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We investigate the fully relativistic dynamical tidal response of neutron stars up to second order in the
frequency. Combining the worldline effective field theory for extended gravitating bodies with perturbation
theory of relativistic stellar models, we derive the tidal deformation induced by an external time-dependent
field, including a universal logarithmic running term. In the effective theory, we work in dimensional
regularization and, through a consistent matching procedure, obtain for the first time the complete leading-
order dynamical tidal corrections to both the conservative dynamics and the gravitational-wave signal of
compact binaries, including the scheme-dependent finite terms in addition to the running. We show that, in
the relativistic regime, dynamical effects cannot be fully captured by mode excitations alone. The
magnitude of the additional contribution depends on the stellar compactness, the equation of state, and the
running term. Dynamical Love numbers are significantly enhanced with respect to their static counterparts
for relatively small compactness. As a result, although they formally enter the gravitational-wave phase at
eighth post-Newtonian order, dynamical tidal effects yield a nonnegligible contribution during the late
inspiral. Using a Fisher-matrix analysis, we show that third-generation detectors such as the Einstein
Telescope could measure dynamical Love numbers for a range of neutron-star masses and equations of
state. Conversely, neglecting these effects can lead to significant biases in the inference of static Love
numbers, and hence on the nuclear equation of state. Our results highlight the importance of dynamical

tidal effects for high-precision gravitational-wave modeling with future detectors.

DOI: 10.1103/37rp-dwhy

I. INTRODUCTION

Neutron stars provide a unique arena to study matter
under extreme conditions [1]. Their cores can reach
densities exceeding those of atomic nuclei, making them
natural laboratories to investigate the behavior of strongly
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interacting matter and its connection to nuclear and particle
physics. Understanding their internal structure is therefore a
central goal in modern astrophysics.

The macroscopic properties of neutron stars are governed
by the equation of state (EoS), which encodes the relation
between pressure, density, and temperature and depends
sensitively on the underlying microphysics [1,2]. The EoS
determines observable quantities such as the mass-radius
relation, the maximum mass, and the tidal deformability.
The advent of gravitational-wave (GW) astronomy has
opened a direct observational window onto these properties:
signals from coalescing compact binaries carry imprints of
the internal structure of neutron stars, allowing us to probe
fundamental physics in regimes inaccessible to terrestrial
experiments (see Refs. [3,4] for reviews).

In a binary system, each neutron star experiences the
gravitational field generated by its companion, which

Published by the American Physical Society
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induces multipolar deformations [5-9]. These deformations
are commonly characterized by the tidal Love numbers
(TLNSs), which relate the external tidal field to the induced
multipole moments. Tidal interactions affect both the
conservative dynamics of the binary and the emitted GW
signal, leaving measurable imprints on the waveform
[10,11]. Since the first binary neutron-star observa-
tion GW170817 [12], tidal effects have become a key
probe of dense-matter physics and compact objects (see
Refs. [13,14] for recent overviews).

Most studies to date have focused on the static (or
adiabatic) tidal response, in which the induced multipole
moments instantaneously track the external tidal field. This
approximation is valid when the orbital timescale is much
longer than the characteristic internal timescales of the star.
As the binary inspirals toward merger, however, the orbital
frequency increases and the tidal response acquires a
nontrivial frequency dependence, giving rise to genuinely
dynamical tidal effects. These include resonant excitations
of stellar oscillation modes, dissipative phenomena, and
phase lags between the tidal field and the induced defor-
mation, all of which can modify the late-inspiral GW
signal.

The physics of dynamical tides has a long history in
Newtonian gravity, where the tidal response of a self-
gravitating fluid body can be described in terms of the
excitation of its normal modes [15-25]. In this framework,
the frequency-dependent tidal deformability admits a
mode-sum representation in which the dominant contribu-
tion typically arises from the fundamental fluid (f-) mode
because of its relatively low frequency and large overlap
with the external tidal field [15,17,19]. Even away from
resonance, the coupling to the f-mode can produce sizable
corrections to the static Love number, motivating effective
descriptions in which the static tidal deformability is
supplemented by more resonant contributions.

Although Newtonian models provide valuable physical
intuition, a quantitatively accurate description of tidal
interactions in compact binaries ultimately requires a
relativistic treatment. Considerable progress in this direc-
tion has been achieved in recent years. A fully relativistic
analysis of the dynamical tidal response of nonrotating stars
was recently presented in Refs. [26-30]. The relativistic
mode structure underlying the dynamical response has also
been investigated in detail in Refs. [31,32], where it was
compared to the Newtonian overlap-integral formalism.

An important outcome of these studies is that the
relativistic mode expansion differs qualitatively from its
Newtonian counterpart. In particular, the operators defining
the natural inner product for relativistic stellar perturbations
are not positive definite, implying that the associated mode
sums are not strictly convergent [31,32]. This feature
reflects the fact that, in general relativity, the dynamical
tidal response cannot be fully decomposed in terms of a
sum over normal-mode excitations. Closely related issues

emerge when comparing the exact relativistic tidal response
with its low-frequency expansion [31]: while the expansion
reproduces the weak-field regime, sizable deviations can
arise for sufficiently compact stars, signaling the increasing
importance of genuinely relativistic effects.

The relativistic formulation of dynamical tides has also
been developed from the perspective of worldline effective
field theory (EFT) [33—35]. In this framework, the internal
structure of a compact object is encoded in frequency-
dependent response functions entering a point-particle
effective action. Dynamical tidal effects in compact
binaries have been investigated in EFT approaches in
Refs. [36-—45]. This formalism provides a coordinate-
independent and systematically improvable description
of finite-size effects and is particularly suited to connect
stellar perturbation theory with post-Newtonian (PN) and
waveform calculations. Furthermore, the EFT calcula-
tion clarifies the appearance of logarithmic terms character-
izing the running of the dynamical Love numbers
[36,38,39,43,46-55] and highlighting the necessity of a
rigorous matching procedure. As we discuss below, a
complete matching has not yet been performed for the
dynamical Love numbers of a neutron star and this would
be one of our primary goals.

Dissipative aspects of the tidal response have also
recently received considerable attention. Frequency-depen-
dent dissipative tidal deformabilities, including the effects
of viscosity and mode damping, were investigated in
Refs. [27-30]. These works showed that dissipative effects
are generally much smaller than the conservative dynamical
response for realistic neutron-star models, although they
remain sensitive to the internal composition and transport
properties of dense matter. At the same time, they high-
lighted that the conservative dynamical tidal response can
vary significantly with the EoS and stellar compactness.

From a PN perspective, dynamical tidal effects
formally enter the GW phase at high order, com-
parable to other subleading finite-size contributions
[26,27,36,37,39,50,53,54,56-58], including nonlinear
tidal effects beyond linear perturbation theory [59].
Nevertheless, these contributions can be enhanced by
resonant mode excitations, inverse compactness scaling,
and by relativistic strong-field effects, making them poten-
tially observable with future detectors. Accurate modeling
of dynamical tides is therefore essential both to avoid
systematic biases in parameter estimation and to fully
exploit the scientific potential of third-generation GW
observatories [60-63].

In this work we address the following question: How
does the frequency dependence of the tidal response of
relativistic neutron stars affect the dynamics of compact
binaries and their GW emission? While previous studies
established the qualitative importance of dynamical tides, a
complete and systematic treatment connecting relativistic
stellar perturbation theory, EFT response functions, binary
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dynamics, all the way down to GW observables is still
lacking. This is particularly relevant in the presence of
running terms,' as is the case for dynamical tidal effects in
compact objects, and to avoid ambiguities that inevitably
plague perturbation-theory calculations, if the latter are not
properly matched to GW observables (see Refs. [13,14] for
recent reviews).

In this work, we complete this program. First, we
compute the frequency-dependent tidal response of neutron
stars by directly solving the relativistic perturbation equa-
tions, both perturbatively and nonperturbatively in fre-
quency, without relying on a mode decomposition. Second,
building on Ref. [53] (see also Ref. [52]), we match the
resulting response to the worldline EFT at loop order,
thereby obtaining for the first time the dynamical Love
numbers including both the logarithmic running and the
scheme-dependent finite contributions in dimensional regu-
larization. Crucially, matching the EFT to the underlying
general-relativistic neutron-star dynamics in order to obtain
the complete Love-number couplings cannot be achieved at
tree level within the EFT. Instead, it requires the evaluation
of higher-loop worldline diagrams at the classical level.
These diagrams are formally divergent and therefore
require regularization and renormalization, including the
introduction of a subtraction prescription and an associated
renormalization scale—a structure that closely mirrors the
renormalization procedure and renormalization-group run-
ning familiar from quantum field theory. Matching the
results of stellar perturbation theory to the EFT couplings
enables the construction of observable quantities that are
independent of the choice of coordinates and perturbation
variables.

We further compare the full relativistic response with
resonant models based on the dominant f-mode, quantify-
ing the regime of validity of these approximations in
agreement with recent results [32]. Finally, after matching
the stellar-perturbation theory response with the EFT
action, we derive the complete leading-order dynamical
tidal corrections to the conservative dynamics and GW
signal of compact binaries. Since the tidal contributions to
the PN waveform can themselves be derived from the EFT
action [11,71], fixing the split between the tidal field and
the response through matching to the EFT guarantees that
the coefficients we compute are precisely those entering the
waveform. We then assess their detectability with current
and future GW detectors for realistic neutron-star EoS.
Interestingly, we find that—due to its strong enhancement
at moderate compactness—the 8PN contribution coming
from the dynamical Love number is relevant for parameter
estimation with third-generation interferometers such as the
Einstein Telescope (ET) [63].

1 . .

Other examples where static Love number couplings can run
include black holes in higher dimensions or in theories beyond
general relativity, see, e.g., [64-70].

Outline. The paper is organized as follows. In Sec. II we
introduce the worldline EFT framework and define the
static and dynamical Love numbers through the finite-size
effective action. In Sec. Il we describe the relativistic
stellar perturbation theory, presenting both a perturbative
expansion and a nonperturbative treatment in the frequency.
In Sec. IV we match the interior and exterior solutions,
extract the tidal Wilson coefficients for a range of realistic
EoS, and discuss universal relations and the connection to
the f-mode resonance model. In Sec. V we derive the
complete 8PN tidal waveform phase and assess the observ-
ability of the dynamical tide with LIGO-Virgo-KAGRA
(LVK) O4 and ET [63]. We conclude in Sec. VI. Technical
details are collected in four appendices: the EFT compu-
tation of the graviton one-point function (Appendix A),
technical details of the stellar perturbation analysis
(Appendix B), the exterior Zerilli matching (Appendix C),
and a comparison with the tidal constants used in the
literature (Appendix D).

Conventions. We adopt the mostly plus metric signature,
(—,+,-+,+), and work in natural units with 2 = ¢ = 1.
The reduced Planck mass is defined as Mp, = (87G) 72,
with G Newton’s gravitational constant and D the number
of spacetime dimensions. Although our main interest is in
D =4, we keep D generic in certain sections where it is
needed for dimensional regularization in the worldline
effective theory. In Sec. III, we will also set G =1 to
simplify the notation. Our curvature conventions is R, =
()ﬂl“ffg +--- and R, = R’,,,. Fields are decomposed in
spherical harmonics and Fourier modes as y(t,r, 6, ¢) =

S [52eT Ny ™ (@, )Y, (0, 9) and, for brevity, we
will often suppress the arguments of ™ when context
suffices. We use Greek indices, y, v, p, ..., to label space-
time coordinates, while Latin indices, i, j, k, ..., refer to

spatial coordinates.

II. WORLDLINE EFFECTIVE FIELD THEORY

We define the dynamical Love numbers of the neutron
star within the point-particle EFT framework [33-35],
which provides a robust and gauge-invariant description
of an object’s tidal response. In this work, we focus on
nonrotating, perfect-fluid stars, leaving the study of spin
and dissipative effects to future work.

The EFT of a nonrotating particle takes the following
form (see, e.g., Refs. [72-75] for some reviews):

S = Spp + Sbulk + Sint' (1)

Here, S, is the point-particle action, given by the standard
expression

X dx?
I / dr = —M / do\/ 0,05 ()
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where 7 is the proper time measured along the particle’s
worldline, M the particle’s mass, X*(o) its spacetime
trajectory, and o an affine parameter describing the
worldline.

The action Sy, governs instead the dynamics of the
gravitational field in the bulk spacetime and is given by the
standard Einstein-Hilbert term,

M3,
Shulk = 7/d4x\/—9R- (3)

The object is a point particle only at leading order. To
describe tidal responses, we introduce a series of higher-
dimensional operators S;, that account for the object’s
finite size, evaluated along its worldline and coupled to the
bulk fields [33,36,47,53,76,77]:

Sint = / erij(T)Ei ; 1 magnetic + higher orders, (4)

where E;; corresponds to the electric component of the
Weyl tensor C

HUpos

Eij = COin' (5)

The quantity QF(r) in Eq. (4) represents a composite
operator, constructed from the internal degrees of freedom,
and encodes all information about the microscopic interior
dynamics, including tidal deformations, absorption, inter-
nal hydrodynamic modes, resonances, and any other finite-
size effects.”

