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We present a simple and robust framework to assess the information content of the power spectrum of a
marked dark matter density field within the effective field theory of large scale structure, providing a
physically motivated regime of validity of perturbation theory for such fields. We optimize the choice of
mark to maximize the constraining power on cosmological parameters, focusing on the resulting reduction
of parameter uncertainties. After marginalizing over the small-scale counterterms, we find improvements in
the parameter error bars by a factor of approximately 1.30–2.3, 1.3–8.3, and 1.2–2.5 for Ωm, σ8, and h,
respectively, depending on redshift and smoothing scale. The optimized mark exhibits a simple functional
form, for which we provide a physical interpretation in terms of its response to the underlying density field.
The results presented in this work, which are valid for dark matter in real space, demonstrate the potential of
marked statistics as a tool to extract additional cosmological information beyond standard two-point
analyses and open a pathway for further exploration of nonlinear transformations of the density field.
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I. INTRODUCTION

The next generation of large scale structure (LSS) surveys,
including Euclid [1,2], DESI [3], SPHEREx [4], the Vera
Rubin Observatory [5] and the Nancy Grace Roman Space
Telescope [6], will map the three-dimensional distribution of
matter across an unprecedented volume of the observable
Universe. A central challenge is to extract as much cosmo-
logical information as possible from the resulting datasets,
particularly on mildly nonlinear scales where the signal is
rich but the theoretical modeling is demanding. Doing so
will substantially sharpen constraints on the full set of
cosmological parameters, including the matter density Ωm,
the amplitude of fluctuations σ8, the Hubble constant H0,
neutrino masses, and primordial non-Gaussianity.
The workhorse observable of LSS analyses is the matter

power spectrum PðkÞ, the two-point function of the density
contrast δðxÞ in Fourier space. At linear order, this is a near-
complete statistic for Gaussian initial conditions, but

gravitational evolution generates non-Gaussianities that
lock significant information into higher-order correlators.
Recovering this information directly, via the bispectrum
and beyond [7–13], is computationally expensive and
theoretically challenging in the nonlinear regime.
A growing body of work has therefore explored alter-

native summaries of the density field that are cheap to
compute, analytically tractable, and yet capable of com-
pressing information from multiple higher-order correlators
simultaneously. Among the most promising are marked
statistics [14–28]: one constructs a nonlinearly weighted
version of the density field and computes its power
spectrum. The resulting marked power spectrum (MPS)
is sensitive to the clustering environment and can encode
higher-order information while retaining the simplicity of a
two-point function.
The most widely studied mark was introduced in [15],

which proposed weighting the local density field by a
function of the overdensity δR smoothed on a scale R:

mðδRðxÞÞ ¼
�
1þ δRðxÞ

1þ δs

�
−p
: ð1Þ

Positive values of p up-weight underdense regions (voids),
while negative p enhances overdense ones. Reference [19]
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showed that this mark provides significant improvements
on σ8, neutrino masses, and modifications of gravity, with
the common interpretation that underdense environments
are particularly sensitive to variations of these parameters.
A natural question then arises: is the mark in Eq. (1)

optimal, or could alternative choices capture more of the
available information, for instance on the standard param-
eters or on primordial non-Gaussianity? This question was
initially addressed in [22], where the functional formmðδRÞ
was treated as a free function and optimized to maximize
the Fisher information on a given parameter set, using
Gaussian processes with empirical covariances and deriv-
atives estimated from N-body simulations. Significant
improvements were found across multiple parameters.
An important observation in that work is that the Fisher
matrix is invariant under affine transformations of the mark
function, m → Amþ B. As a consequence, a void-enhanc-
ing mark and an overdensity-enhancing mark carry iden-
tical information when the full data vector fP;C;Mg is
used. The true driver of information gain is therefore the
environmental contrast modulated by the mark, rather than
the preferential weighting of voids specifically. This result
relies on the assumption of a Gaussian likelihood, which is
a good approximation for most standard observables in the
absence of strong degeneracies in the parameter space.
Significant deviations from Gaussianity could in principle
modify the picture. Recent machine learning frameworks
have generalized the mark optimization from a fiducial
cosmology to a broad parameter prior, extending the
functional form of the mark through rotationally equivar-
iant neural architectures to isolate local morphological
features of the cosmic web [29].
The MPS can also be studied analytically, using the

effective field theory of large scale structure (EFTofLSS)
[30–33]. References [17,18,24,26] showed that expanding
the mark as a power series in δR and computing the marked
power spectrum at one-loop order yields predictions in
good agreement with N-body simulations up to
k≲ 0.3hMpc−1.
In this work we study the marked statistics of the dark

matter field in real space by combining the analytical
control of the EFTofLSS with the flexibility of the mark
optimization program. The key idea is to expand the mark
as a polynomial in powers of δR, as is usually done in
perturbation theory, and treat the coefficients of the
expansion as free parameters:

mðδRÞ ¼ c0 þ c1δR þ c2δ2R þ c3δ3R þOðδ4RÞ; ð2Þ

and optimize them to maximize the Fisher information.
This turns the EFT expansion into a flexible polynomial
basis, playing a role analogous to the Gaussian process
(GP) approach of [22] but within a fully analytical
theoretical framework. Affine invariance of the Fisher
matrix is a necessary ingredient of the optimization:

without it, the problem is degenerate, since a constant
shift of the mark leaves all observables invariant up to a
linear rescaling. Imposing such invariance reduces the free
parameter space to fc1; c2; c3g (with c0 ¼ 1 fixed by
convention). A central aspect of our framework is the
restriction of the optimization domain to the perturbative
regime, where higher-loop contributions remain suppressed
with respect to the one-loop result [34,35]. This physically
motivated constraint, which we derive and discuss in detail
below, substantially restricts the space of viable marks and
ensures the theoretical consistency of the optimization. The
Fisher information serves as the cost function, and the
optimization runs in minutes on a laptop.
We validate our optimal marks against 1000 realiza-

tions of the Quijote simulation suite [36] and find that
our analytical predictions reproduce the measured power
spectra at the percent level. The resulting Fisher forecasts
show improvements in the parameter error bars by a
factor of approximately ∼1.30–2.3 on Ωm, ∼1.3–8.3 on
σ8, and ∼1.2–2.5 on h, depending on redshift and
smoothing scale, in good agreement with [22]. The
convergence of an analytical, simulation-free approach
with a GP-based one validates both the EFTofLSS
description of marked statistics and the broader picture
that a polynomial expansion is a sufficient functional
basis for mark optimization in the perturbative regime.
We focus here on dark matter in real space as a
controlled starting point for assessing the information
content and potential gains from optimized marks, with
the framework providing a basis for future extensions to
redshift space and to galaxy tracers. Because the pipeline
is fast and fully analytic, it is a natural ingredient for
future MCMC analyses of actual survey data, as well as a
stepping stone toward optimized marks for primordial
non-Gaussianity, where simulation-based approaches are
considerably more expensive.
The paper is organized as follows. In Sec. II we introduce

the marked field and review its perturbative description
within EFTofLSS, defining the general polynomial mark
and the one-loop expressions for PðkÞ, CðkÞ, and MðkÞ. In
Sec. II C we derive the perturbativity constraints on the ci
coefficients. In Sec. III A we describe the Fisher matrix
formalism, the covariance model, and the optimization
procedure. In Sec. IV we present our main results: the
optimal marks, the comparison with Quijote simulations,
and the forecasted parameter improvements. We conclude
and outline future directions in Sec. V.

II. THEORETICAL MODEL

A. General mark function

In this work we will focus on the dark matter density
contrast field δðxÞ, modeled in real space. Extensions to
redshift space and biased tracers would bring the frame-
work into direct contact with galaxy survey data and are left
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for future work. The dark matter density field δðxÞ is
defined as

δðxÞ ¼ ρðxÞ
ρ̄

− 1 ð3Þ

where ρðxÞ is the matter density and ρ̄≡ hρðxÞi is its mean
value at a fixed time. Given a density perturbation field, one
can always define its smoothed version on a comoving
scale R as

δRðxÞ¼
Z

d3zWRðjzjÞδðx−zÞ; δRðkÞ¼WRðkÞδðkÞ; ð4Þ

where WR is a generic smoothing function that we will
assume to be gaussian in Fourier space.1Previous works
[14–27] have shown that this quantity can be exploited to
construct a new, nonlinear map of the density field itself, in
order to extract more information from the full dark matter
distribution and environment. The technical details of the
construction of the marked field are presented in Sec. III A.
The mark function usually adopted in literature is
[15,19,27]

mðδRðxÞÞ ¼
�
1þ δRðxÞ

1þ δs

�
−p
: ð6Þ

This choice of the mark (not being the only one) is
particularly suited to amplify, in a very intuitive way, the
specific features of the density field environment: positive
values of p enhance underdense regions (voids), while
overdense regions (density peaks) are magnified when
p < 0. This functional form of the mark was introduced
based on the hypothesis that low-density regions are more
sensitive to physics beyond the ΛCDM model, particularly
in the context of massive neutrinos [17–20], modified
gravity [15,16,21], and primordial non-Gaussianities
[26]. The marked field is then defined as

ρMðxÞ ¼ mðδRðxÞÞρðxÞ; ð7Þ

and, by defining the mean mark as

ρ̄M ¼ hρMðxÞi ¼ hmðδRðxÞÞρðxÞi≡ m̄ ρ̄; ð8Þ

one can obtain the expression for the marked overdensity
field

δMðxÞ ¼
ρMðxÞ − ρ̄M

ρ̄M
¼ mðδRðxÞÞ

m̄
½1þ δðxÞ� − 1: ð9Þ

This mapping effectively provides a nonlinear transforma-
tion of the density field: this operation creates a new
(weighted) field with additional nonlinear and non-
Gaussian features in its two-point correlation function.
This is the reason why one should expect the marked
density field to encapsulate more information about the
surrounding environment when the same scales are ana-
lyzed with the power spectrum of the unmarked density
field. This is similar to the findings of [26], where it was
highlighted that the combination of the standard power
spectrum and bispectrum has, in general, more information
on cosmological parameters compared to an analysis with
the marked power spectrum. We will investigate this point
further in the following sections.
A related concern is that the nonlinear mapping may

produce a field with large nonlinearities, potentially com-
promising the applicability of perturbation theory. To
preserve perturbativity, we therefore impose a set of
conditions on the weighting scheme. This constitutes
one of the main novelties of this work and will be discussed
in more detail in Sec. II C and Appendix A.

B. EFTofLSS for the marked power spectra

Perturbative methods based on the effective field theory
of large scale structure [30,31] have been shown to be
flexible and accurate enough to reproduce the galaxy power
spectrum and bispectrum at one-loop in redshift space with
sufficient accuracy up to mildly nonlinear scales. Much
effort is being put in to push the EFTofLSS to higher
perturbative orders [37–41] and for higher n-point func-
tions [35,42–44]. References [17,18,24,26] showed that
this analytical procedure can be safely applied to marked
correlators, producing results that are in good agreement
with numerical simulations, both for dark matter and halos.
Here, we briefly review the methodology and the main
results obtained in this framework. Throughout the analy-
sis, we work in real space and consider the dark matter
density field. Extensions to redshift space and biased
tracers are natural next steps, left for future work.
With the same spirit as previous works, which adopted

the mark function in Eq. (6), we start by expanding mðδRÞ
as a power series of δR

mðδRðxÞÞ ¼
X∞
n¼0

ð−1Þn pðpþ 1Þ…ðpþ n − 1Þ
n!

δnRðxÞ
ð1þ δsÞ

≡X∞
n¼0

cnðp; δsÞδnRðxÞ; ð10Þ

with

1In Fourier and in configuration space it reads

WRðkÞ ¼ e−
k2R2
2 ; WRðxÞ≡

Z
d3k
ð2πÞ3 WRðkÞ ¼

1

ð2πÞ3=2
e−

x2

2R2

R3
:

ð5Þ
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cnðp; δsÞ≡ ð−1Þn pðpþ 1Þ…ðpþ n − 1Þ
n!ð1þ δsÞn

: ð11Þ

For this series to be convergent, the first requirement is that
jδRðxÞ=ð1þ δsÞj ≲ 1, which can be translated to the con-
dition on the fluctuation of the smoothed field

hδ2RðxÞi≡ σ2RRðzÞ≲ 1þ δs
DðzÞ ; ð12Þ

where DðzÞ is the growth function for the linear matter
density, δRðzÞ ≃ ðDðzÞ=DðzinÞÞδðzinÞ. When considering
the mark function employed in [19], the cn parameters
that appear in the perturbative expansion of Eq. (10) are
functions of the parameters p and δs. In this work, we will
consider a more general form of the mark function by
leaving these parameters free to vary. In practice, since we
are interested in the one-loop power spectrum, we will
consider the mark function expanded up to third order in δR

mðδRÞ ¼ c0 þ c1δR þ c2δ2R þ c3δ3R þOðδ4RÞ; ð13Þ

with cn’s now free to vary. We still need this expansion to
be convergent and meaningful in a perturbative sense. We
will investigate more about this in the following section.
We can now proceed with the perturbative expansion up to
the third order of the marked field in Eq. (9)

δMðxÞ ¼
X3
n¼0

δð3ÞM ðxÞ; ð14Þ

where (n) indicates the nth perturbative order, and we have
defined

δð1ÞM ðxÞ ¼ c0δð1ÞðxÞ þ c1δ
ð1Þ
R ðxÞ;

δð2ÞM ðxÞ ¼ c0δð2ÞðxÞ þ c1δð1ÞðxÞδð1ÞR ðxÞ þ c1δ
ð2Þ
R ðxÞ

þ c2δ
ð1Þ
R ðxÞδð1ÞR ðxÞ

δð3ÞM ðxÞ ¼ c0δð3ÞðxÞ þ c1δ
ð1Þ
R ðxÞδð2ÞðxÞ þ c1δ

ð2Þ
R ðxÞδð1ÞðxÞ

þ c1δ
ð3Þ
R ðxÞ þ c2δ

ð1Þ
R ðxÞδð1ÞR ðxÞδð1ÞðxÞ

þ 2c2δ
ð1Þ
R ðxÞδð2ÞR ðxÞ þ c3δ

ð1Þ
R ðxÞδð1ÞR ðxÞδð1ÞR ðxÞ:

ð15Þ

In order to find the perturbative solution for the dark
matter field and its smoothed version, it is useful to start
from the dynamics of the dark matter fluid, which can be
described by the standard continuity and Euler equations in
combination with the Poisson equation

