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We investigate a mechanism for generating mass terms in the Ishibashi–Kawai–Kitazawa–Tsuchiya
(IKKT) and Banks–Fischler–Shenker–Susskind (BFSS) matrix theories through compactification on a
torus and the derivation of a zero-mode effective theory, emphasizing the crucial role of fermionic boundary
conditions. Extending a recent proposal developed for the IKKTmodel to the BFSS framework, we explore
a broader class of mixed fermionic boundary conditions in both theories. This choice leads to a distinct
effective theory with intermediate features, where a mass term is generated together with fermionic zero-
modes. In the BFSS case, this setup further allows for the construction of black hole solutions. The
resulting geometry takes the form of a fuzzy sphere, with quantum excitations in the fermionic sector
accounting for the corresponding black hole entropy.
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I. INTRODUCTION

The search for a quantum framework which unifies all
fundamental interactions, including gravity, has long been a
central topic of research in theoretical high-energy physics.
Indeed, the most promising candidate for such a framework
is string theory. Perturbative formulations of string theory
have, in recent years, led to many theoretical breakthroughs.
One of the main difficulties that ongoing efforts to derive
testable predictions from string theory have to address is the
fact that the spacetime string theory lives in is constrained to
be ten-dimensional. Hence, constructing observables proper
to the four-dimensional spacetime we live in requires
dealing with compactification procedures.
Among the shortcomings of string theory is that it only

provides a perturbative expansion in the string coupling gs,
and the theory is not well defined at strong coupling.
Moreover, it assumes a fixed background, whereas we would
like a quantum theory of gravity to be background indepen-
dent, in fact, spacetime itself should be dynamical. The
presence of dualities connecting all five consistent super-
string theories, as well as eleven-dimensional M theory (the
unknown theory which arises as the strong coupling limit of
type IIA), hints at the existence of a single, more fundamental
theory which encompasses all. With these motivations,

nonperturbative formulations of string/M theory have been
proposed, which take the form of matrix theories [1–4].
These theories provide a framework where space or space-
time emerges from fundamental matrix degrees of freedom.
Compelling evidence for the emergence of 1þ 3 macro-

scopic dimensions out of the 1þ 9-dimensional spacetime
that string theory naturally inhabits would constitute signifi-
cant progress in nonperturbative string theory. Progress in this
direction has been made for the Ishibashi–Kawai–Kitazawa–
Tsuchiya (IKKT) model in which it has been shown numeri-
cally and analytically that a time direction can be defined
such that spontaneous symmetry breaking of Lorentz sym-
metry from SOð10Þ to SOð4Þ × SOð6Þ occurs in the
Euclidean model [5,6]. Moreover, numerical studies of the
Lorentzian theory have hinted at a similar mechanism [7]—
the symmetry-breaking pattern is SOð1; 9Þ → SOð1; 3Þ ×
SOð6Þ and three space directions becomemacroscopic after a
critical time, whereas the remaining six are of Planck size.
Work is in progress [8] to remove some problematic technical
assumptions, which are needed to avoid the sign problem in
lattice simulations of the model. Such evidence has motivated
studies of matrix cosmology [9–12], in which it is proposed
that early Universe cosmology and spacetime metric emerge
from the matrix model.
A key requirement for a 1þ 3-dimensional spacetime to

emerge is that a mass term, which serves as a regulator, is
introduced into the theory [7]. More generally, cosmological
solutions were found in various analyses of IKKT with a
mass term [13–17]. Naturally, the question arises as to the
nature of this mass term. An interesting mechanism was
proposed in [18], where compactification of IKKT on a six-
torus is considered. Upon choosing antiperiodic boundary
conditions for fermions, it is shown that, for a large radius of
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compactification, supersymmetry is broken completely—the
effective theory of zero winding modes is purely bosonic and
contains a mass term. This explains the origin of the mass
deformation.
Here, we first generalize this result by considering mixed

boundary conditions for fermions, where some degrees of
freedom are given periodic boundary conditions, and others
are given antiperiodic ones. As we will see, we will be able
to obtain an effective theory that both retains some fermionic
degrees of freedom and generates a mass term. The presence
of fermionic degrees of freedom is an important feature of
the theory, indeed, Monte Carlo results show that they are
crucial for symmetry breaking to occur [5].
The problem of establishing a symmetry-breaking pattern

which entails the emergence of spacetime in Banks–
Fischler–Shenker–Susskind (BFSS) is made more compli-
cated by the difficulties in simulating the model. However,
some analytical results [19] suggest using a Gaussian
expansion method [20] that symmetry breaking does occur
in BFSS. Despite this success, there is no conclusive
evidence that the symmetry-breaking pattern is the one
expected for the emergence of three large space directions,
namely1 SOð9Þ → SOð3Þ × SOð6Þ. Hence, by analogy
with IKKT, we are motivated to generalize the result for
mass generation to BFSS theory, as a further step toward the
achievement of such a symmetry-breaking pattern in BFSS.
Since compactifications of BFSS theory on a six-torus are
problematic [21,22], we will instead consider compactifi-
cations on a complementary three-torus. We will show that
the result is qualitatively analogous, and that antiperiodic
boundary conditions for fermions still yield an effective
theory for winding zero-modes which presents a mass term
and no fermions.
We will consider a class of mixed boundary conditions