Note that in the second line of Eq. (4) we have omitted
operators involving the magnetic component of the Weyl
tensor. Because of the relative velocity suppression
between the magnetic and electric tidal fields, magnetic
tidal effects arise at higher PN order compared to their
electric counterparts. For the same reason, additional
higher-derivative terms involving gradients of Ej; have
also been neglected in Eq. (4), as they are subleading in the
PN expansion. Since this work focuses on the dominant
dynamical quadrupolar relativistic response of neutron
stars, we will restrict our attention to the leading operator
(4), leaving a more general analysis, including subdomi-
nant terms, for future work.

The process we aim to compute is the following: we
probe the point particle with an external gravito-electric
tidal field and then determine the induced response field.
Since a long-distance observer cannot resolve the detailed
internal microdynamics of the object, we integrate out its
internal degrees of freedom. Operationally, this amounts to

solving for the composite operator Qg(r) within response
theory. In the following, we will restrict ourselves to linear

*This operator coincides with the quadrupolar tensor defined in
Ref. [7], up to a normalization factor of —1/4.

response,3 but retain frequency-dependent corrections.
In addition, since our focus here is on perfect-fluid
(nonrotating) neutron stars, for which viscous effects
vanish, we will retain only the conservative part of Eq. .

In this limit, the most general quadratic finite-size action
for the gravito-electric conservative sector, up to quadratic
order in frequency, boils down to

1 R} g Ry
Sim:i dr ECEE”E +G2—MCEEUE s (6)

where R, is the radius of the object, and ¢ and cj; are the
(dimensionless) static and dynamical quadrupolar Love
number couplings, respectively.

The action (1) can be used to compute any long-distance
observable involving the point particle and the gravitational
field. In this work, we focus on an off-shell quantity,
namely the graviton one-point function induced by an
external quadrupolar tidal field E; ; coupled to the point
particle. This response can be obtained by solving the
equations of motion derived from the action (1) or, more
generally, by using the Schwinger-Keldysh in-in formalism
(which allows one to incorporate dissipative effects when
present). The relevant formalism is reviewed in
Appendix A; see also Ref. [53]. The result for the graviton
one-point function at tree-level (in D = 4) reads

— —iwt
Err =—2e cextYZm

X [1 +36<R—;>5<05+w2%65>}, (7)

where @ is the perturbation’s frequency and c.,, character-
izes the amplitude of the external (quadrupole) tidal field,
located at a distance r from the object. Eq. (7) captures the
leading distance behavior of the gravito-electric field in
terms of the object’s tidal couplings.

To match it to the full relativistic solution, however, we
must include the coupling to gravity, which generates
subleading terms and induces the appearance of ultraviolet
divergences, which must be regularized. As in standard
quantum field theory, these divergences are absorbed by
introducing suitable counterterms and adopting a renorm-
alization scheme. Throughout this work, we employ dimen-
sional regularization together with minimal subtraction
[53]. As an intermediate step toward obtaining the

3See Refs. [59,78-82] for a generalization to nonlinear response
in the point-particle EFT.

Although we match the EFT to a nondissipative relativistic
star in this work, Appendix A presents the general treatment
using the Schwinger-Keldysh formalism (see also Ref. [53] for
details). This is useful for discussing general properties of the
response that hold for any object, independently of the details of
the UV matching.
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renormalized quadrupolar response, we compute the Zerilli
field, which satisfies the Zerilli equation [see Eq. (A27)]

<d2 2-¢e)(3—¢)

3= I ) = v (). ®
in the bulk, where e =2 — D/2 and Vy, is the effective
potential capturing the nonlinearities of the Einstein-Hilbert
theory. After resumming the gravitational nonlinearities
through a Born-series expansion [52] and canceling the
ultraviolet divergences with the appropriate counterterms,
we obtain the renormalized Zerilli field [see Eq. (A30) in
Appendix A, and Ref. [53] for details]:

_ _ 214 2731
PR — Breg{r3 {1 - G*w? <E log(ur) + —9800>]

1545209\ 189G?
57600 3212

111383\ 1
441000>+§]’ ©)

where G = GM, u is the renormalization scale, and Breg
and Bj, are the (frequency-dependent) renormalized inte-
gration constants of the flat-space Zerilli equation.
Equation (9) can then be used to construct the gravito-
electric component E;; of the Weyl tensor [see Eq. (A23) of
Appendix A]. Matching this result to the one-point function
computed from the EFT action in Eq. (7) allows us to relate
the renormalized tidal couplings cg and cj to the coef-
ficients By, and By, via [see Egs. (A8) and (A26)]:

G'w? (3011
2 Wlog(ﬂ’”)+

Bin [, o (214
+ 2 [G a) 52510g(,ur)+

CE+w2R—i ) 1 Birr(w)

GM “* T 180R3 Breg(®)”

(10)

where, consistently with our perturbative framework, the
right-hand side should be expanded to quadratic order in
wrg, where r, = 2GM 1is the Schwarzschild radius of the
star. Once the Zerilli solution (9) is matched to the
relativistic solution for W, and the coefficients Breg and
B, are fixed in terms of the parameters of the full theory,
the Love numbers cx and c; are completely determined by
the neutron star’s properties and EoS via Eq. (10). This
matching will be discussed in Sec. IVA.

III. STELLAR PERTURBATION THEORY

In this section, we describe time-dependent, linear
relativistic stellar perturbation theory. We employ two

>We stress that the couplings on the left-hand side of Eq. (10)
are the renormalized ones. For ease of notation, we drop the
superscript R that distinguishes them from the bare couplings.
The distinction should be clear from the context and should not be
a source of confusion.

complementary approaches: one which is nonperturbative
in the frequency and is valid to any order in M (Sec. III B)
and another which is perturbative in the frequency and valid
up to quadratic order (Sec. III C). We set G = 1 throughout
this section.

A. Background configuration

We consider as a background a static and spherically
symmetric configuration. In Schwarzschild-like coordi-
nates (,r,0, @), the line element takes the form

Gudx'dx? = —e*di? +etdr? 4 r*(d6” +sin” 6dg?),  (11)

where v =u(r) and 1= A(r). We describe the matter
configuration by a perfect-fluid model. The energy-
momentum tensor of the unperturbed fluid is given by

T, = (e + p)uyu, + pGu. (12)

where € and p are the total energy density and pressure,
respectively. The unperturbed fluid four-velocity wu* =
(e™/2,0,0.,0) is normalized by g, u'u* = —1.

Within the present setup, Einstein’s equations reduce to
the standard set of Tolman-Oppenheimer-Volkov differ-
ential equations:

m' = 4xre, (13)
2m + 8xrip
i 14
v r(r=2m) "’ (14)
, m+ 4xrip
S mARTp 15
p'=—(e+p) r—2m) (15)

where the prime denotes a derivative with respect to r and
m(r) = (r/2)(1 — e™*) is the gravitational mass in a sphere
of radius r. The system is closed by imposing the EoS of
the fluid composing the star, which we assume to be
barotropic, i.e., p = p(¢). The radius of the star r = R, is
defined by p(R,) = 0. In the exterior r > R,, e =p =0
and the geometry is described by the Schwarzschild metric,
ie,m=M,e"=e*=1-2M/r.

B. Dynamical tidal perturbations: Nonperturbative
treatment in frequency

1. Lindblom-Detweiler equations

We consider nonradial, time-dependent perturbations of
the background (11)-(12) with polar parity. Following
Lindblowm and Detweiler (LD) [83,84], we choose the
Regge-Wheeler gauge [85] and expand the metric pertur-
bations as
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5gﬂydx”dx”
—r”ﬂ[e”Hg’"dl‘2 — 2ia)er’"dtdr
+ e*H{mdr? + rPK ™ (d6? + sin? 0dg)]Y s,e ", (16)

where Y, = Y,,(0,¢) are the spherical harmonics,
H{™ = HE™(r), H™ = H{™(r), and K™ = K“"(r) are
radial functions describing the perturbations, and we leave
implicit an integration in dw. Note the opposite sign
convention for the Fourier transform to that of LD [83,84].

In the perturbed configuration, the fluid variables are
displaced as € — e+ de, p — p+op, u — u + ou.
Here, 6 denotes the Eulerian perturbation and is related
to the Lagrangian perturbation A through A =6+ L,
where L, denotes the Lie derivative along the displacement
vector field &“. The latter is parametrized by two radial
functions W™ (r) and V/"(r) as [83,84]

{Sr — rf—le—l/wamYKme—iwt, (17)

(18)

where V5" = (9gY 4, d,Ysy,) are the even-parity vector
spherical harmonics. Finally, we expand the Lagrangian
perturbation of the pressure in terms of a further radial
function, X*™, as

§A — _rfvz,’myime—iwt’

Henceforth, we omit the superscript £m of the perturbation
radial variables.

For a static background, the space components of the
Eulerian four-velocity perturbations are du’ = u®9,& =
—iwe™¥/2E" and can thus be expanded in terms of W, V
from Egs. (17) and (18). By enforcing the normalization

(G + 69) (W + Su#) (u* + 6u*) = —1,  (20)
we find 6u® = —1e /2" HyY e~

Then, the conservation laws of the baryon number
current and the energy-momentum tensor for the perturbed
configuration allow us to express Ae as

Ae= (e+ p)riY e~
H 2(C+1
Hy (¢ + )V—

2

C+1)W+rWw

+ K-
22

(21)

Assuming that the perturbed configuration remains baro-
tropic, Ap is related to Ae via
Ap = clAe, (22)
where c, = (dp/de)'/? is the adiabatic speed of sound.
Then, the linearized Einstein equations and the energy-

momentum conservation reduce to the LD equations
[83,84], a set of four first-order differential equations in

Ap = —e"Pr /XY e (19)  the variables (H,K,W,X):
|
2 2met £+ 1
r r r r
Hy 7(+1 " +1
g =Ho ATy (Mt K—8ﬂ—€+pemW, (24)
r 2r 2 r r
(1-v)/2 £+ 1 (¢ +1
W' = ZeH2Hy + retl2K + ';e x- Ly Al )eﬂ/zv, (25)
2 cse+p) r r
€e+p 1 v €+p £(f+1) €+p W1
X = D/2 -2 \H v/2 v H v/2( 27 _ K
2 <r2)0+2 {E“Lzr R
¢ - £(C+1
Cx P [a)ze_”—i—%{e”(l+87zr2p)2+2€’1(3+87rr2p)—7}] w A j )e’“/zp’V, (26)
r r r r
supplemented by two algebraic equations which give the remaining functions (H, V) in terms of (H;, K, W, X):
£+2)(¢-1 (+1
3m+%r+4ﬂr3p]Ho = —[%(m—i—élﬂr p) — w*rie” ﬁ_”]Hl
£+2)(¢ -1 4
+ {—( + )2( ) r—otrer & (m+ 4nr’p)(3m —r + 4zr’p) | K
r
+ 8xrie /12X, (27)
X:€+p e?Hy ——eM12W + 0?(e + p)e/?V. (28)
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To obtain physical acceptable solutions, we integrate
Egs. (23)—(26) imposing regularity at the center of the star.
Given the two central amplitudes (K, W)|,_,, one can
determine the central values of the other variables by [84]

H|,_o=——F2¢K+1 2
1|}’70 f(f‘i‘ 1)[ + 6ﬂ(€+p)W] r:0’ ( 9)
X|,—o = (e + p)er/?
dr(e +3p) w’e™ K
« K s Wyl 60

Moreover, we impose that the Lagrangian pressure pertur-
bation vanishes at the surface of the star, i.e., X(R,) = 0.
This fixes the ratio W/K]|,_,, and we are left with one free
constant at the center of the star, which controls the overall
normalization of the perturbations and hence does not
affect the extraction of the TLNs. We set it to unity without
loss of generality, thereby constructing a unique regular
perturbed configuration for a given stellar model.

In Sec. IV, we will match the interior solution obtained
above with an exterior solution at »r = R,. To this end,
we construct the Zerilli function ¥, and its derivative
at r = R, through [86]

2

Y,(r)=——(K—e'H
z(7) nr—|—3M( eH,),
leZ r"ﬂ )
—= = |- - 3M M))K
dr, ¢ (nr+3M)2[ (nr (nr + M))

+e(n(n+ 1)r* +3M(nr +2M))H,],  (31)

where r, = r+2Mlog(r/2M — 1) is the Schwarzschild
tortoise coordinate, and n = (£ + 2)(¢ — 1)/2. The match-
ing to the exterior solution, outlined in Sec. IV, will be
performed by requiring the logarithmic derivative of ¥, to
be continuous at the stellar surface. To this end, we define
the interior logarithmic derivative as

_2MdY¥,

yint(w) = lPZ dr ,
* |r=R,

(32)

where the quantities on the right-hand side are computed
from Eq. (31).

We compute y™(w) in the low-frequency regime,
wrg < 1. Although the equations become numerically
unstable as @ — 0, they yield reliable results for
wr, 2 0.01, where Eq. (32) is well approximated by a
quadratic fit y™ o~y + (wr )2y, The leading-order
coefficient agrees with the result for static perturbations
(see e.g. Ref. [6]) within percent accuracy.

