ̃∂ρ̃. We
can therefore equivalently use for uðh̃; hÞ the flow equation

h̃∂h̃u ¼ 2ðu − cUÞ; ð31Þ

for which the h̃-derivative is taken at fixed h. The differential
Eq. (30) or (31) for the scaling solution of the flow equation
will be called the “scaling equation”.
The structure of the flow equation (16) and the associated

scaling equation is very simple. As long as the particle
masses are much smaller than k, each degree of freedom
contributes to k∂kU a constant k4=ð32π2Þ, with a minus sign
for fermions. This is precisely the result of a naive
perturbative computation, which treats free fields as a family
of uncoupled harmonic oscillators for the different momen-
tum modes. The usual result diverges or involves some
ultraviolet cutoff. The flow equation focuses on the change
if a cutoff is varied. This change only includes a finite range
of momentum modes around k, and therefore yields a finite
result. The power k4 simply reflects the dimension of U.
This perturbative result is only modified by the threshold
functions for the decoupling of particles with mass larger
than k. At first sight, the threshold functions may appear as a
purely technical device. They contain, however, key physi-
cal features. Without the threshold functions, a field-
independent potential would remain field-independent
during the flow. The field dependence of u is a direct
consequence of the threshold functions. Expanding the
threshold functions in powers of fields we will recover
the standard perturbative one-loop result for the running of
the quartic Higgs coupling. It is the strength of functional
renormalization that a simple equation for u covers at once
all couplings associated to field derivatives of u.
The scaling equation (30) for u is rather similar to the

flow equation for the k-dependence of u at fixed χ (instead
for fixed ρ̃), which is obtained from Eq. (16). One simply
replaces k∂k by −2ρ̃∂ρ̃. It is therefore not surprising that
features of the flow at fixed χ (which may be associated
with a fixed Planck mass) are found again for the local
scaling solution. This concerns, in particular, the relevant
parameters for the flow with k. They appear as free
parameters labeling the members of a family of local
scaling solutions.
Despite the formal analogy with the k-flow at fixed

Planck mass, there are important differences for the
physical setting. We deal now with an effective action
depending on two fields H and χ. Cosmology is based on
the solution of the field equations for both fields. The χ-
dependence of gauge couplings and Yukawa couplings
induces new interactions. And most importantly for our
purpose, the local scaling solution needs to be extended to a
global solution covering all field values. From the math-
ematical point of view, the scaling equation is a nonlinear
differential equation for a function of two variables ρ̃ and h̃

or ρ̃ and h. This complex problem gets further enhanced by
the presence of field-dependent functions for the various
gauge and Yukawa couplings.
The ranges of the field variables we have to cover are

huge. For h̃ ≪ 1, the masses of the standard model particles
are much smaller than k. Perturbation theory is valid. For h̃
around one and smaller, the threshold functions lead to a
subsequent decoupling of particles. For h̃ ≫ φ0=me, the
electron has decoupled and the particle physics of the
standard model is settled except for the neutrinos. We focus
on h ≪ 1, as appropriate for a small ratio of Fermi scale over
Planck mass. In this case, the value of ρ̃ ¼ h̃=h is already
very large for values of h̃ near one. Finally, as ρ̃ approaches
one, the gravitational fluctuations become important and we
have to extend the flow equation (16), and correspondingly
the scaling equations (20), (21). The two quantities h̃ and h
measure the Higgs field in very different units. They
therefore differ by many orders of magnitude, as given by ρ̃.

D. Anomalous dimension for the Higgs field

Fluctuation effects also lead to a scale dependence of the
kinetic term for the Higgs scalar. For fixed fields χ and H,
one has

k∂kZHjχ;H ¼ −ηHZH: ð32Þ

For large enough ρ̃, such that the gravitational fluctuations
can be neglected, functional renormalization amounts to
leading order to the one-loop perturbative result

ηH ¼ −k∂k lnZH ¼ 3

8π2

�
y2t −

3

4
g22 −

3

20
g21

�
: ð33Þ

Here yt is the Yukawa coupling of the top quark and g2, g1
are the gauge couplings of the gauge groups SUð2Þ and
Uð1Þ of the standard model, respectively. For realistic
values of these couplings, ηH is a small quantity.
Taking the k-dependence of ZH into account, one defines

h̃ and h in terms of a renormalized field

h̃ ¼ H†
RHR

k2
¼ ZHH†H

k2
; h ¼ h̃

ρ̃
: ð34Þ

With

k∂kjχ;H ¼ k∂kjχ;HR
−
ηH
2
HR

∂

∂HRjχ;k
; ð35Þ

one has

k∂kjρ̃;h ¼ k∂kjχ;H þ ηHh∂hjρ̃ þ 2ρ̃∂ρ̃jh: ð36Þ

This replaces in the flow equation for fixed ρ̃ and h, as well
as for the scaling solution,
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2ρ̃∂ρ̃jh → 2ρ̃∂ρ̃jh þ ηHh∂hjρ̃;

2h̃∂h̃jh → ð2þ ηHÞh̃∂h̃jh þ ηHh∂hjh̃: ð37Þ

For the scaling solution yt, g2, g1 will be functions of ρ̃
and h. Then ηH only depends on ρ̃ and h without any
explicit dependence on k. The anomalous dimension ηH
only induces small quantitative corrections without chang-
ing the qualitative features. For the sake of simplicity of the
discussion, we will omit it for most of our discussion. We
add its effect at the appropriate places, as for the numerical
solution. The field-dependence of ηH and ZH implies that
the field transformation (34) to renormalized fields is
nonlinear. In principle, this introduces corrections to the
flow equation ∼ρ̃∂ρ̃ηH [92], which are further suppressed as
compared to the corrections ∼ηH by the β-functions of the
Yukawa and gauge couplings. They will be omitted.

IV. LOCAL SCALING SOLUTION FORCONSTANT
YUKAWA AND GAUGE COUPLINGS

In this section, we discuss the local scaling solution in the
limit where cU is a function of ρ̃ and h. For this purpose,
the scalar mass terms are approximated by zero for the
Goldstone modes and the cosmon, and by m̃r

2 ¼ 2λhh̃ for
the radial mode. Then cU does not involve u or its
derivatives. We may investigate the contributions of the
different particles of the standard model, starting with the
top quark which has the largest coupling to the Higgs boson.
Subsequently, we include the couplings of the scalars and
the gauge bosons, as well as other fermions. In the
approximation of this section, the field-dependence of the
Yukawa and gauge couplings is neglected.

A. Top-quark fluctuations

In order to get a glance at qualitative features of the
scaling solution of Eq. (30), we first set all gauge couplings
and Yukawa couplings except for the top quark to zero. The
top-quark Yukawa coupling is approximated by a constant
yt. At this stage, we approximate the contribution from

scalar fluctuations by setting m̃2
i ¼ m2

s
k2 ¼ 0, or Ns ¼ 5. In

this approximation, one has

N̄S ¼ 5; N̄V ¼ 12; N̄F ¼ 39þ 6

1þ y2t hρ̃
; ð38Þ

or

cU ¼ −
1

128π2

�
47þ 12

1þ y2t hρ̃

�
: ð39Þ

Let us first discuss the overall effect of the top-quark
fluctuations. For the region y2t hρ̃ ≪ 1, the general local
solution of Eq. (30) reads

u ¼ L−ðhÞρ̃2 −
59

128π2
þ… ð40Þ

Similarly, for y2t hρ̃ ≫ 1, one finds approximately

u ¼ LþðhÞρ̃2 −
47

128π2
þ… ð41Þ

We will see below that the “integration constants” Lþ and
L− coincide. Thus, the top-quark fluctuations shift u by a
constant value 3=ð32π2Þ between the regions in ρ̃ for which
the top quark is effectively massless, and the region where
its mass is much larger than k.
For an investigation of the dependence of u on the Higgs

doublet, we take a h-derivative of Eq. (30):

ρ̃∂ρ̃ð∂huÞ ¼ 2∂hu −
3y2t ρ̃

16π2ð1þ y2t hρ̃Þ2
�
1þ ∂ ln y2t

∂ ln h

�
: ð42Þ

In the present approximation, we neglect the small term
j∂ ln y2t =∂ ln hj ≪ 1. This yields for the approximate mixed
second derivative

∂ρ̃∂hu ¼ 2

ρ̃
∂hu −

3y2t
16π2ð1þ y2t hρ̃Þ2

: ð43Þ

For the second h-derivative, this approximation implies

λ̂h ¼ ∂
2
hu; ∂ρ̃λ̂h ¼

2

ρ̃
λ̂h þ

3y4t ρ̃
8π2ð1þ y2t hρ̃Þ3

: ð44Þ

For y2t hρ̃ ≪ 1, the approximative solution of Eqs. (43)
and (44) is found by an integration over ρ̃,

∂hu ¼ ∂hL−ðhÞρ̃2 þ
3y2t ρ̃
16π2

þ 3y4t hρ̃2

8π2
lnðhρ̃Þ þ…;

∂
2
hu ¼ ∂

2
hL−ðhÞρ̃2 þ

3y4t ρ̃2

8π2
ðlnðhρ̃Þ þ 1Þ þ… ð45Þ

or

u ¼ L−ðhÞρ̃2 −
59

128π2
þ 3y2t h̃
16π2

þ 3y4t h̃
2

16π2

�
lnðh̃Þ − 1

2

�
þ…

ð46Þ

Equation (46) involves the first three terms in an expansion
of cU in powers of y2t hρ̃, accounting for the two lowest
correction terms to Eq. (40). We observe that the fluctuation
contribution only depends on h̃ ¼ H†H=k2.
Restoring dimensions yields

U ¼ 1

4
L−ðhÞχ4 −

59k4

128π2
þ 3y2t k2H†H

16π2

þ 3y4t ðH†HÞ2
16π2

�
ln

�
H†H
k2

�
−
1

2

�
: ð47Þ
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Evaluating the flow with k at fixed χ and H,

k∂kUχ;H ¼ −
59

32π2
k4 þ 3y2t k2H†H

8π2
−
3y4t ðH†HÞ2

8π2
; ð48Þ

one finds the one-loop contribution from top quarks for the
mass term and quartic coupling in the Higgs potential,

k∂kλh ¼ −
3y2t
4π2

: ð49Þ

Adding the part from the anomalous dimension ηH, this is
the standard perturbative result.
For y2t hρ̃ ≫ 1, the top quark decouples from the flow.

The contribution of the top fluctuations are suppressed by
powers of ðy2t hρ̃Þ−1. Only other effectively massless par-
ticles contribute to the flow of u.

B. Mass thresholds for the scaling potential

At fixed h, one has ρ̃∂ρ̃ ¼ h̃∂h̃, and we can write the
scaling equation (30) as

h̃∂h̃u ¼ 2uþ 1

64π2

�
47þ 12

1þ y2t h̃

�
: ð50Þ

For constant yt, one can find the explicit solution

u¼ L̃ðhÞh̃2− 47

128π2
−

3

32π2
tuðm̃2

t Þ; m̃2
t ¼y2t h̃: ð51Þ

The threshold function [66,67]

tuðm̃2Þ ¼ 1 − 2m̃2 − 2m̃4 ln
m̃2

1þ m̃2
ð52Þ

obeys

m̃2
∂m̃2tu ¼ 2tu −

2

1þ m̃2
: ð53Þ

It interpolates between tu ¼ 1 for m̃2 → 0 and tu ¼ 0 for
m̃2 → ∞. With tu shifted by one as the top-quark mass
threshold is crossed, the potential u is shifted by the
constant value −3=ð32π2Þ. This relates the two asymptotic
expressions (40), (41) with LþðhÞ ¼ L−ðhÞ.
The threshold functions tuðm̃2Þ contain important infor-

mation about the flow of couplings. This can be seen by
evaluating the derivatives of the threshold function (48),

∂tu
∂m̃2

¼ −
�
2þ 2m̃2

1þ m̃2
þ 4m̃2 ln

�
m̃2

1þ m̃2

��
ð54Þ

and

∂
2tu

ð∂m̃2Þ2 ¼ −
�
4 ln

�
m̃2

1þ m̃2

�
þ 4

1þ m̃2
þ 2

ð1þ m̃2Þ2
�
:

ð55Þ

Derivatives of the potential with respect to h̃ are directly
related to derivatives of tu with respect to m̃2.
We may define a type of quartic scalar coupling by

λ0hðh̃Þ ¼
∂
2u

∂h̃2jh
¼ λ̄hðhÞ −

3y4t
32π2

∂
2tu

ð∂m̃2
t Þ2

: ð56Þ

It has a simple relation (see below) to the quartic scaling
coupling λh by switching from constant h to constant ρ̃.
Equation (55) implies

λ0h ¼ λ̄0h þ
3y4t
8π2

�
ln

�
y2t

H†H
k2

�
− ln

�
1þ y2t

H†H
k2

�

þ k2

y2t H†H þ k2
þ k4

2ðy2t H†H þ k2Þ2
�
: ð57Þ

For k2 ≫ y2t H†H, we observe the logarithmic increase of λ0h
with decreasing k due to the top-quark fluctuations

λ0h ¼ λ̄0h þ
3y4t
8π2

�
ln

�
y2t

H†H
k2

�
þ 3

2

�
: ð58Þ

This accounts again for the top contribution to the pertur-
bative running at fixed H†H,

k∂kλ0h ¼ −
3y4t
4π2

: ð59Þ

For arbitrary values of h̃, we may also directly evaluate
the flow of λ0hðh̃Þ from Eq. (50):

h̃∂h̃λ
0
h ¼ h̃∂h̃ð∂2h̃uÞ ¼ ∂̃

2
hðh̃∂h̃uÞ − 2λ0h

¼ 3

16π2
∂
2
h̃
ð1þ y2t h̃Þ−1 ¼

3y4t
8π2ð1þ y2t h̃Þ3

: ð60Þ

This shows that λ0h is monotonically increasing for increas-
ing h̃. The solution of Eq. (60),

λ0h ¼ λ̄0hþ
3y4t
8π2

�
ln

�
y2t h̃

1þ y2t h̃

�
þ 1

1þ y2t h̃
þ 1

2ð1þ y2t h̃Þ2
�
;

ð61Þ

agrees with Eq. (57). This demonstrates that the threshold
function (48) encodes both the logarithmic increase of the
quartic scalar coupling for k2 ≫ m2

t and the stop of this
increase for k2 ≪ m2

t . The integration constant λ̄0h corre-
sponds to the IR-value of λ0h for k → 0.
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In a similar way, we may define

μ0hðh̃Þ ¼ ∂h̃uðh̃; hÞjh: ð62Þ

The flow of μ0h with h̃,

h̃∂h̃μ
0
hjh ¼ ∂h̃ðh̃∂h̃uÞ − μ0h

¼ μ0h −
3y2t

16π2ð1þ y2t h̃Þ2
; ð63Þ

has the solution

μ0h ¼ cμh̃þ 3y2t
16π2

�
1þ y2t h̃

1þ y2t h̃
þ 2y2t h̃ ln

�
y2t h̃

1þ y2t h̃

��
:

ð64Þ

The integration constant cμ multiplies h̃, such that there is
no free integration constant for μ0hðh̃ ¼ 0Þ. Comparison
with Eq. (47) implies

cμ ¼ λ̄0h ¼ 2L̃: ð65Þ

The only free integration constant for the scaling solution is
the coefficient L̃ of the term quadratic in h̃. From the simple
relation

μ0hðh̃ ¼ 0Þ ¼ 3y2t
16π2

; ð66Þ

one infers that the minimum of U occurs for H ¼ 0 if L̃ is
independent of h. The mass term for the Higgs scalar
decreases ∼k2 for this scaling solution,

m2
H ¼ ∂U

∂ðH†HÞjH¼0

¼ 3y2t k2

16π2
: ð67Þ

It vanishes for k → 0.
Comparison with Eqs. (40), (41), and (46) yields

L̃ðhÞ ¼ L−ðhÞ
h2

¼ LþðhÞ
h2

¼ LðhÞ
h2

: ð68Þ

Except for a possible h-dependence of the boundary term
L̃ðhÞ, the scaling potential uðh̃; hÞ is only a function of h̃.
We will see that this is characteristic for a second order
quantum phase transition.
The quantities that are directly related to the H-deriv-

atives of U at fixed χ and k correspond for the scaling
solution to h̃-derivatives at fixed ρ̃:

μh ¼ ∂h̃ujρ̃ ¼ k−2
∂U

∂H†Hjχ
ð69Þ

and

λh ¼ ∂
2
h̃
ujρ̃ ¼

∂
2U

ð∂H†HÞ2jχ
: ð70Þ

We can take these as functions of the fields or for certain
fixed fields, say at h̃ ¼ 0. For the observables related to the
Higgs potential, the function uðρ̃; h̃Þ is most appropriate.
On the other hand, the scaling equations (30) and (31)
assume their simple form for derivatives at fixed h. One
may switch between derivatives at fixed h or ρ̃ by the
identity

∂h̃jρ̃ ¼ ∂h̃jh þ
h

h̃
∂hjh̃: ð71Þ

The difference between μ0h and μh, or λ0h and λh, therefore
concerns only the boundary term L̃ðhÞ.

C. Fermi scale

The local solution involves the free function LðhÞ which
sets the “boundary values” or “initial values” for the local
solution of the differential equation (30). These boundary
values encode the behavior for h̃ → ∞, or for k → 0 at
fixed H†H. They are therefore directly related to the Fermi
scale. For small h, we may approximate

LðhÞ ¼ 1

2
λ̄χ þ λ̄mhþ 1

2
λ̄hh2ð1þ ΔðhÞÞ: ð72Þ

The normalization of ΔðhÞ affects the precise definition of
λ̄h. For a minimum of LðhÞ at h ¼ 0, we take Δð0Þ ¼ 0. In
the case of a minimum of LðhÞ for h0 ≠ 0, we choose the
normalization such that the relation between h0 and λ̄h is
simple. Inserting the approximation (71), the effective
potential reads

U ¼ 1

8
λ̄χχ

4 þ 1

2
λ̄mχ

2H†H

þ 1

2
λ̄hðH†HÞ2

�
1þ Δ

�
2H†H
χ2

��

−
k4

128π2

�
47þ 12tu

�
y2t H†H
k2

��
: ð73Þ

For k → 0, one employs

lim
m̃2→∞

tuðm̃2Þ ¼ 2

3m̃2
: ð74Þ

The term ∼k4 vanishes, and we conclude that the couplings
λ̄χ , λ̄m, and λ̄h correspond in the approximation (74) to the
boundary values for k → 0 or ρ̃ → ∞.
For λ̄m < 0, one observes spontaneous breaking of the

SUð2Þ × Uð1Þ symmetry according to
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Uk→0 ¼
1

2
λ̄hðH†H − φ2

0Þ2 þ
δ

8
χ4 þ ΔU; ð75Þ

where λ̄h is specified by

∂hLðhÞjh0 − ∂hLðhÞj0 ¼ λ̄hh0; ð76Þ

and λ̄m ¼ ∂hLðhÞj0. This specifies the constant part in Δ by
the relation

Δðh0Þ þ
1

2
h∂hΔðh0Þ ¼ 0: ð77Þ

With this normalization, the term

ΔU ¼ 1

2
λ̄hðH†HÞ2Δ ð78Þ

does not contribute to ∂U=∂ðH†HÞ at φ2
0. The Fermi scale

φ0 is proportional to χ,

φ2
0 ¼ −

λ̄m
2λ̄h

χ2; δ ¼ λ̄χ −
λ̄2m
λ̄h

: ð79Þ

The observable quartic Higgs coupling obeys

λh ¼
∂
2U

∂ðH†HÞ2jφ0

¼ λ̄h

�
1þ 3

2
h∂hΔþ 1

2
h2∂h2Δ

�
jh0
: ð80Þ

For the scaling solution, a possible logarithmic dependence
of the field-dependent quartic scalar coupling
∂
2U=∂ðH†HÞ2 only arises through ΔðhÞ in the boundary
term. This may be understood from the observation that for
k ¼ 0 and zero momentum any logarithm needs a second
scale, as present in the ratio H†H=χ2. We will often omit Δ
since a quadratic approximation to LðhÞ is sufficient for
many purposes.
With

h0 ¼
2φ2

0

χ2
¼ −

λ̄m
λ̄h

; ð81Þ

a small value h0 requires small jλ̄m=λ̄hj. For the local
solution, the couplings λ̄h and λ̄χ , as well as the ratio φ2

0=χ
2,

are free parameters. On this level, there is no prediction for
the Fermi scale, the mass of the Higgs boson, or a possible
cosmological constant. Restrictions on the form of LðhÞ or
the parameters λ̄χ , λ̄m, and λ̄h may arise from the require-
ment of a global scaling solution that exists for all values of
ρ̃ and h. These global requirements will increase the
predictive power of the scaling solution.

D. Scalar fluctuations

We next evaluate the effective number of scalars N̄S. For
this purpose, we have to diagonalize the scalar mass matrix

(29). By virtue of the SUð2Þ ×Uð1Þ symmetry, it is
sufficient to evaluate the second derivatives for a configu-

ration H̃1 ¼
ffiffiffiffiffiffiffiffiffiffi
2h̃k2

p
, H̃2 ¼ H̃3 ¼ H̃4 ¼ 0. The mass matrix

becomes block diagonal, with three “Goldstone direc-
tions”:

m̃2
g ¼ ∂h̃u: ð82Þ

The radial mode of the Higgs scalar and the cosmon χ are
mixed, with 2 × 2 matrix

m̃2
s ¼

�
∂h̃uþ 2h̃∂̃2hu 2

ffiffiffiffiffiffi
h̃ ρ̃

p
∂ρ̃∂h̃u

2
ffiffiffiffiffiffi
h̃ ρ̃

p
∂ρ̃∂h̃u ∂ρ̃uþ 2ρ̃∂2ρ̃u

�
¼

�
m̃2

r m̃2
rc

m̃2
rc m̃2

c

�
:

ð83Þ

The h̃-derivatives are taken at fixed ρ̃, such that ∂h̃ ¼ ρ̃−1∂h,
and the ρ̃-derivatives are taken at fixed h̃.
The eigenvalues of the mass matrix (83) are

m̃2
� ¼ 1

2
ðm̃2

r þ m̃2
c �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm̃2

r − m̃2
cÞ2 þ 4m̃4

rc

q
Þ: ð84Þ

If needed, the entries in the mass matrix (83) can also be
expressed in terms of uðρ̃; hÞ with ρ̃-derivatives taken at
fixed h,

m̃2
r ¼

1

ρ̃
ð∂huþ 2λ̂hhÞ

m̃2
rc ¼ 2

ffiffiffi
h

p
∂hjρ̃∂ρ̃jh̃u

¼ 2
ffiffiffi
h

p �
∂ρ̃∂huðρ̃; hÞ −

1

ρ̃
∂hu − λhhρ̃

�
: ð85Þ

For the expressions involving ρ̃-derivatives at fixed h, one
uses

∂ρ̃jh̃ ¼ ∂ρ̃jh −
h
ρ̃
∂hjρ̃: ð86Þ

In terms of the eigenvalues (84), the effective number of
scalars is given by

N̄s ¼
3

1þ ρ̃−1∂hu
þ 1

1þ m̃2þ
þ 1

1þ m̃2
−
: ð87Þ

Consider the ρ̃-dependent partial minimum for h at
h0ðρ̃Þ,

∂huðρ̃; h0ðρ̃ÞÞ ¼ 0: ð88Þ

At this partial minimum, the Goldstone boson mass
vanishes, and m̃2

r ∼ h0ρ̃,
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m̃2
g ¼ 0; m̃2

r ¼ 2λhh0ρ̃: ð89Þ

For the off-diagonal part, one finds

m̃2
rc ¼ −

ffiffiffiffiffi
h0

p
ðm̃2

r − 2∂ρ̃∂huðρ̃; h0ÞÞ

¼ −
ffiffiffiffiffi
h0

p �
m̃2

r þ
3y2t

8π2ð1þ y2t hρ̃Þ2
�
: ð90Þ

The ratio m̃2
rc=m̃2

r is proportional to
ffiffiffiffiffi
h0

p
and therefore

small for small h0. To a good approximation, we can
replace m̃2þ by m̃2

r, with

m̃2
r ¼ 2λhh̃0 ¼ 2λhh0ρ̃: ð91Þ

For h near h0 the effect of the radial Higgs boson,
fluctuation is similar to the top fluctuations, with y2t
replaced by 2λh and a prefactor one instead of −12.
Away from the partial minimum, the effect of the scalar

fluctuations is more complex. This concerns the flow of
h-derivatives of u. For example, the Goldstone boson fluctua-
tions contribute to the flow of the quartic scalar coupling λh,
or scalar fluctuations induce an anomalous dimension for the
running of λm. We will come back to these issues below.

E. Integration constants

The local solution of the scaling equation (30) has free
“integration constants” or boundary values. We may view
Eq. (30) as a family of first order nonlinear differential
equations, one for each value of h. There are then infinitely
many integration constants, one for each value of h. This is
reflected by the boundary function LðhÞ. There will be
additional requirements on LðhÞ, as continuity and differ-
entiability. If the first few derivatives of LðhÞ exist at h ¼ 0,
we may use a Taylor expansion in the small quantity h. If
LðhÞ is analytic in a neighborhood of h0, the coefficients of
a Taylor expansion around h0 may be associated to the
infinitely many integration constants for the local solution
of Eq. (30). For very small h and h0 only, the few lowest
expansion coefficients will matter in practice.
The simple form of the boundary term LðhÞρ̃2 holds

globally for all ρ̃ only in the approximation that cU is a
function of ρ̃ and h which does not involve u. The
contribution of the scalar fluctuations violates this property
since the field-dependent scalar masses involve ∂ρ̃u and
∂
2
ρ̃u. Nevertheless, in the limit where the scalar masses can
be approximated by zero or by functions of ρ̃ and h which
do not involve u explicitly, the global form of the boundary
term remains preserved. In this case, a family of local
solutions can be found by starting from a particular solution
ūðρ̃; hÞ by constructing the general solution as

uðρ̃; hÞ ¼ ūðρ̃; hÞ þ LðhÞρ̃2: ð92Þ

We will first work with this approximation and discuss the
modifications due to the scalar fluctuations at a later stage.
More generally, the local scaling solutions are always

characterized by an “initial value function” or “boundary
function” LðhÞ. Only the global form (92) no longer holds.
For general field-dependent couplings, we may define the
threshold functions such that they vanish in the limit
m̃2

i → ∞. There is a region in field space for h̃ ≫ 1 where
all massive particles of the standard model except the
neutrinos have masses m̃2

i ≫ 1, while for the others one can
approximate m̃2

i ≈ 0. In this region, the form (92) becomes
a good approximation for h near the partial minimum h0.
We could specify LðhÞ as the “initial value function”
defined by some h̃in in this region. We will actually take
h̃in to infinity and define LðhÞ by the boundary value for
ρ̃ → ∞, h̃ → ∞.

F. Scaling solution for constant gauge
and Yukawa couplings

Many features of our discussion of the top-quark fluctua-
tions features persist if we include the effects of fluctuations
of other particles of the standard model. Neglecting the field-
dependence of Yukawa and gauge couplings, the scaling
solution for u becomes

u ¼ LðhÞρ̃2 þ 1

128π2

�
17 − 2

X
f

nftuðm̃2
fÞ

þ 3
X
v

tuðm̃2
vÞ þ

X
s

tuðm̃2
sÞ
�
: ð93Þ

Here nf ¼ 1 for neutrinos, nf ¼ 2 for charged leptons,
nf ¼ 6 for quarks, and m̃f ¼ mf=k for the dimensionless
fermion mass. The sum

P
v is over the three massive vector

bosons W�, Z and
P

s sums the five scalars with mass
eigenvalues m̃2

s ¼ m2
s=k2 in an approximation where they

can be taken to be proportional to h̃ or zero.
For k → 0 or ρ̃ → ∞, the potential is dominated by the

boundary function LðhÞ, which encodes the boundary
information for ρ̃ → ∞. Possible restrictions on the behav-
ior for ρ̃ → 0 will have to be translated to restrictions on
LðhÞ. The scaling solution implies the important property
of the scale invariant standard model [64,74,75] that the
Fermi scale is proportional to the field χ, given by the
location of the minimum of LðhÞ at h0.
Let us consider the scaling solution for a range of k larger

than the mass of the charm quark. In this range, the flow
equations (30) and (31) may be a reasonable approxima-
tion, since the effects of the strong interactions are not yet
very large. We will discuss the continuation to lower k later.
We approximate
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LðhÞρ̃2 ¼ λ̄mρ̃ h̃þ
1

2
λ̄hh̃

2 þ 1

2
λ̄χ ρ̃

2: ð94Þ

In the limit of constant gauge and Yukawa couplings and
vanishing neutrino masses, the scaling solution for the
effective potential is given by Eq. (93):

u ¼ λ̄mρ̃ h̃þ
1

2
λ̄hh̃

2 þ 1

2
λ̄χ ρ̃

2 þ 1

128π2
f3tuðm̃2

ZÞ
þ 6tuðm̃2

WÞ þ 3tuðm̃2
gÞ þ tuðm̃2

rÞ − 12tuðm̃2
t Þ

− 12tuðm̃2
bÞ − 12tuðm̃2

chÞ − 4tuðm̃2
τÞ − 32g: ð95Þ

Here we have neglected the Yukawa couplings of the s, u,
and d quarks and the electrons and muons, and we
approximate the cosmon mass by zero. For the nonzero
dimensionless vector boson mass terms, one has

m̃2
W ¼ 1

2
g22h̃; m̃2

Z ¼
�
1

2
g22 þ

3

10
g21

�
h̃; ð96Þ

with g2 and g1 being the gauge couplings of the SUð2Þ and
Uð1Þ groups of the standard model. For the top, bottom,
and charm quark we take

m̃2
t ¼ y2t h̃; m̃2

b ¼ y2bh̃; m̃2
ch ¼ y2chh̃; ð97Þ

and for the scalars

m̃2
g ¼ ∂h̃u; m̃2

r ¼ ∂̃huþ 2h̃∂2
h̃
u: ð98Þ

The derivative of Eq. (95) with respect to h̃ reads

∂h̃u ¼ λ̄m þ λ̄hh̃ −
1

64π2

�
3g22suðm̃2

WÞ

þ
�
3

2
g22 þ

9

10
g21

�
suðm̃2

ZÞ − 12y2t suðm̃2
t Þ

− 12y2bsuðm̃2
bÞ − 12y2csuðm̃2

chÞ − 4y2τsuðm̃2
τÞ

þ 3∂2
h̃
usuðm̃2

gÞ þ ð3∂2
h̃
þ 2h̃∂3

h̃
Þusuðm̃2

rÞ
�
: ð99Þ

The function

suðm̃2Þ ¼ 1þ 2m̃2 ln

�
m̃2

1þ m̃2

�
þ m̃2

1þ m̃2

¼ −
1

m̃2

�
tuðm̃2Þ − 1

1þ m̃2

�
ð100Þ

interpolates between the limits

suð0Þ ¼ 1 and suðm̃2 → ∞Þ ⇒ 1

3m̃4
: ð101Þ

With λh ¼ ∂
2
h̃
u depending only on h̃, we can recover the

perturbative one-loop flow equation for the quartic scalar

coupling. Taking the h̃-derivative of Eq. (99) yields a
logarithmic dependence of λh on h̃. Adding the scalar
anomalous dimension ηH in Eq. (33), one has

k∂kλhjH ¼ −2h̃∂h̃λhðh̃Þ − 2ηHλhðh̃Þ: ð102Þ

The expansion in powers of the dimensionless couplings
yields in the limit where the particle masses are small
(h̃ ≪ 1) the perturbative result. This demonstrates that
essential physics is encoded in the threshold functions.
We recall, however, that the solution (95) with threshold

function (52) is only an approximation. For gauge and
Yukawa couplings depending on fields, the threshold
function will be somewhat modified. The appearance of
derivatives of u in the scalar mass terms will induce a
deviation from the structure (92). For a rough picture of the
scaling solution, these are small effects. In this rough
picture, a tiny value of h0 is, however, also a rather small
feature. For the determination of the Fermi scale, we will
later have to take these modification into account.

G. Scaling potential for vanishing
cosmon-Higgs coupling

For the scaling potential (95), the cosmon-Higgs cou-
pling λm is approximated by λ̄m, which does not depend on
fields. In the limit λ̄m ¼ 0, the scaling potential is particu-
larly simple. The partial minimum of u is located for all ρ̃ at
h0 ¼ 0. Indeed, a partial minimum at h̃0 > 0 can only occur
for a range of couplings for which the curly bracket in
Eq. (99) is positive. For the region of m̃2 ≪ 1, this requires

2m̃2
W þ m̃2

Z þ m̃2
h > 4ðm̃2

t þ m̃2
bÞ; ð103Þ

where m̃2
h ¼ 2λhh̃ ¼ 2∂2

h̃
u, and h̃∂3

h̃
u is neglected. For

gauge and Yukawa couplings in a range compatible with
observation, this condition is not met. In the limit h̃ ≪ 1,
the partial minimum for the Higgs potential is located at
H ¼ 0 with positive mass term

U ¼ m2
hH

†H þ � � � ¼ m̃2
hk

2H†H þ � � � ; ð104Þ

with

m̃2
h ¼ ∂h̃ujh̃¼0 ¼

3

64π2

�
4y2t þ 4y2b þ 4y2ch þ y2τ

−
�
3

2
g22 þ

3

10
g21 þ 2∂2

h̃
uð0Þ

��
: ð105Þ

As k decreases, the different terms in Eq. (105) are
suppressed by suðm̃2Þ < 1 as h̃ grows large. As long as
the fermion fluctuations dominate, m̃2

h remains positive.
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H. Second order phase transition

If one neglects the running of the gauge and Yukawa
couplings, the electroweak theory exhibits a second order
quantum phase transition (at zero temperature). There exists
a critical surface in parameter space for which both the
expectation values of the Higgs field and the mass of the
Higgs particle vanish. The symmetric phase with H0 ¼ 0

and m2
H ≥ 0 joins at this phase transition the phase with

spontaneous symmetry breaking (SSB-phase) whereH0≥0.
The approximate scaling solution (93) reflects this phase

transition in a particularly simple way. The critical surface
is realized by a potential of the form

u ¼ u1ðh̃Þ þ u2ðρ̃Þ; ð106Þ

where both u1 and u2 depend only on one dimensionless
field variable without further dependence on the ratio h.
This is realized for LðhÞ ¼ ðλ̄χ þ λ̄hh2Þ=2, i.e., λ̄m ¼ 0. For
k > 0, the (partial) minimum of this potential may occur for
h̃0 > 0 (spontaneously broken regime), or for h̃0 ¼ 0 with
μ̃2h ¼ ∂h̃uðh̃ ¼ 0Þ > 0 (symmetric regime). For k → 0, one
finds φ2

0 ¼ h̃0k2 → 0 orm2
H ¼ μ̃2hk

2 → 0, respectively. This
constitutes the critical surface.
Moving away from the critical surface to the symmetric

or SSB-phase requires deviations from the form (106). The
potential (51) is of the form (106) for λ̄m ¼ 0. For λ̄m ≠ 0,
the contribution ∼L,

LðhÞρ̃2 ¼ L̃ðhÞh̃2 ¼ 1

2
λ̄χ ρ̃

2 þ 1

2
λ̄hh̃

2 þ λ̄mh̃ ρ̃; ð107Þ

is the only source of a deviation from the form (106). For
λ̄m > 0, one ends in the symmetric phase, where Eq. (73)
yields

m2
H ¼ 1

2
λ̄mχ

2; ð108Þ

while for λ̄m < 0 one realizes the SSB-phase with φ2
0 given

by Eq. (79). This generalizes to the potential (95).

V. INFRARED LIMIT

In this section, we investigate the infrared limit for k → 0
at fixed χ and H, or ρ̃ → ∞ for the scaling solution. This
limit is needed for the initial value function LðhÞ. The
infrared region is relevant for the understanding of dynami-
cal dark energy or quintessence in the recent cosmological
epochs [64–67,93–105]. We will see that the scaling
potential u evaluated at the partial minimum denoted by
h0ðρ̃Þ approaches a constant for ρ̃ → ∞. The present ratio
UE=M4 ∼ uρ̃−2 corresponds to huge values ρ̃ ≈ 1060. For
realistic values h0 ≈ 10−32, also h̃ ≈ h0ρ̃ ≈ 1028 is huge. In
this range, all particles of the standard model with mass
equal to or greater than the electron mass have decoupled

from the flow. For h̃ away from the partial minimum at
h̃0 ¼ h0ρ̃, the potential increases steeply, with m̃2

r ¼
2λhh̃0 ≫ 1. One expects that uðρ̃; h̃Þ can be reduced
effectively to a “cosmon potential” depending only on ρ̃.

A. Cosmological evolution of Fermi scale

Independently of the boundary function LðhÞ, the scal-
ing solution predicts the ρ̃-dependence of h0. The minimum
condition (7) holds for all ρ̃, implying

∂ρ̃∂huðh0Þ þ λ̂h∂ρ̃h0 ¼ 0: ð109Þ

If we include only the contribution from the top-quark
fluctuations (44), one has

∂ρ̃∂huðρ̃; h0Þ ¼ −
3y2t

16π2ð1þ y2t h0ρ̃Þ2
: ð110Þ

The location of the partial minimum slowly increases with
ρ̃ for y2t h0ρ̃≲ 1, and settles to a constant value for
y2t h0ρ̃ ≫ 1,

∂ρ̃h0ðρ̃Þ ¼
3y2t

16π2λ̂hð1þ y2t h0ρ̃Þ2
: ð111Þ

Inserting the quartic Higgs coupling (19),

λh ¼ ∂h̃2u ¼ λ̂h
ρ̃2

; ð112Þ

one obtains

ρ̃∂ρ̃h0 ¼
3y2t

16π2λhρ̃ð1þ y2t h0ρ̃Þ2
: ð113Þ

For large m̃2
t ¼ y2t h0ρ̃, this change is tiny,

∂ ln h0
∂ ln ρ̃

¼ 3

16π2λhm̃2
t h20ρ̃

2
: ð114Þ

For cosmologies with a time-varying χ, the scaling
solution predicts in this approximation the absence of a
time variation of the Fermi scale in units of the Planck mass.
Additional small contributions to the ρ̃-dependence of h0 for
a Yukawa coupling yt depending on ρ̃ or h will be discussed
later. The situation remains similar once the other dimen-
sionless couplings of the standard model are included. The
conclusion that cosmologies with a time variation of χ
encounter no problem from this side is rather robust. It does
not depend on details of the scaling potential.

