PHYSICAL REVIEW D 113, 024068 (2026)

How black hole mimickers and Shapiro-free lenses signal
effective dark matter

Lirui Yang ,1’2’3’4’* Will Barker ,5‘2’“ Tobias Mistele ,6’7‘1 and Amel Durakovic®>%%*
1Department of Quantum Information, Yonsei University, Incheon 21983, Republic of Korea
*Kavli Institute Sfor Cosmology, Madingley Road, Cambridge CB3 OHA, United Kingdom
3Astrophysics Group, Cavendish Laboratory, JJ Thomson Avenue, Cambridge CB3 OHE, United Kingdom
*Kavli Institute for Astronomy and Astrophysics, Peking University, Beijing 100871, China
Central European Institute for Cosmolgy and Fundamental Physics, Institute of Physics of the Czech
Academy of Sciences, Na Slovance 1999/2, 182 00 Prague 8, Czechia
Max Planck Institute for Extraterrestrial Physics, Giessenbachstrasse 1, 85748 Garching, Germany
7Department of Astronomy, Case Western Reserve University,

10900 Euclid Avenue, Cleveland, Ohio 44106, USA
8Observatoire Astronomique de Strasbourg—UMR 7550, 11 rue de I’Université,

67000 Strasbourg, France
9Faculty of Science, University of Sarajevo, Zmaja od Bosne 33-35, 71000 Sarajevo, Bosnia-Herzegovina

® (Received 10 June 2025; accepted 24 December 2025; published 30 January 2026)

We report the existence of two exotic compact objects in the leading relativistic model of modified
Newtonian dynamics, namely @ther-scalar-tensor theory. This model is consistent with precision
cosmology and gravitational wave constraints on tensor speed. Black hole mimickers could subtly
change observations: gravitational waves from their mergers might show unusual echoes or altered
ringdown patterns, and images of their horizon-scale shadows might be slightly different from those of a
true black hole. Shapiro-free lenses are massless objects that deflect light without any gravitational time
delay, producing distinctive lensing events. These predictions connect to ongoing and future gravitational-

wave searches, horizon-scale imaging, and time-domain lensing surveys.
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I. INTRODUCTION

A. Dark matter

The standard dark-energy/cold-dark-matter (ACDM)
model of cosmology, based in part on general relativity
(GR), has been successful on cosmological scales. On smaller
galactic scales we observe a tight correlation between the
visible, baryonic mass and dark matter, summarized in the
baryonic Tully-Fisher relation [1,2] and the radial acceler-
ation relation [3-5]. Another explanation for these correla-
tions is in terms of new dynamics at low accelerations, i.e.,
modified Newtonian dynamics (MOND) [6-8]. MOND by
itself, however, is concerned only with the nonrelativistic
limit, i.e., it is an alternative to Newtonian gravity, not an
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alternative to GR. Thus, various relativistic models that
reduce to MOND have been proposed [9], most notably
ether-scalar-tensor (£ST) theory [10]. ST stands out as the
first model that is consistent with precision observations of
the microwave background/large scale structure, and with
gravitational waves (GWSs) implying a fast tensor mode,
while allowing for a MOND-like phenomenology [3,11]. The
phenomenology of AST has so far been explored relatively
little, however, in the strong-field regime relevant to compact
objects. Previous works have considered neutron stars
[12,13], unstable solutions [14], and “stealth” black holes
(BHs) which are indistinguishable from BHs in GR [15]. In
this work we propose two more exotic compact objects with
relatively subtle observational signatures: BH mimickers are
hard to distinguish from GR BHs, and lenses without Shapiro
delay are hard to see at all. We are not obliged to put these
objects forward as dark matter candidates, since AST is
designed already to provide the necessary effective dark
matter. Rather, their distinct characteristics, if observed,
would offer a smoking gun for EST itself.

B. Confidence in black holes

We know that objects of BH density are very common.
Doppler shifts in many x-ray binaries indicate 23M ©

Published by the American Physical Society
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FIG. 1. Embedding visualisation of spatial geometry. Black hole
mimickers in @ther-scalar-tensor theory [orange/red, see Egs. (2)
to (4)] emulate the Schwarzschild geometry [green, see Eq. (1)]
with the same Newtonian mass M, but have slightly dilated
features and a narrow wormhole throat instead of an event horizon.
An alternative horizon lies on the “interior” side (here truncated).

companions too heavy for neutron stars [16,17]; astrometry
near the compact radio source Sgr A* indicates ~10°M ©
contained within ~10> AU of the galactic center [18,19]
(indeed, modern galaxy evolution is founded on accretion
near such supermassive compact objects [20,21]). Three
lines of evidence suggest, moreover, that these BH candi-
dates have horizons as predicted by GR. First, they lack a
visibly accreting surface, which would glow thermally or
otherwise be illuminated by Type I x-ray bursts [22,23].
Second, GWs from mergers seen by LIGO/Virgo indicate
ringing down of quasinormal modes consistent with a Kerr-
type horizon; the GWs appear moreover to be free from
surface echoes, and can be parametrized by mass and spin
[24,25]. Third, direct very long baseline interferometry
imaging of Sgr A* and MS87* by the event horizon
telescope reveals shadows similarly consistent with Kerr
spacetime [26-28]. These methods also constrain the
strong-field geometry to nearly the Kerr solution above
the horizon, through the circularity of the directly imaged
photon ring, inspiral phasing of merger GWs, and Fe Ka
x-ray emission near the innermost stable circular orbit
(ISCO) [24,28-30]. Astrometric measurements of preces-
sion and gravitational redshift near Sgr A* are less stringent,
but consistent with at least the Schwarzschild exterior
[31,32]. In summary, exotic objects that only mimick
BHs face a comprehensive battery of tests. Nonetheless,
AST contains a strong mimicker candidate (see Fig. 1).
These may exist alongside the genuine “stealth” BHs of
AST, which themselves are less diagnostically useful.

C. Black hole mimickers

We propose the BH mimicker of AST to be a highly
asymmetric wormhole, leading only to a BH-type object on
its “interior” side. To keep our key results within in this
opening section, we quote here our predicted line element
on the “exterior” side, i.e., that which is most relevant to
observations. For reference, in GR with Newton-Cavendish
constant G, the Schwarzschild BH of mass M is described by

2GM 2
ds2——(1— ¢ )dt2—|— dr + r2dQ?, (1)
r (1_2GM>

where dQ? = d#? + sin?(6)d¢? is the angular measure. The
“exterior” side of our mimicker generalizes Eq. (1) to
ds? = —eN(d2 4 M2 + r2dQ2. (2)

Whilst Eq. (1) would imply N(r) =—-M(r), the BH
mimicker instead requires the cumbersome relation

V2—+/2-KT
V242K

2
\/2+K8Bff(62/\/t(r) _ ]) + 2_K(]a3ff A/ 2-k¢
X :
V2K (MO — 1) 2K

The formula in Eq. (3) depends strongly on the dimensionless
parameter K§' < 2. For the moment, it suffices to know that
K %ff depends on (i) two of the constant AST model
parameters and (ii) some dynamically acquired flux of scalar
hair. The actual formula for M(r) is defined as being the
inverse of an “r(M)” formula

N0) =

(3)

GNMK§ff M) V2442 - KT
\/4+2Keff( 2M(r _1 f \/2 - Keff

\/2 +Keff(e2/\/l(r) _ 1) — /2= K%ff ,/4—2K§ff
\/2+Keff( 2M(r 1)+ /D — Keff

where the Newtonian Gy in Eq. (4) is also shifted relative to
the bare G in Eq. (1) by £ST model parameters. The take-
home point is that Egs. (2) to (4) “mimick’ Eq. (1) to arbitrary
precision as K§' — 0. This is illustrated in Fig. 1, which
shows a faithful embedding of 2D equatorial constant-time
slices in 3D space.1 Where the Schwarzschild geometry has

. @)

'This is a common method of visualization: the 3D cylindrical
line element dz? + dp? + p>d¢? is equated with Eqs. (1) and (2)
at r = const. and @ = x/2. By identifying r with p, one gets an
equation for dz/dp describing the 2D embedded surface.
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an event horizon, however, the BH mimicker always has a
slight throat, on the “interior” side of which lies a null
singularity. The fact that the horizon is replaced by a throat is
confirmed by the standard “throat conditions” in Appendix A.
We imagine BH mimickers as accounting for some clandes-
tine fraction of the observed BH population. They would
presumably evade all radio, astrometric, and GW bounds on
the external geometry, and all optical, x-ray, and GW bounds
on surface characteristics. Signals for BH mimickers from
AST may include (i) corrections to radio imaging within the
photon ring from “interior’-side emissions, and (ii) non-BH
ringdown.

D. Confidence in lenses

We will also be interested in hard-to-find exotic objects
that do not mimick BHs, but whose subtle lensing properties
would provide a smoking gun for ST (see Fig. 2) [33,34].
Statistical microlensing campaigns (MACHO, EROS,
OGLE) constrain the fraction of compact lenses in galactic
halos across 10~/ to 10M © to below a few percent of CDM
[35,36], while forthcoming wide-field surveys (LSST) will
extend sensitivity to sublunar masses [37,38]. Pulsar timing
constrains populations of exotic lenses which have become
entrained in binary systems. Precision monitoring of binary
pulsars—most notably the Hulse-Taylor and subsequent
millisecond systems—has confirmed the Shapiro delay
(lensing in time) predicted by GR to subpercent accuracy
[39,40]. No anomalous timing residuals attributable to scalar
charges or exotic multipole structure have been observed in
existing systems [41,42]. Pulsar timing arrays (NANOGrayv,
EPTA, PPTA) likewise report a stochastic background
consistent with a population of supermassive BH binaries
and show no nonquadrupolar radiation or unexpected
spectral features [43,44]. Notice, however, how all these
constraints presume CDM-type lenses, which “weigh” and
thus participate in Newtonian gravity. Recalling, therefore,
that we have no need of dark matter candidates in A£ST, this
motivates considering an extreme case: a ‘“‘weightless”
gravitational lens.