2. Alternative formulation

As an independent analysis, we solve the stellar pertur-
bation problem within a different formulation, equivalent to
that of LD. The LD equations are reformulated as three
differential equations [87]:

H” = aH’H/'H’ + “H,HH —+ aH.WW + aH,VV, (33)
W/ = aW,'H/H/ + aW,HH + aW,WW -+ aW.Vvv (34)
Vi=ayyH +ayyH+aywW +ayyV,  (35)

where the radial function # is defined through H = —r’ H,
in Eq. (16). The coefficients depend on the background
quantities and @. The explicit forms are provided in
Ref. [88]. As in the LD equations, there are two uncon-
strained parameters (H, W)|,_,. Their ratio is fixed by
imposing Ap =0 at »r = R, and the remaining central
amplitude is set to unity without loss of generality. We
obtain a regular interior solution for any given stel-
lar model.

To match the interior solution with the exterior at linear
order in the perturbation, we compute y™ given in Eq. (32)
by using Eq. (31). The functions H; and K are obtained
from H, W, and V by using the following relations:

—l.C()rf+1H1 = aHl’H'H/ + aH]‘H'H + aHl,VV + aH],WW,
(36)

—I"KK = aK,H/H/ + aK,'HH + aK,VV + aK_WW, (37)

where the coefficients can be found in Ref. [88]. We have
verified that the values computed in this approach agree
with those in the LD approach.

C. Dynamical tidal perturbations: Perturbative
treatment in frequency

To match the perturbation theory result with the EFT
expansion (6), it is useful to obtain the perturbative
solutions order-by-order in wr, < 1, up to quadratic order.®

First, we expand H, V, W as

H = Hy + (wry)*H,,
V = VO + (a)l"s)ZVQs
W =Wy + (wry)*W,. (38)

Then, Egs. (33)—(35) reduce to

®Note that, although the action (6) is formally expressed as an
expansion in the number of time derivatives, one could instead
keep the EFT nonperturbative in frequency (while still expanding
in spatial gradients) and match the relativistic result directly to the

kernel K <+E_)(a)) defined in Appendix A.
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Ly[Ho] =0, (39)
EV[VOa W, Ho] =0, (40)
Ly[Wo, Vo, Hol =0, (41)

at the leading order, and

Ly[Hs] = Sy, (42)
Ly[Vy, Wy, Hy| = Sy, (43)
Ly[W1, Vi, Hy| = Sw. (44)

at the quadratic order. Here, we introduce the differential
operators

e 2 /2m d
Ly=—+ {;—i—e (7—&-47”(1)—6))]5

pt€—4ﬂ(5€+9p)} —V2, (45)

N

)—47r

and

Ly[Vi, Wi, H] = Vi + By wH; + Py nH,
+BvyVi+ PvwWi, (46)

Ly Wi Vi, H) = Wi+ BwrH; + PwrH;
+PwyVi+ BwwWi, (47)

where i = 0, 2, and the source terms
Sy = SpnHy + SraHo + SrvVo + SywWo,  (48)
Sy = Sy Hy + SvaHo + SvyVo + SywWo,  (49)
Sw = SwaHy + SwaHo + SwyVo + SwwWo, (50)

where the explicit forms of the coefficients are provided in
Appendix B 1.

We now briefly describe the perturbative construction of
the interior solution. At zeroth order in @, Eq. (39) reduces
to the standard static tidal perturbation equation, coincid-
ing, for £ = 2, with Eq. (15) of Ref. [6]. After obtaining the
regular solution for H, at the stellar center, we solve
Egs. (40) and (41) simultaneously to determine the corre-
sponding regular solutions for V; and W,

At quadratic order in , the reduced equations (42)—(44)
are sourced by the leading-order solutions. Solving them
with the same regularity conditions yields H,, V5, and W,.
As in the nonperturbative analysis, we impose Ap = 0 at
r=R, up to O(w?r?), thereby selecting the physical
perturbative solution.

Substituting the perturbative solutions for H, V, and W
into the low-frequency expansions of Eqgs. (36) and (37),
we compute H; and K perturbatively and construct the
logarithmic derivative of the Zerilli function through
Eq. (31). As shown in Appendix B2, the resulting
perturbative expression for y™ in Eq. (32), truncated at
O((wry)?), follows the fully numerical result throughout
most of the frequency range relevant to the GW data
analysis of Sec. V B.

Note that the inhomogeneous equations (42)—(44) are
defined modulo the addition of the homogeneous solution
which is regular at the center (with an arbitrary amplitude).
However, as expected, y™ is independent of the particular
choice of the homogeneous regular solution for H,, V,, and
W,, since this ambiguity only affects the internal decom-
position of the regular solution, whose physical content is
already fixed (up to normalization) by regularity and the
boundary condition Ap = 0.

IV. DYNAMICAL TIDAL RESPONSE OF A
NEUTRON STAR

In this section, we first describe the procedure to extract
the dynamical tidal response of a neutron star. We then
present our main results and discuss the qualitative and
quantitative behavior of the dynamical TLN c¢; computed
for several stellar models.

A. Extraction of the tidal response

The tidal perturbation in the exterior is described by the
Zerilli function W, which is obtained by solving the Zerilli
equation

f(r)o,[f(r)o,¥7]
2n  8n%(2n+3)

+{a)2—f(r)<%+ﬁ+m>}yz:0’ (51)

where f(r) =1—r;/r. In the low-frequency expansion
ory < 1, the general solution for W, can be written
schematically, up to quadratic order, as

W7(r) = Wzo(r) + (@r,) W7 (r). (52)

Following the procedure outlined in Appendix C, we obtain
the general solution for W, and W, ,. The large-distance
expansion of ¥, for the quadrupole mode, £ = 2, then
reads’

"Since we will connect the exterior solution to the interior
solution obtained from a nondissipative stellar model, we have set
a; = b; =0 in Eq. (C10).
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37 \1024™ 7570
3

__ r—o0o 7'3 189 1 r%
Tg_z(r)—)aoﬁ— ( - b, >—2

. 107 r, 107
+ a)zr? [r_; (612 + mao log (7)) + (b2 - (ﬁ bo

where ay, by, a,, b, are integration constants. The full
solution, including subleading terms in the 1/r expansion,
is provided in the Mathematica code available at the
GitHub repository [89]. We match this expression to the
renormalized Zerilli function W% given in Eq. (9), thereby
relating a, by, a,, and b, to the renormalized integration
constants of W%, namely By, and By, via®

_ 2731 107
1By = ag+ w’r; {‘12 +ag (m + mlog(ﬂ’”s)ﬂ )
(54)
- 945 1015283
“2B. =) 2p2 5by — ——
s Bin = Do @775 {1024‘12 027 1032102 %
111383 107
~ 35780070 (ao + m%) log(urs)] . (55)

Thus, once ay, by, a,, and b, are determined by matching to
the interior solution, the static and dynamical TLNSs, ¢y and
¢, can be obtained from Eq. (10), as shown in Appendix C:

8GSMS b
Cep = 5 _Ov (56)
45R* ag
NGME[ () 1078
Cp=——c|— — ry
E=T45RS 105a,) 2"
67981 by_byas  945ay  Shy _1015283) - o

176400a, a3 ' 1024a, a, 1032192

Before proceeding, it is worth commenting on the structure
of the result (57). Note that the coefficient of log(ur) in cj
contains two types of contributions. One is a universal term,
independent of the integration constants, which arises
solely from the gravitational nonlinearities of the Ein-
stein-Hilbert action and is therefore common to any object,
in particular black holes (see, e.g., Refs. [36,47,53,54,58]).
The other contribution is 107b,/(105a,), which is propor-
tional to the static Love number ¢ and is thus unambig-
uously fixed by the ratio by/a,. This should be contrasted
with the remaining (scheme-dependent) finite terms on the
second and third lines of Eq. (57), which depend explicitly

$See Egs. (C11)~(C12) with a; = b, = 0.

3011 s\ \ 72
+M“°) 10g<7>>ﬁ] L 3)
[

on the free parameters a, and b,, and therefore require a
full matching at second order in @ to be determined.

The exterior solution for W, is then matched to the
interior solution, obtained in the previous section, by
requiring continuity of the logarithmic derivative of the
Zerilli function at the stellar surface. For the exterior
solution, we introduce

2Md,
o lPZ dr* r:R*.

Y () (58)

By equating the exterior logarithmic derivative y*' to the
interior one, yi“‘, given in Eq. (32), we match the interior
and exterior solutions for ¥, to second order in wr,. This
determines the ratios between b, a,, and b, with respect to
ay for a given stellar model, from which the TLNs ¢z and
¢ are obtained.

B. Dynamical Love numbers

In what follows, we present several properties of the
dynamical tidal response of neutron stars. We emphasize
that the TLNs computed through Egs. (56) and (57) are
defined within the point-particle EFT framework and admit
a direct connection to the gravitational waveform discussed
in Sec. VA. For the reader’s convenience, in Appendix D
we summarize the connections with the tidal constants
introduced in alternative approaches based on the PN
framework [26,27,57].

First of all, we construct several stellar configurations
using realistic, tabulated EoS models released online [90].
Specifically, we consider SLy4 [91], AP4 [92], FPS [93],
MSI1 [94], and ENG [95]. Figure 1 presents the mass-radius
relations for the stellar models studied in this work.

The results of the matching are shown in Fig. 2. The
upper-left and lower-left panels display the static (cg) and
dynamical (c;) TLNs, respectively, as functions of the
neutron-star compactness for various EoS. Accounting for
the different conventions adopted in the literature—namely
cg = ko/3, where ky is the Love number defined in
Refs. [6,9]—the upper panel reproduces the results for
the static TLN reported in previous works, see, e.g., [10,96].

The bottom panel shows that, for the EoS considered in
this work, ¢ exhibits trends qualitatively similar to those of
cg: (i) it reaches a maximum around GM /R, ~ 0.12; (ii) it
decreases toward both the low- and high-compactness
regimes; and (iii) stiffer EoS generally yield larger peak
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3.0

10 11 12 13 14 15 16
R, [km]
FIG. 1. Mass-radius relations for neutron stars with several

nuclear-physics tabulated EoS considered in this work, together
with the rest-mass polytrope (p-Poly), defined by e =
(p/Kp)'? + p with Kp = 100M?%, as a reference.

values. A distinctive feature of cj is its explicit scale
dependence through the log(ur,) term in Eq. (57). We find
that this dependence is relatively mild at low compactness,
whereas smaller values of y enhance the peak of ¢ and
produce a slower decay in the high-compactness regime.
This is consistent with the fact that the running term is a
relativistic effect.
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It is worth noting that y is associated with the character-
istic length scale of the binary system and is therefore
expected to scale as u~ 1/r, where r is the orbital
separation. This implies that ur; is much smaller than
unity at the early stage of the late-inspiral phase and grows
to O(107!) as the binary evolves. Equation (57) then
indicates that, because the logarithmic term enters with a
minus sign, ¢; may decrease during the binary evolution. In
this respect, the behavior is reminiscent of an asymptoti-
cally free coupling: as the binary shrinks, the renormaliza-
tion scale u ~ 1/r grows and the dynamical Love number
coupling decreases logarithmically, much like the running
of the strong coupling constant in quantum chromodynam-
ics toward higher energies. In both cases, the running is
driven by the self-interactions of the mediator: in quantum
chromodynamics, gluons carry color charge and interact
among themselves, antishielding the source and yielding a
negative beta function; in gravity, gravitons carry energy-
momentum and self-interact through the nonlinearities of
general relativity, generating the analogous logarithmic
flow of the tidal coupling. However, the decrease in cj;
does not necessarily imply that the tidal response is
suppressed in the late inspiral. Indeed, Fig. 3 shows that
the combination ¢z + @’R3, /(GM)c of Eq. (10) increases
as the orbital length scale decreases. This behavior results
from the competition between the power-law growth in

SLy4
108 :
— AP4
—FPS
106 L
— MS1
— ENG
104 L
100+
110 _
10 prs = 0.01 Hrs =
—purs =0.01 -- pry =1
1004 —prs =001 -- pry =1 4
—purs =001 -- pry =1
. —prs =0.01 -- pry =1
107
105 L
1000}
10

0.05 0.10 0.15

GM/R,

0.20 0.25

FIG. 2. Left: The static TLNs cg (top panel) and the dynamical TLNs c; (bottom panel) for the realistic EoS as functions of
compactness. Here, p is normalized by the Schwarzschild radius r; = 2GM. Right: The corresponding A, (top) and A, (bottom) as

functions of compactness.
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+

& 0032
0.031
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r/rs
FIG. 3. Estimated evolution of ¢y + w*R3/(GM)c; as a

function of the orbital length scale r. Here, c; and cj; are
computed for the AP4 EoS with GM /R, ~0.153. We set v =
(GM/r*)'/? and u = 1/r, so that the logarithmic scale depend-
ence of cj; is evaluated at the orbital scale.

@?(r) and the logarithmic running. In the range shown, the
former dominates over the latter.