B. Reduced cosmon potential

The reduced cosmon potential evaluates the effective
potential for h at the location of the partial minimum h0ðρ̃Þ,

CHRISTOF WETTERICH PHYS. REV. D 114, 086002 (2026)

086002-16



ūðρ̃Þ ¼ uðρ̃; h0ðρ̃ÞÞ: ð115Þ

We want to derive an effective scaling equation for the
ρ̃-dependence of ūðρ̃Þ. For this purpose, we show that for
the IR-region the scalar mass matrix becomes block
diagonal to a very good approximation, with one of the
eigenvalues computed in terms of derivatives of ūðρ̃Þ. All
particles except neutrinos, photons, gravitons, and cosmons
decouple effectively for the scaling equation for ūðρ̃Þ.
The minimum condition,

∂huðρ̃; h0ðρ̃Þ ¼ 0; ð116Þ

holds for all ρ̃. For the ρ̃-derivatives of ūðρ̃Þ, one finds

∂ρ̃ūðρ̃Þ¼∂ρ̃uðρ̃;h0Þþ∂huðρ̃;h0Þ∂ρ̃h0¼ ∂ρ̃uðρ̃;h0Þ ð117Þ

and

∂
2
ρ̃ūðρ̃Þ ¼ ∂

2
ρ̃uðρ̃; h0Þ þ 2∂ρ̃∂huðρ̃; h0Þ∂ρ̃h0

þ ∂
2
huðρ̃; h0Þð∂ρ̃h0Þ2: ð118Þ

Insertion of Eq. (109) yields

∂
2
ρ̃ūðρ̃Þ ¼ ∂

2
ρ̃uðρ̃; h0Þ −

1

λ̂h
ð∂ρ̃∂huðρ̃; h0ÞÞ2: ð119Þ

The term ∼λ̂−1h can be shown to reflect the effective
diagonalization of the scalar mass matrix.
One may compute the cosmon mass term from the

reduced cosmon potential

m̄2
c ¼ ∂ρūþ 2ρ̃∂2ρ̃ū ¼ ∂ρ̃uðρ̃; h0Þ

þ 2ρ̃∂2ρ̃uðρ̃; h0Þ −
2ρ̃

λ̂h
ð∂ρ̃∂huÞ2; ð120Þ

where all derivatives are evaluated at h ¼ h0ðρ̃Þ and m̃2
c is

given by Eq. (83). This may be compared with the
eigenvalue m̃2

− in Eq. (84) for the case m̃4
rc ≪ ðm̂2

r − m̃2
cÞ2,

m̃2
− ¼ m̃2

c −
m̃4

rc

m̃2
r − m̃2

c
; ð121Þ

where m̃2
c is converted to ρ̃-derivatives at fixed h,

m̃2
c ¼ ð∂ρ̃ þ 2ρ̃∂2ρ̃Þuðρ̃; h0Þ þ h0m̃2

r − 4h0∂ρ̃∂huðρ̃; h0Þ:
ð122Þ

For m̃2
c ≪ m̃2

r, m̃2
r ¼ 2λ̂hh0=ρ̃, the mass eigenvalue m̃2

−
coincides with m̄2

c. In the limit where m̃2
r is the dominant

entry in the mass matrix (83), we can replace m̃2
− by m̄2

c and
m̃2þ by m̃2

r. In this region, which is the relevant one for the
IR-limit, we can solve self-consistently the scaling equation

for ūðρ̃Þ. For the contribution for fluctuations of fermions or
gauge bosons, one inserts for h the partial minimum h0ðρ̃Þ.
For cosmological epochs long after the electroweak

phase transition, the invariant h has settled to the partial
minimum at h0ðρ̃Þ. One can therefore work with the
reduced cosmon potential. The flow equation for the
reduced cosmon potential ūðρ̃Þ equals the flow equation
for uðρ̃; hÞ evaluated for h ¼ h0ðρ̃Þ. The same holds for the
differential equation for the scaling solution which eval-
uates Eq. (30) for h ¼ h0ðρ̃Þ. Inserting h0ðρ̃Þ in Eq. (25),
the fermion mass term can be cast into an effective Yukawa
coupling for χ [67],

m̃2
f ¼ y2fh0ρ̃ ¼ 2h2fρ̃: ð123Þ

This holds in a similar way for the massive gauge bosons,
while for the Higgs boson one employs m̃2

r ¼ 2λhh0ρ̃.
The scaling solution for the reduced cosmon potential

ūðρ̃Þ has been discussed in detail in Ref. [67]. Extending the
range of ρ̃ to values of the order one, the contribution of the
metric fluctuations becomes more complicated than the
simple term 1=ð64π2Þ in cU. Also the scaling solution for U
has to be combined with a scaling solution for F.
Furthermore, for h0ρ̃≲ 1, the partial minimum h0ðρ̃Þ
may no longer be taken to be approximately constant.
Nevertheless, for ρ̃ < 1, only the fluctuations of the stan-
dard model particles with their known couplings are needed.
The scaling solution ūðρ̃Þ gives rise to an interesting
cosmology with dynamical dark energy [66,67].

C. Boundary conditions

Possible predictions of the scaling solution for the
cosmological constant, the Fermi scale, or the quartic scalar
coupling depend on restrictions for the boundary function
LðhÞ. For the reduced cosmon potential, this reduces to the
constant L0 ¼ Lðh0Þ. General properties of the scaling
solution for the reduced cosmon potential in the limit of
large ρ̃ are very similar to dilaton quantum gravity [47,48].
Only the fluctuations of the massless photon have to be
added for very large ρ̃. A common scaling solution for ūðρ̃Þ
and f̄ðρ̃Þ ¼ Fðρ̃; h0ðρ̃ÞÞ=k2 has only been found for L0 ¼ 0.
This reflects a general restriction that for χ → ∞, the
potential cannot grow faster than F [106].
The condition L0 ¼ 0 translates to a relation between the

couplings λ̄χ , λ̄m, and λ̄h in Eq. (72), namely, δ ¼ 0 in
Eq. (79). As a consequence, the reduced cosmon potential
becomes flat for ρ̃ → ∞,

lim
ρ̃→∞

ūðρ̃Þ ¼ u∞ ¼ 5

128π2
; ð124Þ

where the factor 5 accounts for the massless graviton,
photon, and cosmon. We emphasize that the flat direction
reflected by Eq. (124) corresponds precisely to the partial
minimum h ¼ h0ðρ̃Þ. For more general h, there is no
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similar property requiring LðhÞ ¼ 0. Only the increase of
LðhÞ with h will be bounded for h → ∞.
A potential U ¼ u∞k4 combined with F ¼ ξχ2 results in

a decrease of the potential in the Einstein frame with
increasing χ,

UE ¼ u∞h4M4

ξ2χ4
: ð125Þ

“Runaway cosmologies” for which χ diverges in the
infinite future lead then to a dynamical solution of the
cosmological constant problem.
For very large ρ̃ or h̃ ≫ 1, the potential is dominated by

the boundary term. With our boundary condition, m̄2
c ¼ m̃2

−
vanishes. At the partial minimum of u with respect to
variations of h̃ or h, the potential does not depend on ρ̃,
corresponding to a flat direction in the space of the two field
invariants ρ̃ and h or ρ̃ and h̃. In a cosmological context, the
cosmon will acquire an additional mass due to the coupling
of χ to the curvature scalar R. This cosmon mass is
proportional to the Hubble parameter and therefore tiny.
A second set of boundary restrictions arises from the

extension of the scaling solution to ρ̃ → 0. For fixed fields χ
and H this corresponds to the UV limit k → ∞. We define
the dimensionless quartic couplings at the UV-fixed point by

λχ;0 ¼ 4
∂
2U

ð∂χ2Þ2 ; λm;0 ¼ 2
∂
2U

∂χ2∂ðH†HÞ ;

λh;0 ¼
∂
2U

∂ðH†HÞ2 ; ð126Þ

evaluated at χ ¼ 0, H†H ¼ 0. In perturbation theory, these
couplings would be marginal. The graviton fluctuations
induce, however, an anomalous dimension which renders all
quartic scalar couplings irrelevant. For k → ∞, they take the
values at the UV-fixed point. If gauge and Yukawa couplings
vanish in the ultraviolet limit for k → ∞ or ρ̃ → 0, the
couplings λχ;0, λm;0, and λh;0 vanish. For a fixed point with
nonzero gauge and Yukawa couplings, the fixed point value
of λh differs from zero. It remains very small, however, of
the size y4t =ð16π2Þ. Computing the flow of λh from ρ̃ ¼ 0 to
ρ̃ → ∞ yields λ̄h: This gives rise to the quantum gravity
prediction for the Higgs boson mass [40].
What remains open at this stage is the relation between

λm;0 and λ̄m. This key issue for the understanding of the
Fermi scale will be addressed in the later parts of this paper.

VI. FIELD-DEPENDENT YUKAWA AND
GAUGE COUPLINGS

The zero-temperature transition in the standard model is
not precisely a phase transition of second order. Due to the
running of dimensionless couplings, the Fermi scale φ0

cannot be arbitrarily small. Chiral symmetry breaking in

QCD implies quark-antiquark condensates which sponta-
neously break the electroweak symmetry. The physical
Higgs doublet becomes a mixture of the “fundamental”
Higgs field and mesons with the same quantum number.
This effect is small if the Fermi scale φ0 is much larger than
the scale of chiral symmetry breaking in QCD or the related
confinement scaleΛQCD. It becomes important, however, for
φ0 close to ΛQCD, and finally leads to a lower bound for φ0.
A second important effect of running gauge and Yukawa

couplings is the generation of new interactions. These
vertices result from the field dependence of these couplings.
This field dependence arises necessarily for the scaling
solution and does not depend on a given truncation or other
approximation. For zero momentum, the fluctuations which
induce running couplings are cut off by the infrared scale k.
As a consequence, the couplings depend on k as long as k is
in a range where mass terms can be neglected. For small
couplings, the running with k at fixed fields H and χ is
governed by the standard perturbative β-function.
For a scaling solution, the couplings can only depend on

the dimensionless quantities k2

χ2
and k2

H†H—no further explicit

k-dependence is allowed by the very definition of the
scaling solution. If couplings depend on k at fixed fields,
they will depend on ρ̃ or h̃ and therefore be field-dependent.
For fixed h̃, the ρ̃-dependence of the gauge and Yukawa
couplings follows directly from their k-dependence. We
therefore only need to understand the h-dependence at
fixed ρ̃ or h̃. In other words, one has to determine which
part of the flow arises from the ρ̃-dependence at fixed h̃, and
which part is due to the h̃-dependence at fixed ρ̃. This issue
may involve assumptions about the ultraviolet behavior
which we will discuss in the next section.
If gauge or Yukawa couplings depend on both ρ̃ and h̃,

this will involve effective couplings between χ and H.
These couplings contribute to the flow of the cosmon-
Higgs coupling λm. They will affect the precise location of
the critical surface for the (almost) second order electro-
weak quantum phase transition. Since running couplings
are responsible for turning the phase transition into a
crossover, one has to investigate whether this violation
of particle scale symmetry could induce a departure from
the critical surface already for scales substantially above the
confinement scale of QCD. In principle, the violation of
particle scale symmetry by running gauge and Yukawa
couplings could even generate the observed Fermi scale.
Our findings indicate that this is not the case. As long as the
running couplings remain perturbative, they only induce a
modification of the location of the critical surface in
coupling constant space.
We discuss here only vertices which arise from terms as

ZFðρ̃; h̃ÞFμνFμν for the gauge couplings, and similar terms
for Yukawa couplings. In our truncation, they can be
incorporated in a rather direct way into the flow equation
of the effective potential by allowing the gauge and Yukawa
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couplings to depend on ρ̃ and h̃. In principle, other terms
with more complex structures of derivatives are generated
by the functional flow as well. We see no good reason why
such additional terms should change the qualitative behav-
ior. We actually find that their effect on the flow of u is
likely to be subleading compared with the vertices retained
here. The one-loop structure of the exact flow equation for
u and the decomposition into separate contributions from
different representations of the Lorentz and gauge groups
largely fixes the structure. Beyond field-dependent mass
terms, one may have corrections to the momentum depend-
ence—a sort of field-dependent and momentum dependent
anomalous dimension. These anomalous dimensions are
small already in leading order perturbation theory.
In summary, one expects that the effects of running

couplings lead to deviations of the scaling solution for the
effective potential from the form (106). These effects
should become important as φ0 comes close to ΛQCD.
We will see, however, that they remain rather moderate in
the range whereH†H ≫ Λ2

QCD, as relevant for the observed
Fermi scale. In this range, the main modification will
simply replace in Eq. (95) the constant dimensionless
couplings by field-dependent Yukawa and gauge cou-
plings. In the following, we include the effects of running
dimensionless couplings for the scaling form of the
effective potential.

A. Strong gauge coupling

Let us start with the gauge coupling g3 of QCD. At fixed
fields H and χ, its dependence on the renormalization scale
k follows for k2 ≪ ξχ2 the perturbative flow of the standard
model. In the one-loop approximation, one finds

k∂kg23 ¼ β̄3g43; ð127Þ

with

β̄3 ¼ −
33

24π2
þ 1

12π2
X
q

k2

k2 þm2
q
: ð128Þ

In this approximation, the only “nonperturbative” effect of
functional renormalization is the decoupling of the quarks
from the flow once k is much smaller than the quark mass
mq. As an effect, the effective gauge coupling will be field-
dependent. The threshold function for the decoupling of
heavy particles used in Eq. (128) is only approximative.
(The true threshold function leads to a stronger suppression
for m2

q=k2 ≫ 1.) We use it here since it accounts for all
qualitative features and permits a simple analytic treatment.
Within functional renormalization, the gauge couplings

become field-dependent functions. One adds to the effec-
tive action (5) a gauge invariant kinetic term for the gauge
bosons:

ΓðgÞ
k ¼ 1

4

Z
x

ffiffiffiffi
g0

p
ZFFμνFμν; ð129Þ

with Fμν being the gauge invariant field strength tensor. The
function ZFðχ; HÞ is a function of the scalar fields. In turn,
the field-dependent gauge coupling is defined by

ZFðχ; HÞ ¼ g−2ðχ; HÞ; ð130Þ

Similar to the scalar effective potential, the scaling solution
for ZF or g−2 depends on h̃ and h or ρ̃ and h, but not
separately on k.
For finding the scaling solution, one may investigate the

flow of g3ðk; h̃; hÞ at fixed h̃ and h. The scaling solution
g3ðh̃; hÞ obtains from k∂kg3ðk; h̃; hÞ ¼ 0. Thus, the scaling
solution is only a function of h̃ and h. It obeys at fixed h the
differential equation

h̃∂h̃g
2
3 ¼ −

1

2
β̄3g43: ð131Þ

At fixed h, we may turn to g3ðρ̃; hÞ using h̃∂h̃ ¼ ρ̃∂ρ̃. For
g3ðρ̃; hÞ, Eq. (131) yields then the form of the scaling
equation of Ref. [107].
For h̃ ≫ h or ρ̃ ≫ 1, the fluctuations of the metric and

possible other heavy particles (as for grand unified theories
or other extensions of the standard model) are already
decoupled. In this range, β̄3 can be well approximated by
the known perturbative β-function for the running strong
gauge coupling, whereby functional renormalization pro-
vides for the appropriate thresholds. In one-loop order, one
has

β̄3 ¼ −
33

24π2
þ 1

12π2
X
q

1

1þ m̃2
q

¼ −
1

24π2

�
33 − 2

X
q

1

1þ y2qh̃

�
: ð132Þ

At fixed h, we can solve the flow equation (131) starting
at h̃ ¼ h̄, with h̄ and h̃ being much larger than h and much
smaller than one, such that neither Planck-scale physics nor
the quark mass thresholds are important. In this range, one
has

h̃∂h̃g
−2
3 ¼ −

7

16π2
: ð133Þ

The solution,

1

g23
¼ 1

ḡ23
−

7

16π2
ln
h̃
h̄
¼ 7

16π2
ln
h̃c
h̃
; ð134Þ

is parametrized by ḡ23 ¼ g23ðh̃ ¼ h̄; hÞ. Here
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h̃c ¼ exp

�
16π2

7ḡ23

�
h̄ ð135Þ

is the value of h̃ at which g3ðh̃; hÞ diverges in this
approximation. This approximation requires h̃c ≪ 1. For
a realistic confinement scale below the Fermi scale, the
quark mass threshold matters; see below.

B. Confinement scale

The “confinement scale” kc at which the strong gauge
coupling diverges is proportional to H,

k2c ¼
H†H

h̃c
¼ H†H

h̄
exp

�
−
16π2

7ḡ23

�
: ð136Þ

Using ρ̃c ¼ h̃c=h, one sees that for fixed h the confinement
scale is also proportional to χ [64],

k2c ¼
χ2

2ρ̃c
: ð137Þ

This proportionality of the confinement scale and χ is a
general property of the scaling solution. A dependence of
ḡ23 on h introduces a further dependence of ΛQCD on
H†H=χ2. This will not change the proportionality kc ∼ χ
once h settles to a fixed value h0.
If ḡ23 is independent of h, the scaling solution for g

2
3 only

depends on h̃ and does not depend on h separately. This is
similar for the other dimensionless couplings. For Yukawa
couplings yqðh̃Þ not depending on h separately, the mass
term y2qh̃ in Eq. (132) depends only on h̃. As a conse-
quence, the scaling solution for g23ðh̃Þ remains only a
function of h̃ even for the region where the mass thresholds
for the quarks matter. An important modification of this
situation will be connected to the h-dependence of ḡ23.
For a more quantitative treatment of the thresholds, we

approximate yqðh̃Þ by its value for m̃q ¼ 1, e.g.,

ȳq ¼ yqðh̃ ¼ ȳ−2q Þ: ð138Þ

This yields

h̃∂h̃g
−2
3 ¼ −

33

48π2
þ 1

24π2
X
q

1

1þ ȳ2qh̃
: ð139Þ

[For a suitable choice of ȳ2q, Eq. (139) may also be used for
a more accurate threshold function in Eq. (128).] The
solution reads

g−23 ðh̃Þ ¼ 1

ḡ23
−

7

16π2
ln

�
h̃
h̄

�
−

1

24π2
X
q

ln

�
1þ ȳ2qh̃

1þ ȳ2qh̄

�
:

ð140Þ

For a given ḡ23 ¼ g23ðh̃ ¼ h̄Þ, we can again determine the
value h̃c for which g23 diverges, and determine the confine-
ment scale

Λ2
QCD ¼ H†H

h̃c
: ð141Þ

In the limit where ḡ23 does not depend on h or ρ̃, the value
h̃c does not depend on h or ρ̃. Then the confinement scale
ΛQCD is proportional to H. As long as the gauge and
Yukawa couplings only depend on h̃ without explicit
dependence on h, the running couplings will not induce
deviations of the scaling potential from the form (106)

u ¼ ū1ðh̃Þ þ ū2ðρ̃Þ þ λ̄mh̃ ρ̃ : ð142Þ

In this limit, the coupling λm will be independent of h̃ or ρ̃,
given by the boundary value λ̄m. The value λ̄m ¼ 0 deter-
mines again the critical surface of a second order phase
transition. In turn, the Fermi scale vanishes for λ̄m ¼ 0. For
k → 0, the scaling potential is determined in this case
uniquely by the boundary terms, similar to Eq. (73):

U ¼ 1

8
λ̄χχ

4 þ 1

2
λ̄mχ

2H†H þ 1

2
λ̄hð1þ ΔÞðH†HÞ2: ð143Þ

C. Field-dependence of couplings and confinement scale

A modification of this situation, leading to a nontrivial
field-dependence of λm, arises from the dependence of the
dimensionless couplings on h besides their dependence on
h̃. We may demonstrate this by the dependence of the
strong gauge coupling and the associated confinement scale
on h. This is connected to the mass thresholds.
Let us consider a value ρ̃0 sufficiently large as compared

to one, such that gravitational fluctuations can be neglected,
and not too large, such that the mass thresholds do not play
a role for the β-function. The scaling solution is para-
metrized by a fixed value of g3 at ρ̃0 which is independent
of h,

g−23 ðρ̃0Þ ¼ g−23;0: ð144Þ

This assumption plays an important role for determining
the field-dependence of couplings and the induced flow of
the cosmon-Higgs coupling λm. In a region of k2 much
above the field valueH†H, it seems natural that the value of
H or h̃ plays no role. The gauge coupling then depends only
on the ratio of k over the effective Planck mass χ, and
therefore on ρ̃. In other words, a change of the value of
H†H=χ2 plays no role and one has in this region

∂hg−23 ðρ̃; hÞ ≈ 0: ð145Þ
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We can the parametrize the gauge coupling by its value at
some fixed ρ̃0 in this region, which is the content of
assumption (144). We will further motivate this relation by
a discussion of the ultraviolet physics in Sec. VII.
From (144), we can extrapolate the value of g23ðρ̃; hÞ to

larger values of ρ̃. A dependence on h will be induced once
ρ̃ grows large enough such that the particle masses propor-
tional to ∼h̃ start to matter. One expects g23ðρ̃; h̃Þ to be
approximately independent of h̃ for h̃ ≫ 1, and to develop a
h̃-dependence for h̃ ≲ 1.
We approximate the mass thresholds by taking β̄3

stepwise constant,

β̄3 ¼ −
c

24π2
; ð146Þ

with c ¼ 21 as long as m̃2
t < 1, c ¼ 23 for the range where

m̃2
b < 1, m̃2

t > 1, c ¼ 25 if m̃2
ch < 1, m̃2

b > 1, and c ¼ 27 if
m̃2

ch > 1. The value of ρ̃ where m̃2
t ¼ 1 corresponds to

y2t hρ̃t ¼ 1; ρ̃t ¼
1

y2t h
; ð147Þ

and similar for ρ̃b and ρ̃ch. For h̃ ≪ 1 or ρ̃ ≪ ρ̃t, the
coupling g23 depends only on ρ̃. A dependence on h is only
introduced by the quark mass threshold for ρ̃≳ ρ̃t.
The value of the strong gauge coupling for ρ̃ > ρ̃ch is

given by

g−23 ðρ̃Þ ¼ g−23;0 −
7

16π2
ln
ρ̃t
ρ̃0

−
23

48π2
ln
ρ̃b
ρ̃t

−
25

48π2
ln
ρ̃ch
ρ̃b

−
9

16π2
ln

ρ̃

ρ̃ch
: ð148Þ

With the definition

ĝ−23 ¼ g−23;0 þ
7

16π2
ln

y2t
y2ch

−
23

48π2
ln
y2t
y2b

−
25

48π2
ln

y2b
y2ch

−
1

8π2
ln y2ch; ð149Þ

one has

g−23 ðρ̃; hÞ ¼ ĝ−23 −
1

8π2
lnðhρ̃0Þ −

9

16π2
ln

ρ̃

ρ̃0
: ð150Þ

Here we take for the Yukawa couplings the values they have
at the corresponding mass threshold. These values depend
on h, but the corresponding h-dependence of ĝ−23 is
subleading.
In the approximation of massless u, d, s quarks, the

critical ρ̃c at which g3 diverges is given by

ln
ρ̃c
ρ̃0

¼ 16π2

9ĝ23
−
2

9
lnðhρ̃0Þ;

ρ̃c ¼ exp

�
16π2

9ĝ23

�
h−

2
9ρ̃

7
9

0: ð151Þ

It decreases with increasing h. The corresponding confine-
ment scale obeys

Λ2
QCD ¼ χ2

2ρ̃c
¼ exp

�
−
16π2

9ĝ23

�
ðH†HÞ29k14

9

0 ; ð152Þ

with normalization scale k0 proportional to χ as defined by

ρ̃0 ¼
χ2

2k20
: ð153Þ

The confinement scale increases with increasingH†H since
the heavy quarks decouple at a higher scale. At fixed χ and
H, the scale k0 is the one where g3 is fixed:

g23ðk0Þ ¼ g23;0: ð154Þ
In summary, the field-dependent confinement scale is

given approximatively by

Λ2
QCD ¼ exp

�
−
16π2

9g23;0

�
ð2ρ̃0Þ−7

9AqðH†HÞ29χ14
9 ; ð155Þ

with

Aq¼ exp

�
−

1

27

�
21ln

y2t
y2ch

−23ln
y2t
y2b

−25ln
y2b
y2ch

−6lny2ch

��
:

ð156Þ

The dependence ∼ðH†HÞ2=9 is valid for the range of h for
which the charm-quark mass is above the confinement
scale, while the strange-quark mass is of the order of or
below the confinement scale. For this region, the power 2=9
does not depend on the precise truncation or thresholds. For
values of h outside this region, one can modify the
discussion, starting again from (144) and taking mass
thresholds into account as ρ̃ increases beyond ρ̃0.
The important general lesson is that the gauge and

Yukawa couplings depend both on ρ̃ and on h̃ in the
region h̃≲ 1, while they become essentially independent of
h̃ for h̃ ≪ 1. The matching to the observed values may be
done for k at the top-quark mass, m̃t ¼ 1, or h̃ ≈ 1. For
h̃ ≪ 1, the effective top-quark mass depends on ρ̃ through
the ρ̃-dependence of the Yukawa coupling, m̃2

t ðρ̃; h̃Þ ¼
y2t ðρ̃Þh̃. The ρ̃-dependence of the Yukawa coupling will
lead to a nontrivial dependence of the cosmon-Higgs
coupling λm on ρ̃ and therefore modify the precise location
of the critical surface for the electroweak quantum phase
transition. For h̃ ≪ 1, the ρ̃-dependence of the gauge and
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Yukawa couplings will be given by the perturbative β-
functions and is therefore rather robust. We also observe
that assumption (144) permits a smooth transition to the
symmetric point h̃ ¼ 0, h ¼ 0. The ρ̃-dependence of the
couplings corresponds then to the standard model with
massless quarks and leptons.

D. Nonperturbative strong interaction effects

The strong interactions of QCD break the electroweak
gauge symmetry nonperturbatively. They induce a lower
bound for the masses of W- and Z-bosons. This is seen
most directly by the chiral condensate of quark-antiquark
pairs for the light quarks. These condensates have the same
transformation properties as the Higgs doublet. A nonzero
condensate breaks the electroweak symmetry spontane-
ously. This induces constituent quark masses of the order of
the confinement scale, which are substantially larger than
the current masses for the up and down quarks. Couplings
to gauge bosons are universal via covariant derivatives. The
kinetic term for the q̄q-composites therefore produces
contributions to the W- and Z-boson masses.
The nonvanishing masses of W- and Z-bosons indicate

that the electroweak transition cannot be a second order
phase transition. There exists no symmetric phase for
which the W- and Z-bosons would be massless. We rather
deal with a crossover from a SSB-regime, where theW- and
Z-boson masses are set by the negative scalar mass term μh,
to a regime where they are given by ΛQCD independently of
the parameters. This generic behavior has been demon-
strated for one-flavor QCD by the use of k-dependent field
transformations or “flowing bosonization” [108,109]. This
method can account for the interplay between quark-
antiquark condensates and the Higgs doublet.
For the standard model, one expects a lower bound for

the Fermi scale φ0 and the associated particle masses. This
can be established by employing flowing bosonization for
the coupled system of top-antitop composite and the Higgs
doublet. We will find that the lower bound for φ0 is
substantially below the observed Fermi scale. This lower

bound for h0 is found approximately at ðΛð6Þ
QCD=χÞ2, where

Λð6Þ
QCD is the confinement scale for six massless quark

flavors, which is somewhat smaller than the confinement

scale of the standard model. With Λð6Þ
QCD=χ ≈ 50 MeV=Mp,

the lower bound for h0 is smaller than the observed value
by a factor ≈10−7. As a consequence, for h0 in the region
corresponding to observation, the nonperturbative QCD-
effects from flowing bosonization are a small correction.
The simplified picture of a second order quantum phase
transition remains a good approximation in this case. Only
for h0 ≈ Λ2

QCD=M
2
p do the strong QCD effects have an

important influence. Nevertheless, for h0 in the observed
range, the QCD-induced top-antitop composite may lead to
a small correction of the predicted ratio of Higgs boson

mass over top-quark mass. This may matter for the
quantum gravity prediction of this ratio [40] and the value
of “vacuum stability”.
The understanding of nonperturbative QCD effects is

important because they affect the general nature of the
electroweak transition. Since at the end the effect is found
to be small in the region of h relevant for the observed
Fermi scale, we deal with the quantitative features of
flowing bosonization in Appendix B. This also accounts
for the nonperturbative masses of the light quarks and the
W,Z-gauge bosons. The generation of the gluon mass is
more complex. One possibility is spontaneous color sym-
metry breaking in the Higgs picture of QCD [110,111].
For the region of h corresponding to the observed Fermi

scale, the nonperturbative QCD effects are expected to be
small for all values of ρ̃ or h̃. They are further suppressed
for h̃ ≪ 1, where quarks and gauge bosons are effectively
massless. In view of the qualitative change from a second
order phase transition to a crossover, we nevertheless want
to deal with these effects quantitatively. This may also be
used to explore the region of field space where h is much
smaller than the observed value. We employ here a rough
approximation which covers the qualitative features.
Nonperturbative strong interaction effects will generate a

mass gap through chiral symmetry breaking. These non-
perturbative masses are proportional to ΛQCD. Instead of
massless gluons and light quarks, we take for simplicity a
common mass,

m2
QCD ¼ csΛ2

QCD; m̃2
QCD ¼ csρ̃

ρ̃c
: ð157Þ

In this rough approximation, we may take for mQCD the
mass of the ρ-meson, mQCD ≈ 4ΛQCD. Using this mass in
the threshold functions accounts qualitatively for non-
perturbative QCD effects. This leads to our final approxi-
mation for the differential equation defining the scaling
solution for the effective potential (28),

cU ¼ −
1

128π2

�
12

1þ y2t h̃
þ 12

1þ y2bh̃
þ 12

1þ y2chh̃

þ 4

1þ y2τ h̃
þ 12

1þ m̃2
s
−

6

1þ m̃2
W
−

3

1þ m̃2
Z

−
1

1þ m̃2
r
−

3

1þ ∂hu=ρ̃
þ 20

�
: ð158Þ

Here we approximate muons, electrons, neutrinos, and the
cosmon as massless, and employ

m̃2
W ¼ g22h̃

2
; m̃2

Z ¼
�
g22
2
þ 3g21

10

�
h̃;

m̃2
r ¼

∂huþ 2h∂2hu
ρ̃

; m̃2
s ¼ m̃2

QCD þ y2s h̃: ð159Þ
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The contributions of the gluons cancel with the contribu-
tions of the up and down quarks. The role of the strange
quark is particular. For small enough h, the current quark
mass contribution y2s h̃ is small and m̃2

s can be approximated
by m̃2

QCD. On the other hand, for large enough h, one has

m̃2
s ≈ y2s h̃. The actual strange quark mass is found in the

transition between the two regimes.

E. Field dependence of Yukawa coupling

The field-dependence of the Yukawa coupling for the
scaling solution can be estimated in close analogy to the
strong gauge coupling. The flow equation for the depend-
ence of y2t on k at fixed χ and H can be approximated by

k∂ky2t ¼ βt ¼
k2

16π2ðk2 þm2
t Þ
�
9y4t

−
�
16g23 þ

9

2
g22 þ

17

10
g21

�
y2t

�
: ð160Þ

This is the perturbative β-function, modified by a threshold
function for m̃2

t ≳ 1.
A very rough approximation, which nevertheless covers

all qualitative features, takes the ratio

Rt ¼
�
g23 þ

9

32
g22 þ

17

160
g21

�
=y2t ð161Þ

as constant. Indeed, in the limit g22 ¼ g21 ¼ 0 and neglecting
the mass threshold, the one-loop evolution of the ratio
y2t =g23 obeys

ρ̃∂ρ̃

�
y2t
g23

�
¼ −

9y2t
32π2

�
y2t
g23

−
2

9

�
; ð162Þ

with an infrared attractive fixed point at Rt ¼ 9=2. The
observed value Rt ≈ 1.9 at the Z-boson mass is somewhat
below this fixed point. [For a more detailed justification of
approximately constant Rt, see Ref. [43].]
For constant Rt, the scaling solution for y2t obeys the

equation

ρ̃∂ρ̃y2tjh ¼ −
bty4t

2ð1þ y2t hρ̃Þ
; bt ¼

9 − 16Rt

16π2
: ð163Þ

For the observed values of the dimensionless couplings,
one finds negative bt. Replacing 1þ y2t hρ̃ by 1þ ȳ2t hρ̃ and
taking bt as constant, the solution of Eq. (163) is given by

y−2t ðρ̃; hÞ ¼ y−2t ðρ̃0; hÞ þ
bt
2

�
ln

�
ρ̃

1þ ȳ2t hρ̃

�

− ln

�
ρ̃0

1þ ȳ2t hρ̃0

��
; ð164Þ

where we take ρ̃0 with ȳ2t hρ̃0 ≪ 1, ρ̃0 < ρ̃. For a numerical
solution, we employ Eq. (160).
Similar to Eq. (144), we assume that y2t ðρ̃0; hÞ is

independent of h for ρ̃0 in a range where h̃0 ¼ hρ̃0 ≪ 1.
For all values ρ̃ ≪ ðȳ2t hÞ−1, the Yukawa coupling depends
on ρ̃, but not on h or h̃. The ρ̃-dependence is given by the
perturbative β-function (160), where we may add the
contribution from the scalar anomalous dimension ηH.

F. Effective vertices from field-dependent gauge and
Yukawa couplings

The field-dependence of the gauge couplings induces
effective vertices for the interaction of the Higgs boson and
the cosmon with the gauge fields. This can be seen directly
from Eq. (129) with a field-dependent ZF. An interaction
involving two cosmons and two gluons is proportional to
∂ZF=∂ρ, and similar for higher couplings. Similarly, one
obtains a quartic interaction between two Higgs bosons and
two gluons by ∂ZF=∂ðH†HÞ. These interactions are propor-
tional to the β-function for g23. Similarly, the dependence of
the Yukawa coupling on χ induces an effective five-point
vertex involving two cosmons, one Higgs doublet, and two
top quarks.
The effective χ2t̄tH-vertex is of the size

Γ2χ;2t;H ¼ ∂yt
∂ρ

¼ 2

χ2
ρ̃∂ρ̃yt ¼ −

1

2ytχ2
βt: ð165Þ

It is suppressed by two powers of the inverse Planck mass
χ−2. The corresponding interaction is even weaker than
gravitational strength by the factor βt. Nevertheless, it
contributes to the field-dependence of the cosmon-Higgs
coupling λm. Since the top quark couples to both the
cosmon and the Higgs boson, a top-quark loop contributes
to a vertex ∼χ2H†H and therefore to λm. In the absence of
the coupling (165), and similar induced couplings for other
particles, only graviton loops would connect the cosmon
and the Higgs doublet. In the absence of gravity, λm would
not flow or be field-dependent. The field-dependence of the
scaling solution for λm which will be discussed in Sec. IX
can be directly connected to the induced vertices as in
Eq. (165). The dimensionless vertex k2Γ2χ;2t;H is propor-
tional to ρ̃−1. It is therefore dominated by ultraviolet
physics with small values of ρ̃.
The quartic vertex involving two cosmons and two

gluons, evaluated for typical momenta q2 ≈ k2, is of the
size

Γ2χ;2A ∼ k2
∂ZF

∂ρ
¼ ∂ZF

∂ρ̃
¼ 1

ρ̃
ðρ̃∂ρ̃g−23 Þ ¼ 1

2ρ̃
ðβ̄3 þ � � �Þ;

ð166Þ

where the dots denote a contribution from the h-depend-
ence of g−23 . For large ρ̃, this interaction is again very small.
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For the present epoch, it is suppressed by the second power
of the inverse Planck mass M−2 and its strength is weaker
than gravity.
For large ρ̃, the additional effective interactions are very

small. On the other side, the observed value of the cosmon-
Higgs coupling λm ≈ 10−34 is also tiny. The ρ̃-dependence
of the gauge and Yukawa couplings is the only important
contribution to the flow of λm besides gravity. We therefore
need to take it into account. Furthermore, we have to follow
the scaling solution to ρ̃ → 0 where the suppression ∼ρ̃−1
no longer operates.

VII. ULTRAVIOLET LIMIT FOR GAUGE AND
YUKAWA COUPLINGS

So far we have investigated the field-region ρ̃ ≫ 1,
corresponding to k sufficiently below the Planck mass.
One finds a family of local scaling solutions parametrized
by boundary functions as LðhÞ. For a UV-complete theory,
these local scaling solutions have to be continued to ρ̃ → 0.
This will select among the local scaling solutions a discrete
set for which this is possible. For ρ̃ < 1, one deals with
scales k above the Planck mass. The gravitational fluctua-
tions become important. They will decide on the selection
of the global scaling solution. One expects that predictions
for the couplings of the standard model, and in particular
for the Fermi scale, may depend on the precise setting for
the gravitational fluctuations.
The fluctuations of the gravitational degrees of freedom

affect the dependence of dimensionless couplings as g23ðρ̃Þ
for small values of ρ̃. They matter for the “initial value” of
the ”infrared flow, g23ðρ̃0Þ. This is the reason why this
section discusses the ultraviolet limit for the gauge and
Yukawa couplings before we address the local scaling
solution in the presence of field-dependent couplings in the
next section. For the moment, we may consider the results
of this section as an argument motivating Eq. (144) and a
similar assumption for the Yukawa coupling. Once we turn
to the general UV-limit for ρ̃ → 0 in later parts of this work,
the UV-flow of the gauge and Yukawa couplings will be an
important part of the picture. We will then discuss the effect
of the gravitational fluctuations on the effective scalar
potential. For ρ̃≲ 1, the gravitational fluctuations also add
further terms to the scaling equation (30) for the effective
potential uðρ̃; hÞ. Those will be addressed in Sec. X.

A. Ultraviolet-infrared connection

For very small h, the Fermi scale φ0 and the Planck scale
χ correspond to field values separated by many orders of
magnitude. In a rough sense, we may associate the Higgs
field H with the “infrared physics”, and the singlet field χ
with the “ultraviolet physics”. For the infrared physics, the
scalar field χ plays no direct role for the flow equation, and
we correspondingly have formulated the scaling solution
by functions of h̃. On the other hand, for Planck scale

physics, the Fermi scale φ0 is unimportant. In the field
region relevant for Planck scale physics, a formulation of
the scaling solution in terms of ρ̃ seems more appropriate.
The flow of couplings has to match the ultraviolet (UV) and
infrared (IR) regions. This will provide information on the
“boundary values” of the local scaling solution as ḡ3ðhÞ or
LðhÞ for the potential. The dependence of the boundary
values on h reflects a dependence on the scale separation
between the UV- and IR-regions.
The ratio h, or on a logarithmic scale lnðhÞ, is a measure

for the separation of the IR-physics from the UV-physics.
The variation of h measures the dependence of quantities as
the gauge couplings or the effective potential on the UV-IR
separation. The issue is directly related to the cosmon-Higgs
coupling λm. Avery small λm results in a large separation for
h taken at the partial minimum of u, and vice versa.