E. Shapiro-free lenses

We propose a “weightless” lens in AEST that—though it
is not a wormhole—is inspired by the line element of the
massless Ellis-Bronnikov wormhole [45,46]. The Ellis-
Bronnikov wormhole is given by the “(+)” configuration in

ds? = —df? +dr? + (P F £2)dQ?, (5)

where ¢ and r are now the proper time and radius. As
popularized by Visser [47,48], Morris, and Thorne [49,50],
the “(+4)” configuration is a far less subtle wormhole than
the BH mimicker, with correspondingly more applications
in science fiction: it seemingly allows test geodesics to pass
between two asymptotically flat regions via a “throat” of
minimal area 47£2 at r = 0, which needs to be held open

/

far side \

near side
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singularity

FIG. 2. Embedding visualization of

spatial
Lenses without Shapiro delay in @ther-scalar-tensor theory
[red, see “(—)” configuration in Eq. (5)] are massless regions
of curved space ending in a naked singularity. They are the
analytic continuation of Ellis wormholes [green, see “(+)”
configuration in Eq. (5)].

geometry.

by phantom matter in the Einstein field equations. By
contrast, our “Shapiro-free lens” is the “(—)” configuration
of Eq. (5), which requires no phantom matter, being an
exact solution to the ZAST field equations in which the
wormbhole throat closes up. This promotes the object from a
formal curiosity to a subtle observational challenge. Its
constant-time hypersurfaces are highly curved, as illus-
trated in Fig. 2—indeed this figure captures the full
Riemannian curvature, which has no “time part” whatever
(so-called ultrastaticity. )* The object thus has no mass M at
infinity, no gravitational redshift, and indeed no gravity. A
naked singularity (or starlike matter configuration) sources
the scalar hair and sets £, but it does not accrete, and whilst
its spatial curvature gives rise to lensing, the lensed rays
experience no Shapiro delay. This is a result of the object
being more compact than its Schwarzschild equivalent: its
Weyl potential, relevant for lensing, scales as ~1/r?, rather
than ~1/r as in GR. The Shapiro delay incurred by
integrating the tails of this potential is thus not enhanced
(as is the case in GR) by a logarithmic divergence in the
source-observer distance: it is this logarithm that usually
dominates in cosmological lenses. Besides lacking the
logarithmic contribution, Shapiro delay is suppressed in
a more general sense, as follows. The delay in GR is
proportional overall to 2GM, which is seen in Eq. (1) to be
the gravitational scale of the lens. The new kind of lens in
the “(—)” configuration of Eq. (5) has a gravitational scale

*Ultrastatic spacetime is not only static, in the sense that it has
a global timelike Killing vector, but additionally this Killing
vector has unit norm [51]. The general ultrastatic line element
takes the form ds* = —dt*> + g;;dx'dx/. The slices defined by
t = const. additionally have no extrinsic curvature.
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of Z, but its Shapiro delay is proportional to #2/b, where b
is the impact factor. Thus, for the new lens to induce
comparable Shapiro delay at the same b to a GR lens, its

scale must be £ ~+/2GMb. For all astronomical lenses
b > 2GM, implying a large geometric mean ¢ > 2GM.
To give a concrete example, one would need £ ~ 10° km
to comparably perturb sun-grazing radar pulses (as in
Shapiro’s original experiment [52,53]), i.e., three orders
of magnitude larger than a solar-mass black hole. This
separation of scales is ten times more severe in the
microlensing context, where we imagine actually searching
for such objects. In this case, another concrete example is
given by primordial BHs of M ~10M ®, which are a
popular focus in microlensing: their magnification of
sources in the Milky Way region would be apparent within
an FEinstein radius of b ~ 10 AU. Such a microlensing
event would need to be explained by a “large” object of
£ ~10° km, i.e., four orders of magnitude larger than the
BH. Thus, assuming that ST gives rise to a population of
more “reasonably sized” lenses, the microlensing implica-
tions are expected to be very subtle.” Besides being weaker,
the Weyl potential also has the “wrong” sign, akin to
negative mass in GR. The Shapiro delays that do arise
would thus be negative, in that signals would be slightly
advanced, not retarded. We can understand why this
happens heuristically, from the “(—)” configuration in
Eq. (5). The lensed rays are traversing a spherical excision
of radius #, which has then been “sewed up.” In some
sense, they are taking a shortcut through a piece of
space that has been removed. The angular deflection also
carries the “wrong” sign, so that the object is optically
repulsive. To summarize, a population of such lenses (e.g.,
early-Universe relics) would thus seem hard—but not
impossible—to observe, and their unusual characteristics
would provide a clear signal for AEST.

F. In this work

Our objective is to show that (i) the exact solutions
proposed in Eqs. (2) to (5) do indeed satisfy the ST field
equations, and (ii) that they have the above phenomeno-
logical properties. In particular whilst the mimicker solution
does evidently have a Newtonian limit, we will not be overly
concerned with matching either the mimicker or the lens to
the MOND regime, because the question of strong- and
weak-field matching in AST is not yet well understood:
there is a generic expectation that this matching process is
intimately connected with the dynamical history of the
system. Two aspects need to be investigated in further work.
First, dynamical production and stability against pertur-
bations, in the context of cosmological/astrophysical

*Ultimately, until the formation of Shapiro-free lenses is
understood, the question of whether or not a given value of 7
is “reasonable” is still speculative, and the scales of primordial
BHs simply offer a familiar benchmark.

backgrounds and timescales, leading to abundance predic-
tions. Second, computation of precise observational signa-
tures leading to multimessenger forecasts. In Sec. IIC we
will obtain the field equations of £ST. In Sec. III we obtain
the compact solutions, with a cosmological solution in
Sec. IV. We conclude in Sec. V. Technical Appendixes
follow, including two of general interest. In Appendix D, we
show that the acceleration of static @ther is generally a
conserved current. In Appendix F we show that the BH
mimicker is a wormhole in name only: instead of leading to
another universe, it leads to a singular Killing horizon.

G. Conventions

We try to match [10,54], using the signature
(—,+,+,+), and natural units ¢ = A = 1. Further con-
ventions are introduced as needed.

II. THEORETICAL DEVELOPMENT

A. Overview of theories

1. Scalar-tensor theory

The simplest extension of GR is the massless scalar-
tensor theory

Ser = / @R % V00, (6)
where R is the Ricci scalar,4 and ¥ = 872G 1is the Einstein
constant with G the Newton-Cavendish constant. The shift-
symmetric scalar ¢ is made dimensionless in Eq. (6), and
with our signature the “(F)” sign allows canonical “(=)” or
phantom “(+)” character. One of our key findings will be
that this primitive class of models goes a long way toward
explaining the solutions of ST, even though the latter is a
far more intricate model. This is especially surprising,
because whilst ST also contains a shift-symmetric scalar
@, the operators of this field are everywhere entangled with
an additional dimensionless vector field A#, which has an
@ther character.

2. Einstein-cether theory

By contrast with the scalar-tensor theory of Eq. (6), the
simplest @ther model is Maxwell-type Einstein-ather (EAE)
theory [55,56]. The action, using F,, =V,A, —V, A, is
given by

Ve K
Sex = /d4x2—g [R —TBF"”FW - MA*A, + 1), (7)
K

where the dimensionless @ther coupling lies in the range

*Our conventions are R =RV x for the Ricci tensor
R,, =R°,;, where the Riemann tensor is R, =9,[7,, —
0,1, + - and T*,, = ¢*°(0.,9,)s — 3959s,) is the Christoffel
symbol.
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0 < Kg <2, (8)

mandated by the stability of perturbations.” The general
idea is to identify a preferred frame at each point in the
spacetime as having a four-velocity given by the vector
field A*. For this interpretation to hold, the vector must be
everywhere timelike and with unit length: these conditions
are ensured in Eq. (7) by the dynamics of A, which is a
Lagrange multiplier. Ignoring the multiplier terms leads

back to Einstein-Maxwell theory in which /K /xA* is the
electromagnetic gauge potential.

3. Ather-scalar-tensor theory

Going beyond scalar-tensor and EZ theories, EST
blends the dynamics of ¢ and A* through the action

_ 4. VY Ky
= ~—~ |R——FW"F
S/EST /dx 2k |: 2 Hv
+2(2-Kp)J"V,0 — (2 - Kg)Y

_F(.Q) — iArA, + 1)] , )

where, as in EZE theory, we assume Eq. (8) for reasons of
stability [57]; the other quantities in Eq. (9) are defined

J,=AV,A,,
Q=A'V,p,

G = G +AAL,
V=q"V,oV,0. (10)

In particular, if A# is interpreted as the four-velocity of the
preferred frame, then it follows from Eq. (10) that J# must
be the four acceleration of that frame. In general, F (y, Q)
is a free function of the scalars ) and Q. One motivated
form for this function was proposed in [10], whereby

FY.Q) =2-Kg)T()—Frp(Q—-Q)* (11)
where O, has mass-dimension one and
Fog >0, (12)

is dimensionless. The idea behind Eq. (11) is that the
O-dependent term is responsible for reproducing a cosmo-
logical CDM-like component, while the )-dependent term is
responsible for explaining the missing mass problem in
galaxies [10]. Heuristically, Q carries the time derivatives of
the scalar field, while ) carries the spatial derivatives, so that
@ is relevant in time-dependent situations (e.g., cosmology)
while ) is relevant to static or quasistatic situations
(e.g., galaxies). To reproduce the successes of MOND in

°Note in particular that the solutions to the EZ field equations
are not always continuous as Kz — 0, though as a rule of thumb
the EAE phenomenology coincides with pure GR in this limit.

describing gravity on galactic scales, the function J()) in
Eq. (11) is (somewhat hazily) defined as

7)) = AV, J(Y) > a3, 13)
"\ Ty

where ag~1x 1071 ms=2 is the MOND acceleration
scale, and the dimensionless parameter 4, obeys

0 < 4, (14)

again to avoid an instability.’ In galaxies, Eq. (13) will
reproduce Newtonian gravity at accelerations large com-
pared to ao, and MOND-like gravity at accelerations small
compared to ay. In the following we will mostly restrict
ourselves to the Newtonian Ansatz for J()), which is
relevant to small radii, appropriate for BH and wormhole
solutions. Without introducing new parameters to modify the
Newtonian Ansatz, we will find that the strong-field depar-
tures from Newtonian phenomena have remarkably prom-
ising observational implications. Having already restricted to
the minimal quadratic Q Ansatz required for effective CDM,
our decision to neglect the MOND Ansatz allows us to avoid
the further set of arbitrarily many parameters that would
interpolate between the two Anscirze for 7()).” Even with
this maximally predictive approach, the prior constraints on
the five remaining parameters in AST, namely G, Ky, 4,
Foo and Q,, remain very weak. They include

2(1+ 4)

R S 2 -2
ﬂs(z—KB)]:ZOQO 1 MpC s (15)

which was arrived at in [11] as a “goldilocks” estimate for
producing MOND in galaxies, and sugpressing it on the
scale of galaxy clusters (see also [58]).” An extra subtlety
also affects G (i.e., x) in Eq. (9), which in ZAST should be
considered a bare coupling.9 The measured Newtonian
Gy ~6.67 x 107" m*kg~!s7% was derived in [10], and
found to be given by the formula

®Note that [57] suggests the more conservative bound 1 < A,
though the bound given in Eq. (14) is the one most commonly
assumed.

"Note that, as initially formulated in terms of arbitrary
functions, ZAST is not a predictive model with finitely many
parameters; the same problem is seen in f(R) theories.

¥In more detail, a value in Eq. (15) <1 Mpc~2 is preferred to
avoid oscillatory accelerations in galaxies, which would be
predicted by ZAST but which are not observed. Meanwhile,
galaxy clusters appear to exhibit an offset from the MOND
acceleration relation: this may be explained by =1 Mpc~2. Only a
value ~1 Mpc~2 is consistent with both regimes.

The theories Egs. (6), (7), and (9) are all assumed to be low-
energy effective theories. Our use of “bare” has nothing whatever
to do with renormalization, and means only that the classical
dynamics of the @ther and scalar impose further modifications to
the Newtonian limit, beyond GR.
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(14 4,)2G
Gy=—a
)*s(z - KB)

where G, Kg and A, are otherwise unconstrained.

B. Relevant solutions

1. Ellis-Bronnikov drainhole

Solutions in scalar-tensor theory have been extensively
studied [59-61]. The phantom “(4)” case of Eq. (6) admits
the celebrated two-parameter “drainhole” solution of Ellis
[45] and Bronnikov [46] (see also [60—63]). Both sides of
this asymmetric wormhole are asymptotically flat. The near
side behaves like the Schwarzschild solution at spatial
infinity, one of the parameters setting the attractive asymp-
totic mass; the far side is correspondingly repulsive. The
throat of the wormhole is independently dilated by the
second parameter. The massless limit is a symmetric, one-
parameter wormhole. The absence of a mass means that,
throughout the whole spacetime, static observers experi-
ence no acceleration. The resulting wormhole has no
gravity, and geodesics “coast” freely from one side to
the other only if they happen to intersect the throat.