δ̇þ a−1∂iðð1þ δÞviÞ ¼ 0; ð16Þ

v̇i þHvi þ a−1vj∂jvi þ a−1∂iΦ ¼ −
∂jτ

ij

aρ
; ð17Þ

∇2Φ
a2H2

¼ 3

2
ΩmðaÞδ; ð18Þ

where ρ is the density of the energy of dark matter, δ is
the density contrast already introduced in Eq. (3), vi is the
perturbation of the velocity of dark matter, and τij is the
effective stress tensor. A dot here represents a derivative
with respect to the cosmic time t, while H ¼ d loga=dt is
the Hubble rate and Ωm ¼ ρ̄m=ρcrit is the (nonrelativistic)
matter density parameter. These functions of time are
analytically defined in a ΛCDM universe with a cosmo-
logical constant and no curvature as

HðtÞ ¼ H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωm;0aðtÞ−3 þ ΩΛ;0

q
; ΩmðtÞ ¼

Ωm;0aðtÞ−3
ðHðtÞ=H0Þ2

;

ΩΛðtÞ ¼ 1 −ΩmðtÞ ð19Þ

withH0,Ωm;0, andΩΛ;0 respectively being the values of the
Hubble parameter, the matter density parameter, and the
cosmological constant density parameter today [45]. The
right-hand side of the Euler equation in Eq. (17) represents
the effective stress-energy tensor, which describes the effect
of short nonlinear modes on the dynamics of the long
modes. The EFTofLSS provides a theoretical framework
that allows us to expand it as a perturbative series of the
long wavelength gravitational potential, resulting, eventu-
ally, in the addition of the so-called counterterms, which
parametrize the cutoff dependence of the theory, effectively
marginalizing and renormalizing the uncontrolled short
scales. Here we will momentarily neglect the stress-energy
tensor as we will briefly discuss its effect later. It is
convenient to rewrite these equations in Fourier space
and consider the scale factor aðtÞ as the new time variable,
such that dt ¼ da=H, where we have defined the con-
formal Hubble rate H ¼ aH. Moreover, we also introduce
the rescaled velocity divergence, defined as

θ≡ −
∂ivi

fH
; ð20Þ

with f ≡ d logD=d ln a being the growth factor.
Neglecting vorticity modes, the continuity and Euler
equations now become

a
dδðk; aÞ

da
− fðaÞθðk; aÞ

¼ fðaÞ
Z
q1

Z
q2

ð2πÞ3δDðk − q12Þαðq1;q2Þθðq1; aÞδðq2; aÞ;

ð21Þ
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a
dθðk; aÞ

da
− fðaÞθðk; aÞ þ 3

2

ΩmðaÞ
fðaÞ ðθðk; aÞ − δðk; aÞÞ

¼ fðaÞ
Z
q1

Z
q2

ð2πÞ3δDðk − q12Þβðq1;q2Þθðq1; aÞθðq2; aÞ;

ð22Þ

where we have already included the Poisson equation in the
Euler equation and made use of the well-known evolution
equation for f

a
dfðaÞ
da

þ f2 þ
�
2þ d lnH

d ln a

�
f −

3

2
ΩmðaÞ ¼ 0: ð23Þ

The functions of momenta αðq1;q2Þ and βðq1;q2Þ are the
standard dark matter interaction vertices [9]

αðq1;q2Þ ¼ 1þ q1; ·q2

q21
;

and βðq1;q2Þ ¼
jq1 þ q2j2q1 · q2

2q21q
2
2

ð24Þ

and we have used the notation
R
q ≡

R d3q
ð2πÞ3 and

q1…n ≡ q1 þ � � � þ qn. As anticipated above, we can write
the dark matter density and velocity contrasts as a pertur-
bative expansion of the form

δðk;aÞ¼
X
n

δðnÞðk;aÞ; and θðk;aÞ¼
X
n

θðnÞðk;aÞ; ð25Þ

which allows us to solve the Eqs. (21) and (22) order by
order. The perturbative solution of these equations can then
be expressed as a convolution in Fourier space of n linear
fields over momentum kernels

δðnÞðk;aÞ ¼
Z

d3q1

ð2πÞ3…Z
d3qn

ð2πÞ3Fnðq1;…;qnÞδð1Þðq1;aÞ…δð1Þðqn;aÞ;

ð26Þ

θðnÞðk;aÞ ¼
Z

d3q1

ð2πÞ3…Z
d3qn

ð2πÞ3Gnðq1;…;qnÞδð1Þðq1;aÞ…δð1Þðqn;aÞ;

ð27Þ

where the Fn and Gn are the well known kernels for matter
density contrast that can be obtained by imposing the so-
called Einstein-de Sitter approximation for time evolution
[9], which translates to Ωm ¼ f2. In the same fashion, we
can express the marked density field with the new

convolution kernels as

δðnÞM ðk;aÞ ¼
Z

d3q1

ð2πÞ3…Z
d3qn

ð2πÞ3Hnðq1;…;qnÞδð1Þðq1;aÞ…δð1Þðqn;aÞ;

ð28Þ

where the expressions for the Hn kernels up to third order
are given by

H1ðq1Þ ¼ CδMðq1ÞF1ðq1Þ ¼ CδMðq1Þ;
H2ðq1;q2Þ ¼ CδMðq12ÞF2ðq1;q2Þ

þ Cδ2M
ðq1; q2ÞF1ðq1ÞF1ðq2Þ;

H3ðq1;q2;q3Þ ¼ CδMðq123ÞF3ðq1;q2;q3Þ þ 2Cδ2M
ðq1; q23Þ

× F1ðq1ÞF2ðq2;q3Þ þ Cδ3M
ðk1; k2; k3Þ

× F1ðk1ÞF1ðk2ÞF1ðk3Þ; ð29Þ

and the third order kernel has to be symmetrized over the
momenta. Moreover, we have defined the functions

CδMðq1Þ ¼ c0 þ c1WRðq1Þ; ð30Þ

Cδ2M
ðq1; q2Þ ¼ c2WRðq1ÞWRðq2Þ þ

c1
2
½WRðq1Þ þWRðq2Þ�;

ð31Þ

Cδ3M
ðq1; q2; q3Þ ¼ c3WRðq1ÞWRðq2ÞWRðq3Þ

þ c2
3
½WRðq2ÞWRðq3Þ þWRðq1ÞWRðq3Þ

þWRðq1ÞWRðq2Þ�; ð32Þ

which encode the perturbative structure of the mark
function through the coefficients cn.
With all these ingredients, we are now ready to compute

the theoretical prediction for the observables we will use in
this work, the matter power spectrum, the marked power
spectrum and the cross power spectrum among the two
fields

PðkÞ ¼ hδðkÞδðk0Þi0; CðkÞ ¼ hδðkÞδMðk0Þi0;
MðkÞ ¼ hδMðkÞδMðk0Þi0; ð33Þ

where h…i0 represents the correlator normalized by the
usual ð2πÞ3δDðkþ k0Þ factor, and we have left the redshift
dependence implicit to avoid clutter. Inserting the pertur-
bative expansions into these expressions, we obtain the
following expressions up to one-loop order
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PðkÞ ¼ P11ðkÞ þ P22ðkÞ þ P13ðkÞ;
m̄CðkÞ ¼ C11ðkÞ þ C22ðkÞ þ C13ðkÞ;

m̄2MðkÞ ¼ M11ðkÞ þM22ðkÞ þM13ðkÞ: ð34Þ

For the standard power spectrum, the one-loop terms are
the usual ones

P11ðkÞ ¼ PlinðkÞ≡ hδð1ÞðkÞδð1Þðk0Þi0;

P22ðkÞ ¼ 2

Z
q
½F2ðk − q;qÞ�2Plinðjk − qjÞPlinðqÞ;

P13ðkÞ ¼ 6PlinðkÞ
Z
q
F3ðk;−q;qÞPlinðqÞ; ð35Þ

for the cross power spectrum, we obtain

C11ðkÞ¼H1ðkÞPlinðkÞ;

C22ðkÞ¼ 2

Z
q
F2ðk−q;qÞH2ðk−q;qÞPlinðjk−qjÞPlinðqÞ;

C13ðkÞ¼ 3PlinðkÞ
Z
q
½H1ðkÞF3ðk;q;−qÞ

þH3ðk;q;−qÞ�PlinðqÞ; ð36Þ

and, finally, for the marked power spectrum, we have

M11ðkÞ ¼ H2
1ðkÞPlinðkÞ;

M22ðkÞ ¼ 2

Z
q
½H2ðk − q;qÞ�2Plinðjk − qjÞPlinðqÞ;

M13ðkÞ ¼ 6H1ðkÞPlinðkÞ
Z
q
H3ðk;−q;qÞPlinðqÞ: ð37Þ

As already highlighted in [26], the one-loop terms of the
marked correlators (both the cross and the auto power
spectra) present additional contributions due to the pres-
ence of the smoothed field in the mark function. The
additional pieces are convolutions of bispectrum- and
(disconnected) trispectrumlike terms with some kernels
given by the marking procedure. These terms arise because
the marked field is, by definition, more non-Gaussian, and
already at the level of its two-point function, it contains
information from higher order correlation functions of the
unmarked field. This is why it is expected to gain more
constraining power using marked correlators compared to
the usual power spectrum analysis. However, the informa-
tion gain is not expected to surpass that from a combination
of higher order functions, such as the bispectrum and the
trispectrum [35]. This is particularly true if one requires the
marked field to still preserve perturbativity. We leave
details about this in Sec. II C and Appendix A.
We now take into account the back-reaction of small-

scale physics on the long wavelength modes. For this, we
need to consistently reintroduce the stress-energy tensor in

Eq. (22). This has been achieved with the EFTofLSS
[30,31], which represents a systematic way to account
for the UV cutoff dependence of the loop integrals. The
stress-energy tensor is written as a Taylor expansion of the
long-wavelength quantities, imposing the equivalence prin-
ciple and solving the equations perturbatively. In practice,
for the standard one loop power spectrum in real space,
EFTofLSS introduces an additional term at third perturba-
tive order, which, in Fourier space, reads δctðkÞ ¼
−c2sk2δð1ÞðkÞ. The ∼ k2 dependence can be easily under-
stood as a consequence of the equivalence principle, while
the speed of sound c2s is a parameter that renormalizes the
UV dependence of the theory. In data analysis, c2s is treated
as a free parameter of the theory that has to be fitted with
simulations or observational data. References [17,18,26]
showed that when marked correlators are considered, no
additional counterterms are required, and the relevant terms
for the cross and marked power spectra are

CctðkÞ ¼ −2c2sk2H1ðkÞPlinðkÞ ð38Þ

MctðkÞ ¼ −2c2sk2H2
1ðkÞPlinðkÞ: ð39Þ

For the shot noise and the IR-resummation of the power
spectra, we follow [26].
Summarizing, the one loop EFT model for the standard,

cross, and marked power spectrum of matter in real space
has the following forms2

PðkÞ ¼ P11ðkÞ þ P22ðkÞ þ P13ðkÞ þ PctðkÞ; ð40Þ

m̄CðkÞ ¼ C11ðkÞ þ C22ðkÞ þ C13ðkÞ þ CctðkÞ; ð41Þ

m̄2MðkÞ ¼ M11ðkÞ þM22ðkÞ þM13ðkÞ þMctðkÞ; ð42Þ

which eventually contain only the free parameter c2s.

C. Perturbative prior

One of the key assumptions of our work is that one can
safely apply perturbation techniques to marked fields as
described above. Before moving on with the comparison to
simulations and with the optimization of such weighting
maps, we need to accurately consider if this is the case. It is
well known that in standard perturbation theory [35] the
key quantity that controls nonlinearities is the variance of
the density field at a given scale k, defined as

Δ2ðkÞ ¼ 1

2π2

Z
k

0

dqq2PlinðqÞ; ð43Þ

2Notice that in this work wewill limit our analysis to the matter
field in real space in order to compare our optimization procedure
to previous results. The analysis can be easily extended to biased
tracers (galaxies) in redshift space and will be investigated in
future works.

MARINUCCI, LIGUORI, SEMENZATO, and WANDELT PHYS. REV. D 114, 083508 (2026)

083508-6



where PlinðkÞ is the linear power spectrum. Crucially, for
perturbation theory to be accurate, this parameter must be
small when evaluated at the maximum value of the wave-
number considered, kmax. As an example, in a ΛCDM
cosmology at redshift ¼ 0, the variance of the field is Δ2 ≃
0.22 at k ¼ 0.12 h=Mpc and Δ ≃ 0.53 at k ¼ 0.2 h=Mpc,
getting smaller at higher redshift and larger for higher
values of k, as expected. For perturbation theory to be valid,
it is essential that not only the relative size of each
individual term in perturbative calculations is of order
∼Δ2ðkmaxÞ, but also that the total loop contribution to the
correlation functions has the same size. This assumption
may seem obvious, but it has nontrivial consequences: for a
biased tracer, such as halos or galaxies, the total m-loop
contributions to a given n-point function can have a large
number of terms multiplied by a large number of different
nuisance parameters. Assuming that the variance of the
density fields controls the perturbative expansion and that it
is small corresponds to the requirement that all the bias
parameters and counterterms, despite being of order
∼Oð1Þ, cannot contribute to large loop corrections for a
realistic tracer. In this work, we are considering the matter
field; hence, these assumptions should always be valid, at
least on large scales well above the nonlinear scale.
However, the marking procedure produces a new field that
is, in general, a biased and more nonlinear tracer of the
underlying dark matter field. The new parameters intro-
duced in the mark function, the ci’s, distort the original dark
matter field in a specific way, and we need to verify if the
assumptions we made so far are still valid for the marked
field. A way to estimate if the perturbative treatment of the
n-point functions is under control is to use the following
(approximate) signal-to-noise (SNR) ratio formula for a
connected n-point function [35]

ðSNRÞ2n ≃
Z

kmax d3k1

ð2πÞ3…Z
kmax d3kn

ð2πÞ3
hδðk1Þ…δðknÞi2c
Pðk1Þ…PðknÞ

∼ NpixΔ2ðn−2ÞðkmaxÞ½1þOðΔ2ðkmaxÞ�; ð44Þ

where Npix ≡ V
R
kmax d3k=ð2πÞ3 is the number of pixels of

Fourier modes in a given survey. This expression is
approximate in two respects: first, the covariance is
evaluated at leading (Gaussian) order, retaining only the
disconnected contribution Pðk1Þ…PðknÞ in the denomi-
nator; second, the final scaling assumes standard perturba-
tion theory power counting, hδnic ∼ Δ2ðn−1Þ, which holds in
the weakly nonlinear regime. Moreover, numerical prefac-
tors of order ∼Oð1Þ arising from the angular integration
over the momentum structure of the correlators are not
tracked. Note that the same parameter Δ2 controls both the
SNR for the n-point functions and the corrections to the
SNR due to higher loop contributions. This is expected in

perturbation theory where all nonlinearities are indeed
controlled by Δ2.3 This result shows two main things:
on one hand, the signal-to-noise in each higher order n-
point function is ∼OðΔ2Þ smaller than the previous one,
meaning that the information content of the nonlinear field
is almost saturated by the leading summary statistics; on the
other hand, Eq. (44) shows that, analogously, the l-loop
contribution to the signal-to-noise ratio of the n-point
function scales as ∼OðNpixΔ2ðnþl−2ÞÞ. This scaling implies
that higher-loop contributions are increasingly suppressed,
reflecting the perturbative nature of the nonlinear fields up
to a cutoff scale kmax.
The same arguments must hold for the marked field since

we are interested in using a perturbative approach to predict
the shape of its summary statistics. Note that these
assumptions are strictly needed within the EFTofLSS
and are not required in other approaches, such as those
employed in simulation based analyses or machine learn-
ing. For a marked field δM, the parameter controlling the
perturbative expansion is

