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The infinite series of 4DN ¼ 2 superconformal field theories with central charge relation a4D ¼ c4D are
closely related to the N ¼ 4 super Yang-Mills theory. In this paper, we study the modular properties of
their associated vertex operator algebras V ½T p;N �, where T p;N are those a ¼ c theories with an SUðNÞ
gauge group. We exploit the closed-form formula for the Schur index of theN ¼ 4 SUðNÞ theories T SUðNÞ
to derive the space of characters of the vertex operator algebra V ½T p;N � and the S, T matrices, and find the
(nonmonic) modular linear differential equations that constrain the module characters when possible. We
investigate the geometric interpretation of some of these modular data from the viewpoint of 4D mirror
symmetry. Using insights from the flavored modular differential equation and defect index, we investigate a
map between module characters of V ½T SUðNÞ� and those of V ½T p;N �.
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I. INTRODUCTION

4D N ¼ 2 superconformal field theories (SCFTs) have
been a central object of study in theoretical physics and
mathematics due to their richness and fascinating relations
with many areas in mathematics and physics. Thanks to the
amount of supersymmetry, there are many protected
quantities that can be computed exactly. Any 4D N ¼ 2
SCFT T has a protected subsector of local operators,
known as Schur operators, that furnish an associated vertex
operator algebra (VOA) V ½T � [1–8]. This fact is often
referred to as the SCFT/VOA correspondence.
The vertex operator algebra V ½T � is nonunitary as

long as the 4D theory T is unitary, where a Virasoro
subalgebra of central charge c2D ¼ −12ch4D is guaran-
teed to exist. The Schur index, given as the t → q limit
of the full superconformal index Iðb;p; q; tÞ of the 4D
theory T [9], is identified with the vacuum character
of V ½T �,

IT ðb; qÞ ¼ trHqE−Rþc4D
2 bf ¼ trV ½T �qL0−

c2D
24 bf ¼ ch0½V ½T ��:

ð1Þ

Here b denotes flavor fugacity if the 4D theory enjoys a
continuous flavor symmetry with Cartan f. Nonvacuum
modules of V ½T � are expected to correspond to insertion
of Bogomol’nyi-Prasad-Sommerfield (BPS) defects in
the 4D theory [10–13]. The associated variety XV ½T � of
V ½T � is conjectured to be identified with the Higgs
branch of vacua of T , which suggests that the VOA is
of the type quasilisse [14,15], a generalization of
rational VOAs. In particular, a nontrivial Higgs branch
implies that the VOA is nonrational. Nonrationality
sometimes implies a more complicated representation
theory, such as the presence of nonordinary modules
and logarithmic modules.
In [15], based on the identification of the associated

variety XV ½T � with the Higgs branch of vacua of T , it was
proposed that the unflavored Schur index IT ðqÞ and the
other unflavored V ½T � characters must satisfy a modular
linear differential equation (MLDE) [14,16]. An equation
of this nature also separately emerged earlier [17,18] and
was recently reinvigorated for classifying rational con-
formal field theories [19–29]. The existence of such an
MLDE suggests that a certain level of modularity is
retained in the representation theory of V ½T �, at least for
the ordinary characters, namely, they must have nonsin-
gular unflavored characters. For modules that are not
ordinary, their characterization requires flavor refinement
of the standard MLDE. The recent work [30–33] initiated
the analysis of these equations and used them to probe the
representation theory of V ½T � and more generally quasilisse
VOAs. Nonetheless, a general understanding of the struc-
ture of the representation theory is still lacking. It will be
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very beneficial to examine simple examples whose asso-
ciated VOAs are known in explicit form to gain valuable
insights.
The 4D N ¼ 4 super-Yang-Mills (SYM) theories T G

with gauge group G are one such infinite series where the
associated VOAs are relatively well understood, given by a
free field realization associated with complex reflection
groups [8,34], though the representation theory of these
VOAs remains underdeveloped. Interestingly, another
closely related series of 4D N ¼ 2 SCFTs Γ̂ðGÞ was
proposed in [35] that share some important features with
the N ¼ 4 SYM theories. In particular, a subclass of these
theories, which are referred to as T p;N in this paper, are
constructed as an SUðNÞ gauge theory with Argyres-
Douglas matter and satisfy the central charge relation
c4D ¼ a4D. The Schur index IT p;N

ðqÞ is related to that
ofN ¼ 4 SUðNÞ SYM theory by a simple specialization of
the parameters. This relation inspires an isomorphism (as a
vector space) between the associated VOA V ½T SUð2Þ� and
V ½T 3;2� [36].
The recent work [37] began the investigation of the

modularity of V ½T p;N �, where MLDEs were found for a
series of examples. In this paper, we continue this study by
combining the Fermi gas method [38–40] and elliptic
function integration techniques [41] to derive exact for-
mulas for the Schur index of T p;N , which are just
polynomials of the Eisenstein series, allowing us to
determine their modular properties explicitly. For the
infinite series T 2;2lþ1, we argue that the space V0 of
V ½T 2;2lþ1� characters has dimension

1þ 3lð2þ lÞ: ð2Þ

We provide a basis for the space of characters and compute
the S, T matrices. We further analyze more intricate cases,
T 3;2, T 3;4, and T 4;3, and construct the space of characters.
We approximate the nilpotency index n [42] with the
dimension dimV0 and verify that it is compatible with the
bound rank ≤ n − 1 in all known examples.
We also explore geometric aspects of modularity. In

particular, the fixed locus of the Uð1Þr action on the
Coulomb branch has been observed to encode modules
of the associated VOA [43,44], which is extended to and
proven for Argyres-Douglas theories [45,46]; evidence of a
possible generalization to A1 class-S theories are also found
[47,48]. Certain T p;N theories admit class-S realization,
such as

T 3;2 ¼ ðA2;D4Þ; T 4;3 ¼ ðA3;E6Þ; T 6;5 ¼ ðA5;E8Þ:
ð3Þ

This allows us to study the fixed varieties using the affine
Springer fiber techniques [45], and we find that the number
of fixed varieties matches the number of nonlogarithmic

characters given in terms of Jordan block sizes of the T
matrix. However, the role of logarithmic characters in this
geometric picture remains an open question.
We further examine the relation between the characters

of V ½T SUðNÞ� and those of V ½T p;N �, generalizing the
identification between their vacuum character. To obtain
the V ½T SUðNÞ� characters, we employ insights into the
structure of the BPS defect index in four dimensions
and the property of flavored MLDEs. In particular, we
define the difference operator

ΔðNÞchðb; qÞ ≔ b−ðN2−1Þq−N2−1
2 chðbq; qÞ − chðb; qÞ; ð4Þ

which acts on the V ½T SUðNÞ�-vacuum characters and gen-
erates potential nonvacuum characters chSUðNÞðb; qÞ. Under
the map

chSUðNÞðb; qÞ → q−
c2d ½T p;N �−pc2d ½T SUðNÞ�

24 chSUðNÞðqp
2
−1; qpÞ; ð5Þ

chSUðNÞðb; qÞ are mapped to linear combinations of char-
acters of the V ½T p;N �.
This paper is organized as follows. In Sec. II we review

the basics of the SCFT/VOA correspondence and the exact
computation of the Schur index of N ¼ 4 SUðNÞ SYM
theory. We also comment on observations from computing
the defect index and flavored MLDEs. In Sec. III we
reorganize the analytic expressions for the Schur indices of
T p;N theories as polynomials of the Eisenstein series and
study their modular properties exactly. We also compute the
number of fixed varieties using the affine Springer fiber
techniques and match with corresponding nonlogarithmic
VOA modules. Finally, we investigate the map from
V ½T SUðNÞ� characters to those of V ½T p;N �.

II. VERTEX OPERATOR ALGEBRA

A. Vertex operator algebra and Schur index

In any 4D N ¼ 2 SCFT T , there is a subsector of local
operators, known as Schur operators, annihilated by the
four supercharges Q1

−; S−1 ; Q̃2−̇; S̃
2−̇. These operators,

restricted on the z ¼ x3 þ ix4 plane, furnish an associated
VOA V ½T � [1]. This VOA is always nontrivial and is in
general nonunitary, due to the relation between the 4D and
2D central charges

c2D ¼ −12c4D: ð6Þ

This relation between 4D N ¼ 2 SCFTs and 2D VOA is
often referred to as the 4D/2D correspondence, or SCFT/
VOA correspondence.
For any T , the associated VOA V ½T � is believed to be

quasilisse, a generalization of the notion of a rational VOA.
It was shown in [15] that the Higgs branch of T can be
identified with the associated variety of the VOA V ½T �.
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This fact implies that for theories with a nontrivial Higgs
branch, the associated VOAwill be nonrational and carries
a more complicated representation theory. It is an interest-
ing and challenging problem to explore the representation
theory of the associated VOA V ½T �.
To tackle this problem using the tools from physics, we

focus on the Schur index Iðb; qÞ of T . The Schur index is a
special limit t → q of the 4D N ¼ 2 superconformal index
Iðb; p; q; tÞ, which counts the Schur operators with weight,
and is given by the supertrace

Iðb; qÞ ¼ q
c4d
2 trHð−1ÞFqE−Rbf: ð7Þ

Here H denotes the Hilbert space of T , b denotes
collectively fugacities associated with flavor symmetries,
and f denotes the Cartan generators of the flavor group.
This 4D quantity coincides with the vacuum character of
the corresponding VOA,

Iðb; qÞ ¼ chV ½T �ð−1ÞFqL−−
c2D
24 bf ¼ ch0ðb; qÞ: ð8Þ

As a special limit of the superconformal index, Iðb; qÞ is
invariant under exactly marginal deformations of the theory
and is thus a superconformal invariant, which is very useful
in understanding 4D N ¼ 2 dualities.
In a 2D rational VOA, there are finitely many irreducible

modules, whose characters all admit nonsingular unflavor-
ing limit b → 1. The unflavored characters chiðτÞ, where
ch0ðτÞ denotes the vacuum character, form a vector-valued
modular form with respect to the modular group SLð2;ZÞ
(or a congruence subgroup), for example,

chi

�
−
1

τ

�
¼

X
j

SijchjðτÞ: ð9Þ

As a standard notation, we also use q ≔ e2πiτ to denote the
modular parameter. The modular property also gives rise to
a fusion algebra through the Verlinde formula,

Nijk ¼
X
l

SilSjlSlk
S0l

: ð10Þ

In a sense, the modular property is one of the central
structures of a VOA.
To analyze the modular property of V ½T �, it is most

convenient to start with a closed-form expression of the
vacuum character, namely, the Schur index Iðb; qÞ. There
are many ways of computing the Schur index. For gauge
theories, using the independence of the gauge coupling, the
Schur index can be computed at the zero-coupling limit or
using the framework of supersymmetric localization [49–
51]. For class-S theories from 6D compactified on a
Riemann surface Σ, the Schur index can be computed
from the 2D q-deformed SYM theory on Σ [52]. Recently,

significant progress has been made in computing the Schur
index exactly and analytically [38–41,53–55], where the
resulting expressions are often written in terms of theta
functions, Eisenstein series, or Weierstrass elliptic func-
tions (or other generalizations), making the modular
properties of the index more manifest.
In this paper, we focus on a class of N ¼ 2 super-

conformal field theories referred to as the T p;N theories,
which satisfy the central charge relation a4D ¼ c4D, and
would like to explore the modular property of the VOA
V ½T p;N �. These theories can be constructed via conformal
gauging of the diagonal flavor symmetry G [56] shared
among several copies of Argyres-Douglas Dpi

ðGÞ theories
[57,58]. A DpðGÞ theory is constructed from the compac-
tification of the 6D (2,0) theory of type G on a Riemann
sphere with one irregular puncture Gh∨ ½p − h∨� and a full
regular puncture [59]. The flavor symmetry of DpðGÞ is at
least G coming from the full regular puncture and some-
times can enhance to a larger group if the irregular puncture
carries additional flavor symmetries. Requiring the absence
of additional flavor symmetry puts constraints on p
depending on G, summarized as follows for reference:

SUðNÞ ðp;NÞ ¼ 1

SOð2NÞ p ∉ 2Z>0

E6 p ∉ 3Z>0

E7 p ∉ 2Z>0

E8 p ∉ 30Z>0

ð11Þ

After gauging the diagonal of the G-flavor symmetry of n
copies of Dpi

ðGÞ, the resulting theory is in general not
conformal. For its β function to vanish, the flavor central
charges ki of the components Dpi

ðGÞ must satisfy the
condition

Xn
i¼1

ki ¼ 4h∨G; ki ¼
2ðpi − 1Þ

pi
h∨: ð12Þ

This condition places strong restrictions on the parameters
pi [35]: the number n of copies ofDpi

ðGÞmust be less than
or equal to 4, and

ðp1;p2;p3;p4Þ¼ð2;2;2;2Þ;ð1;3;3;3Þ;ð1;2;4;4Þ;ð1;2;3;6Þ:
ð13Þ

The resulting theories are denoted as Γ̂ðGÞ, where
Γ ¼ D4; E6; E7; E8. They are depicted in Fig. 1.
The physical properties of Γ̂ðGÞ theories were studied in

detail in [35], including the rank of the flavor group, the
scaling dimensions of the Coulomb branch operators, and
the dimension of the Coulomb branch moduli space, and
finally the a4D; c4D central charges. In particular, the
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condition for a4D ¼ c4D is satisfied by a selected subset of
Γ̂ðGÞ theories,

D̂4ðSUð2lþ 1ÞÞ; Ê6ðSUð3l� 1ÞÞ;
Ê7ðSUð4l� 1ÞÞ; Ê8ðSUð6l� 1ÞÞ ð14Þ

Ê6ðSOð6lÞÞ; Ê6ðSOð6lþ 4ÞÞ; ð15Þ

where l is a positive integer. In this paper, we focus on
G ¼ SUðNÞ, and therefore only those in the first line. Note
also that these theories have no residual flavor symmetry
[35]. We follow the notation in [37] to call them T 2;N , T 3;N ,
T 4;N , and T 6;N , respectively [60]. Explicitly, their a4D; c4D
central charges are given by the simple formula [37]

a4D ¼ c4D ¼
�
1 −

1

p

�
ðN2 − 1Þ: ð16Þ

The Coulomb branch operators of DpðGÞ theory can be
obtained from the deformations of the Seiberg-Witten curve
[57]

Cðp;GÞ ¼
�
j −

h∨G
p

sjj − h∨G
p

s > 1; j∈CasðGÞ;

s ¼ 1;…; p − 1

�
: ð17Þ

The full Coulomb branch operators of the Γ̂ðGÞ theory
include those from each Dpi

ðGÞ component as well as
the vector multiplet, which contributes the degree of

Casimir elements of the gauge group. The rank of the
Γ̂ðGÞ is given by

rankðΓ̂ðGÞÞ ¼ rankG

�
1þ rankΓ

2

�
: ð18Þ

Explicitly,

rank T 2;2lþ1 ¼ 6l; ð19Þ

rank T 3;3lþ1 ¼ 12l; rank T 3;3l−1 ¼ 12l − 8; ð20Þ

rank T 4;4lþ1 ¼ 18l; rank T 4;4l−1 ¼ 18l − 9 ð21Þ

rank T 6;6lþ1 ¼ 30l; rank T 6;6l−1 ¼ 30l − 10: ð22Þ

Among all of the T p;N , one notices that three of them are
identified again with known Argyres-Douglas theories [35],

T ð3;2Þ ¼ ðA2; D4Þ ¼ D6
4½3� ¼ D4

4½2�;
T ð4;3Þ ¼ ðA3; E6Þ ¼ E12

6 ½4�;
T ð6;5Þ ¼ ðA5; E8Þ ¼ E30

8 ½6�: ð23Þ

The Schur index of the T p;N theories is

IT p;N
ðqÞ¼

I
½dx�

Yl
j¼1

IDpj
ðSUðNÞÞðx;qÞ×Ivecðx;qÞ; ð24Þ

where the Schur index of DpðSUðNÞÞ theory is [5,6,62]

IDpðSUðNÞÞðx; qÞ ¼ PE

�
q − qp

ð1 − qÞð1 − qpÞ χ
SUðNÞ
adj ðxÞ

�
; ð25Þ

and

Ivecðx; qÞ ¼ PE

�
−

2q
1 − q

χSUðNÞ
adj ðxÞ

�
: ð26Þ

The integration Haar measure is defined as

½dx� ¼
YN−1

i¼1

dxi
2πixi

YN
j;k¼1
j≠k

�
1 −

xj
xk

�
; ð27Þ

subject to the constraint x1x2 � � � xN ¼ 1. Comparing this
with the Schur index of N ¼ 4 SYM theory

IN¼4
G ðb;qÞ¼

Z
½dz⃗�PE

��
−

2q
1−q

þ q
1
2

1−q
ðbþb−1Þ

�
χGadjðz⃗Þ

�
;

ð28Þ

one finds the remarkable relation (here we have inserted the
suitable power of q factor)

FIG. 1. The four possible series of conformal gauging of
DpðGÞ theories.
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IT p;N
ðqÞ¼q−

c2D ½T p;N �−pc2D ½T SUðNÞ�
24 IN¼4

SUðNÞðb¼qp=2−1;qpÞ: ð29Þ

An exact expression for the Schur index of N ¼ 4 SUðNÞ
SYM theory then gives the exact expression for the T p;N

Schur index, a perfect starting point for modularity analy-
sis. In the next subsection, we review the computation of
the N ¼ 4 SUðNÞ Schur index using the fermi-gas
approach.