2. Fisher-JNW solution

Conversely, if the scalar is canonical, i.e., the “(—)” case of
Eq. (6), there is a two-parameter analog of the Ellis-
Bronnikov solution attributed first to Fisher [64] and
rediscovered much later by Janis, Newman, and Winicour
(JNW) [65]. The analogy is exact, in the sense that analytic
continuation of the Fisher-INW solution to the phantom
“(+)” case just yields the Ellis-Bronnikov drainhole in
different coordinates. Nonphantom Fisher-JINW spacetime
is also asymptotically flat, but it contains a naked singularity
at its center, not a throat. As with the Ellis-Bronnikov
solution, however, there exists a massless limit: the naked
singularity persists, but it is weightless, so that static
observers are not drawn toward it.

3. Eling-Jacobson wormhole

Static, spherical solutions to EZ& theory in Eq. (7) were
studied extensively by Eling and Jacobson in [66]. The
Eling-Jacobson solution is also massive, with an asymp-
totically flat near side (which we will think of as an
“exterior”) consistent with the Newtonian limit of the
Schwarzschild solution. The Eling-Jacobson solution, how-
ever, does not quite describe a BH, but rather a highly
asymmetric wormhole. On the far side (“interior”) of its
throat lies a very different region, which is not asymptoti-
cally flat, but which ends at a singular Killing horizon. In the
Kg — 0 limit, the throat radius approaches (from above) the
value of the Schwarzschild radius associated with the mass,
and in fact the whole “exterior’-side geometry approaches

the Schwarzschild vacuum. Similar spacetime geometries
have been found in exact solutions to bumblebee gravity
[67], and more recently in exact solutions to ST itself [15].

4. Stealth BH

Ignoring the multiplier term in Eq. (7) yields Einstein-
Maxwell theory. It is sometimes forgotten that a unit-
timelike condition on the electromagnetic gauge potential
is actually a perfectly valid gauge choice in electro-
magnetism. Indeed, this Dirac gauge was among the
earliest motivations for @ther models such as the EAE
theory. It is unsurprising, therefore, that one branch of
solutions to EZ theory is actually the Reissner-Nordstrom
solution. Less obvious is the fact that this solution is
also inherited by ZAST, as shown recently in [15]. In the
limit of vanishing charge, the Reissner-Nordstrom geom-
etry cannot be observationally distinguished from that of
Schwarzschild geometry, and such field configurations in
AST have been dubbed “stealth” BHs.

C. Overview of equations

1. Simplified action

Our starting point for everything that follows will be to
refine Eq. (9) by assuming the form proposed by Skordis
and Ztosnik in Eq. (11). We will not, however, enforce the
assumptions in Eq. (13), which lead to MOND phenom-
enology. We rewrite the action as

V') Ky
S%r= [ &*x>—|R—-—F"F
EST / X o ) v

+202 - Kp)/'V,p = V()

+ Fao(Q— Qo)* —AA*A, + 1) |,  (17)

so that 7(Y) from Eq. (11) and (2 — Kg)) from Eq. (9) are
combined into the “potential” V().

2. Covariant equations

The field equations are obtained by taking variations of
Eq. (17) with respect to the dynamical degrees of freedom:
the metric g,,, the @ther field A*, the scalar field ¢, and the
Lagrange multiplier A. Variation with respect to 1 yields the
normalization constraint on the @ther field

AFA, = —1. (18)

Even after Eq. (18) has been imposed, the remaining field
equations (which include among their components propa-
gating equations as well as constraints) remain somewhat
cumbersome, and we confine them to Appendix B.
Note that the A* equation contains a term of the form
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5851 /5A" D —v/—94A,/x, so that after contraction with
an extra factor of A* followed by an application of Eq. (18)
it allows for the Lagrange multiplier A to be determined
algebraically [see Eq. (B4)].

3. Component equations

Initially, the line element in the spherically symmetric
spacetime is not assumed to be Schwarzschild-like or
isotropic; we write

ds? = —eN0d2 4 2MNdr? + R(r)2dQ2, (19)

and this provides our Ansatz for the metric g,,. The scalar
field ¢ and the @ther field A are assumed to share the same
spherical symmetry with the spacetime. In the case of the
@ther field, this means that only temporally and radially
aligned components are allowed, and together with
Egs. (18) and (19) this yields

[A,] = [cosh(a(r))eN("), sinh(a(r))e™(,0,0].  (20)
Finally, we allow ¢ to additionally have some time
dependence, which is related to the first term in Eq. (1 Ik

@ = Qux(t) +y(r), (21)

accordingly, we refer to it as ¢(z, r). The component-level
equations following from Egs. (19) to (21) can be found in
Appendix C. From this point on, however, we will focus on
the solutions with purely time-aligned @ther (the so-called
“static eether” condition), by setting

a(r) =0, (22)

in Eq. (19)."" Following from Eq. (22) we then find (see
discussion in Appendix D)

F F* = =21, 0%, J,Vlg =], Vy,

d
Y =V,yViy, Q= —Qod—);e‘N. (23)

We will also impose the constraint on Eq. (19)

M(r) = =N(r). (24)

1t may seem unlikely that time dependence of ¢ will lead to
exact solutions for which the spacetime geometry is static, but in
fact this happens in EST for the simplest case of Minkowski
spacetime (see detailed discussion in [57]). Heuristically,
@ = ut + --- introduces a chemical potential ;4 in a statistical
mechanics description of the theory. From this perspective, it is
natural to expect static spacetime at equilibrium.
The consequences of relaxing this condition are discussed
in [68].

The condition in Eq. (24) can always be met by a suitable
rescaling of r. In general, this choice will not coincide with
R(r) = r. Accordingly, r need not be tied to the area of
enclosing two-spheres, so the resulting coordinates need
not be Schwarzschild-like. Note, however, that in general,
the » coordinate scaled according to Egs. (19) and (24) is
proportional to the affine parameter of radial null geo-
desics. When Egs. (21), (22), and (24) are imposed on the
field equations, a constraint from Eq. (C1b) yields (see
Appendix E)
dN dV\ dy| dy
QO({(Z_KB) ar <f2°_dy> dr] dr

dy
- F N 2
20¢ dr) 0. (25)

and Eq. (25) will be instrumental in guiding our search for
solutions. We will show that the spherically symmetric,
static solutions to the AST field equations can have both
scalar-tensor and EA character. In particular, we show that
AST in Eq. (9) inherits the Eling-Jacobson wormhole of
EZA theory in Eq. (7), but with an “effective” ather
coupling K¢, which is shifted relative to the bare Ky
by the scalar current. This solution forms the basis for our
BH mimicker. We will uncover a second branch of
solutions for which the @ther acceleration J* vanishes:
this describes an ultrastatic (massless) spacetime, and forms
the basis for our Shapiro-free lens.

III. ASYMPTOTICALLY FLAT CASES

Guiding equations To obtain asymptotically flat solu-
tions, we need to neglect the MOND regime. Without
MOND, by referring to Eq. (13) we see that the function
V() in Eq. (17) is linear, i.e.,

V() = (2= Kg)(1 +4)). (26)

Our discussion will be driven in particular by two compo-
nent-level conditions that arise out of the field equations
when the assumptions in Egs. (21), (22), (24), and (26) are
applied. First, is found that Eq. (Cle) provides a necessary
condition for the existence of nontrivial solutions

dy [ dr\
.Fz()Q()R dr <€ - dt) =0. (27)

We focus on the case where Eq. (27) is satisfied because

Fo0Qy = 0. (28)
Referring back to Eq. (11), the condition in Eq. (28) implies
that we are neglecting the capacity of AST to provide a

CDM component in the cosmological background and
perturbation theory—again, this ought to be safe for strong
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fields. Second, under Egs. (26) and (28) the complicated
constraint in Eq. (25) reduces to

dy (AN dy\
o (S -a+n) -0 @)

which has a much simpler form.

Heuristic action When Egs. (19) to (22), (26), and (28)
hold, Eq. (23) can be used to rewrite the action in
Eq. (17) as"?

=i ,
S / E D Z (R + KT, = MAA, + 1)

+ (2= Kp) (208 = (1 + 4) Vi)V . (30)

We have verified explicitly that the equations of motion
derived from Eq. (30) reproduce the solutions of the
original action in Eq. (17), expressed in terms of the metric
Juy» the scalar ¢, and the vector A¥, after Egs. (19) to (22),
(26), and (28) are imposed.13 We particularly notice in
Eq. (30) that all y(r) dependence has disappeared. This is
because the “acceleration” of the @ther defined in Eq. (10)
has only one nonvanishing component J, = d\ /dr, whilst
g" vanishes due to Eq. (22). The absence of y(¢) will be
exploited in Sec. III B. From Eq. (30), the field equation
associated with the one remaining scalar y(r) takes the
form of a conservation law

V,(J" = (1 + ) Viy) =0, (31)

which reflects the surviving shift symmetry.

Possible branches There are evidently at least two ways
to realize Eq. (28), Qo = 0 and F,, = 0. Perhaps surpris-
ingly, the F,(Q — Qy)? term in Eq. (17) is absent from
Eq. (30) not just in the case F,, = 0 but also for Qy = 0.
This is because the condition Q, = 0 is not only a state-
ment about the constants parametrizing the action in
Eq. (17), but also about the scalar field in Eq. (21). In
particular, it eliminates all time dependence in ¢, so that
Eq. (23) leads to Q vanishing identically, along with
F10(Q — Qp)?. Despite the action in Eq. (30) having the

"Note that the existence of a covariant reduced action such as
that given in Eq. (30) is not guaranteed in general. For highly
symmetric spacetimes, however, one is guaranteed to be able to
write a noncovariant minisuperspace action that reproduces valid
field equations [69,70]—we are not using this technique.

YThe Lagrange multiplier A implied by Eq. (30) differs by a
constant factor from that implied by the original action. This
affects the energy-momentum tensor, to which A contributes. This
change is, however, exactly compensated for by another change,
due to the fact that the metric variation of the two (off-shell)
expressions —2J#J,, and F*F,, are not identical, despite having
the same on-shell values [see Eq. (23)]. The full energy-
momentum tensor implied by Eq. (30) thus matches that implied
by the original action given our assumptions.

same form for F,;, = 0 and Q, = 0, the solutions in either
case are not identical, as we will see below.