In the right panels of Fig. 2, we show the dimensionless
tidal coefficients Ay and A, as functions of the stellar
compactness, C = GM /R, defined by

GM\ - GM\ 8
AO = 2( ) Cg, A2 = 2<—) Ci. (59)

R, R,

The top panel reproduces the well-known behavior of the
static tidal deformability; see, e.g., Ref. [97]. The bottom
panel shows that A, is typically about three orders of
magnitude larger than A,. This difference is primarily
driven by the stronger compactness dependence of A,,
which scales as C~® compared to the C™3 scaling of A,. As
we discuss in Sec. V, Ay and A, are precisely the
combinations that enter the gravitational waveform and
therefore provide the relevant parameters for describing
dynamical tidal effects in GW observations.

C. Approximate universal relations

Neutron-star observables are known to exhibit approx-
imately EoS-insensitive relations [97-99]. It is therefore
reasonable to expect that an approximate universal relation
holds between A, and A,. Indeed, such a relation was
found in Ref. [31] for the dynamical Love numbers defined
in that work. Here, we establish the approximate univer-
sality for our TLNs, which are defined unambiguously and
directly connected to the gravitational waveform. We stress
that this approximate universality becomes manifest only
when using the waveform couplings A, and A,, while it
remains hidden for other combinations of the tidal param-
eters [100]. Figure 4 shows that an approximate universal
relation emerges only for fixed values of ur,. We fit the
numerical data using the following fitting formulas:

108k ® p — Poly, pr, =0.01 B p—Poly, pry=1 /
SLy4, pry=0.01 A SLy4, pur,=1 »
107k V¥ AP4, pry=0.01 2 AP4, pry=1 ’//
O FPS, pry =0.01 < FPS, pry =1 e
100F A MS1, prg =0.01 %7 MS1, pry =1 /”
o ® ENG, pr, =0.01 M ENG, ur, = 1,1
< 10% /"
104F /
A
1000}

10 100 1000 10* 10°

FIG. 4. Top: approximate universal relations between A, and
A, with various EoS, demonstrating approximate universality at
fixed pr;. The black and red solid lines denote the fitting
formulas (60) and (61) with ur; = 0.01 and ur, = 1, respectively.
Bottom: relative difference between the empirical fit and each
data of (Ag, A,) for a given stellar model and given ur,.

Y], —001 = 3.9171 + 1.0707X + 0.023100X%,  (60)
Y|,_1 = 3.3840 + 1.1621X +0.019180X%,  (61)

where (X,Y) = (log Ag, log A;). The typical relative errors
between the data and these empirical fits are smaller than
10%, consistent with the results of Ref. [31]. Unlike the
standard scale-independent I-Love-Q relations [97,98], the
relation between A, and A, inherits the explicit scale
dependence of the dynamical Love number through p, so
that the fit coefficients in Eqgs. (60) and (61) change with ur;.

As we shall discuss in Sec. V, the running of the dynamical
TLNs has only a subdominant impact on GW observations,
with the overall tidal effect being primarily controlled by the
scale-independent component. For this reason, it will be
convenient to adopt the choice ur, = 1, which allows using
the approximate universal relation in Eq. (61).

D. Comparison with mode-sum representation

As in the Newtonian case [15-24,26], one may expect
the dynamical tidal response to be closely related to the
characteristic oscillation spectrum of the star, namely its
quasinormal modes. These are the complex eigenfrequen-
cies for which the homogeneous perturbation equations
discussed in Sec. III B admit solutions that are regular at the
stellar center and purely outgoing at infinity [101].

For neutron stars, the oscillation spectrum is typically
dominated by the fundamental fluid (f-) mode, whose
frequency is roughly given by [101]
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where c; is an O(1) coefficient that depends on the EoS
(see, for example, Ref. [102] for an explicit evaluation for
polytropic EoS). At the Newtonian level, the dynamical tidal
deformability admits a mode-sum representation in which
the f-mode contribution plays a dominant role because of its
relatively low frequency [15,17,19,26]. Consistent with this
picture, @ typically agrees with an effective frequency w,
within 0.1%, where w, is defined by [26]9

GM
0, =[— C—E. (63)
R* Ck

Therefore, in the Newtonian regime the dynamical TLN can
be very well approximated in terms of the f-mode frequency
and the static TLN,

GM ¢
CE N w—’j . (64)
* 7

In the relativistic regime, however, the relation between tidal
response and quasinormal modes becomes more subtle. In
particular, a mode-based description may not be complete,
and additional contributions can cause , to deviate from o,
[26,31,32], and hence the dynamical TLN cannot be simply
obtained from the quasinormal modes.

To quantify this discrepancy, in Fig. 5 we show the ratio
o,/ as a function of compactness for several values of .
For sufficiently small values of u, the deviation from unity
decreases with compactness, systematically lowering the
ratio @, /w;. Remarkably, throughout the most interesting
interval 0.1 < pur, <1, the ratio remains within approx-
imately 5% of unity over the entire compactness range
considered. This suggests that, despite relativistic correc-
tions, the dynamical tidal response of realistic neutron stars
during the late inspiral is still largely controlled by the
Jf-mode frequency. Furthermore, we stress that the ratio is
compatible with the corresponding prediction obtained
from the tidal constants introduced in Refs. [26,57], once
the convention difference in Eq. (D1) is accounted for (see
Appendix D for their definition and a comparison with our
dynamical TLN, as well as with other approaches [27,31]).

Our findings are qualitatively consistent with those of
Ref. [32], while providing an independent validation of this
behavior within the EFT framework developed here,
including the effects of renormalization-group running.

’Notice that the definition of @, in Eq. (63) differs slightly
from the quantity introduced in Eq. (1.14) of Ref. [26], as the
latter is defined in terms of the tidal constants adopted therein.

1.04
£)
~ 1.00
3
prs =1
0.98
prs = 0.1
0.96 iy = 0.01

0.08 0.10 0.12 0.14 0.16 0.18 0.20
GM/R,

FIG. 5. The ratio w,/w; as a function of GM /R, for the rest-
mass polytrope € = (p/Kp)'/? + p with Kp = 100M%. Devia-
tions from unity indicate the extent to which the dynamical tidal
response is captured by the f-mode contribution.

V. MEASURABILITY WITH GW DETECTIONS

Having computed the dynamical TLNs of neutron stars,
we now assess their impact on the GW signal emitted
during the inspiral of a compact binary and their measur-
ability with current and future detectors. In Sec. VA we
derive the PN waveform phase, including both the static
and dynamical tidal contributions and the distinctive
logarithmic running of the latter, following Ref. [54]. As
shown in that work, the dynamical Love number enters the
waveform at the 8PN order. In Sec. VB we quantify the
observability of these effects through a Fisher-matrix
analysis and a mismatch calculation, considering the
LVK O4 network and ET at its nominal sensitivity.
Together, these two analyses provide complementary views
of the same physics: the Fisher matrix quantifies the
statistical precision with which the dynamical Love number
can be extracted, while the mismatch measures the sys-
tematic error incurred by neglecting it.

A. PN waveform derivation

In this section, we use the EFT Lagrangian (6), with the
renormalized induced dynamical tidal response couplings
obtained in the previous sections, to study a binary inspiral.
Although the renormalized couplings were derived for an
isolated neutron star, no additional divergences are
expected when the same Lagrangian is applied to the
two-body problem. As in any EFT, once all counterterms
consistent with the symmetries have been included up
to a given order in the derivative expansion, the divergences
are removed once and for all. The theory becomes
fully predictive at that order and can be used to com-
pute any process consistently, with finite results. In
particular, the renormalization scale u drops out of physical
observables—such as cross sections, scattering angles, or
waveform phases—which depend only on the renormalized
couplings evaluated at a chosen scale together with the
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corresponding logarithmic dependence on the relevant
physical scale (e.g., energy or distance).

The procedure for deriving the interaction Hamiltonian,
including the counterterms, is discussed in detail in, e.g.,
Ref. [39]."° For the purposes of this work, however, we
follow a simpler approach [54]. Since the renormalized
dynamical Love number cj; depends on the renormalization
scale u, and the natural scale in the binary problem is set by
the inverse orbital separation, we identify u ~ y/r, with y
some constant number. Because our goal is to estimate the
potential observability of dynamical Love number effects,
the precise relation between u and r will not be important.
As the inspiral proceeds and the orbital separation
decreases, the tidal response evolves logarithmically, as
illustrated for example by Eq. (53). Importantly, this
running cannot in general be absorbed into a redefinition
of the scale-independent part of cj. It therefore leaves a
characteristic imprint on the GW phase in the form of a
frequency-dependent 8PN correction, qualitatively distinct
from the standard frequency-independent tidal contribu-
tions. In practice, however, this effect is suppressed in the
small-compactness regime and, as we shall see explicitly
below, does not significantly affect our estimates.

To connect with the waveform calculation, recall that the
dynamical couplings ¢y and cj enter the effective two-
body Lagrangian through Eq. (6). Their effects on the GW
phase are conveniently encoded in the dimensionless tidal
parameters Ay and A,, defined in Eq. (59). It is therefore
useful to express the renormalization-group running
directly in terms of these quantities. Following Ref. [54],
we write the running of the dynamical tidal parameter as

Ao(p) = Ny(r) = Ay = fr log (y_:\) (65)

where A, captures the value of the dynamical TLN at the
UV matching scale ry, given by the neutron-star
Schwarzschild radius, while $, encodes the logarithmic
running associated with the renormalization procedure. A
similar approach has been followed in Ref. [39], where an
effective radial-dependent Love number has been included
in the binary Lagrangian. The relation between (A,, 3,)
and the EFT coupling c;; of Sec. II is given by

- GM\ -8
Ae=2( ) etu =i

*

GM\ % o 64 321
ﬂ2_2( ) cg@__E(HmAO) (66)

'9Although the renormalization scheme adopted in Ref. [39]
differs from ours, a nontrivial consistency check is that both
approaches yield the same counterterms and renormalization-
group running of the couplings.

where cgog) is the coefficient of log(ur,) in Eq. (57), while

the static counterpart is Ay =2(GM/R,)cy as in
Eq. (59). The key observation is that, since A, o C8
while Ay & C>, the dynamical parameter is enhanced by
three additional inverse powers of the compactness C =
GM /R, relative to the static one, an amplification that, as
shown in Fig. 2, reaches several orders of magnitude at
typical neutron-star compactnesses and is the principal
reason why the 8PN dynamical tide may be observable
despite its formally high PN order (see Ref. [59] for a
similar enhancement for the quadratic TLNs).

We now derive the GW phase following Ref. [54].
Consider a binary of two nonrotating neutron stars with
masses m;, m,, total mass M, = m; + m,, symmetric
mass ratio # = my;m,/MZ,, and orbital angular frequency
. The effective binary Lagrangian for circular orbits,
including the leading tidal interactions of both bodies
described in Eq. (6), reads

1 1 GnM?

L = S nMoi? + 5 nMigr§? + =~
2 2 r
my(Gm
()

(1< 2), (67)

[A 'E, JEY + (Gm2)2A (r)E JEV]

where Ej; describes the tidal field sourced by the
companion neutron star [11]. Time derivatives are denoted
by a dot, and the superscript (i) labels the tidal response of
body i = 1, 2. Evaluating the Euler-Lagrange equations on
circular orbits, one obtains the expression for the binding
energy [54]

1 I(Gmw)* my (1)
E(w) = == Mo (GMq0)?3 9 1 = ——— L — = A
(w) 2’7 ot ( o) { (GMmta))z/3Mlot 0
_ 9(Cmw)°® my [ —<1>_%ﬂ(1)
(GMtotw)z/BMtol 372
GM0 1/3
+5ﬁ§1)10g<%>] +(1 < 2)} (68)
wyrs
and the GW flux
32
F(w)= 5 7 (GM ) '3
6(Gm w)* (1
{1+ IYRPSEE 2M +1 A
(G totw) tot
_ 6(Gmyw)® { <3 m )
(GM0)* (M Mo,

() )| o0}

(69)
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Note that, in deriving these expressions, the orbital sepa-
ration 7 is eliminated in favor of the orbital frequency w via
the condition for circular orbits, 0L/dr = 0; crucially, the
resulting relation r(w) receives leading-order dynamical
tidal corrections [54], which must be consistently included
when expanding the energy and flux in powers of the
frequency.

In the stationary-phase approximation, d*y/dw? =
—(2/F)dE/dw [11], and integrating twice in frequency
yields the waveform phase as a function of the dimension-
less PN parameter x = (GM ) [54]"

3 39 15
Wiigal (X) = 1287572 [1 - 7/\513N)C5 - HASPNXS
15 ; GM,,
-0 > By log (—g)‘) } , (70)
i XYrs
where we have defined the combinations
16 3(m; + 11nM ;
Ay = 205 (m; +4 n tol)A(())’
13 i Mtot
I’)’ll5 (i
Nsen =4 [<8m,» + 147716 AY
38 1253 ;
()|
Bion = sy, ()
tot

Equation (70) is the central result of this section. It contains
three qualitatively distinct contributions. The first is the
well-known 5PN static tidal term [6,7], proportional to A,.
The second and third arise from the dynamical tidal
coupling ¢ computed in Sec. IV, and enter the waveform
at 8PN order. The term proportional to Agpy captures the
finite, EoS-dependent contribution of the dynamical TLN,

while the logarithmic terms Bé’lzN encode its renormaliza-
tion-group running. Crucially, because A, « C~%, the 8PN
dynamical tide is enhanced by three additional inverse
powers of the compactness compared to the SPN static term
Ay « C7>. This makes the dynamical tide potentially
observable despite its formally high PN order and also
makes it much larger than (currently unknown) 8PN point-
particle terms [59]. Furthermore, the logarithmic term in
Eq. (70) provides a qualitative handle to, in principle,
disentangle the dynamical contribution from higher-order
point-particle corrections entering at the same PN order,
since the latter do not carry the same frequency depend-
ence. However, as we will comment below, this logarith-
mic running appears to be hardly measurable even with

"Notice that the expression for the 8PN phase differs from the
one of Ref. [54] by a typo in their last derivation.

next-generation GW detectors: it enters at subleading
order relative to the bare Agpy term, and the numerical
coefficient y that relates the renormalization scale to the
orbital separation does not significantly affect the wave-
form. The dominant and observationally relevant quantity
is therefore the EoS-dependent constant Agpy.

