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We present a dispersive amplitude analysis of the low-energy z°z° system in the radiative decay
J/w — ya°z°, using the mass-independent BESIII 0*F and 2% intensities, the total spectrum, and the
measured 0"+ — 27+ E1 phase difference. The isoscalar S-wave is described by a coupled-channel zz/KK
Muskhelishvili-Omnes representation, which implements the strong final-state interactions associated with
the fy(500) and f,(980). The D-wave is treated with a single-channel zz Muskhelishvili-Omnes
representation, where we identify all kinematic constraints of helicity amplitudes before transforming
them to the experimental E1, M2, and E3 multipoles. Smooth short-distance production of a pseudoscalar-
meson pair is encoded in subtraction polynomials, while left-hand-cut effects are estimated and found to be
numerically subleading. We identify the negative solution of the BESIII 0"+ — 2** E1 phase ambiguity,
after using the modulo-7 freedom of production amplitudes, as the phase solution compatible with unitarity
constraints, showing that the measured phase information can be accommodated with the Omnes phase
motion without requiring large additional phases. By normalizing the BESIII intensities with the extracted
branching fraction, we fix the absolute scale of the fitted amplitudes, making them suitable as input for future

dispersive studies of two-pion contributions to gravitational form factors.

DOI: 10.1103/38t3-2vvf

I. INTRODUCTION

Radiative decays of the J/y, such as J/y — yz°z° and
J/w — yK¢K [1,2], provide a useful laboratory for light-
meson spectroscopy. They further offer a promising envi-
ronment for searches for QCD exotics that are difficult to
explain within a simple quark-antiquark picture [3.4].
Owing to the Okubo-Zweig-lizuka [5-7] (OZI) and electro-
magnetic suppressions, radiative J/y decays proceed at
short distances predominantly via c¢ — ygg, as illustrated
in Fig. 1. This makes radiative J/y — y + hadrons proc-
esses sensitive to scalar and tensor resonances and, in
particular, to states with an enhanced gluonic component
such as glueball candidates [8—12]. The low-energy J/y —
ya°z° amplitudes are also relevant for pion and proton
gravitational form factors, which are encoded in matrix
elements of the QCD energy-momentum tensor. Near-
threshold J/y photoproduction has been used to access
the proton’s gluonic gravitational form factors [13,14]. In ¢-
channel dispersive representations, two-pion intermediate
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states enter the nucleon D-term and related gravitational
form factors at low momentum transfers [15,16]; applying
this strategy to J/y photoproduction requires reliable 0"
and 27" J/y — ynx amplitudes as hadronic input. These
applications motivate improved experimental measurements
and better theoretical control of the scalar and tensor meson
sectors, especially their final-state interactions.

On the experimental side, BESIII conducted the most
precise measurement of J/y — yz°z° based on a high-
statistics data sample of 1.311(11) x 10° J/y decays [1].
Compared to an earlier partial-wave analysis limited to
Breit-Wigner assumptions and a zz mass range above
1 GeV [17], the BESIII study performed a binned mass-
independent amplitude analysis for the scalar and tensor
components of the 7z%2° system. This avoids imposing a
fixed set of resonant poles from the beginning, which is
especially important in the scalar sector, where broad and
overlapping states make the identification of individual
resonances challenging. In this way, the BESII result
provides model-independent experimental constraints on
the scalar 0™* and tensor 2" contributions in J/y —
ya’z° and is therefore particularly valuable as input for
global and systematic amplitude analyses. These data have
already been applied in coupled-channel analyses to identify
the scalar and tensor resonance spectrum [18,19].

Published by the American Physical Society
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FIG. 1.

Main decay mechanisms for J/y — yPP, where P = z, K and the corresponding charge-conjugate states are implied. From

left to right: dominant direct c¢ — ygg production followed by hadronization into a pseudoscalar-meson pair; and subleading meson-
exchange topologies, in which P and an intermediate meson M are produced through gluonic or electromagnetic mechanisms, followed
by the transition M — yP. These exchange topologies are expected to be small compared with the direct radiative production
mechanism; in the BESIII z°7° analysis [1], events with any yz° invariant mass within 50 MeV of the @ mass were vetoed to further

suppress the J/y — wn’ — yn°z° background.

The underlying mechanisms for J /yr — yz°z°, as shown
in Fig. 1, provide a useful way to organize theoretical
discussions of scalar-meson production dynamics and
final-state interactions in the system: the dominant direct
mechanism is associated with production terms dressed by
final-state interactions, while the OZI- or electromagneti-
cally suppressed meson-exchange topologies generate sub-
leading left-hand-cut (LHC) contributions. This structure is
partly reflected in previous theoretical studies: Ref. [20]
investigated radiative J/y decays including coupled-
channel final-state interactions, emphasizing the role of
the KK channel in the f(980) contribution to J/y — yzr;
Ref. [21] included J/y — yn"xz~ within a vector-meson-
dominance framework, relating hadronic and radiative J /y
decays to study the f(500) and f(,(980) regions. The
production dynamics considered in these works do not aim
to describe the BESII J/y — yz°z° data [1], and they
predict rather small branching ratios compared with the
observed strengths.

More recently, the scalar 0™ intensity of the BESIII
J/w — ya°z° data was analyzed in Ref. [22] in connection
with the nature of the light scalar mesons. Reference [23]
constructed a coupled-channel Omnes matrix for the iso-
scalar D-wave zz/KK system, incorporating the f£,(1270)
and f%(1525) resonances in a framework consistent with
analyticity and unitarity. It was then applied to a simulta-
neous description of the BESIII spectra [1,2] from the
dominant 27* E1 amplitudes. However, the precise total-
intensity spectrum, the subleading 2" multipoles, and the
measured 07" — 2*" E1 phase difference have not yet been
fully exploited and can provide additional constraints on the
production dynamics and final-state interactions.

Dispersive methods provide a controlled implementa-
tion of analyticity and coupled-channel unitarity. These
constraints are key for the strong zz/KK final-state
interactions in the isoscalar-scalar channel, where the
broad f((500) and the rapid structure around the
f0(980) dominate the low-energy region. Different types
of Muskhelishvili-Omnes (MO) representations [24,25]
have been investigated in detail for y*y*) — 7z [26-28],
and the resulting helicity partial waves provide an essential
ingredient for dispersive evaluations of the two-pion

contribution to hadronic light-by-light scattering in the
muon ¢g—2 [29-31]. Radiative decays of the ¢ meson
provide a closely related timelike application, in which
nm/KK rescattering is combined with LHCs from the Born
term and vector-meson exchanges [32]. In this work we
use a coupled-channel MO representation for the S-wave
final-state interactions up to 1.05 GeV, while the D-wave is
described by a single-channel zzz MO representation up to
1.45 GeV. The dominant production strength is encoded in
subtraction polynomials. Possible LHC effects from Born
terms and spin-one exchanges are estimated separately and
found to be subleading. We incorporate all three measured
2t multipoles and the precise total-intensity spectrum
that is free from partial-wave ambiguities. We also address,
for the first time, the phenomenological impact of the
presented 07" — 27 E1 phase difference, whose conven-
tional positive solution deviates strongly from the elastic
Watson-theorem expectation. By normalizing the BESIII
intensities with the extracted branching fraction, we fix the
absolute scale of the fitted amplitudes, making them
suitable as input for future dispersive studies of two-pion
contributions to gravitational form factors.