A. New branches of exact solutions

1. General case

The first realization of Eq. (28) will be through the
condition

Fao # 0, Qy =0. (32)

In this case, we satisfy Eq. (29) by assuming no time
dependence in ¢(t,r), so that Eq. (21) implies simply

%) =o. (33)

The crucial point is that the reduced covariant action for
AST in Eq. (30) reduces to the corresponding action for
EZE theory in Eq. (7) if V,y is proportional to J,.
For example, if

Va =ql,, (34)

for some constant g, then Eq. (30) reduces to Eq. (7) in
which Kj is replaced by an “effective” @ther coupling

K§' = Kp + (2— Kg)g[2 — (1 4 4,)q]. (35)

This raises the possibility of “lifting” solutions from the
original EA theory to ZAST. In component form, the
condition in Eq. (34) implies

dy N

=qg—, 36
dr qdr (36)

but Eq. (36) is not the only condition on y/(r). It is shown in
Appendix D that for static @ther in static geometries that
solve the EZ field equations, one always has the identity

V" =0, (37)

If Eq. (37) holds, then Eq. (31) requires that the scalar field
must satisfy the massless Klein-Gordon equation

Vv, Viy = 0. (38)

We reiterate that the reason for suppressing time depend-
ence in Eq. (33) is that otherwise the heuristic action cannot
reduce to EZA theory. By combining Eq. (8) and (14) with
Eq. (35) we obtain the physical range

292 - (1+4)q) < Kiff <2. (39)

By comparing Eq. (8) with Eq. (39), we see how the upper
bounds of K and K are the same, whilst the ratio of the
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spatial gradient of the scalar to the @ther acceleration in
Eq. (34), and the parameter A,, alter the lower bound
of KT,

2. Scalar hair

Note that any choice of g other than g = (1 + 4,)~!
implies that there is a nonvanishing scalar current at spatial
infinity. For that reason, such solutions were dismissed
in [12] in the context of neutron stars. Indeed, such a
constraint is required for consistency in the neutron star
case, because the current flowing out at spatial infinity
would otherwise not be balanced by any incoming current
elsewhere (as required by charge conservation); the same
holds for discussions of galaxies and galaxy clusters in
AST [10,11,58]. In our case, there is always a balancing
current and all equations of motion can consistently
be satisfied with a nonzero scalar current. Thus, in
the following, we allow general values of ¢. That said,
the balancing current often comes from regions where the
spacetime is singular, so that the origin of these currents
remains somewhat mysterious. For later reference, we
record the value K¢ following from Eq. (36) of K¢ for
the case of no current at infinity, as'

2Ky +2

I_(eff =
B 1+ A

(40)

Unlike for a more general choice of ¢, the value in Eq. (40)
is strictly positive. Thus, the GR limit K%ff — 0 is only
accessible when one allows a scalar current at infinity.

3. Ellis-Bronnikov drainhole

In the (presumably nonphysical) case where Eq. (8) is
violated such that

Kg > 2. (41)

the logic used in Eq. (39), shows that the “effective” @ther
coupling also obeys

Kt > 2. (42)
It is shown in Appendix E that the solutions in this case are

Ellis-Bronnikov drainholes, such that the line element in
Eq. (19) is constrained beyond Eq. (24) to

2 2r
N(r :—700'[‘1[ }, 43a
) V2KET -4 GNM /2K — 4 (432)
1
Rir) = e V2P GAMAKST —2). (43b)

"““Note that in [15] this corresponds precisely to K& = 27i.

In Egs. (43a) and (43b) the constant M is the mass of the
drainhole at spatial inﬁnity.15 This spacetime has two
asymmetric but asymptotically flat regions, and the embed-
ding in Minkowski space is especially evident on the r — oo
side, whereupon A/ (r) — 0. From Eq. (43b) the radius of the
throat, i.e., the minimum-area two-sphere, is found to be

Ky o 1( Kzgﬁ_l)
Rr = 5 GNM exp — . (44)
o
2

As mentioned in Sec. II B the geometry defined by Egs. (19),
(24), (43a), and (43b) also solves scalar-tensor theory in
Eq. (6) in the phantom “(4)” case.

4. First extended Eling-Jacobson solution

If Eq. (41) is not met, but rather Ky lies within the
physical range of Eq. (8), then the solutions (see
Appendix E) correspond to the Eling-Jacobson wormhole
[66,71,72]. In this case Egs. (43a) and (43b) are replaced by

In 1 - /A= 2R &)

M T
R(r) = r[l - \/4 — 2K GNTT VS (45D)

N(r)= (45a)

and it may be shown that the asymptotically flat portion of
Egs. (19), (24), (45a), and (45b) corresponds to Eqs. (2)
to (4) in different coordinates. Once again, M may be
interpreted as the mass of the solution at spatial infinity
r — oo, where asymptotic flatness again follows from
N(r) = 0. From Eq. (45b) the formula for the throat
radius given in Eq. (44) is now replaced by

et tanh™! < 1-— K?)
RT = B GNM exXp . (46)

2 | _ K
2

After passing through the throat, the volume element
diverges as r — rg from above, where

rs =2GyM\/1 — K&/2. (47)

Note that M appears everywhere in combination with Gy.
We have chosen it this way, in line with the expectation that the
Newtonian limit of ST be described by Eq. (16). Ultimately,
however, M is an integration constant whose interpretation is
flexible.
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It can be shown that this surface is a Killing horizon; in
[66], it was also conjectured to be a null singularity.
Moreover, this behavior is not uniquely seen in EAE theory
or in ZAST. Instead, it seems to be a general phenomenon
in other Lorentz-violating theories, such as bumblebee
gravity [67]. Although it seems possible to extend the
spacetime described by Egs. (19), (24), (45a), and (45b) to
the region 0 < r < rg for certain values of K&, we prove in
Appendix F that photon geodesics cannot be traced through
the Killing horizon. As mentioned in Sec. IIB, this
geometry is best known as a solution to the EA theory
in Eq. (7) though—as we will see in Sec. [Il B—it is already
known to occur in ZEST, albeit as part of a quite different
solution branch to that considered here, in that the scalar is
time dependent [15].16

5. Anti-Ellis-Bronnikov solution

We now relax the condition Eq. (34), and so lose the
connection to EZ theory; as a consequence our results will
no longer depend on K. We impose the new condition

JH =0, (48)

and it can be shown (see Appendix E) that Eq. (45a) and
(45b) are now replaced by

R(r) = Vr*=¢2, (49)

where ¢ is an integration constant, whilst the condition in
Egs. (36) and (38) is replaced by

V2tanh™! (£/r)
==
\/(2 - KB)(I + ’L&')

To give an interpretation for #, it follows from Eq. (49) that
as r — |£| from above the scalar y(r) will diverge. Thus,
the geometry defined by Egs. (19), (24), and (49)—which
is evidently the “(—)” configuration of that described in
Eq. (5)—appears to describe a naked singularity. It is,
moreover, ultrastatic, in stark contrast to the geometries in
Egs. (43a) and (45a). Indeed, in the cases of the Ellis-
Bronnikov drainhole and the Eling-Jacobson wormhole,
the redshift function A (r) has a nontrivial dependence
on r. Parametrically, by keeping K& constant, the ultra-
static limit NV (r) — O corresponds to the massless limit
M — 0 in both solutions—and in both solutions this limit
is just Minkowski spacetime. As mentioned in Sec. 11 B
however, the Ellis-Bronnikov drainhole has another ultra-
static, massless limit in which the throat R is held
constant in Eq. (44) through a simultaneous tuning of K.

w(r) : (50)

"*Note also that the K& = 0 (pure Schwarzschild) special case
of Eq. (45a) and (45b), with a truly static scalar as in our setup,
was also identified in [15].

The resulting symmetric wormhole is precisely described
by the geometry in Eq. (49) under the analytic continuation

£ it (51)

—i.e., the “(+)” configuration of Eq. (5)—and for this
reason we refer to Eq. (49) as “anti-Ellis-Bronnikov”
spacetime. Whilst the geometry remains real under this
analytic continuation, by tracing Eq. (51) through Eq. (50)
we find that the scalar field w(r) becomes imaginary. It is
natural, therefore, to conjecture that anti-Ellis-Bronnikov
spacetime is an exact solution to the scalar-tensor theory in
Eq. (6) in the canonical “(—)” case. Referring back to our
discussion in Sec. II B, this would suggest that it corre-
sponds to an ultrastatic limit of Fisher-JNW spacetime.

B. Connection to previous branches

1. Second extended Eling-Jacobson solution

We now enforce Eq. (28) through the condition com-
plementary to that given in Eq. (32), namely

Fa =0, Q #0. (52)

The scenario in Eq. (52) was considered in [15], where

Eq. (33) is replaced by assuming a linear time dependence
of the scalar

x(t) =1t (53)

The motivation for Eq. (53) is that it matches the expected
late-time cosmological behavior for the scenario envisioned
originally in [10]. Here, we point out that a more general
solution is possible, with an arbitrary time dependence of
the scalar replacing Eq. (53). That this is possible may be
expected from the fact that the existence of a time-
dependent y(t) scalar field does not modify the heuristic
action in Eq. (30). Due to the time dependence in the scalar,
the constraint Eq. (29) now becomes nontrivial, since the
overall prefactor dy/d¢ no longer vanishes. In fact, the
constraint now requires that the conserved current asso-
ciated with the scalar’s shift symmetry [see Eq. (31)]
vanishes identically according to

T — (14 2,)Viy = 0. (54)

The on-shell condition in Eq. (54) may be viewed as a
special case of Eq. (34), namely

q= (1 +’1s)_]' (55)

With Eq. (55) satisfied, all the results of Sec. IIl A now
apply here. In particular, and assuming the physical range
in Eq. (8), the metric is that of Egs. (45a) and (45b), but
restricted to the case where K& is the value of KT for our
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particular choice of ¢ [see Eq. (40)]

In [1 Nyl M}

N(r) = i (56a)
—— GaMT 4,]2keff
R(r) = r[l —\/4- 2K§“1\;} VAR (56b)

and the geometry defined by Egs. (19), (24), (56a),
and (56b) matches the corresponding metric from [15].
According to Eq. (21), the scalar is given by

w(r) = (1 + 2,)"'N(r) + const. (57)

Since the spacetime geometry is expected to dictate most of
the observables in the strong-field regime, it is especially
interesting to notice how the BH mimicker geometry arises
across multiple field configurations for the scalar. Finally,
we reiterate the differences between the first and second
extended Eiling-Jacobson solutions, and the way in which
they extend the solutions already presented in [15]. The
first extended solution follows from a truly static scalar
field, and allows for an “effective” ether coupling as
defined in Eq. (35), depending only on the static profile
of the scalar. The second extended solution allows for a
scalar with completely arbitrary time dependence y(7): it
also gives rise to an “effective” @ther coupling, but this
coupling is not derived from Eq. (35), and is instead fixed
to the special value in Eq. (40) as a consequence of
g = (1+,)"". The special case of the first extended
solution in which K& =0 was identified in [15]. The
special case of the second extended solution, in which
x(t) = t, was also identified in [15].

IV. COSMOLOGICAL CASE

A. Einstein static universe

Before concluding (and mostly for completeness), we
discuss a cosmological solution that admits a purely time-
like @ther field. While not asymptotically flat, this provides
a contrast to the isolated solutions of Sec. and connects to
the large-scale phenomenology of the theory. We relax the
conditions in Eqs. (26) and (28), and so readmit the CDM
component to the ST action. Introducing a new constant
A of mass dimension four, the conditions in Egs. (19)
and (24) are extended (see Appendix E) by

R(r) = SVKAT) %ﬁ:Ar) . (58)

and from Eq. (58) we see that Eq. (25) can be satisfied by
precisely the linear running condition in Eq. (53). Evidently,
the spacetime geometry described by Egs. (19), (24),
and (58) corresponds to the Einstein static universe, i.e., a

solution of the Einstein equations with dust (or CDM) and
a cosmological constant A. With reference to Eq. (17), it is
not therefore surprising that other field equations require
Eq. (26) to be replaced by

V(D) = 2kA. (59)

Accordingly, this solution is valid only when the parameters
of AST are carefully chosen to support Eq. (59). For other
choices of the coupling parameters, the @ther must not be
purely timelike. The field y(r) is meanwhile given by

VkAr cot (\/K'—Al")
W(r) == (2 _ KB) . (60)

Although the spacetime in Egs. (19), (24), and (58) is
homogeneous, this property is not shared by the scalar field
in Eq. (60).