B. 4D N = 4 Schur index

To analyze the modularity of the T p;N Schur index, it is
most convenient to start with its closed form in terms of
Jacobi theta functions or Eisenstein series with well-known
modular properties. Fortunately, several works have com-
puted the closed-form expression of the flavored Schur
index ofN ¼ 4 SYM theory [39–41,53,54,63], which then
supplies the closed form of IT p;N

. One particular powerful
approach is the fermi-gas formalism proposed in [38,39],
and later generalized in [40] to obtain the flavored N ¼ 4
SUðNÞ Schur index in closed form. In the following, we
review the computation in [40], where we reorganize the
results in terms of Eisenstein series using the integration
formula developed in [41].
The Schur index of the N ¼ 4 SUðNÞ SYM T SUðNÞ can

be written as a multivariate contour integral involving ratios
of Jacobi theta functions,

ISUðNÞðb; qÞ ¼
1

N!
ϑ4ðbÞηðτÞ3ðN−1Þ

×
I

da
2πia

Q
i≠jϑ1ðai − ajÞQ

i;jϑ4ðai − aj þ bÞ : ð30Þ

The integration contours are the unit circles jaij ¼ 1. The
contour integral appearing in the expression for the index
can be rewritten using the Cauchy determinant formulaQ

i≠jϑ1ðai − ajÞQ
i;jϑ4ðai − aj þ bÞ ¼ iN

2 u−N=2q−
N2

8 b−
N2

2

ϑ1ðuþ Nðbþ τ
2
ÞÞϑ1ðuÞN−1

× detij
ϑ4ðai − aj þ bþ uÞ
ϑ4ðai − aj þ bÞ ; ð31Þ

where u ¼ e2πiu is an auxiliary parameter, which can be set
to an arbitrary value at the end of the computation. The
determinant can be expanded using the Laplace formula

detij
ϑ4ðai−ajþbþuÞ
ϑ4ðai−ajþbÞ ¼

X
σ

ð−1Þσ
YN
i¼1

ϑ4ðai−aσðiÞþbþuÞ
ϑ4ðai−aσðiÞþbÞ :

ð32Þ

As a result, the integral reduces to the following sum of
contour integrals (up to a prefactor):

X
σ

ð−1Þσ
I

da
2πia

YN
i¼1

ϑ4ðai − aσðiÞ þ bþ uÞ
ϑ4ðai − aσðiÞ þ bÞ : ð33Þ

An important observation is that the integrand is elliptic
[64] with respect to each ai. Moreover, for any two
permutations σ ∼ σ0 belonging to the same conjugacy class
in SN , we haveI

da
2πia

YN
i¼1

ϑ4ðai − aσðiÞ þ bþ uÞ
ϑ4ðai − aσðiÞ þ bÞ

¼
I

da
2πia

YN
i¼1

ϑ4ðai − aσ0ðiÞ þ bþ uÞ
ϑ4ðai − aσ0ðiÞ þ bÞ : ð34Þ

Any permutation σ ∈ SN can be uniquely decomposed into
a product of disjoint cycles

σ ¼ ðc11 � � � c1l1Þðc21 � � � c2l2Þ � � � : ð35Þ

For a given cycle c ¼ ðc1c2 � � � clÞ, one can isolate a
product of terms in the integrand of the form

Yl
i¼1

ϑ4ðaci − aciþ1
þ bþ uÞ

ϑ4ðaci − aciþ1
þ bÞ ⊂

YN
i¼1

ϑ4ðai − aσðiÞ þ bþ uÞ
ϑ4ðai − aσðiÞ þ bÞ ;

alþ1 ¼ a1: ð36Þ

As a result, the full integral can be decomposed into a
product of contour integrals over each cycle,I

da
2πia

YN
i¼1

ϑ4ðai − aσðiÞ þ bþ uÞ
ϑ4ðai − aσðiÞ þ bÞ

¼
I

dac
2πiac

Yl
i¼1

ϑ4ðaci − aciþ1
þ bþ uÞ

ϑ4ðaci − aciþ1
þ bÞ ×

I
… ð37Þ

We define the integral corresponding to a cycle of
length l as

Zl ≔
I

dac
2πiac

Yl
i¼1

ϑ4ðaci − aciþ1
þ bþ uÞ

ϑ4ðaci − aciþ1
þ bÞ : ð38Þ

The Schur index can then be expressed in terms of
polynomials of Zl,

ISUðNÞ ¼
ϑ4ðbÞηðτÞ3ðN−1Þ

N!

iN
2

u−N=2q−
N2

8 b−
N2

2

ϑ1ðuþ Nðbþ τ
2
ÞÞϑ1ðuÞN−1

×
X
l

ð−1ÞCl⃗ jCl⃗jZl1 � � �ZlN ; ð39Þ

where the sum is over all conjugacy classes Cl⃗ of SN ,

labeled by partitions l⃗ of N,
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l⃗¼fl1;l2; � � �g;
X
i

li¼N; l1≥l2≥ � � �≥ 0: ð40Þ

Alternatively, a conjugacy class Cl⃗ can also be represented
by the multiplicities n⃗ of all cycle lengths l ¼ 1;…; N,
denoted ½1n12n2 � � �NnN �, with

jCn⃗j¼
N!Q

N
l¼1l

nlnl!
;

XN
i¼1

nll¼N:; Cl⃗¼Cn⃗: ð41Þ

The factor ð−1ÞCn⃗ in (39) denotes the signature of
the corresponding conjugacy class. Putting everything
together, we arrive at the final expression

ISUðNÞ ¼
ϑ4ðbÞηðτÞ3ðN−1Þ

N!

iN
2

u−N=2q−
N2

8 b−
N2

2

ϑ1ðuþ Nðbþ τ
2
ÞÞϑ1ðuÞN−1

×
X
n⃗

ð−1ÞCn⃗N!Q
N
l¼1 l

nlnl!

YN
l¼1

Znl
l : ð42Þ

Using the ellipticity of the integrand of Zl, we proceed to
compute the components Zl using the integration formula
developed in [41] for contour integrals involving elliptic
functions and Eisenstein series.
l ¼ 1
This case is trivial,

Z1 ¼
I

da
2πia

ϑ4ðbþ uÞ
ϑ4ðbÞ

¼ ϑ4ðbþ uÞ
ϑ4ðbÞ

: ð43Þ

l ¼ 2
In this case, we consider the integral

Z2 ¼
I

da1
2πia1

da2
2πia2

ϑ4ða1 − a2 þ bþ uÞ
ϑ4ða1 − a2 þ bÞ

×
ϑ4ða2 − a1 þ bþ uÞ
ϑ4ða2 − a1 þ bÞ : ð44Þ

The integrand has two imaginary poles

a1 ¼ a2 − bþ τ

2
; a1 ¼ a2 þ bþ τ

2
; ð45Þ

with the corresponding residues

iϑ1ðuÞϑ1ð2bþ uÞ
ηðτÞ3ϑ1ð2bÞ

; −
iϑ1ðuÞϑ1ð2bþ uÞ

ηðτÞ3ϑ1ð2bÞ
: ð46Þ

Choosing a0 ¼ a2buq1=2, the integral reduces to

Z2 ¼
X

ai real= Im

RjE1

� −1
aj=a0q�

1
2

�

¼ iϑ1ðuÞϑ1ð2bþ uÞ
ηðτÞ3ϑ1ð2bÞ

�
E1

�þ1

u

�
− E1

� þ1

b2u

��
: ð47Þ

l ¼ 3

Y3
i¼1

I
da
2πia

Y3
i¼1

ϑ4ðai − aiþ1 þ bþ uÞ
ϑ4ðai − aiþ1 þ bÞ : ð48Þ

We evaluate this in two steps. First, the integral over a1 has
poles

a1 ¼ a2 − bþ τ

2
; a1 ¼ a3 þ bþ τ

2
; ð49Þ

yielding

iϑ1ðuÞ
ηðτÞ3

ϑ4ða2 − a3 þ bþ uÞϑ1ð−a2 þ a3 þ 2bþ uÞ
ϑ4ða2 − a3 þ bÞϑ1ða3 − a2 þ 2bÞ

×

�
E1

�
1

u

�
þ E1

�
1
a2

a3b2u

��
;

¼ iϑ1ðuÞ
ηðτÞ3

ϑ4ða2 − a3 þ bþ uÞϑ1ð−a2 þ a3 þ 2bþ uÞ
ϑ4ða2 − a3 þ bÞϑ1ða3 − a2 þ 2bÞ

×

�
E1

�
1

u

�
− E1

�
1

ub2 a3
a2

��
: ð50Þ

The subsequent integral over a2 has poles at

a2 ¼ a3 − bþ τ

2
; a2 ¼ a3 þ 2b ð51Þ

with residues

−
ϑ1ðuÞ2ϑ4ð3bþ uÞ

ηðτÞ6ϑ4ð3bÞ
;

ϑ1ðuÞ2ϑ4ð3bþ uÞ
ηðτÞ6ϑ4ð3bÞ

: ð52Þ

The resulting expression is

I ¼ −
1

2

ϑ1ðuÞ2ϑ4ð3bþ uÞ
ηðτÞ6ϑ4ð3bÞ

×
�
1þ 8E1

� −1
b3u

�
E1

�þ1

u

�
− 8E1

�þ1

u

�
2

þ 8E2

� −1
b3u

�
− 8E2

�þ1

u

��
: ð53Þ

From these examples, the result is proportional to the
factor

Zl ∝
ϑ1ðuÞl−1ϑ4 or 1ðlbþ uÞ

ðl − 1Þ!ϑ4 or 1ðlbÞ
; ð54Þ
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where ϑ4 appears for odd l and ϑ1 for even l. Moreover,
Zl satisfies the recursion relation

Zlþ1 ¼
I

dal
2πial

ϑ4ðal þ bþ uÞ
ϑ4ðal þ bÞ ½Zl�bl→bl=al;lb→lb−al ;

ð55Þ

and the twisted Eisenstein series appear in Zl linearly: the
contour integral can always be performed easily.
Alternatively, it was noted in [40] that

iu−1=2ηðτÞ3
ϑ1ðuÞ

Z1 ¼
iu−1=2ηðτÞ3

ϑ1ðuÞ
ϑ4ðbþ uÞ
ϑ4ðbÞ

¼
X
p∈Z

bpq
p
2

1 − uqp
;

ð56Þ

and�
iu−1=2ηðτÞ3

ϑ1ðuÞ
�

l
Zlðb;qÞ¼

1

ðl−1Þ!∂
l−1
u

×

�
iu−1=2ηðτÞ3

ϑ1ðuÞ
Z1ðb→blq−

l
2Þ
�
:

ð57Þ

Derivatives of Jacobi theta functions and Eisenstein series
can be reorganized into polynomials of Eisenstein series,
using (A18), and

0 ¼ u∂uEk

�
1

u

�
þ ðkþ 1ÞEkþ1

�
1

u

�
þ Ekþ1

þ E1

�
1

u

�
Ek

�
1

u

�
−
Xk−1
l¼2

ElEkþ1−l

�
1

u

�
: ð58Þ

We do not spell out the details here.
Although the above computation carries the variable u,

the final result is independent of u. One particularly useful
choice is u ¼ 1, or u ¼ 0 [65]. For example, when N ¼ 2,
the above formula yields

ISUð2Þ ¼ −
iϑ4ðbÞ
2ϑ4ð2bÞ

�
E1

�
1

u

�
− E1

�
1

b2u

��
þ ηðτÞ3ϑ4ðbþ uÞ2
2ϑ1ðuÞϑ1ð2bþ uÞϑ4ðbÞ

: ð59Þ

Sending u → 0 by carefully implementing l’Hôpital’s rule

[notice that E1½1u� ¼
ϑ0
1
ðuÞ

2πiϑ1ðuÞ], the above reduces to a more
compact expression,

ISUð2Þ ¼
iϑ4ðbÞ
ϑ4ð2bÞ

E1

�−1
b

�
; ð60Þ

which equals the index ISUð2Þ in [41] identically.
Next, we consider N ¼ 3, and the above computation

yields

ISUð3Þ ¼
ϑ4ðbÞ

24ϑ4ð3bÞ
�
1þ 8E1

� −1
b3u

�
E1

�
1

u

�
− 8E1

�
1

u

�
2

þ 8E2

� −1
b3u

�
− 8E2

�
1

u

��
þ ηðτÞ3ϑ4ðbþ uÞ
6ϑ1ðuÞ2ϑ4ð3bþ uÞ

�
ηðτÞ3ϑ4ðbþ uÞ2

ϑ4ðbÞ2
−
3iϑ1ðuÞϑ1ð2bþ uÞ

ϑ1ð2bÞ
�
E1

�
1

u

�
− E1

�
1

b2u

���
: ð61Þ

Sending u → 0 by implementing l’Hôpital’s rule, the above
reduces to a more compact expression,

ISUð3Þ ¼ −
1

8

ϑ4ðbÞ
ϑ4ð3bÞ

�
−
1

3
þ 4E1

�−1
b

�
2

− 4E2

�
1

b2

��
:

ð62Þ

This reproduces exactly the same ISUð3Þ as in [41].
For reference, we list a few more examples of the Schur

index ISUðNÞ for N ¼ 2;…; 7 in Appendix B.
To summarize, the Schur index ISUðNÞ takes the form of

ISUðNÞðb; qÞ ¼

8><>:
ϑ4ðbjτÞ
ϑ4ðNbjτÞENðb; qÞ; N ¼ 2lþ 1;

iϑ4ðbjτÞ
ϑ1ðNbjτÞENðb; qÞ; N ¼ 2l;

ð63Þ

where ENðb; qÞ denotes some polynomial of Eisenstein
series involving Ek½ð−1Þ

f

bf �, k ¼ 0; 1;…; N − 1, f ¼ k;
kþ 1;…; N − 1.

C. Defects, nonvacuum modules, and modular
differential equations

In any 4D N ¼ 2 SCFT one can insert nonlocal BPS
operators that preserve a certain amount of supersymmetry.
For the purpose of studying the associated VOA V ½T �, one
can consider nonlocal operators, sometimes referred to as
defects, which preserve Q1

−; S−1 ; Q̃2−̇; S̃
2−̇. These operators

were studied in [10,11,13,66]. In particular, one can
consider surface defects spanning the space perpendicular
to the z plane where the Schur operators reside, preserving a
2D N ¼ ð2; 2Þ superconformal algebra. Similarly, one can
consider full or half Wilson line operators perpendicular to
the z plane [11]. The Schur index in the presence of these

MODULARITY, 4D MIRROR SYMMETRY, AND VERTEX … PHYS. REV. D 112, 105011 (2025)

105011-7



nonlocal operators can be computed [11,63,67,68]. These
BPS defects are believed to correspond to nonvacuum
modules of V ½T �.
Concretely, surface defects in the Argyres-Douglas the-

ories (AN−1; AM−1) using the Higgsing procedure are iden-
tified with nonvacuum modules ofWN minimal models and
BðkÞAN−1

algebra [10,69]. For A1-type class-S theories T g;n,
it was shown that the Schur index of surface defects from
Higgsing can be written as modular transformations of the
original Schur index [70], and hence they are likely module
characters of the associated VOA V ½T g;n�.
Line operators in the Argyres-Douglas theories were also

studied in [11], whose Schur indices were shown to be
linear combinations of nonvacuum characters of the asso-
ciated VOA. For example, a line operator L in ðA1; A2Þ has
the Schur index

I ðA1;A2Þ
L ¼ q−

1
2ch0 − q−

1
2ch1; ð64Þ

where ch0;1 are the irreducible characters of the (2, 5)
Virasoro minimal model, the associated VOA of ðA1; A2Þ.
Note that the coefficients depend on q. For N ¼ 4 SUð2Þ
SYM theory, the Schur index of a Wilson line operator Wj

in the spin-j representation of SUð2Þ is given by

IWj
¼ δj∈ZISUð2Þ −

iϑ4ðbÞ
2ϑ4ð2bÞ

Xþj

m¼−j
m≠0

bm − b−m

qm=2 − q−m=2 : ð65Þ

We notice that the Wilson line index is a linear combination

of ISUð2Þ and iϑ4ðbÞ
ϑ4ð2bÞ with coefficients that are rational

functions of b and q1=2. For SUð2Þ supersymmetric
QCD with four flavors whose associated VOA iscsoð8Þ−2, the same phenomenon also occurs: the Wilson
line index

IWj
ðM; qÞ ¼

�
δj∈Z −

1

2
M1j −

1

2
M2j

�
ch0

þ 1

2
ðM1j −M2jÞch1 þ

1

2
ðM3j −M2jÞch2

þ 1

2
ðM3j þM4jÞch3 þ

1

2
ðM3j −M4jÞch4;

ð66Þ

where ch0;1;…;4 denotes the vacuum and four nonvacuum
highest weight module characters of the csoð8Þ−2 [71,72],

Mij ≔
Xþj

m¼−j
m≠0

M2m
i −M−2m

i

qm − q−m
: ð67Þ

The index is again a linear combination of characters with
coefficients that are rational functions of the flavor

fugacities M and q1=2. This structure may be universal,
where the line operator index is a linear combination of the
characters of the underlying associated VOA with coef-
ficients being rational functions of the flavor fugacities and
q1=2. Reversing the logic, we may be able to extract
nonvacuum characters from line operator indices by iden-
tifying a basis. This point of view helps us explore the
relation between the representation theory of the associated
VOAs of N ¼ 4 SUðNÞ theories and T p;N theories.
In general, modules of V ½T � are more complicated than

those in a rational VOA. The simplest modules are referred
to as ordinary modules [73], which have finite-dimensional
weight spaces, namely, at any given conformal weight h,
the corresponding subspace in the module is a finite-
dimensional representation of the flavor symmetry group.
Ordinary module characters have nonsingular unflavoring
limits, similar to those in a rational VOA. Nonordinary
modules may also exist, which have singular unflavoring
limits. For example, the nonvacuum character
iϑ4ðbÞ=ϑ1ð2bÞ in the N ¼ 4 SUð2Þ theory has a singular
unflavoring limit, since the weight space at the lowest
conformal weight h is the infinite-dimensional irreducible
representation of SUð2Þ with spin j ¼ −1=2. Similarly, all
the nonvacuum modules of csoð8Þ−2 are nonordinary, since
the highest weight state involves negative Dynkin labels of
soð8Þ. There may also be modules with both logarithmic
and nonordinary features, where L0 does not act semi-
simply and the character is singular in the unflavoring limit.
To understand the space of characters, one can borrow

analytic tools from the study of rational VOAs, namely, the
holomorphic modular bootstrap and (unflavored) MLDEs
[16,17], which take the form�

DðNÞ
q þ

XN
r¼1

ϕ2N−2rD
ðrÞ
q

�
ch ¼ 0; ð68Þ

where ϕ2k denotes a modular form [74] of weight 2k,

and DðkÞ
q ≔ ∂ð2k−2Þ ∘ � � � ∘ ∂ð2Þ ∘ ∂ð0Þ, with ∂ðkÞ ≔ q∂qþ

kE2ðτÞ. DðkÞ
q carries an effective modular weight 2k, and

(68) is of modular weight 2N. In [14], unflavored charac-
ters of any quasilisse VOA were shown to satisfy an
unflavored MLDE. For V ½T � associated with a 4D N ¼
2 SCFT T , such an equation is argued to arise from the
null state jN Ti associated with the nilpotency of the stress
tensor,

Ln
−2j0i¼ jc2iþjN Ti; jc2i∈C2ðV ½T �Þ¼ spanfa−ha−1bg;

ð69Þ

based on the identification between the Higgs branch of T
and the associated variety of the VOA V ½T � [15,16]. This
ordinary differential equation can be used to constrain
the space of ordinary module characters. However, for
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nonordinary modules, flavor refinement becomes neces-
sary. In [30–32], flavored MLDEs were constructed from
null states for a simple set of V ½T � and affine Kac-Moody
algebras, which lead to strong constraints on the full space
of characters including nonordinary and logarithmic ones.
These equations are partial differential equations with
products of Eisenstein series Ek½ð−1Þ

f

bα � as coefficients.
Unlike the usual unflavored MLDE, a flavored MLDE is
not covariant under the modular group due to the quasi-
Jacobi nature of the Eisenstein series. Instead, they exhibit
“quasimodularity,” namely,

eq⃗S τwteqþ τwt−1bieqi þ τwt−2bibjeqij þ � � � ; ð70Þ

where additional equations eqij��� are generated in the
modular S transformation. In the cases we have studied
explicitly, the set of partial differential equations eqij��� also
annihilate all of the characters. It turns out that all of the
flavored MLDEs that appear in the modular transforma-
tions come from null states, and there is an effective action
of the modular group on the null states, e.g.,

jN i!S
X
l≥0

X
i1;…;il

1

l!
τh½N �−lbi1 � � � bilhi11 � � � hil1 jN i; ð71Þ

where hi denotes the Cartan generators of the flavor
symmetry group and hin denotes the generators of the
corresponding affine Kac-Moody algebra.
Besides modular transformations, one can also consider

the spectral-flow operation, which shifts the flavor fugac-
ities [31,33]

σ∶ bi → bi þ niτ; ð72Þ

where ni are fractional numbers satisfying a certain
integrality condition. Under the action of σ, the flavored
MLDEs transform similar to the above quasimodularity
property, which reads schematically as

eq!σ
X
l≥0

X
i1≤…il

ð−1Þl
l!

ni1 � � � nileqi1���il : ð73Þ

The equations eqi1���il are the same as those appearing in the
modular transformations. The σ operation also induces an
effective action on the null states [33],

jN i!σ
X
l≥0

X
i1≤…≤il

ð−1Þl
l!

ni1…nilh
i1
1 � � � hil1 jN i: ð74Þ

These transformation properties of the flavored MLDE
indicate that the space of characters is invariant under the
modular and spectral-flow transformations. In particular,
starting from the vacuum character, the spectral-flow
operation may generate nonvacuum characters that are

otherwise hard to access from first principles. We use this
point of view to explore the relation between the repre-
sentation theory of the associated VOAs of N ¼ 4 SUðNÞ
theories and T p;N theories.
Before closing this section, let us make a few remarks

about the unflavored MLDE that is crucial in analyzing the
ordinary module characters. The nilpotency condition
Ln
−2j0i ¼ jc2i þ jN Ti of the stress tensor gives rise to

an interesting number n, which is referred to as the
“nilpotency index,” as a measure of “complexity” of the
theory T [42]. In favorable situations, this condition leads
to a monic unflavored MLDE of order n, However,
obstruction may arise where the monic MLDE is of higher
order N in differentiation with respect to q,�

DðNÞ
q þ

XN
r¼1

ϕ2N−2rðτÞDðrÞ
q

�
ch ¼ 0; ð75Þ

where ϕ2N−2rðτÞ have no pole in the fundamental domain
of τ. Naturally, this suggests that

N ≥ n: ð76Þ

If we relax the requirement of monicity, sometimes it is
possible to find a nonmonic MLDE with lower order in q
differentiation, as we will see in the next section in various
examples, and also in previous works [15,48,70,75]. The
presence of this nonmonic MLDE with lower differentia-
tion order is often suggested by the presence of irrational
or even complex indicial roots in the monic MLDE (68).
Let us denote this number as nmin [76]. Obviously,
both n; nmin ≤ N.
The unflavored vacuum character ch0 is always a

solution to any of these unflavored MLDEs. By construc-
tion and the property of the modular forms, the entire
modular orbit of ch0 must also be a solution. Let us define
the span of the orbit as V0, where the subscript 0 signals its
origin from the vacuum character. We define n0 ≔ dimV0

and we expect

n0 ≤ nmin: ð77Þ

Finally, we denote nord as the number of ordinary
modules and, obviously, nord ≤ nmin.
To summarize, for any V ½T �, there is a set of interesting

quantities satisfying natural inequalities,

n0; nord ≤ nmin; nmin;n ≤ N: ð78Þ

In many cases where n0; nord, and nmin are known explicitly,
they are equal. These examples are 4D N ¼ 4 SUð2Þ
theory, SUð2Þ supersymmetric QCD with four flavors
together with a few other A1 class-S theories, ðA1; A2nÞ
and ðA1; D2nþ1Þ Argyres-Douglas theories, as well as some
more examples in the following section. In cases where
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both nmin and the nilpotency index n are known, they are
also equal. Examples are N ¼ 4 SUð2Þ theory, SUð2Þ
supersymmetric QCD with four flavors, and ðA1; A2nÞ and
ðA1; D2nþ1Þ Argyres-Douglas theories, T 3;2. It would be
interesting to verify if these equalities or inequalities are
universal, or find out the criteria for them to hold.

III. MODULARITY OF V ½T p;N�
In this section, we study the modularity of V ½T p;N �

representation theory by carefully examining a few cases.
Since V ½T p;N � has no residual flavor symmetry, we expect
only ordinary modules. The closed-form formula of ISUðNÞ
that we reviewed in the previous section can be used to
derive and simplify that of IT p;N

. From the closed-form
formula, we derive the SLð2;ZÞ orbit of IT p;N

, from which
the dimension n0 of its span V0 ≔ spanðSLð2;ZÞ · IT p;N

Þ is
determined.
Since there is no residual flavor symmetry left in T p;N ,

all module characters are unflavored and they are expected
to satisfy some unflavored MLDE. As remarked earlier,
such an MLDE is sometimes not unique. When possible,
we will find the nonmonic MLDE of the minimal order nmin
in differentiation in q, and verify that n0 ¼ nmin. With the
modular orbit and a basis for its span, S, T matrices can be
computed, from which we read off the Jordan normal form
of T2. For simple examples, this data can then be matched
with the Coulomb branch geometry using the affine
Springer fiber [45]. Finally, we explore the relation between
the potential module characters of V ½T SUðNÞ� and characters
of V ½T p;N �.

A. T p;N Schur index

The Schur index of T p;N is given by the simple formula
[35]

IT p;N
ðqÞ ¼ q−

c2d ½T p;N �−pc2d ½T SUðNÞ�
24 ISUðNÞðb → q

p
2
−1; q → qpÞ:

ð79Þ

Here ISUðNÞðb; qÞ denotes the Schur index of the N ¼ 4

SUðNÞ theory, which can be written in the closed form
explained in the previous section,

ISUðNÞðb; qÞ ¼
8<:

ϑ4ðbjτÞ
ϑ4ðNbjτÞENðb; qÞ; N ¼ 2lþ 1;

ϑ4ðbjτÞ
ϑ1ðNbjτÞENðb; qÞ; N ¼ 2l;

ð80Þ

where EN schematically denotes a polynomial of Eisenstein
series. This closed form is particularly suited for studying
the T p;N index analytically due to an interesting limit of the
prefactor fN [77],

fNðb; τÞ ≔
8<:

ϑ4ðbjτÞ
ϑ4ðNbjτÞ ; N ¼ 2lþ 1;

ϑ4ðbjτÞ
iN

2−1ϑ1ðNbjτÞ ; N ¼ 2l:
ð81Þ

Let us begin with the simplest case with p ¼ 2, where N
takes values in all odd positive integers. Obviously,

fNðb; τÞ⟶
b→
�
p
2
−1
	
τ;τ→pτ ϑ4ð0j2τÞ

ϑ4ð0j2τÞ
¼ 1: ð82Þ

Next, we consider p ¼ 3 and a positive integer
N ¼ 1; 2 mod 3. Then, depending on the parity of N,
we have

oddN∶
ϑ4ðbjτÞ
ϑ4ðNbjτÞ⟶

b→
�
p
2
−1
	
τ;τ→3τ ϑ4



1
2
τj3τ

�
ϑ4


N 1

2
τj3τ

� ;

evenN∶
ϑ4ðbjτÞ
ϑ1ðNbjτÞ⟶

b→
�
p
2
−1
	
τ;τ→3τ ϑ4



1
2
τj3τ

�
ϑ1


N 1

2
τj3τ

� : ð83Þ

Using the shift property of the Jacobi theta function

ϑ4


zþ N

τ

2
jτ
�
¼ −ð−1ÞN2−1b−N

2q−
N2

8 ϑ1ðzjτÞ; ð84Þ

we deduce

fNðb; τÞ⟶
b→
�
p
2
−1
	
τ;τ→3τ

− ð−1Þ
j

nN−2
4

k
q

N2−1
24 ; ð85Þ

where nN denotes that N is the nth smallest positive integer
coprime to 3, for example, n2 ¼ 2, n4 ¼ 3, n5 ¼ 4.
Similarly, for p ¼ 4 and p ¼ 6, the factor simplifies,

respectively, to

fNðb; τÞ⟶
b→
�
p
2
−1
	
τ;τ→pτ

− ð−1Þ
j

nN−3
2

k
q

N2−1
8 ; ð86Þ

and

fNðb; τÞ⟶
b→
�
p
2
−1
	
τ;τ→pτ

q
N2−1

3 : ð87Þ

These factors of q powers account for the difference of
central charges in (79) (up to a sign, which will not be
important),

fN

��
p
2
− 1

�
τ; pτ

�
¼ q

c2D ½T p;N �−pc2D ½T SUðNÞ�
24 : ð88Þ

As a result, (79) can be simplified to a polynomial E in
Eisenstein series,
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IT p;N
¼ EN



b → q

�
p
2
−1
	
; q → qp

�
; ð89Þ

where we have not been careful about the overall sign. This property of fN can also be interpreted as a map from a special
V ½T SUðNÞ�-module character to a V ½T p;N � module character; see the discussions in Sec. V.
Here we list a few explicit examples of IT p;N

with small p, N:

I3;2 ¼ E1

� −1ffiffiffi
q

p
�
ð3τÞ; ð90Þ

I3;4 ¼ −
1

72
−
1

6
E2ð3τÞ þ

1

24
E1

� −1ffiffiffi
q

p
�
ð3τÞ ð91Þ

−
1

6
E1

� −1ffiffiffi
q

p
�
ð3τÞ3 − 1

2
E1

� −1ffiffiffi
q

p
�
ð3τÞE2

�−1
q

�
ð3τÞ; ð92Þ

I2;3 ¼
1

24
þ 1

2
E2ð2τÞ; I2;5 ¼

3

640
þ 1

16
E2ð2τÞ þ

1

8
E2ð2τÞ2 −

1

4
E4ð2τÞ; ð93Þ

I2;7 ¼
5

7168
þ 37

3840
E2ð2τÞ þ

5

192
E2ð2τÞ2 þ

1

48
E2ð2τÞ3 ð94Þ

−
5

96
E4ð2τÞ −

1

8
E2ð2τÞE4ð2τÞ þ

1

6
E6ð2τÞ; ð95Þ

and

I4;3 ¼ −
1

24
þ 1

2
E1

�−1
q

�
ð4τÞ2 − 1

2
E2

�
1

q2

�
ð4τÞ;

I6;5 ¼
49

7680
þ 1

72
E1

�−1
q2

�
ð6τÞ þ 1

192
E1

�−1
q

�
ð6τÞ

−
1

96
E1

�−1
q2

�
ð6τÞ2 − 1

32
E1

�−1
q

�
ð6τÞ2 þ 1

12
E2

�
1

q2

�
ð6τÞ þ 1

96
E2

�−1
q

�
ð6τÞ

−
1

8
E1

�−1
q

�
ð6τÞE2

�−1
q

�
ð6τÞ þ 1

8
E1

�−1
q

�
ð6τÞE1

�−1
q2

�
ð6τÞ2

−
1

3
E2

�−1
1

�
ð6τÞE1

�−1
q2

�
ð6τÞ þ 1

4
E2

�−1
q

�
ð6τÞE1

�−1
q2

�
ð6τÞ2

þ 1

4
E3

�
1

q2

�
ð6τÞ þ 1

4
E4

�
1

q2

�
ð6τÞ − 1

8
E2

�−1
q

�
ð6τÞ2 − 1

24
E1

�−1
q2

�
ð6τÞ4: ð96Þ

B. Modularity of T 2;2l+ 1

For odd N ¼ 2lþ 1, the Schur index of the T 2;N theory is given by

IT 2;N
ðqÞ ¼ q−

c2D ½T 2;N �−2c2D ½T SUðNÞ�
24 IN¼4

SUðNÞðb ¼ 1; q2Þ: ð97Þ

Note that

c2D½T 2;N � ¼ −12 ×
N2 − 1

2
; c2D½T SUðNÞ� ¼ −12 ×

N2 − 1

4
: ð98Þ
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Hence,

q−
c2D ½T 2;N �−2c2D ½T SUðNÞ�

24 ¼ 1; ð99Þ

and the Schur index of IT 2;N
ðqÞ is obtained by simply

replacing q with q2 in the unflavored N ¼ 4 SYM index.
As demonstrated in [41], the Schur index of unflavored
SYM theory admits an elegant expression,

ISUð2lþ1ÞðqÞ ¼ ð−1Þl
Xl
k¼0

λ̃ð2lþ3Þ
2kþ2 ð2Þ

maxð2k; 1Þ Ẽ2kðτÞ; ð100Þ

where we define [78]

Ẽ0ðτÞ¼1; Ẽ2k≔2k
I

dy
2πiy

y−2k exp

�
−
X∞
n¼1

1

2n
E2nðτÞy2n

�
:

ð101Þ
For reference, we list some unflavored Schur indices of
N ¼ 4 SYM theory in Appendix B.
After the q → q2 replacement, we obtain the Schur index

of T 2;N theories,

IT 2;N
ðqÞ ¼ ð−1Þl

Xl
k¼0

λ̃ð2lþ3Þ
2kþ2 ð2Þ

maxð2k; 1Þ Ẽ2kð2τÞ: ð102Þ

The argument 2τ complicates the modular property. For
example,

E4ð2τÞ→S E4

�
−
2

τ

�
¼

�
τ

2

�
4

E4

�
τ

2

�
;

E6ð2τÞ→S E6

�
−
2

τ

�
¼

�
τ

2

�
6

E6

�
τ

2

�
: ð103Þ

To make the analysis slightly easier, we use the property of
the Eisenstein series

X
�
Ek

�
ϕ

�z

�
ðτÞ ¼ 2Ek

�
ϕ

z2

�
ð2τÞ; ð104Þ

which trades Eisenstein series at 2τ to the those at τ, paying
the price of more terms in the expression. Now we have

IT 2;N
ðqÞ¼ð−1Þl

Xl
k¼0

λ̃ð2lþ3Þ
2kþ2 ð2Þ

maxð2k;1ÞẼ2kðτÞjEkð2τÞ→1
2
ðEk½ 1þ1

�þEk½ 1−1�Þ:

ð105Þ

1. T 2;3 theory

We start by analyzing the modular orbit of the simplest
example: the T 2;3 theory. The Schur index of the T 2;3
theory is

IT 2;3
ðqÞ ¼ 1

24
þ 1

4

�
E2

�
1

1

�
þ E2

�
1

−1
��

: ð106Þ

Under the modular S transformation,

IT 2;3
ðqÞ→S SIT 2;3

¼ 1

24
þ 1

4
τ2
�
E2

�
1

1

�
þE2

�−1
1

��
þ iτ
8π

:

ð107Þ

After successive application of T, one obtains

TnSIT 2;3
ðqÞ ¼ 1

24
þ 1

4
ðτ þ nÞ2

�
E2

� −1
ð−1Þn

�
þ E2

�þ1

þ1

��
þ ðτ þ nÞi

8π
: ð108Þ

Clearly, most of the expressions are linearly dependent. A
finite linearly independent basis can be easily obtained by
considering TðlÞf ≔ Tlf − f. Concretely, we can define
recursively

ch0≔IT 2;3
;

ch1;ch2;…; ch6≔Sch0; Tch1;Tð2Þch2; Tch3;

Tð2Þch4; Tch5;

ch7;ch8;ch9≔Sch5; Tð1Þch7; Tð1Þch8: ð109Þ

By inspection, the second line manifests six linearly
independent expressions,

τl¼2;1;0

�
E2

� −1
�1

�
þ E2

�
1

1

��
: ð110Þ

The third line manifests three independent expressions,

τl¼0;1;2

�
E2

�
1

−1
�
þ E2

�
1

1

��
: ð111Þ

And, finally, the original Schur index ch0 supplies the
constant term as a final linearly independent expression,
giving a basis of ten linearly independent expressions
spanning the modular orbit of IT 2;3

. One can also
extract these ten linearly independent expressions by
inspecting the original Schur index ch0 since it contains
a weight-zero term and a weight-two term, where the
weight-two term generates three sets of linearly inde-
pendent objects
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�
E2

�
1

1

�
þ E2

�
1

−1

��
⟶
SLð2;ZÞ

τl¼0;1;2

�
E2

�−1
1

�
þ E2

�þ1

þ1

��
;