B. Field dependence of gauge couplings in
the ultraviolet

The fluctuations of the gravitational degrees of freedom
(metric or vierbein) induce an anomalous dimension Bg in
the flow of the gauge couplings [107,112–117]. We para-
metrize the flow in the UV region at fixed χ and H by

k∂kg2 ¼ −Bgg2 − BFg4; ð167Þ

where BF arises from the fluctuations of gauge bosons,
fermions and scalars. The gravitational fluctuations decou-
ple once k becomes much smaller than the flowing Planck
mass,

M2
pðkÞ ¼ 2w0k2 þ ξχ2 ¼ 2wðρ̃Þk2: ð168Þ

One finds the approximative behavior [107]

Bg ≈
5k2

144π2M2
pðkÞ

�
4

1 − vðkÞ −
3

ð1 − vðkÞÞ2
�
; ð169Þ

with

vðkÞ ¼ uðkÞ
wðkÞ : ð170Þ

For large ρ̃, the dimensionless squared Planck mass
increases w ≈ ξρ̃, such that v vanishes ∼ρ̃−1. Then Bg

decreases,

Bgðρ̃ ≫ 1Þ ≈ 5

288π2ξρ̃
; ð171Þ

and Bgg2 can be neglected as compared to BF.
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Toward the UV for k → ∞ or ρ̃ → 0, one has

Bg ≈
5

288π2w0

�
4

1 − v0
−

3

ð1 − v0Þ2
�
; v0 ¼

u0
w0

:

ð172Þ

The part BFg4 involves the contribution of the particles of
the standard model −β̄, plus additional contributions (for
example, from additional particles with mass ∼χ) which
decouple for large ρ̃,

BF ¼ −β̄ −
DF

1þ cFρ̃
: ð173Þ

For the example of the strong gauge coupling, β̄ is given by
β̄3 in Eq. (128).

C. UV-fixed point for gauge couplings

For ρ̃ → 0, both Bg and BF reach constant values. Those
depend on details of the microscopic model. We will
therefore treat them as unknown constants. For Bg > 0,
the coupling g is asymptotically free, with a fixed point at
g� ¼ 0 that is approached in the UV for k → ∞. Another
fixed point is present if Bg and BF have opposite sign, with
value

g2� ¼ −
Bg

BF
: ð174Þ

For Bg < 0, BF > 0, this fixed point is approached in the
UV for k → ∞. In contrast, for Bg > 0, BF < 0, the fixed
point (174) is approached as k is lowered. In this case,
the coupling g has two fixed points, at g2 ¼ 0 and
g2 ¼ −Bg=BF. For both Bg < 0 and BF < 0, the coupling
g diverges for k → ∞ and the model is not ultraviolet
complete.
For the scaling solution, we can convert Eq. (167) to the

scaling equation

ρ̃∂ρ̃g−2jh ¼ −
Bg

2
g−2 −

BF

2
: ð175Þ

In the limit of constant Bg and BF for ρ̃ → 0, the solution
reads for Bg > 0

g−2ðρ̃Þ ¼ Cg

�
ρ̃

ρ̂

�
−1
2
Bg

−
BF

Bg
: ð176Þ

For positive BF, this solution implies the existence of a
critical ρ̃ where g−2 reaches zero. In contrast, for negative
BF, the fixed point (174) is approached for ρ̃ → ∞. For
Bg < 0, BF > 0, the solution (176) holds for g−2 > g−2� . In
this case, the fixed point is approached for ρ̃ → 0, while g−2

diverges for ρ̃ → ∞. In the range g−2 < g−2� , one has instead

g−2ðρ̃Þ ¼ −
�
ρ̃

ρ̂

�
−1
2
Bg

−
BF

Bg
; ð177Þ

such that g−2 vanishes for ρ̃ approaching a critical ρ̃c.

D. Field-dependent gauge coupling below the
Planck mass

As ρ̃ grows larger, the gravitational fluctuations decouple
according to Eq. (171). The term ∼BF dominates Eq. (175),
leading to a logarithmic change. At this point, g2 is a
function of ρ̃:

g−2 ¼ ĝ−2 −
BF

2
ln
ρ̃

ρ̂
: ð178Þ

It is independent of h if ĝ−2 is independent of h. The
coefficient BF may undergo some change as additional
heavy particles decouple. If these masses do not involve the
Higgs doublet, this change occurs as a function of ρ̃,
independently of h. This question decides on a possible
dependence on h for the gauge coupling g23;0 in Eq. (144).
Let us focus on a scenario where the UV-fixed point

value for ρ̃ → 0 is independent of h. This rather natural
assumption implies

∂hg−2ðρ̃ → 0Þ ¼ 0: ð179Þ

We further assume that a possible h-dependence of the
decoupling of the fluctuations of the gravitational degrees
of freedom and heavy particles can be neglected. A
dependence on h only arises then from the masses of
particles generated by electroweak symmetry breaking for
H ≠ 0. For simplicity, we consider here the contribution of
the top quark to the running of the strong gauge coupling

ρ̃∂ρ̃∂hg−23 ¼ −
1

2
∂hBF ¼ 1

2
∂hβ̄3

¼ 1

24π2
∂hð1þ y2t hρ̃Þ−1: ð180Þ

In the approximation of h-independent y2t , this becomes

ρ̃∂ρ̃∂hg−23 ¼ −
y2t ρ̃

24π2ð1þ y2t hρ̃Þ2
: ð181Þ

As long as y2t hρ̃ ≪ 1, this results in

∂hg−23 ¼ −
ȳ2t ρ̃
24π2

; ð182Þ

with ȳ2t being an appropriate ρ̃-average of y2t . One
concludes
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g−23 ðρ̃; hÞ ¼ g−23 ðρ̃; 0Þ − ȳ2t hρ̃
24π2

: ð183Þ

For the tiny values of h corresponding to the observed
Fermi scale, the dependence of g−23 on h is negligible at a
scale ρ̃0 which corresponds to k2 much larger than H†H.
This justifies Eq. (144).
This dependence on h involves the combination h̃. The

shift in the gauge coupling due to its dependence on h is
tiny as long as m̃2

t ¼ y2t hρ̃ is a tiny quantity. More
generally, the integration of Eq. (181) yields for y2t ðρ̃; hÞ
replaced by ȳ2t ,

∂hg−23 ¼ −
ȳ2t ρ̃

24π2ð1þ ȳ2t hρ̃Þ
; ð184Þ

and therefore

g−23 ðρ̃; hÞ ¼ g−23 ðρ̃; 0Þ − 1

24π2
ln ð1þ ȳ2t hρ̃Þ: ð185Þ

We observe that ∂hg23 remains finite for all ρ̃ for which g23
remains finite. For an estimate of the relative size of the h̃-
dependence as compared to the ρ̃-dependence, one has to
compare h∂hg−23 with ρ̃∂ρ̃g−23 . One finds a suppression
factor h̃ which is very small at ρ̃0 by assumption.

E. Boundary value for the gauge coupling of the
effective low energy theory

The effective low energy theory is formulated in terms of
g23 as a function of h̃ and h. For the solution (134), we need
the dependence of the boundary ḡ23 on h. The switch from
g23ðρ̃; hÞ to g23ðh̃; hÞ is a pure translation of variables. No
physical “matching condition” is involved. For a function
depending only on ρ̃ ¼ h̃=h, the logarithmic dependence
on h is the negative one of the logarithmic dependence on
h̃. We therefore expect that g23ðh̃; hÞ depends substantially
on h in the region h̃ ≪ 1.
The switch from g23ðρ̃; hÞ to g23ðh̃; hÞ involves typically a

logarithm of h since ρ̃ ¼ h̃=h. In particular, if one solves
the evolution equation for g23ðh̃; hÞ with some initial value
ḡ23ðhÞ ¼ g23ðh̃ ¼ h̄; hÞ, this initial value involves ln h. The
translation from g23ðρ̃; hÞ to g23ðh̃; hÞ is done according to

g23ðh̃ ¼ hρ̃; hÞ ¼ g23ðρ̃; hÞ: ð186Þ

We may switch the variable at some given ρ̃0 ≫ 1, with
hρ̃0 ≪ 1. At ρ̃0, the gauge coupling has the value

g23;0 ¼ g23ðρ̃0; hÞ ¼ g23ðh̃ ¼ hρ̃0; hÞ: ð187Þ

We want to translate to a fixed h̄, corresponding to
ρ̄ ¼ h̄=h,

ḡ23 ¼ g23ðh̃ ¼ h̄; hÞ: ð188Þ

The value of ḡ23 depends on h according to

ḡ−23 ¼ g−23;0 þ
1

2
β̄3 ln

�
h̄
hρ̃0

�
: ð189Þ

The corresponding h-dependence of ḡ23,

h∂hḡ−23 ¼ −
1

2
β̄3; ð190Þ

is much bigger than the one from Eq. (182), which is
suppressed by h̃. In other words, the relation of the coupling
at k2 ¼ H†H=h̄ to the short distance coupling at k2 ¼ cχ2

depends on the scale separation between H†H and χ2, as
encoded in h. It is the dependence of ḡ23 on h which induces
the dependence of the confinement scale on χ.
Similar arguments apply to the other dimensionless

couplings. The dependence of their values at h̃ ¼ h̄ on h
is determined by the β-functions at h̃ ¼ h̄. It does not
involve any additional suppression by small dimensionless
particle masses. An explicit dependence of the dimension-
less couplings on h at fixed h̃ will lead to a nontrivial
dependence of λmðρ̃; hÞ on ρ̃.
The scale of the infrared physics is set by φ0ðkÞ. The

particle scale symmetry associated to a second order phase
transition states that, for a fixed Planck mass or fixed χ, the
effective low-energy theory does not involve an intrinsic
scale. In this case, the dimensionless couplings can only
depend on φ0=k or h̃. A dependence of the gauge or Yukawa
couplings on h at fixed h̃ violates particle scale symmetry.
We have seen that this violation is due to the logarithmic
running of the dimensionless couplings. It ultimately leads
to the crossover instead of a second order phase transition.
The infrared physics keeps some memory of the ultraviolet
physics which induces a scale proportional to χ.
Observation tells us that this violation of particle scale
symmetry does not induce a large mass scale. The mass
scale generated by the violation of particle scale symmetry
is not minimal, however. For a minimal mass scale, φ0

would be around ΛQCD.

F. Validity of assumptions

The dependence of the gauge and Yukawa couplings on
ρ̃ for fixed h̃ is crucial for the induced effective vertices of
the cosmon and the scaling solution for λm. One may
therefore question the robustness of our assumptions. The
effective squared Planck mass involves a term ∼H†H in
addition to the one ∼χ2. The threshold behavior for the
decoupling of the gravitational fluctuations for the flow of
the field-dependence of u will therefore depend on h,
leading to an h-dependence of g23ðρ̃Þ. For small h, it seems
reasonable to linearize in h, such that the h-dependence of
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g−23 is linear in h. A similar argument applies for the h-
dependence from the decoupling of fluctuations of addi-
tional particles with mass ∼χ. Given the tiny scale of the
IR-physics related to the Fermi scale for h̃ ≪ 1, it seems
reasonable that the shift in couplings due to h ≠ 0 can be
linearized in h. It is then very small if one takes boundary
values at h̃ ≪ 1.
While reasonable, our assumptions are not proven. From

the point of view of the local solution for the differential
equation defining the scaling solution for g23, the initial
value g23ðh̃ ¼ h̄Þ is an arbitrary function ḡ23ðhÞ of h,

g23ðh̃ ¼ h̄; hÞ ¼ ḡ23ðhÞ: ð191Þ

Every function ḡ23ðhÞ defines a member of the family of
local scaling solutions. Restrictions arise only from the
requirement of a continuation of the local solution to h̃ → ∞
and h̃ → 0. Only a detailed investigation of the UV behavior
for ρ̃ → 0 can definitely establish our assumptions.
For example, one could envisage the alternative pos-

sibility that ḡ23ðhÞ is approximately independent of h, and
similar for the other dimensionless couplings. For such a
scenario, the ratio of the strong interaction confinement
scale over the Fermi scale, Λ2

QCD=φ
2
0, is predicted as a

function of h̄ and ḡ23, without further dependence on χ. The
cosmon-Higgs coupling λmðρ̃; hÞ would be independent of
ρ̃ for all h in this case. It is not disproven so far that this
alternative local scaling solution could have a continuation
to ρ̃ → 0. Nevertheless, our considerations of the UV-fixed
point for the dimensionless couplings make this scenario
rather unlikely. We will therefore work with the approxi-
mation that g23;0 in Eq. (144) or (189) is independent of h.

VIII. SCALING POTENTIAL FOR FIELD-
DEPENDENT DIMENSIONLESS COUPLINGS

Our truncation for the flow of the effective potential,
together with the perturbative running of the gauge and
Yukawa couplings with given initial values at ρ̃0 indepen-
dent of h, defines a closed system. We can therefore
establish the general local solution for this system for
ρ̃ > ρ̃0. The general local solution of the scaling equa-
tions (30) and (23) yields for the region of small h a rather
detailed and robust picture for the dependence of u on ρ̃ and
h̃. This local scaling solution involves two free parameters
λ̄m and λ̄h. They correspond to the renormalizable cou-
plings for the Higgs potential in the standard model,
namely, the mass term and the quartic coupling. The
validity of the local scaling solution extends to values of
ρ̃ near one where gravity and perhaps additional fields as
for grand unified theories become important. We will
include these additional fluctuations below in order to
perform the “ultraviolet completion” by extending the local
scaling solution to ρ̃ → 0. This extension to a global scaling

solution will fix λ̄m and λ̄h and allow for predictivity for the
Fermi scale.
Control over the ρ̃-dependence of u and its h̃-derivatives

over a large range between ρ̃ ≈ 1 and ρ̃ → ∞ is necessary to
connect the physics below the Planck mass with the physics
above the Planck mass. In the regions where the number of
particles with masses m̃2

i ≪ 1 does not change with ρ̃, the
simple truncation (23) produces correctly the running of the
couplings, including the anomalous mass dimension. It is
one-loop exact if one treats the scalar fluctuations more
carefully—this will be done in the next section—and
includes the scalar-field anomalous dimension ηH dis-
cussed in Sec. III. Furthermore, it deals coherently with
all mass thresholds.
The field-dependent gauge and Yukawa couplings

appear in the scaling equation (30) for the effective
potential uðρ̃; hÞ. In this and the next section, we focus
on local scaling solutions for ρ̃ ≫ 1. Additional terms in
Eq. (30) for the contribution of the metric fluctuations for
ρ̃≲ 1 will be included in Sec. X. We first discuss the
approximation where cU does not depend explicitly on u or
its field derivatives. The field-dependence of the dimen-
sionless couplings does not change the structure of the
solution in this case. Only the threshold functions tU are
modified. We are mainly interested in the dependence of u
on h, or the quantity ν̃ðρ̃; hÞ ¼ ∂huðρ̃; hÞ. The second part
of this section establishes a scaling equation for ν̃ðρ̃; hÞ
which continues to hold if cU depends on u. We derive both
the formal solution and an approximate solution.

A. Threshold functions for field-dependent couplings

For cU independent of u, the general scaling solution for
u takes the form

u ¼ LðhÞρ̃2 þ 1

128π2
X
i

n̂it
ðiÞ
u ðm̃2

i Þ: ð192Þ

Here we work on a basis of mass eigenvaluesmi. This is the
same expression as for Eq. (93)—only the threshold

functions tðiÞu are modified. The general threshold functions

tðiÞu ðm̃2
i Þ obey the defining equation

ρ̃∂ρ̃t
ðiÞ
u ¼ 2

�
tðiÞu −

1

1þ m̃2
i

�
; ð193Þ

where ∂ρ̃ is taken at fixed h. We recall that the factors n̂i
count the number of degrees of freedom for a given mass
eigenvalue mi, m̃2

i ¼ m2
i =k

2, with a minus sign for fer-

mions. With tðiÞu ð0Þ ¼ 1, Eq. (192) also includes the
constant contribution of massless particles. For the par-

ticular case where m̃2
i ∼ ρ̃, the threshold functions tðiÞu equal

the ones given by Eq. (40) since ρ̃∂ρ̃ ¼ m̃2
∂m̃2 . In the

presence of running gauge couplings, the ρ̃-dependence of
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m̃2
i may deviate from a strictly linear behavior, such that the

threshold functions are modified [67].
We display details on the threshold functions tðiÞu for

field-dependent couplings in Appendixes C and D. The
main outcome is that the threshold functions continue to
vanish ∼m̃−2

i for m̃2
i ≫ 1. In a reasonable approximation,

they are again given by Eq. (52), with m̃2
i now involving the

field-dependent dimensionless couplings. This approxima-
tion yields a valid overall picture of the scaling equation for
u. When one needs more precision on the derivatives of u, it
is advantageous to define threshold functions associated to

the derivatives of tðiÞu with respect to the mass m̃2
i .

B. Dependence of effective potential on the Higgs field

For a discussion of the Fermi scale, we are mainly
interested in the dependence of U on the Higgs scalar, or
the dependence of u on h. Instead of a detailed investigation

of the threshold functions tðiÞu , we can focus directly on the
quantity

ν̃ðρ̃; hÞ ¼ ∂huðρ̃; hÞ ¼ ρ̃μhðρ̃; hÞ; ð194Þ

with

ν̃ðρ̃Þ ¼ ν̃ðρ̃; 0Þ: ð195Þ

Up to a factor ρ̃, the quantity ν̃ corresponds to μh ¼
∂h̃uðρ̃; h̃Þ. It is related to the cosmon-Higgs coupling
function λm by

λmðρ̃; hÞ ¼
1

ρ̃2
ðρ̃∂ρ̃ − h∂h − 1Þν̃ðρ̃; hÞ: ð196Þ

In particular, one has for h ¼ 0 the cosmon-Higgs coupling

λmðρ̃Þ¼ λmðρ̃;0Þ¼
�
1

ρ̃
∂ρ̃−

1

ρ̃2

�
ν̃ðρ̃Þ¼ ∂ρ̃

�
ν̃ðρ̃Þ
ρ̃

�
: ð197Þ

As long as ν̃ðρ̃; hÞ remains positive for all h, a partial
minimum of uðρ̃; hÞ with respect to h occurs for h ¼ 0. A
possible nontrivial partial minimum (or maximum) at h0ðρ̃Þ
is realized for

ν̃ðρ̃; h0Þ ¼ 0: ð198Þ

In principle, the location of an extremum at h0ðρ̃Þ depends
on ρ̃. The Fermi scale obtains a partial minimum from
h0ðρ̃ → ∞Þ≡ h0. Thus, the determination of the Fermi
scale investigates a possible zero of ν̃ðρ̃; hÞ for ρ̃ → ∞.
In particular, for negative values of ν̃ ¼ ν̃ðρ̃; 0Þ, the value

h ¼ 0 is not a partial minimum of u with respect to h at
fixed ρ̃. This partial minimum occurs rather for h0ðρ̃Þ > 0
according to

∂hujρ̃ ¼ ν̃þ λhh0ρ̃2 ¼ 0; ð199Þ

where we have assumed the validity of an expansion in the
small quantity h0ðρ̃Þ. The Fermi scale is obtained for k → 0
or ρ̃ → ∞,

φ2
0 ¼

1

2
h0ðρ̃ → ∞Þχ2;

h0 ¼
2φ2

0

χ2
¼ −

ν̃ðρ̃Þ
λhðρ̃Þρ̃2

ðρ̃ → ∞Þ: ð200Þ

In general, the threshold functions tðiÞu defined by
Eq. (193) depend on the flow of the dimensionless
couplings. In addition to their dependence on m̃2

i , they
typically depend on the β-functions of these dimensionless

couplings. It is instructive to discuss ν̃ in the limit where tðiÞu
are only functions of m̃2

i , such that

νðρ̃; hÞ ¼ ν̃ðρ̃; hÞ − ∂hLðhÞρ̃2 ¼
1

128π2
X
i

n̂i∂hm̃2
i
∂tðiÞu
∂m̃2

i
:

ð201Þ
For Eq. (52), this yields

ν ¼ −
1

64π2
X
i

n̂i∂hm̃2
i s

ðiÞ
u ðm̃2

i Þ; ð202Þ

with

sðiÞu ðm̃2
i Þ ¼ −

1

2

∂tðiÞu
∂m̃2

i
¼ 1þ m̃2

i

1þ m̃2
i
− 2m̃2

i ln
1þ m̃2

i

m̃2
i

:

ð203Þ

With

lim
m̃2

i→∞
sðiÞu ðm̃2

i Þ ¼
1

3m̃4
i
; ð204Þ

and diverging m̃2
i ðρ̃ → ∞Þ, the rhs of Eq. (202) vanishes for

ρ̃ → ∞, implying

lim
ρ̃→∞

ν ¼ 0; lim
ρ̃→∞

ν̃ðρ̃; hÞ ¼ ∂hLρ̃2: ð205Þ

This result is independent of the detailed shape of threshold

functions, since only the decrease of sðiÞu for increasing m̃2
i

matters. This property remains valid if the field-dependence
of dimensionless couplings is taken into account. We recall,
however, that the general structure (192) holds only in the
approximation for which the explicit dependence of cU on
u is neglected.
The rather complex field-dependence of ν is discussed in

Appendix E. One uses in Eq. (202) the relation ∂hm̃2
i ¼

ρ̃∂h̃m̃
2
i where both derivatives are taken at fixed ρ̃. In turn,
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∂h̃m̃
2
i involves dimensionless couplings, as y2t for the top-

quark fluctuations. One finds that for λ̄m ≥ 0 the function
ν̃ðρ̃; hÞ remains positive for the observed values of the
gauge and Yukawa couplings. In this case, the partial
minimum of the scaling potential occurs for h0ðρ̃Þ ¼ 0. A
value h0 > 0 requires λ̄m < 0.

C. Scaling equation for ν̃ðρ̃; hÞ
For field-dependent couplings, it is possible to compute

directly the ρ̃-dependence of ν̃ without an explicit solution

for the threshold functions tðiÞu . For fixed χ, the flow with ρ̃
is transmuted to the flow with k, such that the ρ̃-dependence
of ν̃ corresponds to the k-dependence of the derivative
∂U=∂ðH†HÞ. Furthermore, the cosmon-Higgs coupling λm
can be related directly to the flow of ν̃ with ρ̃.
The ρ̃-dependence of ν̃ðρ̃; hÞ is given by

ρ̃∂ρ̃ν̃ðρ̃; hÞ ¼ ∂hðρ̃∂ρ̃uÞ ¼ 2∂hðu − cUÞ ¼ 2ν̃ − 2∂hcU:

ð206Þ

If the dependence of cU on u is neglected, we may write
this in the form

ρ̃∂ρ̃ν̃ðρ̃;hÞ¼ 2∂hLþ 1

64π2
X
i

n̂i∂h

�
tðiÞu −

1

1þ m̃2
i

�
; ð207Þ

in order to see that massless particles do not contribute to
the sum. This approximation is not needed, however.
Equation (206) follows directly from our ansatz for the
scaling equation for u without further approximations.
It is convenient to work with the expression

ρ̃∂ρ̃ν̃ðρ̃; hÞ ¼ 2ν̃ðρ̃; hÞ − Bðρ̃; hÞ; ð208Þ

with

B ¼ 2∂hcU ¼ 1

64π2
X
i

n̂i∂hð1þ m̃2
i Þ−1

¼ −
1

64π2
X
i

n̂i∂hm̃2
i ð1þ m̃2

i Þ−2: ð209Þ

Omitting for a moment the scalar fluctuations (which will
be treated more accurately below), we employ

m̃2
i ¼ αiðh̃; hÞh̃ ¼ αihρ̃; ð210Þ

with

∂hm̃2
ijρ̃ ¼ ∂hm̃2

ijh̃ þ ρ̃∂h̃m̃
2
ijh

¼ αi

�
1þ ∂ ln αi

∂ ln h̃
þ ∂ ln αi

∂ ln h

�
ρ̃: ð211Þ

Equivalently, we may use m̃2
i ¼ αiðρ̃; hÞhρ̃ with

∂hm̃2
i ðρ̃; hÞ ¼ αiðρ̃; hÞ

�
1þ ∂ ln αiðρ̃; hÞ

∂ ln h

�
ρ̃: ð212Þ

D. General scaling solution for ν̃ðρ̃; hÞ
For the general solution of Eq. (208), we define

βν ¼ −
B
ρ̃
: ð213Þ

This implies

∂ρ̃

�
ν̃

ρ̃2

�
¼ βν

ρ̃2
; ð214Þ

with general local solution

ν̃ðρ̃; hÞ ¼ ∂hLρ̃2 − ρ̃2
Z

∞

ρ̃
dρ0

βνðρ0; hÞ
ρ02

: ð215Þ

In its general form, Eq. (215) is an implicit solution since βν
may depend on ν̃. It provides in this form a good view on
how ν̃ðρ̃; hÞ at finite ρ̃ is connected to the IR values for
ρ̃ → ∞. The boundary condition is defined by

∂hL ¼ lim
ρ̃→∞

ν̃ðρ̃; hÞ
ρ̃2

: ð216Þ

The dependence of βν on ν̃ arises from the scalar
fluctuations. Their role will be discussed separately below.
We first focus on an approximation where the mass of the
Goldstone modes is set to zero and the mass of the radial
mode is given by 2λhh̃, with λh independent of ν̃. These
relations hold for a partial minimum at h0ðρ̃Þ, while for
general h and for derivatives of ν̃ modifications are
expected for a more accurate treatment of the scalar
fluctuations. For this approximation for the scalar fluctua-
tions, βν is simply a function of ρ̃ and h, as determined by
the field-dependent dimensionless couplings. With αi being
simple functions of these couplings, perturbation theory
becomes a good guide for Eq. (212). In leading order, one
can omit the term ∼∂ ln αiðρ̃hÞ=∂ ln h, resulting in

βν ¼
1

64π2
X
i

n̂iαið1þ αihρ̃Þ−2: ð217Þ

In the range where αihρ̃ ≪ 1, the quantity βν is domi-
nated by the top-quark fluctuations. It is negative and
almost constant. For constant βν, the general solution (215)
reads

ν̃ ¼ −βνρ̃þ ∂hLρ̃2: ð218Þ

On the other side, for αihρ̃ ≫ 1, one can approximate
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βν ¼
1

64π2
X
i

n̂i
αih2ρ̃2

: ð219Þ

Neglecting the ρ̃-dependence of αi, this yields

ν̃ðρ̃; hÞ ¼ ∂hLρ̃2 −
1

192π2
X
i

n̂i
αih2ρ̃

: ð220Þ

This confirms that the “integration constant” LðhÞ corre-
sponds to the boundary value for ρ̃ → ∞.

E. Approximate scaling solution for ν̃ðρ̃; hÞ
For an approximate computation of ν̃ðρ̃; hÞ, we define β̃ν

by

ν̃ðρ̃; hÞ ¼ ∂hLρ̃2 − β̃νðρ̃; hÞρ̃: ð221Þ

Here β̃ν is an appropriately weighed integral (215) over βν,
obeying

ρ̃∂ρ̃β̃ν ¼ β̃ν − βν: ð222Þ

The integral (215) for β̃ν can be written in terms of βνðh̃; hÞ
as

β̃νðh̃; hÞ ¼ h̃
Z

∞

h̃

dh0

h02
βνðh0; hÞ

≈
h̃

64π2
X
i

n̂i

Z
∞

h̃

dh0αi
h02ð1þ αih0Þ2

: ð223Þ

Approximating αiðh0; hÞ by αiðh̃; hÞ, one finds

β̃ν ¼
1

64π2
X
i

n̂iαi

�
1þ αih̃

�
2 ln

�
αih̃

1þ αih̃

�
þ 1

1þ αih̃

��

¼ 1

64π2
X
i

n̂iαisuðm̃2
i Þ; ð224Þ

and

∂hβ̃νjh̃ ¼
1

64π2
X
i

n̂i∂hαijh̃

�
1þ 4αih̃ ln

�
αih̃

1þ αih̃

�

þ 4αih̃

1þ αih̃
−

α2i h̃
2

ð1þ αih̃Þ2
�
: ð225Þ

For αih̃ ≫ 1, the quantity β̃ν decreases ∼h̃−2:

β̃ν ¼
1

192π2h̃2
X
i

n̂i
αi
;

∂hβ̃νjh̃ ¼ −
1

192π2h̃2
X
i

n̂i∂hαijh̃
α2i

: ð226Þ

F. Dependence of scaling potential on the Higgs field

From β̃ν and its derivatives, we can compute the field
derivatives of the effective potential at fixed χ and k as

∂U
∂ðH†HÞ ¼

1

2
χ2∂hL − β̃νk2; ð227Þ

and

λh ¼
∂
2U

∂ðH†HÞ2 ¼ ∂
2
hL −

1

ρ̃
∂hβ̃νjρ̃: ð228Þ

The term −β̃νk2 determines the quadratic term for the Higgs
field for the region of large k, k2 ≫ m2

t . In this region of k,
one finds at the origin H ¼ 0:

∂U
∂ðH†HÞ ≈

λm
2
χ2 −

k2

64π2
X
i

n̂iαi: ð229Þ

This extends the relation (105) to the case of running
dimensionless couplings. This result for the k-dependence
of the mass term for the Higgs scalar is very simple. The
term ∼k2 is the remnant of the “quadratic divergences” in
perturbation theory [21]. We will improve this result below
by a more accurate treatment of the scalar field dimension
ηH. What is not settled at this stage is the boundary value λ̄m
for the local scaling solution which will finally determine
the Fermi scale for k → 0. For large enough k2, the term
∼λ̄mχ2 can be neglected. For realistic values of the
dimensionless couplings, the contribution from the top-
quark fluctuations dominates. This results in a positive
quadratic term. For large k, the partial minimum of U is
located at H ¼ 0.
We can also infer the k-dependence of the quartic Higgs

coupling. The logarithmic field-dependence of λh is recov-
ered by

1

ρ̃
∂hβ̃νðρ̃; hÞ ¼ λ̄h − λhðρ̃; hÞ

¼ 1

64π2
X
i

n̂i

�
α2i

�
2 ln

�
m̃2

i

1þ m̃2
i

�
þ 3þ 2m̃2

i

ð1þ m̃2
i Þ2

�

þ 1

ρ̃
∂hαijρ̃

�
1þ m̃2

i

�
4 ln

�
m̃2

i

1þ m̃2
i

�
þ 4þ 3m̃2

i

ð1þ m̃2
i Þ2

���
;

ð230Þ

with leading term ∼α2i . The expression remains finite for
h ≠ 0. Taking the logarithmic k-derivative at fixed fields,
one recovers for m̃2

i ≪ 1 the perturbative renormalization
group equation for λh if one adds the contribution from the
anomalous dimension ηH. The β-function for λhðkÞ
involves the renormalized couplings at the scale k.
Furthermore, Eq. (230) accounts for the decoupling of
fluctuations once m̃2

i ≫ 1. The coupling λhðρ̃; h̃Þ involves
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the integration constant λ̄h. Its field-dependence is fixed
by Eq. (230).
One may want to evaluate more precisely the contribu-

tion of the top-quark fluctuations to the scaling form of the
effective potential. With αt ¼ y2t , we need the dependence
of y2t on ρ̃ and h. For the dependence of the Yukawa
coupling on h, Eq. (164) implies

1

ρ̃
∂hy2tjρ̃ ≈

btȳ2t y4t
2ð1þ ȳ2t hρ̃Þ

: ð231Þ

Insertion of this expression in Eqs. (225) and (228) leads to
a subleading contribution to λh proportional to y6t . The
functional flow equation is nonperturbative and not limited
to small couplings. In the limit of small couplings, a given
truncation produces beyond the perturbative one-loop
results already many higher loop contributions. The cor-
rection (231) may be interpreted as one of these higher loop
contributions.
In summary, the field-dependence of the top-quark

Yukawa coupling results to a good approximation in the
insertion of the field-dependent coupling into the formula
we have found previously for a field independent coupling.
This generalizes to the other dimensionless couplings. We
can use Eq. (99) by inserting the field-dependent Yukawa
and gauge couplings. This provides a rather simple
expression for the dependence of the scaling potential on
the Higgs field. The dominant correction to this simple
picture expands in Eq. (223): αiðh0; hÞ around αiðh̃; hÞ. This
involves the β-functions for αi which are much smaller than
αi. A similar approximation can be used for the scaling
form of the effective potential (95), with field-dependent
dimensionless couplings used for the threshold func-
tions tuðm̃2Þ.
We have obtained a rather robust picture for the overall

features of the scaling potential for the region of small h
and ρ̃ ≪ 1. This will only be mildly modified by a more
accurate treatment of the scalar fluctuations. What remains
open at this stage are the “integration constants” λ̄m and λ̄h.

G. Global h-dependence of boundary term

In this paper, we focus on very small h for which a
polynomial expansion of the boundary term around some
small h0 is justified. The overall h-dependence of the
boundary term LðhÞ is more complex, being far from a
simple polynomial. This may be demonstrated by the effect
of the top-quark fluctuations.
Taking into account only the top-quark fluctuations with

constant Yukawa coupling yt, we can derive ν̃ directly from
Eq. (51),

ν̃ðρ̃; hÞ ¼ ∂hLðhÞρ̃2 þ
3y2t
16π2

ρ̃suðy2t hρ̃Þ; ð232Þ

which agrees with Eq. (224).

If one has information on ν̃ðρ̃0; hÞ for small ρ̃0, one can
extract information on LðhÞ by

∂hLðhÞ ¼
ν̃ðρ̃0; hÞ

ρ̃20
−

3y2t
16π2ρ̃0

suðy2t hρ̃0Þ: ð233Þ

For example, one has, for m̃2
t;0 ¼ y2t hρ̃0,

λ̄hðhÞ ¼ ∂
2
hLðhÞ ¼

∂hν̃ðρ̃0; hÞ
ρ̃20

−
3y4t
16π2

∂suðm̃2
t Þ

∂m̃2
t

¼ ∂hν̃ðρ̃0; hÞ
ρ̃20

−
3y4t
8π2

�
ln

�
m̃2

t;0

1þ m̃2
t;0

�
þ 1

1þ m̃2
t;0

þ 1

2ð1þ m̃2
t;0Þ2

�
: ð234Þ

If there is a value ρ̃0 for which ∂hν̃ðρ̃0; hÞ ¼ 0, one infers

λ̄hðhÞ ¼
3y4t
8π2

�
ln

�
1þ y2t hρ̃0
y2t hρ̃0

�
−

1

1þ y2t hρ̃0

−
1

2ð1þ y2t hρ̃0Þ2
�
: ð235Þ

For h ≪ ðy2t ρ̃0Þ−1, one infers the logarithmic dependence
on h:

λ̄hðhÞ ≈
3y4t
8π2

ln

�
1

y2t hρ̃0

�
: ð236Þ

On the other hand, for h ≫ ðy2t ρ̃0Þ−1, one uses ∂su=∂m̃2 ¼
−2=ð3m̃6Þ, implying a fast decay:

λ̄hðhÞ ¼
1

8π2y2t h3ρ̃30
: ð237Þ

One concludes that the global dependence of the boundary
term on h is far from being a polynomial.
For a polynomial expansion for small h, Eq. (233) relates

the short distance value of the couplings at ρ̃0, specified by
ν̃=ρ̃20, to the infrared values encoded in ∂hLðhÞ. In order to
avoid infrared complications, we may consider an expan-
sion around some fixed small value h̄0, which may be
identified with the location of the potential minimum at the
end. Defining

λhðρ̃Þ ¼ ∂
2
h̃
uðρ̃; h̄0Þ ¼

∂hν̃ðρ̃; h̄0Þ
ρ̃2

; λ̄h ¼ λhðρ̃ → ∞Þ;

ð238Þ

one obtains

λ̄h ¼ λhðρ̃0Þ −
3y4t
16π2

∂suðm̃2
t Þ

∂m̃2
t

				
m̃2

t ðρ̃0Þ
: ð239Þ
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Here m̃2
t ðρ̃0Þ ¼ y2t h̄0ρ̃0 is evaluated at h ¼ h̄0. For a

realistic h̄0, this quantity corresponds to m2
t =k2, with mt

being the physical top-quark mass. With Eq. (236), the
logarithmic dependence describes the running of λh due to
the top-quark fluctuations. One may include the contribu-
tion of other fluctuations and consider ρ̃∂ρ̃λhðρ̃Þ for an
improved estimate.
Let us consider the next term in the expansion,

γhðρ̃Þ ¼
∂
2
h̃
ν̃ðρ̃; h̄0Þ
ρ̃2

¼ ρ̃∂3
h̃
uðρ̃; h̄0Þ: ð240Þ

The infrared value,

γhðρ̃ → ∞Þ ¼ ∂
3
hL ¼ γ̄h; ð241Þ

parametrizes the polynomial expansion of the effective
potential at H ¼ H0,

∂
3U

∂ðH†HÞ3 ¼
2γ̄h
χ2

: ð242Þ

Equation (233) yields for constant yt

γ̄h ¼ γhðρ̃0Þ −
3y6t ρ̃0
16π2

∂
2suðm̃2

t Þ
ð∂m̃2

t Þ2
				
m̃2

t ðρ̃0Þ

¼ γhðρ̃0Þ −
3y4t
8π2h̄0

ð1þ m̃2
t ðρ̃0ÞÞ−3: ð243Þ

For m̃2
t ðρ̃0Þ ≪ 1, the second term dominates γhðρ̃0Þ by

many orders of magnitude if h̄0 is very small. The coupling
γ̄h is infrared dominated, and we may omit a small
correction γhðρ̃0Þ. As a consequence, the boundary term
∂
3
hL is not a free parameter. It is predicted by the local
scaling solution. The corresponding term in the potential is
given by

∂
3U

ð∂ðH†HÞÞ3 ¼ −
3y4t

8π2H†
0H0

: ð244Þ

Similar features are found for higher orders in a poly-
nomial expansion of LðhÞ—they are all infrared dominated
and predicted by the local scaling solution. This generalizes
if the contribution from other fluctuations is included. One
may improve the estimate by following the scaling equation
for ρ̃∂ρ̃γ̄h. We conclude that λ̄m and λ̄h are the only free
parameters for the local scaling solution in the region of
small h.