V. CONCLUSIONS

A. Summary

Because @ther-scalar-tensor theory provides modified
Newtonian dynamics, there is (somewhat unusually) no
incentive to interpret the exotic compact objects found
above as dark matter candidates. For the reasons given in
Sec. I, we identify the Eling—Jacobson-type solutions as
black hole mimickers, and the anti-Ellis—Bronnikov sol-
utions as Shapiro-free lenses. Respectively, we imagine
these as secretly accounting for some fraction of the
apparently observed black hole population, and as a quiet
source of anomalous lensing events. The question of
production, stability, and detection of these objects is left
for future work.

B. Formal @xther-scalar-tensor results

We have obtained several spherically symmetric exact
solutions to the @ther-scalar-tensor theory of gravity with
static spacetime geometry, and an @ther field that is aligned
with the timelike Killing vector. When the modified
Newtonian dynamics and effective cold dark matter sectors
are neglected (as may be expected in the strong-field
regime) we find three branches of asymptotically flat
solutions:

(1) If the gradient of the scalar is static, and is aligned
with the @ther acceleration, there is an exact
correspondence with Einstein-ather theory in which
the @&ther coupling is renormalized by the scalar flux
at infinity. For stable values of the bare @ther
coupling, this correspondence leads to the famous
Eling-Jacobson wormhole; an unstable @ther cou-
pling leads to an Ellis-Bronnikov drainhole.

(i) Alternatively, if the scalar is static but the @ther has
no acceleration, then the Einstein-&ther correspon-
dence is broken. This leads to the line element of
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anti-Ellis—Bronnikov spacetime. In real terms, static
observers in this geometry feel no acceleration, but
there is a naked scalar singularity.

(iii) The Eling-Jacobson solution also reappears when
the scalar rolls linearly in time (as motivated by the
requirements of cosmology), and this scenario may
be extended to arbitrary time dependence of the
scalar.

(iv) When the cold dark matter sector is included, along
with a cosmological constant, a non—asymptotically
flat solution is found, which has the same spacetime
geometry as the Einstein static universe. This geom-
etry is homogeneous, but the scalar field exhibits a
profile, introducing a preferred center.

C. Formal Einstein-aether results

The Einstein-@ther correspondence also leads us to
obtain several formal results in that theory. First, we
confirm previous conjectures that Eling-Jacobson space-
time is inextensible beyond the Killing horizon on the
“interior” of the throat, which is shown to be a null
singularity. This result may be relevant to bumblebee
gravity [67], which features solutions very similar to the
Eling-Jacobson wormhole. Second, we show that when the
@ther field is aligned with a timelike Killing vector field,
the ather acceleration is always a conserved current.

D. Stability of the solutions

Solution of the classical field equations is a necessary
but wholly insufficient criterion for the spacetimes con-
sidered here to be physically relevant. In particular, the
parameter constraints quoted in Eqs. (8) and (14) are
known only to be relevant for the stability of Minkowski
spacetime. Efficient means have been developed for
determining the stability of compact exact solutions in
modified gravity theories, most notably those of Siefert
and Wald [73,74], and also Luz and Carloni [75]. The
general approach takes advantage of the spherical (or
axisymmetric) symmetry to cast the perturbation equations
in a general operator form. The square eigenfrequencies of
the operator then determine the stability of each mode. It
should be noted that even when the linear perturbations
are found to be stable, the possibility remains for nonlinear
instabilities to arise. This is especially true when the exact
solutions are found to be singular surfaces in the canonical
phase space of the theory: in such cases perturbation
theory is not a priori appropriate, and nonperturbative
analysis should be used. This is an important question for
models such as AST, for which the field content is quite
rich despite the derivative order of the Lagrangian being
low: certain undesirable modes may be found to propagate
generically in the bulk of the phase space. The analysis of
linear stability, and of the nonlinear canonical structure, is
left for future work.

E. Potential for misuse

Before discussing observational prospects, we briefly
comment on the potential for misuse of £ST in the context
of compact objects. The ST model was originally put
forward as a consistent classical field theory for explaining
phenomena on the largest of scales, without recourse to
particle dark matter. From a conservative standpoint, it is
reasonable to assume that phenomenological models that
serve this purpose should be ultra-low-energy effective
field theories, and that their regime of validity should in fact
be restricted to the scales on which their phenomenology is
required. On intermediate scales, there is no need for Z£ST,
since. GR not only explains all the observations at the
classical level but (together with its unique derivative
expansion) also constitutes a self-consistent and universal
infrared foundation for the true quantum theory of gravity
(the details of which remain unknown). To make sense of
this picture, one should consider mechanistically how the
action in Eq. (9) can emerge at large scales from what is
already known about fundamental theory, and why it
interpolates at intermediate scales to GR. This is not a
classical exercise, and requires techniques that are com-
pletely beyond the scope of this work.'” In this work, we
have followed [15] in brazenly applying the classical ST
field equations to intermediate scales, regardless of the
above concerns, which is tantamount to putting AEST
forward as a replacement for (or extension of) GR."® 1t
is interesting, therefore, that together with [15] the results
of this exercise do not openly contradict existing observa-
tions, i.e., that the strong-field solutions do not by them-
selves force us toward the ultra-low-energy interpretation
of AST—even if the requirements of an eventual quantum
framing seem to do so.

F. Why scalar hair is allowed

One possible objection to the new solutions is that they
are hairy: they emit a flux of the conserved current
associated with the shift symmetry of the scalar: the
model—being completely shift-symmetric—seemingly
provides no charge to source this flux. This objection
can be disregarded, because even if ZAST is valid on the
intermediate scales of compact objects it must still be an
effective theory. Once the theory is quantized there is a
generic expectation that symmetry-breaking operators will
be introduced at the one-loop level. This runs contrary to
notable counterexamples of relevance to no-hair theorems:
in Galileon/Horndeski theory, the derivative interactions
are such that loops from Galileon vertices never gener-
ate lower-derivative symmetry-breaking operators. More

"This is similar in spirit to what is done in [76].

8We stress that when ST was originally put forward, the
choice of interpretation was left open [10]. Moreover, ST
claims to describe at least part of the interpolation process by
providing for the Newtonian regime.
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generally, however, coupling of shift-symmetric scalars to
matter or gravity is expected to result in symmetry break-
ing. This effect would need to be taken into account when
matching our solutions to extreme matter configurations.
Indeed, despite our observations that both the black hole
mimicker and the Shapiro-free lens solutions terminate at
singular regions, there is no obvious reason why exotic
matter sources cannot be introduced to avoid this. Such an
attempt seems particularly desirable in the case of the lens,
which would otherwise have a naked singularity, though
the non-self-gravitating nature of the solution may give rise
to particular challenges. In either case, hair may be sourced
by quantum corrections that arise in the extreme environ-
ments on the approach to singular regions, where all current
models eventually break down.

G. Observational outlook: Mimickers

From an observational perspective, such @ther-inspired
compact objects could produce distinctive signatures in
upcoming surveys and multimessenger data. For example,

eff
K B

mergers of black hole mimickers might display nonstand-
ard gravitational wave ringdown: several studies predict
late-time echoes or “antichirps” rather than the standard
Kerr quasinormal modes [25,77]. Detecting these subtle
signals will require the high sensitivity of LIGO/Virgo/
KAGRA’s O4 run and next-generation observatories
(Einstein Telescope, Cosmic Explorer), and space-based
missions such as LISA could also probe extreme-mass-ratio
inspirals around supermassive mimickers. Moreover, if
horizons are absent, infalling matter could emit prompt
electromagnetic or neutrino bursts, making coordinated
gravitational/electromagnetic/neutrino  searches  (e.g.,
IceCube, Fermi/Swift) a promising avenue. At the most
basic level, we provide the rudimentary formulas corre-
sponding to the radii [in the Schwarzschild-like coordinates
of Eq. (2)] corresponding to the photon sphere r, and the
innermost stable circular orbit rgcg, for the mimicker
proposed in Egs. (2) to (4). These formulas, which are used
to obtain the slightly dilated radii illustrated in Fig. 1, are,
respectively,

ryEGNM 3+

GNM\/K%“\/4 + K§' - V2\/8 + K&

I'sco =

\/10 + K —2v2./8 + KT -2

V34 VISR (24 ke - Va2 KT\ | v o1
Vi-\ai-Kd ) 24 K+ Va2 KT ’
(ﬁ +4/2- Kgff>
ViKY
\/10 + Keff 2\/7\/8 4 Keff \/2 Keff \/4 2Ke“ (6 )
1b

\/10+Keff 2\/_\/8+Keff+ \/2 Ketf

To reiterate the physical parameters, besides the Newtonian
mass M, the formulas in Egs. (61a) and (61b) refer to the
measured Newton-Cavendish constant Gy as defined in
Eq. (16), and the dimensionless number K¢ as defined in
Eq. (35), with particular physical significance granted the
“special” value K& as defined in Eq. (40). A possible
objection to the possibility that some observed black holes
may be mimickers is that the accreting matter is not hidden
behind an infinite-redshift horizon. Indeed, if matter were
to “loiter” at the throat, it may give rise to observable x-ray
emissions. To address this, we note that the throat is
guaranteed to be an unstable environment for orbiting
matter, since it always lies well within the ISCO. To address
this question more broadly, we provide the formula for the
proper acceleration expenenced by massive, static observ-
ers at the wormhole throat,"”

"Note that for the nonphysical case K& > 2 we would have
la| =2exp[—tan~! (2/\/—4+2K§T)//—4+2KT] / (GNMKET)
in place of Eq. (62).

GaMKST

2(2- K" 7 AW
la| = ( ( ) TR (62)

V2E VIR

The important point is that Eq. (62) approaches zero in the
extremal case K& — 2, and diverges in the “stealth” limit
of GR as K& — 0. For all finite values of K&, however,
matter loitering at the throat would need to be sustained by
an outward acceleration of |a] ~ 1/GyM. In the case of a
solar-mass mimicker, this is comparable to the surface
gravity of a neutron star at |a] ~6 x 103 ms=2. For a
supermassive mimicker, the acceleration may be sup-
pressed by a factor of 10°~°. For much of the parameter
space, therefore, it is reasonable to expect that mimicker
throats would not be visible, though for large masses and
extremal values of K&, observable signatures may be
expected and should be investigated.

H. Observational outlook: Lenses

Meanwhile, Shapiro-free (massless) lenses may be-
have like cosmic strings: multiple images with identical
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magnification and essentially zero Shapiro time delay.
Indeed, to leading order, the Shapiro time delay in the
weak-field limit is

2 b b
At~ —b —— |arccos| — | +arccos| — | [, (63)
2b T Ty

where b is the impact parameter, r, is the coordinate distance
of the source to the singularity, and r, is the distance of the
observer. By contrast the GR expression, computed from the
Schwarzschild line element in Eq. (1), is

INES 2bG7M [1 +1n (4”’“)} . (64)

b2

When we compare Eq. (63) with Eq. (64), we notice that the
former has the opposite sign and, more importantly, does not
diverge for far away observers or far away sources. Indeed, in
the limit r, — oo and r, — oo, the exact expression for the
time delay, not assuming the weak-field limit, converges to

sewle(-0)-5(-0) @

where K and E are the complete elliptic integrals of the
first and second kind, respectively. Thus, for typical
astrophysical and cosmological scales, we expect these
lenses to be practically Shapiro-less. Regarding the sign of
Eq. (63), implying a Shapiro advance rather than a delay,
we note that this phenomenology is likely not unique to the
Shapiro-less lenses discussed here. Indeed, the gravitational
acceleration around galaxies and galaxy clusters in @ther-
scalar-tensor theory is expected to oscillate at very large
radii [10,11,58]. This corresponds to an oscillating effective
mass profile that would, in some regions, likely induce a
Shapiro advance. The implications and phenomenology of
these negative Shapiro delays in @ther-scalar-tensor theory
will be investigated in future work. Note that, whilst we
focus on the Shapiro time delay in this work, other lensing
characteristics are comparably reduced and inverted.
Working again at the most basic level, the “(—)” configu-
ration of Eq. (5), which describes the lens, can be used to
compute the effective Weyl potential relevant to gravita-
tional lensing @y, = (Py + Wx)/2 in the Newtonian limit
ds? & —(1 +2@y)de? + (1 —2%y)(dr? + r2dQ2).°  We
find that ultrastaticity of the lens leads to a vanishing
redshift potential @y = 0, such that to leading order in £/r

1 2
Py —.
N™g82

(Dlens = 7

(66)

“*Note that the conventional line element for weak-field
lensing calculations corresponds to a choice of isotropic coor-
dinates, which differ from the Schwarzschild coordinates in
Eq. (1) and proper-radial coordinates in Eq. (5) by some rescaling
of the radii.