The paper is organized as follows. In Sec. II, we introduce
the kinematics, helicity amplitudes, and their partial-wave
expansion. The corresponding kinematic constraints and the
multipole amplitudes are introduced thereafter. We show the
dispersive representations of the S- and D-waves in Sec. I11.
The fit strategy and comparison with the J /yr — yz°z° data
are discussed in Sec. IV. Conclusions and possible appli-
cations are given in Sec. V.

II. FORMALISM

A. Kinematics and helicity amplitudes

We consider the radiative decay

T/w(q) = v(q)7°(p1)7°(p2). (1)
with

q’ = M3, qi =0, s=(pi+p) (2)

The remaining Mandelstam variables are
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t=(q+p)?>  u=(q +p)* (3)

which obey
S+ 14 u=q*+2M2. (4)

For the 7°z° final state, Bose symmetry requires the
amplitude to be invariant under p; <> p, or, equivalently,
t <> u. The helicity angle 6 is defined in the two-pion
center-of-mass frame as the angle between the outgoing
photon and the pion with momentum p;.

Our analysis is based on the helicity formalism applied to
the radiative decays of vector mesons [32,33]. To isolate the
analytic structure relevant for the dispersive treatment, we
decompose the hadronic tensor H** into gauge-invariant
Lorentz structures and scalar-invariant amplitudes free of
kinematic singularities and constraints [34-36],

3

Hv =S (s, )L, (5)

i=1

where the tensors L form a complete basis for the process
[26]. Choosing the helicities of the photon and the J/y as
A1 and 4,, the helicity amplitudes are obtained by con-
tracting H** with the polarization vectors,

e;ﬂ(ﬁl1,/11)e”w(q,/12)Hﬂu = €iuz_i')mez (s.0). (6)

Parity leaves three independent helicity amplitudes, which
we choose as H,,, H,_, and H .

The isospin decomposition of the 7°2° channel is tied to
the dominant production mechanism. The short-distance
source c¢ — ygg produces an isoscalar two-pion system,
while isospin-violating contributions in J/y decays are
expected to be dominated by electromagnetic transitions
[37-39]." The main isospin-violating process J/y —
wn’ — yn°z° is further reduced by the BESII event
selection [1]. We therefore assume isospin conservation,
which leads to

Hgl,lg = _\/gHZ.AZ = _\/ngmzv (7)

where n and c¢ denote the neutral- and charged-pion
channels. The isoscalar kaon component in the coupled-
channel S-wave is defined analogously by

0 1

Kw="15 (KEW * Kﬁlllz)' ®)

'See also the discussion in Ref. [19].

B. Partial waves and kinematic constraints

The helicity amplitudes are expanded in partial waves
as [40]

Hgllz(s’e) = 2(2] + l)hg,z,zz(s)d,{z—z,.o(e),
7

@mmma%zpwuwmﬁwﬂﬂw 9)

where df -(0) denotes a Wigner rotation function. The extra

factor 1/+/2 in the KK expansion follows the convention of
Ref. [24] so that the coupled-channel partial waves obey the
same unitarity normalization for the zz and KK channels.
Due to Bose symmetry of the z°z° state, only even values
of J contribute to the expansion: 0™+ and 2" contributions
are therefore dominant, while the 47 amplitude is found to
be insignificant [1].

Helicity partial-wave amplitudes /), , and k}, , can
contain kinematic singularities and satisfy nontrivial rela-
tions at thresholds and pseudothresholds. These constraints
can be imposed either in terms of projected invariant
amplitudes or diagonalized Roy-Steiner kernels for the
Born-subtracted amplitudes [26,27]. Since the charged-
kaon and charged-pion Born terms are numerically negli-
gible in the present application (see the Appendix), the
constraints below are written directly for the amplitudes
rather than for Born-subtracted quantities. For the S-wave,
Low’s theorem [41] then requires

W (s .
h8,++(5) = ( 0'++< )> =(s— qz)h8,++(s)’ (10)

k8’++(s)

where 128% is regular at the soft-photon point s = ¢2.

For the D-wave, partial-wave amplitudes obey a hier-
archy of threshold and soft-photon constraints. In the
present analysis these constraints are applied to the sin-
gle-channel zz D-wave amplitudes. Following the pro-
cedure of Ref. [26] for yy* — 7z, we adapt the construction
to the decay kinematics of J/y — yzn,

hS . _(s) = (s —4MZ2)(s — ¢*)h  (s),
hy () - \/%h(z)_m@) = (s —4M3)(s — ¢°)*h3, ().

2s \/65
hS . _(s) = 2\/;2h(2),+0(s) +=5h(5)

= (s =4M3)(s — ¢°)*h35(s).
(11)

where we choose M, = M+ in the isospin limit. The
functions hg ; are regular at both the two-pion threshold and
the soft-photon point.
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The kinematic constraints in Eqs. (10) and (11) are
imposed before introducing dispersive representations, so
that IA18,+Jr and h(2),i encode only the remaining dynamical
information.

C. Multipole amplitudes

Radiative decays of a charmonium state into a hadronic
state X with definite spin and parity can be described
equivalently in a helicity basis or in a radiative multipole
basis. The helicity basis is natural for partial-wave pro-
jection and for separating the kinematic constraints dis-
cussed above. The radiative multipole basis instead
classifies the same transition by the angular momentum
carried by the emitted photon. It is therefore well suited for
testing the hierarchy of electromagnetic multipoles in
experiments. The BESIII mass-independent analysis of
J/w — yn°7° reports the 0*+ and 2*+ components in this
basis [1].

For J/w(177) = yX, with X of spin Jy, angular-momen-
tum conservation gives |1 — Jy| < J, <1 + J, and parity
conservation determines whether the multipole transition
with angular momentum J,, is electric or magnetic. Thus a
0" two-pion state admits only an E1 transition, whereas a
2+ state has the three allowed transitions E1, M2, and E3.
Here E1, M2, and E3 denote electric-dipole, magnetic-
quadrupole, and electric-octupole radiative multipoles.