Δ2
MðkÞ ¼

1

2π2

Z
kmax

dqq2M11ðqÞ; ð45Þ

withM11ðkÞ ¼ C2
δM
ðkÞPlinðkÞ. We can expand Eq. (45) and

obtain

Δ2
MðkÞ¼

1

2π2

Z
kmax

dqq2PlinðqÞ−
c1
π2

Z
kmax

dqq2WRðqÞPlinðqÞ

þ c21
2π2

Z
kmax

dqq2W2
RðqÞPlinðqÞ

≡Δ2ðkÞ−c1Δ2
WðkÞþc21Δ2

W2ðkÞ; ð46Þ

where we have assumed c0 ¼ 1, as we will do in the rest of
the paper, and we have defined the integrals

Δ2
WðkÞ≡ 1

π2

Z
kmax

dqq2WRðqÞPlinðqÞ;

Δ2
W2ðkÞ≡ 1

2π2

Z
kmax

dqq2W2
RðqÞPlinðqÞ; ð47Þ

which have values Δ2
W ≃ 0.07 and ΔW2 ≃ 0.015 for kmax ≃

0.25 h=Mpc at redshift z ¼ 0 for R ¼ 30 Mpc=h,
Δ2

W ¼ 0.26, and Δ2
W2 ¼ 0.07 with R ¼ 15 Mpc=h. This

means two things: a smaller smoothing radius R makes the
theory for the marked field less perturbative; however,
the variance of the marked field can still be Δ2

M ≲ 1 if the
value of c1 is adjusted accordingly to respect this condition.

3Notice that there are some special cases where new param-
eters can play a non-negligible role, causing a failure of the
perturbative expansion, see the discussion in [46]. For the marked
power spectrum, similar effects can emerge due to the nonlinear
remapping, as described in the main text.
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As a consequence of this, we expect the assumption of
perturbativity to be safely satisfied by the marked field. In
addition, one can see that the one loop contribution to the
signal-to-noise can produce terms that remain constant
even at very large scales, mimicking the effect of a shot-
noiselike term [21]. This is somewhat similar to what is
discussed in [46] for the case of biased tracers, where the
term presenting the second order bias b2 can give an
unwanted non-negligible contribution to the nonlinear
trispectrum in the squeezed limit. This kind of term is
usually under perturbative control for real life tracers: in the
case of marked fields, these terms may arise due to the
weighting procedure and could lead to a potential breaking
of the perturbation theory assumptions. We leave further
details about this in Appendix A.
Imposing that the numerator of Eq. (A8) is smaller than

its denominator translates into a condition for c2 and c1, as
shown in Fig. 1. The near-symmetry of the allowed region
around an offset point is a consequence of fixing the
constant coefficient to c0 ¼ 1: the perturbativity condition
depends on the relative contributions of the different terms
in the mark, so choosing a nonzero c0 shifts the corre-
sponding region in the ðc1; c2Þ plane away from the origin.
What is shown in this figure is somewhat expected: for
larger values of the smoothing radius, the perturbative
approach is more convergent, which leads to a larger
allowed parameter space. It would be interesting, though,
to explore the contributions coming from even higher loops
than the one considered in this work. Perturbation theory
requires that, for example, the two loop order is always
smaller than the total power spectrum computed at one
loop. This condition, usually referred to as perturbativity

prior [34], has been recently exploited in real data analysis
[47,48] and relies on the arguments presented here.
Interestingly, we could impose such perturbativity con-
dition also for the marked power spectrum: in Appendix A,
we show that terms from the two loop marked power
spectrum can give a non-negligible contribution on large
scales. This should not surprise us, given the one loop
example of M22. What is interesting is that pieces coming
from the two loop include also the mark parameter c3 and
other combinations of c2 and c1. In Appendix A, we also
show that for scenarios in which the perturbation theory is
not valid anymore, nonlinear scales significantly leak into
larger scales. For all the reasons stated above, we find it
more convenient to impose a prior that is easier to imple-
ment, such that each successive term in the expression of
the mark function must be suppressed with respect to the
previous one when evaluated at the maximum value of
the smoothed overdensity field δR;max, measured from the
simulations, as reported in Table I. This translates into the
two conditions

jc2jδR;max < jc1j; jc3jδR;max < jc2j: ð48Þ

Points in parameter space that violate either of these
conditions are excluded from the scan, as they would
correspond to a mark whose higher-order terms dominate
the lower-order ones, invalidating the perturbative inter-
pretation of the model. We will additionally require that the
mark functions are positive in the range of δR sampled by
the simulations. This condition is both physically and
operationally motivated: a negative mark would flip the
sign of the contribution of the corresponding region to the

FIG. 1. Prior on the coefficients c1 and c2 imposed by requiring perturbativity of the marked field, shown for the two smoothing scales
R ¼ 15 Mpc=h and R ¼ 30 Mpc=h at z ¼ 0. The blue region indicates the allowed parameter space, while the red regions highlight the
excluded ones for two different choices of the minimum wave number kmin. The allowed region shrinks as the smoothing radius
decreases, reflecting the more nonlinear structure probed at smaller R.
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marked field, making the statistical interpretation of the
marked power spectrum as a weighted summary statistic ill-
defined. In practice, enforcing positivity ensures thatmðδRÞ
can always be interpreted as a well-defined, non-negative
weight function assigned to each region of the density field.

III. MINIMIZATION PROCEDURE

The aim of this paper is to identify the optimal
configuration of the mark function that maximizes the
information gain from marked correlators relative to a
standard power spectrum-only analysis. In particular, we
explore the constraining power on a set of cosmological
parameters, fΩm; σ8; hg, while marginalizing over the EFT
parameter c2s. To this end, we vary the shape of the mark
function parametrized by fc0; c1; c2; c3g, fixing c0 ¼ 1 as
discussed in Sec. III C. We scan a three-dimensional grid
for fc1; c2; c3g in the range ½−10; 10� subject to two
physically motivated priors. We adopt a grid-based scan
as we found gradient-based methods to converge to the
same optimal mark at a higher computational cost. The
mark function in Eq. (13) is intended as a controlled
expansion around the smoothed density field, and for this
reason, we impose a perturbative prior on the ci coefficients
as discussed in II C For each configuration, we compute the
Fisher matrix using the theoretical model outlined above,
including both derivatives and covariance as detailed in
Secs. III A and III B. We compare the constraints obtained
from the power spectrum alone with those from the
combination of power spectrum, cross spectrum, and
marked power spectrum, quantifying the improvement
through the ratio rðθÞ ¼ σPðθÞ=σPþCþMðθÞ (or equiva-
lently the FoM, see Sec. III B) for each of the selected
parameters θ ¼ fΩm; σ8; hg, while marginalizing over the
EFT parameter c2s. After identifying the optimal mark
configurations, we compute the full non-Gaussian covari-
ance using 1000 realizations from the Quijote suite at the
fiducial cosmology. This allows us to assess the actual
improvement in parameter constraints when a realistic
covariance is taken into account. Additional methodologi-
cal details are provided in the following sections.

A. Details about the Fisher matrix

In this section, we detail the procedure adopted to
perform the Fisher forecast for cosmological parameters,

combining the standard power spectrum, the cross power
spectrum, and the marked power spectrum for the dark
matter field. We focus on the fiducial ΛCDM cosmology
adopted in Quijote and consider variations in the matter
density Ωm, the amplitude of fluctuations σ8, and the
reduced Hubble parameter h ¼ H0=100. These parameters
have been shown to drive the largest variations in large
scale structure observables at low redshift and hence are the
most promising in terms of constraining power from LSS.
In addition, we include and marginalize over the EFT
counterterm c2s , which parametrizes the impact of small-
scale physics on the one-loop power spectrum through a
k2PlinðkÞ correction; we will discuss possible degeneracies
among these parameters and the role played by the marked
power spectrum in breaking them in Sec. IV B.
The Fisher matrix provides an extremely useful tool for

forecasts in cosmology [49]. Forecast methods based on the
Fisher matrix rely on the Cramér-Rao lower bound, which
establishes that the covariance matrix of any unbiased
estimator of the parameter set θ has a lower limit given by
the inverse of the Fisher information matrix Fμν. The latter
is defined as the expectation value of the Hessian of the log-
likelihood

Fμν ¼ −
�
∂
2 logL
∂θμ∂θν

�
: ð49Þ

By assuming that, at leading order, the observables con-
sidered follow a Gaussian distribution with mean D and
covariance CD, the Fisher matrix is

Fμν ¼
X
i;j

∂Di

∂θμ
ðC−1

D Þij
∂Di

∂θν
; ð50Þ

where the sum runs over the data bins. The inverse Fisher
matrix in Eq. (50) gives the lower limit for the error bar for
a given parameter θμ, which satisfies σ2ðθμÞ ≥ ðF−1Þμμ.
These estimates include marginalization over the other
parameters considered in the forecast. In order to compute
the Fisher matrix, one needs to assume fiducial parameters
θfid., over which the derivatives are estimated. The observ-
ables we consider in this work are the power spectrum
alone DP ¼ fPðkÞg and the combination of the standard
dark matter power spectrum PðkÞ, the cross power spec-
trum among the unmarked and marked field CðkÞ, and the

TABLE I. Minimum and maximum values of the smoothed overdensity field δR, measured from the Quijote simulations at z ¼
f0; 0.5; 1g for different smoothing radii. Density contrasts are progressively suppressed at higher redshift, while smaller smoothing
scales probe significantly larger overdensities at all redshifts.

R½h−1 Mpc� δR;minðz ¼ 0Þ δR;maxðz ¼ 0Þ δR;minðz ¼ 0.5Þ δR;maxðz ¼ 0.5Þ δR;minðz ¼ 1Þ δR;maxðz ¼ 1Þ
30 −0.41 0.68 −0.34 0.49 −0.26 0.42
15 −0.66 2.22 −0.57 1.54 −0.45 1.20
10 −0.77 5.47 −0.69 3.58 −0.56 2.79

OPTIMAL MARKED STATISTICS FROM THE EFFECTIVE … PHYS. REV. D 114, 083508 (2026)

083508-9



power spectrum of the marked field MðkÞ, i.e.,
DPCM ¼ fPðkÞ; CðkÞ;MðkÞg. We will compute the
Cramér-Rao bounds in both cases and compare them to
quantify the improvement in the resulting parameter con-
straints. As already discussed, each of these quantities
encodes complementary information about the underlying
density field: while PðkÞ captures the clustering of matter
on large scales, MðkÞ weights the contribution of low- and
high-density regions according to the adopted mark func-
tion, effectively probing different environmental regimes
[14–27]. When LSS data are considered, the three cosmo-
logical parameters examined in this analysis are the ones
that are better constrained from the shape of the power
spectrum: other ΛCDM parameters such as the amount of
baryonic matter Ωb or the primordial tilt ns are usually
fixed using priors from other datasets, such as CMB data or
measurements from BBN [50–52]. However, given that our
approach relies on a theoretical model, including additional
parameters is straightforward; see, for example, [26].4 The
choice of the reference values for the cosmological param-
eters is dictated by the fiducial cosmology of the Quijote
simulation suite [36]

fΩm;σ8;h;ns;Ωbg¼f0.3175;0.834;0.6711;0.9624;0.049g;
ð51Þ

while the fiducial value for the parameter c2s is obtained by
fitting the unmarked power spectrum at fixed cosmology.
The derivatives with respect to a given cosmological
parameter θμ are computed using our analytical model
using the symmetric finite-difference scheme:

dDiðθμÞ
dθμ

¼DiðθμþðΔθμÞ=2Þ−Diðθμ− ðΔθμÞ=2Þ
Δθμ

: ð52Þ

All other parameters are held fixed while varying θ,
ensuring that the derivative isolates the physical depend-
ence of the observable on that specific cosmological
parameter. This approach has been extensively validated
in the context of Fisher forecasts for large scale structure
[e.g.,[15,34,53,54] ]. The finite steps Δθ are chosen to be
small enough to accurately estimate the derivatives while
avoiding numerical instabilities due to round-off errors: we
use ΔΩm ¼ 0.02, Δσ8 ¼ 0.03, and Δh ¼ 0.01. We have
verified that the derivatives computed using our analytical
prescription with these values for the Δ’s agree with those
obtained numerically from the Quijote suite, which pro-
vides simulations at fiducial and displaced parameter
values for derivative estimation, and the agreement is stable
across all the parameters, the redshift, and the range of
scales considered.