Note once again that Eq. (66) contrasts strongly in terms
of sign and scaling with the GR case, computed from
the Schwarzschild line element in Eq. (1), for which
Dy = Oy = Py = —GyM/r. Indeed, if one were to
interpret the lensing signal implied by Eq. (66) in terms
of a nonrelativistic matter source in GR, one would infer a
mass profile

f2

M(r)~ “1Gur

(67)

Evidently, the profile in Eq. (67) is grossly anomalous. It
corresponds to a compact negative mass surrounded (and
exactly canceled) by a diffuse positive ~1/r* density
profile, such as those used to model the stellar mass
density in elliptical galaxies and bulges [78-80] (see also
[81]). Such an object would not be physical in the GR
context, but it could be explained by @ther-scalar-tensor
theory without recourse to exotic matter of any kind.
Extending the approximations in Egs. (66) and (67), the
exact lensing deflection angle A¢g, not assuming the weak-
field limit, is given by

fz

where b is the impact parameter and K is once again the
complete elliptical integral of the first kind. Time-domain
instruments such as the Rubin Observatory (LSST) and
Roman Space Telescope, together with radio facilities
(SKA, CHIME), will monitor large numbers of transients
and strongly lensed systems. These campaigns can test for
anomalous lensing. Strongly lensed gravitational wave
signals could exhibit interference fringes or multiple
chirps with unexpected timing. In summary, a coordinated
multimessenger strategy is key: gravitational wave detec-
tors (O4 and beyond) searching for non-GR ringdowns,
alongside precise timing and imaging surveys for synchron-
ized lensing transients, may constrain or reveal these
phenomena. The advent of SKA, LSST/Rubin, Roman,
LISA, and IceCube thus provides concrete opportunities
toward a smoking gun for @ther-scalar-tensor black hole
mimickers and Shapiro-free lenses.
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APPENDIX A: THROAT CONDITIONS

1. Stationarity condition

Working from Eqgs. (45b) and (46), the position of the
throat is found to be

2K

e K
Sst = / T [R — SR FRE,, + b1V, = G(V. Q) = A(AA, + 1)

where we define the quantities

g, Q) =2-Kg)Y+F(V.Q),

(A1)

rTEGNM<1—|— \/I—Kerf/2>

Taking again Eq. (45b) and differentiating, and then
plugging in Eq. (Al), the stationarity R'(rr) = 0 of the
two-sphere area at the throat is readily confirmed. In
particular, Eq. (A1) is valid for (physical) bounds leading
to K& < 2, as given in Eq. (39). For K&t > 2, the solution
changes character to the Ellis-Bronnikov drainhole, as
explained in Appendix E.

2. Flare-out condition

The stationarity of the two-sphere area can be promoted
to minimality R (rr) > 0, where the formula—again from
Eqgs. (45b) and (Al)—is

KSR GuM 2
" __ 2B T . N
R = 2 <VT(FT - ’”s)) '

(A2)

Together, these conditions confirm that the object is indeed
a wormhole for physical values of the parameters.

APPENDIX B: DETAILS OF COVARIANT
EQUATIONS

1. Definitions

In this appendix, we present the covariant field equations
extracted from the action Eq. (9), which we here write as

(B1)

(144).  b=202-Kp). (B2)

a=

NSRS

The shorthand a does not appear explicitly in this form of the action but will be useful below. Unlike in Eq. (17), which
assumes the specific form Eq. (11) of the function F (Y, Q), here we do not make any such assumptions.

2. Equations

The equations for the vector A,, the scalar ¢, and the metric g,, obtained from Eq. (B1) are,

"

= (V¥)(b(V,A4%) + GOV +24*(V,9) (2 — K + G1)) = 0,

5;::5T o« —2)A" + b(VFAY)(V, @) — 2K (V,VFAY) — bA* (V,VF @) + 2K (V, VY A#)

(B3a)
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555’2“ x —bA#(V,V,AY) — b(V,A,)(V¥A") + (V,A)GOD + A¥(V,AY)(V,0)G 0P + A*A*(V,V )G
+2(V, Vip)G1O) +244(V ,0)(V,AN) GO + 244(V ,A) (V)G + 2A/‘A”(V V,9)G0
+2(V,0)(V,0) (VVA)GHY 1 244(V,V,0) (V¥ )GV 4 244(V,V,0) (V¥ ) G
+441 4 (VA7) (V,0) (V,0) GV + 4AFAY A2 (V1) (V,V,0) G + 4(VHg) (V, V,lrp)(V” )G120
+4AFAY A (VA7) (V,0) (V,0) (Vo) G20 4 4AKAY( ﬂrp)(V”qJ)(V V0 +V,V,0)G>°
+444(V,0)(V,0)(V,0) (VP AY) + A*APA°(V,V ,00)) G0 (B3b)

5S}EST

5q"

& 2Ry, + Guu (=R + 2k(G = bAP(V,A7) (Vo00) + Kp(=(V,A,) + V,4,) (VA7)

+ 2’((_2’4/4‘41//1 + bAp((vMo) (VuAu) + (V/A(p) (vaz/)) + bAI/(vﬂAp)(vp(p)

+ bA/A(vuAp)(vp(/)) - bA/lAu(vpvp(p) - bAu(vp(p)(va/l) - bA/A (Vp(/)) (VPAD)

+ 2KB(_(vﬂAP)(vuAp) + (VUA/J - VPAD)(VPAM> + (v;tAp)(vﬂAu))

— (A (V) + A, (V,0)G ) = 2((V,0) (Voip) + A2 (A, (V,0) + A, (V,0))(V,0))G") = 0. (B3c)
In Egs. (B3a) to (B3c) we use the notation G to represent the mth partial derivative with respect to the first argument and
the nth partial derivative with respect to the second argument of G(), Q). By contracting Eq. (B3a) with an extra factor of
A, and using Eq. (18), we obtain an algebraic equation for the Lagrange multiplier 4,

2\ = =bJ*(V,p) + 2KgA*(V,V,AY) 4 bA¥A*(V,V ,¢) — 2KgA*(V,V*A,)
— (A"V,9)[=b(V,A") = GOV 1+ 24%(V, ) (K =2 = GO)]. (B4)

APPENDIX C: DETAILS OF COMPONENT EQUATIONS

1. Definitions

In this appendix, we present all the nontrivial components of the field equations Eqs. (B3a) to (B3c), and at the same time
we restrict the action Eq. (B1) to the specific form Eq. (11) for the function F (), Q). The assumptions made about the
behavior of the fields are the minimal ones in Egs. (19) and (20) required for spherical symmetry, along with the Ansatz
Eq. (21) for the scalar. The arguments of the fields y(r), y(t), M(r), N'(r), R(r), a(r) and V() are suppressed, and a
prime denotes differentiation with respect to each argument. We also define S; = sinh(ka(r)) and C; = cosh(ka(r)).

2. Equations
There are seven equations in total:

ZSZEZST S1(4KgRC SIM'N” = 8K C SIN'R/ + 4K RSIM'd — 4Ky RSIN' — 8K STR' — 4Kx RC, S o>
— 4PMNRS Frg Q3 + 2eMNDbRC, Q0N — 4eMNDSTOG R — 4e*M2N RS, 03y
+2ePM2N KRS, O3y + 2ePM PN RS, g Q3y* + 4eM N Ky RC, Qoy'y’ — 4Kg RS}
— 4eMRC  FoyQoy' + 26RC S| My’ + 26RC SNy — 4bCiS Ry’ — 8eMNRC, 007y’
+ 4eMANRC, FrgQoy'y’ — 8RC Sy 4+ 4K RCS1y? + 4RC S  Faogy'? — 4Kz RC; SN
— eM2NBRS, 0oy — 2bRC, Sy — 2*M2NRS, 0312V
— 4eMNRC,Qu'y'V — 4RC,S1y?V') =0, (Cla)
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5SZ
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ZEST o
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o

585

og

1t

S
% o« C;(4KgRC;SIMN' = 8KgC SIN'R + 4KgRSIM'od — 4Kz RSN — 8KgS?R'd’ — 4Kz RC, S a2

— 4PMNRS FaQ3x' + 2eMNbRCLQuN"Y — 4eMNbSIQ Ry — 4e*M-2NRS, 031

+2*M2N KRS, 031 + 2e*M PN RS, Frg Q31 + 4eM N KgRC, Qor'y’ — 4K RS

— 4eMRC, Ty Qo' + 2bRC,S; My’ 4+ 2bRC, SNy’ — 4bC, S, Ry’ — 8eMNRC,Qx'y/’

+ 4eMNRC, FoyQur'y' — 8RC S 1y? + 4KgRC S 1y'? + 4RC; S Fagy'? — 4KgRC SN

— eM2NBRS, 0oy — 26RC, Sy — 2*M2NRS, 0352V

— 4eMNRC,Qu'y'V — 4RC,Sy?V) =0, (C1b)

4MRS, FroQoN' + 2ePMBRCIMINT = 2PMBRCN™ + 863MS, Fy Qo R — 4e2MBCIN'R'!

+4MRC Fr Qo + 2e*MbBRC S\ M d — 3*MbRS N o — 2*MbS, R/l — 2*MbRC,a?