We use the basis transformation employed in charmo-
nium radiative transitions [42-44]. For the amplitudes
considered here, the helicity partial waves with 4, = +1
are related to the multipole amplitudes by

f“ 2J,+1
JHz 1 Jlll/ 11J,v

Xh(J),u,(J,)(s)’ v=|1-2],
) {EJy, J, odd, (12)
1, (J,) =
ey MJ,, J,even.

Here the bracket denotes a Clebsch-Gordan coefficient, and
the multipole labels refer to the radiative transition.

The transformation is trivial for the S-wave: the J =0
partial wave is associated with the 0™ E1 amplitude,

hg ++( ) = hg,El(s)' (13)

For the physical neutral-pion channel this gives

1

hg g1 (s) = _%hg,m (5). (14)

Evaluating the Clebsch-Gordan coefficients, we find for the
27+ components,

3 1 1

", FH W | (i
h8+0 = 13—0 \/Lg -2 % h(z),Mz - (15)
hS ot 1 1 \ﬁ k3

Vio V2 5

For the 2*" radiative multipoles, threshold behavior and
angular-momentum factors at the soft-photon point lead to
the hierarchy

hg.m(s) =0((s - 4M;2z)(s - qz))’
th\/lz(S) =0((s - 4M%)(S - 512)2)’
1S g3(s) = O((s = 4M3) (s = ¢°)°). (16)

The kinematic constraints for the helicity amplitudes in
Eq. (11) directly reproduce this behavior in Eq. (16). We
stress that Eq. (16) displays only the dominant soft-photon
behavior of the individual multipoles. The full kinematic
constraints obtained from the Lorentz-basis analysis are
stronger: they imply the helicity-amplitude relations in
Eq. (11), which translate into correlations among the E1,
M?2, and E3 multipoles away from the soft-photon point.

Since Eq. (15) is orthogonal, it preserves the angle-
integrated 21 intensity: it can be written equivalently as an
incoherent sum over helicity amplitudes or over multipoles,

2 2 2

h(2),+— + hg,+0 + h(2),++
0 : 0 : 0 :
- hZ,El + h2.M2 + h2,E3 (17)

This transformation is essential for the comparison with
BESIII, whose mass-independent solution is reported in
the E1, M2, and E3 basis, with the E1 component carrying
the dominant 2% strength. For the physical neutral-pion
channel, the same isospin factor applies to each 2+
multipole,

1

h?,x<S):—ﬁh8,x(s), X =E1,M2,E3. (18)

II1. DISPERSIVE REPRESENTATIONS
OF THE S- AND D-WAVES

We now discuss the detailed construction of the dis-
persive representations used for the S- and D-waves before
fitting the data. The two cases are presented separately, with
the kinematic constraints of Sec. II incorporated into the
amplitudes used in the numerical analysis.
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A. S-wave coupled-channel representation

The final-state interaction in the isoscalar S-wave is
governed by coupled zz/ KK dynamics. It is encoded in an
Omnes matrix Q9(s), with its discontinuity fixed by
coupled-channel unitarity and the I = 0, J = 0 hadronic
T-matrix. We write

Qi (s)

Q1 () 19)

aj(s) =

where channel 1 denotes zz and channel 2 denotes KK. In
the present analysis we use the same two-channel input as
in Ref. [32], based on the data-driven analysis of Ref. [45].
The input is constrained by Roy-like analysis of zz — zx
[46] and by dispersive information on zK — zK and 7z —
KK [47].

In MO representations, the Omnes matrix fixes the right-
hand-cut structure required by two-channel unitarity. The
remaining input is process dependent and enters through
possible LHCs and subtraction parameters. This framework
has been used successfully in radiative ¢ decays [32,33]:
once the leading crossed-channel singularities are included,
the spectra can be described with a minimal set of
subtraction parameters. In decay kinematics, left-hand
singularities can in principle overlap with the unitarity
cut and thereby modify the simple Watson-theorem phase
expectation in the elastic region (see, e.g., w,¢ — 37
decays [48-51]). Since the BESII 0" —2** E1 phase
difference shows, at first sight, a strong deviation from the
elastic zz phase-shift difference [19], we estimate the
leading crossed-channel mechanisms explicitly. However,
as shown below and in the Appendix, the spin-one-
exchange and Born contributions are numerically small
in the present process. We therefore use them only as a
check of possible interference with the dominant smooth
production terms, rather than as the mechanism responsible
for the observed spectrum or phase motion.

We then use the standard MO representation, treating the
LHC as an inhomogeneous term [24,25,32]. With the two-
component S-wave amplitude of Eq. (10) and the vector
P(s) = (Py(s), P,(s))T of subtraction polynomials, the
S-wave amplitude is written as

h8,++(5) = hg:{ﬁ(s) + (s = ¢*)Q(s) (P(s) — AG . (5350)),
(20)

where the LHC rescattering correction is evaluated in once-
subtracted form,

s—=59 [~ ds
A6,++(S§SO) = A

7 m2 S = 8o

Im (Q0(s")™" o
(S/ _ qZ)(S’ _ s) 0,++

(s). (21)

Here s, denotes the subtraction point and for hg:i L Weuse
the pole parts, while polynomial pieces associated with
different off-shell realizations are absorbed into the sub-
traction polynomials. For the LHC test, we retain only the
largest signal-mimicking contribution, the b;-exchange
term, which enters through the pion component,

WL (s) = (h&%“)). (22)

The remaining smooth dependence on s is contained in the
subtraction polynomials P;(s).

B. D-wave representation

For the D-wave we work with a single-channel isoscalar
J = 2 2z Omnes function. It implements the right-hand cut
generated by the zz D-wave phase shift and contains the
phase motion associated with the f,(1270) resonance. It is

given by
o d /60 !
Q)(s) = exp {5/ — 2(8)}, (23)
4

A
a5 =

where &) is the isoscalar 7z D-wave phase shift. In the
numerical implementation, this input is taken from global
fit 1 of Ref. [52], which is the preferred dispersively
constrained solution for the isoscalar D-wave, up to
/s = 1.6 GeV; above this energy it is smoothly continued
to # in the Omnes integral. A coupled-channel D-wave
Omnes treatment can be used for simultaneous zz/KK
analyses, especially when the f}(1525) region is included
[23]. Since the present analysis focuses on the 27" multi-
poles at low energies up to 1.45 GeV, we keep the D-wave
final-state interaction in the pion channel.