and show how they result in a theory which contains both a
mass term and SOð3Þ Weyl fermions. Such a theory shares
some features with a recent bottom-up proposal [23,24] of a
matrix model whose solutions appear to be suitable to
characterize black holes. One noticeable feature is that the
fermionic sector accounts for the black hole entropy [25]. In
common with that proposal, the theory we derive through
compactification, namely a nonsupersymmetric mass
deformed BFSS theory with half the fermionic degrees of
freedom, also admits three-dimensional fuzzy sphere sol-
utions as classical solutions for the background spacetime.
Fuzzy sphere solutions of matrix theories have been

considered in different settings. In the context of
Berenstein-Maldacena-Nastase theory, they have been
proposed as the holographic dual to supergravity on
the supersymmetric plane wave background [4,26].
Furthermore, in BFSS theory, they have been considered

in relation to black hole physics [27–29]. Here, we
construct black hole solutions starting from a fuzzy sphere
background, along the lines of [23]. One of the main
results of the present paper is that the fermionic part of the
theory, albeit having a different interaction term from [23],
is still able to account for the black hole entropy. In
particular, we will see that the entropy computed in this
way scales like S ∼ Nβ, β ≤ 1, N being the matrix size, in
agreement with previous studies of black holes in matrix
theory [30–32]. The saturated value S ∼ N signals the
Gregory-Laflamme instability [33,34] that leads to the black
hole/black string transition. Hence, this work constitutes an
explicit top-down construction of a Schwarzschild black
hole from compactifications of matrix theory, where the
Bekenstein-Hawking entropy is obtained as the degeneracy
of the quantum state of fermionic degrees of freedom.
This paper is organized as follows: in Sec. II we review

the results of [18] about mass generation from compacti-
fication of IKKT theory. Section III generalizes these
results, introducing a new class of boundary conditions
for fermions, leading to an effective theory with mixed
features. We generalize the results for completely periodic/
antiperiodic fermionic boundary conditions to BFSS in
Sec. IV, where we carry out the explicit computation of the
zero-mode effective theory. We then consider mixed
boundary conditions in BFSS in Sec. V, which leads to
an interesting effective theory where a mass term is present
alongside fermionic degrees of freedom. We leverage such
a theory in Sec. VI, where we explicitly construct a black
hole solution from fermionic excitations on top of a bosonic
fuzzy sphere background. We will then comment about the
mass-to-radius and the entropy-to-radius relations obtained
in this way, and show how their consistency requires tuning
the scaling of the initial torus radius with N. Lastly, we
comment on our results in Sec. VII.

II. REVIEW OF IKKT COMPACTIFICATION

In this section, we review the results of [18] on the
compactification of IKKT matrix theory on a six-torus T 6.
For ease of comparison, we will adhere closely to the
formalism and notation of [18]. However, for clarity and
completeness, we also give an explicit construction in the
Appendix A.
The IKKT matrix theory is the large N limit of the

matrix integral

Z ¼
Z

D½AI�D½ψα�eiSIKKT ; ð1Þ

where AI, I ¼ 0;…; 9 and ψα, α ¼ 1;…; 32 are N ×N
matrices, the latter being Grassmann valued. Here SIKKT is
the action given by

SIKKT ¼ −
1

2g2
Tr

�
1

2
½AI; AJ�2 þ ψ̄ΓI½AI;ψ �

�
;

1One of the main differences between the two theories is that in
BFSS, time is a variable and does not emerge. The space
symmetry is then SOð9Þ.
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which enjoys a global SOð1; 9Þ symmetry and ΓI are the
corresponding gamma matrices in 1þ 9 dimensions.
The bosonic matrices AI form a vector of SOð1; 9Þ. In
the physical interpretation of the theory, these encode
information about spacetime coordinates in 1þ 9 dimen-
sions. In particular, diagonal entries encode the location of
N D−1 instantons, whereas off-diagonal degrees of freedom
describe open strings stretched between two branes. The
fermionic matrices ψ are spinors of the same group, which
act as superpartners of the bosons, such that the theory is
maximally supersymmetric. In Lorentzian signature, inner
products are computed with respect to the metric
gIJ ¼ diagð1;−1;…;−1Þ, I; J ¼ 0;…; 9. In the following,
it will be useful to Wick rotate to Euclidean signature
through the replacement A0 → iA0, Γj → iΓj, j ¼ 1;…; 9,
so that the Euclidean action reads