H. Overall picture of the local scaling solution

In the region of small h, the ρ̃-dependence of u according
to the local scaling solution is rather similar to the
dependence on k−2 of u, as computed by the flow equation

in a model without the scalar cosmon field. The two
relevant parameters in the k-flow correspond to the inte-
gration constants λ̄m and λ̄h. These are the free renormaliz-
able couplings. All features of u can be computed in terms
of these two free parameters. The local scaling solution
encompasses in this respect the predictivity of a renorma-
lizable theory.
The effective potential according to the local scaling

solution is rather smooth. For small h, it can well be
approximated by a polynomial potential, with running (ρ̃-
dependent) couplings which can involve logarithms. For
the small couplings of the standard model, the dominant
running is given by the one-loop β-functions. In one-loop
order, those are the same for the ρ̃-dependence of the local
scaling solution and the k−2-dependence of the model
without the cosmon. As a result, the overall picture of the
potential for small h and ρ̃ ≪ 1 or k2 ≪ M2

p is rather
similar for the two scenarios. Since both are based on
functional flow equations, they both account for the
important threshold functions describing the decoupling
of heavy particles. It is rather impressive to see how these
threshold functions produce correctly the one-loop running.
The difference between the ρ̃-flow of the local scaling

solution and the k−2-flow of the standard model without the
cosmon originates in the fact that ρ̃-dependent couplings
induce new vertices which in turn affect the flow. These
effects are of higher loop order and therefore modify the
overall shape of the potential only modestly. Nevertheless,
for tiny quantities such as the cosmon-Higgs coupling λm,
these effects have to be taken into account. We will see in
the next section how they affect the precise location of the
critical surface for the second order phase transition.
The flow equation involves a choice of an infrared cutoff

function. Different cutoff functions lead to different details
of the threshold functions which retain, however, the
qualitative features. One could consider this as a source
of uncertainty. In addition, our truncation captures well all
the physics relevant for our problem but it is, of course, not
perfect. It is particularly well adapted to the simplified flow
equation for which the threshold functions are fixed. For
k → 0, the flowing action becomes the quantum effective
action. In this limit, there is no longer an uncertainty from
the choice of cutoff functions for an idealized situation
without truncation. For fundamental scale invariance (or
LIMS very small), the local scaling solution describes
already the limit k → 0. One may therefore suspect that the
effective potential computed from the local scaling solution
is a particularly robust quantity. It involves quantum
vertices in the limit k → 0, which is obtained from
ρ̃ → ∞. These vertices are directly related to observables.
To sum up the status at this stage, the local scaling

solution for the dependence of the effective potential on the
Higgs field is well under control, in the region of small h
and ρ̃ ≫ 1. It retains the predictivity of a renormalizable
quantum field theory, with renormalizable couplings
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associated to the two free parameters λ̄m and λ̄h. In this
sector, the only additional predictivity from the global
scaling solution concerns a prediction for λ̄m and λ̄h. In
addition, the local scaling solution fixes completely the
dependence of the potential on the cosmon field, including
the determination of λ̄χ . This can be used directly for
cosmology.

IX. COSMON-HIGGS COUPLING AND
ELECTROWEAK PHASE TRANSITION

This section discusses the cosmon-Higgs coupling λm in
a field range where the gravitational fluctuations can be
omitted. We derive the scaling equation for a coupling
function λmðρ̃; h̃Þ with boundary value λmðρ̃ → ∞;
h̃ ¼ 0Þ ¼ λ̄m. The critical surface of the quantum electro-
weak phase transition is associated with a critical trajectory
for λmðρ̃; 0Þ. Due to the field-dependence of the gauge and
Yukawa couplings, this critical cosmon-Higgs coupling

λðcrÞm ðρ̃Þ vanishes only for ρ̃ → ∞, while it differs from zero
for finite ρ̃. An anomalous dimension for λm and the
associated critical exponent are obtained by including the
dependence of the scalar mass term on the derivatives of
the potential.

A. Cosmon-Higgs coupling

The cosmon-Higgs coupling λm is a central quantity for
our investigation. Its value λ̄m for ρ̃ → ∞ determines the
ratio of Fermi scale over Planck scale. This coupling is also
closely related to deviations from a second order quantum
electroweak phase transition, as we have seen for the simple
approximation for the top-quark fluctuations with constant
Yukawa couplings. For general ρ̃ and h̃, the cosmon-Higgs
coupling function λmðρ̃; h̃Þ is defined by

λmðρ̃; h̃Þ ¼ ∂ρ̃∂h̃uðρ̃; h̃Þ: ð245Þ

Here the ρ̃-derivative is taken at fixed h̃, and the h̃-
derivative at fixed ρ̃. Thus λmðρ̃; h̃Þ is given by the ρ̃-
dependence of the dimensionless Higgs mass function μh in
Eq. (69):

λmðρ̃; h̃Þ ¼ ∂ρ̃μhðρ̃; h̃Þ; μhðρ̃; h̃Þ ¼ ∂h̃uðρ̃; h̃Þ: ð246Þ

We may also employ the function λmðρ̃; hÞ which is related
to uðρ̃; hÞ by

λmðρ̃; hÞ ¼
1

ρ̃2
∂hðρ̃∂ρ̃ − h∂hÞuðρ̃; hÞ: ð247Þ

In Eq. (245), the derivative ∂ρ̃ is taken at fixed h̃, and in
Eq. (247) at fixed h, with

∂ρ̃jh̃ ¼ ∂ρ̃jh þ
∂h

∂ρ̃jh̃ ∂hjρ̃ ¼ ∂ρ̃jh −
h
ρ̃
∂hjρ̃: ð248Þ

The off diagonal elements in the scalar mass matrix (83)
are proportional to λm,

m̃2
rc ¼ 2

ffiffiffiffiffiffi
h̃ ρ̃

q
λmðρ̃; h̃Þ: ð249Þ

This dependence of scalar masses or their derivatives on λm
will lead to an anomalous dimension in the ρ̃-flow of λm,
which is related to the anomalous mass dimension.
For the Fermi scale φ0, we are interested in the field

dependence of λm with the limits

λmðρ̃ → 0; h ¼ 0Þ ¼ λm;0;

λmðρ̃ → ∞; h ¼ 0Þ ¼ λ̄m: ð250Þ

Our main focus will therefore be on the scaling solution for
the cosmon-Higgs coupling:

λmðρ̃Þ ¼ λmðρ̃; h ¼ 0Þ: ð251Þ

The scaling equation for λmðρ̃Þ relates a given λ̄m to a value
λmðρ̃0Þ with ρ̃0 in the vicinity of the onset of the gravita-
tional fluctuations. The relation between λmðρ̃0Þ and λmð0Þ
depends on the ultraviolet physics and has to include the
quantum gravity effects. This relation, which is at the origin
of the predictivity for the Fermi scale, will be discussed
in Sec. X.

B. Critical trajectory for cosmon-Higgs coupling

In the presence of a second order quantum electroweak
phase transition, there exists a critical trajectory for the
cosmon-Higgs coupling λmðρ̃; h ¼ 0Þ which characterizes
the critical surface. It is characterized by the boundary
value λmðρ̃ → ∞; 0Þ ¼ 0. With λmðρ̃Þ ¼ λmðρ̃; h ¼ 0Þ, the
basic definition of the critical trajectory λðcrÞm ðρ̃Þ is given by
the choice of the integration constant λ̄m ¼ 0,

λðcrÞm ðρ̃ → ∞Þ ¼ 0: ð252Þ

We may also use some extended definition of λðcrÞm ðρ̃; hÞ
with λðcrÞm ðρ̃Þ ¼ λðcrÞm ðρ̃; h ¼ 0Þ.
We can extract λðcrÞm from the behavior of ν̃ðρ̃Þ ¼

ν̃ðρ̃; h ¼ 0Þ. With μh ¼ ν̃=ρ̃, the quantity β̃ν is related to
λmðρ̃; hÞ by Eq. (246):

λmðρ̃; hÞ ¼ ∂ρ̃jh̃

�
ν̃

ρ̃

�
¼

�
∂ρ̃jh −

h
ρ̃
∂hjρ̃

��
ν̃

ρ̃

�
: ð253Þ

In the limit where the dependence of cU on u is neglected,
we may define
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λmðρ̃; hÞ ¼ ∂hL − h∂2hLþ λðcrÞm ðρ̃; hÞ: ð254Þ

Using Eq. (221), this yields

λðcrÞm ðρ̃; hÞ ¼ −∂ρ̃β̃νjh̃ ¼
h
ρ̃
∂hβ̃νjh̃ ¼

h2

h̃
∂hβ̃νjh̃: ð255Þ

In particular, if β̃ν is only a function of h̃, one finds that λm
is purely given by the boundary term LðhÞ and therefore

independent of ρ̃, λðcrÞm ¼ 0.
The critical cosmon-Higgs coupling is defined by

λðcrÞm ðρ̃Þ ¼ λðcrÞm ðρ̃; h ¼ 0Þ. We will see that λðcrÞm ðρ̃; h ¼ 0Þ
determines the location of the critical surface for a(n)
(approximate) second order quantum phase transition. For
general field-dependent gauge and Yukawa couplings,

λðcrÞm ðρ̃; h ¼ 0Þ does not vanish for finite ρ̃.
For a first estimate of λðcrÞm , we evaluate the rhs of

Eq. (255). Focusing on λðcrÞm ðρ̃Þ, we take Eq. (225) for h̃ ¼ 0

and insert in Eq. (255) for h̃ ¼ 0

λðcrÞm ¼ 1

64π2ρ̃

X
i

n̂ih∂hαijh̃

¼ −
1

64π2ρ̃

X
i

n̂iρ̃∂ρ̃αijh̃¼0

¼ 1

128π2ρ̃

X
i

n̂iβi; ð256Þ

where βi ¼ −2ρ̃∂ρ̃αi ¼ k∂kαijρ are the β-functions for the
dimensionless combinations of couplings αi evaluated at

h̃ ¼ 0. In this approximation, λðcrÞm approaches a finite value
for ρ̃ → 0 if βi=ρ̃ stays finite. We will argue below that this
condition has indeed to be met by the scaling solution. The
appearance of the β-functions in Eq. (256) shows directly

that a nonvanishing λðcrÞm ðρ̃Þ is related to the field-depend-
ence of the gauge and Yukawa couplings. The factor ρ̃−1 ¼
2k2=χ2 shows that λðcrÞm ðρ̃Þ is suppressed by the inverse
second power of the Planck mass.
The field-dependence of the dimensionless couplings in

β̃ν induces a field-dependence of the quadratic term
∼H†Hk2 in the effective potential. This induces a nonzero
cosmon-Higgs coupling λm, which is, however, suppressed
by χ−2. The simplest view states that the quadratic term
∼H†Hk2 depends logarithmically on χ. As a consequence,
the critical surface for the second order phase transition, as
measured in terms of λmðρ̃; h ¼ 0Þ, depends on ρ̃, corre-

sponding to a nonzero λðcrÞm in Eq. (255).
For the contribution of the top-quark fluctuations to the

field-dependence of λðcrÞm , we insert Eq. (225) into
Eq. (255),

λðcrÞm ðρ̃; hÞ ¼ −
1

64π2ρ̃

X
i

n̂iðρ̃∂ρ̃ − h∂hÞαiTiðαih̃Þ; ð257Þ

with

Tiðαih̃Þ ¼ 1þ 4αih̃

�
ln

αih̃

1þ αih̃
þ 1

1þ αih̃

�
−

α2i h̃
2

ð1þ αih̃Þ2
:

ð258Þ

For the top-quark fluctuations, we use Eq. (164);

ðρ̃∂ρ̃ − h∂hÞy2t ≈ −
bt
2
y4t : ð259Þ

As long as m̃2
t ≪ 1, this implies the approximative solution

λðcrÞtm ¼ −
3βt

32π2ρ̃
; ð260Þ

with βt given by Eq. (160). The approach to zero for m̃t ≫
1 is accounted for by the threshold function Tiðm̃2

t Þ. For the
observed values of the gauge and Yukawa couplings, one
finds negative βt for a substantial range of h̃ ≪ 1. This

implies a positive contribution to λðcrÞm . Even for the range of
very small h̃ where βt turns positive, a negative λm will not
imply a negative mass term for the Higgs scalar. This mass
term is given by β̃ν which remains positive.
The precise location of the quantum electroweak phase

transition continues to be given by the value of the
“integration constant” λ̄m ¼ 0. The effect of the field-
dependent couplings only affects the way how this value
is reached as ρ̃ increases. Typically, the value of λmðρ̃Þ ¼
λmðρ̃; h ¼ 0Þ is larger in size than λ̄m for ρ̃ that is sufficiently
small. According to Eq. (260) or (254), its size decreases
with increasing ρ̃ proportional to ρ̃−1, until λm settles finally
at λ̄m. In the ultraviolet limit ρ̃ → 0, the dimensionless
couplings reach fixed points. The vanishing of the β-
functions βi is, however, not sufficient for obtaining a finite
λmðρ̃ → 0Þ. One needs finite values for βi=ρ̃.
Up to this point, we have found no constraint which fixes

or limits λ̄m. This integration constant for the local solution
remains so far a free parameter specifying a particular
member of a family of scaling solutions. This situation has
been obtained, however, in the approximation that the
dependence of βν on ν̃ is neglected in Eq. (215). Only in

this case the difference between λm and λðcrÞm in Eq. (254) is
a ρ̃-independent term ∂hL − h∂2hL. We will see that the
scalar fluctuations induce an anomalous dimension for this
difference. Extending our truncation in order to include the
fluctuations of the gravitational degrees of freedom for
ρ̃≲ 1 will argue that a positive anomalous dimension
persists for the whole range of ρ̃, rendering λmðρ̃; h ¼ 0Þ
an irrelevant parameter of the renormalization flow.
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C. Scaling equation for cosmon-Higgs coupling

Starting from the scaling equation for u at fixed h, one
can derive the scaling equation for the cosmon-Higgs
coupling function λmðρ̃; hÞ by combining suitable deriva-
tives. One acts with ρ̃∂ρ̃jh on Eq. (247). At fixed h, the
ρ̃-dependence of λm obeys

ρ̃∂ρ̃λm ¼ −2λm þ 1

ρ̃2
∂hðρ̃∂ρ̃ − h∂hÞρ̃∂ρ̃u

¼ −2λm þ 2

ρ̃2
∂hðρ̃∂ρ̃ − h∂hÞðu − cUÞ

¼ −
2

ρ̃2
∂hðρ̃∂ρ̃ − h∂hÞcU

¼ −2
��

1

ρ̃
∂ρ̃ −

1

ρ̃2

�
∂h −

h
ρ̃2

∂
2
h

�
cU: ð261Þ

If we express cU as a function of ρ̃ and h̃, one arrives at

ρ̃∂ρ̃λmðρ̃; hÞ ¼ −2∂ρ̃∂h̃cUðρ̃; h̃Þ: ð262Þ

The rhs of Eq. (262) vanishes if cU is only a function of h̃.
Summing over the contribution of particles with various

masses yields

ρ̃∂ρ̃λmðρ̃; hÞ ¼
1

64π2
∂ρ̃

�
6∂h̃m̃

2
Wð1þ m̃2

WÞ−2

þ 3∂h̃m̃
2
Zð1þ m̃2

ZÞ−2 þ
X
s

∂h̃m̃
2
sð1þ m̃2

sÞ−2

− 2
X
f

nf∂h̃m̃
2
fð1þ m̃2

fÞ−2
�

¼ 1

64π2
∂ρ̃

X
i

n̂i∂h̃m̃
2
i ð1þ m̃2

i Þ−2

¼ 1

64π2
X
i

n̂i

�
∂ρ̃∂h̃m̃

2
i ð1þ m̃2

i Þ−2

− 2∂h̃m̃
2
i ∂ρ̃m̃

2
i ð1þ m̃2

i Þ−3
�
: ð263Þ

Here ∂ρ̃ is taken at fixed h on the lhs and at fixed h̃ on the
rhs. The numbers n̂i are the degrees of freedom for the
different mass eigenstates, including a minus sign for the
fermions, e.g., n̂Z ¼ 3 or n̂t ¼ −12.
For the fermions and gauge bosons, we employ

m̃2
i ¼ αihρ̃ ¼ αih̃, resulting in

∂ρ̃m̃2
ijh̃ ¼ hðρ̃∂ρ̃ − h∂hÞαiðρ̃; hÞ;

∂h̃m̃
2
ijρ̃ ¼ αiðρ̃; hÞ þ h∂hαiðρ̃; hÞ;

∂ρ̃∂h̃m̃
2
i ¼

1

ρ̃
ðρ̃∂ρ̃ − h∂hÞð1þ h∂hÞαiðρ̃; hÞ: ð264Þ

For m̃2
i ≪ 1, the h-dependence of αi can be neglected,

resulting in

ρ̃∂ρ̃λm ¼ −
1

128π2ρ̃

X
i

0n̂iβi þ ρ̃∂ρ̃λ
ðgÞ
m þ ρ̃∂ρ̃λ

ðrÞ
m : ð265Þ

Here
P0

i sums only over the contributions of fermions and
gauge bosons, and the two last terms involve the contri-
bution of the fluctuations of the Goldstone and radial
modes of the Higgs scalar.
A special role is played by the scalar fluctuations. For the

Goldstone bosons, one has

m̃2
g ¼ ∂h̃ujρ̃: ð266Þ

With

λmðρ̃; hÞ ¼ ∂ρ̃jh̃∂h̃jρ̃u; λhðρ̃; hÞ ¼ ∂
2
h̃jρ̃u; ð267Þ

one has

∂ρ̃m̃2
gjh̃ ¼ λm; ∂h̃m̃

2
gjρ̃ ¼ λh;

∂ρ̃∂h̃m̃
2
gðρ̃; h̃Þ ¼

1

ρ̃
ðρ̃∂ρ̃ − h∂hÞλhðρ̃; hÞ: ð268Þ

The Goldstone boson contribution to ρ̃∂ρ̃λmðρ̃; hÞ is there-
fore given by

ρ̃∂ρ̃λ
ðgÞ
m ¼ 3

64π2ρ̃
ðρ̃∂ρ̃ − h∂hÞλhð1þ m̃2

gÞ−2

−
3

32π2
λmλhð1þ m̃2

gÞ−3: ð269Þ

Similarly, for the radial Higgs boson, one has

m̃2
r ¼ m̃2

g þ 2λhh̃; ð270Þ
and

ρ̃∂ρ̃λ
ðrÞ
m ¼ 1

64π2ρ̃
ðρ̃∂ρ̃ − h∂hÞð3þ 2h∂hÞλhð1þ m̃2

rÞ−2

−
1

32π2
ðλm þ 2hðρ̃∂ρ̃ − h∂hÞλhÞ

× ð3þ 2h∂hÞλhð1þ m̃2
rÞ−3: ð271Þ

The scalar contributions to the flow of λm involve λm.
Therefore the rhs of Eq. (265) is not simply a function of

ρ̃ and h. If λðcrÞm ðρ̃; hÞ is a solution of the scaling equation,
this does not hold for a constant shift λmðρ̃; hÞ ¼
λðcrÞm ðρ̃; hÞ þ δλm. This reflects the fact that cU is not
independent of u and its derivatives. The family of local
scaling solutions no longer has the simple form (192) or
(221) with a boundary term ∼LðhÞ valid for all ρ̃. For the
global features of the scaling solution, this is a rather small
effect. For a precise understanding of the ρ̃-dependence of a
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possibly tiny quantity as λm, it needs to be taken into
account, however.
Let us focus on the scaling equation of the cosmon-

Higgs coupling λmðρ̃Þ ¼ λmðρ̃; h ¼ 0Þ. We write it in the
form

ρ̃∂ρ̃λm ¼ −
1

2
βm ¼ −

1

2
ðβ̃m þ AmλmÞ; ð272Þ

with (ρ̃∂ρ̃λh ¼ −βh=2)

β̃m ¼ 1

64π2ρ̃

�X
i

0n̂i
βi

ð1þ m̃2
i Þ2

þ 3βh

�
1

ð1þ m̃2
gÞ2

þ 1

ð1þ m̃2
rÞ2

��
ð273Þ

and

Am ¼ 3λh
16π2

�
1

ð1þ m̃2
gÞ3

þ 1

ð1þ m̃2
rÞ3

�
þ ηH: ð274Þ

Here we added to Am the contribution of the anomalous
dimension ηH for the Higgs field. For h ¼ 0, one has
m̃2

i ¼ 0, m̃2
g ¼ m̃2

r ¼ μh. The part β̃m is proportional to ρ̃−1.
For large ρ̃, it is a tiny quantity. For ρ̃−1 ¼ h, which
corresponds to k given by the observed Fermi scale, the
suppression factor is of the order 10−33. If λm is very small,
the ρ̃-dependence of λm is dominated by the ultraviolet for
small ρ̃. Even for ρ̃ ≈ 1, which corresponds to k around the
Planck mass, β̃m remains a small quantity due to the small
factors βi=ð64π2Þ. The fate of λm for ρ̃ ≪ 1 needs the
effects of quantum gravity which will be incorporated in the
next section. For the moment, we retain the picture of a very
small value of λm, which tells us already that one expects λ̄m
to be very small, and therefore the Fermi scale to be much
smaller than the Planck mass.

D. Location of electroweak quantum phase transition

From the point of view of physics at the Planck scale, the
standard model is characterized by a second order quantum
phase transition. This is not exact, since nonperturbative
effects of the strong interactions proportional to ΛQCD
modify the precise character of the transition. SinceΛQCD is
much smaller than the Fermi scale, we may first discard
these strong interaction effects. We can then proceed with
the approximation of a second order phase transition at zero
temperature.
The quantum phase transition occurs as the parameters of

the model are varied. For the local scaling solution, this
translates to a variation of the boundary values, e.g., λ̄m or
the associated λmðρ̃0Þ. At every k, a critical surface in the
space of flowing couplings separates the phase with SSB
from the symmetric phase. (Strictly speaking, gauge sym-
metries are not broken spontaneously, but the perturbative
picture of spontaneous symmetry breaking is actually a

good guide.) In the symmetric phase, one has four scalars
with equal mass, corresponding to the unbroken SUð2Þ ×
Uð1Þ symmetry acting on the Higgs doublet. TheW- and Z-
bosons as well as the fermions are massless. In the SSB
phase the W- and Z-bosons and the charged fermions are
massive, with masses proportional to φ0. There is only one
massive Higgs boson. A second order phase transition is
continuous. Exactly on the transition, the particles of the
standard model are massless. The discussion of the phase
transition concerns the quantum effective action for k → 0.
At nonzero k, the critical surface separates the region in the
space of couplings which ends for k → 0 in the symmetric
phase from the one which ends in the SSB phase.
The presence of the second order phase transition takes

over to the local scaling solution. One has now a critical
surface for every ρ̃. Instead of k → 0, one investigates the
limit ρ̃ → ∞. The transition separates again massless
fermions and gauge bosons and massive Higgs scalars
on the symmetric side from massive fermions and gauge
bosons on the SSB side. For the local scaling solution, the
location of the transition is characterized by

λ̄m ¼ λmðρ̃ → ∞; h ¼ 0Þ ¼ 0: ð275Þ

For arbitrary ρ̃, a point on the critical surface corresponds to
a trajectory in the space of ρ̃-dependent couplings which
ends for ρ̃ → ∞ at λ̄m ¼ 0. If a second order phase
transition is compatible with a global scaling solution, this
guarantees that there is at least one trajectory in the space of
field dependent couplings that covers the whole range from
ρ̃ → 0 to ρ̃ → ∞, and ends at λ̄m ¼ 0. For an ultraviolet
complete theory, this trajectory denotes a crossover from a
UV-fixed point for ρ̃ → 0 to an IR-fixed point for ρ̃ → ∞.

In our setting, this is the critical trajectory given by λðcrÞm ðρ̃Þ.
The critical surface can be multidimensional. Not all

couplings need to have unique values on the critical surface.
For the local scaling solution, this is reflected by the values
of the Yukawa and gauge couplings. Such free parameters
correspond to relevant (including marginally relevant)
directions for the flow away from the UV-fixed point as
ρ̃-increases. One defines the dimension of the critical surface
by the number of such free parameters. Generically, most of
the infinitely many couplings in functional renormalization
take fixed values on the critical surface since they corre-
spond to irrelevant directions at the UV-fixed point. The
dimension of the critical surface is then finite.
For the local scaling solution, the critical surface exists

up to the small nonperturbative QCD effects which are
negligible for Λ2

QCD=k
2 ≪ 1 or ρ̃ ≪ ρ̃c. It is not guaranteed,

however, that this critical surface can be continued to
ρ̃ → 0, as required for a global scaling solution. We will
argue that the presence of quantum gravity selects a unique
trajectory for λmðρ̃Þ. This will fix the value of λ̄m, which
may come out different from zero.
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E. Critical cosmon-Higgs coupling

We will compute the critical cosmon-Higgs coupling

λðcrÞm ðρ̃Þ by a particular iterative solution of the scaling
equation (272). In a first approximation, it corresponds to
the critical surface, but it may deviate from it by small
effects leading to tiny nonzero λ̄m. For a general solution of
the scaling equation, we make the ansatz

λm ¼ 1

2
ð1þ gÞβ̃m: ð276Þ

For ρ̃ → ∞, one has β̃m → 0. Thus, λmðρ̃ → ∞Þ ¼ λ̄m ¼ 0

if g remains finite. The first approximation for λðcrÞm takes
g ¼ 1. This resembles the estimate (256), now with a better
estimate of the contribution from the scalar fluctuations.
We write

β̃m ¼ bm
64π2ρ̃

;

bm ¼
X
i

0n̂iβi þ
6βh

ð1þ μhÞ2
: ð277Þ

The dependence of β̃m on ρ̃ obeys

ρ̃∂ρ̃β̃m ¼ −β̃m −
dm

128π2ρ̃
;

dm ¼ −2ρ̃∂ρ̃bm: ð278Þ

Since bm typically contains products αjαk, the quantity dm
involves corresponding products βjαk þ βkαj. For small αi,
it is suppressed as compared to bm.
Inserting the ansatz (276) into the scaling equation (272)

yields

1

2
ð1þ gÞρ̃∂ρ̃β̃m þ 1

2
β̃mρ̃∂ρ̃g ¼ −

1

2

�
β̃m þ Am

1þ g
2

β̃m

�
ð279Þ

or

2β̃mρ̃∂ρ̃g ¼ ð2g − Amð1þ gÞÞβ̃m þ ð1þ gÞdm
64π2ρ̃

: ð280Þ

The scaling equation of g no longer involves factors ρ̃−1,

ρ̃∂ρ̃g ¼ gþ ð1þ gÞfm;

fm ¼ 1

2

�
dm
bm

− Am

�
: ð281Þ

In the limit of constant fm, the solution reads

g1ðρ̃Þ ¼
�
gðρ̃0Þ þ

fm
1þ fm

��
ρ̃

ρ̃0

�
1þfm

−
fm

1þ fm
: ð282Þ

For decreasing ρ̃, the function g1ðρ̃Þ approaches the
particular solution

gðcrÞ1 ðρ̃Þ ¼ −
fmðρ̃Þ

1þ fmðρ̃Þ
: ð283Þ

Our first iteration step for λðcrÞm ðρ̃Þ is given by

λðcrÞm ðρ̃Þ ¼ bmðρ̃Þ
128π2ρ̃ð1þ fmðρ̃ÞÞ

: ð284Þ

This approximation breaks down if fmðρ̃Þ approaches
the value −1. As long as fmðρ̃ → ∞Þ remains finite, one

has λ̄m ¼ λððcrÞÞm ðρ̃ → ∞Þ ¼ 0. We can continue the iteration
by making the ansatz

λmðρ̃Þ ¼
1

2
β̃m

�
1 −

fmðρ̃Þ
1þ fmðρ̃Þ

þ hðρ̃Þ
�
: ð285Þ

The next iteration step yields

λðcrÞm ðρ̃Þ ¼ β̃mðρ̃Þ
1 − fmðρ̃Þ

�
1 −

ρ̃∂ρ̃fmðρ̃Þ
ð1 − fmðρ̃ÞÞ2

�
: ð286Þ

Indeed, the scaling equation for hðρ̃Þ involves the derivative
ρ̃∂ρ̃fm which is further suppressed by small β-functions for
small gauge and Yukawa couplings. This iteration scheme
breaks down as one approaches ΛQCD with large values for
the β-functions.
Let us estimate bm and fm in the limit where we keep the

gauge couplings, the top-quark Yukawa coupling, and the
quartic scalar coupling and take μh ¼ 0. One obtains

bm ¼ −12βt þ 6βh þ
9

2
β2 þ

9

10
β1

¼ 1

16π2

�
−12

�
9y4t −

�
16g23 þ

9

2
g22 þ

17

10
g21

�
y2t

�

þ 6

�
12λ2h − 12y4t þ

9

4
g42 þ

9

10
g22g

2
1 þ

27

100
g41 þ 12y2t λh

− 9g22λh −
9

5
g21λh

�
þ 9

2

�
−
19

3
g42

�
þ 9

10

�
41

5
g41

��

¼ 1

16π2

�
−180y4t þ 192y2t g23 þ 54y2t g22 þ

102

5
y2t g21

þ 72λ2h þ 72y2t λh − 54g22λh −
54

5
g21λh

− 15g42 þ 9g41 þ
27

5
g22g

2
1

�
: ð287Þ

For realistic values of the couplings, bm is positive, such
that the lowest order value for λm is positive,
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λð1Þm ¼ bm
128π2ρ̃

: ð288Þ

The function dm involves again β-functions for the
gauge, Yukawa, and quartic scalar couplings:

dm ¼ 1

16π2

�
192y2t β3

þ
�
192g23 − 360y2t þ 54g22 þ

102

5
g21 þ 72λh

�
βt

þ
�
72y2t − 54g22 −

54

5
g21 þ 144λh

�
βh

þ
�
54y2t − 30g22 þ

27

5
g21 − 54λh

�
β2

þ
�
102

5
y2t þ

27

5
g22 þ 18g21 −

54

5
λh

�
β1

�
: ð289Þ

This quantity is negative. The negative region of the ratio
dm=bm reflects the increase of bm with increasing ρ̃
according to Eq. (278).
We have solved the system of flow equations numerically;

see Sec. XI. From the flow of λm, one can extract g according
to Eq. (276). We plot g as a function of x ¼ ln ρ̃ for the
observed values of the couplings of the standard model in
Fig. 1. Close to the observed Fermi scale corresponding to
xF ¼ 75, the value of g depends on the “initial value” of
σm ¼ ρ̃λm at xF. We show curves for two initial values,
σmðxFÞ ¼ −0.1 (lower curve, blue) and σmðxFÞ ¼ 0.0009
(upper curve, orange). The universal critical curve is
approached rapidly for smaller values of x. We also show
the critical g according to the approximation (283) (middle
curve, green). The good agreement shows that the critical
trajectory for the second order phase transition is well under
control, both analytically and numerically. A divergence of g
for x > xF indicates a nonzero λ̄m.

F. Sensitivity coefficient and critical exponent

The critical behavior of a second order phase transition is
characterized by critical exponents. In the limit where the
quantum electroweak phase transition is a second order
phase transition, one expects small deviations from the
critical surface to be governed by such critical exponents.
We consider here the critical surface as a special solution
among the more general class of local scaling solutions. A
critical exponent is related to the question of how scaling
solutions that start in the ultraviolet at some small ρ̃0 in the
neighborhood of the critical surface behave in the infrared.
This is analogous to phase transitions in classical statistical
thermal equilibrium systems. The quantity which corre-
sponds to the difference from the critical temperature
T − Tc may be taken as

δ̂m ¼ λmðρ̃0Þ − λðcrÞm ðρ̃0Þ: ð290Þ

For δ̂m > 0 (“T > Tc”), one ends in the IR in the symmetric
phase, and for δ̂m < 0 (“T < Tc”) in the SSB phase. One is
interested in how the ratio of Fermi scale over Planck mass
or h0 depends on δ̂m.
For this purpose, we generalize the parameter measuring

the deviation from the critical surface to a ρ̃-dependent
function,

δmðρ̃Þ ¼ λmðρ̃Þ − λðcrÞm ðρ̃Þ; ð291Þ

with

δmðρ̃0Þ ¼ δ̂m; δmðρ̃ → ∞Þ ¼ λ̄m: ð292Þ

For small enough δm, we can linearize the scaling equation:

ρ̃∂ρ̃λm ¼ −
1

2
βm;

ρ̃∂ρ̃δm ¼ −
1

2

∂βm
∂λm

δm: ð293Þ

We consider first the approximation

βm ¼ β̃mðρ̃Þ − Amðρ̃Þλm; ð294Þ

with β̃mðρ̃Þ and Amðρ̃Þ being independent of λm. One
concludes in this case

ρ̃∂ρ̃δm ¼ −
1

2
Amðρ̃Þδm; ð295Þ

and therefore

δmðρ̃Þ ¼ Cmðρ̃Þδ̂; ð296Þ

with

FIG. 1. Critical trajectory. We plot g as a function of x ¼ ln ρ̃,
for two initial values σmðxFÞ ¼ −0.1 (blue) and σmðxFÞ ¼
0.0009 (orange). The green curve shows the critical curve.
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Cmðρ̃Þ ¼ exp

�
−
1

2

Z
ρ̃

ρ̃0

dρ0
Amðρ0Þ
ρ0

�
: ð297Þ

The quantity Cmðρ̃Þ is the sensitivity coefficient. A small
value of the sensitivity coefficient means that the infrared
physics at large ρ̃ is comparatively insensitive to the
ultraviolet physics at small ρ̃0. The sensitivity coefficient
Cm is related to the mean anomalous dimension of the
cosmon-Higgs coupling Ām,

Ām ¼
Z

ρ̃

ρ̃0

dρ0

ρ0
Amðρ0Þ
lnð ρ̃ρ̃0Þ

; ð298Þ

by

Cmðρ̃Þ ¼
�
ρ̃

ρ̃0

�
−Ām

2

: ð299Þ

In our approximation, we infer from Eqs. (269) and (271)
a positive Am,

Amðρ̃Þ ¼
3λhðρ̃Þ
8π2

ð1þ ∂h̃uÞ−3: ð300Þ

The sensitivity coefficient is therefore smaller than one, and
neighboring trajectories have a tendency to approach the
critical surface as ρ̃ increases. If we take ρ̃0 somewhat
above one and evaluate ρ̃ for k ≈ φ0, one finds ρ̃=ρ̃0 ≈ 1032.
For a present value λh ≈ 1=4, one has Amðρ̃Þ ≈ 10−2, and
Ām somewhat smaller since λh increases with ρ̃. The
sensitivity coefficient Cmðρ̃Þ ≈ 10−0.1 stays close to one.
This will not change qualitatively if effects of the anoma-
lous dimension for the scalar field due to the flow of the
kinetic term are included. We will see that this situation
changes substantially once the gravitational fluctuations are
included and the UV limit ρ̃0 → 0 is taken.
The critical exponent β defined by

h0 ¼ Djδ̂j2β ð301Þ

reflects that the relevant sensitivity coefficient Cmðρ̃Þ de-
pends on h0 through the ratio ρ̃=ρ̃0. If we take ρ̃ ¼ h−10 , one
obtains

h0 ¼ −
λm
λh

¼ Cmðρ̃Þ
λh

jδ̂j ¼ jδ̂j
λh

ρ̃Ām=2hĀm=2
0 ; ð302Þ

or

β ¼ 1

2

�
1 −

Ām

2

�−1
: ð303Þ

The critical exponent β is close to the canonical value 0.5.

G. Mixing effects for the linearized flow

The relation (294) is an approximation. A more complete
treatment takes into account that the scaling equation for
the couplings in the standard model forms a coupled
system. For example, the β-functions for the electroweak
gauge couplings depend on μh, and μh depends on λm. In
this way, β̃m depends on λm and therefore on δm. In a linear
approximation, we may add a term ð∂β̃m=∂λmÞ to the
anomalous mass dimension Am.
We may demonstrate this by keeping only one of the

couplings αi, with obvious generalization to several cou-
plings. We write the coupled system equations for α and
μ≡ μh in the form

ρ̃∂ρ̃μ ¼ μ −
1

2
β̃μðμ; αÞ;

ρ̃∂ρ̃α ¼ −
1

2
βαðμ; αÞ: ð304Þ

In the linear approximation for small deviations ðδμ; δαÞ
from a given scaling solution, one obtains

ρ̃∂ρ̃

�
δμ

δα

�
¼ −

1

2

�
Sμμ Sμα
Sαμ Sαα

��
δμ

δα

�
; ð305Þ

where the elements of the stability matrix S are given by

Sμμ ¼ −2þ ∂β̃μ
∂μ

; Sμα ¼
∂β̃μ
∂α

;

Sαμ ¼
∂βα
∂μ

; Sαα ¼
∂βα
∂α

: ð306Þ

We have to diagonalize S. We employ β̃μ ¼ −2βν ¼
−nα=ð32π2Þ, with n given by n̂ including mass thresholds
according to Eqs. (208), (209), (211), (213), and (217).
With βα ¼ cα2, the off-diagonal element Sαμ vanishes for
h ¼ 0 for fermions and gauge bosons. An exception is the
scalar contribution with α ¼ 2λh. In this case, βα involves a
mass threshold function ð1þ μÞ−3, such that ðβα ¼ 2βhÞ

∂βα
∂μ

¼−
9λ2h

2π2ð1þμÞ4 ;
∂βα
∂α

¼ 3λh
2π2ð1þμÞ3 : ð307Þ

One also has

∂β̃μ
∂α

¼ −
3

32π2ð1þ μÞ2 ;
∂β̃μ
∂μ

¼ −2þ 3λh
8π2ð1þ μÞ3 ;

ð308Þ

and we recognize in ∂β̃=∂μ the contribution to the anoma-
lous mass dimension Am. (There is a similar contribution
from the anomalous dimension ηH of the Higgs field.)
The eigenvalues of S read in second order of Z ¼ 3λh=
ð16π2ð1þ μÞ3Þ,
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λþ ¼ 3λh
2π2ð1þ μÞ3 − 18

�
3λh

16π2ð1þ μÞ3
�

2

;

λ− ¼ −2þ 3λh
8π2ð1þ μÞ3 þ 18

�
3λh

16π2ð1þ μÞ3
�

2

: ð309Þ

Comparison with the diagonal elements of S shows that the
effect of the off-diagonal terms in S is small, contributing in
second order in Z.
The eigenstate of λ− is δμ − c̃Zδα, with c̃ ¼ Oð1Þ, while

the eigenstate of λþ has a small admixture of δμ, given by
δαþ c̃Zδμ. In the IR limit for ρ̃ → ∞, the eigenstate of λ−
dominates, with

δμ ¼ δμðρ̃0Þ
�
ρ̃

ρ̃0

�
−λ−

2

: ð310Þ

In contrast, for decreasing ρ̃, the eigenstate of λþ will
finally dominate unless one has at ρ̃0 a pure eigenstate of
λ−. For example, if one starts at ρ̃0 with δαðρ̃0Þ ¼ 0, one
finds

δμðρ̃Þ ¼ δμðρ̃0Þ
�
ð1 − c̃ZÞ

�
ρ̃

ρ̃0

�
−λ−

2 þ c̃Z

�
ρ̃

ρ̃0

�
−λþ

2

�
: ð311Þ

In view of the small value of λþ, the deviation δμ settles
almost to a constant for small ρ̃.
This can be translated directly to small deviations δm of

the cosmon-Higgs coupling λm from a given scaling
solution,

δmðρ̃Þ ¼ ∂ρ̃δμðρ̃Þ

¼ −
δμðρ̃0Þ
2ρ̃0

�
λ−ð1 − c̃ZÞ

�
ρ̃

ρ̃0

�
−1
2
Âm

þ λþc̃Z
�
ρ̃

ρ̃0

�
−ð1þλþ

2
Þ�
; ð312Þ

with

Âm ¼ Am

�
1þ 27λh

8π2ð1þ μÞ3
�
: ð313Þ

For the flow toward the IR, one obtains only a small
correction to Am, reflecting the influence of ∂β̃m=∂λm. In
the opposite direction for the flow toward the UV with
decreasing ρ̃, the deviation δm will increase ∼ρ̃−1 once ρ̃
has reached a value of the order λþc̃Zρ̃0. This effective
asymmetry in the flow toward the IR and toward the UV
matters for the interpretation of numerical solutions. For the
flow toward the UV, the difference δm between two initial
values of the cosmon-Higgs coupling follows Eqs. (295),
(296), and (299) only for a certain range in ρ̃, starting to
increase very substantially ∼ρ̃−1 after a certain value of ρ̃ is
reached.