After separating the threshold and soft-photon factors in
Eq. (11), the dispersive representation is applied to the basis
amplitudes hgy ;- For the optional LHC test, we use the once-
subtracted single-channel MO form

h3,(s) = hy (s) + Q8(s)
x (PP (s) = AZ;(5350)),

1

i=123 (24)

where

s—s50 [ Im (Q9(s))~!
AL (s; _ 0/ ds’ 2 ROL (g ’
2,z(s SO) e e § (S/ _ so)(s’ _ S) 2.i (S )

3 (s) = h37'(s). (25)

The function hgf‘ is the combination of the b,-exchange

projections of the Appendix that enter the basis amplitudes
h3 ;. The functions A%, denote the corresponding rescatter-
ing corrections.
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In the fits, both P(s) and PP(s) are chosen as linear
polynomials. The LHC rescattering terms Af_  and A%,
however, are evaluated with one subtraction, which is
sufficient for convergence of the spin-one-exchange con-
tributions. An equivalent form with an additional subtrac-
tion would differ only by a polynomial in s and can be
absorbed into P(s) and PP(s). Since the explicit LHC
terms are numerically small, they are not intended to
describe the S- and D-wave intensities on their own, but
rather to estimate their interference with the dominant
production mechanism.

IV. NUMERICAL RESULTS

In this section we compare the partial-wave dispersive
representations with the BESIII mass-independent analysis
of J/w — y°z° [1]. The BESIII intensities are normalized
with the total intensity yield and the determined branching
fraction, which fixes the absolute scale of the fitted
amplitudes. The comparison is then organized in two steps.
We first fit the O intensity, the three 2™ multipole
intensities, and the total spectrum. We then add the
measured 0Tt — 2%+ E1 phase difference to the same
intensity data, so that the S- and D-wave amplitudes are
tested also through their relative phase. Comparing the two
fits shows the phenomenological impact of the measured
phase information, in particular its deviation from the
elastic Watson-theorem expectation.

A. Input data and fit strategy
The input consists of the mass-independent BESIII
multipole intensities

JOET, 12X (X = E1,M2,E3), (26)

together with the total intensity /' and the measured 0"+ —
2++ E1 phase difference. Here 1! denotes the 0%+ E1
contribution, while /%X denotes the contributions from the
three 27 radiative multipoles. The total intensity is related
to the quoted component intensities by

=1+ X=ELM2.E3. (27)
X

Here i labels the experimental z°z° mass bin.

For these quantities, BESIII provides statistical uncer-
tainties only in diagonal form. In addition, BESIII quotes an
overall systematic normalization uncertainty of 5.4% for the
results of the mass-independent analysis [1]. The dominant
contributions arise from the photon-detection efficiency
(5.0%) and the number of J/y events (0.8%), which we
treat as normalization uncertainties that are fully correlated
across all fitted intensity data points. We assume the
remaining systematic effects to be localized in individual
energy bins and add them in quadrature to the diagonal

covariance entries. To avoid a potential bias associated with
these multiplicative normalization uncertainties [53], we
follow the iterative strategy of Refs. [54-56]. Starting from
the empirical covariance matrix, we update it using the fitted
intensity spectrum until the iteration converges to the
unbiased minimum.

The BESIII mass-independent analysis is affected by
mathematical ambiguities when extracting partial-wave
amplitudes from intensities [57]. Since the fitted intensity
depends on quadratic combinations of the complex ampli-
tudes, different amplitude coefficients can reproduce the
same total intensity in a given mass bin. In this regard,
the trivial overall phase ambiguity is reduced by choosing
the 2" E1 amplitude to be real and positive. Furthermore,
an arbitrary convention is chosen such that the 0T+ — 2+ E1
phase difference is constrained to be positive. A nontrivial
ambiguous partner can still remain when the analysis is
truncated to the 07" and 2% amplitudes. In the BESIII
construction, this ambiguity is tied to the possibility that the
27+ E1, M2, and E3 components have different phases.
Below the KK threshold, BESIII assumes that the three 2+
multipoles share a common phase and the nontrivial
ambiguous partner is therefore absent. Above the KK
threshold, this assumption is relaxed, leading to the two
distinct solutions observed by BESIII in several mass bins
[1]. We therefore fit the two solutions to estimate which one
is favored by dispersive constraints. In contrast, the total
intensity is determined directly from the event yield in each
mass bin and does not depend on the choice of ambiguous
solutions. Its uncertainties are also much smaller than the
diagonal errors provided for the different multipoles.
Therefore, it should be used as a common constraint on
the fitted sum of components.

To put the binned BESIII intensities on an absolute scale,
we follow the normalization procedure of Ref. [23] and use
the determined branching fraction [1,58]

B(J/yw — ya°2%) = 1.15(0) 4 (5)gyse X 1073, (28)

syst
where the statistical uncertainty is completely negligible,
while the systematic uncertainty is an overall normalization
uncertainty dominated by the photon-detection efficiency.
Together with the bin width AM = 15 MeV, this gives

A e\ ™ _ BUJw = ya2%) 1%

( 1—‘J/x//d\/E >,’ B AM ZkI}cOt ’
where I';,, is the J /y decay width, and the sum over k runs
over the full BESIII mass range. Here X = E1 for J =0
and X = E1,M2,E3 for J =2. The total spectrum is
normalized by the same expression with II.J’X replaced by
I'°'. With this convention, the total spectrum integrates to

the published branching fraction, while the multipole
spectra are normalized to the same total yield.

(29)
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The differential branching fractions in the physical 7°7°
channel are given by

dF(J)ﬁ/l_WOﬂO o (g% —s)\/s —4M?, -

Tydys Ty 38473 (¢7)2
Wi o
Tydys Ty, 3847°(¢%)%? X .
X =El1,M2, E3. (30)

Here hf;, and h%y denote the physical neutral-channel
amplitudes defined in Sec. II. The total spectrum is not
fitted as an independent amplitude, but as the sum

tot 0,E1 2.X
dr‘]/l//—ﬂ/ﬂoﬂo o J/y—ya’z® dr‘]/l//—ﬂ/ﬂ'oﬂo (3 1)

= + .
1ﬂJ/l//d\/E FJ/Wd\/E X 1ﬂJ/l//d\/E

Since the BESIII mass-independent analysis is performed
in finite M 00 bins, with the dynamical functions taken to
be constant within each bin, the theory prediction is
averaged over the corresponding bin interval,

1 Si+AM/2 arg, 0
RN dy/fs —LLy=ran (32)

AM ] j5;-am)2 Lypdy/s

The finite-bin correction is implemented with a numerically
faster iterative reweighting method following recent appli-
cations [32,59].

We consider two fit scenarios. The first uses only the
intensity information, while the second adds the measured
0t — 2"+ E1 phase difference,

Yoo =Xo1 5.6 + w1563 + Yoo
)(ian»ph :)(izm +)(2Az/)’ (33)

where y3 » denotes the contribution from the 0t -2t El
phase difference.