SEIKKT ¼ −
1

2g2
Tr

�
1

2
½AI; AJ�2 þ iψ̄ΓI½AI;ψ �

�
: ð2Þ

Note that, as pointed out in [35], in the Euclidean signature,
one cannot impose a reality condition on spinors consis-
tently with supersymmetry. In this case, the notation
ψ̄β ≔ ðψTC10Þβ ¼ ψαC10;αβ, where C10 is the charge con-
jugation matrix in ten dimensions, should be regarded as a
convenient definition. In fact, while in the Lorentzian
signature the fermionic degrees of freedom consist of one
32-component Weyl SOð1; 9Þ spinor satisfying a Majorana
reality condition, in the Euclidean theory only the SOð10Þ
Weyl spinor ψ appears in the action and not its complex
conjugate, and the path integration is restricted to Hermitian
matrices. Of course, the overall number of degrees of
freedom is the same in the two cases.
We consider the case where the target space of the theory

is compactified on a six-dimensional torus, where all
directions have the same extent 2πL. The construction is
inspired by a technique which was first developed in the
context of compactifications of the BFSS matrix model [36].
The same mechanism was later deployed in the context
of IKKT in order to compactify the theory on a thermal
circle [37]. The main idea is to consider the existence of
unitary operators Ua, a ¼ 4;…; 9, which generate trans-
lations in the six target space directions we wish to com-
pactify. If one further imposes that such operators commute
with each other when they act on different directions, then
translations can be generated independently.
The action of the Ua operators on fermionic matrices

appearing in (2) can be either periodic or antiperiodic when
circling around any of the torus directions. For the moment,
we consider the fully antiperiodic case, for which the action
of translation operators reads

ðUaÞ−1AμUa ¼ Aμ

ðUaÞ−1AbUa ¼ Ab þ 2πLδab

ðUaÞ−1ψUa ¼ −ψ :

μ ¼ 0;…; 3

a ¼ 4;…; 9
ð3Þ

Since matrices AI encode information about target space
locations, the transformation (3) can be thought of as
wrapping around the torus once. We can think of every
compact target space direction as a real line where
consecutive intervals of length 2πL are identified, then
the transformation (3) translates one interval into the next.
The Lagrangian of the theory obtained in this way will be
invariant under the action of Ua. Note that this is true even
for antiperiodic fermions, since fermionic fields appear in
the Lagrangian in pairs.
This construction explicitly implements the method of

mirror images introduced by Washington Taylor in [38]
(and recently used, for example, to compute the three-
graviton amplitude [39], which enabled the proof of a soft
theorem in BFSS [40]).2 The relations (3) are realized by
viewing the Hilbert space of the matrices as a tensor
product

X ¼ Y ⊗ Z; ð4Þ

where Y is the space of N × N matrices which is left
invariant by the translation and Z is the space of M ×M
matrices acted upon by the translation operator (hence
the original matrix size N ¼ N ×M). Introduce a pair of
M ×M matrices pa and qa, satisfying ½qa; pb� ¼ iδab.
(Note that this only makes sense in the limit of M → ∞,
and we implicitly assume that we work in this limit.) Then,
to implement the relations (3), the operators Ua are
given by

Ua ¼ IN ⊗ e−2πiq
a
e−ip

a
; ð5Þ

and the matrix degrees of freedom by

Aμ ¼
X

nb ∈Z6

AμðnbÞ ⊗ ein
bpb

;

Aa ¼
X

nb ∈Z6

AaðnbÞ ⊗ ein
bpb þ 2πLIN ⊗ qa;

ψ ¼
X
rb ∈L6

ψðrbÞ ⊗ eir
bpb

: ð6Þ

Here Z6 is a six-dimensional hypercubic lattice with vertex
positions labeled by integers, and

L6 ¼
�
Zþ 1

2

�
×… ×

�
Zþ 1

2

�
ð7Þ

is a six-dimensional hypercubic lattice with vertex posi-
tions labeled by half-integers.
Essentially, periodic/antiperiodic boundary conditions

are imposed by requiring that winding numbers nb, rb

2See [41] for an alternative approach to soft theorems in BFSS
theory.
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take integer/half-integer values, respectively. In Appendix A,
we provide an explicit formulation of this prescription,
where the operators appearing in the decomposition of
matrices and in the translation operator are realized as
matrices in the jqai basis, both for periodic and antiperiodic
fermions.
Physically, along each compact direction,D−1 instantons

with coordinates ra in a fundamental region ra ∈ ½0; 2πL�
are replicated an infinite number of times. Open strings
connecting them can have winding number zero, when they
stretch across two branes in the same fundamental region,
or nonzero, in which case they connect two copies living in
different regions. The matrices (6) can be represented in
block form, where diagonal blocks describe fundamental
regions, and off-diagonal blocks account for winding
modes. See [18] for more details.
The consequence of the compactification procedure is a

theory whose degrees of freedom wind around the torus
directions. We name the resulting action the compact IKKT
action. This is obtained by first defining the Fourier
decomposition of fields in winding modes in terms of a
six-dimensional momentum variable σ,

AIðσÞ ¼ P
nb ∈Z6

AIðnbÞe2πiLnbσb ;

ψðσÞ ¼ P
rb ∈L6

ψðrbÞe2πiLrbσb ; σb ∈ ½0; L−1�: ð8Þ

Inserting the decomposition (6) into the original IKKT
action, tracing over the Z subspace, and making use of the
property