—4MNG, Fr Qo Ry + 8PMCIR W'V — 4PMNRC, FagQody' + 4e*MRSTF oMy

— 4MRSIF Ny — 8PMS2F Ry’ — 4 MRS, Fryay’ — EMORN" — 2MBRCN" — MRS,

— 4eMANRCIF 0 Qo — 4eMRSIF oy + 42MRS, 'y V' + 43M-NS, 0 R/ AV

+4MNRC, Q0d NV = 4PMRCIM Y'YV + 4MRCINY'V 4 4PMRCH"V' + 4e*M2NRS2 00"V

— 8MBNRC SSQIN'Y PV + 83MBNRCISI Q3 i V" — 2ePMN RS0 M 32y’ V"
—4PMANRSIOIN Y2y’ V" + 22 M2NRS, Q2w V! + 62M2NRC,S, Q3 y 2w’V — SRCIM y3V”
— 8eMANRCIS, QoM yy? V" — 4eMNRC3S, QN 'y 'y'* V" — 4eMNRC2 oy V" + 8RC3S ol y>V"
+ 12eMNRCIC, 00y "> V" + 2e*MN RSO3 2" V" + 8eMNRCIS, Qoy'y/'y/" V" + SRCHy 2y V"

+ 8 MANRSIOI 2" V! + 163M3NRCS3 0w/ "V + 2e*M2NRSZ Q024" V" = 0, (Clc)

o 4*M 4+ 4PM R F 5y 0% — 4eMRKPY + 8K R*kCIMN' — 4Ky R*(kCIN? + SRM'R' — 4R"? — 8RR

— 16K RKkCIN'R' + 8Kz R*(C3S; Ml — 8Ky R*kCIS\N' o — 4K R*kSHN' o — 16K RkC3S R/l

— 8K R*kCla? — 4Kz R*kS3a? + 8*MNR2kC, F 03y — 8MNR2KC3 F 0%y — 8bRKCIR '

+ 8eMNPR*kC3S| QN — 2eMNbR2kS,QoN' X — 4eMNbR2ST 0oy’ + 26 R*(CICLN "y

— 8eMNPRKCIS| Qo Ry — 4eMNbR2kCI Qo y + 4bR*(kCI My’ — 2bR*kCIN "y — 2bR2*kS, 'y’

— 162M2NR2CL 02y + 8PMN KR kCQ2y% — 126M 2N R2CTF 20031 — 8eMR kS F20 Qo'

+ 8XM2NR2CHF 10037/ — 8eMR*KCIS F o Qo' — 32eMNR2C3S, Qo' — 4eMN RS, FagQux'v’
+ 16eMNR2C3S| F 0 Qox'y’ + 16eM N KgR?*kC3S, Qox'y’ — 4R?*kS3y"? 4 2K R*kSy”? + 2R*kS3F oy
+ ARSI Fogy? — 8Ky R*kCIN” — 8Kz R*kC3S " — 16eMNR2C3S, Quy'v'V' + 8eM N RS, Qux'w'V'
+ 42 M2V pR2ACI Q" — 4P MNR2kCH Q0" — 4bR*Cly" — bR*(S3y" — 8*M-NR2CLQ31*V

— 8ePMNR2KQ3y?V + 16e*M 2N R2CIQ3N?V — 8R*(CSTy?V = 0, (C1d)
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5;2@ x —16KgRCIS|M'N' + 32K CiSIN'R' — 16K RCISIM e + 16Kz RCISIN e + 32K CISTR o
+ 4K RS0 + 2K RS4a? — 126*MNRS Foy Q3 + 4eMNDRS, 00y + 8e*M- RS, 031"
+ 4PMNRS; Fpy 03y — 16eMNBRCISIQ0N "Y' + 16eMNbCISIQ\ Ry — 4e*M-N K RS, O3y
+42PMNRS, Q%% — 2ePM N KRS, 03y + 4eM N RS, F g Q3% — 2e2M N RS, F 20 031
+ 12eMRC F g Qoy’ + 4eMRC3F 2000y’ — 8PRCISINy' + 16bC3S Ry’ — 8eMNRQy'y/’
— 8DRCS, My’ — 2Ky RS,y — ARS, F ooy — 2RS4 F ooy’ + 4Kg RSN + 2K RSN
+4eMVKgRQur 'y + 8eMNRC,Qur'y' — 4eM N KRC4Qur'y' — 126 MR Foy Qur'v!
— 4eMNRC, FarQux'w’ — 8RSy + 4KgRSyy”? + 2e*M2NRS, 03"V + M2V RS, 001"
—4eMNRO WV + 4eMNRC O W'V + ARS V' + 2RS4V — 4e2M2NRS, 022V
—2KpRa" + 2Ky RCya" = 26>V bRS, Qox” + 2b6RS,y" + bRSyy” + 4RSuy'? = 0, (Cle)

585
5grr

o —4e*M — 4PMR2F 0 03 + 4e*M RV + 8K R*kCISIMN + 4K R*kCIN™ — 4KgRiSIN'R!

+ 8RN'R! +4R"? + 8KgR*kC;SIM'dd + 6KgR*cS)N'a + 4Kz R*kS3a*> — 16K RxC SR/ o

— KgR*kSuN'd — 2KgR?*kS30% + 8e*MNR2kC, F 003y — 8*MNR2kC, S2F 0031

+ eMNBR2S, 00Ny — 8eMNORiC S}Q Ry — 4 M 2N R2kS30%y? — 8eMR kS| Fag Qo'

+ 2e* M2V R2kS30%y? + AbR*CIST My + dbR*kCIN"y — 8bRkCISTR 'y + 2bR*kS, 'y’

— 4PMANRUCIF 2003y 4 2e*M 2N RS F oo Q3% + 4eM N RS, F oy Qox'y’ — 16R*kSHy?

— 8eMR kST F 0oy’ + 8KpR*kSTw'? + 12R*kS3F you'* + 8R*kSTFagy’? — 2Kg R*kSIN”

— 32eMNR2C,S3 Q0w + 16eMN K R*(C,S3Qux'y’ + 16eMNR2C S F o0 Qox'v’

- 8R*kC,Sia" 4 4ePMN RS2 Q0" — M N BR?*kS3Q0y" — 4bR*kSTy" — 4bR*kSty”

— 8PMANR2ACIST 03 ?V — 16eMNR2C,S3 00’y V' — 16R* STV — R kSty>V'

— 8eMNR2US, Quy'w'V — 8R*ky'*V = 0, (C1f)

5S§EZST
5909

o« MRk F 003 — MRV + KgRrkCINT + KgRxS,N'od + KgRSia? — RN + MR = N'R’

= 28*MNRKC F Q3 + M NORKC S QoN"y + eMNDRkST Qay’ + M~ NRC3 F 0 Q3
— 2eMRKS| FagQoy' + bRCIN"Y' + bRiC,S &y’ + eMNRkS, FroQor'y’ + RkSIFoop’> — RN
+RMN' =R" = 0. (Clg)

Note that these equations are not all independent. Specifically, Egs. (Cla) and (C1b) are related by the normalization
condition Eq. (18), whilst Egs. (C1d) to (Clg) are related by the Bianchi identity.

APPENDIX D: CONSERVATION OF ATHER ACCELERATION

1. Einstein-ather case

In this appendix we prove the result in Eq. (37), that in EA theory the @ther acceleration is generically a conserved
current if both the @ther and the spacetime geometry are static. The first step in this proof is to prepare certain results. From
Eq. (18) it follows that V,(A*A,) = 0. This implies A*V,A, = 0, and hence

F,A" =V, (A,AY) = AV,A, = —J,.

(D1)
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Next, we start to use the two staticity conditions. Staticity
of the spacetime implies the existence of a global timelike
Killing vector &. Staticity of the @ther and the condition in
Eq. (18) implies that A# describes precisely the field of four
velocities of static observers. Accordingly, we may write

1
w=S N=VFE,

where N is the lapse function. Together with the identi-
fication in Eq. (D2), Killing’s identity V, V%& = —RV &
implies that the divergence of the @ther acceleration
defined in Eq. (23) is related to the Ricci tensor by

(D2)

V,J#=—R, A'A". (D3)
So far, the only field equation that has been exploited is
Eq. (18). Thus, assuming only that the model in question
can be thought of as GR coupled (minimally) to some
matter in such a way that doubly static solutions exist,
then one can express Eq. (D3) in terms of the matter stress-
energy tensor 7,, by using the Einstein equations

R, — %Rg/w = «T,,, so that

1
V,JE = —k (TWA”A” +5 T) : (D4)

where T'= T, is the trace of the stress-energy tensor. In
practice, of course, both Egs. (7) and (9) satisfy these
assumptions about the model, and so the Komar-type
construction in Eq. (D4) is valid for both EE and EST
theories. Lastly, static @ther is hypersurface orthogonal in
static spacetime. This means that, in the kinematical
decomposition of the congruence of A¥, the expansion,
shear and twist all vanish, which allows us to write
VA, =-AJ, and F,, =-A,J, +A,J,. This leads to
a further result [as quoted already in Eq. (23)]

F, P ==2],J", (DS5)
which can also be used in obtaining Eq. (30). We now
apply Egs. (D1), (D4), and (D5) to the specific case of EAE
theory. We will work in terms of the @ther coupling Ky as
introduced in Eq. (7), but of course the results also apply
to the “effective” coupling K¢ defined in Eq. (35). From
Eq. (7) we deduce

K
kT, = KgF o F : — TB 9uwFapF? +I1A,A,,  (D6)

and by using Egs. (18) and (D1) the relevant scalars
formed from Eq. (D6) are found to be

y Kg y
KT A'AY = KgJ, J! + =2 F P 40, kT =—A. (D7)

When Eq. (D7) is substituted into Eq. (D4), we conclude

Kp
V Jﬂ:—KBJﬂJﬂ—TF

1
. W =22

(D8)

As mentioned in Sec. II C, the @ther field equation itself
generally allows the Lagrange multiplier 1 to be deter-
mined on the shell. In the case of the EA theory in Eq. (7),
an application of Eq. (D1) then reduces this result to

K
2= KV, It + =P F P, (DY)

After substituting Eq. (D9) into Eq. (D8) and making one
last application of Eq. (D5), we find

(24 Kp)V,J" =0, (D10)
and Eq. (D10) implies Eq. (37).

2. Ather-scalar-tensor case

For the ST action in Eq. (17), it is possible to replace
the scalar-tensor Kinetic interaction —F**A, with J,. The
energy momentum tensor is then easier to compute, and
Eq. (D6) is replaced by Eq. (B2)

KB aff
kT, = KgF o F o — 1 GV Fop
b
+ E (FﬂvAﬂv/il// + F/jﬂAyv/il// - Jyvyl// - vaﬂl//)

b v 1
+ Eg,wf Vo +VuV,y

@ - EQ”DV(J}) + AA”A,,.

(D11)

By using Eqs. (18) and (D1), and A*J, = A*V .y = 0, the
relevant scalars in Eq. (D7) are replaced by

K b 1
KT, AFAY = TBJﬂJ” + 5V 5 V) + 4
dy
T=Y—-2 - A
K Yy Y V() -4
When Eq. (D12) is substituted into Eq. (D4), we conclude

(D12)

Ky b ] 1_dy 1

V=SB 2y g - &2

" 5 Il =3 MV 3V =3V 575
(D13)

From Eq. (B4), and using the fact that A*V ,yr = 0, we have
A= —=bJ'V y + KgV,JI — KgJH],. (D14)

Finally, by combining Eqgs. (D13) and (D14) we obtain the
analog of Eq. (D10)
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2+ Ke)V,r = V() - YD

o (D15)

Therefore, Eq. (D15) shows that V,J* = 0, if V()) « ),
consistent with the assumptions that lead to Eq. (26).