τl¼0;1;2

�
E2

�
1

−1

�
þ E2

�þ1

þ1

��
; and

τl¼0;1;2

�
E2

�−1
−1

�
þ E2

�þ1

þ1

��
; ð112Þ

while the weight-zero term (a constant) remains invariant. As a result, we obtain the dimension of the modular orbit

dimVT 2;3
¼ 1þ 3 × 3 ¼ 10: ð113Þ

In [37], an order-12 unflavored MLDE was proposed, which annihilates the Schur index,

0 ¼ ½Dð12Þ
q − 1510E4D

ð10Þ
q − 55440E6D

ð9Þ
q − 233400E2

4D
ð8Þ
q þ 2364600E4E6D

ð7Þ
q

þ 2000ð31228E3
4 − 41013E2

6ÞDð6Þ
q þ 1422624000E2

4E6D
ð5Þ
q

þ ð3925360000E4
4 þ 40438916000E4E2

6ÞDð4Þ
q

þ ð420470400000E3
4E6 þ 344509200000E3

6ÞDð3Þ
q

þ ð1168824000000E5
4 þ 7510426000000E2

4E
2
6ÞDð2Þ

q

þ ð23905224000000E4
4E6 þ 31682361200000E4E3

6ÞDð1Þ
q �ch0: ð114Þ

This equation has ten rational indicial roots and two irrational indicial roots. The two irrational roots actually suggest that

this is not the unflavored MLDE of the lowest order in the q derivative. Note also that there is no Dð0Þ
q term in the equation,

implying that a constant is a solution to the equation. By direct computation, we find at modular weight 36 an equation of
order 10,

0 ¼
��

55

196
E4
4 þ E4E2

6

�
Dð10Þ

q −
405

14
E3
4E6D

ð9Þ
q þ

�
−
11775

49
E5
4 − 525E2

4E
2
6

�
Dð8Þ

q

×

�
94125

7
E4
4E6 − 29400E4E3

6

�
Dð7Þ

q þ
�
−
2364000

49
E6
4 þ 126300E3

4E
2
6

�
Dð6Þ

q

þ
�
14796000

7
E5
4E6 − 4498200E2

4E
3
6

�
Dð5Þ

q

þ
�
19430000

7
E7
4 þ 5253500E4

4E
2
6 − 5586000E4E4

6

�
Dð4Þ

q

þ
�
−
1033500000

7
E6
4E6 þ 639555000E3

4E
3
6

�
Dð3Þ

q

×

�
10959000000

49
E8
4 þ 575450000E5

4E
2
6 þ 2830730000E2

4E
4
6

�
Dð2Þ

q

×
�
1683000000

7
E7
4E6 þ 14264950000E2

4E
3
6 þ 14543200000E4E5

6

�
Dð1Þ

q

�
ch0: ð115Þ

This equation share exactly the same ten rational indicial roots with (114) without the irrational roots. Again, there is no

Dð0Þ
q term in the equation, implying that a constant is a solution to the equation. The existence of this equation implies that

the modular orbit of chT 2;3
0 spans the full space of module characters.

With the above basis ch0;…; ch9, we are able to compute the S, T matrices for T 2;3:
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S ¼

0BBBBBBBBBBBBBBBBBBB@

0 1 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0

0 0 1 0 −1 0 1 0 0 0

0 0 0 0 0 0 0 1
2

− 1
4

1
8

−8 0 8 0 −5 0 4 0 0 1
2

0 0 0 0 0 0 0 1 0 0

−8 0 8 0 −4 0 3 0 0 1
2

0 0 0 0 0 1 0 0 0 0

−8 8 0 −4 0 2 0 0 0 1
2

−16 16 0 0 0 0 0 0 0 1

1CCCCCCCCCCCCCCCCCCCA

; T ¼

0BBBBBBBBBBBBBBBBBBB@

þ1 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0

0 1 0 1 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0

0 0 0 1 0 1 0 0 0 0

0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 þ1 1 0

0 0 0 0 0 0 0 0 þ1 1

0 0 0 0 0 0 0 0 0 þ1

1CCCCCCCCCCCCCCCCCCCA

: ð116Þ

The Jordan decomposition of T contains blocks of sizes ½3; 3; 3; 1�,0BBBBBBBBBBBBBBBBBBB@

−1 1 0 0 0 0 0 0 0 0

0 −1 1 0 0 0 0 0 0 0

0 0 −1 0 0 0 0 0 0 0

0 0 0 þ1 1 0 0 0 0 0

0 0 0 0 þ1 1 0 0 0 0

0 0 0 0 0 þ1 0 0 0 0

0 0 0 0 0 0 þ1 1 0 0

0 0 0 0 0 0 0 þ1 1 0

0 0 0 0 0 0 0 0 þ1 0

0 0 0 0 0 0 0 0 0 þ1

1CCCCCCCCCCCCCCCCCCCA

: ð117Þ

These sizes count precisely the number of independent objects (112) at different modular weights that appear in the modular
orbit, and can also be read off directly from the Schur index IT 2;3

(106). Roughly speaking, each block corresponds to one
nonlogarithmic solution,

1; E2

�
1

−1
�
þ E2

�
1

þ1

�
; E2

�−1
−1

�
þ E2

�
1

þ1

�
; E2

�−1
1

�
þ E2

�
1

þ1

�
: ð118Þ

2. T 2;5 theory

Let us consider the next example in the series: the T 2;5 theory. The Schur index of the T 2;5 theory is

IT 2;5
¼ 1

640

�
3þ 20

�
E2

�
1

−1

�
þ E2

�
1

1

��
þ 20

�
E2

�
1

−1

�
þ E2

�
1

1

��
2

− 80

�
E4

�
1

−1

�
þ E4

�
1

1

���
: ð119Þ

In IT 2;5
, there is one weight-zero, one weight-two, and one weight-four term. Under the modular transformation, terms of

different weight decouple, while terms of the same weight transform as a collection, leading to a set of linearly independent
expressions,

1

τl¼0;1;2

�
E2

�
α

β

�
þ E2

�
1

1

��




ðα;βÞ¼ð1;−1Þ;ð−1;1Þ;ð−1;−1Þ

;

τl¼0;1;2;3;4

��
E2

�
α

β

�
þ E2

�
1

1

��
2

− 4

�
E4

�
α

β

�
þ E4

�
1

1

���




ðα;βÞ¼ð1;−1Þ;ð−1;1Þ;ð−1;−1Þ

: ð120Þ
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Therefore, the dimension of the SLð2;ZÞ orbit of ch0 is

dimVT 2;5
¼ 1þ 3 × 3þ 3 × 5 ¼ 25: ð121Þ

This indicates that the minimal order of derivatives in the unflavored MLDE should be at least 25. By direct computation,
we find an unflavored at modular weight 74 of the form

½Dð37Þ
q þ λE6D

ð34Þ
q þ � � ��ch0 ¼ 0; ð122Þ

where λ is a fraction with numerator and denominator

numerator ¼ 421282402952490486445992287338190685460922751300553151483

2418220679017 49047988562616579113550476031711391007616264

95031848078719518242427794 2115734662906185298984911599590

791101078722178945684374696685810515210 77474520; ð123Þ

denominator ¼ 198743721653470831065556134904415296204844638429340239369

6952040388320 81520624654129118171344687480575165865484484

95321188586890643377882808 2693618682833770608875281132559

897910052369384144317652428941586215542 7: ð124Þ

However, this is not the MLDE with the lowest order of derivation. We further find another equation at weight 254, which
starts with

½733377661001283792156623707366556995116638016839211654400000000000000000E51
4

þ 282690869316323266546364828331938074747341836739646939747840000000000000000E2
6E

48
4

− 7884882393871481391584808150113653526629001464449985421307144000000000000000E4
6E

45
4

þ 93647744656566833271525848884855217184352757449402901361433214000000000000000E6
6E

42
4

− 562499953760026435445686538976968475851541622284038846026006838800000000000000E8
6E

39
4

þ 1237761204469987652132338045703223542840939412307215646837161857100000000000000E10
6 E36

4

þ 6000090031464451799668871835615184439713164025098402431439406513868500000000000E12
6 E33

4

− 60501492602890104728207162664524254851454513928274275105761754068139975000000000E14
6 E30

4

þ 253574347551634548911690389512972372549748230485621663095757975176425333750000000E16
6 E27

4

− 674937213267060398825325560565542490748053015409023766724262837052317705125000000E18
6 E24

4

þ 1271222347065419612392286229650454325173285620228112223945671203806321222934687500E20
6 E21

4

− 1796410685751471391288649628690748883914914584246863279966572708957721408722703125E22
6 E18

4

þ 1971197053860851321044537423579541440657171136270930092419202405217776367136340625E24
6 E15

4

− 1655501119018411519887498805059736262157521610608157585689094805749542231614393750E26
6 E12

4

þ 961307884181455524086753029316646694951039128891591369755961770416467062921587500E28
6 E9

4

− 302702480531330081358260891093741687255683069618196709811824107244611560172418800E30
6 E6

4

þ 23013695122573891150533825839037706228944742721941092539531308051951642856858320E32
6 E3

4

þ 604669704120972379283681439557999913127508129846543569232279348643581825075328E34
6 �Dð25Þ

q þ � � �
ð125Þ
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We may also consider a different basis for the span of the modular orbit, for example,

ch1 ¼ Sch1;

ch2l; ch2lþ1 ¼ Tch2l−1; ðT2 − 1Þch2l−1; l ¼ 1;…; 4;

ch10 ¼ Tch9;

ch11 ¼ Sch9;

chl ¼ ðT − 1Þchl−1; l ¼ 12;…; 15;

ch16 ¼ Sch15;

ch2lþ1; ch2lþ2 ¼ Tch2l; ðT2 − 1Þch2l; l ¼ 8;…; 10;

ch21 ¼ Tch20;

ch22 ¼ Sch20;

ch23; ch24 ¼ ðT − 1Þch22; ðT − 1Þch23: ð126Þ

This basis leads to the following S and T matrices:

S¼

0BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 1 0 −1 0 1 0 −1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

104 0 0 0 0 0 0 0 0 0 0 1
24

− 1
48

1
64

− 5
384

104 0 0 0 0 0 0 −7
8

3
8

−1
8

0 0 80 0 −53 0 44 0 −39 0 107
3

0 0 0 0 8 0 72 0 −48 0 40 −1
2

1
2

−1
2

376 0 0 0 0 0 0 0 0 0 0 7
12

−1
8

7
96

− 5
96

376 0 0 0 0 0 0 −1 0 0

0 0 464 0 −268 0 211 0 −181 0 485
3

0 0 0 0 8 0 456 0 −264 0 208 −1
2

1
2

−1
2

288 0 0 0 0 0 0 0 0 0 0 3
2

−1
8

1
16

− 1
24

288 0 0 0 0 0 0 0 0 0

0 0 768 0 −408 0 312 0 −263 0 232 0 0 0 0 0 0 768 0 −408 0 312 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 384 0 −192 0 144 0 −120 0 105 0 0 0 0 0 0 384 0 −192 0 144 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 384 0 −192 0 144 0 −120 0 104 0 0 0 0 0 0 384 0 −192 0 144 0 0 0 0

0 5376 0 −1152 0 672 0 −480 0 376 0 0 0 0 0 0 5376 0 −1152 0 672 0 0 0 0

0 13824 0 −1152 0 576 0 −384 0 288 0 0 0 0 0 0 13824 0 −1152 0 576 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 −1 0 1 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 7
8

−3
8

1
8

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −8 0 8 0 −5 0 4 1
2

−1
2

1
2

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −8 0 8 0 −4 0 3 1
2

−1
2

1
2

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −8 8 0 −4 0 3 0 1
2

−1
2

1
2

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −24 24 0 −4 0 2 0 3
2

−3
2

3
2

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

;

and
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T ¼

0BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0

9216 0 0 0 0 0 0 0 0 0 0 0 0 0 1 9216 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1 2

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

: ð127Þ

We can compute the Jordan type of the T matrix, showing block sizes ½5; 5; 5; 3; 3; 3; 1�. Obviously, these sizes count
precisely the modular weights of the objects (121) from performing SLð2;ZÞ, which can be easily read off from inspecting
the original Schur index IT 2;5

. The seven blocks corresponds to seven nonlogarithmic solutions to the MLDE, given
explicitly by

1;

�
E2

�
α

β

�
þ E2

�
1

1

��




ðα;βÞ¼ð1;−1Þ;ð−1;1Þ;ð−1;−1Þ��

E2

�
α

β

�
þ E2

�
1

1

��
2

− 4

�
E4

�
α

β

�
þ E4

�
1

1

���




ðα;βÞ¼ð1;−1Þ;ð−1;1Þ;ð−1;−1Þ

: ð128Þ

3. T 2;7 theory

As the last example in the T 2;odd series, we consider the T 2;7 theory, where a basis of length 1þ 3 × 3þ 3 × 5þ 3 × 7 ¼
46 can be constructed in complete similarity with the T 2;3; T 2;5 cases. We compute the S, T matrix using the basis,

indicating that it is a complete basis for the modular orbit of ch
V ½T 2;7�
0 . In particular, the T matrix has Jordan block sizes

½7; 7; 7; 5; 5; 5; 3; 3; 3; 1�, as expected. Unfortunately, we are unable to explicitly construct an order-46 MLDE due to a
constraint on computational resources.
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4. T 2;2l+ 1 theory

Now the modular structure for T 2;2lþ1 becomes almost
transparent, and we make some predictions for all T 2;2lþ1

cases. From the equation (105), the index contains com-
ponents of different weight decoupled in modular trans-
formations, and we generate individually the following
linearly independent expressions:

1; τ0;1;…;2kẼ2kð2τÞj
Ekð2τÞ→1

2

�
Ek

�
1

−1
�
þEk

�
1

1

��;

τ0;1;…;2kẼ2kð2τÞj
Ekð2τÞ→1

2

�
Ek

�
1

−1
�
þEk

�
1

1

��;

τ0;1;…;2kẼ2kð2τÞj
Ekð2τÞ→1

2

�
Ek

�−1
−1

�
þEk

�
1

1

��; ð129Þ

where the 1 comes from the weight-zero term, and
k ¼ 1;…;l. In other words, besides the weight-zero term,
each term in IT 2;2lþ1

of weight 2k gives rise to 3 × ð2kþ 1Þ
objects. In total, there are

1þ 3 × 3þ 3 × 5þ 3 × 7þ � � � þ 3 × ð2lþ 1Þ
¼ 1þ 3lð2þ lÞ ð130Þ

linearly independent expressions in the span of the modular

orbit chT 2;2lþ1

0 . We conjecture that this span is the space
of V ½T 2;2lþ1� characters. The T matrix will have 1þ 3l
Jordan blocks, with sizes ½2lþ 1; 2lþ 1; 2lþ
1;…; 5; 5; 5; 3; 3; 3; 1�. Each block corresponds to a non-
logarithmic solution to the MLDE, given simply by the τ0

objects in (129). The fact that a constant is always in the
span of the modular orbit implies that all of the unflavored

MLDEs for T 2;2lþ1 do not have the Dð0Þ
q term.

As reviewed in Sec. II C, [42] defined the nilpotency
index n, which is used to organize 4D N ¼ 2 SCFTs.
Recall that the index is given by the power n in the
nilpotency relation

Ln
−2j0i ¼ jc2i þ jN Ti;

jc2i∈C2ðV ½T �Þ ≔ spanfa−ha−1bg: ð131Þ
This quantity is conjectured to be larger than the rank of the
4D theory [42],

n − 1 ≥ rankT : ð132Þ
As mentioned previously, many simple cases indicate
n ¼ n0 ¼ nmin. Hence, since we do not know the value
of n for T 2;2lþ1, we could try to use n0 or nmin to
approximate the nilpotency index n. We can immediately
check that this assumption is consistent with the inequality

n0 − 1 ¼ 6lþ 3l2 > rankT 2;2lþ1 ¼ 6l: ð133Þ

C. Modularity of T 3;N

The modular properties of the T p≠2;N theory are sig-
nificantly more intricate than those of the T 2;N theory, due
to the complex web of relations between the twisted
Eisenstein series. To simplify the analysis of modular
transformation, it is convenient to reexpress twisted
Eisenstein series evaluated at pτ in terms of those at τ
using the identities

Ek

�−1
bp

�
ðpτÞ ¼ 1

p

Xl−1
p¼0

Ek

�
1

e2πil=pb

�
;

Ek

�
1

bp

�
ðpτÞ ¼ 1

p

Xl−1
p¼0

Ek

�
1

e2πil=pb

�
; ð134Þ

where we have omitted the (τ) on the right for brevity.