Tr½eiðn�mÞbpb � ¼ Mδn;∓m; ð9Þ

we find

SC ¼ 1

2g2eff

Z
d6σ

ð2πLÞ−6 Tr
�
1

2
FabFab þDaAμDaAμ

−
1

2
½Aμ; Aν�2 þ ψ̄ΓaDaψ − iψ̄Γμ½Aμ;ψ �

�
; ð10Þ

where the effective coupling is g2eff ¼ g2

M. In the above
expression, we have dropped the dependence of matrix
fields on σb for simplicity of the notation, and we recall that
all the fields are N × N matrices acting on the subset Y of
the Hilbert space (4). The goal of the compactification

procedure is to provide a mechanism for mass generation.
To do so, we need to consider the decompactification limit
and, in particular, the effective theory of zero-modes in this
limit. The appearance of mass terms could lead to the
breaking of the global SOð10Þ symmetry. It will be useful
to consider a decomposition of spinors which reflects the
symmetry-breaking pattern we seek. Before turning our
attention to the derivation of the effective theory, we review
the spinor decomposition adopted in [18], as this will be
central to our discussion of boundary conditions in the next
section.
The decomposition of gamma matrices that we will

adopt highlights a separation between SOð4Þ (recall that we
Wick rotated to Euclidean signature) and SOð6Þ degrees of
freedom. We consider the gamma matrices

Γμ ¼ Γ̃7 ⊗ γμ; Γa ¼ Γ̃a ⊗ I;

where Γ̃a are 8 × 8 gamma matrices of SOð6Þ and Γ̃7 is the
corresponding chirality operator. The SOð4Þ gamma matri-
ces are further decomposed in the Weyl basis

γμ ¼
�

0 σμ

σ̄μ 0

�
;

where σμ ¼ ðI; σiÞ, σ̄μ ¼ ðI;−σiÞ and σi are Pauli matrices.
The ten-dimensional chiral operator and charge conjuga-
tion decompose as

Γ11 ¼ Γ̃7 ⊗
�
I2 0

0 −I2

�
; C10 ¼ C6 ⊗

�
iσ2 0

0 −iσ2

�
;

ð11Þ

where C6 is the charge conjugation matrix in 6 dimensions.
It follows that the 32-component spinor ψ can be written as

ψ ¼
�
ψAþ
ψA
−

�
; A ¼ 1; 2; ð12Þ

where ψA
� are the two chiral components and each

component is an eight-dimensional spinor acted upon by
the SOð6Þ Clifford algebra.
The spinor decomposition can be plugged into the

compact action (10), yielding

SC ¼ 1

2g2eff

Z
d6σ

ð2πLÞ−6 Tr
�
1

2
FabFab þDaAμDaAμ −

1

2
½Aμ; Aν�2 þ ψ̄AþΓ̃a

∂aψ
Aþ þ ψ̄A

−Γ̃a
∂aψ

A
−

− iψ̄AþΓ̃a½Aa;ψAþ� − iψ̄A
−Γ̃a½Aa;ψA

−� þ iψ̄AþðσμÞAB½Aμ;ψB
−� − iψ̄A

−ðσ̄μÞAB½Aμ;ψBþ�
�
; ð13Þ

along with the ghost theory associated with the Lorentz gauge condition ∂aAa ¼ 0,
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Sgh ¼
1

g2eff

Z
d6σ

ð2πLÞ−6 Tr½∂
ac̄Dac�; ð14Þ

which arises from a gauge fixing delta function in the
measure of the path integral (1).
The idea is to look at the effective theory in the limit

L ≫ g1=2eff . By inserting the winding mode decomposition
(8) into the compact action (13) and ghost theory (14), we
find that nonzero winding modes on the torus acquire a
mass proportional to the torus size 2πL. This explicit mass
term takes the form

Sm ¼ 1

2g2eff

X
na ∈Z6

ð2πLnaÞ2Tr½AIð−naÞAIðnaÞ�

þ 1

2g2eff

X
ra ∈L6

ð2πLiraÞTr½ψ̄AþðraÞΓ̃aψAþðraÞ�

þ 1

2g2eff

X
ra ∈L6

ð2πLiraÞTr½ψ̄A
−ðraÞΓ̃aψA

−ðraÞ�:

Note that the masses are proportional to the winding
number. This implies, in particular, that the mass of open
strings stretched between two well-separated branes, with
coordinates xJ and yJ in the compact direction J and equal
coordinates in the other directions, is m ∝ jyJ − xJ þ
2πLnj. Here n is the difference in winding number, and
accounts for the stretching of the string when winding the
compact dimension. It follows that, in the limit we are
considering, such modes can be integrated out. The result
of this operation is a Wilsonian effective theory for the
zero-modes. As explicitly shown in [18], boundary con-
ditions for fermions play a crucial role, and the effective
theory obtained depends on the choice. Indeed, antiperi-
odic conditions for fermions break supersymmetry explic-
itly. However, this does not produce any divergences in the
one-loop effective action, since the contributions arising
from bosonic and fermionic nonzero modes running in the
loop still cancel.
The outcome is an effective theory for zero-modes,

which, after rotating back to the Lorentzian signature,
takes the form

S0eff ¼ −
1

2g2eff
Tr

�
1

2
½AIð0Þ; AJð0Þ�2 −MIJAIð0ÞAJð0Þ

�
;

where the mass matrix consists of two blocks

MIJ ¼
 
ημνM2

4 0

0 ηabM2
6

!
; ð15Þ

and breaks the SOð1; 9Þ symmetry to SOð1; 3Þ × SOð6Þ.
The two terms M2

4 and M2
6 in (15) are given by

M2
4 ¼ 16ðSF − SBÞ

N
L2

; M2
6 ¼

32

3
ðSF − SBÞ

N
L2

;