Starting at some small ρ̃0 with μhðρ̃0Þ > 0, the mass term
μhðρ̃Þmay reach zero at some value of ρ̃ > ρ̃0. Increasing ρ̃
further will lead to negative μh for which the definition of
couplings at h̃ ¼ 0 is no longer a good choice. One rather
should continue the flow by defining couplings at the
partial minimum h̃0ðρ̃Þ > 0. In this case, the fermions and
gauge bosons get masses. We discuss the flow in this “SSB
regime” in Appendix G. The qualitative features of the
stability analysis remain similar to the case for μh ≥ 0.

X. QUANTUM GRAVITY AND
SELF-ORGANIZED CRITICALITY

In this section, we show that the existence of a second
order quantum electroweak phase transition in quantum
gravity leads to the phenomenon of self-organized criti-
cality. For this setting, fundamental scale invariance [46], or
more generally a largest intrinsic mass scale much smaller
than the Fermi scale, is a key ingredient. For a LIMS larger
than the Fermi scale, this statement does not hold. By
existence, we mean that the critical surface of the local
scaling solution extends to a global scaling solution which
is analytic for ρ̃ → 0. We use “second order phase tran-
sition” with the understanding that nonperturbative QCD
effects finally turn the transition into a crossover.
If the mass term in the effective potential for the Higgs

field is given by a scalar field, the critical quantity for
deviations from the phase transition is related to the
dimensionless cosmon-Higgs coupling λm. Self-organized
criticality requires in this case only a positive anomalous
dimension Am for this coupling. More precisely, the
average value Ām has to remain positive and nonzero in
the UV-limit ρ̃0 → 0.
This situation contrasts from a setting where the mass

term μ2H in the Higgs potential is field-independent. In this
case, the canonical dimension of μ2H equals two and self-
organized criticality requires an anomalous mass dimen-
sion Aμ > 2 [3,59,118]. The latter is quite far from a
perturbative value, unless the canonical dimension of fields
is changed [63]. For Aμ < 2, a tuning of the UV parameters
is required in order to realize criticality, as well known from
the presence of a relevant parameter.
For k2 > M2

p, the metric fluctuations induce a positive
anomalous dimension Am > 0. For fundamental scale
invariance, self-organized criticality occurs then whenever
the UV completion of a model admits a second order
quantum electroweak phase transition. This is a property of
the UV-fixed point for ρ̃ → 0 and not changed by the
deviations from an exact phase transition in the IR (very
large ρ̃) by effects of the strong interactions. Suppose that
one can find a critical trajectory for which the particles of
the standard model remain almost massless for the whole
range h̃ < 0.1, and which connects to finite λm for ρ̃ → 0.

This corresponds to the continuation of λðcrÞm ðρ̃Þ to ρ̃ → 0.
Fundamental scale invariance predicts then that such a
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critical trajectory is realized. The “tuning” to the critical
surface is enforced by the positivity of the anomalous
dimension Ām and the finiteness of λm for ρ̃ → 0.
The predictivity of φ0=Mp extends beyond the case of a

second order electroweak quantum phase transition. We
find that it is a general property of analytic scaling
solutions. The predicted value of φ0=Mp is related to the
question of which value of λ̄m ¼ λmðρ̃ → ∞Þ is connected
to a finite value of λmðρ̃ → 0Þ. We discuss this in detail
within a linearized scaling equation for λmðρ̃Þ. Realistic
values for the Fermi scale require that the scaling solution
admits an approximate second order quantum electroweak
phase transition, as associated to a tiny value of λ̄m.

A. Gravity induced anomalous dimension for
cosmon-Higgs coupling

For quantum gravity in the UV range k → ∞, the
fluctuations or the graviton (transverse traceless metric
fluctuations of corresponding fluctuations of the vierbein)
constitute the dominant contribution to the anomalous
dimension of all quartic scalar couplings. Within the gauge
invariant flow equation [88] or simplified flow equation
[89], this contribution takes a rather simple form [43,106],

AðgrÞ
m ¼ 5

12π2f

�
1−

2u
f

�
−2
; f¼ F

k2
¼M2

pðkÞ
k2

: ð314Þ

In the UV limit, f approaches a constant, f → 2w0, and

AðgrÞ
m therefore approaches a positive constant. (One always

has v ¼ 2u=f < 1.) On the other side, in the IR limit,
the gravitational fluctuations decouple, since f ¼ 2ξρ̃
diverges.
The anomalous dimension AðgrÞ

m follows from Eqs. (293),
(294), and (262),

AðgrÞ
m λm ¼ 4∂ρ̃∂h̃c

ðgrÞ
U ðρ̃; h̃Þ: ð315Þ

Here we complete in the flow equation (16) for u the
gravitational contribution [106]

cðgrÞU

¼ 1

128π2

��
1þ 1

3

�
1−

∂ lnf
∂ ln ρ̃

���
5

1−v
þ 1

1−v=4

�
− 4

�
:

ð316Þ

Its interpretation is rather easy for the simplified flow
equation. One recognizes the five components of the
transverse traceless metric fluctuations. The dimensionless
mass term for an expansion around flat space is negative for
U > 0, leading to an inverse graviton propagator of the
form Fq2 − 2U þ Fk2rkðq2=k2Þ, where the last term
involves the infrared cutoff. Similar to the other contribu-
tions in Eqs. (25) and (28), there is a threshold function,

ð1þ m̃2
grÞ−1 ¼ ð1 − vÞ−1;

v ¼ u
w
¼ 2u

f
: ð317Þ

The contribution ∼ 1
3
ð1 − ∂ ln f

∂ ln ρ̃ jhÞ arises from the propor-
tionality of the IR cutoff to F. There is a similar con-
tribution from the physical scalar fluctuation in the metric,
with mass term −U=2 instead of −2U. Finally, the last term
−4 in the bracket is a negative measure contribution,
accounting for the four components of the gauge symmetry
associated to diffeomorphisms. In the IR limit for large ρ̃,
one has ∂ ln f=∂ ln ρ̃ ¼ 1 and v ¼ 0, such that one recovers
the two propagating degrees of freedom of the graviton
in Eq. (23).
Equation (316) is an approximation. For example, there

are subleading terms mixing the scalar degree of freedom in
the metric with the cosmon [42]. Nevertheless, the leading
contributions from the five-component traceless tensor field
are rather robust. Early computations using different
versions of the flow equation can be found in
Refs. [41,50,54–56]. They typically find a positive sign
of AðgrÞ

m , even though the situation is sometimes less clear.
Since a positive sign of Am is crucial for self-organized

criticality, we may discuss the robustness of the sign in

some more detail. This concerns the robustness of cðgrÞU . In
the flow equation for u, the contributions of sectors with
different representations of the Lorentz and gauge sym-
metries are independent. The conceptually simplest con-
tribution arises from the traceless transverse component of
the metric or the vierbein. These fluctuations are invariant
under diffeomorphism transformations, such that their
contribution is not affected by the choice of gauge fixing.
As long as the momentum dependence of the inverse

graviton propagator is well approximated by the form
q2 þm2

gðρ̃Þ, the computation of the graviton fluctuations
is completely analogous to other degrees of freedom. Since

gravitons are bosons, the contribution to cðgrÞU is positive.
The prefactor in Eq. (316) depends on the implementation
of the IR cutoff, and its precise value may be debatable. Its
sign is always positive.
The effective graviton mass m2

g ¼ −2U=M2
p follows

directly from the second functional derivative of the flowing
action (1). Its sign is unambiguous. We are mainly interested
in short distance theories where uðρ̃ → 0Þ > 0 since those
give rise to interesting inflationary cosmology. For the
scaling solution this is realized if the bosonic contribution
overwhelms the fermionic contribution, as typically realized

in grand unified theories. Increasing u increases cðgrÞU and

AðgrÞ
m . The tachyonic mass term for the graviton is actually

the reason why no local scaling solutions with u ∼ ρ̃2 for
ρ̃ → ∞ are found. For u ∼ ρ̃2, the term 2u

f would diverge

∼ρ̃2, violating the condition 2u=f < 1. For u ∼ −ρ̃2, the
instability occurs in the scalar sector.
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For positive u or v, the graviton contribution dominates

the other contributions to cðgrÞU , and this effect is enhanced

for ∂cðgrÞU =∂v, which enters in AðgrÞ
m . As a consequence, the

contributions from the scalar and vector components of the

metric cannot change the sign of AðgrÞ
m . This conclusion

could only change for large negative values of v, for which
the scalar and vector contribution may be comparable to the
graviton contribution. The treatment of the scalar and
vector contributions is more complex since it depends
on the precise setting and the choice of gauge. It becomes
particularly apparent for the gauge-invariant or simplified
flow equation which decouples the physical scalar mode in
the metric from the gauge degrees of freedom. The gauge
degrees of freedom contribute only a measure factor which
does not depend on the values of the scalar fields. Then the
main uncertainty will reside in the precise contribution of
the physical scalar mode in the metric and its mixing with
other scalar fields. As long as this contribution remains

subleading, it cannot affect the sign of AðgrÞ
m . We may

require AðgrÞ
m > 0 as a condition for the short distance theory

which leads to self-organized criticality. In view of the
above discussion, this is not a very restrictive criterion.
Let us first consider the approximation where

δg ¼
1

4

∂ ln f
∂ ln ρ̃

jh ð318Þ

does not depend on h. Taking a h̃-derivative of cðgrÞU at fixed
ρ̃, one finds

∂h̃c
ðgrÞ
U ðρ̃; h̃Þ ¼ ð1 − δgÞ∂h̃v

96π2

�
5

ð1 − vÞ2 þ
1

4ð1 − v=4Þ2
�
:

ð319Þ

The graviton contribution dominates by a factor of 20 over
the scalar metric fluctuations (unless v is negative and
large). Neglecting from there on the scalar metric fluc-
tuation, one obtains

∂h̃c
ðgrÞ
U ðρ̃; h̃Þ ¼ 1 − δg

48π2ð1 − vÞ2f ð∂h̃u − u∂h̃ ln fÞ: ð320Þ

Taking a further ρ̃-derivative at fixed h̃ yields

∂ρ̃∂h̃c
ðgrÞ
U ðρ̃; h̃Þ ¼ λmð1 − δgÞ

48π2ð1 − vÞ2f −
∂ρ̃u∂h̃uð1 − δgÞ
12π2ð1 − vÞ3f2 þ Δgr;

ð321Þ

where Δgr involves derivatives of ln f and does not contain
λm. For small δg, the first term ∼λm leads to the anomalous
dimension (314). Writing uðρ̃; h̃Þ ¼ λmρ̃ h̃þūðρ̃; h̃Þ, the
dependence of the second term on λm follows from

∂ρ̃u∂h̃u ¼ λ2mρ̃ h̃þλmðρ̃∂ρ̃ þ h̃∂h̃Þūþ ∂ρ̃ū∂h̃ū

¼ −λ2mρ̃ h̃þ2λmðu − cUÞ þ ∂ρ̃ū∂h̃ū: ð322Þ

Since we evaluate λm at h̃ ¼ 0, the term ∼λ2m does not
contribute. Furthermore, the scaling solution for ρ̃ → 0 is
typically given by u ¼ cU, such that the term that is linear
in λm in Eq. (322) does not contribute either. The deriv-
atives of ū, together with a term ∼∂ρ̃∂h̃ū in Δgr, contribute
to β̃mðρ̃Þ in Eq. (294), but not to the anomalous dimen-
sion Am.
We finally need to discuss the field-dependence of

f ¼ 2w0 þ 2ξρ̃þ ξHh̃; ð323Þ

or

δg ¼
2ξρ̃þ ξHh̃

4ð2w0 þ 2ξρ̃þ ξHh̃Þ
: ð324Þ

In this approximation, one has

∂h̃ ln f ¼ ξH
f
; ∂ρ̃ ln f ¼ 2ξ

f
; ∂h̃∂ρ̃ ln f ¼ −2

ξξH
f2

;

ð325Þ

and

∂h̃δg ¼
ξH
4f

ð1 − 4δgÞ: ð326Þ

In the limit ρ̃ → 0, h̃ → 0, the function f approaches a
constant, f ¼ 2w0, and δg ¼ 0. Nevertheless, the field
derivatives ∂h̃ ln f ¼ ξH=ð2w0Þ, ∂ρ̃ ln f ¼ ξ=w0 contribute
to ρ̃∂ρ̃λm ¼ −βm=2. In the limit where ξ=w0 and ξH=w0 can
be considered as independent of λm, the field derivatives of
f do not contribute to the anomalous dimension Am,
however.
For the computation of Am, we have assumed implicitly

that the other couplings such as y2t , g23, ξ=w0, etc. are
independent of λm. The proper procedure considers small
deviations of all couplings from their values on the critical
surface. In the linear approximation, the flow (or ρ̃-
dependence) of these deviations is given by the stability
matrix. The anomalous dimension Am corresponds to an
eigenvalue of the stability matrix. The diagonalization of
the stability matrix is equivalent to a computation to which
degree other couplings depend on λm. Given the small role
that the Higgs field plays in the ultraviolet region, and the
smallness of λm, it seems unlikely that other couplings
depend effectively on λm in a substantial way. This justifies
the neglect of this effect for the computation of Am.
Additional fields of the short distance model can also
contribute to the scalar field anomalous dimension ηH. The
contribution from gauge bosons is negative, which can
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somewhat lower the value of Am. These contributions are
suppressed, however, by the small values of the gauge
couplings.

B. Self-organized criticality

The presence of a substantial positive gravity induced
anomalous dimension for quartic scalar couplings implies
that these couplings correspond to irrelevant parameters of
the renormalization flow. Let us consider in the region
ρ̃ → 0 the general form of the local scaling solution for
λmðρ̃Þ ¼ λmðρ̃; h ¼ 0Þ. We suppose that there exists some

regular local scaling solution λðrÞm ðρ̃Þ which remains finite
for ρ̃ → 0. Local scaling solutions in the vicinity of λðrÞ
obey

λmðρ̃Þ ¼ λðrÞm ðρ̃Þ þ dmρ̃−
Am
2 ; ð327Þ

with dm being a free integration constant. For ρ̃ → 0, the
anomalous dimension Am is dominated by the gravitational
fluctuations and takes a constant value. With Am > 0, a
finite value for λmðρ̃Þ in the limit ρ̃ → 0 requires dm ¼ 0.
This is the meaning of an irrelevant coupling. Starting at ρ̃0
with an initial value λmðρ̃0Þ not too far from λðrÞm ðρ̃0Þ, the
difference λmðρ̃Þ − λðrÞm ðρ̃Þ decreases with increasing ρ̃
proportional to ðρ̃=ρ̃0Þ−Am=2. For ρ̃0 → 0, the coupling

λmðρ̃Þ coincides at any finite nonzero ρ̃ with λðrÞm ðρ̃Þ.
There is no free integration constant for the field depend-
ence of λmðρ̃Þ. For all ρ̃, the cosmon-Higgs coupling is

given by the regular solution λðrÞm ðρ̃Þ. If λðrÞm ðρ̃Þ ¼ λðcrÞm ðρ̃Þ
corresponds to the critical surface of a second order
quantum phase transition, all scaling solutions in its vicinity
have to be on the critical surface. This property is called
self-organized criticality. No parameter has to be tuned in
order to obtain the critical behavior. If a scaling solution (or
a family of scaling solutions) which corresponds to a second
order phase transition exists, the other local scaling sol-
utions will be attracted toward the critical surface as ρ̃
increases. If the range in ln ρ̃ for which this attraction is
present grows to infinity, as for ρ̃ → 0, any small deviation
from the critical surface vanishes at finite nonzero ρ̃.
For the scaling solution, the self-organized criticality in

the quartic scalar coupling λm extends to self-organized
criticality for the dimensionless mass term of the Higgs
scalar μh ¼ ∂h̃uðρ̃; h̃ ¼ 0Þ. Indeed, for the scaling solution,
λmðρ̃Þ and μhðρ̃Þ are related by λmðρ̃Þ ¼ ∂ρ̃μhðρ̃Þ. This
implies that μhðρ̃Þ is determined by λmðρ̃Þ up to a constant.

In particular, if λmðρ̃Þ is given by λðcrÞm ðρ̃Þ, one concludes
that μhðρ̃Þ has to take its value on the critical surface,

μðcrÞh ðρ̃Þ. In this respect, there is a crucial difference between
the field-dependence of couplings for the scaling solution
and the k-dependence of couplings for arbitrary solutions.
For the flow with k at fixed ρ andH, the deviations from the
critical surface involve μh and λm as two independent

couplings. While λm is irrelevant in the presence of the
gravitational fluctuations, μh is a relevant coupling for
Am < 2. Then the initial value of μh has to be tuned in order
to obtain the critical behavior. For the scaling solution, this
tuning is enforced by the finiteness of λm for ρ̃ → 0.
For more detail, consider the general k-dependence of μh

at fixed ρ̃ and h ¼ 0, where we do not impose the scaling
solution,

k∂kμh ¼ 2ρ̃∂ρ̃μh − 2μh þ 4∂h̃cU: ð328Þ

Taking for cU the leading gravitational contribution, one
infers from Eq. (316)

k∂kμh ¼ 2ρ̃∂ρ̃μh þ ðAμ − 2Þμh; ð329Þ

with anomalous mass dimension

∂h̃c
ðgrÞ
U ¼ 1

4
AðgrÞ
μ μh þ…; AðgrÞ

μ ¼ AðgrÞ
m : ð330Þ

This implies for deviations δμ from the critical surface

μhðkÞ ¼ μðcrÞh ðkÞ þ δμðkÞ; δμðkÞ ∼ kAm−2: ð331Þ

For k → 0, one finds a diverging δμ, indicating a relevant
parameter.
For the local scaling solution, the k-dependence trans-

lates to the ρ̃-dependence:

μhðρ̃Þ ¼ μðcrÞh ðρ̃Þ þ δμðρ̃Þ; δμðρ̃Þ ¼ dμρ̃1−
Am
2 : ð332Þ

Again, δμ diverges in the infrared for ρ̃ → ∞ if dμ ≠ 0. For
the scaling solution, the deviations from the critical surface
δμðρ̃Þ and δmðρ̃Þ are related, however. With

λðcrÞm ðρ̃Þ ¼ ∂ρ̃μ
ðcrÞ
h ðρ̃Þ; δλmðρ̃Þ ¼ ∂ρ̃δμðρ̃Þ; ð333Þ

Eqs. (327) and (332) imply

dm ¼ dμ

�
1 −

Am

2

�
: ð334Þ

With dm ¼ 0, one concludes dμ ¼ 0. Thus, μhðρ̃Þ has to

assume its value μðcrÞh ðρ̃Þ on the critical surface.
This argument generalizes to an arbitrary regular sol-

ution λðrÞm ðρ̃Þ which does not necessarily coincide with a
second order phase transition. The corresponding scaling
solution for μhðρ̃Þ is unique, being given by a regular

solution μðrÞh ðρ̃Þ. There is no free parameter for the scaling
solution despite the fact that, for general solutions of the
flow with k, the mass term μh is a relevant parameter.
Scaling solutions fix the relevant parameter to zero. A free
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parameter does not reappear in the form of a continuous
family of scaling solutions.
A crucial ingredient for this important conclusion is the

standard assumption that an irrelevant coupling remains
finite in the UV limit. The finiteness of λm relates rather
naturally to the analytic properties of cU at h ¼ 0. For
ρ̃ → 0, the scaling equation for μhðρ̃Þ takes the typical form

ρ̃∂ρ̃μh ¼ −
1

2
β̄μðρ̃Þ þ

�
1 −

Aμ

2

�
μh: ð335Þ

The critical values for μh and λm take in this case the
limiting value for ρ̃ → 0:

μhð0Þ ¼
β̄μð0Þ
2 − Aμ

: ð336Þ

This corresponds to the regular solution and contains no
free integration constant.
We emphasize that the coupled system of cosmon and

Higgs scalar is the basis for this version of self-organized
criticality. Without the cosmon, there is no coupling λm, and
therefore no restriction on dμ in Eq. (332).

C. Predictivity for the Fermi scale

The relation between μh and λm for the scaling solution
implies that there is no free mass parameter for the
dependence of the effective potential on H. Also the
cosmon-Higgs coupling λm, which determines the ratio of
Fermi scale over Planck mass, does not involve a free
integration constant. As a consequence, the “integration
constant” λ̄m ¼ λmðρ̃ → ∞Þ is predicted for a given short
distance model. Similarly, the quartic Higgs coupling λ̄h ¼
λhðρ̃ → ∞Þ is fixed. Consequently, the ratio h0 ¼ φ2

0=ρ is
computable rather than being a free parameter. This results in
the prediction of the Fermi scale in units of the Planck mass,

φ0

Mp
¼

ffiffiffiffiffi
h0
2ξ

s
¼

�
−

λ̄m
2ξλ̄h

�1
2

: ð337Þ

For the normalization of the cosmon field with ξ ¼ 1 and
given quartic scalar coupling λ̄h, the value λ̄m determines
directly the ratio φ0=Mp.

In general, the regular function λðrÞm ðρ̃Þ depends on other
functions, as y2t ðρ̃Þ or g23ðρ̃Þ. This could induce supple-
mentary free parameters in the form of boundary values.
Since for ρ̃ → ∞ these coupling functions are measured,
the corresponding boundary values are fixed. In extensions

of the standard model, the precise form of λðcrÞm ðρ̃Þ may also
depend on couplings in the beyond standard model sector.
This could weaken the predictivity of the scaling solution
for the Fermi scale. We comment on theses issues below.
In any case, here, predictivity means “predictivity in

principle” in the sense that a given model has no free
parameter to adjust the outcome for the Fermi scale.
“Predictivity in practice” may depend on the knowledge
of the ultraviolet physics.
In the limit where a second order quantum electroweak

phase transition is realized by a scaling solution, the predic-

tion becomes unique, namely, λ̄m ¼ λðcrÞm ðρ̃ → ∞Þ ¼ 0. In
such a scenario, it would be sufficient that a local scaling
solution with boundary values λ̄m ¼ 0 can be extended to all
values of ρ̃ and h. This would then constitute a global scaling
solution. Self organized criticality for Am > 0 selects this
particular solution within the family of neighboring local
scaling solutions with λ̄m ≠ 0. Usually, the problem is to
explain a tiny ratio φ0=Mp. For an exact second order phase
transition, one would end with a prediction, but for this
prediction φ0=Mp ¼ 0 turns out to be too small.
Due to the running of the dimensionless couplings, the

quantum electroweak transition is not precisely a second
order phase transition. The masses of W- and Z-bosons
cannot be smaller than the QCD confinement scale ΛQCD.
This also holds for the quark masses. A characteristic mass
scale for nonperturbative QCDmay be taken around 1 GeV,
the mass of the vector mesons or baryons. The question
arises if the deviations from the second order phase
transition can induce a Fermi scale which is a factor 200
higher than this characteristic strong interaction scale. Our
discussion in Appendix B indicates that the nonperturbative
QCD effects are too small for generating a realistic Fermi

scale in the case where the critical scaling solution λðcrÞm ðρ̃Þ
can be extended to a finite value at ρ̃ ¼ 0.
On the other hand, the violation of particle scale

symmetry by running couplings is also present for k around
the Planck mass. It needs to be explored if this effect is
responsible for a small value λ̄m ≠ 0.

D. Analytic scaling solution

The basis for the predictivity for the Fermi scale is the
requirement that λmðρ̃Þ remains finite for ρ̃ → 0. This type
of requirement is the standard setting for irrelevant param-
eters. For the flow with the renormalization scale k, any
deviation from the UV-fixed point value of an irrelevant
parameter diverges for k → ∞ in the linear approximation.
In turn, the assumption that for arbitrarily large k a finite
deviation from the fixed point remains within the range of
validity of the linear approximation implies the prediction
that the deviation is zero. There remains no freedom in the
choice of an irrelevant parameter in the vicinity of the fixed
point. This generalizes to other couplings corresponding to
irrelevant parameters. For example, the derivative ∂ρ̃λmðρ̃ ¼
0Þ is such a coupling. In the standard setting for irrelevant
parameters, it is finite for the scaling solution and can be
predicted.
The property underlying the concept of irrelevant para-

meters is the analyticity of the scaling solution for ρ̃ → 0
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and h̃ → 0. This assumption of analyticity has important
consequences. Consider the scaling potential uðρ̃; h̃Þ.
Analyticity implies that μhðρ̃¼0Þ¼∂h̃ujρ̃¼h̃¼0, λmðρ̃¼0Þ¼
∂ρ̃∂h̃ujρ̃¼h̃¼0, and λhðρ̃ ¼ 0Þ ¼ ∂

2
h̃
ujρ̃¼h̃¼0 all are finite. The

same holds for higher couplings as ∂ρ̃∂
2
h̃
ujρ̃¼h̃¼0 or

∂
2
ρ̃∂h̃ujρ̃¼h̃¼0. This finiteness imposes restrictions for the
behavior of β-functions in the vicinity of the UV-fixed
point. Consider the scaling equation for μhðρ̃Þ,

μhðρ̃Þ ¼ ∂h̃uðρ̃; h ¼ 0Þ;

ρ̃∂ρ̃μh ¼ −
1

2
βμ: ð338Þ

Since ∂ρ̃μh ¼ λm remains finite for ρ̃ → 0, one infers that
βμ=ρ̃ remains finite for ρ̃ → 0. This condition is stronger
than the fixed point condition βμðρ̃ → 0Þ ¼ 0. We can also
take a ρ̃-derivative of Eq. (338):

ρ̃∂2ρ̃μh þ λm ¼ −
1

2
∂ρ̃βμ: ð339Þ

Since the lhs of Eq. (339) remains finite, this also holds for
∂ρ̃βμ. Typically, βμ depends on the other couplings.
Inserting the scaling solution for these couplings βμðρ̃Þ
becomes an analytic function of ρ̃,

βμðρ̃Þ ¼ βð1Þμ ρ̃þ � � � ¼ −2λmρ̃þ � � � ð340Þ

These conditions for β-functions generalize to arbitrary
coupling functions σðρ̃Þ, with ρ̃∂ρ̃σ ¼ −βσ=2. Once βσ is
expressed in terms of scaling solutions for couplings it
becomes a function of ρ̃. The coefficients of an expansion
of βσðρ̃Þ in powers of ρ̃ are given by finite fixed point values
for couplings. Similar arguments hold for an expansion in
terms of h̃ at fixed h. With

h̃∂h̃μh ¼ −
1

2
βμ ¼ h̃λh ð341Þ

and

h̃∂2
h̃
μh þ λh ¼ −

1

2
∂h̃βμ; ð342Þ

one finds for βμðh̃Þ relations as

∂h̃βμjh̃¼0 ¼ −2λhðh̃ ¼ 0Þ: ð343Þ

A somewhat particular role is played by the gauge
couplings. An analytic scaling solution may be realized
if ZF ¼ g−2 is analytic for ρ̃ → 0, h̃ → 0, cf. Eq. (129). This
poses no problem for a UV-fixed point at finite g2�. On the
other hand, for asymptotic freedom, g−2 diverges for ρ̃ → 0.
In this case, one needs to employ renormalized gauge fields

and an appropriate definition of coupling functions which
remain analytic for ρ̃ → 0, h̃ → 0. More generally, analy-
ticity has to be imposed for renormalized fields. We use this
type of fields implicitly, which induces for the Higgs field
the anomalous field dimension ηH.
An interesting case is the β-function for the cosmon-

Higgs coupling λmðρ̃Þ,

ρ̃∂ρ̃λm ¼ −
1

2
βm ¼ −

1

128π2ρ̃

X
i

n̂iβi −
1

2
Amλm: ð344Þ

For ρ̃ → 0, the analytic behavior βi ∼ ciρ̃ is needed in order
to find a finite fixed point for λ�m ¼ λmðρ̃ ¼ 0Þ,

λ�m ¼ −
P

in̂ici
64π2Am

: ð345Þ

If the analytic behavior of βi similar to Eq. (340) were not
realized, a finite value λ�m would require strong cancella-
tions of individual contributions βi. The finiteness of ∂ρ̃βm
further restricts the behavior of the rhs of Eq. (344). It is
realized for finite ∂ρ̃Am and

βi ¼ ciρ̃þ
di
2
ρ̃2 þ � � � ; ð346Þ

with

∂ρ̃βm ¼ 1

128π2
X
i

n̂idi þ Am∂ρ̃λm þ ∂ρ̃Amλm: ð347Þ

The analyticity of the scaling solution provides for a
selection among the family of local scaling solutions in the
UV-region of small ρ̃. Assume that one has found an
analytic scaling solution σðrÞðρ̃Þ for some coupling function
σðρ̃Þ. Solutions of the scaling equation in the vicinity of this
scaling solution obey the differential equation

σðρ̃Þ ¼ σðrÞðρ̃Þ þ δσðρ̃Þ;

ρ̃∂ρ̃δσ ¼ −
1

2
Aσδσ;

Aσ ¼ ∂σβσ: ð348Þ

Here the critical exponent Aσ is evaluated for the analytic
scaling solution σðrÞðρ̃Þ. Equation (348) may be generalized
to the standard system of linear equations in the case of
several coupled coupling functions σiðρ̃Þ. In this case, σ
corresponds to one of the eigenmodes of the stability matrix
Aij. In the vicinity of ρ̃ ¼ 0, one can approximate Aσ by a
constant, with local scaling solution

σðρ̃Þ ¼ σðrÞðρ̃Þ þ cσρ̃−
Aσ
2 : ð349Þ

Analyticity of σðρ̃Þ requires cσ ¼ 0 unless Aσ takes the
special values −2;−4…. This selects the particular solution
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σðrÞðρ̃Þ among the family of local scaling solutions char-
acterized by cσ. No free parameter remains.
For Aσ > 0, one deals with an irrelevant parameter and

retrieves the standard result that irrelevant parameters can
be predicted. Analyticity requires, however, the condition
cσ ¼ 0 also for the relevant parameters with Aσ < 0. This is
the reason for self-organized criticality and predictivity of
the Fermi scale, which follows from taking σ ¼ μh. The
analyticity argument is very general. An analytic scaling
solution implies a discrete set of local scaling solutions for
ρ̃ → 0 for all coupling functions. Both irrelevant and
relevant parameters are fixed or “predicted”. A continuous
family of analytic scaling solutions is only possible for the
exceptional cases Aσ ¼ −2;−4…. In general, this is not
realized.

E. Linear approximation

In the limit where the dependence of β̃m and Am on λm
can be neglected, Eq. (272) becomes a linear differential
equation for λm. This is not exact, since the gauge and
Yukawa couplings and their β-functions depend on μh, and
μh depends on λm. The complete system of differential
equations couples all couplings to each other. Nevertheless,
the approximation of decoupling the ρ̃-flow of λm from the
other couplings can provide a good overview of the general
behavior. With x ¼ lnðρ̃Þ, we write Eq. (272) as

∂λm
∂x

¼ −
1

2
ðβ̃mðxÞ þ AðxÞλmÞ: ð350Þ

We can interpret Eq. (350) as a general expansion of the
scaling equation for λm in powers of λm. This includes the
indirect contribution from the λm-dependence of the other
couplings in linear order in λm. From there, A may receive
additional terms beyond Am and similar for β̃m. The
discussion of the solution to Eq. (350) extends to ρ̃ → 0
where gravitational and other degrees of freedom contribute
to β̃ or A. It remains valid to the extend that nonlinear terms
λ2m can be neglected. Since λm remains very small for the
whole range of ρ̃, this will be a good approximation. When
it comes to effects of the order of 10−30, as for the observed
present value of λm, it is not excluded, however, that
nonlinear effects can play a role.
Equation (350) has the general solution

λmðxÞ ¼ λcðxÞ þ C̃ðxÞλmðx0Þ; ð351Þ

with

C̃ðxÞ ¼ exp

�
−
1

2

Z
x

x0

dx0Aðx0Þ
�
: ð352Þ

The second term involves the integration constant or initial
value λmðx0Þ. The part λcðxÞ is given by

λcðxÞ ¼ −
C̃ðxÞ
2

Z
x

x0

dx0
β̃mðx0Þ
C̃ðx0Þ : ð353Þ

For large x, the integrand in Eq. (353) decays exponen-
tially:

1

2
β̃mðxÞ ¼

bmðxÞ
128π2

e−x: ð354Þ

The value of λ̄m ¼ λmðx → ∞Þ is determined by the
combination of the contribution from λm;0 ¼ λmðx0Þ and
the integral (353), which is dominated by x≲ 1.
We need information about the integration constant

λmðx0Þ for x0 in the region with ρ̃ ≪ 1, together with
information about AðxÞ and β̃mðxÞ in the region x≲ 1. This
is necessary for the computation of λmðρ̄0Þ in a region
where ρ̄0 ≫ 1. For ρ̃ > ρ̄0, one can then use the flow in
standard model. We will discuss here the general features of
the ρ̃-dependence of λm for ρ̃ near zero by an expansion in
powers of ρ̃. The values of the expansion coefficients will
depend on the short-distance model.
For ρ̃ → 0 or x → −∞, we assume an analytic scaling

solution for μhðρ̃Þ,

μhðρ̃Þ ¼ μ0 þ λ0ρ̃þ � � � : ð355Þ

The scaling equation for μh reads

ρ̃∂ρ̃μh ¼
�
1 −

A
2

�
μh þ βν; ð356Þ

with βν given by Eqs. (217) and (213) for ρ̃ ≫ 1, and taken
more generally here. We include in A the anomalous field
dimension ηH and other possible contributions linear in μh.
We expand

βν ¼ β0 þ β1ρ̃þ � � � ; A ¼ A0 þ A1ρ̃þ � � � : ð357Þ

The UV-fixed point for ρ̃ → 0 follows from Eqs. (355),
(356), and (357) as

μ0 ¼ −β0
�
1 −

A0

2

�
−1
;

λ0 ¼
2β1 − A1μ0

A0

¼ 2

A0

�
β1 þ

A1β0
2 − A0

�
: ð358Þ

We identify λm;0 with λ0. The scaling equation for λmðρ̃Þ ¼
∂ρ̃μhðρ̃Þ follows from Eq. (356)

ρ̃∂ρ̃λmðρ̃Þ ¼ ∂ρ̃βνðρ̃Þ −
1

2
∂ρ̃Aðρ̃Þμhðρ̃Þ −

1

2
Aðρ̃Þλmðρ̃Þ;

ð359Þ

and we identify
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β̃mðρ̃Þ ¼ −2∂ρ̃βνðρ̃Þ þ ∂ρ̃Amðρ̃Þμhðρ̃Þ: ð360Þ

For ρ̃ → 0, analyticity results in

β̃0 ¼ β̃mðρ̃ ¼ 0Þ ¼ −2β1 þ A1μ0: ð361Þ

Let us take x0 in the region of ρ̃ ≪ 1 for which the
expansion applies. One finds

ln C̃ ¼ −
1

2

Z
ρ̃

ρ̃0

dρ0

ρ0
ðA0 þ A1ρ

0Þ

¼ −
1

2

�
A0 ln

ρ̃

ρ̃0
þ A1ðρ̃ − ρ̃0Þ

�
;

C̃ ¼
�
ρ̃

ρ̃0

�
−A0

2

exp

�
−
A1

2
ðρ̃ − ρ̃0Þ

�
: ð362Þ

For the approximate computation of λc in this region, we
expand

β̃ðρ̃Þ ¼ β̃0 þ β̃1ρ̃þ � � � ð363Þ

and linearize the exponential in Eq. (362). This yields

λcðρ̃Þ ¼ −
1

2

�
ρ̃

ρ̃0

�
−A0

2

exp

�
−
A1

2
ðρ̃ − ρ̃0Þ

�

×
Z

ρ̃

ρ̃0

dρ0

ρ0
ðβ̃0 þ β̃1ρ

0Þ
�
ρ0

ρ̃0

�A0
2

exp

�
A1

2
ðρ0 − ρ̃0Þ

�

¼ β̃0
A0

��
ρ̃0
ρ̃

�A0
2

− 1

��
1 −

A1

2
ρ̃

�

þ 2β̃1 þ A1β̃0
4þ 2A0

�
ρ̃
1þA0

2

0 ρ̃−
A0
2 − ρ̃

�
: ð364Þ

The scaling solution for λm in the linear approximation
(350) therefore reads for small ρ̃ and ρ̃0:

λmðρ̃Þ ¼
�
β̃0
A0

þ 2β̃1 þ A1β̃0
4þ 2A0

ρ̃0

þ λmðρ̃0Þ
�
1þ A1

2
ρ̃0

���
ρ̃

ρ̃0

�
−A0

2

−
A1

2

�
β̃0
A0

þ λmðρ̃0Þ
�
ρ̃

�
ρ̃

ρ̃0

�
−A0

2

−
β̃0
A0

þ
�
A1β̃0
2A0

−
2β̃1 þ A1β̃0
4þ 2A0

�
ρ̃: ð365Þ

A finite value of λmðρ̃Þ for ρ̃ → 0 requires for the
integration constant λmðρ̃0Þ the value

λmðρ̃0Þ ¼−
�
β̃0
A0

þ 2β̃1þA1β̃0
4þ 2A0

ρ̃0

��
1þA1

2
ρ̃0

�
−1
: ð366Þ

This demonstrates the general result that an analytic scaling
solution does not admit free integration constants. In lowest
order in ρ̃0, the relation λmðρ̃0Þ ¼ −β̃0=A0 corresponds to
the fixed point value. This also ensures that the second term
in Eq. (365) vanishes for the lowest order of the simulta-
neous expansion in ρ̃ and ρ̃0 chosen here. What remains is a
linear approach of λmðρ̃Þ to the fixed point value for ρ̃ → 0,

λmðρ̃Þ ¼ −
β̃0
A0

þ
�
A1β̃0
2A0

−
2β̃1 þ A1β̃0
4þ 2A0

�
ρ̃; ð367Þ

as required for an analytic scaling solution.
We can use the information on λmðρ̃0Þ for the compu-

tation of λmðρ̃Þ for arbitrary ρ̃. We choose initial conditions
for ρ̃0 → 0 and obtain from Eqs. (351), (352), and (353)

λmðρ̃Þ ¼ − lim
ρ̃0→0

�
exp

�
−
1

2

Z
ρ̃

ρ̃0

dρ0

ρ0
Aðρ0Þ

�
β̃0
A0

þ 1

2

Z
ρ̃

ρ̃0

dρ0

ρ0
β̃mðρ0Þ exp

�
1

2

Z
ρ0

ρ̃

dρ00

ρ00
Aðρ00Þ

��
:

ð368Þ

The first term vanishes for ρ̃0 → 0. For both ρ̃0 and ρ̃ > ρ̃0
in the region of validity of the expansion in powers of ρ̃,
this yields

λmðρ̃Þ ¼ −
1

2
lim
ρ̃0→0

Z
ρ̃

ρ̃0

dρ0

ρ0
ðβ̃0 þ β̃1ρ

0Þ
�
ρ0

ρ̃

�A0
2

¼ −
�
β̃0
A0

þ β̃1
2þ A0

ρ̃

�
; ð369Þ

in accordance with Eq. (367) since we have omitted the
contribution ∼A1ρ̃ in A.
We may also express the general solution by choosing

x0 → ∞, with λmðx0Þ ¼ λ̄m,

λmðρ̃Þ ¼ exp

�
1

2

Z
∞

ρ̃

dρ0

ρ0
Aðρ0Þ

�
ðλ̄m þ Δmðρ̃ÞÞ; ð370Þ

with

Δmðρ̃Þ ¼
1

2

Z
∞

ρ̃

dρ0

ρ0
β̃mðρ0Þ exp

�
−
1

2

Z
∞

ρ0

dρ00

ρ00
Aðρ00Þ

�
:

ð371Þ

For a given value of λ̄m, this solution should be continued to
ρ̃ → 0. The predicted value for λ̄m is the one for which
λmðρ̃Þ according to Eq. (371) reaches for ρ̃ the value
−β̃0=A0. For neighboring values of λ̄m, the value λmðρ̃0Þ
will not obey Eq. (366), and the solution (364) will violate
analyticity for ρ̃ → 0, with λmðρ̃Þ diverging ∼ρ̃−ðA0=2Þ.
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The factor

Dðρ̃Þ ¼ exp

�
1

2

Z
∞

ρ̃

dρ0

ρ0
Aðρ0Þ

�
ð372Þ

diverges for ρ̃ → 0 proportional to ρ̃−ðA0=2Þ. The condition
for an analytic scaling solution is therefore given by

λ̄m ¼−Δmð0Þ

¼−
1

2

Z
∞

0

dρ0

ρ0
β̃mðρ0Þexp

�
−
1

2

Z
∞

ρ0

dρ00

ρ00
Aðρ00Þ

�
: ð373Þ

The relation Δmð0Þ ¼ 0 is singled out as the condition for
an analytic scaling solution to realize a second order
quantum electroweak phase transition. This is associated
with a “particle physics scale symmetry”.
We may define some type of renormalized cosmon-

Higgs coupling:

λðRÞm ðρ̃Þ ¼ D−1ðρ̃Þλmðρ̃Þ: ð374Þ

The field-dependence of λðRÞm is given by

ρ̃∂ρ̃λ
ðRÞ
m ¼ −

1

2
β̃ðRÞm ¼ −

1

2
D−1ðρ̃Þβ̃mðρ̃Þ: ð375Þ

For a finite value λmðρ̃ ¼ 0Þ, the renormalized coupling

λðRÞm ð0Þ vanishes. Equation (373) reads

λ̄m ¼ −
1

2

Z
∞

−∞
dxβ̃ðRÞm ðxÞ ¼ −

1

2

Z
∞

0

dρ0

ρ0
β̃ðRÞm ðρ0Þ: ð376Þ

The function β̃ðRÞm behaves for ρ0 → 0 as

β̃ðRÞm ðρ0Þ ¼ ðβ̃0 þ β̃1ρ
0Þ
�
ρ0

ρ̄

�A0
2

D−1ðρ̄Þ; ð377Þ

with ρ̄ ≪ 1 such that the expansion in powers of ρ0 is valid
for β̃m and A in the region ρ0 < ρ̄. The integral (376) has for
ρ0 → 0 the same behavior as Eq. (369) and is therefore
finite.
From Eq. (376), a tiny value of λ̄m requires that the

negative contribution to the integral from the region ρ̃≳ 1
needs to be canceled by a positive contribution from the
region ρ̃≲ 1. Thus, β̃m has to change from positive values
for large ρ̃ to negative values for small ρ̃. At this stage, we
do not know if a cancellation needs the particular selection
of a short distance model, or if there exists some more
general mechanism based on the fixed point behavior of the
critical trajectory linked to particle scale symmetry.

F. Iterative global solution

Some lessons may be learned by an attempt to construct
iteratively a global scaling solution corresponding to a
second order electroweak quantum phase transition. Instead
of λm, we choose the variable

γ ¼ ðcþ ρ̃Þ
�
λm −

1

2
β̃m

�
;

λm ¼ γ

cþ ρ̃
þ 1

2
β̃m: ð378Þ

It interpolates between σm − 1
2
β̃m, σm ¼ ρ̃λm, for large ρ̃,

and cðλm − 1
2
β̃mÞ for ρ̃ ≪ c. We have subtracted from λm

the lowest order expression of the critical trajectory for
large ρ̃. The constant c is of the order one and indicates the
onset of the short distance regime at ρ̃ ≈ c. We can choose c
freely and look for an optimal value later. The scaling
equation (261) for λm translates to

∂xγ ¼
�

ρ̃

cþ ρ̃
−
Am

2

�
γ

−
1

2
ðcþ ρ̃Þ

��
1þ Am

2

�
β̃m þ ∂xβ̃m

�
; ð379Þ

with ρ̃ ¼ ex. In the region ρ̃ ≫ c, we employ β̃m ¼ b̃m=ρ̃
and neglect c, resulting in

∂xγ ¼
�
1 −

Am

2

�
γ −

1

2

�
∂xβ̃m þ Am

2
β̃m

�
: ð380Þ

The lowest order solution sets the rhs to zero:

γð1Þ> ¼ 1

2

�
∂xβ̃m þ Am

2
β̃m

��
1 −

Am

2

�
−1
: ð381Þ

A first iteration step for γ sets the rhs of Eq. (379) to zero.
This corresponds to a fixed point in the limit where the
x-dependence of the source term is small compared to the
coefficient of the term linear in γ. In this approximation,
one finds

γð1Þ ¼ 1

2
ðcþ ρ̃Þ

��
1þ Am

2

�
β̃m þ ∂xβ̃m

�
D−1;

D ¼ ρ̃

cþ ρ̃
−
Am

2
: ð382Þ

For large ρ̃ ≫ c, one recovers Eq. (381) and λm ¼ γ
ρ̃ þ 1

2
β̃m

results in
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λð1Þm ¼ 1

2
β̃m

�
1þ 2γð1Þ>

β̃mρ̃

�
¼ 1

2
β̃mð1þ gÞ

¼ 1

2
β̃m

�
1þ

�
∂x ln b̃m þ Am

2

��
1 −

Am

2

�
−1
�
: ð383Þ

We recognize the critical trajectory (283) in leading order
in ∂x ln b̃m.
In the opposite limit ρ̃ ≪ c, one has, with β̃m ¼

β̃0 þ β̃1ρ̃, Am ¼ A0 þ A1ρ̃,

γð1Þ< ¼−
cβ̃0
A0

�
1þ 1

2
A0

�
þEρ̃;

E¼−
1

A0

�
2β̃0þ cβ̃1þð2− cA1Þ

β̃0
A0

þ 1

2
A0ðβ̃0þ 2cβ̃1Þ

�
:

ð384Þ

This yields

λð1Þm ¼ 1

2
β̃0 þ

γð1Þ<

c

�
1 −

ρ̃

c

�
¼ −

β̃0
A0

þ Fρ̃;

F ¼ −
1

cA0

�
β̃0

�
1 −

A0

2

�
þ cβ̃1 þ

ð2 − cA1Þβ̃0
A0

þ 1

2
A0ðβ̃0 þ 2cβ̃1Þ

�
: ð385Þ

For ρ̃ → 0, the function λð1Þm is analytic and reaches the UV-
fixed point of the exact solution. The coefficient F depends
on c and differs, in general, from the exact solution.
The coefficient of the term linear in γ in Eq. (379)

changes sign at ρ̃ ¼ cAm=ð2 − AmÞ. It is positive for large
ρ̃, and negative for ρ̃ → 0. As a consequence, the factorD−1

in Eq. (382) diverges at this value of ρ̃.
For a very small linear coefficient of γ, the approxima-

tion of the solution which sets the rhs of Eq. (379) to zero is
not valid. We therefore may modify our ansatz γð1Þ by
smoothing D−1,

D̄−1 ¼
�

ρ̃

cþ ρ̃
−
Am

2

���
ρ̃

cþ ρ̃
−
Am

2

�
2

þ εcρ̃
ðcþ ρ̃Þ2

�
−1
:

ð386Þ

The positive constant ε can be adapted for later purposes.

This form of smoothing does not affect the value of λð1Þm at
ρ̃ ¼ 0 or in the limit ρ̃ ≫ 1.
As a next step, we write

γðρ̃Þ ¼ γð1Þðρ̃Þηðρ̃Þ: ð387Þ

An analytic scaling solution for λm with λ̄m ¼ 0 would be
realized if for ηð0Þ ¼ 1 the function ηðρ̃Þ remains finite for

ρ̃ ≫ 1. The scaling equation for η reads

∂xη ¼
∂xγ

γð1Þ
− η∂x ln γð1Þ ¼ Gη −D; ð388Þ

with

G ¼ ρ̃

cþ ρ̃
−
Am

2
− ∂x ln γð1Þ

¼ −
�
Am

2
þ ∂x ln β̃m þ ∂

2
x ln β̃m þ 1

2
∂xAm

1þ Am
2
þ ∂x ln β̃m

− ∂x lnD

�
:

ð389Þ

We may consider the approximate solution

η ¼ D
G
: ð390Þ

This replaces in Eq. (382) the factor D−1 by G−1,

γð2Þ ¼ 1

2
ðcþ ρ̃Þ

��
1þ Am

2

�
β̃m þ ∂xβ̃m

�
G−1;

λð2Þm ¼ 1

2
β̃m þ 1

2

��
1þ Am

2

�
β̃m þ ∂xβ̃m

�
G−1: ð391Þ

Since the factorD−1 cancels out, we may first have a look at
what happens if we take ε → 0, resulting in

∂x lnD¼−
�
1

2
∂xAm−

cρ̃
ðcþ ρ̃Þ2

��
ρ̃

cþ ρ̃
−
Am

2

�
−1
: ð392Þ

The value G−1ðρ̃ ¼ 0Þ ¼ −2=A0 is the same as for D−1,
such that λmðρ̃ ¼ 0Þ ¼ −β̃0=A0 remains unchanged. For
ρ̃ ≫ c, one finds a further iteration for the critical trajectory
according to

G−1 ¼
�
1−

Am

2
− ∂x ln β̃m−

∂
2
x ln β̃mþ 1

2
∂xAm

∂x ln β̃mþ 1
2
Am

þ ∂xAm

2−Am

�
−1
:

ð393Þ

The function Gðρ̃Þ still has a zero, since for large ρ̃ it
assumes a positive value close to one, and for ρ̃ ¼ 0 it is
negative. The position of the singularity of γð2Þ has shifted
somewhat as compared to γð1Þ. The value of ρ̃ where G
diverges due to Eq. (392) corresponds to γð2Þ ¼ 0 and

therefore λð2Þm ¼ β̃m=2.
One could continue this iteration. It may produce more

accurate estimates of the behavior for ρ̃ ≫ c and ρ̃ → 0.
There will remain, nevertheless, a “transition region” in ρ̃
where the sign of the term linear in the coupling switches.
This region will not be under control for an expansion
which assumes that the inverse of this term is small in some

FERMI SCALE FROM QUANTUM GRAVITY SCALING SOLUTION PHYS. REV. D 114, 086002 (2026)

086002-49



sense. For the full solution of the scaling equation for γ with
boundary condition set either at ρ̃ ¼ 0 or at ρ̃ → ∞, this
transition region is not problematic. For a numerical
solution, the vanishing of the term linear in the coupling
is not an issue. The iterative solution investigated here
involves, however, boundary values simultaneously at ρ̃ → 0
and ρ̃ → ∞. The branches of the iterative solution for small ρ̃
and large ρ̃ may not match in the transition region.
The variable γ reveals a general structure. For large ρ̃, the

critical trajectory is ultraviolet attractive due to a positive
linear term ∼γ on the rhs of Eq. (379). For small ρ̃, the
analytic solution is infrared attractive due to the negative
term −Amγ=2. The transition region corresponds to this
switch in attraction properties. If there are no special
properties associated with the second order electroweak
phase transition, the two branches will not meet precisely
unless the parameters of the short distance model have
appropriate values. This may be called a “tuning” of the
short distance physics. For an analytic scaling solution,
such tuning is possible only if the lack of knowledge of the
precise short distance model is put into the form of free
parameters. The amount of tuning necessary depends on
how far the extension of the critical trajectory into the
region of small ρ̃ results in an almost constant γ with value
not too far from the limit for ρ̃ ¼ 0. There may be particular
interesting cases as β̃0 ¼ 0 resulting in λmð0Þ ¼ 0.

G. Predictions for gauge and Yukawa couplings

Analytic scaling solutions are rather restricted. In gen-
eral, there is at most a discrete set of such solutions, without
free parameters. For example, if gauge couplings have a
UV-fixed point (174) at a nonzero value g2�, this fixed point
has to be realized for ρ̃ → 0 exactly. The scaling solution
for ρ̃ → 0 cannot involve the term ∼Cg unless Bg is a
negative even integer. Otherwise, the function ZFðρ̃Þ in
Eq. (129) would not be analytic for ρ̃ → 0 and some
couplings involving ρ̃-derivatives of ZF would diverge. The
coefficient Bg is a loop expression involving factors of π. In
the absence of ρ̃-dependent masses, it is not expected to be
an integer. With the analyticity of the scaling solution
requiring Cg ¼ 0, this leads to a simple strong conclusion.
There is no free parameter which permits the gauge
coupling near the Planck mass to assume an arbitrary
value. Its value is fixed by the properties of the UV-fixed
point for ρ̃ → 0. As a consequence, the value of the gauge
coupling at the Fermi scale can be predicted for a given
model. This “predictivity in principle” is rather similar to
the issue of the Fermi scale. Since the predicted value
depends on the short distance model, either the comparison
with observation discards models which do not have the
required fixed point structure, or the LIMS cannot be below
the Fermi scale.
The gauge couplings still flow away from their UV-fixed

point as ρ̃ increases. For the flow with k, the deviation of
the gauge coupling from the fixed point value is a relevant

or irrelevant parameter, depending on the sign of Bg. It
involves the free parameter Cg. Predictivity is realized only
if the gauge coupling is an irrelevant parameter. In contrast,
for the scaling solution, the behavior in the vicinity of the
fixed point for ρ̃ → 0 is a mass-threshold effect both for a
relevant and irrelevant parameter, independently of the sign
of Bg. Predictivity is realized in both cases if the LIMS is
below the Fermi scale.
The decoupling of the metric fluctuations or of massive

particles allows for an evolution away from the fixed point
once ρ̃ grows sufficiently large. This ρ̃-dependence of the
gauge couplings is induced by the ρ̃-dependence of the
Planck mass and particle masses. For ρ̃ → 0, we can
linearize the threshold functions and extend Eq. (175) to

ρ̃∂ρ̃g−2 ¼ −
Bg

2
g−2ð1 − rgρ̃Þ −

BF

2
ð1 − rFρ̃Þ: ð394Þ

Expanding

g−2 ¼ −
BF

Bg
þ δg−2 ð395Þ

yields

ρ̃∂ρ̃δg−2 ¼ −
Bg

2
δg−2ð1 − rgρ̃Þ þ

BF

2
ðrF − rgÞρ̃: ð396Þ

An analytic scaling solution is realized for

δg−2 ¼ γFρ̃þ � � � ; ð397Þ

with γF being the fixed point value of a coupling involving
two scalar fields and two, three, or four gauge bosons. The
expansion in ρ̃ yields

γF ¼ BF

2
ðrF − rgÞ

�
1þ Bg

2

�
−1
: ð398Þ

The coupling γF is typically small, with BF ∼ 1=ð16π2Þ,
rF ∼ g2. At the value ρ̃g where the metric fluctuations
decouple effectively, the relative change of the gauge
coupling as compared to its fixed point value is given
by the factor

δg−2g2� ¼
ðrg − rFÞBgρ̃g

2þ Bg
¼ Bg

2þ Bg

�
tg −

rF
rg

�
; ð399Þ

with tg ¼ rgρ̃g being close to one. For small δg−2g2�, the
fixed point value g2�=ð4πÞ has to be close to the value
extrapolated from the observed value at the Fermi scale
which yields αg ≈ 1=40. Such a scenario requires for small
ρ̃ the presence of particles beyond the standard model.
Similar arguments apply to the Yukawa couplings and

the quartic Higgs coupling λh. An analytic scaling solution
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predicts the value of λh near the Planck mass, or more
precisely at ρ̃g where the gravitational fluctuations decou-
ple. It has to be close to the fixed point value λ�h. The value
of λ�h is rather small, leading to the successful prediction of
the ratio between Higgs mass and top-quark mass [40]. An
analytic scaling solution further implies a prediction for the
value of the β-function βh for λh at ρ̃g. It is given by the
value of the six point function for the Higgs scalar,

γhðρ̃cÞ ¼
∂λhðρ̃Þ
∂ρ̃

				
ρ̃

¼ ρ̃c;

βλðρ̃cÞ ¼ −2ρ̃∂ρ̃λhðρ̃cÞ ¼ −2γhðρ̃cÞρ̃c: ð400Þ

For small γh close to its value for ρ̃ ¼ 0 the value βλðρ̃cÞ
remains small, close to its zero for ρ̃ ¼ 0. Suppose that the
six-point function γh remains very small at a scale ρ̃SM for
which the standard model can already be used as an
effective theory. If ρ̃SM is not very large, this predicts a
small value for βλðρ̃SMÞ. On the other hand, one can
compute βλðρ̃SMÞ perturbatively as a function of the
Yukawa and gauge couplings. Thus, a small βλðρ̃SMÞ
implies a relation between Yukawa and gauge couplings.
In turn, this results in a prediction for the value of the top-
quark mass which corresponds to a small βλðρ̃SMÞ. This
relation works well and is compatible with the observed
mass of the top quark.
If the LIMS, is far below the Fermi scale, all couplings of

the standard model are given by the scaling solution, except
perhaps the masses of neutrinos. For an analytic scaling
solution, they all become predictable in principle in the UV.
In the case of a discrete set of analytic scaling solutions
with more than one solution, one shall find a discrete set of
predictions. If for a given model the computational pos-
sibilities permit the estimate of the predictions with
sufficient accuracy, the hypothesis of the LIMS below
the Fermi scale, or of fundamental scale invariance, can be
falsified by comparison with the observed values of
couplings. With this hypothesis, one can then judge if a
UV-model with a given particle content is viable or not. Of
course, predictability in principle is not yet a prediction in
practice.
The predictions of fundamental scale invariance with an

analytic scaling solution are based on the assumption that a
given model can be continued to infinitely short distances
or k → ∞. It is also conceivable that a model with a given
particle content remains only valid up to some scale k̄UV
much above the Planck scale, with the scaling solution only
valid for ρ̃ > ρ̄UV, ρ̄UV ≪ 1. In this case, the predictions are
weakened. One typically obtains “infrared intervals”
around the predictions which would hold for ρ̄UV ¼ 0.
In the limit ρ̄UV → 0, these intervals shrink to points.
For the present investigation, we will assume that the

particle content of the UV model yields fixed point values

of gauge and Yukawa couplings which lead to infrared
values compatible with the observed values.

XI. NUMERICAL SOLUTION

Our analytic results can be checked by a numerical
solution of the scaling equation. For the scaling equation in
our truncation, this does not involve any further approxi-
mation. We are mainly interested here in the general issue
of predictivity for the Fermi scale. For this purpose, we do
not aim for a realistic model of the ultraviolet physics. We
simply adjust the “particle content” by choosing for k
beyond the Planck mass ðρ̃ ≪ 1Þ a form of the β-functions
for gauge and Yukawa couplings such that these fixed point
values are compatible with observation. We focus on the ρ̃-
dependence of the couplings defined at h̃ ¼ 0.

A. Scaling solution for the standard model

We first solve the scaling equation for the region ρ̃ ≫ 1
where the fluctuations of the metric and possible particles
with masses near the Planck mass can be neglected. The
particle content is given by the standard model plus the
cosmon. For this local scaling solution, we set “initial
conditions” at a value of ρ̃ which corresponds to k ¼ mZ.
At this scale, we can employ the measured values of the
gauge and Yukawa couplings as well as the quartic scalar
coupling. The only free initial value is then the cosmon-
Higgs coupling λm. We neglect all Yukawa couplings
except the one for the top quark and use one-loop
β-functions for the gauge and Yukawa couplings.
For an expansion of uðρ̃; h̃Þ in powers of h̃ at h̃ ¼ 0, one

finds in our truncation a closed system of nonlinear
differential equations for the scaling solution that may
be solved numerically. We are mainly interested in the
ρ̃-dependence of λmðρ̃Þ ¼ λmðρ̃; h ¼ 0Þ and consider for
this purpose the scaling equation for the quantity

σmðρ̃Þ ¼ ρ̃λmðρ̃; h ¼ 0Þ; ð401Þ
which reads

ρ̃∂ρ̃σm ¼ σm þ ρ̃2∂ρ̃λm ¼ σm −
1

2
ρ̃βm

¼ σm −
1

128π2

�X0

i

n̂iβi − 12ρ̃∂ρ̃λhð1þ ∂h̃uÞ−2

þ 24λhσmð1þ ∂h̃uÞ−3
�
: ð402Þ

Here the sum
P

i
0 extends over all particles except for the

scalars. For these particles, one has m̃2
i ¼ 0 for h ¼ 0,

m̃2
i ¼ αihρ̃; ρ̃∂ρ̃αi ¼ −

1

2
βi: ð403Þ

The last term in Eq. (402) involves the anomalous
dimension Am, such that we may write
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ρ̃∂ρ̃σm ¼
�
1 −

Am

2

�
σm

−
1

128π2

�X
i

0n̂iβi þ 6βhð1þ μhÞ−2
�
; ð404Þ

where

μhðρ̃Þ ¼ ∂h̃uðρ̃; h̃ ¼ 0Þ; λhðρ̃Þ ¼ ∂
2
h̃
uðρ̃; h̃ ¼ 0Þ;

βh ¼ −2ρ̃∂ρ̃λhðρ̃Þ: ð405Þ

For the anomalous dimension of the cosmon-Higgs cou-
pling Am, we include the part of the anomalous dimension
ηH of the Higgs field. This replaces Am → Am þ ηH,
resulting in

Am ¼ 3λh
8π2ð1þ μhÞ3

þ ηH; ð406Þ

with

ηH ¼ 3

8π2

�
y2t −

3ð5g22 þ g21Þ
20ð1þ μhÞ

�
: ð407Þ

For the β-functions, all particles except the scalars are
massless for h ¼ 0, implying in our approximation

βt ¼ −2ρ̃∂ρ̃y2t

¼ 1

16π2

�
3y4t

1þ μh
−
�
16g23 þ

4

5
g21

�
y2t

�
þ ηHy2t ;

β3 ¼ −2ρ̃∂ρ̃g23 ¼ −
7g43
8π2

;

β2 ¼ −2ρ̃∂ρ̃g22 ¼ −
1

12π2

�
5 −

1

4ð1þ μhÞ3
�
g42;

β1 ¼ −2ρ̃∂ρ̃g21 ¼
1

2π2

�
1þ 1

40ð1þ μhÞ3
�
g41: ð408Þ

For βh, we add the contribution from the scalar field
anomalous dimension ηH,

βh ¼
3

4π2

�
λ2h

ð1þ μhÞ3
− y4t þ

3

16
g42 þ

3

40
g22g

2
1 þ

9

400
g41

�
þ 2ηHλh: ð409Þ

For some of the expressions, the dependence on μh is
somewhat more complicated than a simple power
ð1þ μhÞ−γ . In this case, our simplified formula expresses
only the leading power for the suppression for large μh. In
any case, we will see that the effect of nonzero μh is minor.
The mass term μh is related to λm by

λm ¼ ∂ρ̃μh; ð410Þ

implying the scaling equation

ρ̃∂ρ̃μh ¼ σm: ð411Þ

The system of the scaling equations (402), (408), (409),
and (411) for the seven couplings μh, σm, λh, y2t , g23, g

2
2, and

g21 is closed in our approximation. It can be solved
numerically. The flow variable x ¼ ln ρ̃ takes the value
zero for k2 ¼ χ2=2, which corresponds to k ¼ Mp=

ffiffiffi
2

p
in

the normalization of χ with ξ ¼ 1. We may set initial
conditions at xF corresponding to k ¼ mZ ¼ 91.2 GeV,

xF ¼ ln

�
M2

p

2m2
Z

�
¼ 74.9: ð412Þ

For the gauge couplings g2i ðxFÞ, we insert the observed
values normalized at a renormalization scale equal to MZ.
For λh, we use for this purpose the measured mass of the
Higgs boson m2

H ¼ 2λhφ
2
0. The ratio λh=y2t is predicted for

the scaling solution from the condition λhðx ¼ 0Þ ≈ 0, since
λh is an irrelevant coupling. We adapt y2t ðxFÞ in order to
realize this condition. This results in a “one-loop value” for
the top-quark mass slightly smaller than the observed top
mass. (For a precise determination of the predicted ratio
mt=mH, one has to proceed beyond a one-loop approxi-
mation.) We take σmðxFÞ as a free input parameter and
approximate

μðxFÞ ¼ σmðxFÞ þ δμðxFÞ: ð413Þ

We choose δμ in the vicinity of

μcr ¼ −
3

32π2

�
λh þ

3

4
g22 þ

3

20
g21 − 2y2t

�
: ð414Þ

The numerical results for x < xF are rather insensitive to
the precise choice of δμðxFÞ.
In Fig. 2 we plot σmðxÞ for two different boundary values

at xF, namely, σmðxFÞ ¼ −0.1 (blue) and σmðxFÞ ¼ 0.4
(orange). Both values approach quickly the common
critical coupling as x decreases. Continuing the flow for
smaller x, both curves follow with high precision the
trajectory given by the critical cosmon-Higgs coupling

λðcrÞm according to Eq. (284).
In Fig. 3, we show the corresponding values of λmðxÞ for

a range of x corresponding to k near the Planck mass. One
observes the increase of λmðρ̃Þ proportional ρ̃−1, as pre-

dicted by λðcrÞm ðρ̃Þ. Near the Planck scale at ρ̃ ≈ 1, the
cosmon-Higgs coupling reaches a value around 10−5. We

also plot the critical trajectory λðcrÞm ðxÞ. We take here the
approximation
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λðcrÞm ¼ 1

2
β̃m

�
1 −

Am

2

�
−1
; ð415Þ

where

β̃m ¼ 1

64π2ρ̃

�X0

i

n̂iβi þ
6βh

ð1þ μhÞ2
�
: ð416Þ

Here β̃m subtracts from βm the contribution ∼σm, which is
incorporated in Am

ρ̃∂ρ̃λm ¼ −
1

2
β̃m −

1

2
Amλm: ð417Þ

The three curves almost coincide. On the level of precision
visible in Fig. 3, the difference between the improved value

of λðcrÞm ðρ̃Þ which includes in Eq. (284) the contribution
from dm ≠ 0 and the approximation (415) is not visible.
For the initial value λmðxFÞ ¼ −0.1, one finds

λmð0Þ ¼ 3.3359 × 10−5, while λmðxFÞ ¼ 0.4 yields
λmð0Þ ¼ 3.3311 × 10−5. The difference between the two

initial values of λm at xF is of the order 10−32. It has
increased to around 5 × 10−8 at x ¼ 1. More in detail, the
difference remains almost constant ≈10−32 for a certain
range of x near xF, and subsequently increases almost
∼ρ̃−1, with almost constant difference in σm. This behavior
is precisely what one expects from the mixing effect in

Eq. (312). Also the difference to our approximation for λðcrÞm

is for x ¼ 0 in the range of a few times 10−7 or 10−8,
respectively. At this level, one cannot decide which one of
the two boundary values is preferred. For this question, one
has to include the gravitational fluctuations. A continuation
to ρ̃ → 0 or x → −∞ will decide for which boundary value
a finite value of λm is reached for ρ̃ → 0, and for which
other boundary values λmðρ̃ → 0Þ diverges. The corre-
sponding tuning of δmðxFÞ yields the prediction for the
Fermi scale.

B. Ultraviolet fixed point

We assume that for ρ̃ → 0 all couplings approach an
ultraviolet fixed point, as appropriate for an ultraviolet
complete theory. For the gauge couplings, we assume for
simplicity a common fixed point at g2�, as realized for grand
unified theories. We realize this by choosing DF in
Eq. (173) as

DF;i ¼ β̄UV − β̄i; βi ¼ β̄ig4i : ð418Þ

The constant β̄UV ¼ −nUV=ð8π2Þ reflects the running in a
grand unified theory (GUT) model. For cF, we take
cF ¼ 1=ρ̃GUT, where ρ̃GUT ¼ expðxGUTÞ, with xGUT ≈ 11

corresponding to k ¼ 1016 GeV. For β2 and β1, we take
slightly larger values of xGUT such that for ρ̃ ≪ ρ̃GUT the
three couplings gi coincide. For the gravity induced
anomalous dimension, we add to βi a term

βðgrÞi ¼ −Bgg2i ;

Bg ¼
5

288π2w

�
4

1 − v
−

3

ð1 − vÞ2
�
;

w ¼ w0 þ ρ̃; v ¼ u0
w
: ð419Þ

Here we employ the normalization ξ ¼ 1, u0 ¼ uðρ̃ → 0Þ,
and w0 determines the ratio M2

p=k2 for k → ∞. For βt, we
add a contribution from fluctuations of the metric and
heavy particles:

Δβt ¼
y2t

16π2

�
ayy2t − agg23
1þ cFρ̃

þ 2bt
3wð1 − vÞ2

�
: ð420Þ

Finally, we add in the scalar sector Agrav to Am.
It is not our aim here to construct a realistic ultraviolet

model. We rather want to demonstrate the predictive power
of the scaling solution for the Fermi scale. For this purpose,

FIG. 2. Infrared flow of cosmon-Higgs coupling. We plot σm ¼
ρ̃λm as a function of x ¼ ln ρ̃. The two curves correspond to initial
values σmðxFÞ ¼ −0.1 (blue) and σmðxFÞ ¼ 0.4 (orange).

FIG. 3. Flow of cosmon-Higgs coupling λm in the Planck region
as a function of x ¼ ln ρ̃. Two of the three curves correspond to
the initial values σmðxFÞ ¼ −0.1 and σmðxFÞ ¼ 0.4 as for Fig. 2.

The third curve is an approximation to λðcrÞm . The three curves
almost coincide.
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we choose the parameters for the β-functions of gauge and
Yukawa couplings rather arbitrarily. We take a setting for
which the gauge couplings have in the presence of gravity an
infrared stable fixed point g2�, which is realized for Bg > 0,
BF < 0. With our choice v0 ¼ vðρ̃ ¼ 0Þ ¼ 0.2, one realizes
Bg > 0, and we take positive β̄UV implying negative BF for
ρ̃ ¼ 0. The fixed point occurs for g2� ¼ Bg=β̄UV. The running
away from this fixed point sets in only once the gravitational
fluctuations decouple for ρ̃ > w0. This type of fixed point
predicts the values of the gauge couplings. In order to be
compatible with observation, g2� needs to occur at the right
value. This can be achieved approximately with a mild
tuning of parameters. Following the evolution from large ρ̃
toward ρ̃ ¼ 0, the β-functions for the gauge couplings, and
similarly for the Yukawa couplings, should vanish for ρ̃ → 0
if the assumed values of the couplings at the Fermi scale
coincidewith the predicted values. For our mild tuning, these
β-functions are of the order 10−4 for ρ̃ → 0, which is
sufficient for our purpose. We show the ρ̃-dependence of
the gauge couplings, top-Yukawa coupling, and quartic
Higgs coupling in Fig. 4.
The extrapolation of λm toward ρ̃ ¼ 0 becomes sensitive

to the boundary value of δm at xF. In Fig. 5, we plot λmðxÞ
in the UV-range x < 0 for the same boundary values as for
Figs. 2 and 3. The green curve for δmðxFÞ ¼ −0.1 stays

very close to zero and coincides with λðcrÞm . On the other
hand, for the orange curve with boundary value
δmðxFÞ ¼ 0.4, one observes a substantial increase of λm
for x < −8. For this boundary value, a finite value λmðρ̃ ¼
0Þ is not realized. On this level of accuracy, the boundary
value δmðxFÞ ¼ −0.1 is compatible with an analytic scaling
solution, while δmðxFÞ ¼ 0.4 is not.
The plot in Fig. 5 should be seen as demonstration of the

“predictability in principle” of the Fermi scale. It should not

be interpreted as a “prediction in practice” which precise
value of h0 is selected. The latter may depend on the choice
of the ultraviolet physics. The dependence of λ̄m on the
assumptions for fixed points, gravitational contributions,
and contributions of heavy particles with mass ∼χ is not
investigated here. We have verified numerically, however,
that for slight shifts of the parameters used here an
extrapolation of the observed value of h0 to a regular
scaling solution for x → −∞ remains possible. There is no
obstacle for realising a realistic value of the Fermi scale.
The prediction for the value of the Fermi scale becomes a
matter of the ultraviolet model.
Taking things together, this first numerical investigation

should be seen as a confirmation of our analytic results. In
particular, the predictivity for the Fermi scale can be seen
clearly in Fig. 5. A next step toward practical predictions
for certain classes of short distance models should consider
a variation of the parameters characterizing the short
distance model, and an investigation of the dependence
on assumptions for the effective low energy theory.
Presumably, the variation of the short distance model
has the largest effect and may be done first. We plan to
perform such an analysis in the future. The complication
arises from the fact that we consider a system of several
couplings which are all predicted for a given short distance
model. For given values of the observed couplings and
given parameters of the short distance model, a violation of
analyticity can arise from nonanalyticity in the flow of each
coupling. Analytic scaling solutions will correspond to a
relation between infrared couplings and short distance
model parameters in a multidimensional coupling constant
space. For this reason, the next numerical step needs
already a dedicated effort.

FIG. 4. Field-dependent couplings of the standard model. As a
function of x ¼ ln ρ̃, we plot the squared top-quark Yukawa
coupling y2t (blue), the squared gauge couplings g23 (orange), g22
(green), and g21 (red), as well as the quartic scalar coupling λh
(violet).