This hierarchy is manifest when looking at Fig. 6, which
shows the absolute contributions to the tidal GW phase
Wida from the static (solid), finite dynamical (dashed and
dot-dashed), and logarithmic (dotted) TLNs, computed
from Eqgs. (70) and (71), as a function of the dimensionless
binary frequency x, taken to span the frequency range
between the ET minimum frequency and the neutron star
contact frequency (see Eq. (76) below). The hierarchy
among these contributions is immediately apparent: the
static Love numbers, entering at SPN order, overwhelm-
ingly dominate the tidal phase throughout the inspiral. At
8PN order, the finite dynamical contribution A, exceeds the
logarithmic term f, associated with the renormalization-
group running of the Love numbers. Despite the logarith-
mic coefficient being proportional to the static Love
number, see Eq. (66), it is suppressed relative to the finite
term due to the additional factors of compactness C~3. This
clear separation of scales motivates our choice, in Sec. V B,
to focus the data-analysis study on the bare 8PN coefficient
Agpn. Furthermore, as discussed in Sec. IV C, this hier-
archy suggests that the approximate universal relation
between the 8PN and 5PN tidal parameters (neglecting
the running) could be leveraged to reduce the waveform
parameter space, potentially tightening constraints on the

g

s A 8PN, A,
—6F,% s ) ]

10_7 ----- - 8PN, 5,
10 8—"" """" 8PN,;3210g.r1

107°L— : L . . .
005 0.10 015 020 025 0.30
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FIG. 6. Absolute contributions to the tidal phase as a function
of the dimensionless binary frequency x, for a representative
neutron-star binary with equal masses mys = 2.2M and AP4
EoS. The four contributions correspond to the leading static
(5PN) tidal term « A (solid line), the two finite dynamical (8PN)
terms « A, (dashed line) and « f, (dot-dashed line), and the
logarithmic running term « /3, log x (dotted line), as defined in
Egs. (70) and (71). The static Love number contribution
dominates across the entire inspiral band, while the finite 8PN
dynamical term exceeds the logarithmic one, the latter being
suppressed by additional factors of compactness, C=.
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latter; we leave a detailed exploration of this avenue to
future work.

B. Data analysis

We now assess the observability of the 8PN dynamical
tidal corrections of Eq. (70), following the approach of
Ref. [54]. We consider two complementary diagnostics: a
Fisher-matrix analysis, which quantifies statistical meas-
urement precision, and a mismatch calculation, which
directly probes the systematic bias incurred when the
dynamical tide is omitted from the template.

We model the GW signal using the IMRPHENOMD
waveform family [103,104], which captures the full inspiral
evolution. The tidal phase of Eq. (70) is appended to the
point-particle phase, including the 5PN static term Aspy
and the 8PN dynamical term Agpy. In the frequency domain
the template reads

R(f:0) = CoA(f:0)crm O twa(rol (72

where wpp describes the standard point-particle phase,
while the leading-order amplitude is

5/6 A 45/6
_ \/E G oM. 73)
24 7%3d, f7/°
in terms of the chirp mass M, = /M, and luminosity
distance d, . The geometric factor Cq captures the detector’s
response and depends on the binary’s inclination angle and
antenna pattern functions (which in turn vary with the
source’s sky location and polarization angle). For simplic-
ity, we assume optimally oriented binaries, thereby neglect-
ing these dependencies in our analysis. We consider
equal-mass (m; = m, = myg), nonspinning binary neu-
tron-star systems at d; = 100 Mpc and three representative
EoS: SLy4 [91], AP4 [92], and MS1 [94].

To forecast measurement uncertainties, we use the Fisher
information matrix formalism [105], which is reliable in the
limit of large signal-to-noise ratio (SNR). The Fisher matrix
is

A(f:0)

oh | oh
: 00'| 00’ | |o—p
where the noise-weighted inner product is
S B () (£)
hy|h —4Re/ e df 75
< l| 2> . Sn(f) ( )

with S, (f) the one-sided noise power spectral density, and
Smins fmax the lower and upper limits of the integration

band. The 1o uncertainty on the ith parameter is o; =

\/(T7),; and the SNR is p = \/(h|h). The full parameter

vector is 0@ = { M 1, x5 Xa>ter Per Aspn, Agpn}  With

injected coalescence time and phase (7., ¢.) = (0,0),
and vanishing injected spin terms, y, = y, = 0. We con-
sider two detector configurations: the LVK network at O4
sensitivity  with  (feqmins faetmax) = (10,4 x 10°) Hz,
and ET in its ET-D configuration [63,106] with
(fdetmins faetmax) = (2,10%) Hz. The lower limit is set
by the detector, fin = faeemin- Ihe inspiral sequence
proceeds until the neutron stars come into contact, which
for two stars of radius R, occurs at orbital separation
r = 2R,, corresponding to the frequency

fcontact = 6\/6C3/2fISCO’ (76)

in terms of their compactness and frequency at the inner-
most circular orbit (ISCO)

M
fisco = 4.4 kHz< ®>. (77)
Mo

Accordingly, we take the upper end of the integration band
to be the minimum of the contact, ISCO, and detector cutoff
frequencies,

fmax = min (fcontacv fISCO’ fdet,max)’ (78)

so that the adiabatic PN phasing is never integrated beyond
the ISCO, where it ceases to be valid.

As a complementary and more conservative diagnostic,
we compute the mismatch between a signal template that
includes the dynamical tide and one that neglects it:

(I [ha)

M=1—-max ——-—">——
(hi|hy) (halhy)

{¢("t(‘}

where h; includes Agpy # 0 and h, is computed with
Agpxy = 0. A mismatch M < 1/(2p?) guarantees that two
waveforms are equivalent within statistical errors at a given
SNR, while exceeding this limit might indicate a systematic
bias in parameter estimation [107].

Figure 7 shows the relative 1o uncertainties on Aspy (left
panel) and Agpy (right panel) as functions of the individual
neutron star mass mys, for the three EoS at d; = 100 Mpc;
the horizontal dashed line marks a relative error of 100%.
For the static Love number, ET (solid lines) lies well below
this threshold across essentially the entire mass range,
reaching o, /Aspny S 10% for myg $1.4Mg, and
approaching the 100% line only for the most massive,
softest configurations. By contrast, the LVK O4 curves
(dashed lines) sit close to or above the 100% line, so that
Aspy 18 at best marginally constrained at current sensitivity.

Two features of the curves are noteworthy. First, the
relative error grows steeply with mass. This happens
because more massive neutron stars are more compact,
so that both tidal deformabilities fall rapidly with compact-
ness, shrinking the tidal signal; in addition, the cutoff of the
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Relative 1o uncertainty on the static Aspy (left panel) and dynamical Agpy (right panel) TLN parameters, for an equal-mass,

nonspinning binary neutron star system with individual masses myg, observed by LVK O4 (dashed) and ET (solid), assuming a
luminosity distance of d; = 100 Mpc. The colored lines correspond to different choices of realistic EoS. A measurement with 100%

error corresponds to the horizontal dashed line.

inspiral scales inversely with the total mass through
fisco < M!, so that the contact frequency of Eq. (76)
moves to lower values and fewer wave cycles accumulate in
the tidal-sensitive band. Both effects reduce the measurable
tidal imprint and inflate the statistical uncertainty. Second,
at fixed mass the relative error is smallest for the stiffest
EoS (MS1) and largest for the softer ones (AP4, SLy).
Since the tidal terms enter the phase linearly, the absolute
Fisher uncertainty o,_, is set essentially by the detector,
the masses, and the available frequency band, and depends
only weakly on the EoS; the relative error o, /Aspx is
therefore controlled primarily by the magnitude of Aspy
itself. Stiffer EoS produce larger radii and hence lower
compactness (see Fig. 1), which through the steep inverse-
compactness scaling translates into substantially larger A,
and A,, and thus a stronger and more easily measured tidal
imprint. The lower compactness of stiffer stars also lowers
their contact frequency, an effect that by itself would reduce
the in-band tidal information.

For the dynamical Love number the picture is more
nuanced: ET reaches o, /Agpn < 10% only for myg <
1M and the stiffest EoS (MS1), the only case that drops
appreciably below the 100% line; for the softer EoS (SLy4,
AP4) the relative error stays below 100% for masses
mys < 1.4M o, after which Agpy is not individually meas-
urable on its own. LVK O4 yields uncertainties orders of
magnitude above the 100% for all configurations in the
supersolar regime. Clearly, the presented relative errors
have a simple linear scaling with the source distance.

The key factor enabling ET to approach the dynamical
tide is the large enhancement of A, relative to A, visible in
Fig. 2: since A, «x C~% while Ay « C°, the dynamical
parameter is larger by roughly three orders of magnitude at
typical neutron-star compactnesses, compensating the for-
mal x> suppression of the 8PN term relative to the SPN
one. The strong EoS dependence of Agpy implies that a

detection would simultaneously constrain the stiffness of
dense matter at supranuclear densities. This situation is
qualitatively different from the black-hole case studied in
Ref. [54], where the dynamical tidal correction is unob-
servable even with future-generation detectors because the
analogous (r,/M)® amplification factor reduces to O(1).
We also note that our Fisher analysis treats Agpy as the
primary free parameter; the logarithmic correction BgllN is
not independently varied, as it is numerically subleading
relative to Agpy for the orbital frequencies relevant to
the late inspiral, and the sensitivity to the free coefficient
y is correspondingly negligible. Finally, employing the
approximate universality relation between A, and A,
established above would allow one to express Agpy In
terms of Aspy, thereby reducing the dimensionality of the
parameter space and improving the measurability of the
static coefficient.

Figure 8 shows the mismatch M as a function of myg for
the same configurations, with the horizontal dashed lines
marking the systematic-bias threshold 1/(2p?) for LVK O4
(upper line) and ET (lower line). A curve lying above its
detector threshold signals that the dephasing induced by
omitting the dynamical tide is larger than the statistical
error, so that neglecting Agpy may bias the recovery of the
remaining parameters. Because the dynamical tide is
strongest for less compact stars, the mismatch is largest
at low masses and for the stiffer EoS, and decreases steeply
as myg Zrows.

For ET and a binary neutron star at ¢, = 100 Mpc, the
mismatch exceeds the threshold for myg < 1.4M and the
softest EoS (AP4, SLy), while being always above it for
the stiffer EoS (MS1), whereas for LVK O4 it stays below
the (much higher) O4 threshold for all configurations, in
agreement with the Fisher-matrix result that the dynamical
tide is inaccessible at current sensitivity.
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FIG. 8. Mismatch M between a template that includes the
dynamical tidal phase (Agpy #0) and one that neglects it
(Agpny = 0), as a function of the individual neutron star mass
mys, for an equal-mass, nonspinning binary at d; = 100 Mpc.
Horizontal dashed lines indicate the systematic-bias threshold
1/(2p%) for LVK O4 and ET, respectively. Colored lines
correspond to different EoS. Systems above the ET threshold
are those for which omitting the dynamical tide induces a
statistically significant bias in the inference of the static Love
number.

The two diagnostics are complementary, and their joint
reading is the central message of this section. The Fisher
analysis quantifies whether Agpy can be measured as a
parameter, whereas the mismatch quantifies the bias
incurred by leaving it out of the template altogether. The
two need not coincide: AP4, for instance, crosses the ET
mismatch threshold even though its dynamical TLN is not
individually measurable at the 10% level according to
Fig. 7. The reason is that the mismatch is sensitive to the
total dephasing accumulated across the inspiral band, and
can flag a systematic bias even when the corresponding
parameter uncertainty is large. In practice this means that,
for ET sources at d;, ~ 100 Mpc (SNR = 100), omitting the
dynamical tidal phase will bias the inference of the static
Love number—and hence the extracted nuclear EoS—even
in regimes where the dynamical tide itself cannot be pinned
down. Including the full phase of Eq. (70) in the template is
therefore necessary to avoid such biases, irrespective of
whether Agpy is independently resolvable.

In summary, our analysis shows that the dynamical Love
number is potentially measurable with third-generation
detectors for a range of neutron star masses and EoS,
and that neglecting it can introduce systematic biases in the
inference of nuclear-matter properties. The degree of
observability depends sensitively on the EoS, with stiffer
EoS yielding both a larger Agpy and a larger mismatch.
These findings motivate including the full dynamical tidal
phase of Eq. (70) in next-generation GW data-analysis
pipelines, and suggest that joint inference of Aspy and Agpy
with ET could provide a new window into the frequency-
dependent tidal response of dense nuclear matter.