B. Covariance matrices

The evaluation of the Fisher matrix for a given set of
parameters requires an estimate of the covariance matrix of
the observables involved in the forecasting procedure.
Crucially, the covariance matrices of the cross and marked
power spectra depend on the choice of the parameters ci’s
that enter the mark function as in Eq. (13): this means that
the covariances have to be recomputed each time during the
optimization procedure, where the ci’s are varied, even
though the cosmological parameters are kept fixed to their
fiducial values. As a first step in our optimization pro-
cedure, we use perturbation theory to compute the Gaussian
part of the fields involved. As already clarified in Sec. II C,
non-Gaussian contributions to the covariance matrix (off-
diagonal terms) are expected to be of order ∼Δ2ðkÞ and
could be safely neglected for the redshift and the scale we
are considering in this work. The expressions we will use
for the covariances of the autospectra are given by [26]

Cov½PðkiÞPðkjÞ� ¼ 2
ð2πÞ3
VVs

P2ðkiÞδij;

Cov½CðkiÞCðkjÞ� ¼
ð2πÞ3
VVs

½PðkiÞMðkiÞ þ C2ðkiÞ�δij;

Cov½MðkiÞMðkjÞ� ¼ 2
ð2πÞ3
VVs

M2ðkiÞδij; ð53Þ

while the cross-covariances between the different spectra
are

Cov½PðkiÞCðkjÞ� ¼ 2
ð2πÞ3
VVs

PðkiÞCðkiÞδij;

Cov½PðkiÞMðkjÞ� ¼ 2
ð2πÞ3
VVs

C2ðkiÞδij;

Cov½CðkiÞMðkiÞ� ¼ 2
ð2πÞ3
VVs

CðkiÞMðkiÞδij: ð54Þ

Specific configurations of the mark parameters could lead
to a potentially large correlation between the dark matter
density perturbation field δ and the marked field δM: the
particular case fc0; c1; c2; c3g ¼ f1; 0; 0; 0g would give a
singular joint covariance matrix, manifesting itself as an ill-
conditioned forecast case, whose inversion is numerically
unstable. This is also true, for example, for mark configu-
rations close to the one presented. To mitigate this, we
employ the pseudoinverse of the covariance matrix, defined
using the Moore-Penrose formalism, and introduce a
threshold parameter fcond ¼ 10−9 below which the eigen-
values are truncated, following [22,55]. This regularization
ensures that the Fisher matrix defined in Eq. (50) remains
numerically stable and well defined. We tested the impact
of the condition number threshold fcond. For larger values,
such as fcond ¼ 10−6, too many eigenvalues are truncated,
leading to unphysically large error bars. In the range

4Notice that in Ref. [22] the authors vary only Ωm and σ8 due
to the high computational power of their pipeline. In Sec. IV we
show a more direct comparison.
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fcond ¼ 10−9 − 10−10, the estimated uncertainties are sta-
ble, varying at the ∼10% level, as shown in Fig. 6. Smaller
values of fcond instead lead to unstable and overly opti-
mistic results. We therefore adopt fcond ¼ 10−9 as a
conservative choice, which we expect to yield more reliable
results, particularly for smaller values of R. This approach
follows standard practice in Fisher analyses involving
correlated observables [56,57].
Given the relatively low computational power required to

estimate the theoretical derivatives and the Gaussian
covariances, we vary the mark functions in order to identify
the optimal configuration of ci ’s, which maximizes the
cosmological information content. We explore two com-
plementary optimization criteria:

(i) Global optimization: maximization of the figure of
merit (FoM) defined as

FoM ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðFμνÞ

q
; ð55Þ

which measures the inverse hypervolume of the
confidence ellipsoid in parameter space. A large
FoM indicates a smaller joint uncertainty on the
parameters, corresponding to a more constraining
dataset; and

(ii) Individual optimization: minimization of the mar-
ginalized uncertainty on each parameter θ ¼
fΩm; σ8; hg obtained using the Cramér-Rao bound

σ2ðθμÞ ¼ ðF−1Þμμ: ð56Þ

This approach highlights whether the improvement
from marked statistics primarily benefits specific
cosmological directions (e.g., σ8) rather than a
global reduction of degeneracies.

In practice, the FoM is sensitive to the degree of degeneracy
among parameters, while the marginalized errors are more
sensitive to the amplitude of the derivative signals. It is
therefore not guaranteed that the mark configuration
maximizing the FoM also minimizes the uncertainty on
each parameter individually. We therefore explore both
optimization strategies in parallel. Once the optimal con-
figurations of the mark functions are obtained using a
Gaussian covariance, we proceed to the estimate of the full
non-Gaussian covariance using the Quijote simulations: we
compute the variance of the different observables among
1000 different realizations at the fixed fiducial cosmology.
This refined evaluation is necessary in order to have a more
realistic covariance that captures possible mode couplings
that are not included in the Gaussian one.
This two-stage approach follows the methodology of

Cowell et al. [22] and ensures that our conclusions about
the information gain from marked statistics are robust to the
inclusion of realistic covariance effects.
The forecast is performed at the redshifts z ¼ 0, z ¼ 0.5,

and z ¼ 1, and for smoothing scales R ¼ 10 Mpc=h,

R ¼ 15 Mpc=h, and R ¼ 30 Mpc=h. This choice ensures
that the derived constraints are also representative of low-z
observables, where nonlinearities play an important role.
The Fourier-space binning and survey volume are
matched to those of the Quijote simulations [36], with
V ¼ 1ð Gpc=hÞ3 and Δk ¼ ð2πÞ=V1=3 ≃ 0.0063 h=Mpc.
Furthermore, we will use a maximum wave number of
kmax ¼ 0.30 h=Mpc. This scale cut is chosen specifically
for the present dark-matter, real-space setup, for which we
have explicitly verified that the one-loop marked-statistics
model reproduces the simulations at the percent level up to
kmax ≃ 0.30; h=Mpc. It should therefore not be interpreted
as a universal scale cut for marked statistics: its applicabil-
ity to biased tracers in redshift space, with their additional
bias and redshift-space contributions, will require a dedi-
cated validation.

C. Affine invariance and optimal weights

One of the key results of [22] resides in the exploitation
of the invariance of the Fisher matrix under affine trans-
formations of the mark function, so that

MðδRÞ → M0ðδRÞ ¼ AMðδRÞ þ B;

ðFμνÞ−1 → ðF0
μνÞ−1 ¼ ðFμνÞ−1: ð57Þ

In our approach, the transformation in Eq. (57) corresponds
to a shift in the fcng parameters

fc0;c1;c2;c3g→fc00;c01;c02;c03g¼fAc0þB;Ac1;Ac2;Ac3g:
ð58Þ

One can easily see that the observables considered here,
under this affine transformation, are changed as

PðkÞ → P0ðkÞ ¼ PðkÞ; ð59Þ

CðkÞ → C0ðkÞ ¼ BPðkÞ þ ACðkÞ; ð60Þ

MðkÞ → M0ðkÞ ¼ B2PðkÞ þ 2ABCðkÞ þ A2MðkÞ; ð61Þ

and the covariance matrix transforms as C → C0 ¼
N · C · N†, with

N ≡
0
B@

1 0 0

B A 0

B2 2AB A2

1
CA: ð62Þ

These transformation laws also hold for our theoretical
modeling since perturbation theory only involves linear
operations among the different spectra. The Fisher matrix is
invariant under this affine transformation. Interestingly, the
affine invariance of the Fisher information matrix also
extends naturally to any complete set of n-point correlators
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of the density field δ and marked field Δ (by complete, we
mean including all the available auto- and cross-spectra);
this is shown explicitly in Appendix B.
Equation (58) indicates that the parameter space of the

mark functions can be reduced: the invariance of the Fisher
matrix under a constant shift of the mark function implies
that the information content is independent of c0, which can
therefore be chosen arbitrarily. For convenience,5 we will
fix c0 ¼ 1. The invariance under linear scaling mðδRÞ →
AmðδRÞ leaves the ratio of the mark function unchanged for
two different values of δR, explicitly

mðδR;1Þ
mðδR;2Þ

→
m0ðδR;1Þ
m0ðδR;2Þ

¼ mðδR;1Þ
mðδR;2Þ

: ð63Þ

In other words, this implies that if gðc1; c2; c3Þ is a linear
combination of the three parameters, the relation

gðc01; c02; c03Þ ¼ κðAÞgðc1; c2; c3Þ; ð64Þ

holds, with κ being a generic function of A. A clear
consequence of this is that what is relevant, in terms of
information content, is not the absolute values of the mark
parameters c1, c2, c3, but their relative size, i.e., the ratios
c2=c1 and c3=c1. Since we impose the perturbativity prior
described in Eq. (48) (see also the discussion in
Appendix A), which directly constrains these ratios (e.g.,
jc2j≲ jc1j=δR;max and similarly for c3), the physically
relevant region of parameter space is naturally restricted.
In this sense, the prior already reduces the effective
redundancy associated with the overall normalization of
the mark. This choice simplifies the numerical implemen-
tation and allows us to scan the space of mark shapes
without explicitly fixing a normalization convention.
A consequence of affine invariance is that the mark

function mðδRÞ itself does not provide physically mean-
ingful information, since it is defined only up to an
equivalence class under m → Amþ b. When a specific
mark is found to improve constraints on a cosmological
parameter, the apparent physical interpretation (for exam-
ple, that information resides preferentially in underdense or
overdense regions) is gauge-dependent and therefore not
invariant. As the number of n-point correlators included in
the data vector grows, the information becomes distributed
across an increasing number of cross-correlators, making it
progressively harder to attribute the information gain to any
particular density environment. The physically meaningful
quantity is the equivalence class [m], not any particular
representative.
This conclusion holds in the regime in which the

likelihood is nearly gaussian and could be approximated

with the Fisher matrix: highly non-Gaussianities in the
likelihood, such as those sourced by large degeneracies in
the parameter space [58–62], may alter this picture and lead
to different conclusions.
For explicitly rotation-invariant marks of the form

introduced in [15], or like those considered in this work,
which depend only on the scalar smoothed density field
mðδRÞ, the full invariant content reduces to two quantities:
the smoothing scale R, which sets the spatial scale at which
the local environment is defined, and the relative weighting
between density environments. Concretely, the affine-
invariant content is encoded in ratios of the form

jmðδR;1Þ −mðδR;3Þj
jmðδR;3Þ −mðδR;2Þj

ð65Þ

for fixed density values δR;1, δR;2, δR;3. The sign of this
contrast is itself gauge-dependent, since the reflectionm →
−m is an affine transformation with A ¼ −1, B ¼ 0,
mapping a void-upweighting mark onto a halo-upweight-
ing one while leaving the Fisher information unchanged.
This analysis also suggests a possible route to interpret-

ability: removing the matter power spectrum PðkÞ breaks
the full affine invariance, since the shift symmetry m →
mþ b no longer closes on the reduced data vector,
rendering the zero-crossing δ�R of the optimal mark a
genuine invariant with a physical interpretation as the
optimal density threshold separating information-rich from
information-poor environments. This of course comes at a
price, as becomes clear when examining the Fourier-space
content of the marked statistics. At mildly nonlinear scales,
the marked power spectrum is equivalent to a particular
projection of the matter bispectrum, where the mark
function acts as a convolution kernel weighting different
triangle configurations. Specifically,MðkÞ probes squeezed
bispectrum configurations Bðk; k; qÞ with q≲ 1=R, since
the smoothing suppresses small-scale modes in mðδRÞ,
while CðkÞ is sensitive to less-squeezed, more equilateral
configurations. Removing CðkÞ is therefore equivalent to
discarding sensitivity to equilateral and folded bispectrum
configurations, mostly sourced by gravitational evolution.
Nevertheless, this approach is of considerable interest, as
the optimal density threshold δ�R could provide a direct
window into the relationship between the parameter-de-
pendent information content of the field and its morpho-
logical properties. We note, however, that breaking affine
invariance by removing CðkÞ requires revisiting several
assumptions underlying the present analysis: in particular,
c0 is no longer freely fixable to unity by gauge choice and
becomes a physically meaningful parameter. The pertur-
bative priors on the mark coefficients, which in the current
framework constrain the ratios c2=c1 and c3=c1 independ-
ently of the overall normalization, may likewise need to be
reassessed in this new context. We defer a systematic
investigation of this approach to future work.

5We fix the value of c0 to 1 and not, for example, to 0, to avoid
instabilities in the theoretical modeling during the optimization
operation.
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IV. RESULTS AND DISCUSSION

We now discuss the application of the analytical optimi-
zation procedure described in the previous sections.
Exploiting the availability of a fully analytical EFTofLSS
prediction, we rapidly evaluate the Fisher information
matrix across any mark configuration parametrized by
fc0; c1; c2; c3g, scanning a three-dimensional grid of 100 ×
100 × 100 values for c1, c2, and c3 in the range ½−10; 10�,
subject to the perturbativity prior discussed in Sec. II C. We
focus on three smoothing radii, R ¼ 10, 15 and 30 Mpc=h.
These are chosen based on the analysis performed in [27],
where the usual mark functional dependence was adopted to
analyze the BOSS dataset. We also investigate the redshift
dependence of the optimal mark considering z ¼ 0, to allow
comparison with [22], z ¼ 0.5 and z ¼ 1, bracketing the
redshift range targeted by realistic surveys such as BOSS
[63], DESI [3], and Euclid [2]. The optimal mark coeffi-
cients, obtained using the Gaussian covariance approxima-
tion, are reported in Table III.
The resulting optimal mark functions are shown in

Fig. 2. The picture that emerges depends significantly on
the smoothing scale considered. For R ¼ 10 Mpc=h, the
perturbativity prior restricts the allowed parameter space

fc1; c2; c3g considerably, and all optimal marks collapse
onto a similar, smooth, monotonically decreasing function
of δR, closely resembling a linearized expansion of the
standard mark around δR ≃ 0. In this regime, the optimiza-
tion has little freedom and the resulting mark functions are
largely insensitive to the choice of target parameter or
redshift. For R ¼ 15 and 30 Mpc=h, where the perturba-
tivity prior is less restrictive, the optimal marks display a
richer structure: they develop a parabolic shape over the
range of δR sampled by the simulations (see Table I),
enhancing the differential weighting between high- and
low-density environments. The variation with redshift is
more pronounced atR ¼ 15 Mpc=h than atR ¼ 30 Mpc=h,
which we discuss further below.
This outcome is consistentwith the affine invariance of the

Fisher matrix: as discussed in Sec. II, when the full data
vector fP;C;Mg is adopted, any mark function that up-
weights underdense regions carries exactly the same infor-
mation as one that up-weights overdense regions because the
two are related by an affine transformation that leaves the
Fisher matrix invariant. The actual information gain in
the marked field therefore does not arise from the voids
themselves, as sometimes implied in the literature [19], but

FIG. 2. Optimal mark functions for different smoothing radii and redshifts. We show the result of the optimization in different
scenarios: maximizing the FoM over the three parameters fΩm;0; σ8; hg jointly, and minimizing the uncertainty on each parameter
individually. In dashed black, we also plot the mark functions adopted in the analysis [27].
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rather from the environmental modulation of clustering
[64,65]. This result is in agreement with [22].
This interpretation is also consistent with the findings of

[26], who showed that the bispectrum combined with the
standard power spectrum captures a significant fraction of
the information recovered by marked statistics. The reason
is straightforward: the late-time bispectrum encodes
correlations between modes generated by gravitational
nonlinearities, even in the absence of primordial non-
Gaussianity, and is therefore a probe of environmental
structure. The marked power spectrum effectively
reweights two-point statistics to access part of this infor-
mation in a computationally simpler way; see also the
discussion in Appendix A.
The strength of the method adopted here is twofold.

First, being grounded in perturbation theory, it provides a
theoretically motivated and fully analytical framework that
can be readily extended to additional cosmological param-
eters, as demonstrated in [17,18,24,26]. Second, its com-
putational efficiency and flexibility make it a promising
starting point for incorporation into a future MCMC
analysis of survey data: the evaluation time for biased
tracers in real space is around teval ≃ 2.5s for one given
cosmology and mark configuration, and teval ≃ 6.5s when
nonlocal primordial non-Gaussianities are included. These
results can be further optimized and extended to redshift
space, for which we already have an implementation that
needs to be optimized. We leave this to future work.