1. T 3;2 theory

We begin with the simplest nontrivial example: the T 3;2
theory. This case was discussed in [37]. For completeness,
we rephrase their results using the Eisenstein series. The
Schur index is

I3;2¼
1

3

�
E1

� −1
q1=6

�
þE1

� −1
e2πi=3q1=6

�
þE1

� −1
e4πi=3q1=6

��
:

ð135Þ

Under the T transformation, the Eisenstein series trans-
forms as

E1

� −1
aq1=6

�
→ E1

� −1
e4πi=3aq1=6

�
; ð136Þ

which leaves the full Schur index invariant after summing
over all three terms. The first nontrivial modular action
appears under the S transformation. We construct the
following set of independent expressions:

ch1 ¼ Sch0 ¼ −
1

6
þ τ

3

�
E1

�
1

e
2πi
3

�
þ E1

�
1

e
2πi
3 q−1=3

�
þ E1

�
1

e
2πi
3 q1=3

��
; ð137Þ

ch2¼Tch1

¼−
1

6
þ1

3

�
E1

�
1

e
2πi
3

�
þE1

�
1

q−1=3

�
þE1

�
1

e
4πi
3 q1=3

��
þ τ

3

�
E1

�
1

e
2πi
3

�
þE1

�
1

q−1=3

�
þE1

�
1

e
4πi
3 q1=3

��
; ð138Þ
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ch3 ¼ Tch2

¼ −
1

6
þ 2

3

�
E1

�
1

e
2πi
3

�
þ E1

�
1

e
4πi
3 q−1=3

�
þ E1

�
1

q1=3

��
þ τ

3

�
E1

�
1

e
2πi
3

�
þ E1

�
1

e
4πi
3 q−1=3

�
þ E1

�
1

q1=3

��
;

ð139Þ

ch4 ¼ Tch3 − ch1 ¼ E1

�
1

e
2πi
3

�
þ E1

�
1

e
2πi
3 q−1=3

�
þ E1

�
1

e
2πi
3 q1=3

�
: ð140Þ

In the last line, the subtraction of ch1 from Tch3 simplifies
the final expression by removing the constant and the τ
terms. Note that the exponents 1=3 indicate some perio-
dicity structure when applying T, as shown in Fig. 2.
The five expressions ch0;…; ch4 span the full modular

orbit of ch0. The resulting S and T matrices are

T ¼

0BBBBBB@
1 0 0 0 0

0 0 1 0 0

0 0 0 1 0

0 1 0 0 1

0 3e
πi
3 −3 3e−

πi
3 2e

πi
3

1CCCCCCA; ð141Þ

and

S¼

0BBBBBBBB@

0 1 0 0 0

1 0 0 0 0

0 3
2
ð1−i ffiffiffi

3
p Þ 3

2
ð1þi

ffiffiffi
3

p Þ −2 1
2
ð1−i ffiffiffi

3
p Þ

3 3
2
ð3þi

ffiffiffi
3

p Þ −13
2
þ3i

ffiffi
3

p
2

−3i
ffiffiffi
3

p
1
2
ð5þi

ffiffiffi
3

p Þ
3ð ffiffi

3
p þ3iÞffiffi
3

p
−i

−3ð ffiffi
3

p
−3iÞffiffi

3
p

−i
−6ð ffiffi

3
p þ2iÞffiffi
3

p
−i

6
ffiffi
3

p þ5iffiffi
3

p
−i

1CCCCCCCCA
:

ð142Þ

Their Jordan forms are

S ∼

0BBBBBBB@

−1 0 0 0 0

0 −1 0 0 0

0 0 þ1 0 0

0 0 0 þ1 0

0 0 0 0 þ1

1CCCCCCCA;

T ∼

0BBBBBBB@

1 1 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 e
2iπ
3 1

0 0 0 0 e
2iπ
3

1CCCCCCCA: ð143Þ

There are three Jordan blocks in the Jordan decomposition
of T, with block sizes [2,2,1]. The three blocks correspond
to three nonlogarithmic solutions to the MLDE,

ch0; ch1 þ e
2πi
3 ch2 − e

πi
3 ch3; ch4: ð144Þ

As shown in [37], the fifth-order MLDE does not contain a

Dð0Þ
q term, so a constant is a solution. Indeed, the constant 1

can be written as a linear combination of these nonlogar-
ithmic solutions,

1 ¼ −6ch0 − 6ðch1 þ e
2πi
3 ch2 − e

πi
3 ch3Þ þ 2

ffiffiffi
3

p
e
5πi
6 ch4:

ð145Þ

The equality comes from the nontrivial identities

0 ¼ E1

�
1

q1=3

�
− e

πi
3E1

�
1

e−
2πi
3 q1=3

�
þ e

2πi
3 E1

�
1

e
2πi
3 q1=3

�
;

ð146Þ

and

1 ¼ −2E1

� −1
q1=6

�
− 2E1

� −1
e−

2πi
3 q1=6

�
− 2E1

� −1
e
2πi
3 q1=6

�
þ 2i

ffiffiffi
3

p
E1

�
1

e
2πi
3

�
þ ð1þ 3

ffiffiffi
3

p
iÞE1

�
1

q1=3

�
þ ð4 − 2i

ffiffiffi
3

p
ÞE1

�
1

e−
2πi
3 q1=3

�
þ ð−5 − i

ffiffiffi
3

p
ÞE1

�
1

e
2πi
3 q1=3

�
: ð147Þ

FIG. 2. A periodic structure under the T transformation.
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The T 3;2 theory has a known and explicit associated VOA given by theAð6Þ algebra [36,79,80]. The corresponding null
state jN Ti was constructed in [37], which shows the nilpotency index n ¼ 5, which is equal to the dimension n0 of the
modular orbit span V0. In this case, the nilpotency index precisely saturates the inequality

n0 − 1 ¼ n − 1 ¼ 4 ¼ rankT 3;2: ð148Þ
2. T 3;4 theory

The next nontrivial example is the T 3;4 theory, whose Schur index is

IT 3;4
ðqÞ ¼ −

1

72
þ 1

72

�
E1

� −1
q1=6

�
þ E1

� −1
e−

2πi
3 q1=6

�
þ E1

� −1
e
2πi
3 q1=6

��
þ 1

6

�
−
1

3
E2

�
1

1

�
−
1

3
E2

�
1

e−
2πi
3

�
−
1

3
E2

�
1

e
2πi
3

��
þ 1

18

�
E1

� −1
q1=6

�
þ E1

� −1
e−

2πi
3 q1=6

�
þ E1

� −1
e
2πi
3 q1=6

��
×

�
E2

�
1

q1=3

�
þ E2

�
1

e−
2πi
3 q1=3

�
þ E2

�
1

e
2πi
3 q1=3

��
−

1

162

�
E1

� −1
q1=6

�
þ E1

� −1
e−

2πi
3 q1=6

�
þ E1

� −1
e
2πi
3 q1=6

��
3

: ð149Þ

As in the case of the T 3;2 theory, the Schur index of the T 3;4

theory is invariant under the T transformation. The S
transformation yields schematically

−5
324

þ 1

108
τð� � �Þ þ 1

108
τ2ð� � �Þ þ 1

162
τ3ð� � �Þ; ð150Þ

where the ellipses represent some polynomials of twisted
Eisenstein series, of modular weight 1,2,3 with character-
istics, for example, ðe2πi

3 ; q−
1
3; e

4πi
3 q

1
3Þ. The exponents 1

3

indicate the periodicity of the T transformation, as shown
in Fig. 2.
Now we are ready to compute the modular orbit of

chT 3;4
0 ¼ IT 3;4

. We construct a basis in a recursive manner,

ch1; ch2; ch3 ¼ Sch0; Tch1; T2ch2; ð151Þ

ch4; ch5; ch6 ¼ Tch3 − ch1; Tch4; T2ch5; ð152Þ

ch7; ch8; ch9 ¼ Tch6 − ch4; Tch7; T2ch8; ð153Þ

ch10; ch11; ch12 ¼ Tch9 − ch7; Tch10; T2ch11: ð154Þ

The element ch12 marks the end of the successive T
transformations, since ch10; ch11; ch12 forms a periodic
sequence of length 3 under the T transformation,

Tch12 ¼ ch10: ð155Þ

At the beginning of each line, we subtract chi−2 from Tchi
to cancel the τ3, τ2, and τ terms, using the periodicity of the
T transformation, as shown in Fig. 2.
Moving forward, we consider the following elements:

ch13 ¼ Sch10; ð156Þ

ch14; ch15; ch16 ¼ ðT − idÞch13; ðT − idÞch14;
× ðT − idÞch15 þ 972ch0: ð157Þ

In the last entry we subtracted 972ch0 to cancel the weight-
three terms in ðT − idÞch15, which simplifies the sub-
sequent modular transformations, where such a simplifi-
cation pattern repeats once again. Also, Tch16 ¼ 0. To
proceed, we enter the remaining sector:

ch17; ch18; ch19 ¼ Sch16; Tch17; Tch18; ð158Þ

ch20; ch21; ch22 ¼ Tch19 − ch17; Tch20; Tch21; ð159Þ

ch23; ch24; ch25 ¼ Tch22 − ch20; Tch23; Tch24 ð160Þ

ch26;ch27;ch28¼Sch23;ðT−idÞch26;ðT−idÞch27−36ch16;

ð161Þ

ch29; ch30; ch31 ¼ Sch28; Tch29; Tch30; ð162Þ

ch32 ¼ Tch31 − ch29: ð163Þ
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In the above, Tch25 ¼ ch23, and the subtraction ðT −
idÞch27 − 36ch16 removes the weight-two terms in
ðT − idÞch27. At the very end, the construction terminated
at ch32, since further action of T does not yield new linearly
independent elements, for example,

0 ¼ −3eiπ
3 ch29 þ 3ch30 þ 3e

iπ
6 ich31 − 2e

iπ
3 ch32 þ ch33;

ð164Þ
which is due to an identity between Eisenstein series,

E1

�
1

q1=3

�
þ e

4πi
3 E1

�
1

e
4πi
3 q1=3

�
þ e

2πi
3 E1

�
1

e−
2πi
3 q1=3

�
¼ 0:

ð165Þ

The resulting modular orbit thus spans a 33-dimensional
space V0. Unfortunately, we have not constructed an order-
33 MLDE to verify nmin ¼ n0. The rank-33S and T
matrices can be computed directly with the basis
ch0;…;32, and we omit their explicit form here. The sizes
of the Jordan blocks for the T and S matrices are given by
f2; 1; 3; 3; 4; 4; 3; 4; 2; 3; 4g and f1;…; 1g, respectively.
Each block in T corresponds to a nonlogarithmic solution
of the MLDE, given by the following expressions:

ch0; ch10; ch12; ch13; ch17; ch24; ch25; ch26; ch29;

ð166Þ

ch29 þ e
2πi
3 ch30 − e

πi
3 ch31: ð167Þ

In particular, the constant solution is a solution to the
MLDE and can be written in terms of the nonlogarithmic
solutions,

1 ¼ 18

5
ch28 þ

18

5
ch9 þ

18e2πi=3

5
ch30 −

18

5
eπi=3ch31

þ 6

5

ffiffiffi
3

p
e−πi=6ch32: ð168Þ

With dimV0 ¼ 33, we again approximate the nilpotency
index n ¼ 33. We can check against the conjecture in [42]
and verify that

dimV0 − 1 ¼ n − 1 ¼ 32 > 12 ¼ rankT 3;4: ð169Þ

D. Modularity of T 4;3

The T 4;3 theory has a Schur index given by

IT 4;3
¼ −

1

48

�
−1þ 12E1

�−1
1

�
ð4τÞ − 24E1

�−1
q

�
ð4τÞ2

þ 24E2

�−1
1

�
ð4τÞ

�
; ð170Þ

where we have identified the prefactor iϑ4ðτj4τÞ
ϑ1ðτj4τÞ ¼ 1. Using

Ek

�−1
bp

�
ðpτÞ ¼ 1

p

Xl−1
p¼0

Ek

� −1
e2πil=pb

�
; ð171Þ

we are ready to to compute the modular orbit of

chT 4;3
0 ¼ IT 4;3

. A complication arises from identities
between Eisenstein series, for example,

0¼E1

�
1

−q1=4

�
−E1

�
1

q1=4

�
þ iE1

�
1

−iq1=4

�
− iE1

�
1

iq1=4

�
;

ð172Þ

0¼E2

�
1

−q1=4

�
−E2

�
1

q1=4

�
−
1

4
E1

�
1

−q1=4

�
þ1

4
E1

�
1

q1=4

�
þ1

2
E1

�−1
i

�
E1

�
1

−iq1=4

�
þ1

2
E1

�
1

i

�
E1

�
1

−iq1=4

�
−
1

2
E1

�−1
i

�
E1

�
1

iq1=4

�
−
1

2
E1

�
1

i

�
E1

�
1

iq1=4

�
: ð173Þ

Similar to the discussions of T 3;4, it leads to some
unexpected linear relations between elements in the modu-

lar orbit of chT 4;3
0 . For example, the τ2 terms in T2Sch0 and

Sch0 are actually equal,

4ðT2Sch0−Sch0Þjτ2

¼E2

�
1

−q1=4

�
−E2

�
1

q1=4

�
−
1

4
E1

�
1

−q1=4

�
þ1

4
E1

�
1

q1=4

�
þ1

2
E1

�−1
i

�
E1

�
1

−iq1=4

�
þ1

2
E1

�
1

i

�
E1

�
1

−iq1=4

�
−
1

2
E1

�−1
i

�
E1

�
1

iq1=4

�
−
1

2
E1

�
1

i

�
E1

�
1

iq1=4

�
¼0: ð174Þ

Otherwise, one would expect such an equality appearing
between T4Sch0 and Sch0 to cancel the leading τ2.
Taking into account all of these relations, we construct

the following basis of V0 in a recursive manner:

ch1¼Sch0;

ch2;ch3;ch4;ch5¼Tch1;Tch2−ch1;Tlch3;l¼1;2

ch6;ch7;ch8¼Tch5þ ich3−ch4− ich5;Tlch6;l¼1;2

ch9¼Sch8;

ch10;ch11;ch12¼Tch9;Tch10−ch9;Tch11: ð175Þ
These expressions span a 13-dimensional space. In [37], a
17th-order MLDE was constructed, with 13 rational indi-
cial roots and four irrational indicial roots. This suggests
the existence of a 13th-order MLDE. Indeed, we find such
an MLDE at modular weight 72,
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0¼½ð574745600E9
4−1076920320E2

6E
6
4þ1096671156E4

6E
3
4þ1424635751E6

6ÞE6E4D
ð13Þ
q

−432ð124899200E2
6E

9
4−122363780E4

6E
6
4þ276220301E6

6E
3
4ÞDð12Þ

q

þ
�
1

7
ð−9326814848000ÞE6E11

4 þ4224114652800E3
6E

8
4−2783340033180E5

6E
5
4−1838877565469E7

6E
2
4

�
Dð11Þ

q

þ8ð7442481904000E9
4−3342340125600E2

6E
6
4þ19895117706660E4

6E
3
4−20234101571453E6

6ÞE2
6E4D

ð10Þ
q

−
1

7
6600ð107830112000E9

4−464290614480E2
6E

6
4þ3764819611896E4

6E
3
4−5674341339373E6

6ÞE6E3
4D

ð9Þ
q

þ900

7
ð125131002656000E9

4−533992662885360E2
6E

6
4þ135615545950920E4

6E
3
4þ277277681006249E6

6ÞE2
6E

2
4D

ð8Þ
q

þ25

49
ð643463494355968000E12

4 −2731343006933587200E2
6E

9
4

þ3659914196088200400E4
6E

6
4−4407695411247251480E6

6E
3
4þ2872041231540420093E8

6ÞE6E4D
ð7Þ
q

−21000ð195522293753600E9
4−227017724188080E2

6E
6
4−287151556728792E4

6E
3
4−652446141959227E6

6ÞE2
6E

3
4D

ð6Þ
q

þ16000ð672100320320000E12
4 þ1275146989916800E2

6E
9
4−5549761806160320E4

6E
6
4

−5608956608000116E6
6E

3
4þ4426262074119193E8

6ÞE6E2
4D

ð5Þ
q

þ1000ð186244985483392000E12
4 −1504510704852769600E2

6E
9
4

þ3377616482254971600E4
6E

6
4−2490552991649009420E6

6E
3
4þ1680134794564701167E8

6ÞE2
6E4D

ð4Þ
q

þ40000

7
ð45809333636352000E12

4 −106878284832457600E2
6E

9
4−346593764375468400E4

6E
6
4

þ830194932722473920E6
6E

3
4þ90356200990717277E8

6ÞE6E3
4D

ð3Þ
q

þ60000

7
ð1077666799527296000E12

4 −4957511831704644800E2
6E

9
4

þ6663480952508528400E4
6E

6
4−4603907186041058980E6

6E
3
4þ6994092915923002351E8

6ÞE2
6E

2
4D

ð2Þ
q

þ10000

49
ð43422946454384640000E15

4 −225296315114048640000E2
6E

12
4

þ680500256154933166400E4
6E

9
4−1372309846461167300400E6

6E
6
4

þ1494610562792323885020E8
6E

3
4−523092474786506400853E10

6 ÞE6E4D
ð1Þ
q �chT 4;3

0 : ð176Þ
This equation shares the same 13 rational indicial roots as the 17th-order MLDE constructed in [37]. Since the order of the
MLDE equals the dimension n0 of the span V0 of the modular orbit, V0 is expected to be the entire space of module
characters. Using the above basis ch0;…; ch12, we can compute the S, T matrices. In particular, the T matrix reads0BBBBBBBBBBBBBBBBBBBBBBBBBBB@

1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0 0

0 −1 −2i 4 6i −6 −6i 4 2i 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 0 0 0 1

0 −32i 53 96i −110 −96i 61 32i −4 −1 0 2 0

1CCCCCCCCCCCCCCCCCCCCCCCCCCCA

: ð177Þ

YIWEN PAN and PEIHE YANG PHYS. REV. D 112, 105011 (2025)

105011-22



The Jordan decomposition leads to the following block structure:

T →

0BBBBBBBBBBBBBBBBBBBBBBBBBBB@

−1 1 0 0 0 0 0 0 0 0 0 0 0

0 −1 0 0 0 0 0 0 0 0 0 0 0

0 0 −1 1 0 0 0 0 0 0 0 0 0

0 0 0 −1 1 0 0 0 0 0 0 0 0

0 0 0 0 −1 0 0 0 0 0 0 0 0

0 0 0 0 0 i 1 0 0 0 0 0 0

0 0 0 0 0 0 i 0 0 0 0 0 0

0 0 0 0 0 0 0 þ1 0 0 0 0 0

0 0 0 0 0 0 0 0 þ1 1 0 0 0

0 0 0 0 0 0 0 0 0 þ1 0 0 0

0 0 0 0 0 0 0 0 0 0 þ1 1 0

0 0 0 0 0 0 0 0 0 0 0 þ1 1

0 0 0 0 0 0 0 0 0 0 0 0 þ1

1CCCCCCCCCCCCCCCCCCCCCCCCCCCA

; ð178Þ

featuring six blocks with block sizes [3,3,2,2,2,1]. Each
block block corresponds to a nonlogarithmic solution to the
MLDE, given by the following four expressions:

ch0; ch6; ch7; ch8; ð179Þ

ch11 − 4ch3 − 8ð1þ iÞch4 þ ð4 − 8iÞch5;
ch12 − 4ð2þ iÞch3 − 8ich4 − 4ich5: ð180Þ

Finally, with n0 ¼ dimV0 ¼ 13, we may use it to
approximate the nilpotency index n ¼ 13. We can check
against the conjecture in [42] and verify that

n0 − 1 ¼ 12 > 9 ¼ rankT 4;3: ð181Þ

IV. MODULARITY AND 4D MIRROR SYMMETRY

The previous discussions establish the modularity prop-
erties of the T p;N theory, providing the full space of simple
and logarithmic modules characters of the associated VOA
V ½T p;N �. In particular, the simple module characters are
given by the nonlogarithmic solutions to the MLDE.
4D mirror symmetry is a mysterious correspondence

between the associated VOA and the Coulomb branch
geometry of the circle-compactified 4D theory T . In
[43,44], it was observed and proposed that there is a
correspondence between the Coulomb branch geometry
and the representation theory of VOAs. This relation was
subsequently extended to a large class of Argyres-Douglas
theories [45,46] and to class-S theories of type A1 [47,48].
In this section, we explore the connection between the
simple modules of the associated VOA and the fixed loci
under Uð1Þr in the Coulomb branch geometry for T p;N

theories that admit a class S construction. We see in these
cases that the number of simple modules matches the
number of fixed points in the Coulomb branch geometry.
Recall that an Argyres-Douglas theory can be realized as

a compactification of the 6D N ¼ ð2; 0Þ theory on a
Riemann surface with one irregular singularity (at
z ¼ ∞) labeled by Jb½k� and at most one regular singularity
(at z ¼ 0). Here, k, b are both integers and k > −b; the
allowed values of b are restricted by the group J [59,81–
84]. The Coulomb branch geometry is determined by the
boundary condition of the adjoint-valued Higgs field,
which has the following asymptotics at the irregular
singularity:

ΦðzÞ ∼z→∞ðTkz
k
b þ…Þdz: ð182Þ

The irregular singularity can be classified by requiring that
the Higgs field is well defined upon analytic continuation
around the singularity z → ze2πi [85]. That is, there exists a
gauge transformation g that ensures the single-valuedness
of the Higgs field

Φðe2πizÞ ¼ gΦðzÞg−1 ⇒ gTkg−1 ¼ e2πik=bTk: ð183Þ

This gauge transformation g induces a grading on the Lie
algebra

j ¼⊕l∈Z=bZ jl=b; ð184Þ

where jl=b denotes the subspace on which g acts with
eigenvalue e2πil=b. Here, the leading coefficient Tk of the
Higgs field expansion is a regular semisimple element
in jk=b ⊂ j.
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Redefining the Higgs field via

ΦðzÞ ¼ Φ0ðzÞ
z

; ð185Þ

the boundary condition near the irregular singularity
becomes

Φ0 ∼z→∞ðTkzν þ…Þdz:; ν ≔
k
b
þ 1 > 0: ð186Þ

Near the regular singularity, Φ has the boundary behavior

ΦðzÞ ∼z→∞
�
f∨
z
þ � � �

�
dz; ð187Þ

where f is a regular nilpotent element in a Levi subalgebra
l ⊂ j [86], and f∨ is valued in the closure Ōf∨ , where Of∨

denotes the nilpotent orbit in j∨ that is the Spaltenstein dual
of Of.
On the Hitchin side, the data is encoded in a parabolic

subalgebra p∨ ¼ l∨ þ n∨ ⊂ j∨ corresponding to the para-
bolic subgroup P∨ ⊂ J∨. Here n∨ denotes the positive root
space that is not contained in l∨, and l∨ is the dual of the
Levi subalgebra l. In the massless limit, the redefined
Higgs field behaves as

Φ0 ∼ ðβ þ � � �Þdz; β∈n∨: ð188Þ

This asymptotics is related to (187) by gauge transforma-
tions j0 þ j1zþ j2z2 þ � � �, j0 ∈P∨; ji ∈ J∨, due to the fact
thatOf∨ ¼ G∨ · n∨, where G∨ is the connected and simply
connected Lie group with Lie algebra j∨.
The Hitchin moduli space admits a C� action that

rescales the coordinates ðx; zÞ as

x → λαx; z → λβz: ð189Þ

Given an elliptic element γ, for which the associated
spectral curve is C� invariant under the identification
ΦðzÞ0 ¼ gγg−1dz, the affine Springer fiber is defined as

Spγ;P∨ ≔ fg∈P∨nJ∨jgγg−1 ⊂ ñ∨g; ð190Þ

where ñ∨ is the subalgebra with root system
Δñ∨ ¼ Δ̂∨

þnΔ∨
l , and P∨ is the parahoric group of group

J∨ of gauge transformations, with root system Δ̂∨
þ ∪ Δ∨

l .
The fixed locus of the affine Springer fiber under the

torus action is described using the sets

Lν ¼ fαþ lδ∈ Δ̂∨jναðρÞ þ l ¼ 0g; ð191Þ

and

Sν ¼ fαþ lδ∈ Δ̂∨jναðρÞÞ þ l ¼ νg; ð192Þ

and the fixed varieties are given by [87,88]

SpT
γ;P∨ ¼⊔Hw̃;fw̃∈WP∨nWaff=WνjAdðw̃Þγ∈ñ∨g: ð193Þ

Here, Wν and WP∨ denote the Weyl groups of Lν and P∨,
respectively. The dimension of each component is

dimHw̃ ¼ jw̃LνnΔñ∨ j − jw̃SνnΔñ∨ j: ð194Þ

We would like to apply this formalism to the three
simplest T p;N theories that can be identified as Argyres-
Douglas theories,

T 3;2 ¼ ðA2; D4Þ; T 4;3 ¼ ðA3; E6Þ;
T 6;5 ¼ ðA5; E8Þ: ð195Þ

Let us begin with the T 3;2 theory. The relevant VOA for
the ðA2; D4Þ theory is

W−h∨þ b
bþk
ðj; fÞ; ð196Þ

with h∨ ¼ 6, b ¼ 6, k ¼ 3, j ¼ d4, and f ¼ ½7; 1� corre-
sponding to the principal nilpotent orbit in d4 (namely, the
absence of a regular puncture). Alternatively, b ¼ 4, k ¼ 2
also yields a consistent realization. In both cases, the
level is

−6þ 2

3
: ð197Þ

This level is inadmissible, and the corresponding value
of ν is

ν ¼ k
b
þ 1 ¼ 3

2
¼ u

m
; u ¼ 3; m ¼ 2: ð198Þ

We observe that there is no twist, and since D4 is a simply
laced, we have the affine roots Δ̂ ¼ Δ̂∨. Here, f ¼ ½7; 1�
implies that the standard Levi subalgebra satisfiesΔ∨

l ¼ Δ∨þ.
Consequently, we obtain

Δñ∨ ¼ Δ̂þnΔþ ¼ fαþ lδjl > 0; α∈Δg; ð199Þ

and theWeyl groupWP∨ is the finite Weyl group of d4, since
P∨ is a parahoric subgroup with the root system Δ̂∨þ ∪ Δ∨þ ¼
Δ̂þ [89]. The elliptic element can be chosen as

γ ¼
X

αþlδ∈ Sν;αþlδ∈ Δ̂þ

eαzl: ð200Þ

in terms of the Chevalley basis.
To determine the fixed varieties of the affine Springer

fiber, we follow the algorithm in [87,88] and solve the
defining equations for two sets Lν and Sν of affine roots,
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Lν ¼ fαþ lδ∈ Δ̂∨jναðρÞ þ l ¼ 0g; ð201Þ

and

Sν ¼ fαþ lδ∈ Δ̂∨jναðρÞ þ l ¼ νg: ð202Þ

Solving these equations yields the sets

Lν ¼ f6δ − α1 − α2 − α3 − α4; 3δ − α2 − α4; 3δ − α1 − α2; 3δ − α2 − α3;

− 3δþ α1 þ α2;−3δþ α2 þ α3;−6δþ α1 þ α2 þ α3 þ α4;−3δþ α2 þ α4g
¼ f�ð6δ − e1 − e3Þ;�ð3δ − e2 − e4Þ;�ð3δ − e1 þ e3Þ;�ð3δ − e2 þ e4Þg ð203Þ

and

Sν ¼
8<:

9δ − α1 − 2α2 − α3 − α4; 6δ − α1 − α2 − α4; 6δ − α2 − α3 − α4; 3δ − α1;

3δ − α2; α1; 3δ − α3;−3δþ α1 þ α2 þ α3; α3;−6δþ α1 þ 2α2 þ α3 þ α4;

−3δþ α2 þ α3 þ α4; α4

9=;: ð204Þ

The set Lν generates a Weyl group Wν, which can be used
to describe the fixed varieties of the affine Springer fiber,

fw̃∈Wd∨
4
nWaff=WνjAdðw̃Þγ ∈ αþ lδ; l > 0g: ð205Þ

Explicitly, Wν is generated by the reflections sβi , where

β̂1 ¼ 6δ − α1 − α2 − α3 − α4;

β̂2 ¼ 3δ − α2 − α4;

β̂3 ¼ 3δ − α1 − α2;

β̂4 ¼ 3δ − α2 − α3: ð206Þ

One can verify that ðβ̂i; β̂jÞ ¼ 0 for i ≠ j. The action of the
affine Weyl group on any affine weight is

sα̂λ̂ ¼ λ̂ − ðλ̂; α̂∨Þα̂: ð207Þ

From this expression, it follows that sβ̂i sβ̂j λ̂ ¼ sβ̂j sβ̂i λ̂,

sβ̂i sβ̂i λ̂ ¼ λ̂. Thus, Wν is an Abelian group. It is known
that the affine Weyl group can be decomposed into a
semidirect product of the Weyl group and the coroot lattice,

Waff ≅ Wd∨
4
⋉ Q∨ ⇒ Wd∨

4
nWaff ≃Q∨: ð208Þ

Recall that a generic translation is generated by

tP4

i¼1
miαi

; mi ∈Z; ð209Þ

where the action of translation on an affine root is

tβ̂ðα̂Þ ¼ α̂ − ðα; βÞδ: ð210Þ

Thus, the problem reduces to the following steps.
(1) First, denote the set in which γ takes values as Sγ

(200). Then, determine the translation that satisfies

tP4

i¼1
miαi

ðSγÞ∈ αþ lδ; l > 0: ð211Þ

(2) Identify the translations that belong to different
orbits of Wν.

The generic elements of Wν shift the finite part of the affine
root, while translations only affect the δ component. For
elements of the translation group that lie in the orbit of Wν

the only possibility is the identity element inWν. Hence, the
simple modules should correspond to the allowed trans-
lations. Solving the constraint in the first step, we obtain
three solutions that corresponding to the simple module:

m1 ¼ −5; m2 ¼ −8; m3 ¼ −5; m4 ¼ −5;

m1 ¼ −4; m2 ¼ −7; m3 ¼ −4; m4 ¼ −4;

m1 ¼ −3; m2 ¼ −5; m3 ¼ −3; m4 ¼ −3;

ð212Þ

with respective fixed point dimensions 7,7,0 if we apply
(194) directly. Unfortunately, these dimensions do not match
with the Jordan block structure of the T matrix [90].
The analysis for T 4;3 and T 6;5 proceeds in a similar

fashion. The presence of a trivial puncture simplifies the
computation, reducing the Δñ∨ to Δ̂∨

þnΔ∨þ, and hence leads
to translation. SinceWν is finite, the generic element inWν

will shift the finite part, and the only element that does not
do so is I; hence, the coset of Wν is trivial. For the T 4;3

theory, the relevant Lν and Sν are
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Lν ¼ �f−4δþ α2 þ α4 þ α5; −4δþ α2 þ α3 þ α4; −8δþ α2 þ α3 þ 2α4 þ α5 þ α6;

− 4δþ α3 þ α4 þ α5; −4δþ α4 þ α5 þ α6; −8δþ α1 þ α2 þ α3 þ α4 þ α5 þ α6;

− 8δþ α1 þ α2 þ α3 þ 2α4 þ α5; −12δþ α1 þ α2 þ 2α3 þ 2α4 þ 2α5 þ α6;

− 4δþ α1 þ α3 þ α4g ð213Þ

and

Sν ¼ fα2; −4δþ α2 þ α4 þ α5 þ α6; −4δþ α2 þ α3 þ α4 þ α5;

− 8δþ α2 þ α3 þ 2α4 þ 2α5 þ α6; α3; −4δþ α3 þ α4 þ α5 þ α6;

α4; α5; α6; −4δþ α1 þ α2 þ α3 þ α4;

− 8δþ α1 þ α2 þ α3 þ 2α4 þ α5 þ α6; α1; −8δþ α1 þ α2 þ 2α3 þ 2α4 þ α5;

− 12δþ α1 þ α2 þ 2α3 þ 3α4 þ 2α5 þ α6; −4δþ α1 þ α3 þ α4 þ α5;

4δ − α2 − α4; 8δ − α2 − α3 − α4 − α5 − α6; 8δ − α2 − α3 − 2α4 − α5;

4δ − α3 − α4; 4δ − α4 − α5; 4δ − α5 − α6;

16δ − α1 − 2α2 − 2α3 − 3α4 − 2α5 − α6; 8δ − α1 − α2 − α3 − α4 − α5;

12δ − α1 − α2 − α3 − 2α4 − 2α5 − α6; 12δ − α1 − α2 − 2α3 − 2α4 − α5 − α6;

4δ − α1 − α3; 8δ − α1 − α3 − α4 − α5 − α6g: ð214Þ

The allowed translation for tPmiαi
is

m1 ¼ −11m2 ¼ −15m3 ¼ −21m4 ¼ −29m5 ¼ −21m6 ¼ −11;

m1 ¼ −11m2 ¼ −15m3 ¼ −20m4 ¼ −28m5 ¼ −20m6 ¼ −11;

m1 ¼ −10m2 ¼ −14m3 ¼ −19m4 ¼ −27m5 ¼ −19m6 ¼ −10;

m1 ¼ −10m2 ¼ −13m3 ¼ −18m4 ¼ −25m5 ¼ −18m6 ¼ −10;

m1 ¼ −9m2 ¼ −13m3 ¼ −17m4 ¼ −24m5 ¼ −17m6 ¼ −9;

m1 ¼ −8m2 ¼ −11m3 ¼ −15m4 ¼ −21m5 ¼ −15m6 ¼ −8: ð215Þ

This matches with the modularity, implying that the theory has six simple modules. The dimension from the naive
application of (194) for each fixed variety is ½16; 16; 16; 8; 5; 0�.
For the T 6;5 theory, the Lν and Sν are

Lν ¼ �fα2 þ α4 þ α5 þ α6 þ α7 − 6δ; α2 þ α3 þ α4 þ α5 þ α6 − 6δ;

2α2 þ α3 þ 2α4 þ α5 − 6δ; α1 þ 3α2 þ 4α3 þ 6α4 þ 4α5 þ 3α6 þ 2α7 þ α8 − 30δ;

α2 þ α3 þ 2α4 þ 2α5 þ 2α6 þ α7 þ α8 − 12δ; α3 þ α4 þ α5 þ α6 þ α7 − 6δ;

α4 þ α5 þ α6 þ α7 þ α8 − 6δ;

2α1 þ 2α2 þ 3α3 þ 4α4 þ 3α5 þ 3α6 þ 2α7 þ α8 − 24δ;

α1 þ 2α2 þ 2α3 þ 3α4 þ 2α5 þ 2α6 þ 2α7 þ α8 − 18δ;

α1 þ 2α2 þ 2α3 þ 3α4 þ 3α5 þ 2α6 þ α7 þ α8 − 18δ;

α1 þ α2 þ α3 þ α4 þ α5 − 6δ; α1 þ 2α2 þ 2α3 þ 4α4 þ 3α5 þ 2α6 þ α7 − 18δ;

α1 þ α2 þ α3 þ 2α4 þ 2α5 þ α6 þ α7 þ α8 − 12δ;

α1 þ α2 þ α3 þ 2α4 þ 2α5 þ 2α6 þ α7 − 12δ;
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α1 þ α2 þ 2α3 þ 2α4 þ α5 þ α6 þ α7 þ α8 − 12δ;

α1 þ 2α2 þ 3α3 þ 4α4 þ 4α5 þ 3α6 þ 2α7 þ α8 − 24δ;

α1 þ α2 þ 2α3 þ 2α4 þ 2α5 þ α6 þ α7 − 12δ;

α1 þ α2 þ 2α3 þ 3α4 þ 2α5 þ α6 − 12δ;

α1 þ α2 þ 2α3 þ 3α4 þ 3α5 þ 2α6 þ 2α7 þ α8 − 18δ;

α1 þ α3 þ α4 þ α5 þ α6 − 6δg ð216Þ

and

Sν ¼ fα2;−6δþ α2 þ α4 þ α5 þ α6 þ α7 þ α8;−6δþ α2 þ α3 þ α4 þ α5 þ α6 þ α7;

− 6δþ α2 þ α3 þ 2α4 þ α5 þ α6;

− 30δþ 2α1 þ 3α2 þ 4α3 þ 6α4 þ 5α5 þ 3α6 þ 2α7 þ α8;

− 12δþ α2 þ α3 þ 2α4 þ 2α5 þ 2α6 þ 2α7 þ α8; α3;

− 6δþ α3 þ α4 þ α5 þ α6 þ α7 þ α8; α4;

α5;−24δþ 2α1 þ 2α2 þ 3α3 þ 4α4 þ 4α5 þ 3α6 þ 2α7 þ α8; α6; α7; α8;

− 12δþ α1 þ 2α2 þ 2α3 þ 3α4 þ 2α5 þ α6;

− 18δþ α1 þ 2α2 þ 2α3 þ 3α4 þ 3α5 þ 2α6 þ 2α7 þ α8;

− 18δþ α1 þ 2α2 þ 2α3 þ 4α4 þ 3α5 þ 2α6 þ α7 þ α8;

− 6δþ α1 þ α2 þ α3 þ α4 þ α5 þ α6;−6δþ α1 þ α2 þ α3 þ 2α4 þ α5;

− 12δþ α1 þ α2 þ α3 þ 2α4 þ 2α5 þ 2α6 þ α7 þ α8; α1;