VI. DISCUSSION

In this work we have carried out a systematic and fully
relativistic study of the dynamical tidal response of neutron
stars by combining worldline EFT with stellar perturbation
theory. We computed the dynamical quadrupolar Love
number ¢ for a broad set of realistic EoS. The correspond-
ing dimensionless parameter A, o C~8 is enhanced by three
additional inverse powers of the compactness relative to the
static counterpart A, o« C=>, being significantly larger than
its static counterpart for typical neutron-star compactnesses.
The dynamical response coupling also exhibits a universal
logarithmic running, in addition to a set of scheme-depen-
dent finite terms, which are unambiguously fixed by the
EFT matching and which we determine here for the first
time using dimensional regularization. We have shown that,
for a fixed running parameter, approximate EoS-insensitive
relations exist between A, and A,, analogous to the I-Love-
Q universality [97,98], and that, taking motivated values of
the running into account, the f-mode still provides an
accurate single-mode approximation to the dynamical
response throughout the late inspiral, as in the Newtonian
case. Using these results, we derived the complete leading-
order 8PN tidal phase correction to the gravitational wave-
form of a binary neutron-star inspiral, including both the
EoS-dependent constant term and the logarithmic running.
While the logarithmic term is qualitatively distinctive—in
principle allowing one to disentangle the dynamical tide
from unknown point-particle contributions at the same PN
order—it is numerically subleading during the late inspiral.

The waveform contribution associated with the dynami-
cal Love number is also quantitatively comparable to that
arising from the quadratic Love numbers [59,108].
Both effects enter the GW phase at 8PN order and are
enhanced in the low-compactness regime, scaling as ~C~8.
Comparing our results with those of Ref. [59], we find that
the two contributions are generally of the same order of
magnitude. This suggests that a consistent description of
the leading 8PN tidal correction requires both dynamical
and quadratic Love numbers to be included in the wave-
form model.

Our Fisher-matrix analysis shows that ET could measure
the 8PN tidal contribution below the 100% level for myg <
1.4M g and mys < 2Mg for the softest and stiffest EoS,
respectively. For myg < 1M, the accuracy improves to
10% and percent level, respectively. In contrast, LVK O4
cannot constrain the dynamical tide for any of the configu-
rations considered. The mismatch analysis reveals a com-
plementary and practically important finding: omitting the
8PN dynamical tide from the waveform template introduces
systematic biases in the inference of the static Love number
for mys < 1.4M 4 and soft EoS, and larger masses for the
stiffer ones, at ET sensitivity. Since the latter is the primary
probe of the nuclear EoS in current and planned GW
observations, this finding motivates including the full
dynamical tidal phase in next-generation waveform models.
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Our work can be extended along various directions.
Incorporating stellar rotation would introduce gravito-mag-
netic dynamical tides and mode-mixing relevant for spin-
ning neutron stars. Extending the EFT matching to include
tidal corrections to the GW amplitude, beyond the phase
computed here, would complete the leading-order dynami-
cal tidal waveform. Finally, combining the dynamical TLN
measurement with independent nuclear-physics constraints
could significantly sharpen EoS inference with third-
generation detectors, making the framework developed here
a concrete ingredient for high-precision GW science.

Note added.—While this work was being completed,
Ref. [109] appeared, containing an independent discussion
of the calculation of dynamical TLNs of neutron stars
through EFT matching. We note that, differently from the
approach of Ref. [109], we work at the level of off-shell
quantities rather than on-shell ones, and perform the
matching at loop level, resumming gravitational nonlinear-
ities within the EFT.
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APPENDIX A: GRAVITO-ELECTRIC ONE-POINT
FUNCTION AND RENORMALIZED COUPLINGS
FROM POINT-PARTICLE EFT

In this Appendix, we illustrate the computation of the
graviton one-point function within the point-particle EFT
(1). For generality, we work in the in-in Schwinger-Keldysh
formalism and incorporate gravitational nonlinearities
using the Born series developed in Ref. [52] for the scalar
field case (see also Ref. [112]), later generalized to the
gravitational response in Ref. [53]. For further details and
notation, we refer the reader to Ref. [53].

We begin by doubling the fields along a closed-time
contour, denoting the graviton fields on the forward and
backward branches by A" and K5, respectively. In the
Keldysh basis, we define

h+ = (hl + hz), h_ = hl - hz. (Al)

N[ =

The effective action for %, is then obtained by integrating
out the degrees of freedom on which the composite
operators Qr [see Eq. (4)] depend upon, which we
collectively denote by X:

el lhe] — / DX, DX _eiSlh=sl, (A2)

where S is the action (1). At leading order in the external
tidal field amplitude, Q can be expressed perturbatively in
terms of its linear response as

(0 ,(z)) = / /KD (0 B (), (A3)

where 1,J = {+, -}, and Kﬁfw "7 is the linear response

kernel. This kernel is related to the two-point function of
Q%’ in the Keldysh basis [47,51,77,113] via

(04,00, (@) =~k (e =7). (A4)
Following standard EFT logic, we remain agnostic about
the precise form of the response kernel and parametrize it in
the most general way consistent with the symmetries of the
problem. We simply assume it admits a low-frequency
expansion—ijustified when the object’s characteristic inter-
nal timescale (in the present case, the hydrodynamical
timescale of the star) is much shorter than the timescales of
the external perturbation. For nonspinning objects, the
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spatial tensor structure of the kernel reduces to a product of
Kronecker deltas, yielding the in-in effective action

Fig;m V’li} = /dTldeKgf) (7,'2 — Tl)ElI'j(TQ)EJij(Tl) + ey
(A5)

where the ellipsis indicates higher-order terms in the
gradient expansion (i.e., operators corresponding to multi-
poles beyond the quadrupole).

To match with neutron-star perturbation theory, we need
a gauge-invariant quantity independent of the coordinate
system used in both the EFT and full-theory calculations. A
natural choice is the (linearized) Weyl tensor—which is
also the quantity appearing in the effective action (AS5).
Computing its one-point function amounts to evaluating the
in-in path integral:

<E+ab<t7 })>in-in = /Dh+Dh—E+ab(t’ )_C’)eir?"];m[hi]’ <A6)

which yields

<E+ab([’ )_C))>in-in
=i [ dridrsk 3 = 1) E a0 D) EE (1),

(A7)

where E’j_‘ denotes the gravito-electric component of the
external (quadrupolar) tidal field, and where K(f_)(r) is
proportional to the retarded Green’s function of the Qf
operators (see, e.g., Refs. [47,51,53]).

The (quadrupolar) response function Kf_) (o —7;) can
be expressed in frequency space as

d )
K(f_)(rz —-17) = /%e"“’(’r’l)K(fE)(w)

do _ R;,
_ /%e—lw(fz—‘fl) |:E* Cp+ la)MRiI/E

» RS
+w —CE-i-"'], (A8)

G*M

where in the second line we stripped off some dimensionful
quantities (with R, and M the radius and mass of the
object, respectively), and where cp, vg, and cp are
dimensionless.

In the following, we compute Eq. (A7) following
Ref. [53]. A key difference with respect to Ref. [53], which
focused on matching to a black hole response, is that the
static coefficient cg is nonzero for neutron stars. As a
consequence, computing (E, (¢, X)) up to the next-to-
leading conservative order, O(w?), requires evaluating the

graviton propagator appearing in the integrand of (A7) to
the same order.

1. Gravito-electric one-point function

On the EFT side, we work in the de Donder gauge,
defined by

Fh = on,

w=y (49)

with h=ht,.

normalized graviton field, defined via g, =n,, +
(D-2)/2

2h,, /My, in D spacetime dimensions. Indices are
raised and lowered using the Minkowski metric 7,,.
In this gauge, the linearized equations of motion reduce
to [lh,, =0. Some useful power counting to keep
in mind for the rest is °dyh,, ~ 0'0;h,, ~ O(w?*) and also
aihio ~ 00h00 + a()h ~ (’)(a))

The electric component of the Weyl tensor on shell is
given by

Hereafter, h;w denotes the canonically

[\

Eu = Cosor = 23 (aaa[ohb]o - aOa[Ohb]a)
My,

[

= —55 (=049, h00 + 2000(ahp)0 — 9O,
My

(A10)

which is, by construction, traceless.

Let us start by computing the product E_; E™* appearing
in Eq. (A7). In what follows, we suppress the +, — indices
for simplicity and will reintroduce them at the end. We find

_ 1 - ._
EyE™* = VD=2 (0,000 0 hog — 20;0; 100060
Pl
+ 0,010 0009 h™* — 2000, 00" hyy
+ 2000, 000" ¥y + 2000; 140 090" Ry

+ 090 hi0' 0 hyy + O(@?)]. (A11)
We are now interested in the product (E, ,,E_;)E* up
to O(w?). This involves various combinations of deriva-
tives of the two-point function (h;h,,). Taking into
account its tensor structure leads to significant simplifica-
tions. In particular, in the de Donder gauge we have

de e—ia)(t—‘rg)-&-iﬁ'fr'
(Zﬂ)D 2 ’

(1. 7)o (22.0)) = iPD_ /

PP-w
(A12)

where

2
szl/)/m =- _’7;41/77/)6) . (Al 3)

(77;40"71//) + 77;4/)’71/0’ - D—-2

| =
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This implies that (/. h_g;) = (hih_g) = 0. Therefore, many of the terms vanish, leaving us with

(EwpEi)E™ = Y= ({949 h000;91ho0) (9°0 hoo — 2000" 1o + 9g9ph™) + ({9u0shood0dohin)
Pl
+ 4(000(ah5)0009(ix)0) + (0000hap0i0khoo))0'0* hoo + O(@?)). (Al4)
Putting everything together, we obtain
2 e ) d>”'p Pt [3-D i5kT, ik 7 ik
(Etap(.%))inin = VA0 K (o) Q0P 5 —a? |D - 2paphpipk(a 0" hoo — 2000'h" o + 0gdph™)
Pl
L— CU2 -

+ 2(02171‘1’?((1013)a’hoo - mﬂabl)ipkalakhoo} ) (A15)

where w is the frequency of the (monochromatic) external probe, which we took to be h,,,(t;) = e~ "1 h,, (»), with ,,, ()
solving the flat-space Einstein equations in de Donder gauge, and expanded in powers of X around the location of the point

particle.

Since we are interested in performing the matching in a near zone |X| < 1/w [53]," we can expand the graviton
propagator in Eq. (A15) in powers of w. After some tedious but straightforward algebra, Eq. (A15) boils down to

e—imt

K (w)

2r2+23p-3 xixk

(Etab(t.X))inin = =5 7po
a in-in M]?l 2

where r=|X|, and c;; is a symmetric and traceless
tensor characterizing the amplitude of the /—¢ component

of the external (quadrupole) tidal field, hgy(w) =

Méll)_z)/zcijxixj(l + O(w*r?)).

Some further comments on the result (A16) are in order.
First, we note that all corrections of order wr and higher
have been neglected. To determine the effective couplings
K (f_)(w) from the bulk solution, it is sufficient to match the
leading falloffs r* and r~“~!. Subleading terms in wr
correspond to large-distance corrections to the intermediate

zone solution and match automatically once K@(w) is

S

cikaaabW—F O(Cl)l") s (A16)

1 D _

o

|
fixed at leading order. In particular, note that the leading
term displayed in Eq. (A16) arises from the first contri-
bution in parentheses in the first line of Eq. (A15), with the
graviton propagator taken to be instantaneous—the remain-
ing terms are all proportional to the frequency and
contribute to the subleading corrections omitted in
Eq. (Al6)—and reproduces the result of Ref. [53] (see
Eq. (3.96) therein).

Specializing to the r—r component of E,;, and combining
the one-point function (A16) with the same quantity
evaluated on the tidal-field solution, we obtain

_ . B (@) T2 + 253 D-3

T (8 X) )inin = =287 Coxe Y om |1 + 2 D-1 - U wr)|,

E, + (E 0 (8.3))iin = =267 oy Yo, |1 4 *;)(2) 2t pip-y -0+ 0 Al7
Mp, T D-2

where we introduced ¢y, defined by c;jx'x/ = cor?Y o,

with Y,,, the £ = 2 spherical harmonic, and replaced Kf_)

“Note that what we refer to as the “near zone” here
corresponds to the “intermediate zone” of Ref. [53]. In that
work, a finer distinction between near and intermediate zones was
necessary because r extends down to r,. Here, since R, is never
parametrically close to r,—namely R, 2 O(1)r,—this distinc-
tion is not required. We also stress that, despite its name, the near
zone covers a wide range of distances, reaching distances
parametrically far from R, (r > R,), while remaining smaller
than 1/w.

by ,ung(f_), where p is an arbitrary energy scale and
e=2-—D/2, to ensure that the response function has
the same dimensions for D # 4 [53].