A. Comparison with simulations

Having identified the optimal marks, we compare the
theoretical predictions against power spectra measured
from the Quijote simulation suite. Among all the optimal
marks obtained at different smoothing scales and redshifts,
we select three representative cases that display qualita-
tively distinct shapes, illustrating the variety of forms that
the marked power spectrum can take. Figure 3 shows the
matter power spectrum PðkÞ, the cross-spectrum between
the marked and unmarked fields CðkÞ, and the marked
power spectrum MðkÞ for these three cases.
The marked power spectrum from each simulation box is

estimated at the particle level through a two-step procedure
[66]. We first assign the N-body particles to a 2563 grid via
cloud-in-cell (CIC) interpolation to build δðxÞ [67], smooth it
on the scale R to obtain δR, and interpolate δR back to each
particle position. Each particle is then redeposited on the grid
carrying the weight mðδRÞ evaluated at its location, which
reconstructs ρMðxÞ of Eq. (9) directly from the particles.
Across all wave numbers of interest, the analytical model

reproduces the simulation measurements at the percent
level, demonstrating that the EFTofLSS framework cor-
rectly describes all three spectra up to mildly nonlinear
scales kmax ≃ 0.30 h=Mpc.
We next examine the covariance properties of the three

spectra. The right panels of Fig. 3 show the correlation

matrices estimated from 1000 realizations at the fiducial
cosmology. For R ¼ 10 Mpc=h and R ¼ 30 Mpc=h the
correlation matrices are close to diagonal and hence well
described by the Gaussian approximation, whereas for R ¼
15 Mpc=h the covariance displays more prominent off-
diagonal structure. We show here three very different
shapes for the mark function, which translate into different
shapes for the power spectra.
The right panels show the correlation matrix of the joint

data vector fPðkÞ; CðkÞ;MðkÞg, estimated from the 1000
Quijote realizations. The structure of the covariance depends
sensitively on the smoothing scale. For R ¼ 10 Mpc=h, the
correlation matrix is close to diagonal within each block,
indicating that the non-Gaussian contributions to the covari-
ance are small. This is consistent with the fact that at this
smoothing scale the optimal mark is a smooth, nearly linear
function of δR (see Fig. 2), which limits the coupling between
different Fourier modes induced by themark. AsR increases
to 15 Mpc=h, significant off-diagonal correlations begin to
appear, particularly in theM–M andM–C blocks, reflecting
the more complex, nonmonotonic shape of the optimal mark
at this scale and the larger non-Gaussian contributions to the
density field probed. A qualitatively similar pattern is
observed for R ¼ 30 Mpc=h, despite the marked power
spectrum having a very different amplitude and shape
compared to the R ¼ 15 Mpc=h case.
These off-diagonal correlations, while they do not

qualitatively alter the Fisher forecasts, must be properly
accounted for in any rigorous likelihood analysis. In the
following section we therefore present results based on the
full non-Gaussian covariance estimated from simulations,
and defer a detailed comparison with the Gaussian approxi-
mation to Appendix C.

B. Parameter improvements and implications

Finally, we quantify the cosmological information gain
from marked statistics. Table II summarizes the forecasted
improvement on the marginalized error bars of the cos-
mological parameters, defined as the ratio rðθμÞ≡ σPðθμÞ=
σPþCþMðθμÞ, for the full simulation-based covariances,
across three smoothing radii R ¼ f10; 15; 30g Mpc=h
and three redshifts z ¼ f0; 0.5; 1g.
The results show two clear and physically motivated

trends. First, the improvements are systematically larger at
smaller smoothing radii: as R decreases, the mark probes
increasingly nonlinear environments, capturing more of the
higher-order statistical information encoded in the density
field that is inaccessible to the standard power spectrum.
Second, the improvement decreases with increasing redshift
at fixed R, since at higher redshift the dark matter field is
more linear and the nonlinear environmental information that
the mark is designed to capture becomes progressively less
abundant. Both trends are consistent with the expectation
that the gain from marked statistics is fundamentally driven
by the amount of nonlinear information available in the field.
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For R ¼ 10 Mpc=h, the improvements are the largest
across all configurations. At z ¼ 0, the FoM-optimized
mark yields rðσ8Þ ≃ 8.3, rðΩmÞ ≃ 2.3, and rðhÞ ≃ 2.5,
representing the most significant gains found in our
analysis. These large values reflect the fact that at this

smoothing scale the mark is sensitive to highly nonlinear
overdensities, with δR;max ≃ 5.5 at z ¼ 0 (see Table I),
where the density field carries substantial nonlinear infor-
mation. The large improvement on σ8 can be understood as
a direct consequence of marginalizing over the EFT

FIG. 3. Comparison of theoretical predictions with power spectra measured from the Quijote simulations for the mark with R ¼
10 Mpc=h at z ¼ 0 optimizing over all the parameters (top), R ¼ 15 Mpc=h at z ¼ 0.5 optimizing for σ8 (middle) and R ¼ 30 Mpc=h
at z ¼ 1 optimizing the FoM (bottom). On the right columns we show the corresponding correlation matrices estimated from 1000
realizations of the Quijote suite at the fiducial cosmology.
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counterterm parameter c2s. The correlation between
these two parameters can be estimated analytically as
follows. The power spectrum derivatives with respect to
σ8 and c2s read

∂PðkÞ
∂σ8

≃ 2σ8PlinðkÞ;
∂PðkÞ
∂c2s

¼ −2σ28k2PlinðkÞ; ð66Þ

where in the first expression we have neglected contribu-
tions of order OðP1loop=PLÞ. At leading order, the inverse
covariance of the power spectrum is diagonal and given by

½CovðPðkiÞ; PðkjÞÞ�−1 ¼
VΔk
ð2πÞ2

k2i
P2
linðkiÞ

δij: ð67Þ

The correlation coefficient between c2s and σ8 is defined as

ρ2Fðσ8; c2sÞ≡
ðFσ8c2s Þ2
Fσ8σ8Fc2sc2s

; ð68Þ

where Fαβ denotes the Fisher matrix element associated
with parameters α and β. Substituting Eqs. (66) and (67),
we obtain the compact result

ρ2Fðσ8;c2sÞ¼
ðPik

4
i Þ2

ðPik
2
i Þð

P
ik

6
i Þ

≃
21

25

�
1þO

��
kmin

kmax

�
3

;c2sk2max

��
≃0.85; ð69Þ

where the higher-order corrections amount to only a few
percent. Remarkably, this correlation is nearly independent
of kmax. This behavior follows from the fact that the
logarithmic derivative of the power spectrum with respect
to σ8 is approximately scale-independent, while the one
with respect to c2s exhibits a simple power-law dependence
on k. The same argument does not apply to Ωm and h,
whose power spectrum derivatives encode nontrivial
k-dependence through the transfer function, the BAO
features, and the matter-radiation equality scale.
The correlation in Eq. (69) drives the degradation of the

forecasted error on σ8 when only the power spectrum is
considered. We find σðσ8ÞjP-only ≃ 0.02 for fixed c2s , which
degrades to σðσ8ÞjP-only ≃ 0.08 once c2s is marginalized
over, with a degradation by a factor of ∼4. Considering a
restricted Fisher matrix in which only σ8 and c2s are varied,
we have

σðσ8Þjc2s fixed ¼ ðFσ8σ8Þ−1=2; ð70Þ

while the marginalized error reads

σðσ8Þjc2smarg: ¼ ½Fσ8σ8ð1− ρ2Fðσ8; c2sÞÞ�−1=2≃ 2.5σðσ8Þjc2s fixed;
ð71Þ

in agreement with our numerical findings and confirming
the robustness of our results. Including the cross-spectrum
and the marked power spectrum in the analysis breaks this
degeneracy through their distinct k-dependence. This is

TABLE II. Improvement in the cosmological parameter error
bars obtained from the inclusion of the marked statistics. The
improvement is quantified as the ratio rðθÞ ¼ σPðθÞ=σPþCþMðθÞ,
where σP denotes the marginalized uncertainty from the power
spectrum alone, and σPþCþM corresponds to the joint analysis
including cross- and marked-power contributions. Values larger
than unity indicate a gain in constraining power relative to the
standard analysis. The results shown here are based on the robust
simulation-based analysis; a full comparison between Gaussian
and simulation-based results is provided in the Appendix C.

Optimization of FoM

R ¼ 10 Mpch−1

Redshift rðΩmÞ rðσ8Þ rðhÞ
0 2.34 8.32 2.47
0.5 1.53 3.11 1.50
1 1.43 2.06 1.38

R ¼ 15 Mpch−1

Redshift rðΩmÞ rðσ8Þ rðhÞ
0 1.48 5.55 1.57
0.5 1.89 2.79 1.83
1 1.46 1.97 1.32

R ¼ 30 Mpch−1

Redshift rðΩmÞ rðσ8Þ rðhÞ
0 1.28 1.83 1.25
0.5 1.23 1.25 1.16
1 1.48 1.72 1.32

Optimization of single parameters

R ¼ 10 Mpch−1

Redshift rðΩmÞ rðσ8Þ rðhÞ
0 2.34 8.32 2.47
0.5 1.53 3.11 1.50
1 1.38 2.06 1.27

R ¼ 15 Mpch−1

Redshift rðΩmÞ rðσ8Þ rðhÞ
0 1.48 5.55 1.57
0.5 1.20 1.19 1.15
1 1.09 2.21 1.23

R ¼ 30 Mpch−1

Redshift rðΩmÞ rðσ8Þ rðhÞ
0 1.72 2.50 1.69
0.5 1.29 1.25 1.19
1 1.36 1.67 1.26
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consistent with the findings of [26], where the marked
power spectrum was shown to alleviate degeneracies
between cosmological parameters and the EFTofLSS bias
and counterterm coefficients, acting in a role traditionally
played by the bispectrum. This mechanism provides a
useful indication of the potential of marked statistics for
more realistic analyses, although its quantitative impact for
biased tracers in redshift space cannot be inferred directly
from the present results. In that case, the enlarged param-
eter space associated with galaxy bias, redshift-space
counterterms, and stochastic contributions introduces addi-
tional directions that can partially absorb the scale depend-
ence responsible for the degeneracy breaking. We therefore
expect the complementarity of P, C, and M to remain
relevant, but leave a quantitative assessment of the resulting
information gain and its dependence on the full nuisance-
parameter space to future work.
At z ¼ 0.5 the improvements reduce to r ∼ 1.5–3, and at

z ¼ 1 further to r ∼ 1.4–2, confirming the expected sup-
pression with redshift. We note that for R ¼ 10 Mpc=h the
FoM-based and single-parameter optimizations provide
identical results due to the reduced parameter space after
imposing perturbativity.
For R ¼ 15 Mpc=h, the simulation-based results show a

clear and interesting pattern: the improvements obtained
from the FoM-optimized mark are usually larger than those
from the single-parameter optimization. At z ¼ 0, the FoM-
optimized mark yields rðσ8Þ ≃ 5.6, rðΩmÞ ≃ 1.5, and
rðhÞ ≃ 1.6, while the single-parameter optimization gives
more modest values, r ∼ 1.1–1.2 for Ωm and h, with the
exception of σ8 which reaches r ≃ 5.6 in both cases. This
behavior is somewhat unexpected, since one would naively
expect the single-parameter optimization to provide larger
improvements on each individual parameter by construc-
tion. We attribute this to the fact that the mark functions
selected by the single-parameter optimization tend to have
larger non-Gaussian contributions to the covariance matrix,
which are not captured by the Gaussian approximation used
during the optimization but are properly accounted for in
the simulation-based covariance. As a result, the gains
forecasted during optimization are partially washed out
when the more realistic covariance is employed. The FoM-
based optimization, by contrast, appears to select mark
functions that are less sensitive to these non-Gaussian
corrections, making it a more robust figure of merit for the
purposes of mark optimization at this smoothing scale. At
z ¼ 0.5 the improvements are r ∼ 1.8–2.8 for the FoM
optimization, slightly larger than at z ¼ 1 where they
reduce to r ∼ 1.3–2.0, consistent with the general redshift
trend discussed above.
For R ¼ 30 Mpc=h, the improvements are the most

modest across all three radii, as expected given that at this
smoothing scale the density field is closer to the linear
regime and the mark captures less nonlinear information.
At z ¼ 0, the FoM-optimized mark show improvements

rðσ8Þ ≃ 1.8, rðΩmÞ ≃ 1.3, and rðhÞ ≃ 1.3, while the single-
parameter optimization gives somewhat larger values, up to
rðσ8Þ ≃ 2.5 and rðΩmÞ ≃ 1.7. The fact that σ8 and Ωm
benefit more than h from the addition of marked statistics
has a natural explanation in the context of our parameter set
fΩm; σ8; hg applied to the matter field in real space.
Without a linear halo bias parameter b1, the amplitude
of the power spectrum is directly sensitive to σ8, but the
marked power spectrum effectively provides a weighted
integral over bispectrum triangles, and this richer environ-
mental information is particularly efficient in breaking the
remaining parameter degeneracies. At z ¼ 0.5 the improve-
ments are more modest, r ∼ 1.2–1.3, while at z ¼ 1 they
recover slightly to r ∼ 1.3–1.7.
Taken together, these results confirm that marked sta-

tistics provide a robust and significant gain in cosmological
constraining power across all smoothing scales and red-
shifts considered, with the largest improvements achieved
at small R and low z, where the nonlinear signal is richest.
These findings are broadly consistent with recent data
analyses combining the one-loop power spectrum and
bispectrum, such as [47], where improvements of 30%,
18%, and 13% are reported on σ8, h, and Ωm, respectively.
A direct comparison is not straightforward, since that
analysis is performed on galaxy data in redshift space
and accounts for a range of observational effects not
considered here; nevertheless, the overall trends are recov-
ered. Furthermore, recent power-spectrum-only analyses
extended to two-loop order [40] report improvements of
35%, 20%, and 15% on Ωm, h, and As, respectively, which
translate to an improvement of ∼7.5% on σ8. This suggests
that extending the power spectrum analysis to higher kmax
primarily tightens constraints on shape parameters such as
Ωm, whereas the inclusion of higher-order statistics has a
proportionally larger impact on amplitude parameters such
as σ8 and As. The results presented here are consistent with
this picture: the complementary information captured by
the marked power spectrum is primarily of higher-order
origin, as already argued in [26].
To gain further insight into how the mark functions