where SF and SB are the infinite sums,

SB ¼
X0

nb ∈Z6

1

ð2πnbÞ2 ; SF ¼
X
rb ∈L6

1

ð2πrbÞ2 ;

and the bosonic sum is performed over nonzero modes.
These sums can be regularized, and the infinite part cancels
in the difference, leaving a finite, positive number. Note
that, because fermions do not have zero-modes with this
choice of boundary conditions, they completely decouple
from the low-energy theory and supersymmetry is broken.
On the other hand, fully periodic boundary conditions

for the fermions, in the form

ðUaÞ−1ψUa ¼ ψ ;

yield the low-energy action

S0eff ¼−
1

2g2eff
Tr

�
1

2
½AIð0Þ;AJð0Þ�2þ ψ̄ð0ÞΓI½AIð0Þ;ψð0Þ�

�
;

which is identical to the noncompact IKKT action with an
effective coupling geff . In particular, supersymmetry is
completely intact, and no mass term is generated.
In the following sections, we will extend these compu-

tations to the case of IKKT with alternative boundary
conditions and then to BFSS theory.

III. IKKT WITH INTERCHANGING
BOUNDARY CONDITIONS

In this section, we consider the Wilsonian effective action
obtained by integrating out nonzero modes from the compact
IKKT action with mixed boundary conditions. We expect
mixed boundary conditions to result in an effective theory
which is an intermediate case between the fully super-
symmetric/no mass case and the effective theory with a mass
term and no fermions. Our goal is to obtain a theory which,
as a consequence of compactification, features fermionic
degrees of freedom, while still giving rise to a mass term.We
consider two types of interchanging boundary conditions:
the first swaps the two components with the same chirality,
and the other exchanges the chiralities.

A. Component reversing boundary conditions

We begin by considering the spinor decomposition (12).
We impose that the Weyl spinor components are mapped
into one another when wrapped around any direction on the
torus, namely

ðUaÞ−1ψ1
�U

a ¼ ψ2
�; ðUaÞ−1ψ2

�U
a ¼ ψ1

�: ð16Þ
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This is obtained by rewriting the spinor in the form

ψA
� ¼ ψ1

�

�
1

0

�
þ ψ2

�

�
0

1

�

≔
ðψ↑

� þ ψ↓
�Þffiffiffi

2
p

�
1

0

�
þ ðψ↑

� − ψ↓
�Þffiffiffi

2
p

�
0

1

�

¼ ψ↑
�ffiffiffi
2

p
�
1

1

�
þ ψ↓

�ffiffiffi
2

p
�

1

−1

�

and using the Toeplitz decomposition

ψ↑
� ¼

X
nb ∈Z6

ψ↑
�ðnbÞ ⊗ ein

bpb
;

ψ↓
� ¼

X
rb ∈L6

ψ↓
�ðrbÞ ⊗ eir

bpb
; ð17Þ

where we recall that ψ↑
� and ψ↓

� are eight-component
spinors of SOð6Þ. We also recall that L6 is the lattice (7) of
half-integer winding modes. The decomposition (17) high-
lights how every chiral component of the spinor has a part
with periodic and a part with antiperiodic boundary
conditions,

ψA
� ¼ Ψ↑

� þΨ↓
�;

8>>><
>>>:

Ψ↑
� ¼ ψ↑

�ffiffi
2

p
�
1

1

�

Ψ↓
� ¼ ψ↓

�ffiffi
2

p
�

1

−1

�
:

Note that these boundary conditions are equivalent to the
transformation generated by the operator,

T ¼ I8 ⊗
�
σ1 0

0 σ1

�
; ð18Þ

which acts on spinors when they are translated on a full circle
around one of the torus directions. Following the spinor
decomposition, the Weyl and Majorana3 relations

Γ11ψ ¼ ψ ; ψ̄ ¼ ψTC10

become

Γ̃7ψ� ¼ �ψ�; ψ� ¼ �iσ2C6ψ̄
T
�;

where we used (11). These are indeed preserved by the
action of (18), which transforms the chirality and charge
conjugation matrices as

TΓ11T−1 ¼ Γ11; TC10T−1 ¼ −C10:

The fermionic theory that we obtain, by inserting this
decomposition with interchanging boundary conditions
back into the IKKT action, reads

SF ¼ 1

2g2eff

Z
d6σ

ð2πLÞ−6 Tr½Ψ̄
↑
þΓ̃a

∂aΨ
↑
þ þ Ψ̄↑

−Γ̃a
∂aΨ↑

−

þ Ψ̄↓
þΓ̃a

∂aΨ
↓
þ þ Ψ̄↓

−Γ̃a
∂aΨ↓

−

− iΨ̄↑
þΓ̃a½Aa;Ψ

↑
þ� − iΨ̄↑

−Γ̃a½Aa;Ψ↑
−�

− iΨ̄↓
þΓ̃a½Aa;Ψ

↓
þ� − iΨ̄↓

−Γ̃a½Aa;Ψ↓
−�

þ iΨ̄↑
þσμ½Aμ;Ψ↑

−� − iΨ̄↑
−σ̄

μ½Aμ;Ψ
↑
þ�

þ iΨ̄↓
þσμ½Aμ;Ψ↓

−� − iΨ̄↓
−σ̄

μ½Aμ;Ψ
↓
þ��:

Here, the fields have been expanded in winding modes as

AIðσÞ ¼
X

nb ∈Z6

AIðnbÞe2πiLnbσb ;

Ψ↑
�ðσÞ ¼

X
rb ∈Z6

Ψ↑
�ðrbÞe2πiLr

bσb ;

Ψ↓
�ðσÞ ¼

X
rb ∈L6

Ψ↓
�ðrbÞe2πiLr

bσb ;

cðσÞ ¼
X

nb ∈Z6

cðnbÞe2πiLnbσb ; ð19Þ

where we also indicated the mode expansion of ghost fields
(with periodic boundary conditions) for later convenience.
Note that the two spinors, with opposite boundary con-
ditions, are completely decoupled from one another. This
follows from the different nature of their winding modes,
which causes terms of the form Ψ̄↓

þσμ½Aμ;Ψ↑
−� to vanish due

to the property (9). The vanishing of these terms causes a
loss of fermionic degrees of freedom running in diagram
loops, ultimately because the transformation (18) is not a
symmetry of the compact action. We will show shortly that
this results in generating a divergent mass term in the
effective theory. We proceed by rescaling the fields in the
compact IKKT action, in order to make them dimension-
less, using

AI → λLAI; ψ → λL3=2ψ ; c → λLc; ð20Þ

where λ is the dimensionless coupling constant λ ≔ geff
L2 ,

which will serve as the perturbative expansion parameter.
Substituting the mode expansion (19) into the compact
action yields

S ¼ S0 þ Skin þ Sint;

where S0 is the zero-mode action, Skin is the action for
kinetic terms of nonzero modes, and Sint are the interaction

3As pointed out in the previous section, only in the Lorentzian
theory can one impose the reality condition, while in the Euclidean
signature the symmetry group is SOð10Þ which does not admit a
Majorana-Weyl representation.
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terms. In particular, the action for kinetic terms reads

Skin ¼
1

2

X
na ∈Z6

ð2πnaÞ2Tr½AIð−naÞAIðnaÞ� þ 1

2

X
ra ∈Z6

ð2πiraÞTr½ψ̄↑
þðraÞΓ̃aψ↑

þðraÞ�

þ 1

2

X
ra ∈Z6

ð2πiraÞTr½ψ̄↑
−ðraÞΓ̃aψ↑

−ðraÞ� þ
1

2

X
sa ∈L6

ð2πisaÞTr½ψ̄↓
þðsaÞΓ̃aψ↓

þðsaÞ�

þ 1

2

X
sa ∈L6

ð2πisaÞTr½ψ̄↓
−ðsaÞΓ̃aψ↓

−ðsaÞ� þ
X

na ∈Z6

ð2πnaÞ2Tr½c̄ðnaÞcðnaÞ�; ð21Þ

which shows that nonzero modes are massive. We will use this fact to integrate them out at one-loop, in order to obtain the
Wilsonian effective action for the zero-modes,

Seff0 ¼ − ln

 Y0
na ∈Z6

Y0
rb ∈Z6

Y0
sc ∈L6

Z
½DAðnaÞ�½Dψ↑ðrbÞ�½Dψ↓ðscÞ�e−SC

!
¼ S0 − lnhe−Sinti − lnZkin; ð22Þ

where lnZkin is a constant, independent of the zero-modes,
which we discard. The second term is the correction to the
zero-mode effective action. The expectation value is com-
puted in perturbation theory (we will evaluate it at one-
loop) with respect to the kinetic action (21). The interaction
can be decomposed as

Sint ¼
X11
i¼1

Vi; ð23Þ

where V1, V2, and V11 are purely bosonic or ghost terms,
identical to the corresponding terms in the purely anti-
periodic case [18], whereas Vi for i ¼ 3;…; 10 include
fermions and differ from [18] due to the choice of
boundary conditions.
We first examine the bosonic terms, which are given by

V1 ¼ −
λ2

4

X
na;ma;ka ∈Z6

Tr½½AIð−na −ma − kaÞ; AJðnaÞ�

× ½AIðmaÞ; AJðkaÞ��;
V2 ¼ −λ

X
na;ma ∈Z6

Tr½2πðna þmaÞAIð−na −maÞ

× ½AaðnaÞ; AIðmaÞ��:

Note that at least one of the modes summed over is a zero-
mode. The interaction term with ghosts reads

V11 ¼ −λ
X

ma ∈Z6

2πmaTr½c̄ðmaÞ½Aað0Þ; cðmaÞ��:

There are also interaction terms which only involve non-
zero modes, but those are integrated over in the Wilsonian
effective theory calculation, and since they do not depend

on zero-modes, they contribute to the effective action as a
constant which can be ignored.
The interaction term for fermions is composed of a

periodic and an antiperiodic component. These are com-
pletely disconnected from each other. We define V3;…; V6

to involve periodic spinors, given by

V3 ¼ −
i
2
λ
X
ra ∈Z6

Tr½ψ̄↑
þðraÞΓ̃a½Aað0Þ;ψ↑

þðraÞ��;

V4 ¼ −
i
2
λ
X
ra ∈Z6

Tr½ψ̄↑
−ðraÞΓ̃a½Aað0Þ;ψ↑

−ðraÞ��;