2. Including gravitational nonlinearities

The solution (A17) was obtained from a tree-level
calculation in the EFT and captures the leading-r behavior
of the E field. To match it to the full relativistic solution,
however, we must include the coupling to gravity, which
generates subleading terms. For this purpose, we closely
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follow the procedure described in Ref. [53], based on We start from the D-dimensional Zerilli equation:
earlier results of Refs. [52,112]. In particular, we work in

dimensional regularization—this is why we kept D generic >y, 5

in all previous expressions—and account for nonlinear r, K + (@ = Vz(r))¥7z =0, (A18)

corrections to the Minkowski-space solution via a Born-
series expansion. The calculation is most naturally per-
formed in Regge-Wheeler gauge, whereas the graviton
one-point function was derived in de Donder gauge. To dr
bridge the two, we express the coefficient Kf_) in terms of ~ dry = m’ f(r)=1 <
the integration constants of the homogeneous Zerilli B

equation in the bulk. This guarantees that the bulk solution with nn = 4r 2T (5r (A19)
satisfies the correct boundary conditions at the worldline b= ’

source, with the delta-function fixing the behavior of the

solution at infinity. and where the potential is (see Refs. [65,114] for details)
|

Vy(r) = [4(D—4)(D-2)*f3-8(D -2)*(D-2)(D—-6)¢(¢£+ D —3)f?
+4(D-2)(D-2)(D—12)*(¢ + D - 3)*f

ry D—3_1 2GMnpu’*
=l b3

+2(D=2)3(D+2)rf* = 4(D =2)*(D - 6)£(£ + D = 3)r* [
=8(D =2P2(¢ + D =37rf + 12(D = 2°rf*f' + (D = 2)*(D(D + 10) = 32)° f £
~4(D=2)%(D -2)(3D = 8)£(¢ + D = 3)rff’

J26(¢ + D =3) + (D =2)(rf =2f)]*

+1622(¢ + D = 3)2(D = 2)£(¢ + D = 3)] D7 :

(A20)

which reduces to the well-known Zerilli potential in D = 4 [85,1 15].]3 In order to connect with the EFT, we treat both @ and
r, corrections in Eq. (A18) perturbatively. In this spirit, we move all these terms to the right-hand side of Eq. (A18) and
solve the equation order by order in the frequency and background nonlinearities.

We begin with the homogeneous equation, which reads

2 —e)(f—¢
<%_(f )(Z +1)>‘PZ(I’) —0, (A21)

with ¢ =2 — D/2. This equation admits two solutions, one decaying and one growing, given by

/"gBirr r_erg

Wy — utB +1-¢
Z(r) H regr +2f+1—28

(A22)
where the factors of 47 ensure that the field has the correct dimensions for D # 4, and the relative normalization is just a
matter of convenience. The factors B, and Bj, are integration constants, which will later be related to the relativistic
vacuum solution in the exterior of the star.

The solution (A22) can be used to compute the E,, component of the Weyl tensor via [65]

1
E, = —— (0*Hy + 2iwd,H,), (A23)
MPI

where H, and H, (in the notation of Refs. [53,65]) are determined by the constraint equations obtained from the quadratic
action for the perturbations in D dimensions (see Eq. (3.54) of Ref. [65]):

BWe refer to Ref. [65] for the precise relation between the Zerilli field ¥, and the fluctuation of the metric tensor in standard
perturbation theory of Sec. III.
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_ /frszD
H”__ﬂ@FQKD—3Mwu4xf+p_3xf+D_2wﬂP@%6xD—2y¢wz
+ (D =3)((D* 4+ 2D(¢ = 3) +2£(¢ = 3) + 8) = 2(D — 2)r?w?) ¥, (A24)
_ ia),uer% ~
M = =D =3e -1+ D=3+ D=7 2P~
+ (D? =2£(¢ —3) —2D(£ + 1))¥]. (A25)

Since the linearized Weyl tensor around flat space is gauge invariant, Eq. (A23) can be readily matched onto the result

(A17), yielding the following relation between the worldline effective couplings K (f_) and the integration constants B, and

B;,. of the bulk solution [53]:

(E) D+1
K+_(a))D—3F( 5 ) B,
DD-1)(D+1)= A26
M11>)1_2 D-2 & ( )(D+1) Bieo ( )

Given the homogeneous solution (A22) and the condition (A26), we can now solve for gravitational nonlinearities by
considering the inhomogeneous equation

((f_; (- 8)(f2— €+ 1)>\pz(r) = Vg, (r)¥y(r), (A27)

s
where the potential Vy, on the right-hand side encodes all corrections in @ and r, (see Ref. [53] for an explicit expression).
Using the Born series [52,112], we obtain the following expression for ‘I‘gzz in the € — 0 limit [53]:

_ ~ 107 2731 107
W,=2(r) = By |1 + 0?G}, (—m—m —%log(ur)ﬂ

4037 280239 64181,
960 '~ 403200 ' 960 ST

107 129359 107
+ —log(,ur)>] +O0(¢e) + ..., (A28)

+ 0*G),

B 189G
reg D
Tz {_ 32

B, |1
re |5

1050e * 441000 210

+#@<

where G, = GMn,—P~* G =GM, and the ellipsis denotes subleading terms in the 1/r expansion. As expected, the bare
solution (A28) exhibits divergences in the ¢ — 0 limit, which must be regulated. This can be achieved by introducing a
renormalization scheme and appropriate counterterms in the worldline action to absorb the infinities and enforce the
renormalization conditions. Ultimately, this procedure amounts to defining the renormalized coefficients Breg and By, as

- ) ~2 -
By, B.. _8GT_ 4G (| 4 log(an)) —WIG_ 100G, 4 log(4n)) ) \ Bix )

3e 210e 105

where yg, is the Euler-Mascheroni constant. Using the (nonminimal) subtraction scheme defined in Eq. (A29), we obtain the
following renormalized Zerilli solution [53]14:

_ _ ~ 214 2731 G'o* (3011 1545209\ 189G°
27 (r) = By [r3(1 - Ger <ﬁl°g(“ ") +9800>> 7 < 50 108lr) 57650 > T 322 ]
Biw (=, (214 111383\ 1
i 7 ) A
+3 (G ® <525 og(,ur)+441000> +5> +... (A30)

“Note that the shift (A29) should be performed at the level of Eq. (A28) including the order-¢ terms, which we have omitted for
simplicity. When multiplied by the poles in the shift (A29), these terms introduce additional finite contributions, which in turn lead to the
result (A30).
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which shows the characteristic running behavior in terms of oAyt
the energy scale p. The full solution, including subleading 4, = —
terms in the 1/r expansion, is provided in the Mathematica (@ +2)+ 1)z -1)

code available at the GitHub repository [89]. x {3+ e*(1 + 8zr*p)? — e*(1 + 8zr?p)
x[14+2(¢+1)+8xr’(e +6p)]
APPENDIX B: TECHNICAL DETAILS OF —e*'3-£(¢+1)—8xr*(3e + 8p)]}, (B2)

STELLAR PERTURBATION ANALYSIS
A 2
1. Expressions for the coefficients of stellar perturbation By = 1+7—¢e*(1+8nrp)
theory ' r

, (B3)

Here, we provide the expressions for the coefficients of
the perturbation equations in Sec. III (setting G = 1). First,
the coefficients of Eqgs. (46) and (47) are given by

M2

Bvw = m [£(¢+1)=16xr*(e + p)], (B4)

e’ 2, 2.\2 and
Prw == +2) ¢+ D)t —1) 3+e (1 +8rp) e—M2,2-¢ , ,
—2e(£(¢ + 1) + 16272p)], (B1) born = aipe—p€ U 8 p) -1l (BS)

ei/2p1~¢
P = 3 e+ D) =+ a2 p)le + p)
X {2(e + p) + 26%(1 + 872 p) e + p) — *(1 + 8ar2p)(e + p)[8 — 3 + 1) + 1687%(c + 4p)]

+etl(e+ p)(d=36(¢+1) + 16ar*(e +2p)) = 2(€ = 1) (¢ + 2)re']}, (B6)
/2

Pwy = Tf(£+ 1), (B7)

o =5 (B)

The coefficients of Egs. (48)—(50) are given by

e r
Sy =— 7T 2)é+ N =1) [e*(1 + 8zr’p) = 3]{3 + e*(1 + 8ar?p)* — 2e*[£(¢ + 1) + 16zr*p]}, (BY)

e—/l—y
S = ) e e =1)

—4+8nr*(3e+7p)|—e* (€ +1)(£(£+1)+6) +32ar*[3e + p(13+2£(£ +1)+8xr*(3e +13p))]]},  (B10)

x {18 —2e*(1+8xar?p)* +2e3(1+8ar?p)*[4+£(£ +1) +8xr* (e +9p)] + 6e*[£ (£ +1)

Syy = —81etr’ e + p - 2re (B11)
v P 1 —e*(1+8ar?p)]’
32 A)2—v .
_ 32me et D) 3 i1 4 8002 p), (B12)

S =
nw (6 +1)

and

e—ZA—y r4—f

Sy g = RS RS x {27 +e*(1+8xr’p)* —2e** (1 +8xr?p)?[1 +3£(£ + 1) +40xr* p]

—6e*[1+50(C+ 1)+ T2xr’p| +4e* 3+ (£ + 1) (> + € +3) +8ar’p(8+T7¢(£ + 1)+ 12z’ p)|},  (B13)

064087-23



THOMAS APOSTOLIDIS et al.

PHYS. REV. D 114, 064087 (2026)

e—ZA—L/ r3—f

Sy =-— (f+2)2(f+ ])ZKZ(K— ])

5 x {27 + (1 4 8ar?p)S = 3! [11 + £(¢ + 1) — T2zr? (e + 2p)]

—e(1 +8ar?p)?3+54(¢ + 1) + 8ar’(e + 12p)] + e*(1 + 8zr?p)[8 + 15£(¢ + 1) + 8ar*[e(5 + 4£(£ + 1)
T202p) + p(41 4 314(¢ + 1) + 42472p)]] — X [—£(¢ + 1)(26 — 3)(2¢ + 5)

+87r?[3e(5 +44(¢ + 1) + 12xr*p) + p(55 + 47¢(¢ + 1) + 79271 p)]|},

SV = T e ) - 1)

1672713 (e + p)

Svw == (+2)(¢+ 1) -1)
and

e-34/2-v A=t

Swit = = R T e =)

(B14)
167we™" 3
D) 3o 4 822p)), (BI5)
9 + (1 + 8zr?p)? = 2e*(1 + £(¢ + 1) + 24nr?p)), (B16)
5% [9—e*(1 4 87r?p)? + e*(1 + 8zr?p) (3 +4£(¢ + 1) + 56xr?p)
(B17)

— (3 +82(¢ + 1) + 120712 p)].

o-34/2-v 3~

SWH = T 2 e 1R 1 1)

- X {9 —e*(1 4 8ar’p)* + (1 + 8ar?p)*(4 + 3¢(¢ + 1) + 8xr’(e + 9p))

+e*((£=3)(¢+4) +24nr*(3e + Tp)) — 2e*[-£(¢ + 1)[£(£ + 1) — 4] + 8xr?[e(3 + £(£ + 1) + 24xnr?p)

+ p(134+52(¢ + 1) + 104zr2p)]]}. (B13)
iy 8zr(e + p) 3 ¢

Sy = -2¢/ (£+2)(¢—=1) [1—e(1+8arp)l(e+p)]’ (B19)

Sww =— lone™r(c + p) 3 —e(1 + 82r2p)). (B20)

2. Comparison between the nonperturbative
and perturbative computations

Here, we assess the validity of the perturbative analysis
of Sec. Il by comparing the resulting expression for y" in
Eq. (32) with the corresponding nonperturbative result.
Assessing the accuracy of y™ computed perturbatively
provides a direct estimate of the impact of the low-
frequency truncation on the parameter A, entering the
waveform, derived in Sec. VA.

Figure 9 shows the nonperturbative and perturbative
results for y™ as functions of frequency. The blue and
red dashed vertical lines indicate the contact frequency in
Eq. (76) and the ISCO frequency in Eq. (77), respectively. In
the Fisher analysis of Sec. VA, the upper cutoff of the
frequency integration range is chosen as the minimum
among the contact frequency, the ISCO frequency, and
the detector maximum cutoff frequency. The dashed curves,

+2)(¢+ Dee-1)

corresponding to the perturbative results, follow the solid
curves, corresponding to the nonperturbative results,
throughout most of the frequency range below the chosen
upper cutoff, although the relative difference between the
nonperturbative and perturbative results increases toward the
cutoff, reaching about 26%(C = 0.1) and 31%(C = 0.2).
These values can be regarded as conservative endpoint
estimates of the uncertainty in the A, contribution associated
with the finite-frequency truncation at second order in the
low-frequency expansion. The band-averaged impact in the
Fisher analysis of Sec. V A is expected to be smaller because
the discrepancy is largest only near the upper end of the
frequency-integration range: lowering the upper integration
frequency to ~90% of f.., Where the perturbative and
nonperturbative y;,, agree well, increases the forecast
uncertainty on the 8PN term by ~30%. We have verified
that the similar behavior is found for other choices of the
EoS or stellar compactness.
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FIG. 9. Comparison between the nonperturbative (solid) and the perturbative results (dashed) for y™ given in Eq. (32), for a neutron
star with AP4 EoS and two representative values of compactness, C = 0.1 (black) and C = 0.2 (gray), as functions of the frequency. The
blue and red dashed vertical lines mark the contact frequency in Eq. (76) and the ISCO frequency in Eq. (77), respectively.