B. Combined intensity fits

For the first fit scenario, the S-wave amplitude is
described with the coupled-channel zzz/ KK MO represen-
tation of Sec. III. The subtraction polynomials are taken as
real linear functions,

Pi(s) :ai+bis, i:ﬂyKa (34)
which multiply the two columns of the Omnés matrix and

allow production in both coupled channels before rescat-
tering into the observed zz channel.

For the D-wave amplitudes we use the single-channel
Omnes input Q)(s) detailed in Sec. III. The main fit is
performed for the basis amplitudes h(Z)_i of Eq. (11), with
subtraction polynomials

PP(s) =aP +bPs, i=1,2,3.

; (35)
In the fit, the helicity amplitudes are reconstructed with the
kinematic relations in Eq. (11) and transformed to E1, M2,
and E3 through Eq. (15). Thus, in this construction, the D-
wave kinematic constraints are imposed before the com-
parison is made in the BESIII multipole basis.

The b; LHC term was tested to assess LHC interference
with the dominant production terms. Its inclusion does not
improve the fit quality and shifts the fitted parameters by
amounts within their quoted uncertainties. We therefore do
not include explicit LHC terms and set them to zero in the
central results.

The S- and D-wave components are fitted simultaneously
in the region where both representations are valid,
/s £1.05 GeV. In this common region, the theory pre-
diction for the total spectrum is constructed from the same
component sum as in Eq. (27), so that the measured total
spectrum provides a stringent constraint on the shared set of
amplitudes. This is particularly important in the transition
from the S-wave-dominated low-energy region to the
spectrum dominated by the 2* multipoles. Above
1.05 GeV, the S-wave representation is not used; the 2+
multipole fit is continued up to 1.45 GeV, where the single-
channel D-wave representation remains adequate for the
present purpose and the data are dominated by the f,(1270)
structure.

. totall
351, o++

30 r

25

20 F

=% % 108 [MeV 1]

Ty dv/'s

Al ;0

300 400 500 600 700 800 900
V5 [MeV]

1000

FIG. 2. Combined intensity fit to the z°z° input. The total
intensity is shown together with the S-wave contribution. The
solid and dashed lines show fits to the first nominal solution and
its ambiguous partner, respectively. The error bars on the data
points show only statistical uncertainties.
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FIG. 3. 2" intensity contributions in the combined fit. The

upper panel shows the low-energy region, while the lower panel
shows the high-energy region dominated by the f,(1270). The
solid and dashed lines represent fits to the first nominal solution
and its ambiguous partner.

Figure 2 shows the fits to the total intensity, together with
the corresponding S-wave contribution up to 1.05 GeV. The
individual 2"+ multipole intensities are shown in Fig. 3,
where the low- and high-energy regions are displayed
separately to keep both the threshold behavior and the
f2(1270) region visible. The fit parameters satisfying the
D-wave kinematic constraints are summarized in Table L.

The values of y? per degrees of freedom (d.o.f.) in Table I
are larger than those obtained from fits to the individual
component spectra. This is primarily because the combined
fit also includes the total intensity, whose smaller statistical
uncertainties impose a stringent constraint on the common
sum of the S- and D-wave contributions. Fits to the 0T
intensity and to the 2" multipole intensities separately
give y*/d.o.f. ~ 1.3. Including the systematic uncertainties
does not remove this tension, since the bias-free iterative
treatment of multiplicative normalization uncertainties

TABLE 1. Combined intensity fits to the z°z° input using the
hg‘i D-wave implementation, in which the kinematic constraints
are imposed before transforming to the multipole basis.

Nominal 1 Nominal 2

x*/d.of. 548.78/331 642.11/331
= 1.66 =1.94

p-value 5.15x 10713 3.84 x 10722
a,(1073 GeV~?) 5.05(13) 5.14(13)
b,(1073 GeV™) —8.28(38) —6.61(37)
ag (1073 GeV~2) 8.0(1.1) 2.0(1.1)
bg (1073 GeV™) —-10.9(1.3) -3.7(1.3)
aP(107° Gev) 9.5(1.9) 19.4(1.9)
bP (1075 GeV~9) 4.8(1.1) —0.1(1.1)
a? (107> GeV~9) 5.44(24) 4.44(23)
b (107> GeV~3) —-2.32(14) —1.81(13)
a? (107 Gev~?) —1.147(38) —1.050(36)
bY (1075 GeV~10) 0.439(20) 0.389(19)

largely affects the fit uncertainties and has little impact
on the fitted spectral shape. The fit results show that the first
nominal solution gives a lower y? than its ambiguous
partner, with Ay? ~ 93 for the same number of degrees of
freedom. Since only diagonal statistical uncertainties are
available, the absolute p-values should not be overinter-
preted; nevertheless, the relative comparison is meaningful
within the same fit setup and indicates that the first solution
is more compatible with the dispersive representation. The
leading S-wave polynomial, which is most relevant for the
low-energy region, is stable between the two solutions.
Although the 0" ambiguity occurs only in three bins in the
analysis region, the second S-wave polynomial changes
substantially in central value through ag and bx. Among
the 2" amplitudes, the largest changes occur in the first
two D-wave polynomial blocks, including a sign change in
bP, consistent with the visible differences in the E1 and M2
intensities in Fig. 3. By contrast, the third D-wave block is
much more stable.

To test the importance of the full D-wave kinematic
constraints derived in Eq. (11), we also perform a direct
multipole fit with independent linear polynomials for the
three 2 multipoles,

h3 x(s) = (s —4MZ)(s — ¢*)"* Q4 (s) PR (s),
PR(s) = a + bYs, (36)
with X = E'1, M2, E3. The powers are chosen as ng; = 1,
nyn =2, and ngy = 3. This form builds in the expected
leading zeros of the individual multipoles, but it treats the
three 2" multipoles as independent functions after these
factors are removed. It therefore does not fulfill the full set
of D-wave kinematic constraints of Eq. (11). The resulting
combined intensity fits are significantly worse, with
y*/d.of.~2.9 for the two nominal solutions. The data
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therefore favor the fits in which the D-wave kinematic
constraints are imposed, and we use the hgy ; construction as
the main result.

C. Combined intensity and phase fits

In addition to the intensities, the BESIII mass-indepen-
dent analysis provides phase differences with respect to
the 27" E1 reference amplitude. The most relevant one for
the present analysis is the 07" — 2t E1 phase difference
in the low-mass region. An arbitrary convention is chosen
such that the 0t —2** E1 phase difference is positive
[1]. However, owing to the ambiguities of the system, the
corresponding negative solution is also a valid solution, as
documented by BESIIIL.

We first adopt the experimental presentation convention
and compare the measured phase difference with the phase
difference generated by the single-channel S- and D-wave
Omnes inputs [26,52]. Since the Omnes functions encode
the zz final-state interactions, this provides a direct
comparison with the corresponding difference &) — &9
between the zz scattering phase shifts. The result is shown
in the upper panel of Fig. 4. Restricting the comparison to
/s £0.9 GeV, where this elastic benchmark is applicable,
we find an average deviation of 9.6¢ from the central curve,
similar to the observation of Ref. [19].