modify the density field, we show in Fig. 4 the density field
together with its smoothed counterpart at redshift z ¼ 0,
while the corresponding mark functions are displayed in
Fig. 5 for the two cases R ¼ 10 and 30 Mpc=h. For the case
R ¼ 10 Mpc=h, upper row of Fig. 5, our method does not
appear to significantly enhance the contrast between the
under- and overdense regions. This behavior becomes
particularly evident when compared to the mark proposed
[27], with p ¼ 1 and δs ¼ 0.1. A plausible explanation is
that our approach substantially restricts the allowed region
of the parameter space fc0; c1; c2; c3g through the pertur-
bativity prior, which induces a much smoother mark
function. Indeed, as one can see from Fig. 2, the mark
obtained by optimizing the FoM closely resembles the
functional form of [27], albeit with a more limited dynamic
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range. This represents a limitation of our approach: for
small values of the smoothing radius R, the theory becomes
less convergent. As a consequence of this, we find that
using the mark adopted in [27] gives ∼2–5% better
constraints on the three parameters, confirming the intuition
that a larger contrast between environmental density con-
trasts yields better cosmological constraints.
For a large R ¼ 30 Mpc=h, such perturbative limitation is

no longer present: our optimal mark generates now a stronger
contrast than the standardmark function withp ¼ 1 and δs ¼
0.5 does as shown in the lower plot of Fig. 5. These results
indicate once again that, increasing the weight function for
regions where there is more structure, such as voids and
nodes or filaments, is optimal for parameter constraints.
When compared to the usual mark functions, with parameters
p ¼ 1 and δs ¼ 0.5, we find that our procedure provides
40%–60% better constraints on the cosmological parameters,
and a similar trend is observed for R ¼ 15 Mpc=h.
These results should be viewed in their proper context:

we are working with the dark matter field in real space, a
particularly clean setting with well-controlled theory and
minimal systematics. This choice provides a controlled
baseline in which the information content of marked
statistics and the corresponding gains from optimization
can be isolated before introducing the additional degrees of
freedom associated with biased tracers and redshift-space
distortions. On realistic tracers such as galaxies in redshift
space, Ref. [26] showed that the information gain from Pþ
CþM is comparable to that from Pþ B. Nevertheless, all
the observables considered here are two-point functions
that can be measured from galaxy catalogs at minimal extra
computational cost, and whose covariance matrices are far
easier to estimate and model than those of the bispectrum or
higher-order statistics. A complete assessment of the
information gain in this more general setting, including
the impact of the additional bias, counterterm, and sto-
chastic parameters, requires extending the present frame-
work to redshift space and galaxy tracers and is left to
future work.The marked power spectrum therefore offers a
valuable compromise: it captures part of the non-Gaussian

information encoded in the bispectrum while retaining the
simplicity of a two-point analysis.
We note that we also investigated whether our poly-

nomial mark framework can reproduce the optimal
mark shapes found in [22] via Gaussian processes. First,
we repeat our optimization varying only the two para-
meters Ωm and σ8 for R ¼ 30 Mpc=h at z ¼ 0 in
order to have a direct comparison with [22]. We
find the mark parameters to be fc0; c1; c2; c3g ¼
f1.0;−1.36;−0.65;−0.65g when the FoM is minimized
and fc0; c1; c2; c3g ¼ f1.0;−1.56;−0.75; 0.25g and
fc0; c1; c2; c3g ¼ f1.0;−3.37;−1.46; 1.66g when the error
bar on Ωm and σ8 are minimized, respectively. When a
Gaussian covariance is considered, the improvement on the
parameters are in excellent agreement with the findings of
[22], rðΩmÞ ¼ 4.45 and rðσ8Þ ¼ 1.20, both for FoM and
single optimization. By including the full non-Gaussian
covariance obtained from 1000 realizations, rðΩmÞ ¼
1.66=1.73 and rðσ8Þ ¼ 2.09=1.50 for FoM and single
optimization respectively. We observe that qualitatively
these results agree with previous findings: in particular
while the improvement for Ωm is degraded by non-
Gaussian contribution to the covariance, the improvement
on σ8 is enhanced. However, the slight quantitative dis-
agreement with the improvement obtained by [22], see their
Table II, can be understood in terms of the estimate of the
non-Gaussian covariance: while we use Nsims ≫ Nbins in
order to have a correct estimate of the full covariance, they
used ∼10 times less simulations to estimate it, possibly
underestimating the non-Gaussian contribution [68].
Moreover, we identified combinations of fc0; c1; c2; c3g

that closely match the GP-derived mark functions
of [22]; the corresponding coefficients are fc0;c1; c2;c3g ¼
f−0.37;2.11;11.43;−43.20g for the case with R ¼
30 Mpc=h at z ¼ 0. This demonstrates the viability of
our polynomial basis as an approximator for the GP result,
and establishes a formal connection between the two fitting
procedures. However, this particular coefficient set violates
the perturbativity prior described in Sec. II C, and we
therefore do not use it for actual parameter forecasts in this
work. The two approaches are in this sense complementary:

FIG. 4. Density field for a slice of one realization of the Quijote simulations at z ¼ 0 (left plot). We also show the smoothed density
field at the same redshift for the radii used in this work R ¼ 10 Mpc=h,15 Mpc=h and 30 Mpc=h.
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the GP method has greater freedom to explore mark shapes
beyond the perturbative regime, while ours offers full
analytical control within it. It is nonetheless encouraging
that, under comparable conditions (Gaussian covariance, as
adopted in [22]), both coefficient sets yield similar param-
eter improvements, further validating the physical picture
of environmental contrast as the driver of information gain.

V. OUTLOOK AND CONCLUSIONS

In this work, we have presented a fully analytical,
perturbative framework to optimize the marked power

spectrum, or more precisely, the joint statistics
fP;C;Mg combining the standard power spectrum,
the cross-spectrum, and the marked power spectrum
at mildly nonlinear scales, working to one-loop order in
the EFTofLSS. The mark function is written as a
polynomial in the smoothed density field δR, with free
coefficients fc1; c2; c3g that are varied to maximize the
Fisher information on any chosen set of cosmological
parameters. This approach produces a polynomial
fitting function for the optimal mark that is directly
analogous to the Gaussian process ansatz of [22], but is

FIG. 5. Mark functions mðδRÞ obtained with our optimization scheme at z ¼ 0, for R ¼ 10 Mpc=h (upper) and R ¼ 30 Mpc=h
(lower). We also plot the result for the mark function from Eq. (6), with the values used in the analysis of [27].
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obtained entirely analytically and without any N-body
simulations.
A major practical advantage of the analytical approach is

computational speed. Evaluating the full Fisher matrix grid
over the mark parameter space takes minutes on a standard
laptop, as opposed to the large sets of N-body simulations
required to train a GP or a machine-learning model. The
only step in our pipeline that requires simulations is
the estimation of the non-Gaussian covariance matrix at
the fiducial cosmology, needed to go beyond the Gaussian
approximation; this requires a single set of realizations at a
fixed cosmology, rather than the many simulation runs at
varied cosmology that data-driven optimization methods
typically demand. This makes our pipeline a natural
candidate for incorporation into a future MCMC analysis
of actual survey data, where the mark coefficients could be
jointly varied alongside the cosmological parameters.
A second advantage of our approach is that marked

statistics help break degeneracies between cosmological
parameters and the EFTofLSS nuisance parameters. As we
explicitly showed in Sec. IV B, the strong correlation
between σ8 and the counterterm coefficient c2s at the power
spectrum level is largely broken by the inclusion of the
cross-spectrum and the marked power spectrum, thanks to
their distinct k-dependence. This is consistent with the
findings of [24,26], where marked statistics were shown to
alleviate degeneracies among cosmological and EFT
parameters, a role traditionally played by the bispectrum.
Finally, a distinctive feature of our method is the

necessity of imposing perturbativity priors on the mark
coefficients. As discussed in Sec. II C, mass conservation is
not a symmetry of the marked field, so higher-loop
contributions can enter at large scales already at one-loop
rather than being suppressed by powers of k. Requiring that
these contributions remain subdominant places nontrivial
constraints on fc1; c2; c3g, restricting the optimization to a
theoretically controlled region of parameter space. While
this boundary limits the accessible fitting space compared
to a Gaussian process (GP) with no theoretical prior
(indeed, the GP-optimal coefficients of [22] lie outside
our perturbative region) we nonetheless recover informa-
tion gains consistent with those of [22] when using the
same analysis specifications. The two approaches are
therefore complementary: the GP method has more free-
dom to explore aggressive mark shapes, while ours
provides full analytical control and a clear criterion for
when the perturbative description is trustworthy.
We conclude with some remarks on caveats and future

directions. A conceptually important result emerges from
this optimization procedure. As first pointed out in [22],
when the full data vector fP;C;Mg is used, the Fisher
matrix is invariant under affine transformations of the mark,
m → Amþ B, in the mildly nonlinear regime where the
Gaussian likelihood approximation is valid. We apply this
property here following [22]; we note that at highly

nonlinear scales, where the likelihood can develop signifi-
cant non-Gaussianity, this invariance may no longer hold
exactly. However, within our perturbative regime, it has a
clear and important consequence: void-enhancing and
overdensity-enhancing marks are equivalent in information
content, and the optimizer has no reason to prefer one
over the other. What it consistently selects for, across all
parameters, smoothing scales, and redshifts considered, is a
strong contrast between under- and overdense regions, this
being the only degree of freedom not removed by the
invariance under affine symmetry of the Fisher matrix. The
information gain from the marked power spectrum there-
fore does not reside in the special properties of voids per se,
but in the environmental modulation of clustering captured
by the mark. We stress that this conclusion is specific to the
entire fP;C;Mg data vector; any analysis based on higher
order functions such as the marked bispectrum (without
including all the cross spectra) would not enjoy the same
affine invariance, and in that case, the nature of the up-
weighted regions would matter.
An important caveat is that the present analysis is

restricted to the dark matter field in real space.
Extending to biased tracers in redshift space is a necessary
step before application to data and is currently a work in
progress; preliminary results are encouraging.
Our framework also makes it straightforward to extend

the analysis to cosmological parameters beyond vanilla
ΛCDM, without requiring a dedicated simulation suite for
each new parameter. Two extensions we are actively
pursuing are the following. There is already a significant
body of work showing that void-enhancing marked power
spectra are particularly sensitive to neutrino masses
[19,20,26], consistent with the physical expectation that
neutrino free-streaming suppresses power preferentially in
underdense regions. Within our framework, it will be
interesting to derive the optimal fP;C;Mg combination
for neutrino masses analytically, both to cross-check
existing results and to ask whether the optimal mark for
neutrinos differs qualitatively from the standard void-
enhancing ansatz. We previously studied the performance
of the marked power spectrum for primordial non-
Gaussianities fNL using the standard mark ansatz in
[26]. That mark was originally designed with neutrinos
and modified gravity in mind (see also [21]), and it is far
from obvious that it is optimal for fNL. The shapes of
primordial non-Gaussianity couple very different configu-
rations of the bispectrum (squeezed for local fNL, equi-
lateral or folded for other shapes), and the optimal
environmental weighting may be qualitatively different.
Applying our optimization pipeline to fNL for different
primordial shapes is therefore a genuinely open question
that we plan to address in forthcoming work.
More broadly, the marked power spectrum can be

understood as a practical compression scheme for infor-
mation from higher order functions: at one-loop, it provides
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a weighted integral over bispectrum triangle configurations,
where the weight function is determined by the mark. On
mildly nonlinear scales, where the bispectrum dominates
the non-Gaussian signal, an optimized marked power
spectrum can, in principle, perform comparably to a full
Pþ B analysis [25,26], while being considerably cheaper
to compute and model. At more nonlinear scales, the mark
also begins to compress information from higher-order
correlators, while still retaining the simplicity of a two-
point function. This is the deeper motivation for our interest
in marked statistics as an efficient and practical summary
for nonlinear LSS, and it underlies all the extensions
described above. At those more nonlinear scales, however,
a purely perturbative treatment is no longer sufficient, and
one must rely on simulations and/or machine-learning
emulators, as it has been done for fNL in [69].
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APPENDIX A: VALIDITY OF PERTURBATION
THEORY FOR MARKED FIELDS

In this appendix we further investigate the accuracy of
the perturbative approach adopted in this work for the
description of marked fields. The mark function we use in
this work is

mðδRÞ ¼ c0 þ c1δR þ c2δ2R þ c3δ3R: ðA1Þ

One may wonder if the arbitrariness of the ci’s coefficient
may invalidate the assumption that the new weighted field
is perturbative. Intuitively, the answer to this question
depends on the underlying theoretical framework. In the
perturbative context of the EFTofLSS, the coefficients are
required to satisfy constraints dictated by perturbativity and
by the convergence of the theory. In particular, we already
know that some one-loop terms can give non-negligible
contributions on very large scales, as already pointed out in
[17,18,24]. This is due to the fact that mass conservation is
not a symmetry of the marked field, even for dark matter,
and the usual behavior ∼k2 as k → 0 is not guaranteed
anymore, similarly to what happens for standard dark

matter tracers [70–72]. In addition, higher loop terms
affecting large scales is a distinct feature of marked
correlators: we are bringing information from nonlinear
to linear scales, enhancing the effect of short modes on long
ones. This is where the information gain resides, as already
stated in previous works [17,18,24,26]. Even though this
looks appealing, we need to require that the theory is still
under perturbative control: since we stop at the one-loop
order, we need to impose that the contributions from higher
loops is negligible compared to the lower ones. This idea
was previously introduced in the context of the EFTofLSS
in [34], see also [35]. Its purpose is to restrict the parameter
volume to regions of the bias-parameter space where
higher-loop contributions remain under theoretical control.
In the context of marked correlators, this kind of prior
becomes even more important as we will see, since higher
loops contribute non-negligibly already at large scales.