APPENDIX C: MATCHING TO THE VACUUM
GENERAL RELATIVISTIC SOLUTION

In this Appendix, we derive the most general solution
outside the star and match it to Eq. (A30). This will allow
us to establish a relation between the renormalized coef-
ficients B, and B;,—which are in turn related to the EFT
couplings via Eq. (A26)—and the integration constants of
the Zerilli solution in full general relativity—the latter
being determined by the numerical solution in the stellar
interior, as discussed in Sec. IVA. For this purpose, we
work in D = 4 throughout this section.

We start from the Zerilli equation in vacuum general
relativity [115] (see Eq. (A18) with D = 4):

f(r)o,[f(r)o,¥z(r)]

re 2n . 8n’(2n+3) B
#0205t ) |70 =0

(C1)

where n= (£ +2)(¢—1)/2. We then solve Eq. (Cl)
perturbatively in wr, in the range r; < r < 1/w. Note
that for a star with radius R, = O(1)r,, the perturbative
expansion is valid throughout the region R, < r < 1/w.
(In contrast to the black hole case [53], there is no need to
distinguish between a “near zone” and an “intermediate
zone.”

It is useful to introduce the rescaled field

r

ot = )

¢ r,
) ¥, (r), x=-"

s

Then, the equation (C1) for £ = 2 reads

3x(27x + 58) + 32
(3x +4)?

x(1 =x)u"(x) + (6 = Tx)u'(x) — u(x)

(er,)?

= m“(x)v (C3)

which we solve order by order in wr, for 0 < x < 1 by
expanding u(x) as
u(x) = uo(x) + orui (x) + (@ry)?uy(x) +---. (C4)

At zeroth and first order in wr, the equation simply reduces
to homogeneous one:

x(1 = x)ug(x) + (6 — Tx)ug(x)
3x(27x + 58) + 32

_ Grid) uy(x) =0, (C5)
x(1 = x)uf(x) + (6 — 7x)u} (x)
BB IR oo

(3x +4)?

which admit the following solutions:
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4 + 6x — 3x° x(12 + (24 + 13x)x) + 3(4 + 6x — 3x%) log(1 — x)

= -b , C7
uo(x) = do 53, " b 355 (4 + 3x) (€7
4 + 6x — 3x° x(12 4+ (24 + 13x)x) + 3(4 + 6x — 3x3) log(1 — x
) =t pH(12 (244 1300 £ 3 Jlog(1 —) -
x (4 +3x) 3x°(4 4 3x)
where a,, and b, are the integration constants of the homogeneous equations at the nth order in wr;.
At second order, the equation takes instead the form
3x(27x + 58) + 32 1
x(1 —x)ufj(x) + (6 — Tx)us(x) — Gr 14y uy(x) = muo(x). (C9)

The most general solution to the inhomogeneous equation (C9) is given by a linear superposition of the homogeneous
solutions and a particular solution. The latter can be obtained analytically in closed form, although its explicit expression is
rather involved and will not be reported here (but see the Mathematica code available at [§9]). Instead, we present its large-r
expansion, which is useful for matching to the EFT:

— roe I 189 1 I"% 7 189 1 r%
‘P§—2(r)—>aoﬁ - <@a0 —§b0> ﬁ + wry [al r—g - <@al - §b1> ﬁ:|

r 1 T 1 11 T r?
+ a)zrg |:r—g <612 -+ %(10 10g<7\>) + <b2 - (W()S’i)bo -+ 55)70610) 10g<7‘>> r—;:| + -, (CIO)
where we switched back to the Zerilli variable.

Note that in Eq. (C10) we reported only the r* and r~? falloffs, which will suffice for matching to Eq. (A30). At each
order in w, additional powers of r generally appear, but are omitted for compactness; these are automatically matched once
the coefficients a, and b, are fixed using Eq. (C10). Another aspect worth noting is that the term proportional to a,/r? in the
first line of Eq. (C10), despite resembling a genuine induced falloff such as b,/r?, is in fact an artifact of gravitational
nonlinearities and corresponds to a subleading correction to the tidal field a,r>. This will become clear later when matching
Eq. (C10) to W&, as this term will cancel exactly against the last term in Eq. (A30). This is consistent with the black hole

case—recovered by setting by = 0 (see Ref. [53])—for which the static Love numbers are expected to vanish.
Comparing with Eq. (A30), we obtain the following matching conditions:

_ 2731 107
3 _ 22
riBreg = ag + @ra; + 0’ry [az + ag <39200 + 21010g(,ur5)>} (C11)

1015283 111383
1032192 07352800

ay +5b2 —

- 945
r;zBm = bo + a)rsbl + 602}’% |:

107
1024 by — <a0 + —b0> log(,urs)] . (C12)

210

Equation (A26) then implies the following values for the £ = 2 electric-type response couplings in terms of the integration
constants a,, and b,, of the full vacuum solution:

45 b b, b 107 b,
KB (@) = 04 wr, <_1 _ 0_?1) + w*r? [— (1 + ——0> log(ur,)

8GMS T a, ay a} 105 a,
67981 bo Cl%bo aq b] b0a2 945&2 5b2 1015283 (C13)
176400a,  a} a3 a3  1024ay ay 1032192]
Using the definition in Eq. (A8), we obtain the following dictionary:
8G°M> b
Cp =~ —, (C14)
45R* ap
16G°M° (by b
g = 1OG°E (b1 boar) c15)
45R* ap ay
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32G8M8 1 + 107 b() 10 ( ) 67981 b() a%b() albl b0a2 945612 5b2 1015283 (Cl6)
Cp = - — ry) — — - - — .
E= 45K 105a,) S T 1764004, T @} @@ @@ | 1024a,  a, 1032192

The result (C13) can be written more compactly by
absorbing the integration constants into two w-dependent
coefficients, defined as

Alw) = ag + wrya; + 0*rla,, (C17)

945
— 2 2 -
B(w) = by + wriby + *r; <5b2 + 1024a2). (C18)

This yields the following expression for the electric-type
Love number with £ = 2:

45 (k Bw) , , 107 B(w)
K 29T o (14 2L e (ur
s K-(@) A " U T 05 a(w) og(yurs)
, 67981 B(w) , 1015283] ()
),
176400 A(w) ' 1032192

(C19)

where terms of order O(w?) and higher have been neglected.
Note that, in the black hole case, by = 0, and, at the order
considered in the small-frequency expansion, the coefficient
of log(ur,) reduces simply to —r2w?, in agreement with
previous findings, see, e.g., Refs. [36,53,54]. In particular,
this coefficient is found to be related to black hole absorption
in a way that is independent of the angular momentum

quantum number £ [53].

APPENDIX D: COMPARISON WITH
LITERATURE

Here, we discuss some differences between cj and the
dynamical tidal constant introduced in Refs. [26,27,57]. We
stress that such differences merely reflect different con-
ventions. As discussed in the main text, TLNs defined prior
to matching to waveform observables are scheme-depen-
dent intermediate quantities. What ultimately matters is the
combination of tidal parameters that enters the gravitational
waveform after the matching procedure, since observable
quantities are independent of the regularization scheme.
The only residual physical effect is the renormalization-

2GM

Gy ==l +——+--+[d9 + (GMw)*d?)]
r

+ 1O + (GMw)21?)] <G—M
=

7\ 42
GMa)? A (1 L ct
+( ) GM +o-+Cp

group running of the couplings. The comparison presented
below may therefore serve as a useful consistency check,
both for computations of dynamical tidal responses for a
given stellar model prior to matching and for future studies
employing alternative matching procedures to connect tidal
responses with waveform observables.

We first discuss the tidal constants defined in
Refs. [26,57]. Our dynamical TLN ¢ can be expressed
in terms of the integration constants in the literature as

follows:
.\ /GM\3
T
1025 T3 2)<R*> k2
L6376 (GM\® _ 4 (GM\S
4725 \ R, 105 \ R,
M -5
X (56+107k2<(; > >log(urs)}
*

where k,, k, and T, are the static tidal constant, the
dynamical tidal constant, and the tidal moment at second
order in the time-derivative expansion, respectively.
Equation (D1) has been obtained by comparing the
gauge-invariant Zerilli functions in the two different
approaches. It is worth noting that c;~k,/3 in the
Newtonian limit. There appear to be two main differences
in the characterization of dynamical tidal responses before
matching. First, the dynamical tidal response in
Refs. [26,57] is characterized only by the constant k,
without a scale-dependent logarithmic term. Second, the
constant part of c¢; is also different from k,. More
specifically, the former is uniquely determined from the
interior problem for a given stellar model, whereas &, shifts
under a redefinition of 7, and a change in the functional
form of particular solutions of the tidal perturbation
equation [27,50,116]. In Refs. [26,57], 7&2 is fixed by
setting T, to zero.

To see how to extract k, more explicitly, let us consider
the large-distance asymptotic expansion of the —t compo-
nent of the perturbed metric in the harmonic coordinates,

c5:3

1[.. <140024 4%
2

(D1)

7\’ ,
(G—M> [+ ]Y e

/41 A
- ) [+ Y e

(D2)

7\’ _(GM\ ! e
A G- I [
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where 7 is the harmonic radial coordinate; d©, d@, 10,
and /® are the integration constants associated with the
homogeneous pieces of the tidal perturbation; the second
line corresponds to the contribution of the particular
solutions with A(2>, C}, and Cp dimensionless numerical
coefficients. It follows that one can shift d® and I? as
d? - d? + ¢} and I® — I® + C; by changing the
functional form of the particular solutions. It should be
noted that, in the exterior, the tidal perturbation is governed
by a single second-order differential equation and, hence,
the perturbed metric is completely determined by matching
with the interior problem, up to an overall normalization.
This implies that matching to the interior solution uniquely
determines the ratio between the coefficients of the terms
proportional to 7 and 7¢~!,

19 4 (GMw)*(I® + C5)

[ .
dO + (GMw)*(d® + C¥)

(D3)

The scale-independent part of ¢y is constructed by
extracting the quantity analog to & from the terms propor-
tional to /! and r~* in the asymptotic expansion of
W,=2(r) at large distances [see Eq. (C10)].

The tidal response function of Refs. [26,57] is extracted
from the homogeneous piece in Eq. (D2) through

10 + (GMw)*1?

= [dO9 + (GMw)2d®][k, + (GMw)*k,].  (D4)

Here, k, is the static tidal constant identical to that in
Eq. (D1), while the constant k, differs from k,. The left-
hand side of Eq. (D4) can be viewed as the induced
response, while the first and second term on the right-hand
side are interpreted as the tidal moment and response
function, respectively. Note that the value of k, +

(GMw)*k, in Eq. (D4) depends on the choice of the
particular solution because d®) and I can be shifted, as
noted above. By rewriting the right-hand side of Eq. (D4)
up to quadratic order in GMw as

= d®
10 + (GMw)*1? = 4 [kz + (GMw)? <k2 + szﬂ

+ O[(GMw)*], (D5)

one can appreciate that the constant k, + (d?/d9)k,
is equivalent to k, in Eq. (D1), upon setting 7, to zero,
as done in Refs. [26,57]. This operation can be viewed
as a redefinition of the tidal moment, with a corre-
sponding redefinition of the tidal response function that
leaves the left-hand side, i.e., the induced moment,
unchanged. It follows from Eq. (D5) that: (i) the
redefined tidal moment used in Refs. [26,57] corre-
sponds to d© and is independent of GMw; (ii) the
extracted value of k(= k, + (d®/d)k,) depends on
the choice of the particular solution at quadratic order
in the GMw expansion. Therefore, k'z differs from the

second-order coefficient of the expansion of K& in
Eq. (D3). Indeed,

e8]
2(GM)?de?|, ,  d©

1@ 1

N B 1D+ Ccp 19 +cf)
k2 _W -

(d)?
(D6)

The overall approach for computing dynamical TLNs in
Ref. [27] is similar to that adopted by Refs. [26,57], with
two notable differences discussed in their Appendix F. The
first difference is in the choice of the particular solutions of
tidal perturbations at quadratic order in the small GMw
expansion. Indeed, the particular solutions are normalized
by requiring that their large-distance asymptotic expan-
sions, expressed in harmonic coordinates, do not contain
terms proportional to 7 and 7~“~! in Eq. (D2), at variance
with the choice in Refs. [26,57]. This normalization
amounts to absorbing the 7 and 7“~! contributions of
the non-normalized particular solutions into the homo-
geneous part. The second difference is in the identification
of the integration constants of the metric perturbations with
the tidal moment and response function. Specifically, as
discussed above, the approach of Refs. [26,57] retains only
d®) on the right-hand side of Eq. (D5), while Ref. [27]
accounts for contributions up to quadratic order in GM®
[see Eq. (F6) therein]. As a consequence, the resulting tidal
response function in Ref. [27] is uniquely fixed by the
interior problem, which leads to different dynamical TLNs
from those defined in Refs. [26,57], as explicitly shown in
Eq. (F12) of Ref. [27].
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