FIG. 5. Ultraviolet flow of cosmon-Higgs coupling. We plot λm
as a function of x ¼ ln ρ̃, for two initial values σmðxFÞ ¼ −0.1
(green) and σmðxFÞ ¼ 0.4 (orange). The curve for σmðxFÞ ¼
−0.1 coincides with λðcrÞm ðρ̃Þ. This figure should be interpreted as
a demonstration of predictivity rather than an actual prediction of
the values of the cosmon-Higgs coupling at the Fermi scale.
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XII. CONCLUSIONS

This work investigates the question of whether the ratio
of Fermi scale over Planck mass φ0=Mp can be predicted
by quantum gravity. Our basic assumption is the existence
of an ultraviolet complete quantum field theory for the
metric and particle fields, being realized by an ultraviolet
fixed point for the renormalization flow of couplings. We
focus on a setting where the largest intrinsic mass scale
characterizing the flow away from the ultraviolet fixed
point is much smaller than the Fermi scale. In this case, the
observed couplings of the standard model are given by the
scaling solution of the functional flow equation.
Our main result states that in this case the ratio φ0=Mp

can be predicted. There is no free parameter that can be
adjusted in order to obtain an arbitrary value of φ0=Mp. The
predicted value depends, however, on the details of the
short distance physics for momenta around and above the
Planck scale. For a given short distance model, the Fermi
scale is predicted—this is “predictivity in principle”.
“Predictivity in practice” needs the selection of the model
and the computational capacity to extract the predicted
value of φ0=Mp. In other words, the proposal of a given
short distance model can be falsified if the predicted value
of φ0=Mp does not coincide with observation. The pre-
dictivity is lost if the largest intrinsic mass scale is above the
Fermi scale. In this case, the Fermi scale becomes a relevant
parameter of the renormalization flow whose value can be
chosen freely. The discussion of this paper can therefore
also be seen as a test if fundamental scale invariance or a
largest intrinsic mass scale below the Fermi scale are viable
concepts. So far our answer is positive.
A theory of quantum gravity becomes “ultraviolet

complete” if an ultraviolet fixed point for the flow of
couplings exists. In this case, it can be extrapolated to
infinitely high momentum or infinitesimal length scales
without further change of the couplings. Within functional
renormalization, an ultraviolet fixed point does not only
concern a finite number of couplings. Infinitely many
couplings, as generated, for example, by a Taylor expan-
sion of functions as the scalar potential, need to assume
fixed point values. An ultraviolet fixed point is associated
to a scaling solution for which dimensionless functions of
dimensionless scaling fields do not depend on the renorm-
alization scale.
A condition for predictivity is the existence of a unique

scaling solution, or perhaps a discrete set of scaling
solutions. In contrast, if a continuous family of scaling
solutions would exist, there will be free parameters speci-
fying the individual members of this family. If the Fermi
scale depends on these free parameters it cannot be
predicted. A first key question therefore asks if the scaling
solutions form a discrete set or a continuous family.
Scaling solutions for the dimensionless scalar potential

or similar quantities have to obey a “scaling equation”.
These are first order nonlinear differential equations for

functions of fields. A “local scaling solution” for some
local region in field space typically has free integration
constants or initial values. Local scaling solutions form
continuous families. The restrictions leading to discreteness
arise from the necessity to extend the local scaling solutions
to the whole field space. The scaling potential for the Higgs
field has to be valid for a zero field value and extend to
arbitrarily large field values. The compatibility with boun-
dary conditions for small and large fields may be given only
for a finite set of solutions, somewhat analogous to the
bound states in quantum mechanics.
Infinitely many couplings may be defined by derivatives

of the scalar potential with respect to renormalized fields.
For example, a quartic coupling for the Higgs scalar can be
defined as the fourth derivative of the potential with respect
to the Higgs field. The standard setting for the treatment of
irrelevant parameters in critical phenomena is the
assumption that all couplings take finite values at the
ultraviolet fixed point. This means that the scaling solution
for the potential is analytic at the point defined by zero field
values.
For an analytic scaling solution, we find that no

continuous family of scaling solutions exists. Scaling
solutions are unique or form a discrete set. For an analytic
scaling solution, the ratio φ0=Mp does not depend on a
continuous parameter. This has far-reaching consequences.
For example, if a scaling solution would describe the
critical surface of a second order quantum electroweak
phase transition, no neighbouring scaling solutions with
arbitrarily small φ0=Mp are allowed. In this case, the
scaling solution would imply φ0 ¼ 0 in the limit where
the infrared cutoff scale k vanishes. This could explain why
the Fermi scale is tiny as compared to the Planck mass. The
predicted value would turn out, however, to be too small.
Our second question asks if a tiny ratio φ0=Mp is

predicted by the scaling solution. The ratio φ0=Mp is
mainly set by the infrared value of the dimensionless
cosmon-Higgs coupling λm. We find that λm is determined
by the short-distance physics for momenta around or above
the field-dependent Planck mass χ. The β-function βm
dictating the dependence of λm on the dimensionless ratio
ρ̃ ¼ χ2=ð2k2Þ vanishes ∼ρ̃−1 for ρ̃ ≫ 1. This holds pro-
vided that only the particles of the standard model
contribute in this range of k. Within the effective standard
model for k ≪ χ, we find no approximately constant
contribution to βm. Such a constant value would lead to
a logarithmic dependence of λm on ρ̃ which would provide
for a simple possible solution for the gauge hierarchy. An
effective theory with light particles beyond the standard
model would be needed for such a “low energy solution” of
the gauge hierarchy problem.
If the theory below the Planck mass, or below some

grand unified scale in its vicinity, is given by the standard
model, one is left with a “high energy solution” for the
gauge hierarchy φ0=Mp. Typically, the value of φ0=Mp is
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determined in this case by properties of the ultraviolet fixed
point. We find that φ0=Mp is generically a small parameter
≲10−6. For obtaining the observed value of 10−30, addi-
tional properties are needed. This may involve, in particu-
lar, enhanced symmetries realized by the scaling solution.
A natural candidate is the “particle scale symmetry” [43]
associated to a second order quantum electroweak phase
transition. We have discussed the formal conditions for the
realization of this symmetry, but have not attempted to
prove that a scaling solution with these properties exists
independently of details of the short distance model.
Another interesting ultraviolet symmetry is given if the

potential u at ρ̃ ¼ 0 becomes independent of h̃. This
realizes shift symmetry in H. A consequence is the
vanishing of μh and λh for ρ̃ ¼ 0. This entails additional
relations between parameters of the standard model. In
particular, the boundary condition λhðρ̃ ¼ 0Þ ¼ 0 induces a
relation between the top-quark Yukawa coupling and the
gauge coupling. The corresponding prediction for the mass
of the top quark seems compatible with observation.
The particle scale symmetry associated to a second order

quantum electroweak phase transition predicts φ0=Mp ¼ 0.
The zero temperature or quantum electroweak transition is,
however, not precisely a second order phase transition.
While it shows the typical features of a second order phase
transition for scales sufficiently above the confinement
scale of QCD, the nonperturbative spontaneous chiral
symmetry breaking in QCD turns it to a crossover around
the confinement scale. The particular “particle scale sym-
metry” associated to an exact second order phase transition
is violated by the running of gauge and Yukawa couplings.
In the limit of constant couplings, one finds a second order
quantum phase transition with a plausible prediction
φ0 ¼ 0. Strong QCD effects induce an approximate bound
φ0 ≳ ΛQCD. The question arises if running couplings could
be responsible for a value φ0=ΛQCD of a few times 102. In
other words: how strong is the deviation from a second
order quantum phase transition? We find that the non-
perturbative QCD effects set a lower bound of around
50 MeV for the Fermi scale, which is not sufficient for an
explanation of its observed value.
A first numerical investigation of a setting with an

ultraviolet fixed point at nonvanishing gauge and
Yukawa couplings suggests that a realistic Fermi scale
may indeed be possible. The result is far from being
conclusive since a systematic investigation of how
φ0=Mp depends on assumptions for the ultraviolet fixed
point needs to be performed. Nevertheless, it is intriguing
that already a first investigation of a model for a UV-fixed
point has found a tiny ratio φ0=Mp without any particular
tuning of parameters. This may, of course, also be acci-
dental. We leave a systematic investigation of the depend-
ence of φ0=ΛQCD on properties of the UV-fixed point for
future research.

The ratio φ0=Mp predicted for the scaling solution for a
given UV model is not necessarily the end of the story. In a
general functional renormalization setting, the couplings
flow away from the scaling solution due to the presence of
relevant parameters. If the Fermi scale is associated to a
relevant parameter, it cannot be predicted in a general
setting. If for a given short distance model the predicted
value of the Fermi scale conflicts with observations, the
largest intrinsic mass scale has to be above the Fermi scale.
The second condition for predictivity of the ratio φ0=Mp is
therefore that the largest intrinsic mass scale is much below
the Fermi scale.
On the other hand, the setting of fundamental scale

invariance postulates that no deviation from the scaling
solution occurs. Fundamental physics is described by the
exact scaling solution of functional renormalization. In this
case, φ0=Mp is predicted for a given model. It is highly
nontrivial that this prediction coincides with observation. If
one can find acceptable short distance models which yield
the correct prediction for φ0=Mp, this could be interpreted
as a strong hint toward fundamental scale invariance. If not,
fundamental scale invariance may be excluded. These
statements extend to settings where the largest intrinsic
mass scale generated by the flow away from the scaling
solution is far below the Fermi scale.
Fundamental scale invariance offers a dynamical mecha-

nism for a vanishing cosmological constant and dynamical
dark energy. Its predictivity for the ratio of the Fermi scale
over the Planck mass may have excluded this possibility.
With the present investigation, this has not happened. The
option of fundamental scale invariance provides a powerful
tool for restricting possible short distance models.
Finally, a given short distance model for physics around

and beyond the Planck scale may not be valid to infinitely
short distances. It may itself be an intermediate effective
theory which could be replaced far beyond the Planck
scale. In this case, the sharp prediction for φ0=Mp would be
weakened to an infrared interval. The allowed interval for
φ0=Mp would result from the requirement that λm does not
grow to huge values for ρ̃ within the range of validity of the
intermediate model for quantum gravity. The difference
between the observed value of φ0=Mp and the precise
prediction of the short-distance model would indicate the
scale ρ̃ where the intermediate model of quantum gravity
has to be replaced.
In summary, the present work has laid the groundwork

for a systematic investigation of the ratio φ0=Mp for the
scaling solution of quantum gravity. The next step will have
to investigate how this ratio, or the ratio φ0=ΛQCD, depends
on the properties of the microscopic model.
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APPENDIX A: NOTATIONS

For the convenience of the reader, we summarize here
our notation for scalar fields and the scalar potential.

1. Fields

χ: cosmon field, ρ ¼ χ2

2
, ρ̃ ¼ ρ

k2.

H: Higgs-doublet field, h̃ ¼ H†H
k2 , h ¼ h̃

ρ̃ ¼ 2H†H
χ2

.

2. Potential

U: scalar potential, u ¼ U
k4 ¼ uðρ̃; h̃Þ ¼ uðρ̃; hÞ.

For partial derivatives of u, it matters which fields are
kept fixed. If not indicated explicitly, these are the fields in
the argument, e.g., ∂h̃uðρ̃; h̃Þ ¼ ∂u

∂h̃
j
ρ̃;h̃
.

3. Potential derivatives

μhðρ̃; h̃Þ ¼ ∂h̃uðρ̃; h̃Þ,
λmðρ̃; h̃Þ ¼ ∂ρ̃∂h̃uðρ̃; h̃Þ ¼ ∂ρ̃μhðρ̃; h̃Þ,
λχðρ̃; h̃Þ ¼ ∂

2
ρ̃uðρ̃; h̃Þ,

λhðρ̃; h̃Þ ¼ ∂
2
h̃
uðρ̃; h̃Þ ¼ ∂h̃μhðρ̃; h̃Þ.

μhðρ̃Þ ¼ μhðρ̃; 0Þ,
λmðρ̃Þ ¼ λmðρ̃; 0Þ,
σmðρ̃Þ ¼ ρ̃λmðρ̃Þ,
λhðρ̃Þ ¼ λhðρ̃; 0Þ,
λχðρ̃Þ ¼ λχðρ̃; 0Þ.
ν̃ðρ̃; hÞ ¼ ∂huðρ̃; hÞ ¼ ρ̃μhðρ̃; hÞ,
ν̃ðρ̃Þ ¼ ṽðρ̃; 0Þ,
λ̂hðρ̃; hÞ ¼ ∂

2
huðρ̃; hÞ.

4. Location of partial minimum

h̃0ðρ̃Þ: location of partial minimum, ∂h̃ðρ̃; h̃Þjh̃0ðρ̃Þ ¼ 0,

φ2
0ðρ̃Þ ¼ k2h̃0ðρ̃Þ, φ0 ¼ φ0ðρ̃ → ∞Þ: Fermi scale,

h0ðρ̃Þ ¼ h̃0ðρ̃Þ
ρ̃ , ∂huðρ̃; hÞjh0ðρ̃Þ ¼ 0,

h0 ¼ h0ðρ̃ → ∞Þ ¼ 2φ2
0

χ2
¼ 2ξφ2

0

M2
p
.

5. Quartic couplings

λh0ðρ̃Þ ¼ λhðρ̃; h̃0ðρ̃ÞÞ ¼ ∂
2U

∂ðH†HÞ2 jH†H¼φ2
0
ðρ̃Þ,

λ̄h ¼ λh0ðρ̃ → ∞Þ,
λ̄m ¼ λmðρ̃ → ∞Þ,
λ̄χ ¼ λχðρ̃ → ∞Þ.

APPENDIX B: STRONG INTERACTIONS

In this appendix, we investigate the nonperturbative
effects of the strong interactions. They are responsible
for turning the second order quantum electroweak phase
transition into a crossover. The dominant effect for electro-
weak symmetry breaking is the generation of effective
four-quark interactions by the functional flow. By flowing
bosonization, they can be absorbed into modifications of
the running of the Yukawa coupling and Higgs mass term,
leading finally to electroweak symmetry breaking. We
focus on the top quark. Including the other quarks will
not change the result qualitatively.

1. Top-antitop composite

Let us introduce the quark bilinear for the top quark:

H̃t ¼ t̄R

�
tL
bL

�
; ðB1Þ

where a summation over colors is implied. In terms of H̃t,
the top-quark Yukawa coupling term can be written in the
form

L Y;t ¼ ytH†H̃t þ H:c: ðB2Þ

The quark bilinear H̃t has the same transformation proper-
ties as the Higgs doublet H with respect to the gauge
symmetries of the standard model. A four-quark interaction
takes the form

L 4;t ¼ −
1

2
λtH̃

†
t H̃t: ðB3Þ

The functional renormalization flow generates this inter-
action through box diagrams involving the exchange of
gauge bosons and scalars. Omitting mass threshold func-
tions one finds [108,109] for fixed fields χ, H:

k∂kλ̄t ¼ −
D

16π2k2
;

D ¼ 80

3
g43 − 5y4t : ðB4Þ

2. Flowing bosonization

Flowing bosonization [108] absorbs this term by a k-
dependent field redefinition of the Higgs doublet:

Hk ¼ H þ αkH̃t: ðB5Þ

Evaluating the flow equation at fixedHk instead of fixedH,
one has

FERMI SCALE FROM QUANTUM GRAVITY SCALING SOLUTION PHYS. REV. D 114, 086002 (2026)

086002-57



k∂kΓkjHk
¼ k∂kΓkjH þ Δk;

Δk ¼ −
Z
x

�
∂Γk

∂Hk
∂tHk þ ∂tH

†
k
∂Γk

∂H†
k

�
; ðB6Þ

with

∂tHk ¼ k∂kHkjH;H̃t
¼ k∂kαkH̃t: ðB7Þ

The first term on the rhs of Eq. (B6) arises from the k-
dependence of the IR cutoff and amounts to the usual flow
equation. The second term reflects the k-dependence of the
field variables. We employ a truncation whereH is replaced
by Hk.
Neglecting derivatives of Hk, our truncation amounts to

∂Γk

∂Hk
¼ ∂U

∂ðH†
kHkÞ

H†
k þ ytH̃

†
t ;

∂Γk

∂H†
k

¼ ∂U

∂ðH†
kHkÞ

Hk þ ytH̃t; ðB8Þ

and one finds the correction term

Δk ¼ −
Z
x
k∂kαk

�
∂U

∂ðH†
kHkÞ

H†
kH̃t þ ytH̃

†
t H̃t þ H:c:

�
:

ðB9Þ

In the following, we omit the label k forHk. With the choice

−ytk∂kαk ¼
1

4
k∂kλ̄t ¼ −

D
64π2k2

; ðB10Þ

the contribution of the field transformation for the four-
quark interaction cancels the term (B4) arising from
k∂kΓkjH. We can therefore work with λ̄t ¼ 0.
The first part of the correction term reads then

Δ̃k ¼ −
Z
x

D
64π2k2yt

∂U
∂ðH†HÞ ðH

†H̃t þ H:c:Þ: ðB11Þ

This yields a correction to the flow of the Yukawa coupling:

Δðk∂kytÞ ¼ −
D

64π2k2yt

∂U
∂ðH†HÞ : ðB12Þ

The expression ∂Γk=∂Hk in Eq. (B8) depends on momen-
tum due to the kinetic term for the Higgs doublet. This
generates a momentum dependence of the Yukawa cou-
pling. We define yt as the Yukawa coupling at zero
momentum and neglect the momentum dependence.
Accordingly, the flow of y2t is modified to

k∂ky2t ¼ βt;H −
D∂h̃u
32π2

¼ βt;H −
Dμh
32π2

; ðB13Þ

with βt;H being the part without the field transformation. In
our setting, y2t , μh, andD are functions of the scalar fields χ
and H. We switch again to dimensionless scaling fields.
The four fermion vertex λ̄t depends on momenta. A
dominant momentum dependence can be accounted for
by a further rescaling of the renormalized Higgs field.
This adds to the anomalous field dimension ηH a term ηtc.
The field-flow of the Yukawa couplings receives then an
additional contribution ∼ηtcy2t . We obtain the scaling
equation (omitting mass thresholds)

ρ̃∂ρ̃y2t ¼ −
1

32π2

�
9y4t −

�
16g23 þ

9

2
g22 þ

17

10
g21

�
y2t

−
1

2
Dμh

�
−
1

2
ηtcy2t : ðB14Þ

As long as jμhj remains small, the incorporation of the four-
quark interaction by a k-dependent field transformation
remains a small correction for the field-dependence of the
Yukawa coupling. For the scaling solution corresponding to
a second order phase transition, one has in lowest order
μh ¼ 3y2t =ð16π2Þ þ � � �, which is indeed a small quantity.
The correction ∼Dμh is of the order of a two-loop
contribution.

3. QCD-induced IR-fixed point

For larger values of jμhj, the term ∼Dμh can no longer be
neglected. For understanding its effect, it is useful to
consider the evolution of the ratio

ϵ̃t ¼
μh
y2t

;

ρ̃∂ρ̃ϵ̃t ¼
1

y2t
ðρ̃∂ρ̃μh − ϵ̃tρ̃∂ρ̃y2t Þ: ðB15Þ

We use Eqs. (194) and (214),

ρ̃∂ρ̃μh ¼ μh þ βν −
1

2
ðηH þ ηctÞμh; ðB16Þ

with βν given by Eq. (217). The top-composite induced
anomalous dimension ηct cancels out in the field depend-
ence of ϵ̃t. Omitting mass threshold and anomalous
dimensions, one finds

ρ̃∂ρ̃ϵ̃t ¼ −
D

64π2
ϵ̃2t þ Eϵ̃t −

F
64π2

; ðB17Þ

with

E ¼ 1þ 1

32π2

�
3y2t −

�
16g23 þ

4

5
g21

��
;

F ¼ 12 −
�
9

2

g22
y2t

þ 9

10

g21
y2t

þ 2λh
y2t

�
: ðB18Þ
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A qualitative understanding can be gained by taking the
gauge and Yukawa couplings constant. A more quantitative
analysis can be done numerically.
If one neglects the ∼D and takes the gauge and Yukawa

couplings approximately constant, one finds a fixed point

ϵ̃t;UV ¼ F
64π2E

: ðB19Þ

This fixed point is IR-unstable. It corresponds to the scaling
solution for μh for constant gauge couplings,

μh ¼
3

16π2

�
y2t −

�
3

8
g22 þ

3

40
g21 þ

1

6
λh

��
; ðB20Þ

which denotes the critical surface for a second order
electroweak phase transition.
For D ≠ 0, a second IR-stable fixed point is present in

the limit of constant threshold functions and constant gauge
and Yukawa couplings. The rhs of Eq. (B17) vanishes for
the two possible fixed point solutions:

ϵt� ¼
32π2

D
ðE�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −DF=ð32π2Þ2

q
Þ: ðB21Þ

These fixed points exist as long as DF < ð32π2EÞ2. For
jDFj ≪ ð32π2Þ2, the fixed point with the relative minus
sign can be identified with the IR-unstable fixed point
(B19). The second fixed point occurs approximately for

ϵ̃t;IR ¼ 64π2E
D

: ðB22Þ

It is approached for increasing ρ̃. For D > 0, E ≈ 1, this
fixed point is located at positive μh,

μH ≈
64π2y2t

D
: ðB23Þ

ForD < 0, one has μh < 0, which would correspond to a
minimum of u at nonzero h̃0,

h̃0 ≈
64π2y2t
λhjDj : ðB24Þ

The fixed point with negative D is not realized at the
minimum of u, however. Negative D is only possible if the
Yukawa coupling dominates in Eq. (B4). For the large value
h̃0 in Eq. (B24), both the top-quark mass and the mass of the
radial scalar mode are large. Mass thresholds with powers of
ð1þ y2t h̃Þ−1 suppress the contribution ∼D in Eq. (B17). For
negative ϵ̃t, one should adapt the definition of ϵ̃t for an
evaluation at the minimum h̃0 of u, i.e., ϵ̃t ¼ −λhh̃0=y2t . This
implies m̃2

t ¼ −y4t ϵ̃t=λh, such that the suppression factors
ð1þ m̃2

t Þ−1 ¼ ð1 − y4t ϵ̃t=λhÞ−1 annihilate the increase ∼ϵ̃2t

of the term ∼D in Eq. (B17). There is no second fixed point
for negative ϵ̃t.
Let us concentrate on the case of positive D, which is

realized if the gauge interactions dominate D in Eq. (B4).
This is indeed the case in the vicinity of the fixed point
(B22), (B23). The contribution to D involving the Yukawa
coupling arises from box diagrams with the exchange of a
Higgs scalar. It is suppressed by threshold functions
involving factors ð1þ μhÞ−1 with large μh according
to Eq. (B23).
In the vicinity of the fixed point (B22), we can therefore

omit in Eq. (B4) the contributions ∼y4t , resulting in D > 0.
For smaller values of μh, the contributions ∼y4t are present
for D, but the overall size of the term ∼D is small. With
reasonable accuracy, we may only include the contributions
of the gauge couplings in Eq. (B4).

4. Electroweak crossover

If for some ρ̃ the scaling solution deviates from the UV-
fixed point ϵ̃t;UV with ϵ̃t > ϵ̃t;UV, the value of ϵ̃tðρ̃Þ will
increase until it reaches the IR-fixed point ϵ̃t;IR. The
trajectory describes a crossover between the two fixed
points. For large ρ̃, one ends in an IR-stable scaling solution
with a positive mass term of the Higgs double m2

H ∼ k2.
This contrasts with a flow toward the symmetric phase for
which m2

H ceases to decrease due to the decoupling of
fluctuations because of the threshold functions.
As ρ̃ increases, the approximation of weak and slowly

varying gauge couplings no longer remains valid. Due to
the large couplings of QCD, the two fixed points approach
each other and finally disappear. This happens at a critical
scale ρ̃χ for which g23 is large enough such that the square
root in Eq. (B21) vanishes, i.e., for

D ¼ ð32π2Þ2E2=F: ðB25Þ

At this value of ρ̃, one has

ϵ̃t ¼
ffiffiffiffi
F
D

r
¼ F

32π2E
; μh ¼

ffiffiffiffi
F
D

r
y2t ¼

Fy2t
32π2E

: ðB26Þ

For ρ̃ increasing further beyond ρ̃χ , the rhs of Eq. (B17)
turns negative and ϵ̃t reaches rapidly zero. From there on, a
nontrivial minimum of u at h0ðρ̃Þ > 0 develops, and finally
the ρ̃-dependence of h0 stops due to threshold functions.
One ends in the phase with spontaneous breaking of the
electroweak symmetry. The final value of h0 sets the Fermi
scale φ0. The value ρ̃χ for which the fixed point for ϵ̃t
disappears corresponds to a renormalization scale kχ . This
scale sets the order of magnitude for the Fermi scale. In
turn, kχ is the scale for which g23 reaches the critical value
for which D obeys Eq. (B25).
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For an estimate of ρ̃χ , we employ Eq. (163),

E ¼ 1 −
g23
2π2

�
1 −

9

16Rt

�
Rg; ðB27Þ

with Rt ≈ 1.9 and

Rg ¼ 1þ 9g22
32g23

þ 17g21
160g23

≈ 1.1 ðB28Þ

close to one. We observe that E approaches zero as g23
increases. The numerical values are taken at the Z-boson
mass, with Rt approaching 4.5 and Rg approaching 1 for
smaller k. The scale kχ is above the scale where E reaches
zero. We may estimate the size of F by inserting the
measured particle masses

F ¼ 12 −
6m2

W

m2
t

−
3m2

Z

m2
t
−
m2

H

m2
t
: ðB29Þ

Evaluating at k ¼ mZ, one finds F ≈ 9.3, while it
approaches 12 for decreasing k.
The leading contribution to D arises from a box diagram

with exchange of two gluons and reads [108]

D3 ¼
80

3
g43tD3ðm̃2

t Þ; ðB30Þ

with threshold function

tD3ðm̃2
t Þ ¼ ð1þ m̃2

t Þ−2
�
1

3
þ 2

3ð1þ m̃2
t Þ
�
: ðB31Þ

Keeping only this contribution, the scale kχ corresponds to
ðg23 ¼ 4παsÞ

α2s ¼
12π2E2

5F
¼ 12π2

5F

�
1 −

2αs
π

�
1 −

9

16Rt

�
Rg

�
2

: ðB32Þ

In the approximation of constant F and Bt ¼ ð1 − 9
16Rt

ÞRg,
this results in the quadratic equation

�
1 −

48B2
t

5F

�
α2s þ

48πBt

5F
αs −

12π2

5F
¼ 0: ðB33Þ

The solution yields αsðkχÞ which is reached for kχ some-
what above the confinement scale.
We have solved Eqs. (B13) and (B14) numerically,

approximating ηct ¼ 0. One finds indeed a lower bound
for kχ where μh reaches zero. In units where χ is the present
Planck mass, this is given by kχ ≈ 45 MeV, slightly larger
than the scale where g23 diverges.

5. Correction to the mass of the Higgs boson
and top quark

The four-quark interaction ∼λ̄t in Eq. (B3) is not taken
into account for a perturbative computation of the flow of
the Yukawa coupling and quartic scalar coupling. The
operator mixing between the Higgs field H and top-antitop
composite H̃t matters, however, for the precise value of the
mass of the Higgs boson and its Yukawa coupling to the top
quark. Flowing bosonization is an efficient way to account
for this operator mixing. The additional term ∼D in the
flow equation for the top-quark Yukawa coupling will
affect the prediction for the ratio of Higgs boson mass and
top-quark mass mH=mt. It concerns directly the quantum
gravity prediction for this ratio, which is given in our
setting by the ratio λh=y2t ¼ m2

H=ð2m2
t Þ. The effect on this

ratio is small, typically at the percent level or below. It
decreases this ratio due to a slightly faster increase of y2t
toward the infrared. For a given measured mass of the
Higgs boson, this could lead to an increase of the top-quark
mass on the percent level. This may be sufficient to improve
compatibility with “vacuum stability” or the quantum
gravity prediction for the Higgs boson mass [40]. The
latter may be turned into a prediction of the top-quark mass
since the Higgs boson mass is measured precisely.
Since the effect is small, we can use an expansion linear

in the correction. For this purpose, we consider the flow of
the ratio

St ¼
λh
y2t

; k∂kSt ¼ βS;p þ δβS; ðB34Þ

where βS;p is the perturbative result in some loop order (all
computed perturbative parts are induced here). In pertur-
bation theory, the ratio St approaches toward the IR at a
partial fixed point [118,119]. The top-antitop bilinear
induces a correction:

δβS ¼
Dμhλh
32π2y4t

¼ ð80g43 − 15y4t Þμhλh
96π2y4t

: ðB35Þ

With

St ¼ St;p þ δS; k∂kSt;p ¼ βS;p; ðB36Þ

the change of St due to the inclusion of the term ∼D obeys

k∂kδS ¼ δβS: ðB37Þ

These formulas should only be seen as a rough guess on
the possible size of this correction. For a reliable compu-
tation, the momentum structure of the four-quark vertex
matters. It seems preferable to introduce a separate field for
the top-antitop bilinear, and to compute its potential as well
as its interaction with the Higgs doublet.
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APPENDIX C: THRESHOLD FUNCTIONS FOR
FIELD-DEPENDENT COUPLINGS

The threshold functions defined by Eq. (193) constitute
the formal solution for the scaling form of the effective
potential. They encode the global form of u for arbitrary
values of ρ̃ and h̃. Their main content is the decoupling of
particles with masses larger than k. We will mainly be
concerned with the behavior of u for very small values of h
for which an expansion in powers of h is valid. While the
necessary information is contained in the exact solution for
the threshold functions, we will employ more direct
methods following flow equations for the h-derivatives
as functions of ρ̃. The threshold functions remain, never-
theless, an important ingredient for the understanding of
properties of u for a wider field range. In the presence of
field-dependent gauge and Yukawa couplings, explicit
analytical solutions become difficult. The qualitative fea-
tures and important qualitative details remain computable
and will be discussed in this appendix.
Equation (213) is a differential equation whose solution

involves integration constants. We choose these integration
constants such that tðiÞu ðρ̃Þ vanishes for ρ̃ → ∞. With this
definition, the solution of Eq. (193) takes the form

tðiÞu ðρ̃; hÞ ¼ 2ρ̃2
Z

∞

ρ̃

dρ0

ρ03ð1þ m̃2
i ðρ0; hÞÞ

¼ 1 − 2ρ̃2
Z

∞

ρ̃

dρ0m̃2
i ðρ0; hÞ

ρ03ð1þ m̃2
i ðρ0; hÞÞ

: ðC1Þ

For the h-dependence at fixed ρ̃, one finds

∂ht
ðiÞ
u ðρ̃; hÞ ¼ −2ρ̃2

Z
∞

ρ̃
dρ0

∂hm̃2
i

ρ03ð1þ m̃2
i Þ2

: ðC2Þ

We may parametrize

m̃2
i ðρ̃; hÞ ¼ αiðρ̃; hÞhρ̃; ðC3Þ

resulting in

∂ht
ðiÞ
u ¼ −2ρ̃2

Z
∞

ρ̃
dρ0

αi þ h∂hαi
ρ02ð1þ αihρ0Þ2

: ðC4Þ

For fixed H ≠ 0 and χ ≠ 0, the particle masses mi take
for k → 0 values that no longer depend on k. This implies
m̃2

i ∼ k−2, and therefore for ρ̃ → ∞ the behavior
m̃2

i ðρ̃; hÞ ∼ ρ̃, with αiðρ̃ → ∞; hÞ → ᾱiðhÞ. As a conse-
quence, one finds for ρ̃ → ∞

tðiÞu ðρ̃; hÞ ¼ 2ρ̃2
Z

∞

ρ̃

dρ0

ρ03ð1þ ᾱiðhÞhρ0Þ
¼ 2

3ᾱiðhÞhρ̃
¼ 2

3m̃2
i ðρ̃; hÞ

: ðC5Þ

This generalizes Eq. (74) to the case of running dimension-
less couplings. In the limit ρ̃ → ∞, also the h-dependence

of tðiÞu vanishes for h > 0,

∂ht
ðiÞ
u ðρ̃; hÞ ¼ −

2ðᾱi þ h∂hᾱiÞ
3ᾱ2i h

2ρ̃

¼ −
2

3m̃2
i

�
1

h
þ ∂h ln ᾱi

�
: ðC6Þ

Since the threshold functions vanish for ρ̃ → ∞, the
effective potential u for ρ̃ → ∞ is determined by the
boundary term LðhÞρ̃2. As for the case of field-independent
gauge and Yukawa couplings, LðhÞ can be associated to the
limiting behavior of u for ρ̃ → ∞. If for a given UV-range
of ρ̃ the form of uUVðρ̃Þ is given, one can determine LðhÞ by
comparison with Eq. (192):

LðhÞρ̃2 ¼ uUVðρ̃Þ −
1

128π2
X
i

n̂it
ðiÞ
u ðm̃2

i Þ: ðC7Þ

Here ρ̃ may typically be chosen in a range where the
gravitational fluctuations have decoupled, such that
Eq. (192) is valid, and small enough such that perturbation
theory is valid. In this way, the threshold functions describe
the matching between the ultraviolet part of u for small ρ̃
and the infrared part for large ρ̃. (The ultraviolet part
involves here still values of k smaller than the Planck scale
since the effects of the metric fluctuations are not included.)
For a determination of LðhÞ, one needs the behavior of

the threshold functions tðiÞu for sufficiently small ρ̃. Let us
focus on the h-dependence according to Eq. (C4). For
m̃2

i ≪ 1, the mass thresholds involving h do not yet play a
role. In this range, the running dimensionless couplings,
and therefore αi, are functions of ρ̃ independent of h.
We may divide the integral (C4) into two regions,

separated by a transition at

ρ̃tr ¼
ctr
h
; ctr ≪ 1; ðC8Þ

such that

Z
∞

ρ̃
dρ0

αi þ h∂hαi
ρ03ð1þ αihρ0Þ2

¼ Δ1 þ Δ2;

Δ1 ¼
Z

ρ̃tr

ρ̃

dρ0αiðρ0Þ
ρ02

;

Δ2 ¼
Z

∞

ρ̃tr

dρ0
αi þ h∂hαi

ρ02ð1þ αihρ0Þ2
: ðC9Þ

Only the first part Δ1 depends on ρ̃, while the second part
Δ2 gives a ρ̃-independent contribution. The ultraviolet-
infrared connection (C7) can be realized by a proper
matching of these regions.
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For the first integral, we employ (for αðρ0Þ ¼ αiðρ0; hÞ)

αðρ0Þ
ρ02

dρ0 ¼ −d
�
fðρ0Þ
ρ0

�
; ðC10Þ

where fðρ0Þ obeys

f

�
1 −

∂ ln f
∂ ln ρ0

�
¼ αðρ0Þ: ðC11Þ

We may solve Eq. (C11) iteratively:

f0ðρ0Þ ¼ αðρ0Þ;

f1ðρ0Þ ¼
αðρ0Þ

1 − ∂ ln αðρ0Þ
∂ ln ρ0

;

fnðρ0Þ ¼
αðρ0Þ

1 − ∂ ln fn−1ðρ0Þ
∂ ln ρ0

: ðC12Þ

With perturbative β functions (at fixed χ, H) given by
k∂kαi ¼ βi, one has for the scaling solution

∂αi
∂ ln ρ̃

¼ −
1

2
βi: ðC13Þ

The β-functions are higher order in the couplings, with
typical values βi=αi ≪ 1. We may therefore stop at f1ðρ0Þ,
approximating

Δ1 ¼
αiðρ̃Þ

ρ̃ð1 − ðβi=αiÞðρ̃ÞÞ
−

αiðρ̃trÞh
ctrð1 − ðβi=αiÞðρ̃trÞÞ

: ðC14Þ

For the second region, we divide Δ2 into three parts:

Δ2 ¼ Δ3 þ Δ4 þ Δ5;

Δ3 ¼
Z

∞

ρ̃tr

dρ0αiðρ0Þ
ρ02

; Δ4 ¼
Z

∞

ρ̃tr

dρ0
h∂hαi

ρ02ð1þ αihρ0Þ2
;

Δ5 ¼ −h
Z

∞

ρ̃tr

dρ0
2α2i þ α3i hρ

0

ρ0ð1þ αihρ0Þ2
: ðC15Þ

The part Δ3 cancels the second term of Eq. (C14), such that
a dependence on the chosen boundary ρ̃tr only can arise
from Δ4 þ Δ5. The integral Δ5 is essentially a logarithm
and we may take the approximation of constant αi:

Δ5 ¼ −hα2i

Z
∞

ρ̃tr

dρ0
�

2

ρ0ð1þ αihρ0Þ
−

αih
ð1þ αihρ0Þ2

�

¼ hα2i

�
2 ln

�
αictr

1þ αictr

�
þ 1

1þ αictr

�
: ðC16Þ

With Δ5 ∼ h, the logarithmic contribution from Δ5 reflects
the running of the quartic scalar coupling λh. A similar
logarithmic term arises fromΔ1 if we expand in linear order

in h, canceling the dependence of Δ5 on ctr. For our
purpose, we may approximate the h-dependence of the
threshold function for sufficiently small ρ̃ by

∂ht
ðiÞ
u ðρ̃; hÞ ≈ −

2αiðρ̃Þρ̃
1 − ðβi=αiÞðρ̃Þ

− 2ρ̃2Δ4; ðC17Þ

with corrections linear in h. This maps ∂hLðhÞ to the
ultraviolet physics by Eq. (C7).