1. Perturbativity prior from scaling arguments

It is useful to evaluate the large scale limit of the one-
loop contributions and compare them with the linear terms
of the marked power spectrum. We know that the marked
power spectrum at one loop at large scales is dominated by
two pieces

M22ðkÞ ¼ 2

Z
q
½H2ðk − q;qÞ�2PlinðqÞPlinðjk − qjÞ; ðA2Þ

and

M13ðkÞ ¼ 6CδMðkÞPlinðkÞ
Z
q
H3ðk;q;−qÞPlinðqÞ: ðA3Þ

Let us consider M13 first: its ratio with the linear con-
tribution M11 is given by

M13ðkÞ
M11ðkÞ

¼ 6

Z
q
F3ðk;q;−qÞPlinðqÞ

þ 8

CδMðkÞ
Z
q
Cδ2M

ðq; jk − qjÞF2ðk;−qÞPlinðqÞ

þ 6

CδMðkÞ
Z
q
Cδ3M

ðk; q; qÞPlinðqÞ: ðA4Þ

Recall that the weighting functions of order n contain,
roughly, n window functions WR, explicitly CδnmðkÞ∼
Wn

RðkÞ. These terms are under perturbative control: the
first piece in Eq. (A4) is the same as in the standard power
spectrum, and it behaves as ∼

ffiffiffiffiffiffiffiffiffiffiffiffi
Δ2ðkÞ

p
, while the other two

pieces behave as ∼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

MðkÞ
p

. For theM22 piece, the story is
different as it is the one responsible for the shot-noiselike
terms that can be dominant already at large scales, where
perturbation theory is expected to be valid. It reads
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M22ðkÞ
M11ðkÞ

¼ 2
R
q½F2ðk − q;qÞ�2PlinðqÞPlinðjk − qjÞ

PlinðkÞ
þ 4

R
q Cδ2M

ðq; jk − qjÞF2ðk − q;qÞPlinðjk − qjÞPlinðqÞ
CδMðkÞPlinðkÞ

þ
2
R
q C

2
δ2M
ðq; jk − qjÞPlinðqÞPlinðjk − qjÞ

C2
δM
ðkÞPlinðkÞ

: ðA5Þ

The first and the second term are safe, as they behave as ∼
ffiffiffiffiffiffiffiffiffiffiffiffi
Δ2ðkÞ

p
and ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

MðkÞ
p

respectively. The last term in the second
line of Eq. (A5) is the more problematic: if we take the large scale limit of such term we obtain

lim
k→0

2
R
q C

2
δ2M
ðq; jk − qjÞPlinðqÞPlinðjk − qjÞ

C2
δM
ðkÞPlinðkÞ

¼
2
R
q C

2
δ2M
ðq; qÞP2

linðqÞ
ðc0 þ c1Þ2PlinðkÞ

; ðA6Þ

which becomes problematic since the numerator is constant and the denominator goes to zero as limk→0 PlinðkÞ ∼ kns .
Crucially, if we open up the expression for this limit we can see that it depends on the value of c2

lim
k→0

2
R
qC

2
δ2M
ðq; jk−qjÞPlinðqÞPlinðjk−qjÞ

C2
δM
ðkÞPlinðkÞ

¼ 2ðc22
R
qW

4
RðqÞP2

linðqÞþc21
R
qW

2
RðqÞP2

linðqÞþ2c2c1
R
qW

3
RðqÞP2

linðqÞÞ
ðc0þc1Þ2Plin

; ðA7Þ

where the integrals evaluate to

Z
q
W2

RðqÞP2
linðqÞ ≃ 275;

Z
q
W3

RðqÞP2
linðqÞ ≃ 181;

Z
q
W4

RðqÞP2
linðqÞ ≃ 132 ðA8Þ

for R ¼ 30 Mpc=h and z ¼ 0, and

Z
q
W2

RðqÞP2
linðqÞ ≃ 863;

Z
q
W3

RðqÞP2
linðqÞ ≃ 643;

Z
q
W4

RðqÞP2
linðqÞ ≃ 512 ðA9Þ

for R ¼ 15 Mpc=h and z ¼ 0.
The results of these calculations are shown in the main

text in Fig. 1.

2. Higher-loop contributions for marked power spectra

We start from the expression for the marked overdensity
field

δMðxÞ ¼
mðδRðxÞÞ

m̄
½1þ δðxÞ� − 1: ðA10Þ

At this stage, the expression is kept fully nonperturbative,
since it corresponds to the quantity provided to simulations
(or observational data) for the computation of the two-point
correlation function of the marked field. We first evaluate
the marked power spectrum in its full nonperturbative form,
as obtained from simulations, and then compare it to the
perturbative prediction. In Fourier space this becomes

δMðkÞ¼
1

m̄

	
c0δðkÞþc1δRðkÞþIk;q1;q2

�
c2δRðq1ÞδRðq2Þ

þc1
2
ðδRðq1Þδðq2Þþδðq1ÞδRðq2ÞÞ

�

þIk;q1;q2;q3

�
c3δRðq1ÞδRðq2ÞδRðq3Þ

þc2
3
ðδRðq1ÞδRðq2Þδðq3Þþ2 perms:Þ

�

þIk;q1;q2;q3c3δRðq1ÞδRðq2ÞδRðq3Þδðq4Þ


; ðA11Þ

where we have used the notation

Ik;q1;…qn ≡
Z

d3q1

ð2πÞ3…
Z

d3qn

ð2πÞ3 ð2πÞ
3δDðk − q1…nÞ:

ðA12Þ

We emphasize that this expression is precisely the one
employed in the estimation of the power spectrum.

m̄2hδMðkÞδMðk0Þi ¼ ð2πÞ2δDðkþ k0ÞMðkÞ; ðA13Þ

and this expression is not perturbative, meaning that the
density fields are the nonlinear ones. The expression for the
full marked power spectrum presents many different pieces:
we start with the one involving only one field [the first line
of Eq. (A11)]

m̄2hδ½1�M ðkÞδ½1�M ðk0Þi0 ¼ ðc0 þ c1WRðkÞÞ2PNLðkÞ ðA14Þ
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where δ½1�M indicates the terms with only one field in
Eq. (A11), and h…i0 is the correlator where the
ð2πÞ3δDðkþ k0Þ has been removed. PNL represents the
complete nonlinear power spectrum for the dark matter
density perturbations. In our perturbative perspective, PNL
would simply be the EFTofLSS prediction up to some
order, 1-loop in this work. We could already argue that this
piece, in a perturbative framework and at the scales
considered in this work, should be the dominant one, as
it represents the leading order. At large scales this piece
behaves as ∼ðc0 − c1Þ2PNLðkÞ, with PNLðkÞ ≃ PlinðkÞ →
kns for k → 0. Imposing that this piece has to be the
dominant one will turn out to be a constrain on the possible
values for c2 and c3 compared to c1 as we will see below.
Moving on to contributions to the marked power spectrum
that involve on and two fields we have

m̄2hδ½1�M ðkÞδ½2�M ðk0Þi

¼ CδMðkÞ
Z

d3q
ð2πÞ3 Cδ2M

ðq; jkþ qjÞBNLðk;q;−k − qÞ;

ðA15Þ
and

m̄2hδ½1�M ðk0Þδ½2�M ðkÞi

¼ CδMðk0Þ
Z

d3q
ð2πÞ3 Cδ2M

ðq; jk − qjÞBNLð−k;q;k − qÞ:

ðA16Þ

This interesting exercise show explicitly that the two-point
correlation function of the marked field contains pieces of
higher order correlators, such as the (convolved) three-
point correlation function, as shown in the above expres-
sions. Considering the configurations with four fields
(½2� − ½2� and ½1� − ½3�) we obtain

m̄2hδ½2�M ðkÞδ½2�M ðk0Þi ¼ Ik;q1;q2Ik0;p1;p2
Cδ2M

ðq1; q2ÞCδ2M

× ðp1; p2Þhδðq1Þδðq2Þδðp1Þδðp2Þi;
ðA17Þ

where the four-point function has a disconnected part

hδðq1Þδðq2Þδðq3Þδðq4Þidc
¼ 2ð2πÞ6δDðq13ÞδDðq24ÞPNLðq1ÞPNLðq2Þ; ðA18Þ

where we have already neglected the term that gives a
disconnected contribution in Eq. (A17), and a connected
piece

hδðq1Þδðq2Þδðq3Þδðq4Þic
¼ ð2πÞ3δDðq1234ÞTNLðq1;q2;q3;q4Þ: ðA19Þ

These two give

m̄2hδ½2�M ðkÞδ½2�M ðk0Þi ¼ ð2πÞ3δDðkþ k0Þ
�
2

Z
d3q
ð2πÞ3 C

2
δ2M
ðq; jk − qjÞPNLðqÞPNLðjk − qjÞ

þ
Z

d3q1

ð2πÞ3
d3q2

ð2πÞ3 Cδ2M
ðq1; jk − q1jÞCδMðq2; jkþ q2jÞTNLðq1;k − q1;q2;−k − q2Þ

�
: ðA20Þ

The other piece with four fields is given by

m̄2ðhδ½1�M ðkÞδ½3�M ðk0Þi þ hδ½3�M ðkÞδ½1�M ðk0ÞiÞ ¼ ð2πÞ3δDðkþ k0Þ
�
6CδMðkÞPNLðkÞ

Z
d3q
ð2πÞ3 Cδ3M

ðk; q; qÞPNLðqÞ

þ CδMðkÞ
Z

d3q1

ð2πÞ3
d3q2

ð2πÞ3 ðCδ3M
ðq1; q2; jkþ q12jÞTNLðk;q1;q2;−k − q12Þ

þ Cδ3M
ðq1; q2; jk − q12jÞTNLð−k;q1;q2;k − q12ÞÞ

�
: ðA21Þ

Note that the terms in the first line of Eq. (A20) are those entering our 1-loop expression for the marked power spectrum.
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In what follows we focus on higher-loop contributions
that can contaminate the large scale limit. The leading terms
of this type arise at two-loop order and originate from the
two-loop power spectrum, the one-loop bispectrum, and the
tree-level trispectrum. These represent the lowest-order
higher-point contributions that can propagate to large scales
and therefore potentially spoil the expected large scale
behavior. Higher-order correlators, or higher perturbative
orders of the same correlators, involve an increasing
number of factors of the linear power spectrum. In
particular, such terms typically contain at least four powers
of the linear spectrum. Their contribution is therefore
parametrically suppressed once the conditions that we
impose below are enforced. These conditions effectively
ensure that the perturbative expansion remains well
behaved and that higher-order terms do not generate
sizeable contributions at large scales. For this reason, it
is sufficient for our purposes to restrict the analysis to the
terms listed above, which capture the dominant sources of
higher-loop contamination within the perturbative regime.
Contributions from higher-order correlators or higher-loop
corrections to the same correlators are expected to be
subleading under the assumptions adopted here.

The first termwe compute is the one involving three fields:

CδMðkÞ
Z

d3q
ð2πÞ3Cδ2M

ðq; jk−qjÞBNLð−k;q;k−qÞ: ðA22Þ

In the EFTofLSS, the nonlinear bispectrum up to one-loop is
given by

BNLðk1;k2;k3Þ ¼ Btreeðk1;k2;k3Þ þ B1loopðk1;k2;k3Þ;
ðA23Þ

where

Btreeðk1;k2;k3Þ ¼ 2F2ðk1;k2ÞPLðk1ÞPLðk2Þþ ð2perms:Þ;
ðA24Þ

and the one-loop part is given by

B1 loopðk1;k2;k3Þ ¼B222ðk1;k2;k3ÞþBðIÞ
321ðk1;k2;k3Þ

þBðIIÞ
321 ðk1;k2;q3ÞþB411ðk1;k2;k3Þ;

ðA25Þ
with

B222ðk1;k2;k3Þ ¼ 8

Z
q
F2ð−q;k1 þ qÞF2ðk1 þ q;k2 − qÞF2ðk2 − q;qÞPLðqÞPLðjk1 þ qjÞPLðjk2 − qjÞ;

BðIÞ
321ðk1;k2;k3Þ ¼ 6PLðk1Þ

Z
q
F3ð−q;−k2 þ q;−k1ÞF2ðq;k2 − qÞPLðqÞPLðjk2 − qjÞ þ 5 perms:;

BðIIÞ
321 ðk1;k2;k3Þ ¼ 6PLðk1ÞPLðk2ÞF2ðk1;k2Þ

Z
q
F3ðk1;q;−qÞPLðqÞ þ 5 perms:;

B411ðk1;k2;k3Þ ¼ 12PLðk1ÞPLðk2Þ
Z
q
F4ðq;−q;−k1;−k2ÞPLðqÞ þ 2 perms:: ðA26Þ

The tree-level contribution is already contained in the one-loop expression for the marked power spectrum and therefore
does not represent an additional independent contribution.
The large scale limit (k → 0) of the one-loop 321ðIÞ term is

lim
k→0

CδMðkÞ
Z
q
Cδ2M

ðq; jk − qjÞBðIÞ
321ð−k;q;k − qÞ ¼ 6ðc0 þ c1Þ

Z
q
ðc2WRðqÞ2 þ c1WRðqÞÞP2

LðqÞ
Z
p
F3ð−p;qþ p;−qÞF2ðp;−q − pÞPLðjqþ pjÞ≡ 6ðc0 þ c1Þðc2K1 þ c1K2Þ ¼ const:

For the term with BðIIÞ
321 , in the k → 0 limit, we obtain

lim
k→0

CδMðkÞ
Z
q
Cδ2M

ðq; jk − qjÞBðIIÞ
321 ð−k;q;k − qÞ ¼ 6CδMðkÞ

Z
q
Cδ2M

ðq; qÞ

×

	
PLðkÞPLðqÞF2ðq; 0Þ

Z
p
F3ðq;−p;pÞPLðpÞ þ PLðkÞPLðqÞF2ðq; 0Þ

Z
p
F3ð0;p;−pÞPLðpÞ

þ PLðkÞPLðqÞF2ð0;−qÞ
Z
p
F3ð−q;p;−pÞPLðpÞ þ PLðkÞPLðqÞF2ð0;−qÞ

Z
p
F3ðp;p;−pÞPLðpÞ



: ðA27Þ

MARINUCCI, LIGUORI, SEMENZATO, and WANDELT PHYS. REV. D 114, 083508 (2026)

083508-24



This result shows that this piece goes like ∼C × PLðkÞ which safely goes to zero for k → 0. The B222 part gives results

similar to BðIÞ
321

lim
k→0

CδMðkÞ
Z
q
Cδ2M

ðq; jk − qjÞB222ð−k;q;k − qÞ ≃ 8ðc0 þ c1Þðc2K3 þ c1K4Þ: ðA28Þ

These results show how higher order terms can give a non-negligible contribution already at large scales, depending on the
mark parameters fc0; c1; c2g.
Let us consider now four fields

m̄2hδ½2�M ðkÞδ½2�M ðk0Þi0 ¼ 2

Z
q
C2
δ2M
ðq; jk − qjÞPNLðqÞPNLðjk − qjÞ ðA29Þ

þ
Z
q1;q2

Cδ2M
ðq1; jk − q1jÞCδ2M

ðq2; jkþ q2jÞTNLðq1;k − q1;q2;−k − q2Þ: ðA30Þ

In the first line, the one involving the nonlinear power spectrum we expect, at the order we are interested in, contributions up
to one-loop, meaning PLPL and PLP1 loop. The first contribution is simply the one already obtained with the one-loop
calculation of the marked power spectrum