− 18δþ α1 þ 2α2 þ 3α3 þ 4α4 þ 3α5 þ 2α6 þ α7;

− 12δþ α1 þ α2 þ 2α3 þ 2α4 þ 2α5 þ α6 þ α7 þ α8;

− 12δþ α1 þ α2 þ 2α3 þ 2α4 þ 2α5 þ 2α6 þ α7;

− 24δþ α1 þ 2α2 þ 3α3 þ 5α4 þ 4α5 þ 3α6 þ 2α7 þ α8;

− 12δþ α1 þ α2 þ 2α3 þ 3α4 þ 2α5 þ α6 þ α7;

− 18δþ α1 þ α2 þ 2α3 þ 3α4 þ 3α5 þ 3α6 þ 2α7 þ α8;

− 6δþ α1 þ α3 þ α4 þ α5 þ α6 þ α7; 6δ − α2 − α4 − α5 − α6; 6δ − α2 − α3 − α4 − α5;

30δ − 2α1 − 3α2 − 4α3 − 5α4 − 4α5 − 3α6 − 2α7 − α8;

12δ − α2 − α3 − 2α4 − 2α5 − 2α6 − α7;

12δ − α2 − α3 − 2α4 − 2α5 − 2α6 − α7;

36δ − 2α1 − 3α2 − 4α3 − 6α4 − 5α5 − 4α6 − 3α7 − 2α8;

6δ − α3 − α4 − α5 − α6; 6δ − α4 − α5 − α6 − α7; 6δ − α5 − α6 − α7 − α8;

24δ − 2α1 − 2α2 − 3α3 − 4α4 − 3α5 − 2α6 − 2α7 − α8;

18δ − α1 − 2α2 − 2α3 − 3α4 − 2α5 − 2α6 − α7 − α8; 6δ − α1 − α2 − α3 − α4;

18δ − α1 − 2α2 − 2α3 − 3α4 − 3α5 − 2α6 − α7;

12δ − α1 − α2 − α3 − 2α4 − α5 − α6 − α7 − α8;

24δ − α1 − 2α2 − 2α3 − 4α4 − 4α5 − 3α6 − 2α7 − α8;
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12δ − α1 − α2 − α3 − 2α4 − 2α5 − α6 − α7;

24δ − α1 − 2α2 − 3α3 − 4α4 − 3α5 − 3α6 − 2α7 − α8;

12δ − α1 − α2 − 2α3 − 2α4 − α5 − α6 − α7;

12δ − α1 − α2 − 2α3 − 2α4 − 2α5 − α6; 18δ − α1 − α2 − 2α3 − 3α4 − 2α5 − 2α6 − 2α7 − α8;

18δ − α1 − α2 − 2α3 − 3α4 − 3α5 − 2α6 − α7 − α8; 6δ − α1 − α3 − α4 − α5g: ð217Þ

The fixed variety can be described by the following translations tP
i
miαi

:

m1 ¼ −56; m2 ¼ −83; m3 ¼ −111; m4 ¼ −165; m5 ¼ −134; m6 ¼ −102; m7 ¼ −69; m8 ¼ −35

m1 ¼ −56; m2 ¼ −82; m3 ¼ −110; m4 ¼ −163; m5 ¼ −133; m6 ¼ −102; m7 ¼ −69; m8 ¼ −35

m1 ¼ −55; m2 ¼ −82; m3 ¼ −109; m4 ¼ −162; m5 ¼ −132; m6 ¼ −101; m7 ¼ −69; m8 ¼ −35

m1 ¼ −55; m2 ¼ −81; m3 ¼ −109; m4 ¼ −161; m5 ¼ −131; m6 ¼ −100; m7 ¼ −68; m8 ¼ −35

m1 ¼ −54; m2 ¼ −80; m3 ¼ −107; m4 ¼ −159; m5 ¼ −130; m6 ¼ −99; m7 ¼ −67; m8 ¼ −34

m1 ¼ −54; m2 ¼ −79; m3 ¼ −106; m4 ¼ −157; m5 ¼ −128; m6 ¼ −98; m7 ¼ −67; m8 ¼ −34

m1 ¼ −53; m2 ¼ −79; m3 ¼ −105; m4 ¼ −156; m5 ¼ −127; m6 ¼ −97; m7 ¼ −66; m8 ¼ −34

m1 ¼ −53; m2 ¼ −78; m3 ¼ −105; m4 ¼ −155; m5 ¼ −126; m6 ¼ −96; m7 ¼ −65; m8 ¼ −33

m1 ¼ −52; m2 ¼ −77; m3 ¼ −103; m4 ¼ −153; m5 ¼ −125; m6 ¼ −96; m7 ¼ −65; m8 ¼ −33

m1 ¼ −52; m2 ¼ −76; m3 ¼ −102; m4 ¼ −151; m5 ¼ −123; m6 ¼ −94; m7 ¼ −64; m8 ¼ −33

m1 ¼ −51; m2 ¼ −76; m3 ¼ −101; m4 ¼ −150; m5 ¼ −122; m6 ¼ −93; m7 ¼ −63; m8 ¼ −32

m1 ¼ −50; m2 ¼ −74; m3 ¼ −99; m4 ¼ −147; m5 ¼ −120; m6 ¼ −92; m7 ¼ −63; m8 ¼ −32

m1 ¼ −50; m2 ¼ −73; m3 ¼ −98; m4 ¼ −145; m5 ¼ −118; m6 ¼ −90; m7 ¼ −61; m8 ¼ −31

m1 ¼ −48; m2 ¼ −71; m3 ¼ −95; m4 ¼ −141; m5 ¼ −115; m6 ¼ −88; m7 ¼ −60; m8 ¼ −31

m1 ¼ −46; m2 ¼ −68; m3 ¼ −91; m4 ¼ −135; m5 ¼ −110; m6 ¼ −84; m7 ¼ −57; m8 ¼ −29:

ð218Þ

The dimension is [36,36,36,36,36,26,22,19,17,12,10,8,5,3,0]
following (194). However, the modular orbit of T 6;5 is too
large and we do not have results to compare it with the
Coulomb branch geometry, though we expect the result to
be different from this naive computation of dimension.

V. V ½T p;N� MODULE CHARACTERS FROM
N = 4 SUðNÞ THEORY

The relation between the Schur index ISUðNÞ of N ¼ 4
SUðNÞ theory and IT p;N

of T p;N theory suggests some
deep relation between the associated VOAs. In [36] an
isomorphism between the two VOAs as graded vector
spaces was proposed for p ¼ 3, N ¼ 2, where the con-
formal weight structure is significantly altered under the
isomorphism.
A VOA is the vacuum module of itself. It is therefore

natural to ask whether there is any relation between
the nonvacuum modules of V ½T SUðNÞ� and V ½T p;N �.

Concretely, given a module character chðb; qÞ of the
V ½T SUðNÞ�, we would like to understand whether the
map, extrapolated from (79),

chSUðNÞðb; qÞ → q−
c2D ½T p;N �−pc2D ½T SUðNÞ�

24 chSUðNÞðqp
2
−1; qpÞ

ð219Þ

provides a module character of the V ½T p;N � or a solution to
the corresponding MLDE.
In the above discussions, we have gained some insight

into the module characters of the V ½T p;N � through the study
of MLDEs and modular orbits. Unfortunately, the repre-
sentation theory of the VOA V ½T SUðNÞ� remains largely
unexplored except for the SUð2Þ case [91]. For higher N,
we rely on the discussions in Sec. II C to speculate on how
such a relation may look like at the level of characters. It
would be very interesting to understand the modules of
V ½T SUðNÞ� more rigorously.
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We start with the relatively trivial case with p ¼ 3,
N ¼ 2. The VOA V ½T SUð2Þ� has two nonlogarithmic
irreducible modules [91]. Additionally, at the level of
character, there is a logarithmic character whose corre-
sponding module remains to be constructed. We list the
three V ½T SUð2Þ� characters in closed form [41],

ch0 ¼
iϑ4ðbÞ
ϑ1ð2bÞ

E1

�−1
b

�
; chM ¼ iϑ4ðbÞ

ϑ1ð2bÞ
�
1−E1

�−1
b

��
;

ð220Þ

chlog ¼ Sch0 ¼
iτϑ4ðbÞ
ϑ1ð2bÞ

E1

�−1
b

�
þ ibϑ4ðbÞ

ϑ1ð2bÞ
: ð221Þ

Following the map (219), the vacuum character ch0 gives
the vacuum character for V ½T 3;2�. The second character chM
contains two terms, one being −ch0, and the second
iϑ4ðbÞ=ϑ1ð2bÞ. Under (219),

ϑ4ðibÞ
ϑ1ð2bÞ

→
iϑ4ðτ2 j3τÞ
ϑ1ðτ2 j3τÞ

¼ 1: ð222Þ

A constant is obviously a solution to the fifth-order MLDE.
Hence, both of the nonlogarithmic characters are mapped to
module characters of V ½T 3;2�.
The logarithmic character chlog under the map gives (up

to an overall constant)

2πτϑ4ðτ2 j3τÞ
q1=8ϑ1ðτj3τÞ

�
1þ E6

� −1
q1=2

�
ð3τÞ

�
¼ ln qð1þ 6qþ 6q3 þ 6q4 þ 12q7 þ 6q9 þ 6q12

þ 12q13 þ 6q19 þ 12q21 þ 6q25 þ � � �Þ: ð223Þ

It is straightforward to verify that this is indeed a solution to
the fifth-order MLDE. Hence, all of the V ½T SUð2Þ� charac-
ters are mapped to those of V ½T 3;2�.
Next, we consider a universal module character for all N.

As discussed in [30], the residue of a special pole in the
integrand that computes the Schur index is given by

Res ¼ q
dim g
8

Yr
i¼1



bdi−1q

diþ1

2 ;q
�


b−diþ1q
1−di
2 ; q

�


bdiq

di
2 ; q

�

b−diq1−

di
2 ; q

� : ð224Þ

Here di denotes the degrees of invariants of the Lie algebra
suðNÞ. The residue is related to some Gukov-Witten-type
surface defects, where the SUðNÞ gauge field develops a
certain singularity along a codimension-two surface [92].
Up to some numerical constant, the residue equals the
vacuum character of a system of bcβγ ghosts that provides
the free field realization for the simple VOA V ½T SUðNÞ�
[8,34],

Res ¼ ch0ðVSUðNÞ
bcβγ Þ: ð225Þ

In particular, the system of bcβγ ghosts constitute a
reducible but indecomposable module of V ½T SUðNÞ�, and
hence ch0ðVSUðNÞ

bcβγ Þ is a module character of V ½T SUðNÞ�.
Interestingly, up to a sign,

ch0ðVSUðNÞ
bcβγ Þ ¼

8<:
ϑ4ðbÞ
ϑ4ðNbÞ ; N ¼ odd;

iϑ4ðbÞ
ϑ1ðNbÞ ; N ¼ even;

ð226Þ

precisely the prefactor fN of ISUðNÞ in (63). As discussed
before,

q−
c2D ½T p;N �−pc2D ½T SUðNÞ�

24 ch0


VSUðNÞ
bcβγ

�
⟶
b→q

p
2
−1;q→qp

1: ð227Þ

As noted in explicit examples above, a constant is always
inside the modular orbit of IT p;N

and hence must always be
a solution to the MLDE.
Next, we consider the theory T 2;3. We start by postulat-

ing candidates for the module character of V ½T SUð3Þ�. The
Wilson line index of the SUð3Þ theory was computed in
[68]. For example, the Wilson line associated with the
Young diagram [2, 2] has an index given by

hW½2;2�iSUð3Þ ¼
ϑ4ðbÞ
ϑ4ð3bÞ

� ffiffiffi
q

p ðb3q1
2 − 1Þð−b5q − 2b4q

1
2ðqþ 1Þ − b3ðqðqþ 4Þ þ 2ÞÞ

b4ðq2 − 1Þ2
�

þ ϑ4ðbÞ
ϑ4ð3bÞ

� ffiffiffi
q

p ðþðb2ð2qðqþ 2Þ þ 1Þq1
2 þ 2bðqþ 1Þqþ q3=2ÞÞ

b4ðq2 − 1Þ2
�

þ ϑ4ðbÞ
ϑ4ð3bÞ

ffiffiffi
q

p ðb2 − 1Þ½ðb2 þ 1Þ ffiffiffi
q

p þ 2bqþ 2b�
b2ðq2 − 1Þ

�
E1

�−1
b

�
þ E1

� −1
b2

ffiffiffi
q

p
��

: ð228Þ

Here we observe two interesting combinations:

chSUð3Þ
1 ¼ ϑ4ðbÞ

ϑ4ð3bÞ
�
E1

�−1
b

�
þ E1

� −1
b2

ffiffiffi
q

p
��

; chSUð3Þ
2 ¼ ϑ4ðbÞ

ϑ4ð3bÞ
: ð229Þ
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These two expressions, together with the vacuum character
ch0, span all of the SUð3Þ Wilson line index. It is therefore

natural to speculate that ϑ4ðbÞ
ϑ4ð3bÞ ðE1½−1b � þ E1½ −1

b2
ffiffi
q

p �Þ consti-

tutes a module character of V ½T SUð3Þ�, and we can inves-
tigate its image under the map (219). Interestingly, the
expression has a pole as b → q1=2; q → q2 with a constant
residue and a constant b-independent term. Both of these
values are trivial solutions to the MLDE of T 2;3.
Admittedly, the T 2;3 case is somewhat trivial. However,

there is a similar but nontrivial example: T p¼4;N¼3. Again,
we consider

q−
c2D ½T 4;3 �−4c2D ½T SUð3Þ �

24
ϑ4ðbÞ
ϑ4ð3bÞ

×

�
E1

�−1
b

�
þ E1

� −1
b2

ffiffiffi
q

p
��





b→q
p
2
−1;q→qp

¼ 1

q
ϑ4ðτj4τÞ
ϑ4ð3τj4τÞ

�
E1

�−1
q

�
ð4τÞ þ E1

�þ1

q2

�
ð4τÞ

�
¼ 1

2
− q − q2 − q4 − 2q5 − q8 − q9 − 2q10 þ � � � : ð230Þ

It is straightforward to verify that this is indeed a solution to
the 13th-order MLDE (176). In fact, this expression can be
written in terms of modular transformations of the vacuum
character chi of V ½T 4;3�,

¼ 1

50
e−i arctan

4
3ð720ei arctan43ch0 þ 52

ffiffiffiffiffi
10

p
e−i arctan 3ch3

þ 104
ffiffiffi
5

p
e−i arctan

1
2ch4 þ 50

ffiffiffiffiffi
10

p
eþi arctan 3ch5

þ ð27þ 114iÞch6 − ð87þ 15iÞch7 − ð18þ 77iÞch8
þ 13iðch11 þ ch12ÞÞ; ð231Þ

and hence is a linear combination of V ½T 4;3�-module
characters. Note that before taking the specialization

b → q
p
2
−1; q → qp, the expression sits outside of the modu-

lar orbit of ISUð3Þ, since E1½ −1
b2

ffiffi
q

p � has a simple pole at the

unflavoring limit b → 1, while ISUð3Þðb; qÞ and its orbit
do not.
Another interesting series of examples is the T 2;2lþ1

theories. To obtain candidates for modules, as we have
discussed in Sec. II C, we exploit the observational
insight from the study of flavored modular differential
equations, where the space of characters is closed under
the action of spectral-flow transformations. Concretely,
we define a difference operator ΔðNÞchðb; qÞ ≔
b−ðN2−1Þq−N2−1

2 chðbq; qÞ − chðb; qÞ.
Let us first revisit the known cases. For N ¼ 2, we have

Δð2ÞISUð2Þðb; qÞ ¼
iϑ4ðbÞ
ϑ1ð2bÞ

; ð232Þ

precisely reproducing the character of the associated bcβγ
system, which also appears in the SUð2ÞWilson line index.
Similarly, for SUð3Þ, we have

Δð3ÞISUð3Þðb;qÞ¼−
3

2

ϑ4ðbÞ
ϑ4ð3bÞ

þ ϑ4ðbÞ
ϑ4ð3bÞ

�
E1

�−1
b

�
þE1

�
1

b2

��
; ð233Þ

Δ2
ð3ÞISUð3Þðb; qÞ ¼ −

3ϑ4ðbÞ
ϑ4ð3bÞ

: ð234Þ

Again, the difference operator generates the expressions we
have seen in the computation of the Wilson line index.
Now we try to construct V ½T 2;5� modules from the N ¼

4 SUð5Þ theory. Under the difference operator Δð5Þ, the

Schur index ISUðNÞ
SUð5Þ gives

Δð5ÞISUð5Þ ¼ −
ϑ4ðbÞ
ϑ4ð5bÞ

�
−225þ 120E1

�
1

b4

�
þ 70E1

�−1
b

�
− 36E1

�−1
b

�
2

þ 8E1

�−1
b

�
3

− 24E1

�−1
b2

�
2

þ E1

�−1
b

��
120 − 72E1

�−1
b3

�
− 48E2

�−1
b3

��
þ 48E2

�−1
b3

�
þ E1

�
1

b2

��
70 − 48E1

�−1
b

�
þ 24E1

�−1
b

�
2

− 24E2

�−1
b2

��
þ E2

�
1

b2

��
36 − 24E1

�−1
b

��
þ 96E2

�
1

b4

�
þ 16E3

�−1
b3

�
þ 48E3

�
1

b4

��
: ð235Þ

Under the map (219), Δð5Þch
SUð5Þ
0 ðb; qÞ develops a singularity as b → 0, τ → 2τ. However we can Laurent expand

Δð5Þch
SUð5Þ
0 ðb; qÞjq→q2 around b ¼ 0. It is straightforward to show that the b0 term solves the 25th-order MLDE of V ½T 2;5�.
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Alternatively, we can show that the b0 term sits inside the

span of the modular orbit of chT 2;5
0 ,

Δð5Þ ch
SUð5Þ
0 ðb; q2Þjb0 ¼ −1000chV ½T 2;5�

15 ðqÞ − chV ½T 2;5�
20 ðqÞ

− 5chV ½T 2;5�
21 ðqÞ þ 60chV ½T 2;5�

24 ðqÞ:

Interestingly, the b−1 term is also in the span,

Δð5Þch
SUð5Þ
0 ðb; q2Þjb−1 ¼ −

i
18π



2600chV ½T 2;5�

15 ðqÞ

þ 3chV ½T 2;5�
20 ðqÞ þ 3chV ½T 2;5�

21 ðqÞ
− 161chV ½T 2;5�

24 ðqÞ
�
: ð236Þ

We can continue to act Δð5Þ on the above expression and
find

Δ2
ð5Þch

SUð5Þ
0 ðb;q2Þjb0 ¼−

2

3



23000chV ½T 2;5�

15 ðqÞ

þ3chV ½T 2;5�
20 ðqÞþ15chV ½T 2;5�

21 ðqÞ
−1430chV ½T 2;5�

24 ðqÞ
�
: ð237Þ

Note, however, that the b−1 term in Δ2
ð5Þch

SUð5Þ
0 ðb; q2Þ is

constant and therefore sits trivially in the span. Finally,
Δ3

ð5Þchðb → 1; q2Þ is also a constant.