We next investigate the negative solution allowed by the
BESIII ambiguity, which has not been considered in
previous analyses. It is obtained by reversing the sign of
the phase differences displayed in the experimental con-
vention. To compare this solution with the Omnes predic-
tion, we recall that elastic unitarity determines the phase of a
single-channel production amplitude only modulo z: multi-
plying the amplitude by an overall minus sign leaves the
unitarity relation unchanged while shifting its phase by
7 [60].

We use this freedom to map the negative solution to the
natural interval [0,7) and compare it with the phase
difference obtained from the Omnes inputs. The result is
shown in the lower panel of Fig. 4. This version is
substantially more compatible with the elastic benchmark,
with an average deviation of 3.3¢ from the central curve,
although some large fluctuations remain.

Since the negative solution agrees substantially better
with the phase difference generated by the Omnes inputs,
we use it in the combined fit and add y3,, to x7,, as shown
in Eq. (33). The dispersive representations are kept the
same as in the intensity fit, but the S-wave subtraction
polynomials are promoted to complex functions,

Pi(s) = ei(a; + b;s), i=nK. (37)
Here the coefficients a; and b; are real fit parameters, while
the phases ¢; describe additional phases of the two S-wave
subtraction components on top of the phase motion
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FIG. 4. Measured 0™ — 27+ E1 phase difference compared
with the #z phase-shift difference &) — 39 obtained from the
Omnes inputs (black solid line). The upper panel uses the
experimental presentation convention. The lower panel shows
the reflected-sign branch mapped to the interval [0, 7).
Mathematically, Ay = mod(—A¢pgesur, 7) = 7 — Adgesus
for 0 < A¢ggsm < 7. In the lower panel, the solid and dashed
green lines represent the combined intensity and phase fits to the
first nominal solution and its ambiguous partner, respectively.
The first four points above threshold are excluded from the fit.

generated by the Omnes representation. This fit strategy
is aligned with the BESIII phase convention: the 27" E1
amplitude is chosen to be real. We therefore keep the 2+
polynomial functions real, so that their phase motion is
generated only by the J =2 Omnes function. We require
the fitted phase difference to vary continuously with energy.
Since systematic uncertainties cannot be assigned reliably
to the measured phase difference, we use only statistical
uncertainties for both the intensities and phases in this fit,
so that the two datasets are treated on the same footing.
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FIG. 5. Total intensity in the combined intensity and phase fit,

shown together with the corresponding S-wave contribution.

The first four near-threshold phase points are excluded
from the phase fit because the partial-wave separation
appears unstable in this region. Close to threshold, the
D-wave multipoles are strongly suppressed by the kin-
ematic factors in Eq. (11), so the spectrum is expected to be
dominated by the S-wave. The extracted D-wave intensities
nevertheless fluctuate noticeably in the first bins, which
makes the corresponding 0™ — 2% E1 phase difference
unreliable for a smooth dispersive fit.

The fitted 0™ — 2% E1 phase difference is shown in
the lower panel of Fig. 4. The corresponding fitted intensity
spectra are displayed in Figs. 5 and 6: the first compares
the total intensity with the S-wave contribution, while the
second shows the individual 27+ multipole intensities. The
corresponding fit parameters are summarized in Table II.

TABLE II.  Combined intensity and phase fits to the z°7° input
using the same dispersive amplitudes as in the intensity-only fit.
Nominal 1 Nominal 2
y*/d.o.f. 701.84/377 810.70/377
= 1.86 =2.15
p-value 7.24 x 10722 7.98 x 1073
a,(107 Gev~?) 5.055(38) 5.118(34)
b,(1073 GeV™) —7.52(35) —6.68(10)
ag(1073 GeV2) 5.7(1.0) 2.41(16)
br(1073 GeV™) —8.1(1.2) —4.03(45)
¢, (rad) —0.036(27) —0.060(24)
¢k (rad) —0.154(33) —0.134(28)
aP (1075 GeV) 9.6(1.8) 20.2(20)
bP(107° GeV~9) 4.8(1.1) -0.5(12)
a? (107> GeV~9) 5.43(22) 4.35(25)
b2 (1075 GeV~?) —2.32(13) —-1.76(15)
a?(107° Gev~?) —1.147(31) —1.042(34)
b2 (107 GeV~19) 0.439(19) 0.384(21)
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FIG. 6. 2" intensity contributions in the combined intensity

and phase fit. The upper panel shows the low-energy region,
while the lower panel shows the high-energy region dominated by
the f,(1270).

The phase information provides an independent con-
straint beyond the intensity spectra. The latter mainly
constrain moduli and angle-integrated sums, while the
measured phase difference probes the relative phase motion
between the coupled-channel S-wave amplitude and the
2t E1 amplitude. A fit can therefore describe the 0"+ and
27" intensities separately, but still fail once the phase
information is included. Once the appropriate phase sol-
ution is selected and the intensity constraints are included,
the additional phases remain small and follow the same
pattern for both nominal solutions, with negative values for
both ¢, and ¢y In particular, ¢x differs more clearly from
zero, whereas ¢, remains a smaller correction. The rapid
phase variation around 0.85 GeV is driven by the near zero
of the fitted 0™ amplitude required by the intensity data.

The first nominal solution remains favored after includ-
ing the phase difference: the separation between the two
solutions increases from Ay? = 93 in the intensity-only fits
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to Ay? = 109 in the combined intensity and phase fits. The
leading S-wave coefficient a, is stable when the phase
information is added. For both nominal solutions, the
largest changes occur in the kaon-channel S-wave poly-
nomial parameters, with a smaller shift also visible in b,.
This indicates that the measured phase difference is
accommodated primarily through the kaon channel. The
smaller parameter uncertainties in the combined intensity
and phase fit should not be interpreted as arising from the
additional phase constraint, since this fit uses only stat-
istical uncertainties for the intensity data.

We also considered a fit with additional phases ¢, that
allow the constant and linear terms within each block to
have different phases, but this implementation is disfavored
by the data.