2

Z
q
C2
δ2M
ðq; jk − qjÞPLðqÞPLðjk − qjÞ → 2

Z
q
C2
δ2M
ðq; qÞP2

LðqÞ ∼ const:: ðA31Þ

The PLP1 loop terms give

2

Z
q
C2
δ2M
ðq; jk−qjÞ

�
PLðqÞ

�
2

Z
p
F2
2ðk−q−p;pÞPLðpÞPLðjk−q−pjÞþ6

Z
p
F3ðk−q;p;−pÞPLðpÞPLðjk−qjÞ

�
ðA32Þ

þ PLðjk − qjÞ
�
2

Z
p
F2
2ðq − p;pÞPLðpÞPLðjq − pjÞ þ 6

Z
p
F3ðq;p;−pÞPLðpÞPLðqÞ

��
; ðA33Þ

which becomes, in the limit k → 0

8

Z
q
C2
δ2M
ðq; qÞ

�
PLðqÞ

�Z
p
F2
2ðp;−p − qÞPLðpÞPLðjqþ pjÞ þ 3

Z
p
F3ð−q;−p;pÞPLðpÞPLðqÞ

��
¼ ðA34Þ

¼ c22Kn1 þ 2c1c2Kn2 þ c21Kn3 : ðA35Þ

For the second piece in Eq. (A29), the one involving the nonlinear trispectrum, we just need to stop at the tree-level, as it
already involves three power spectra

TNLðq1;q2;q3;q4Þ ¼ T treeðq1;q2;q3;q4Þ ¼ 4PLðq1ÞPLðq2ÞðF2ðq1;−q1 − q3ÞF2ðq2;q1 þ q3ÞPLðjq! þ q3jÞ
þ F2ðq1;−q1 − q4ÞF2ðq2;q1 þ q4ÞPLðjq1 þ q4jÞÞ þ 5 perm:

þ 6F3ðq1;q2;q3ÞPLðq1ÞPLðq2ÞPLðq3Þ þ 3 perm:; ðA36Þ

The piece with F3 gives

6

Z
q1

Z
q2

Cδ2M
ðq1; jk − q1jÞCδ2M

ðq2; jkþ q2jÞ½F3ðq1;k − q1;q2ÞPLðq1ÞPLðq2ÞPLðjk − q1jÞ

þ F3ðq1;k − q1;−k − q2ÞPLðq1ÞPLðjk − q1jÞPLðjkþ q2jÞ
þ F3ðq1;q2;−k − q2ÞPLðq1ÞPLðq2ÞPLðjkþ q2jÞ
þ F3ðk − q1;q2;−k − q2ÞPLðq2ÞPLðjk − q1jÞPLðjkþ q2jÞ�; ðA37Þ
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which, in the limit k → 0 becomes

12

Z
q1

Z
q2

Cδ2M
ðq1; q1ÞCδ2M

ðq2; q2Þ½F3ðq1;−q1;q2ÞPLðq1Þ2PLðq2Þ þ F3ðq1;q2;−q2ÞPLðq1ÞPLðq2Þ2�

¼ c22Kx þ c2c1Ky þ c21Kz: ðA38Þ

Finally, let us consider the first term involving the mark coefficient c3, ½3� − ½3�, see Eq. (A11)

m̄2hδ½3�M ðkÞδ½3�M ðk0Þi ¼ Ik;q1;q2;q3Ik0;p1;p2;p3
H3ðq1;q2;q3ÞH3ðp1;p2;p3Þhδq1δq2δq3δp1

δp2
δp3

i: ðA39Þ

The correlator inside the integral gives a different kind of contribution, ∼PPP;BB; PT; 6pt: here we focus on the
contribution ∼PPP which is nothing but a term coming from the 2loop power spectrum. It reads

m̄2hδ½3�M ðkÞδ½3�M ðk0Þi0PPP ¼ 9PLðkÞ
Z
q;p

H3ðk;q;−qÞH3ð−k;p;−pÞPLðqÞPLðpÞ

þ 6

Z
q;p

½H3ðq;p;k − q;−pÞ�2PLðqÞPLðpÞPLðjk − q − pjÞ: ðA40Þ

The first line behaves as ∼PLðkÞ at large scales, while the
second line gives constant contributions ∝ ðc23; c2c3; c22Þ.
As a consequence of this, both c2 and c3 have to undergo
the perturbativity criteria delineated in Section II C.

APPENDIX B: AFFINE INVARIANCE OF THE
FISHER MATRIX FOR HIGHER-ORDER

MARKED CORRELATORS

In the main text, we stated that the affine invariance of
the Fisher matrix extends beyond the marked power
spectrum to any complete set of n-point correlators of
the density field δ and the marked field Δ. Here we provide
the explicit proof.

1. General argument

Consider a data vector d comprising all auto- and cross-
spectra of δ and Δ up to order n. The Fisher matrix is

Fαβ ¼ ð∂αdÞTC−1
∂βd; ðB1Þ

where C is the covariance matrix, which we leave com-
pletely general. Under the affine transformation of the mark
function m0 ¼ Amþ B, the marked field transforms lin-
early as

Δ0 ¼ AΔþ Bδ; ðB2Þ

since Δ ¼ mðδRÞð1þ δÞ − hmðδRÞð1þ δÞi is linear in m
by construction. Because every element of d is multilinear
in the fields, each n-point correlator transforms as a
polynomial in A and B of degree at most n. The data

vector therefore transforms linearly as d0 ¼ Td, where T is
a square matrix whose entries are polynomials in A and B.
The covariance and derivatives transform accordingly as

C0 ¼ TCTT; ∂αd0 ¼ T∂αd: ðB3Þ

Substituting into the Fisher matrix,

F0
αβ ¼ ð∂αdÞTTTðTCTTÞ−1T∂βd ¼ ð∂αdÞTC−1

∂βd ¼ Fαβ;

ðB4Þ

where we used TTðTTÞ−1 ¼ I and T−1T ¼ I.
The proof therefore reduces entirely to showing that T is

invertible. This follows from the fact that T is lower-
triangular, as can be seen by recalling that substitutingΔ0 ¼
AΔþ Bδ into any n-point correlator only generates corre-
lators of equal or lower degree in Δ, never higher. The
determinant is therefore simply the product of the diagonal
entries, each of which is a power of A, giving det T ¼
Anðnþ1Þ=2 ≠ 0 for A ≠ 0, as explicitly verified in the
example below.

2. Explicit example: Marked power
spectrum and bispectrum

We illustrate the argument with the data vector compris-
ing the full set of marked power spectra and bispectra,

d ¼ ðPδδ; PδΔ; PΔΔ; Bδδδ; BδδΔ; BδΔΔ; BΔΔΔÞ: ðB5Þ

Using Δ0 ¼ AΔþ Bδ, the transformation rules follow from
the multilinearity of each correlator. For the power spectra
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P0
δδ ¼ Pδδ; ðB6Þ

P0
δΔ ¼ APδΔ þ BPδδ; ðB7Þ

P0
ΔΔ ¼ A2PΔΔ þ 2ABPδΔ þ B2Pδδ: ðB8Þ

For the bispectra, expanding Δ0 ¼ AΔþ Bδ in each
marked slot:

B0
δδδ ¼ Bδδδ; ðB9Þ

B0
δδΔ ¼ ABδδΔ þ BBδδδ; ðB10Þ

B0
δΔΔ ¼ A2BδΔΔ þ 2ABBδδΔ þ B2Bδδδ; ðB11Þ

B0
ΔΔΔ ¼ A3BΔΔΔ þ 3A2BBδΔΔ þ 3AB2BδδΔ þ B3Bδδδ:

ðB12Þ

The transformation matrix T is therefore lower-triangular,

T ¼

0
BBBBBBBBBBB@

1 0 0 0 0 0 0

B A 0 0 0 0 0

B2 2AB A2 0 0 0 0

0 0 0 1 0 0 0

0 0 0 B A 0 0

0 0 0 B2 2AB A2 0

0 0 0 B3 3AB2 3A2B A3

1
CCCCCCCCCCCA

; ðB13Þ

with determinant det T ¼ A9, which is nonvanishing for
any A ≠ 0. The matrix T is therefore invertible, and the
Fisher matrix is invariant under the affine transformation
F0
αβ ¼ Fαβ for any covariance structure C.

APPENDIX C: ADDITIONAL RESULTS

We report here further results of our analysis. In Table III
we report the mark coefficient obtained through the
optimization procedure. The resulting mark functions are
plotted in 2.

TABLE III. Values for the polynomial mark for smoothing radii R ¼ 15; 30 Mpc=h at z ¼ 0 and z ¼ 0.5.

R ¼ 10 Mpch−1, z ¼ 0 R ¼ 15 Mpch−1, z ¼ 0 R ¼ 30 Mpch−1, z ¼ 0

Parameter c1 c2 c3 Parameter c1 c2 c3 Parameter c1 c2 c3

FoM −0.3 0.02 0.0036 FoM −0.4 −0.15 0.068 FoM 3.6 4.8 0.4
Ωm −0.3 0.02 0.0036 Ωm −0.4 −0.15 0.068 Ωm −3.6 4.0 4.8
σ8 −0.3 0.02 0.0036 σ8 −0.4 −0.15 0.068 σ8 −2.4 2.8 2.8
h −0.3 0.02 0.0036 h −0.4 −0.15 0.068 h −3.6 4.0 4.8

R ¼ 10 Mpch−1, z ¼ 0.5 R ¼ 15 Mpch−1, z ¼ 0.5 R ¼ 30 Mpch−1, z ¼ 0.5

Parameter c1 c2 c3 Parameter c1 c2 c3 Parameter c1 c2 c3

FoM −0.4 0.03 0.0085 FoM −3.3 2.14 1.39 FoM 4.4 8.4 3.6
Ωm −0.4 0.03 0.0085 Ωm 2.1 1.35 0.23 Ωm 0.4 0.8 1.2
σ8 −0.4 0.03 0.0085 σ8 2.5 1.07 −0.70 σ8 4.4 8.4 3.6
h −0.4 0.03 0.0085 h 0.8 0.07 −0.046 h 2.4 4.8 3.2

R ¼ 10 Mpch−1, z ¼ 1 R ¼ 15 Mpch−1, z ¼ 1 R ¼ 30 Mpch−1, z ¼ 1

Parameter c1 c2 c3 Parameter c1 c2 c3 Parameter c1 c2 c3

FoM −0.6 0.048 0.021 FoM −2.5 1.3 0.64 FoM −2.8 6.0 8.8
Ωm −0.4 0.14 0.062 Ωm 4.1 3.0 2.55 Ωm 1.6 4.8 4.0
σ8 −0.6 0.048 0.021 σ8 −2.8 2.5 1.18 σ8 2.4 7.2 −9.9
h −0.4 0.14 0.062 h 1.7 1.5 −1.36 h 3.6 8.4 −3.6
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In Table IV we report the complete results of our analysis
using both Gaussian and simulation-based covariances.
We also show in Fig. 6 a simple example used to estimate

the value for fcond. We vary only c1 and compare the error

bars on the different cosmological parameters obtained
using only P and the combination Pþ CþM, with c2s
fixed to make it easier to visualize.

TABLE IV. Improvement on the parameter error bars for Gaussian and simulation-based covariances.

Optimization of FoM Optimization of single parameters

R ¼ 10 Mpch−1 z ¼ 0 R ¼ 10 Mpch−1 z ¼ 0

Covariance rðΩmÞ rðσ8Þ rðhÞ Covariance rðΩmÞ rðσ8Þ rðhÞ
Gaussian 1.54 14.69 1.60 Gaussian 1.54 14.169 1.60
Simulations 2.34 8.32 2.47 Simulations 2.34 8.32 2.47

R ¼ 10 Mpch−1 z ¼ 0.5 R ¼ 10 Mpch−1 z ¼ 0.5

Covariance rðΩmÞ rðσ8Þ rðhÞ Covariance rðΩmÞ rðσ8Þ rðhÞ
Gaussian 1.20 2.75 1.23 Gaussian 1.21 2.75 1.23
Simulations 1.53 3.11 1.50 Simulations 1.53 3.11 1.50

R ¼ 10 Mpch−1 z ¼ 1 R ¼ 10 Mpch−1 z ¼ 1

Covariance rðΩmÞ rðσ8Þ rðhÞ Covariance rðΩmÞ rðσ8Þ rðhÞ
Gaussian 1.12 1.86 1.13 Gaussian 1.12 1.86 1.13
Simulations 1.43 2.06 1.38 Simulations 1.38 2.06 1.27

R ¼ 15 Mpch−1 z ¼ 0 R ¼ 15 Mpch−1 z ¼ 0

Covariance rðΩmÞ rðσ8Þ rðhÞ Covariance rðΩmÞ rðσ8Þ rðhÞ
Gaussian 2.17 12.05 2.30 Gaussian 2.17 12.05 2.30
Simulations 1.48 5.55 1.57 Simulations 1.48 5.55 1.57

R ¼ 15 Mpch−1 z ¼ 0.5 R ¼ 15 Mpch−1 z ¼ 0.5

Covariance rðΩmÞ rðσ8Þ rðhÞ Covariance rðΩmÞ rðσ8Þ rðhÞ
Gaussian 1.75 3.97 1.81 Gaussian 1.81 5.10 1.65
Simulations 1.89 2.79 1.83 Simulations 1.20 1.19 1.15

R ¼ 15 Mpch−1 z ¼ 1 R ¼ 15 Mpch−1 z ¼ 1

Covariance rðΩmÞ rðσ8Þ rðhÞ Covariance rðΩmÞ rðσ8Þ rðhÞ
Gaussian 1.42 2.50 1.44 Gaussian 1.58 2.61 1.98
Simulations 1.43 2.06 1.38 Simulations 1.09 2.21 1.23

R ¼ 30 Mpch−1 z ¼ 0 R ¼ 30 Mpch−1 z ¼ 0

Covariance rðΩmÞ rðσ8Þ rðhÞ Covariance rðΩmÞ rðσ8Þ rðhÞ
Gaussian 2.01 11.17 2.04 Gaussian 2.19 12.88 2.62
Simulations 1.28 1.83 1.25 Simulations 1.72 2.50 1.69

R ¼ 30 Mpch−1 z ¼ 0.5 R ¼ 30 Mpch−1 z ¼ 0.5

Covariance rðΩmÞ rðσ8Þ rðhÞ Covariance rðΩmÞ rðσ8Þ rðhÞ
Gaussian 1.97 4.12 2.00 Gaussian 2.24 4.12 2.17
Simulations 1.23 1.25 1.16 Simulations 1.29 1.25 1.19

R ¼ 30 Mpch−1 z ¼ 1 R ¼ 30 Mpch−1 z ¼ 1

Covariance rðΩmÞ rðσ8Þ rðhÞ Covariance rðΩmÞ rðσ8Þ rðhÞ
Gaussian 1.35 2.21 1.42 Gaussian 2.07 2.77 2.13
Simulations 1.48 1.72 1.32 Simulations 1.36 1.67 1.26
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