V5 ¼
i
4
λ
X
ra ∈Z6

Tr½ψ̄↑
þðraÞσμ↑½Aμð0Þ;ψ↑

−ðraÞ��;

V6 ¼ −
i
4
λ
X
ra ∈Z6

Tr½ψ̄↑
−ðraÞσ̄μ↑½Aμð0Þ;ψ↑

þðraÞ��:

The terms V7;…; V10 are obtained by swapping ψ
↑
� ↔ ψ↓

�,
σμ↑ ↔ σμ↓, and considering half-integer winding modes.
Here,

σμ↑ ¼ ð 1 1 Þσμ
�
1

1

�
¼
X2
i;j¼1

σμij ¼ 2

0
BBB@

1

i

0

0

1
CCCA;

σμ↓ ¼ ð 1 −1 Þσμ
�

1

−1

�
¼
X2
ij¼1

ð−1Þiþjσμij ¼ 2

0
BBB@

1

−i
0

0

1
CCCA:

ð24Þ
We can now compute the effective action for zero-modes

derived from the interaction terms above. Starting with
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bosons and ghosts, for which the computation proceeds
analogously to [18], we have

Seff0 ⊃ hV1i −
1

2
hV2

2i −
1

2
hV2

11i;

and expectation values are computed using the propagators

hANðnaÞAMðmaÞi ¼ δMNδnaþma;0

ð2πnaÞ2 ;

hc̄ðnaÞcðmaÞi ¼ δna;ma

ð2πnaÞ2 :

The result reads

hV1i ¼ 9λ2NSB1
Tr½AIð0ÞAIð0Þ�; hV2

2i
¼ 2λ2Nðð17SB2

þ SB1
ÞTr½Aað0ÞAað0Þ�

þ SB1
Tr½Aμð0ÞAμð0Þ�Þ; hV2

11i
¼ −2λ2NSB2

Tr½Aað0ÞAað0Þ�;

where the factors

SB1
¼
X0

na ∈Z6

1

ð2πnaÞ2 ; SB2
¼
X0

na ∈Z6

ð2πn1Þ2
ð2πnaÞ4

ð25Þ

come from propagators in the loop. Note that these sums are
divergent and have to be regularized, as discussed in [18].
We now turn our attention to contributions to the

effective action induced by integrating out fermions from
the interaction terms V3;…V10. Fermionic propagators are
inferred from (21) and read

hψ̄u
p;αðraÞψv

q;βðsaÞi ¼ −i
2πraΓ̃a

αβδ
uvδp;qδra;sa

ð2πraÞ2 ;

where u; v ¼ ↑;↓, p; q ¼ �, and α; β ¼ 1;…; 8 are SOð6Þ
spinor indices. It follows that the contribution of fermionic
interactions to the zero-mode effective action is

Seff0 ⊃ −
1

2
hV2

3i −
1

2
hV2

4i − hV5V6i

−
1

2
hV2

7i −
1

2
hV2

8i − hV9V10i: ð26Þ

Recalling that ψ↑
� has periodic boundary conditions and

ψ↓
� has antiperiodic ones, a straightforward application of

Wick’s theorem yields

hV2
3i ¼ −4λ2Nð2SB2

− SB1
ÞTr½Aað0ÞAað0Þ�;

hV2
4i ¼ −4λ2Nð2SB2

− SB1
ÞTr½Aað0ÞAað0Þ�;

hV2
7i ¼ −4λ2Nð2SF2

− SF1
ÞTr½Aað0ÞAað0Þ�;

hV2
8i ¼ −4λ2Nð2SF2

− SF1
ÞTr½Aað0ÞAað0Þ�;

where SF1
and SF2

read

SF1
¼
X
sa ∈L6

1

ð2πsaÞ2 ; SF2
¼
X
sa ∈L6

ð2πs1Þ2
ð2πsaÞ4 :

These terms are also divergent but can be regularized with
the same procedure as the bosonic ones, and the divergent
part is the same [18]. In particular, the difference SF1

− SB1

is a finite number which can be evaluated numerically.
Cross terms in (26) require a closer look. Let us analyze

hV5V6i. After contracting fermionic fields, we obtain

hV5V6i ¼ λ2NSB1
σμ↑σ̄

ν
↑Tr½Aμð0ÞAνð0Þ�;

which we can rearrange using (24),

σμ↑σ̄
ν
↑Tr½Aμð0ÞAνð0Þ� ¼ 4Tr½A2

0ð0Þ þ A2
1ð0Þ�;

and hence

hV5V6i ¼ 4λ2NSB1
Tr½A2

0ð0Þ þ A2
1ð0Þ�: ð27Þ

Analogously, one can compute

hV9V10i ¼ 4λ2NSF1
Tr½A2

0ð0Þ þ A2
1ð0Þ�: ð28Þ

Note that (27) and (28) imply that fermions in the loop only
contribute to the mass of two of the components of bosonic
matrices in the SOð4Þ sector, thus breaking the SOð4Þ
symmetry.
We can now summarize all contributions to the zero-

mode effective action (22) to order Oðλ2Þ in perturbation
theory. First, the action S0 for zero-modes at tree level
receives contributions from both the bosonic part and the
periodic components of fermions, and is given by