D. Branching fractions

Since the f((500) is broad and the scalar structures
overlap and interfere, a unique separation into individual
resonance branching fractions is difficult. Following the
window-integrated estimates of Refs. [21,22], we therefore
quote partial branching fractions obtained by integrating the
corresponding regions of the spectrum. The boundaries are
chosen according to the structures visible in the BESIII
spectrum and the fitted energy ranges. We take the preferred
fit to the first nominal solution as our central result and
integrate the S-wave intensity over 2M o < /s < 0.9 and
0.9 < /s < 1.05 GeV for the f,(500) and f,(980)
regions, respectively. For the f,(1270) region, we integrate
the total D-wave intensity up to /s = 1.45 GeV. We obtain

B(J/y = yfo(500) = y2°2°) = 3.26(20)(8) x 1073,
B(J/w — v£o(980) — ya°z°) = 0.27(4)(11) x 1073,
B(J/y — yf2(1270) — y2°2°) = 4.58(29)(20) x 107*.
(38)

Here the resonance labels identify the corresponding
integration windows. The first uncertainty is propagated
from the fit uncertainty and inflated by the Particle Data
Group scale factor. The second uncertainty is estimated by
varying the coupled-channel Omnes input [45], the single-
channel Omnes input [52], the choice between the two
nominal solutions, and the omission or inclusion of the
phase information in the fit. For each branching ratio, we
assign the largest deviation from the central value among
these variations as our systematic uncertainty. These values
are consistent with the direct bin sums of Ref. [22], which
give 3.24 x 107, 0.425 x 107>, and 4.82 x 107, respec-
tively, with a somewhat smaller f,(980) contribution in
our fit driven by the inclusion of the total-intensity data.
Assuming isospin symmetry, the first two results corre-
spond to 9.78(66) x 107> and 0.81(36) x 107> after sum-
ming over all zz charge channels. The f,(980) value is

comparable to the result of Ref. [18], while our window-
integrated estimate for the f,(500) region is about 1 order
of magnitude smaller than the value quoted there,
B(J/w = yfo(500) — yzr) = 105(20) x 1075.

As a separate estimate, we consider the kaon-pole term
followed by coupled-channel final-state interactions, as
described in the Appendix. Using the unsubtracted repre-
sentation applied in Ref. [32], we find

By = y2°7°) | pote = 2.58(39) x 1077,
B(J/w — 1£5(980) = y2°7%) | po1e = 1.00(23) x 1077
(39)

The uncertainties of these predictions are dominated by the
coupled-channel Omnes input [45]. Both values are 1-2
orders of magnitude smaller than the corresponding
strengths in the fitted spectrum, confirming that the kaon-
pole contribution is subleading. The result in the f,(980)
region is consistent with the range (0.26 —1.04) x 107’
obtained in Ref. [20]. The vector-meson-dominance mecha-
nism considered in Ref. [21] gives the smaller neutral-
channel estimate 1.2 x 1078, These estimates indicate that
such mechanisms provide only subleading contributions
and cannot account for the observed spectrum.

V. CONCLUSIONS AND OUTLOOK

We have presented a dispersive analysis of the low-
energy 7°z° system in J/y — ya°z° using the intensities
and relative phase information from the BESIII mass-
independent amplitude analysis [1]. We described the
isoscalar S-wave with a coupled-channel zz/KK
Muskhelishvili-Omnes representation, which implements
the strong final-state interactions in the f(500) and
f0(980) region. The D-wave was treated with a single-
channel zzz Omnes function, with the kinematic constraints
imposed at the level of the helicity amplitudes before
transforming to the experimental 2™+ E1, M2, and E3
multipoles. The analysis combines the total intensity, the
0™ intensity, all three measured 2™ multipoles, and the
0tt —2%" E1 phase difference in one dispersive frame-
work. We normalized the BESIII intensities using the total
event yield and the corresponding branching fraction,
thereby fixing the absolute scale of the fitted amplitudes.

The comparison with the BESIII intensities shows the
importance of including the total spectrum together with the
individual 0™ and 2%* components. It is free from
mathematical ambiguities and has much smaller uncertain-
ties than the individual multipole intensities. It therefore
provides a strong constraint on the common set of 0" and
27+ components and stabilizes the fits for the two nominal
solutions. Within the same fit setup, the first BESIII nominal
solution is favored over its ambiguous partner, with a
substantially lower y?, although this comparison should
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be interpreted with the available diagonal statistical uncer-
tainties. The data also favor the construction in which the D-
wave kinematic constraints are fully implemented; direct fits
of independent 2*" multipoles with only the leading
threshold and soft-photon zeros give significantly worse
descriptions. In addition, we provided a controlled estimate
of the crossed-channel effects relevant in the low-energy
region, finding that the left-hand-cut contributions are
numerically negligible.

We further included the measured 07" — 27+ E1 phase
difference in our analysis. This observable gives informa-
tion beyond the intensity spectra, because it probes the
relative phase motion between the S-wave and the 2+t E1
amplitudes. A key outcome is the identification of the
negative solution of the BESIII phase ambiguity as the one
compatible with elastic unitarity and the Omnes phase
motion, once the modulo-z freedom of production ampli-
tudes is taken into account. In the combined intensity and
phase fit, this solution requires only small additional phases
in the S-wave subtraction polynomials. The measured
phase information can therefore be reconciled with dis-
persive final-state interactions without introducing large
additional phases. This result supports a dispersive treat-
ment in which analyticity, unitarity, and kinematic con-
straints are imposed before comparison with the binned
mass-independent BESIII data.

For higher-mass extensions, the same kinematic con-
straints can be combined with a simultaneous analysis of the
7z and KK final states [1,2]. Such an extension would test
all 2** multipoles in a common coupled-channel frame-
work, going beyond the leading-E1 treatment of Ref. [23],
especially in the region where the f5(1525) becomes
relevant. Experimentally, covariance information beyond
the diagonal uncertainties, together with a systematic
uncertainty estimate for the measured phase differences,
would make the statistical interpretation of the dispersive
constraints more conclusive. The normalized amplitudes
obtained here provide useful hadronic input beyond light-
meson spectroscopy. The same 0T* and 2% zx partial
waves enter 7-channel dispersive representations of two-
pion contributions to gravitational form factors. In particu-
lar, applications to near-threshold J /y photoproduction and
to the gluonic gravitational form factors of the proton
require reliable timelike zz amplitudes with controlled
final-state interactions. The present analysis is a step toward
such applications, connecting radiative charmonium decay
data to future dispersive studies of gravitational form
factors.
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APPENDIX: LEFT-HAND-CUT CONTRIBUTIONS

The expressions below are provided for completeness.
They were used only to estimate the size of possible LHC
effects. Since all resulting contributions are numerically
small, and even the largest b;-exchange term does not
affect the final fits, no explicit LHC term is included in the
central results.

The leading spin-one exchanges considered here are the
p and b, exchanges, written in terms of vector and axial-
vector vertices. Here P denotes a pseudoscalar field. For the
vector case, relevant for p exchange, we use

Lyp, = eCyp, ePF,,0,PVy,

LI/IVP == C,l,vpe”mﬁaﬂl//ydaPVﬂ. (Al)
For the by, denoted by B,, we use the BPy convention of
Ref. [24] and choose the analogous field-strength form for
the wBP coupling,

EBP]/ = eCBp}, F/w 0" BY P,

ACl//BP = Cy/BP Y B" P, Y = ayl//u - aul//u' (AZ)
The magnitudes of the radiative couplings are fixed
from the corresponding decay widths. With the above

convention,

_ea 2(M%/ - M3)?