APPENDIX D: THRESHOLD FUNCTIONS FOR
LOW ENERGY EFFECTIVE THEORY

In this appendix, we provide further details on the
threshold functions. We formulate them here as functions
of h̃ and h as adapted to an effective theory for the standard
model degrees of freedom.
The threshold functions for the potential tðiÞu ðh̃; hÞ obey

the defining equation

ĥ∂ĥt
ðiÞ
ujh ¼ 2

�
tðiÞu −

1

1þ m̃2
i

�
; ðD1Þ

with boundary condition

tðiÞu ðh̃ → ∞; hÞ ¼ 0: ðD2Þ

With

h̃∂h̃

�
tðiÞu
h̃2

�
¼ −

2

ð1þ m̃2
i Þh̃2

; ðD3Þ

the solution takes the form

tðiÞu ðh̃; hÞ ¼ 2h̃2
Z

∞

h̃

dh0

h03ð1þ m̃2
i ðh0; hÞÞ

¼ 1 − 2h̃2
Z

∞

h̃

dh0m̃2
i ðh0; hÞ

h03ð1þ m̃2
i ðh0; hÞÞ

: ðD4Þ

If m̃2
i ðh̃; hÞ increases for h̃ → ∞ with some positive power

of h̃, the boundary condition (D2) is obeyed. Parametrizing

m̃2
i ðh̃; hÞ ¼ αiðh̃; hÞh̃ ðD5Þ

yields

tðiÞu ðh̃; hÞ ¼ 1 − 2h̃2
Z

∞

h̃

dh0αiðh0; hÞ
h02ð1þ αiðh0; hÞh0Þ

: ðD6Þ

The dependence of tðiÞu on h (at fixed h̃) arises from the h-
dependence of αi:

∂ht
ðiÞ
u ðh̃; hÞ ¼ −

2h̃2

h

Z
∞

h̃

dh0h∂hαiðh0; hÞ
h02ð1þ αih0Þ2

: ðD7Þ
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The integral is dominated by the region near the lower
boundary. For h̃ ≪ 1, the coefficients αiðρ̃; hÞ depend
mainly on ρ̃ since the mass thresholds do not yet play
role for the running dimensionless couplings. Using

h∂hjh̃ ¼ h∂hjρ̃ − ρ̃∂ρ̃jh; ðD8Þ

we can write equivalently, with h0 ¼ hρ0,

∂ht
ðiÞ
ujh̃ ¼ 2ρ̃2

Z
∞

ρ̃

dρ0ðρ0∂ρ0 − h∂hÞαiðρ0; hÞ
ρ02ð1þ αihρ0Þ2

: ðD9Þ

Let us consider the threshold function for the top quark
in the limit of vanishing gauge couplings, with αt ¼ y2t . For
fixed H and χ, the flow of the field-dependent top Yukawa
coupling y2t ðk;H; χÞ is given by

k∂ky2t ¼
bty4t

1þ y2t h̃
; bt ¼

9

16π2
: ðD10Þ

For the scaling solution, this implies

h̃∂h̃y
2
tjh ¼ −

1

2
bty4t ð1þ y2t h̃Þ−1: ðD11Þ

The flow of y2t is logarithmic for y2t h̃ ≪ 1, and essentially
stops for y2t h̃ ≫ 1. We may therefore approximate ð1þ
y2t h̃Þ−1 by ð1þ ȳ2t h̃Þ−1, with ȳ2t being a suitable average,
typically close to the value at the threshold

ȳ2t ≈ y2t ðh̃Þ: ðD12Þ

The solution in this approximation reads

y−2t ðh̃Þ ¼ y−2t ðh̃inÞ þ
bt
2
ln

�
h̃ð1þ ȳ2t h̃inÞ
h̃inð1þ ȳ2t h̃Þ

�
: ðD13Þ

For ȳ2t h̃ ≫ 1, the flow of y2t ðh̃Þ indeed stops, according to

y−2t ðh̃Þ ¼ y−2t ðh̃inÞ þ
bt
2
ln
1þ ȳ2t h̃in
ȳ2t h̃in

−
bt

2ȳ2t h̃
: ðD14Þ

The dependence of y2t ðh̃; hÞ on h at fixed h̃ only arises
from the h-dependence of the initial value y2t ðh̃inÞ,

h∂hαt ¼ h∂hy2t ¼ −y4t h∂hy−2t ðh̃; hÞ ¼ −y4t h∂hy−2t ðh̃inÞ:
ðD15Þ

The h-dependence of y2t at fixed h̃in is due to the fact that
the ultraviolet behavior is parametrized by fixing y2t at
sufficiently small ρ̃0 independently of h,

y2t ðρ̃0; hÞ ¼ ȳ2t;0: ðD16Þ

A given ρ̃0 is connected to a value h̄ ¼ hρ̃0 by a relation
which depends on h. Keeping h̃in fixed, the condition (D16)
results therefore in different y2t ðh̃inÞ. Equivalently, we can
keep a fixed initial value ȳ2t;0 which is realized for different

h̃in ¼ hρ̃0. From

y−2t ðh̃Þ ¼ ȳ−2t;0 −
bt
2
ln

�
hρ̃0

1þ ȳ2t hρ̃0

�
þ bt

2
ln

�
h̃

1þ ȳ2t h̃

�
;

ðD17Þ

one infers

h∂hy2t ðh̃; hÞ ¼
bt
2
y4t ðh̃; hÞ; ðD18Þ

where we use ρ̃0 in a range where ȳ2t hρ̃0 ≪ 1.
One obtains the h-dependence of the top-quark threshold

function as

h∂ht
ðtÞ
u ðh̃; hÞ ¼ −bth̃2

Z
∞

h̃

dh0y4t ðh0; hÞ
h02ð1þ y2t ðh0; hÞh0Þ2

: ðD19Þ

This integral is dominated by the range of h0 close to the
lower boundary at h̃. We may approximate it by

h∂ht
ðtÞ
u ðh̃; hÞ ¼ −bth̃y4t ðh̃ÞJðh̃Þ; ðD20Þ

with

Jðh̃Þ ¼ h̃
Z

∞

h̃

dh0

h02ð1þ ȳ2t h0Þ2

¼ 1þ ȳ2t h̃

�
2 ln

�
ȳ2t h̃

1þ ȳ2t h̃

�
þ 1

1þ ȳ2t h̃

�
: ðD21Þ

We conclude

tðtÞu ðh̃; hÞ ¼ tðtÞu ðh̃; h0Þ − bty4t ðh̃Þh̃Jðh̃Þ ln
�
h
h0

�
; ðD22Þ

where y2t ðh̃Þ is given by Eq. (D17). For ȳ2t h̃ ≫ 1, one finds

Jðh̃ ≫ ȳ2t Þ ¼
1

3ȳ4t h̃
2
; ðD23Þ

such that the h-dependence of tðtÞu vanishes for h̃ → ∞.
If we only include the contribution of the top-quark

Yukawa coupling, the χ-dependent part in the effective
potential takes the form
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ΔU ¼ 1

4
LðhÞχ4 þ 3bt

32π2
y4t

�
H†H
k2

�
J

�
H†H
k2

�
ln

×

�
2H†H
χ2

�
H†Hk2: ðD24Þ

This χ-dependence does not modify the second order
character of the phase transition. For LðhÞ ¼ λ̄hh2=2, there
is no χ-dependence of the boundary term, and one finds for
k2 ≪ H†H

ΔU ¼ btk6

32π2H†H
ln

�
2H†H
χ2

�
: ðD25Þ

APPENDIX E: DEPENDENCE OF ν ON h

The parameter ν describes the h-derivative of the
potential with the boundary term subtracted. For the
standard model, the dependence of ν on h is rather
complex. It will be discussed in this appendix. In particular,
we investigate if for λ̄m ¼ 0 a partial minimum of u with
respect to variation of h is possible. The answer is negative
for the observed values of Yukawa and gauge couplings.
In the approximation (202), the h-dependence of ν at

finite ρ̃ is nontrivial, even if we approximate the dimen-
sionless couplings by constants. Let us first consider only
the contributions of top-quarks, W- and Z-gauge bosons
and the Higgs scalar,

ν ¼ Aνρ̃

64π2
;

Aν ¼ 12y2t s
ðtÞ
u ðy2t hρ̃Þ − 3g22s

ðWÞ
u

�
1

2
g22hρ̃

�

−
�
3g22
2

þ 9g21
10

�
sðZÞu

��
g22
2
þ 3g21

10

�
hρ̃

�

− 3λhs
ðHÞ
u

�
2λhhρ̃þ

ν̃

ρ̃

�
: ðE1Þ

For h ≪ ðy2t ρ̃Þ−1, one finds ν > 0, the sign determined by
the sign of the combination

Δþ ¼ 1

φ̄0

ð12m̄2
t − 6m̄2

W − 3m̄2
Z − 3m̄2

HÞ > 0: ðE2Þ

Here we have expressed the Yukawa and gauge couplings
by the observed values of the particle masses divided by the
observed Fermi scale φ̄0.
In contrast, for h ≫ ðy2t ρ̃Þ−1, the sign of ν turns negative,

according to

Δ− ¼ φ̄2
0

�
4

m̄2
t
−

2

m̄2
W
−

1

m̄2
Z
−

1

m̄2
H

�
< 0: ðE3Þ

One concludes that u − LðhÞρ̃2 has a partial maximum at

hmax ¼
cmax

y2t ρ̃
: ðE4Þ

For a given finite ρ̃, one has

lim
h→∞

νðρ̃; hÞ ¼ 0; ðE5Þ

since all m̃2
i grow much larger than one as h increases to

very large values. One concludes that uðρ̃; hÞ − LðhÞρ̃ has
also a partial minimum at hmin ¼ ĥ0ðρ̃Þ. This minimum
typically occurs once the fluctuations of the bottom and
charm quark and the tau-lepton become dominant and turn
ν again to positive values. The location of this minimum is
roughly given by

12m̃2
b þ 12m̃2

c þ 4m̃2
τ ¼

2

m̃2
W
þ 1

m̃2
Z
þ 2

m̃2
H
−

4

m̃2
t
; ðE6Þ

or

ĥ0ðρ̃Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−Δ−=Δb

p
ρ̃−1; ðE7Þ

with

Δb ¼
12m̄2

b þ 12m̄2
c þ 4m̄2

τ

φ̄2
0

: ðE8Þ

In this approximation, ĥ0 decreases ∼ρ̃−1, according to
constant h̃0 ¼ ĥ0ρ̃.
A zero of νðρ̃; hÞ at ĥ0ðρ̃Þ corresponds to an extremum of

u − LðhÞρ̃2, not of u. If LðhÞ can be expanded for small h, a
zero of ν̃ðρ̃; hÞ requires

νðρ̃; h0Þ þ ðλ̄m þ λ̄hh0Þρ̃2 ¼ 0: ðE9Þ

For λ̄m ¼ 0, this requires for a nonvanishing h0ðρ̃Þ the
condition

h0 ¼ −
νðρ̃; h0Þ
λ̄hρ̃

2
: ðE10Þ

With Eq. (E1), this condition reads

h̃0 ¼ h0ρ̃ ¼ −
Aνðh̃0Þ
64π2λ̄h

; ðE11Þ

or

m̃2
tj0 ¼ y2t h̃0 ¼ −

Aν

64π2
m̄2

t

m̄2
H
: ðE12Þ

In the range of negative Aν, this quantity does not exceed a
few. With m̃2

t;0 ≲ 10−2 according to Eq. (E12), this leads to
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a contradiction with the condition m̃2
t;0 ≳ 1 necessary for

negative Aν. We conclude that for λ̄m ¼ 0 a nontrivial
partial minimum of uðρ̃; hÞ is not possible for the observed
values of the Yukawa and gauge couplings. A partial
minimum at h0ðρ̃Þ > 0 requires λ̄m < 0. In this case,
h0ðρ̃ → ∞Þ remains larger than zero.
The situation would be different for a smaller value of the

top Yukawa coupling. In this case, Aν may be negative for
all values h̃0 ≲ 1. Equation (E11) would have for large
enough k a solution for nonzero h̃0ðρ̃Þ even for λ̄m ¼ 0.
This would also be the case if one adds to the standard
model bosons with couplings to the Higgs scalar over-
whelming the ones of the top quark.

APPENDIX F: POLYNOMIAL EXPANSIONS OF
EFFECTIVE POTENTIAL IN THE RATIO OF

FERMI OVER PLANCK SCALE

In this appendix, we translate a polynomial expansion of
u in powers of h to a corresponding dependence of the
Higgs potential U on H. We consider both expansions
around H ¼ 0 and around a minimum at nonzero H0. This
relates the parameters discussed for the scaling form of u to
observable quantities as the Fermi scale and the mass of the
Higgs boson.
If the first two derivatives of uðρ̃; hÞ in h exist at h ¼ 0,

the expansion of uðρ̃; hÞ in h at fixed ρ̃ yields

u¼ u0þ ν̃hþ 1

2
∂hν̃h2þ…

¼ u0þ
�
h∂hþ

1

2
h2∂2h

�
Ljh¼0ρ̃

2 − β̃νh̃−
1

2
h∂hβ̃νh̃; ðF1Þ

where the h-derivatives are taken at fixed ρ̃ and evaluated
for h → 0. Employing β̃νðh̃; hÞ from Eqs. (223) and (224),
with h∂hβ̃νjρ̃ ¼ h∂hβ̃νjh̃ þ h̃∂h̃β̃νjh, and turning to dimen-
sionful quantities leads to the scaling solution for the
effective potential:

U ¼ u0ðρ̃Þk4 þ
1

2
λ̄mχ

2H†H þ 1

2
λ̄hðH†HÞ2

− β̃νðh̃Þ
�
1þ 1

2

∂ ln β̃ν
∂ ln h̃

�
k2H†H − ∂hβ̃νðh̃Þ

k2

χ2
ðH†HÞ2:

ðF2Þ

Here β̃νðh̃Þ ¼ β̃νðh̃; h ¼ 0Þ, ∂hβ̃νðh̃Þ ¼ ∂hβ̃νðh̃; h ¼ 0Þ,
with h̃ ¼ H†H=k2 inserted in Eqs. (224) and (225). For
λ̄m ¼ 0, the only χ-dependence ofU results from u0 and the
contribution to the term quartic inH which is suppressed by
k2=χ2. For all k > 0, the potential for the critical surface
involves a term quadratic in H†H proportional to k2, with
additional logarithms of H†H=k2 and ρ=k2 from β̃ν.

As an alternative second case, we rather expand around
some nonzero small value h̄0. This is needed if h∂hβ̃ν
differs from zero for h → 0, typically because of a
logarithmic dependence of αiðh̃; hÞ on h. This expansion
reads

u ¼ u0ðρ̃; h̄0Þ þ ν̃ðρ̃; h̄0Þðh − h̄0Þ

þ 1

2
∂hν̃ðρ̃; h̄0Þðh − h̄0Þ2 þ…

¼ u0 þ
�
ðh − h̄0Þ∂h þ

1

2
ðh − h̄0Þ2∂h2

�
Ljh¼h̄0 ρ̃

2

−
�
β̃νðh̃; h̄0Þ þ

1

2
ðh∂h þ h̃∂h̃Þβ̃νðh̃; h0Þ

�
1 −

h̄0
h

��
× ðh̃ − h̄0ρ̃Þ: ðF3Þ

For example, we may choose h̄0 such that

∂hLðh̄0Þ ¼ 0; ∂
2
hLðh̄0Þ ¼ λ̄h;0: ðF4Þ

The corresponding scaling from of the effective potential
reads

U ¼ u0k4 þ
1

2

�
λ̄h;0 −

1

ρ̃
∂hβ̃νðρ̃; h̄0Þ

��
H†H −

1

2
h̄0χ2

�
2

− β̃νðρ̃; h̄0Þk2
�
H†H −

1

2
h̄0χ2

�
: ðF5Þ

For k → 0, the terms involving β̃ν vanish and we can
associate h̄0 with the ratio 2φ2

0=χ
2 and λ̄h;0 ¼ λ̄h. For k > 0,

the minimum of U moves away from H†H ¼ h̄0χ2=2,
according to

∂U
∂ðH†HÞ ¼

�
λ̄h −

1

ρ̃
∂hβ̃νðρ̃; h̄0Þ

��
H†H −

1

2
h̄0χ2

�
− β̃νðρ̃; h̄0Þk2: ðF6Þ

APPENDIX G: FLOW IN THE SSB REGIME

In this appendix, we discuss the case of a partial
minimum of the effective potential u at a nonzero value
h̃0ðρ̃Þ. We use the scaling equation for the dependence of h̃0
on ρ̃0 for a “stability discussion” for the behavior of small
deviations from a given scaling solution.
Let us assume a nonzero partial minimum of u at h̃0ðρ̃Þ.

For uðρ̃; h̃Þ, it obeys the condition

∂h̃uðρ̃; h̃0ðρ̃ÞÞ ¼ 0: ðG1Þ

This holds for all ρ̃ as long as h̃0ðρ̃Þ remains positive.
Taking a logarithmic ρ̃-derivative yields the scaling
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equation for h̃0ðρ̃Þ:

ρ̃∂ρ̃∂h̃ðρ̃; h̃0ðρ̃ÞÞ þ ∂
2
h̃
uρ̃∂ρ̃h̃0ðρ̃Þ ¼ 0: ðG2Þ

(Here the ρ̃-derivatives are taken at fixed h̃, and the h̃-
derivatives at fixed ρ̃.) We recognize the couplings

λmðρ̃Þ ¼ ∂ρ̃∂h̃ujh̃0 ; λh ¼ ∂
2
h̃
ujh̃0 : ðG3Þ

They are now evaluated at h̃0ðρ̃Þ > 0 instead of h̃ ¼ 0. The
flow of h̃0ðρ̃Þ is given by

ρ̃∂ρ̃h̃0 ¼ −
ρ̃λm
λh

¼ −
σm
λh

¼ ζ;

σm ¼ ρ̃λm; ζ ¼ −
σm
λh

: ðG4Þ

We need the flow of ζ,

ρ̃∂ρ̃ζ ¼ −
1

λh
ρ̃∂ρ̃σm þ σm

λ2h
ρ̃∂ρ̃λh

¼ ζ þ ρ̃βm
2λh

þ ζβh
2λh

: ðG5Þ

For βm, we use Eqs. (272) and (273):

ρ̃βm ¼ ρ̃β̃m þ Amσm; ðG6Þ

with

ρ̃β̃m ¼ −
1

64π2

�
12βt

ð1þ y2t h̃0Þ2
− 3βh

�
1þ 1

ð1þ 2λhh̃0Þ2
�

−
3β2

ð1þ g22h̃0=2Þ2
−

3β2=2þ 9β1=10

ðð1þ g22=2þ 3g21=10Þh̃0Þ2
�
:

ðG7Þ

Here we have neglected a contribution ∼ρ̃∂ρ̃h̃0 due to the
fact that βm should be evaluated at a ρ̃-dependent value of
h̃0. One obtains

ρ̃∂ρ̃ζ ¼ γζðh̃0Þζ þ ηζðh̃0Þ;

γζ ¼ 1 −
Am

2
þ βh
2λh

; ηζ ¼
ρ̃β̃m
2λh

: ðG8Þ

Due to the value of γζ close to one, the flow of ζ is unstable
toward the IR of increasing ρ̃.
This induces an instability in the flow of h̃0 With

x ¼ ln ρ̃, we can write

∂
2
xh̃0 ¼ ∂xζ ¼ γζðh̃0Þ∂xh̃0 þ ηζðh̃0Þ: ðG9Þ

Let us neglect the flow of the couplings y2t etc., as well as
the dependence of γζ on h̃0. Let us further suppose that ηζ
has a zero for some ĥ0. Linearizing in δh̃ ¼ h̃0 − ĥ0,

ηζðĥ0Þ ¼ η0ζδh̃; ðG10Þ

yields

∂
2
xδh̃ ¼ γζ∂xδh̃ − η0ζδh̃: ðG11Þ

The solution δh̃ ¼ δh̃ðx0Þ expfωðx − x0Þg involves the
solutions of the quadratic equation

ω2 − γζω − η0ζ ¼ 0; ðG12Þ

given by

ω� ¼ γζ
2

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4η0

γ2ζ

s �
; ðG13Þ

with approximate values

ωþ ¼ γζ þ
η0

γζ
; ω− ¼ −

η0

γζ
: ðG14Þ

The leading contribution for δh̃ for increasing ρ̃ reads

δh̃ðρ̃Þ ¼ δh̃ðρ̃0Þ
�
ρ̃

ρ̃0

�
ωþ
; ðG15Þ

while for decreasing ρ̃ the exponent ω− dominates. The
issue of stability is similar to the case where the partial
minimum occurs at h̃0 ¼ 0.
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[56] P. Donà, A. Eichhorn, P. Labus, and R. Percacci, Asymp-
totic safety in an interacting system of gravity and scalar
matter, Phys. Rev. D 93, 044049 (2016).

[57] A. Eichhorn and M. Pauly, Constraining power of asymp-
totic safety for scalar fields, Phys. Rev. D 103, 026006
(2021).

[58] C. Laporte, A. D. Pereira, F. Saueressig, and J. Wang,
Scalar-tensor theories within asymptotic safety, J. High
Energy Phys. 12 (2021) 001.

[59] C. Wetterich and M. Yamada, Gauge hierarchy problem in
asymptotically safe gravity—the resurgence mechanism,
Phys. Lett. B 770, 268 (2017).

[60] S. Bornholdt and C. Wetterich, Selforganizing criticality,
large anomalous mass dimension and the gauge hierarchy
problem, Phys. Lett. B 282, 399 (1992).

[61] H. Gies and M.M. Scherer, Asymptotic safety of simple
Yukawa systems, Eur. Phys. J. C 66, 387 (2010).

[62] H. Gies, S. Rechenberger, and M.M. Scherer, Towards an
asymptotic-safety scenario for chiral Yukawa systems, Eur.
Phys. J. C 66, 403 (2010).

[63] H. Gies and M. Picciau, Self-organized criticality in a
relativistic Yukawa theory with luttinger fermions, Int. J.
Theor. Phys. 64, 282 (2025).

[64] C. Wetterich, Cosmology and the fate of dilatation sym-
metry, Nucl. Phys. B302, 668 (1988).

[65] C. Wetterich, The quantum gravity connection between
inflation and quintessence, Galaxies 10, 50 (2022).

[66] C. Wetterich, Quantum gravity and scale symmetry in
cosmology, Handbook of Quantum Gravity (Springer,
Singapore, 2023).

[67] C. Wetterich, Dark energy evolution from quantum gravity,
arXiv:2407.03465.

[68] C. Wetterich, Cosmologies with variable Newton’s “con-
stant”, Nucl. Phys. B302, 645 (1988).

[69] C. Wetterich, Probing quintessence with time variation of
couplings, J. Cosmol. Astropart. Phys. 10 (2003) 002.

[70] C. M. Müller, G. Schäfer, and C. Wetterich, Nucleosyn-
thesis and the variation of fundamental couplings, Phys.
Rev. D 70, 083504 (2004).

[71] T. Dent, S. Stern, and C. Wetterich, Primordial nucleo-
synthesis as a probe of fundamental physics parameters,
Phys. Rev. D 76, 063513 (2007).

[72] H. Meyer and U.-G. Meißner, Improved constraints on the
variation of the weak scale from big bang nucleosynthesis,
J. High Energy Phys. 06 (2024) 074.

[73] J.-P. Uzan, Fundamental constants: From measurement to
the universe, a window on gravitation and cosmology,
Living Rev. Relativity 28, 6 (2025).

[74] M. Shaposhnikov and D. Zenhäusern, Scale invariance,
unimodular gravity and dark energy, Phys. Lett. B 671, 187
(2009).

[75] M. Shaposhnikov and D. Zenhäusern, Quantum scale
invariance, cosmological constant and hierarchy problem,
Phys. Lett. B 671, 162 (2009).

[76] M. Shaposhnikov and I. Tkachev, Quantum scale invari-
ance on the lattice, Phys. Lett. B 675, 403 (2009).

[77] D. Blas, M. Shaposhnikov, and D. Zenhäusern, Scale-
invariant alternatives to general relativity, Phys. Rev. D 84,
044001 (2011).

[78] G. K. Karananas and M. Shaposhnikov, Scale-invariant
alternatives to general relativity. II. dilaton properties,
Phys. Rev. D 93, 084052 (2016).

[79] J. García-Bellido, J. Rubio, M. Shaposhnikov, and D.
Zenhäusern, Higgs-dilaton cosmology: From the early to
the late universe, Phys. Rev. D 84, 123504 (2011).

[80] P. G. Ferreira, C. T. Hill, and G. G. Ross, Weyl current,
scale-invariant inflation, and Planck scale generation,
Phys. Rev. D 95, 043507 (2017).

[81] S. Casas, M. Pauly, and J. Rubio, Higgs-dilaton cosmol-
ogy: An inflation–dark-energy connection and forecasts
for future galaxy surveys, Phys. Rev. D 97, 043520 (2018).

[82] P. G. Ferreira, C. T. Hill, J. Noller, and G. G. Ross,
Inflation in a scale-invariant universe, Phys. Rev. D 97,
123516 (2018).

[83] J. Rubio, Higgs inflation, Front. Astron. Space Sci. 5, 50
(2019).

[84] S. Casas, G. K. Karananas, M. Pauly, and J. Rubio, Scale-
invariant alternatives to general relativity. III. The infla-
tion-dark energy connection, Phys. Rev. D 99, 063512
(2019).

[85] Y. Fujii, Origin of the gravitational constant and particle
masses in scale invariant scalar—tensor theory, Phys. Rev.
D 26, 2580 (1982).

[86] U. Ellwanger and C. Wetterich, Evolution equations for the
quark-meson transition, Nucl. Phys. B423, 137 (1994).

[87] S. Bornholdt and C. Wetterich, Average action for models
with fermions, Z. Phys. C 58, 585 (1993).

CHRISTOF WETTERICH PHYS. REV. D 114, 086002 (2026)

086002-68

https://doi.org/10.1103/PhysRevD.99.086010
https://arXiv.org/abs/1901.04741
https://doi.org/10.1103/PhysRevD.100.066017
https://doi.org/10.1103/PhysRevD.100.066017
https://doi.org/10.3390/universe7020045
https://doi.org/10.1016/j.nuclphysb.2021.115326
https://doi.org/10.1016/j.nuclphysb.2021.115326
https://doi.org/10.1016/j.physletb.2017.01.057
https://doi.org/10.1016/j.physletb.2013.10.015
https://doi.org/10.1103/942j-d8ys
https://doi.org/10.1088/0264-9381/15/11/011
https://doi.org/10.1143/PTP.102.181
https://doi.org/10.1103/PhysRevD.65.025013
https://doi.org/10.1103/PhysRevD.65.025013
https://doi.org/10.1103/PhysRevD.65.065016
https://doi.org/10.1088/0264-9381/27/7/075001
https://doi.org/10.1088/0264-9381/27/7/075001
https://doi.org/10.1140/epjc/s10052-015-3410-0
https://doi.org/10.1103/PhysRevD.93.044049
https://doi.org/10.1103/PhysRevD.103.026006
https://doi.org/10.1103/PhysRevD.103.026006
https://doi.org/10.1007/JHEP12(2021)001
https://doi.org/10.1007/JHEP12(2021)001
https://doi.org/10.1016/j.physletb.2017.04.049
https://doi.org/10.1016/0370-2693(92)90659-R
https://doi.org/10.1140/epjc/s10052-010-1256-z
https://doi.org/10.1140/epjc/s10052-010-1257-y
https://doi.org/10.1140/epjc/s10052-010-1257-y
https://doi.org/10.1007/s10773-025-06132-0
https://doi.org/10.1007/s10773-025-06132-0
https://doi.org/10.1016/0550-3213(88)90193-9
https://doi.org/10.3390/galaxies10020050
https://arXiv.org/abs/2407.03465
https://doi.org/10.1016/0550-3213(88)90192-7
https://doi.org/10.1088/1475-7516/2003/10/002
https://doi.org/10.1103/PhysRevD.70.083504
https://doi.org/10.1103/PhysRevD.70.083504
https://doi.org/10.1103/PhysRevD.76.063513
https://doi.org/10.1007/JHEP06(2024)074
https://doi.org/10.1007/s41114-025-00059-y
https://doi.org/10.1016/j.physletb.2008.11.054
https://doi.org/10.1016/j.physletb.2008.11.054
https://doi.org/10.1016/j.physletb.2008.11.041
https://doi.org/10.1016/j.physletb.2009.04.040
https://doi.org/10.1103/PhysRevD.84.044001
https://doi.org/10.1103/PhysRevD.84.044001
https://doi.org/10.1103/PhysRevD.93.084052
https://doi.org/10.1103/PhysRevD.84.123504
https://doi.org/10.1103/PhysRevD.95.043507
https://doi.org/10.1103/PhysRevD.97.043520
https://doi.org/10.1103/PhysRevD.97.123516
https://doi.org/10.1103/PhysRevD.97.123516
https://doi.org/10.3389/fspas.2018.00050
https://doi.org/10.3389/fspas.2018.00050
https://doi.org/10.1103/PhysRevD.99.063512
https://doi.org/10.1103/PhysRevD.99.063512
https://doi.org/10.1103/PhysRevD.26.2580
https://doi.org/10.1103/PhysRevD.26.2580
https://doi.org/10.1016/0550-3213(94)90568-1
https://doi.org/10.1007/BF01553018


[88] C. Wetterich, Gauge invariant flow equation, Nucl. Phys.
B931, 262 (2018).

[89] C. Wetterich, Simplified functional flow equation, Phys.
Lett. B 864, 139435 (2025).

[90] T. Papenbrock and C. Wetterich, Two-loop results from
improved one loop computations, Z. Phys. C Part. Fields
65, 519 (1995).

[91] D. F. Litim, Optimized renormalization group flows, Phys.
Rev. D 64, 105007 (2001).

[92] C. Wetterich, Field transformations in functional integral,
effective action and functional flow equations, Nucl. Phys.
B1008, 116707 (2024).

[93] B. Ratra and P. J. E. Peebles, Cosmological consequences
of a rolling homogeneous scalar field, Phys. Rev. D 37,
3406 (1988).

[94] C. Wetterich, The cosmon model for an asymptotically
vanishing time dependent cosmological ’constant’, Astron.
Astrophys. 301, 321 (1995).

[95] J. A. Frieman, C. T. Hill, A. Stebbins, and I. Waga,
Cosmology with ultralight pseudo Nambu-Goldstone bo-
sons, Phys. Rev. Lett. 75, 2077 (1995).

[96] P. G. Ferreira and M. Joyce, Structure formation with a
self-tuning scalar field, Phys. Rev. Lett. 79, 4740
(1997).

[97] P. T. P. Viana and A. R. Liddle, Perturbation evolution in
cosmologies with a decaying cosmological constant, Phys.
Rev. D 57, 674 (1998).

[98] E. J. Copeland, A. R. Liddle, and D. Wands, Exponential
potentials and cosmological scaling solutions, Phys. Rev.
D 57, 4686 (1998).

[99] R. R. Caldwell, R. Dave, and P. J. Steinhardt, Cosmologi-
cal imprint of an energy component with general equation
of state, Phys. Rev. Lett. 80, 1582 (1998).

[100] L. Amendola, Scaling solutions in general nonminimal
coupling theories, Phys. Rev. D 60, 043501 (1999).

[101] L. Amendola, Coupled quintessence, Phys. Rev. D 62,
043511 (2000).

[102] E. V. Linder, The dynamics of quintessence, the quintes-
sence of dynamics, Gen. Relativ. Gravit. 40, 329 (2007).

[103] C. Wetterich, Variable gravity universe, Phys. Rev. D 89,
024005 (2014).

[104] C. Wetterich, Growing neutrinos and cosmological selec-
tion, Phys. Lett. B 655, 201 (2007).

[105] L. Amendola, M. Baldi, and C. Wetterich, Quintessence
cosmologies with a growing matter component, Phys. Rev.
D 78, 023015 (2008).

[106] C. Wetterich, Graviton fluctuations erase the cosmological
constant, Phys. Lett. B 773, 6 (2017).

[107] C. Wetterich, Scaling solution for field-dependent gauge
couplings in quantum gravity, Nucl. Phys. B985, 116017
(2022).

[108] H. Gies and C. Wetterich, Renormalization flow of bound
states, Phys. Rev. D 65, 065001 (2002).

[109] H. Gies and C. Wetterich, Universality of spontaneous
chiral symmetry breaking in gauge theories, Phys. Rev. D
69, 025001 (2004).

[110] C. Wetterich, Spontaneously broken color, Phys. Rev. D
64, 036003 (2001).

[111] C. Wetterich, Higgs picture of the QCD-vacuum, AIP
Conf. Proc. 739, 123 (2004).

[112] J.-E. Daum, U. Harst, and M. Reuter, Running gauge
coupling in asymptotically safe quantum gravity, J. High
Energy Phys. 01 (2010) 084.

[113] S. Folkerts, D. F. Litim, and J. M. Pawlowski, Asymptotic
freedom of Yang-Mills theory with gravity, Phys. Lett. B
709, 234 (2012).

[114] U. Harst and M. Reuter, QED coupled to QEG, J. High
Energy Phys. 05 (2011) 119.

[115] N. Christiansen and A. Eichhorn, An asymptotically safe
solution to the U(1) triviality problem, Phys. Lett. B 770,
154 (2017).

[116] N. Christiansen, D. F. Litim, J. M. Pawlowski, and M.
Reichert, Asymptotic safety of gravity with matter, Phys.
Rev. D 97, 106012 (2018).

[117] A. Eichhorn and F. Versteegen, Upper bound on the
Abelian gauge coupling from asymptotic safety, J. High
Energy Phys. 01 (2018) 030.

[118] C. Wetterich, Gauge hierarchy due to strong interactions?,
Phys. Lett. 104B, 269 (1981).

[119] B. Schrempp and M. Wimmer, Top quark and Higgs boson
masses: Interplay between infrared and ultraviolet physics,
Prog. Part. Nucl. Phys. 37, 1 (1996).

FERMI SCALE FROM QUANTUM GRAVITY SCALING SOLUTION PHYS. REV. D 114, 086002 (2026)

086002-69

https://doi.org/10.1016/j.nuclphysb.2018.04.020
https://doi.org/10.1016/j.nuclphysb.2018.04.020
https://doi.org/10.1016/j.physletb.2025.139435
https://doi.org/10.1016/j.physletb.2025.139435
https://doi.org/10.1007/BF01556140
https://doi.org/10.1007/BF01556140
https://doi.org/10.1103/PhysRevD.64.105007
https://doi.org/10.1103/PhysRevD.64.105007
https://doi.org/10.1016/j.nuclphysb.2024.116707
https://doi.org/10.1016/j.nuclphysb.2024.116707
https://doi.org/10.1103/PhysRevD.37.3406
https://doi.org/10.1103/PhysRevD.37.3406
https://doi.org/10.1103/PhysRevLett.75.2077
https://doi.org/10.1103/PhysRevLett.79.4740
https://doi.org/10.1103/PhysRevLett.79.4740
https://doi.org/10.1103/PhysRevD.57.674
https://doi.org/10.1103/PhysRevD.57.674
https://doi.org/10.1103/PhysRevD.57.4686
https://doi.org/10.1103/PhysRevD.57.4686
https://doi.org/10.1103/PhysRevLett.80.1582
https://doi.org/10.1103/PhysRevD.60.043501
https://doi.org/10.1103/PhysRevD.62.043511
https://doi.org/10.1103/PhysRevD.62.043511
https://doi.org/10.1007/s10714-007-0550-z
https://doi.org/10.1103/PhysRevD.89.024005
https://doi.org/10.1103/PhysRevD.89.024005
https://doi.org/10.1016/j.physletb.2007.08.060
https://doi.org/10.1103/PhysRevD.78.023015
https://doi.org/10.1103/PhysRevD.78.023015
https://doi.org/10.1016/j.physletb.2017.08.002
https://doi.org/10.1016/j.nuclphysb.2022.116017
https://doi.org/10.1016/j.nuclphysb.2022.116017
https://doi.org/10.1103/PhysRevD.65.065001
https://doi.org/10.1103/PhysRevD.69.025001
https://doi.org/10.1103/PhysRevD.69.025001
https://doi.org/10.1103/PhysRevD.64.036003
https://doi.org/10.1103/PhysRevD.64.036003
https://doi.org/10.1063/1.1843594
https://doi.org/10.1063/1.1843594
https://doi.org/10.1007/JHEP01(2010)084
https://doi.org/10.1007/JHEP01(2010)084
https://doi.org/10.1016/j.physletb.2012.02.002
https://doi.org/10.1016/j.physletb.2012.02.002
https://doi.org/10.1007/JHEP05(2011)119
https://doi.org/10.1007/JHEP05(2011)119
https://doi.org/10.1016/j.physletb.2017.04.047
https://doi.org/10.1016/j.physletb.2017.04.047
https://doi.org/10.1103/PhysRevD.97.106012
https://doi.org/10.1103/PhysRevD.97.106012
https://doi.org/10.1007/JHEP01(2018)030
https://doi.org/10.1007/JHEP01(2018)030
https://doi.org/10.1016/0370-2693(81)90124-6
https://doi.org/10.1016/0146-6410(96)00059-2

	Fermi scale from quantum gravity scaling solution
	I. INTRODUCTION
	II. OVERVIEW
	III. FLOW EQUATION AND SCALING EQUATION FOR THE EFFECTIVE POTENTIAL
	A. Effective scalar potential
	B. Flow equation
	C. Scaling equation for the scaling solution
	D. Anomalous dimension for the Higgs field

	IV. LOCAL SCALING SOLUTION FOR CONSTANT YUKAWA AND GAUGE COUPLINGS
	A. Top-quark fluctuations
	B. Mass thresholds for the scaling potential
	C. Fermi scale
	D. Scalar fluctuations
	E. Integration constants
	F. Scaling solution for constant gauge and Yukawa couplings
	G. Scaling potential for vanishing cosmon-Higgs coupling
	H. Second order phase transition

	V. INFRARED LIMIT
	A. Cosmological evolution of Fermi scale
	B. Reduced cosmon potential
	C. Boundary conditions

	VI. FIELD-DEPENDENT YUKAWA AND GAUGE COUPLINGS
	A. Strong gauge coupling
	B. Confinement scale
	C. Field-dependence of couplings and confinement scale
	D. Nonperturbative strong interaction effects
	E. Field dependence of Yukawa coupling
	F. Effective vertices from field-dependent gauge and Yukawa couplings

	VII. ULTRAVIOLET LIMIT FOR GAUGE AND YUKAWA COUPLINGS
	A. Ultraviolet-infrared connection
	B. Field dependence of gauge couplings in the ultraviolet
	C. UV-fixed point for gauge couplings
	D. Field-dependent gauge coupling below the Planck mass
	E. Boundary value for the gauge coupling of the effective low energy theory
	F. Validity of assumptions

	VIII. SCALING POTENTIAL FOR FIELD-DEPENDENT DIMENSIONLESS COUPLINGS
	A. Threshold functions for field-dependent couplings
	B. Dependence of effective potential on the Higgs field
	C. Scaling equation for &nu;&tilde;(&rho;&tilde;,h)
	D. General scaling solution for &nu;&tilde;(&rho;&tilde;,h)
	E. Approximate scaling solution for &nu;&tilde;(&rho;&tilde;,h)
	F. Dependence of scaling potential on the Higgs field
	G. Global h-dependence of boundary term
	H. Overall picture of the local scaling solution

	IX. COSMON-HIGGS COUPLING AND ELECTROWEAK PHASE TRANSITION
	A. Cosmon-Higgs coupling
	B. Critical trajectory for cosmon-Higgs coupling
	C. Scaling equation for cosmon-Higgs coupling
	D. Location of electroweak quantum phase transition
	E. Critical cosmon-Higgs coupling
	F. Sensitivity coefficient and critical exponent
	G. Mixing effects for the linearized flow

	X. QUANTUM GRAVITY AND SELF-ORGANIZED CRITICALITY
	A. Gravity induced anomalous dimension for cosmon-Higgs coupling
	B. Self-organized criticality
	C. Predictivity for the Fermi scale
	D. Analytic scaling solution
	E. Linear approximation
	F. Iterative global solution
	G. Predictions for gauge and Yukawa couplings

	XI. NUMERICAL SOLUTION
	A. Scaling solution for the standard model
	B. Ultraviolet fixed point

	XII. CONCLUSIONS
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: NOTATIONS
	1. Fields
	2. Potential
	3. Potential derivatives
	4. Location of partial minimum
	5. Quartic couplings

	APPENDIX B: STRONG INTERACTIONS
	1. Top-antitop composite
	2. Flowing bosonization
	3. QCD-induced IR-fixed point
	4. Electroweak crossover
	5. Correction to the mass of the Higgs boson and top quark

	APPENDIX C: THRESHOLD FUNCTIONS FOR FIELD-DEPENDENT COUPLINGS
	APPENDIX D: THRESHOLD FUNCTIONS FOR LOW ENERGY EFFECTIVE THEORY
	APPENDIX E: DEPENDENCE OF &nu; ON h
	APPENDIX F: POLYNOMIAL EXPANSIONS OF EFFECTIVE POTENTIAL IN THE RATIO OF FERMI OVER PLANCK SCALE
	APPENDIX G: FLOW IN THE SSB REGIME
	References