APPENDIX E: DETAILS OF EXACT SOLUTIONS

1. New definitions

In this appendix, we shall use the following definitions
for convenience:
J

=, = . El
dr dr (E1)
2. Ellis-Bronnikov drainhole

Without loss of generality, we refine Eq. (19) to a
genuinely Schwarzschild-like coordinate system so that

R=r. (E2)

After substituting Eqs. (22), (26), (28), and (E2), the only

field equations that do not vanish are Egs. (Clc), (C1d),
(C1f), and (C1g). These are, respectively, given by

dp dM\ b [, dT _dM
d dY d b
Ml 2bP+ar7?2+br—P+KB YA4+rY)+2r— | | +r M 24+-rP+KprY ) =0, (E3b)
2 dr dr dr 2
1_62M+r<2r+2( a7>2+b7>T+KBT2)> =0, (E3c)
dM  fa_, b dr L Ke)p, MY _

In Egs. (E3a) to (E3d) we have used Eq. (E1). One can
combine Eqs. (E3b) and (E3c) to eliminate ¢*M. The
remaining equations can be rearranged to yield

dM a _, b

dr dM 2

dpP dMm 2

- (aﬁ ‘r> (Edc)

From Egs. (E4b) and (E4c), it is obvious that P = ¢ for
some constant ¢, and this leads to our conjecture in
Egs. (34) and (36). With reference to Eq. (35), the system
in Egs. (E3c) and (E4b) becomes

dr Keff
F— = =27 —2rY2 - —B ;273
dr 2
eff

M =142rT +

I (E5)

Notice that the final equations of motion in Eq. (ES) are
precisely the same as those of EA theory in Schwarzschild-
like coordinates, see, for example, [66,85]. This is the result

I
which was to be proven, but we now go beyond it so as to
actually solve Eq. (E5). The choice of Schwarzschild-like
coordinate in Eq. (E2) is generally different from the radial
gauge Eq. (24) chosen to present the results in Secs. III
and IV. We will now define a new radial coordinate o, a
special case of the general » we have been using hitherto,
which we require to be proportional to the affine parameter
of radial null geodesics. More concretely, this choice of
radial coordinate is motivated as follows. In general, we
want our gauge condition in Eq. (24) to always apply in the
coordinates we happen to be using, and so it needs to be
revised accordingly whenever we rescale the radial coor-
dinate. Starting, therefore, from the general r coordinate,
we want to move to the new radial coordinate ¢ in which
this gauge condition is actually g, = —1/¢,,. In terms of
the original r coordinate, this implies —AN = M +
In(dr/do) which, taking derivatives with respect to o,
becomes a differential equation for (o)

@ d i <dN dM) -

do? do + do

This is precisely the radial geodesic equation following
from Eq. (19), which motivates this choice of radial
coordinate. Accordingly, we move from r to ¢ as defined
in Eq. (E6). We then further have the identities
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dJ\/_d./\/dr

o~ drdo’

N dV\2 AN dM &N [(dr\?2
WE_<E> T o do | P (a) (E7)

By combining Egs. (E5) to (E7), we find that Eqs. (E4a)
and (E4b) become

N 2drdNV 5 d\V\2 r KIS /dN\2
— =2, — = r{—1|_ .
do? rde do do do? 2 do
(E8)
The solution to the first equation of Eq. (E8) is
d
P2 = C%e_ZN—O- (E9)

AN’
for some integration constant c¢;. Once again, Eq. (E9) is
independent of the coupling parameters in the action and is

a result of the conservation of the @ther acceleration in
Eq. (37). Now from Egs. (E9) and (E8), we find

2
W S5 (EI0)
do  2(c+ )"+ (Ky' —2)c3

with further integration constants ¢, and c5. For the case of
the Ellis-Bronnikov drainhole, one can choose ¢, = 0 and
assume Eq. (42). By relabeling ¢ as r and integrating
Eq. (E10) with the constraints of Minkowski geometry at
spatial infinity, we then recover the line-element function in
Eq. (43a). The other function Eq. (43b) is obtained from
Egs. (E2) and (E9), again with appropriate integration
constants.

3. First extended Eling-Jacobson solution

The Eling-Jacobson wormhole is obtained as the special

case of Eq. (E10) where ¢, = —c34/1—Kg/2, and
Eq. (39) is also assumed instead of Eq. (42).

4. Anti-Ellis-Bronnikov solution

Whilst the Eiling-Jacobson solution was a special case of
the solution branch that led also to the Ellis-Bronnikov
drainhole, we now start afresh by considering quite a
different branch, in which Eq. (El1) holds true. The
condition in Eq. (48) translates to

T=0. (EI11)
With Eq. (E11) and (24), one is forced to have constant
M =—-N, which we satisfy by the simple choice
M =N =0, which is already consistent with the first
equality in Eq. (49). To proceed, Eq. (Clc) now reduces to

2dR _ 1dP

Rdr Pdr’ (E12)

Now Eq. (E12) implies that

P = CIR_Z, (El?))

for some constant c;. After substituting Eq. (E13), it can be
seen that Egs. (Cld), (CIf), and (Clg) all reduce to the
same differential equation

dR\2 ac?
(5) =1+ ons- (E14)
A solution to Eq. (E14) is
2 aci 2

Therefore, with the identification #2 = ac?/2 in Eq. (E15)
the second equality in Eq. (49) is also recovered.

5. Second extended Eling-Jacobson solution

By substituting Egs. (22), (26), and (52) into Eq. (C1b)
we obtain

e/\’”NR% (bdj—v - 2ad—"’> =0. (E16)

dr dr

For regions where the coordinates in Eq. (19) are non-
singular, Eq. (E16) evidently gives rise to Eq. (29). As a
consequence, if y is nonconstant we must have

dy b dN

— = E17

dr  2a dr (E17)
We then substitute Eq. (E17) into Egs. (Cld), (Clf),
and (Clg), and combine these equations to yield

dR dM d>M dM\?2
2 - - 2 _ el . El

dr dr +R[dr2 (dr)] 0 (E18)
Notice that Eq. (E18)(E8) have a similar form, except that
N is replaced with —M in Eq. (E8), as expected from

Eq. (24). Hence, the implication is that

dr

R = ¢ eM ,
cpe dM

(E19)

for some integration constant ¢;. Notice that Eq. (E19) is
independent of the coupling constant Ky and a. In fact,
Eq. (E19) is a result of the conservation of the @ther current
in Eq. (37). By substituting Eq. (E19) into Eq. (C1f) we
obtain

(2 B KB)/Is
2(1+4)

(E20)

dr r? r

dM— c% (1—%>_l, C3EC%
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The solution to Eq. (E20), in combination with Eq. (24),
leads to the geometry in Eqgs. (56a) and (56b). One can
substitute Egs. (56a), (56b), and (57) back to verify that all
the other field equations are satisfied.

6. Cosmological solution

When Egs. (22), (24), and (53) are imposed, and Eq. (28)
is relaxed, we find that Eq. (Cle) is satisfied by the first
equality in Eq. (58). Meanwhile, Eq. (C1b) reduces to

dVdy
R——=0. E21
QR ar (E21)
From Eq. (E21), we are obliged to set Eq. (59) which, when
substituted into Egs. (C1f) and (C1g), respectively, gives

(E22)

dR\?2 d*R
dr dr?

—1—|—A1<R2—|—<— =0, AR +—5 = 0.

The equations in Eq. (E22) are satisfied by the second
equality in Eq. (58) which, when substituted into Eq. (C1d),
gives rise to

d
2V kA cos (VkAr)(Kg —2)d—w
-
. d>y
-+ Sln(\/KAr) 2KA+ (KB —2)F
;

=0. (E23)
It can then be shown that Eq. (60) solves Eq. (E23).

APPENDIX F: MORE LIKE BLACK HOLES
THAN WORMHOLES

1. Null singularity

In this appendix, we discuss the nature and extendibility
of the solution in Egs. (45a) and (45b) beyond the hyper-
surface that appears to be a Killing horizon. We first assume
the condition in Eq. (24), which allows r to be interpreted
as the affine parameter of the radial null geodesics. Now let

&

O [x*]=[t,7,0, ], (F1)

be the tangent vector to such geodesics for coordinates x*
in Eq. (19). Then from Egs. (19) and (24), the particular
curvature scalar considered in [66] takes the form

2 d*°R
R, KK = ———. F2
m R dr? (F2)
If, as r—rg, the volume element behaves as
~ re’t(1—")¢, where H =H(r) is regular at r = rg

and € < 0, then the curvature scalar in Eq. (F2) takes the
form

2
Rﬂyk"k”z—zrzs 6(6‘—12) Ar+rg(e—1)]dH
r*(r—rs) r(r—rs) dr
dH\2 d*H

According to Eq. (F3), this scalar quantity always diverges
at this hypersurface, i.e., it is a null singularity.

2. No conformal rescaling

We will now show this singular behavior can be removed
by some conformal transformations. However, for the
solutions discussed in this paper, the cost of doing so is
either shifting this surface to a null-infinity, or making the
Ricci scalar diverge. Suppose, for some regular K = K(r),
the conformal factor we are looking for takes the form
Q= Q(r) so that

14
g g 0= (1-50)0 (my

The condition from Eq. (F4) that the hypersurface is not
shifted to null infinity is 2y > —1. Next, the cases in which
the singularity in Eq. (F3) can be removed are

(K(r)=A(r)=In(r)) Aye{e—1,—€}. (F5)

The function A(r) introduced in Eq. (F5) is the solution to
the following differential equation,

0:2(r—rs'€(€y_1)> AN +2(r+rg-(e=1))-H

—r(r—rg)  (A? —=H?) +r(r—rg)- (A" +H").
(Fo)

From Eq. (F6), one immediately has A = —H for the case
y = —e. The case when y = € — 1 is more complicated, but
one can always find the series expansion of A in the vicinity
of the horizon in terms of H and its derivatives. Under such
choices of y and X, the scalar defined by Eq. (F2) is
guaranteed to be 0 at r = rg, hence the singularity is
removed. Notice that the choice y = € — 1 clearly violates
the condition 2y > 1 since ¢ < 0 by assumption. Which
means, if one choose y = ¢ — 1, the cost of removing this
singularity is shifting the surface at r = rg to a null infinity.
We now turn our attention to the Ricci scalar for the
choice y = —e.

3. General curvature scalars

We now study the behavior of other scalar quantities near
this surface, noting how Eqs. (19) and (24) imply for some
regular, nonzero 7 = 7 (r)

p €
ezNwT<1—E> , Rzre”(l—r—s> . (F7)

r r
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From Eq. (F7) we conclude that, after the conformal
transformation described by Eq. (F4), the scalar concom-
itants of the curvature tensor and the metric behave as
(including the tidal stress experienced by radial massive
observer)

rs ué
S(Rﬂvm{’ gﬂl/) x| 1-== s H > 0,
r
{ =min (-2¢ -2y, -2y —2). (F8)
For example, Eq. (F8) implies if one chooses y = —e¢, the

Ricci scalar

rs ¢ .
R « (1—7> ,C=min (0, +2¢—-2) =+ 2¢-2.
(F9)

For the case under consideration, we have f# > 0 and € < 0.
Thus, for the choice y =—¢, { <0 if and only if
p+2e¢>2. In such cases, the curvature scalar and
Eq. (F2) are both regularized, and the null hypersurface
is not a null infinity.

For the solution discussed in Eq. (2), one always has
p + 2¢ = —2 < 2. Hence, the cost of removing the singular
behavior in the scalar Eq. (F2) for y = —e for this solution

is to make the Ricci scalar singular, which makes the
hypersurface defined by r = rg remain a null singularity.
We thus showed that, for spacetime described by Eq. (2),
near the null hypersurface r = rg, the following three
conditions cannot be simultaneously satisfied via a con-
formal transformation of spacetime:

(i) the surface can be reached by radial photon within

finite amount of its affine parameter;

(ii) the scalar defined in Eq. (F2) is regular; and

(iii) the curvature scalar is regular.
We therefore can safely conclude that the radial photon
geodesics are nonextendible at the null hypersur-
face r = rq.

For the physical spacetime, from Eq. (F8) with y = 0, the
null surface at r = rg is not a curvature singularity, if and
only if

B> 2. (F10)

In the solution of Eq. (45a), the condition in Eq. (F10) is

2
f=—r—ro>2, (F11)
V4= 2K
and Eq. (F11) gives 3/2 < K&t < 2. Within this range, the
curvature scalar is regular at r = rg.
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