Uy_p, = 5 |Cyp,| 4M%, )

2 243

_a , (M —M3)
Upp, = 54 |Cspy| M—%. (A3)

The hadronic couplings are obtained analogously from the
two-body widths

‘CU/VPlz 3/2(,.,2 Ag2 2
FJ/W*VP:WJ/ (g%, My, M%),

|CwBP|2 1/2(,2 ag2 2
FJ/I,HBP:W/“ (q*. My, M3)

X |(g* + My — M3)? +2¢°M% |, (A4)

where A(x,y,z) = x> + y*> + 22 = 2(xy + xz + yz). Using
the partial widths collected in Ref. [58], we obtain
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- L M3 — M3\ ?
C,ry| = 0.366(31) GV~ Su(s) = V((s)) [_2sz 24 (vizzj ]
op(s §—
|Cp,ry| = 0.646(83) GeV~, g o 1
|Cypu| = 2.67(13) x 10 GeV~, +q2{1 -2;_7(]2”} (A8)
|Cyp x| = 1.25(16) x 1073 GeV~". (A5)
The full S-wave projection contains in addition Si!!(s) =
Sy(s) +2(s — g*). Since this extra term is polynomial in
For the vector exchange, V' = p, we define s — g7, it is absorbed into the production polynomial. The
S-wave amplitude is then
4M>
op(s) =1/1- = eCyp,Cyyp
2s h(‘)/++( ) ; v SV( ) (A9)
qg-—s
t.(s) = M3 1 +op(s A6
+(5) r ( p(s)) (46) For the D-wave, we first define the functions entering the
J = 2 projection of H_ |,
and define the logarithmic function
—¢* +2M3 - 2M>
M= 1.(5) X =
—t. (s _
Ly(s) = log—L——+21 (A7) STaJopS
My —1-(s) Fy(s) = My(s—¢*) —¢*(My, - M3)*. (Al0)
The pole part of the vector-exchange S-wave projection is ~ The three D-wave projections are
|
Fy(s)
DY (s) = — o [(1 = 3X3(s))L 6Xy(s)],
++(S) O'P(S)(S _ q2)2 K V(s)) V(s) + V(S)]
V6 10
DL(s) = *s0n(5)| (1= X3 6)PLy(6) + 5 Xy (5) - 2430)|
M3 — M3 [3X3(s) =2 X X3 (s) -1
DY(5) = 230y /5 e (BRI 22 IR Z 0y, (A1)
s$—q
|
The D- left-hand-cut pi L M3 — M3\?
e D-wave left-hand-cut pieces are Spls) = 5(s) [ZM% n 2q2< 5= P) }
op(s) S—4q
e 2 _ A2
hy i (s) = 5 5 Cvp, CyvpDY (5). + ¢* {1 - ZLA;[P} . (Al4)
$—4q
e
h¥,+—( ) ZCVP}’CI//VPD ( )’
P The axial S-wave contribution is therefore
1Y 1o(s) = 5 C, CyypDYo(s). (A12)
e
hg++( ) ZCBPyCy/BPSB(S)- (AIS)

For the axial-vector exchange, B = b, the same defi-
nitions of op(s) and 7, (s) are used. The corresponding
logarithmic function is

Mz —t,.(s)
L 1 = Al3
() = log b =11 (a13)
The S-wave projection gives Si!!(s) = Sg(s) — 2(s — ¢?),

where the pole part retained in the left-hand cut is

For the D-wave, the numerator entering the J = 2 projec-
tion of H,, differs from the vector case,

X, (s) :s—q2+2M%—2M%
(s = q*)op(s)
Fy(s) = My(s = ¢*) + (M} - M3 (AL6)
Accordingly,
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(+) g
R

x [(1=3X5(s))Ly(s) + 6Xp(s)].  (AL7)
The remaining D-wave projection functions keep the vector
kinematic form after My — Mp. The axial D-wave left-
hand-cut pieces are

h% . (s) == Cpp,CpppDL (5),

e

4

e

hs . _(s)= 1 Cpp,CyppDE_(s).
e

thrO(s) ~ 2 CBPrchPpﬁo(s)- (A18)

The multipole amplitudes are then obtained from the

helicity basis through Eq. (15). For the physical exchanges

one sets V =p and B = b;. For these numerically sub-

leading LHC estimates, the numerical implementation uses

the phenomenological complex-mass replacement

i

i
Mp—>Mp—§Fp, Mb 2

i Mbl - Fbl’ (A19)

1

rather than a dispersive finite-width treatment by a spectral
representation [32,61,62].

with P = 7, K. The coupling is fixed from
|gy/P+P- |2 aM %w 32
Uypyopip = WMJ/W 1- 7 . (A21)

Using the partial widths collected in Ref. [58], this gives

gy k-] = 1.273(16) x 1073,

|Gy | = 8.19(40) x 1074, (A22)
Following the notation of Ref. [32], we define
AM?.
0P+ (S) — 1 - P )
s
1 1 + Op+ (S)
L = 1 . A23
) = S O T o ) (A23)

The charged-channel S-wave Born projections are then

4M%. Li(s) — 2¢*

In addition, we estimate the charged-pseudoscalar Born kgﬁ(f‘(s) = egykik- > ,
terms. They follow from scalar QED and the effective §—4
coupling . 4M2, L, (s) - 24°
RGBT (s) = Gy a- e : (A24)
EVI}HP— = igwp+p—l//M[P+a#P_ —P“d"Pﬂ
+ 2eg,prp-yw, AYPTP, (A20)  The charged-kaon D-wave Born projections are
|
N 2€g K+K7M2+ 3 6
kL,BOI’n — TR TR T KT - L —— |,
2,++ (S) 5 — q2 6%(+ (S) K(S) + O'%(Jr (S)
\/geg KtK-S 2 2 10
kSBom () = v [(1— ) a%(s)LK(s)——Jr—},
2+ 4(s — q?) or(s)) K o%-(s) 3
N Zeg K+K7MJ/ \/E 3 3 1
ksBom (5) = |2+ +2 (1 =5— | Lk(s)]. (A25)
20 V3(s—¢%) o (s) 2 ox+ ()
The charged-pion projections h;:i‘j{;ﬂ are obtained from the charged-kaon expressions by the replacements

gy/KJrK* = gy/ﬂ+ﬂ_,’ MK+ i M]T+, Og+ — Op+, and LK i Lﬂ..
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