A similar pattern appears in T 2;7. In this case, we are not
able to obtain the 49th-order MLDE explicitly. However,
we show that the difference operator Δl

ð7Þ acting on the

Schur index provides elements in the span of the modular
orbit of V ½T 2;7�, which also guarantees that the map (219)
produces a module character of V ½T 2;7�. Explicitly, we list a
few examples below:

Δð7Þch
SUð7Þ
0 ðb; q2Þjb−2 ¼

665

114π2
ch36 þ

25

7104π2
ch41 þ

25

7104π2
ch42 −

24455

85248π2
ch45;

Δ2
ð7Þch

SUð7Þ
0 ðb; q2Þjb−2 ¼

4865

72π2
ch36 þ

25

3552π2
ch41 þ

25

3552π2
ch42 −

179855

42624π2
ch45;

Δ2
ð7Þch

SUð7Þ
0 ðb; q2Þjb−1 ¼ −

53263i
18π

ch36 −
325i
444π

ch41 −
275i
222π

ch42 þ
1964131i
10656π

ch45;

Δ3
ð7Þch

SUð7Þ
0 ðb; q2Þjb−2 ¼

175

π2
ch36 þ

175

16π2
ch45;

Δ3
ð7Þch

SUð7Þ
0 ðb; q2Þjb−1 ¼ −

271159i
18π

ch36 −
325i
444π

ch41 −
275i
222π

ch42 þ
10026283i
10656π

ch45;

Δ3
ð7Þch

SUð7Þ
0 ðb; q2Þjb0 ¼ −

1394981

3
ch36 þ

5775

148
ch41 −

29025

148
ch42 þ

51440147

1776
ch45:

Similar expressions can be obtained for Δl¼4;5;6
ð7Þ ch0, which are relatively trivial.

As a final example, we consider the case T 3;4. By direct computation, we find that

Δð4Þch
SUð4Þ
0 ¼ −

iϑ4ðbÞ
2ϑ1ð4bÞ

�
5 − 3E1

�−1
b

�
− 3E1

�
1

b3

�
− 2E1

�
1

b2

�
þ E1

�−1
b

�
2

þ 2E1

�−1
b

�
E1

�
1

b2

�
− 2E2

�−1
b3

�
− E2

�
1

b2

��
; ð238Þ

Δ2
ð4Þch

SUð4Þ
0 ¼ −

iϑ4ðbÞ
ϑ1ð4bÞ

�
−16þ 3E1

�−1
b

�
þ 3E1

�−1
b3

�
þ 2E1

�þ1

b2

��
; ð239Þ

Δ3
ð4Þch

SUð4Þ
0 ¼ −

16iϑ4ðbÞ
ϑ1ð4bÞ

: ð240Þ

We can check if these expressions are mapped by (219) to a module character of V ½T 3;4�. Although we are unable to find the
33rd-order unflavored MLDE that annihilates the vacuum character chV ½T 3;4�

0 ðqÞ explicitly, we are able to check whether the
image sits in the span of the modular orbit. Explicitly, we find that under (219)
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Δð4Þch
SUð4Þ
0 →−18chV ½T 3;4�

0 ðqÞ− 1

54
chV ½T 3;4�

16 −
134

5
chV ½T 3;4�

28

−
169

5
chV ½T 3;4�

29 −
169

5
e
2πi
3 chV ½T 3;4�

30

−
169

10
e
4πi
3 chV ½T 3;4�

31 þ 169

5
ffiffiffi
3

p e
5πi
6 chV ½T 3;4�

32 ;

Δ2
ð4Þch

SUð4Þ
0 →−

873

5
ch28þ

933

5



−ch29−e

2πi
3 ch30þe

πi
3 ch31

�
þ311

5

ffiffiffi
3

p
ie

πi
3 ch32: ð241Þ
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APPENDIX A: SPECIAL FUNCTIONS
AND NOTATION

In the following and in the main text, we use the normal
and Fraktur fonts to denote fugacities in characters and
Schur indices,

a¼ e2πia; b¼ e2πib; b̃¼ e2πib̃;…; z¼ e2πiz: ðA1Þ

The only exception is q ¼ e2πiτ, which is the standard
notation.

1. Dedekind eta function

The Dedekind eta function ηðτÞ is defined as

ηðτÞ ≔ q
1
24

Yþ∞

n¼1

ð1 − qnÞ: ðA2Þ

Under modular transformations,

ηðτ þ 1Þ ¼ e
πi
12ηðτÞ; η

�
−
1

τ

�
¼

ffiffiffiffiffiffiffi
−iτ

p
ηðτÞ: ðA3Þ

2. Jacobi theta functions

The standard Jacobi theta functions are defined using the
q-Pochhammer symbol ðz; qÞ ≔ Qþ∞

k¼0ð1 − zqÞ,

ϑ1ðzjτÞ ¼ iq
1
8z−

1
2ðq; qÞðz; qÞðz−1q; qÞ

¼ −iq1
8z

1
2ðq; qÞðzq; qÞðz−1; qÞ; ðA4Þ

ϑ2ðzjτÞ ¼ q
1
8z−

1
2ðq; qÞð−z; qÞð−z−1q; qÞ

¼ q
1
8z

1
2ðq; qÞð−zq; qÞð−z−1; qÞ; ðA5Þ

ϑ3ðzjτÞ ¼ ðq; qÞð−zq1=2; qÞð−z−1q1=2; qÞ; ðA6Þ

ϑ4ðzjτÞ ¼ ðq; qÞðzq1=2; qÞðz−1q1=2; qÞ: ðA7Þ

We often omit the τ from the notation and, in particular,

ϑið0Þ ¼ ϑiðz ¼ 0jτÞ; ϑðkÞi ð0Þ ¼ ∂
n
z jz¼0ϑiðzjτÞ: ðA8Þ

These functions can be rewritten in infinite sums,

ϑ1ðzjτÞ ≔ −i
X

r∈Zþ1
2

ð−1Þr−1
2e2πirzq

r2
2 ;

ϑ2ðzjτÞ ≔
X

r∈Zþ1
2

e2πirzq
r2
2 ; ðA9Þ

ϑ3ðzjτÞ ≔
X
n∈Z

e2πinzq
n2
2 ; ϑ4ðzjτÞ ≔

X
n∈Z

ð−1Þne2πinzqn2
2 :

ðA10Þ

The Jacobi theta functions are quasiperiodic functions of z,
for example,

ϑ1ðzþmτ þ nÞ ¼ ð−1Þmþne−2πimzq−
1
2
m2

ϑ1ðzÞ: ðA11Þ

When z is shifted by half-periods, the four Jacobi theta
functions transform into each other. We summarize the shift
property in the following diagram:

where μ ¼ e−πize−
πi
4 , and f→

a
g means

either f

�
zþ 1

2

�
¼ agðzÞ or f

�
zþ τ

2

�
¼ agðzÞ;

ðA12Þ

depending on whether the arrow is horizontal or (slanted)
vertical, respectively.
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The modularity of ϑiðzjτÞ is well known. Under the S
and T transformations, which act on the nome and flavor

fugacity as ðzτ ;− 1
τÞ⟵

S ðz; τÞ!T ðz; τ þ 1Þ,

Here we define α ≔
ffiffiffiffiffiffiffi
−iτ

p
e
πi
τ z

2

. These transformations can
be used to deduce the modular transformation of the
Eisenstein series that we now review.

3. Eisenstein series

The Eisenstein series [93] depend on two characteristics
ϕ; θ, and are defined by the infinite sum

Ek≥1

�
ϕ

θ

�
≔ −

BkðλÞ
k!

þ 1

ðk − 1Þ!
X0

r≥0

ðrþ λÞk−1θ−1qrþλ

1 − θ−1qrþλ

þ ð−1Þk
ðk − 1Þ!

X
r≥1

ðr − λÞk−1θqr−λ
1 − θqr−λ

; ðA13Þ

where ϕ ≔ e2πiλ with 0 ≤ λ < 1, BkðxÞ denotes the kth
Bernoulli polynomial, and the prime in the sum indicates
that the r ¼ 0 should be omitted when ϕ ¼ θ ¼ 1. To make
a certain formula more compact, we also define

E0

�
ϕ

θ

�
¼ −1: ðA14Þ

We have suppressed the τ dependence in the notation.
However, when the argument is rescaled to nτ, we write it
explicitly, like

E2

�−1
z

�
ð3τÞ; E3

" 1

q1=4b

#
ð4τÞ; etc: ðA15Þ

Eisenstein series with even k ¼ 2n are related to the
usual Eisenstein series E2nðτÞ by sending the θ;ϕ → 1.
When k is odd, θ ¼ ϕ ¼ 1 is a vanishing limit, except for
the case k ¼ 1 where it is singular,

E2n

�þ1

þ1

�
¼ E2n; E1

�þ1

z

�
¼ 1

2πi
ϑ01ðzÞ
ϑ1ðzÞ

;

E2nþ1≥3

�þ1

þ1

�
¼ 0: ðA16Þ

In fact, all Ek½�1
z � are regular as z → 1, except for E1½1z�,

which has a simple pole. We often omit (τ) in EnðτÞ, unless
the argument is nτ, where we write EkðnτÞ.
A closely related property is the symmetry of the

Eisenstein series

Ek

��1

z−1

�
¼ ð−1ÞkEk

��1

z

�
: ðA17Þ

To analyze properties of Eisenstein series, it is useful to
relate them with the Jacobi theta functions,

Ek

�þ1

z

�
¼
Xbk=2c
l¼0

ð−1Þkþ1

ðk−2lÞ!
�

1

2πi

�
k−2l

E2l
ϑðk−2lÞ1 ðzÞ
ϑ1ðzÞ

: ðA18Þ

Here ϑðkÞi ðzÞ is the kth derivative in z. The conversion from
Ek½−1�z� can be obtained by replacing ϑ1 with ϑ2;3;4 appro-
priately. An immediate consequence of this relation is that
the Eisenstein series satisfy the following shift property:

Ek

��1

zq
n
2

�
¼

Xk
l¼0

�
n
2

�
l 1

l!
Ek−l

� ð−1Þnð�1Þ
z

�
: ðA19Þ

With the help of the known modular property of ϑi, we
deduce that under the S∶ðτ; zÞ → ð− 1

τ ;
z
τÞ, the Eisenstein

series transform according to the following formula:

En

�þ1

þz

�
!S En

� þ1

e
2πiz
τ

��
−
1

τ

�
¼

�
1

2πi

�
nXk
l¼0

ð− log zÞn−lðlogqÞl
ðn − lÞ! El

�þ1

z

�
; ðA20Þ

En

�−1
þz

�
!S En

� −1
e
2πiz
τ

��
−
1

τ

�
¼

�
1

2πi

�
n Xk
l¼0

ð− log zÞn−lðlog qÞl
ðn − lÞ! El

�þ1

−z

�
; ðA21Þ

En

�
1

−z

�
!S En

�
1

−e
2πiz
τ

��
−
1

τ

�
¼

�
1

2πi

�
n Xk
l¼0

ð− log zÞn−lðlog qÞl
ðn − lÞ! El

�−1
z

�
; ðA22Þ
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En

�−1
−z

�
!S En

� −1
−e

2πiz
τ

��
−
1

τ

�
¼

�
1

2πi

�
n Xk
l¼0

ð− log zÞn−lðlog qÞl
ðn − lÞ! El

�−1
−z

�
: ðA23Þ

Under the T transformation, the Eisenstein series transform
according to the following rules:

En

�þ1

þz

�
!T En

�þ1

þz

�
; En

�−1
þz

�
!T En

�−1
−z

�
ðA24Þ

En

�þ1

−z

�
!T En

�þ1

−z

�
; En

�−1
−z

�
!T En

�−1
þz

�
: ðA25Þ

For reference, we give a few explicit examples of modular
transformations of Eisenstein series. Consider the special
case E2ðτÞ ¼ E2½þ1

þ1
� ¼ limz→1E2½þ1

z �. Under the S trans-
formation ðτ; zÞ → ð− 1

τ ;
b
τÞ,

E2

�
1

e2πiz

�
ðτÞ→−

z2

2
−zτE1

�
1

e2πiz

�
þτ2E2

�
1

e2πiz

�
: ðA26Þ

When taking the limit z → 0, the second term does not
vanish due the fact that E1½1z� has a simple pole at z ¼ 1,

lim
z→0

zE1

�
1

e2πiz

�
¼ −

i
2π

: ðA27Þ

As a result, we recover the standard modular transformation
of E2ðτÞ,

E2ðτÞ⟶S
τ2E2ðτÞ þ

i
2π

τ: ðA28Þ

Besides E2½11�, no other Ek>2ðτÞ has this extra τ term, since
limz→0zk−1E1½1z� ¼ 0.
As a second example, we consider two different ways of

computing the modular transformation of E2½þ1
−1�. First,

according to the above rules,

E2

�þ1

−1

�
ðτÞ⟶S

�
1

2πi

�
2Xk
l¼0

ð− log zÞ2−lðlogqÞl
ð2 − lÞ! El

�−1
z

�
ðτÞjz→1 ¼ τ2E2

� −1
þ1

�
; ðA29Þ

Alternatively, we can treat −1 ¼ e
2πiz
τ with z ≔ τ

2
, z ≔ e2πiz ¼ q

1
2,

E2

�þ1

−1

�
ðτÞ⟶S

E2

�þ1

e
πiτ
τ

��
−
1

τ

�
¼

�
1

2πi

�
2X2
l¼0

ð−πiτÞ2−lð2πiτÞl
ð2 − lÞ! El

� −1
qþ1

2

�
ðτÞ ¼ τ2E2

� −1
þ1

�
ðτÞ: ðA30Þ

In going to the second line, we made use of the shift property (A19).
Combining the S, T transformations, we obtain

En

�−1
z

�
⟶
STS

�
1

2πi

�
n
��X

k≥0
1

k!
ð− log zÞkykÞ

�X
l≥0

�
log q − 2πiÞlylEl

�−1
þz

���
n

:

There are some useful identities involving Eisenstein series and their products. For example, using the following elegant
identity, we can trade the argument pτ for τ:

En

��1

bp

�
ðpτÞ ¼ 1

p

Xp−1
l¼0

En

� �1

be2πil=p

�
ðτÞ; p ¼ 1; 2; 3;…: ðA31Þ

As we mentioned earlier, we often omit the (τ) on the right. There are infinitely many between products of Eisenstein series,
for example,

0 ¼ E1

�
1

q1=4

�
− E1

�
1

−q1=4

�
þ iE1

�
1

iq1=4

�
− iE1

�
1

iq1=4

�
; ðA32Þ
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0 ¼ E2

�
1

−q1=4

�
− E2

�
1

q1=4

�
−
1

4
E1

�
1

−q1=4

�
þ 1

4
E1

�
1

q1=4

�
þ 1

2
E1

�−1
i

�
E1

�
1

−iq1=4

�
þ 1

2
E1

�
1

i

�
E1

�
1

−iq1=4

�
−
1

2
E1

�−1
i

�
E1

�
1

iq1=4

�
−
1

2
E1

�
1

i

�
E1

�
1

iq1=4

�
: ðA33Þ

Many of these identities complicate the structure of the modular orbit of the Schur index.

APPENDIX B: N = 4 SUðNÞ SCHUR INDEX

In this appendix we collect the Schur indices of N ¼ 4 SUðNÞ theory with relatively low N.
SUð2Þ
The flavored Schur index is

ISUð2Þ ¼
iϑ4ðbÞ
ϑ1ð2bÞ

E1

�−1
b

�
: ðB1Þ

SUð3Þ
The flavored Schur index is

ISUð3Þ ¼
ϑ4ðbÞ
ϑ4ð3bÞ

�
1

24
−
1

2
E1

�−1
b

�
2

þ 1

2
E2

�
1

b2

��
: ðB2Þ

SUð4Þ
The flavored Schur index is

ISUð4Þ ¼
ϑ4ðbÞ
ϑ1ð4bÞ

�
i
24

E1

�−1
b

�
−
i
6
E1

�−1
b

�
3

þ i
24

E1

�−1
b3

�
þ i
2
E1

�−1
b

�
E2

�
1

b2

�
−
i
3
E3

�−1
b3

��
: ðB3Þ

SUð5Þ
The flavored Schur index is

ISUð5Þ ¼
ϑ4ðbÞ
ϑ4ð5bÞ

�
3

640
þ 1

48
E2

�
1

b2

�
þ 1

24
E2

�
1

b4

�
−

1
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E1

�−1
b

�
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b

�
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4
E1
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b

�
2
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�
1

b2

�
þ 1

8
E2

�
1

b2

�
2

þ 1

3
E1

�−1
b

�
E3

�−1
b3

��
: ðB4Þ

SUð6Þ
The flavored Schur index is

ISUð6Þ ¼
iϑ4ðb; qÞ
ϑ1ð6b; qÞ

�
−
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�−1
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: ðB5Þ
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SUð7Þ

ISUð7Þ ¼
ϑ4ðbÞ
ϑ4ð7bÞ
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