S0 ¼ −
1

2
λ2Tr

�
1

2
½AIð0Þ; AJð0Þ�2 þ iψ̄↑

þð0ÞΓ̃a½Aað0Þ;ψ↑
þð0Þ� þ iψ̄↑

−ð0ÞΓ̃a½Aað0Þ;ψ↑
−ð0Þ�

−iψ̄↑
þð0Þ½A0ð0Þ þ iA1ð0Þ;ψ↑

−ð0Þ� þ iψ̄↑
−ð0Þ½A0ð0Þ − iA1ð0Þ;ψ↑

þð0Þ�
�
:

Including the above one-loop corrections, we obtain the full effective action
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Seff0 ¼ S0 − λ2N

�
4ðSF1

− SB1
ÞTr½A2

0ð0Þ þ A2
1ð0Þ�−8SB1

Tr½A2
2ð0Þ þ A2

3ð0Þ� þ
8

3
ðSF1

− SB1
ÞTr½A2

að0Þ�
�
: ð29Þ

Note that the choice of interchanging boundary conditions
(16) breaks the SOð4Þ symmetry subgroup in two ways:
through the interaction term, which couples fermionic
zero-modes to specific components of the bosonic field,
and through the mass matrix, which is diagonal but takes
different values for different components in the four-
dimensional subspace. Moreover, these boundary condi-
tions effectively reduce the number of fermionic degrees
of freedom which contribute to loop diagrams, due to the
decoupling of ψ↑ and ψ↓ modes. As a consequence,
cancellation of divergences at the one-loop level fails. In
particular, we find a divergent mass

M2
2 ¼ M2

3 ¼ −16λ2NSB1

for two components of the bosonic field. This highlights a
complication in generating a mass term alongside fermionic
degrees of freedom from torus compactifications of IKKT
with mixed boundary conditions. We will show in the next
subsection that this issue also arises with alternative choices
of boundary conditions. As we will see in Sec. V, the same

issue does not arise in BFSS theory, where we explicitly
find a class of mixed boundary conditions which does not
affect the cancellation at one-loop level and gives a finite
result. This constitutes an interesting qualitative difference
between the two models, which would be worth exploring
further.
We can consider renormalizing the divergence by intro-

ducing an ad hoc mass counterterm in the compact action
on the torus (23). This is artificial from the point of view of
the original IKKT model, where this term is forbidden by
supersymmetry and global SOð10Þ. However, we explicitly
showed how both these symmetries are broken in the
compact action, so this term is allowed at the level of the
EFT. We have freedom in choosing the renormalization
scheme. The choice we make is to cancel the divergence by
introducing the counterterm action

SCT ¼ −
λ2

2

Z
d6σ

ð2πLÞ−6 16NSF1
Tr½A2

2ð0Þ þ A2
3ð0Þ�;

such that

Seff0 ¼ S0 − lnhe−Sinti − lnZkin þ SCT

¼ S0 − λ2N

�
4ðSF1

− SB1
ÞTr½A2

0ð0Þ þ A2
1ð0Þ� þ 8ðSF1

− SB1
ÞTr½A2

2ð0Þ þ A2
3ð0Þ� þ

8

3
ðSF1

− SB1
ÞTr½A2

að0Þ�
�
:

This choice is natural in the sense that it reinserts the contribution coming from fermions in the loop, which have been lost
due to the mixed boundary conditions. Of course, other choices are possible, and the finite value of the resulting mass is
scheme-dependent. We then rescale fields back by inverting (20), and Wick rotate to restore the Lorentzian signature,
resulting in

S0 ¼ −
1

2g2eff
Tr

�
1

2
½AIð0Þ; AJð0Þ�2 þ ψ̄↑

þð0ÞΓ̃a½Aað0Þ;ψ↑
þð0Þ� þ ψ̄↑

−ð0ÞΓ̃a½Aað0Þ;ψ↑
−ð0Þ�

− ψ̄↑
þð0Þ½A0ð0Þ − A1ð0Þ;ψ↑

−ð0Þ� þ ψ̄↑
−ð0Þ½A0ð0Þ þ A1ð0Þ;ψ↑

þð0Þ�
�
;

and

Seff0 ¼ S0 þ
N
L2

�
4ðSF1

− SB1
ÞTr½A2

0ð0Þ − A2
1ð0Þ� − 8ðSF1

− SB1
ÞTr½A2

2ð0Þ þ A2
3ð0Þ� −

8

3
ðSF1

− SB1
ÞTr½A2

að0Þ�
�
:

As expected, the theory we obtain shows mixed qualitative features compared to the purely periodic or antiperiodic cases:
here, parts of the fermions are still present in the zero-mode action, alongside a mass term. Both contributions break Lorentz
symmetry explicitly.
Note that there are other options for boundary conditions, which also produce infinite mass terms in the effective action

and require renormalization. For example, we can give opposite boundary conditions to different components of the two-
dimensional spinor or duplicate fermions and give each component different boundary conditions.
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Another possibility would be to consider the theory to be
compactified on T 4. Then, upon considering the decom-
pactification limit with mixed boundary conditions, we can
obtain an effective theory with a broken SOð6Þ subgroup
and an unbroken SOð4Þ.

B. Chiral reversing boundary conditions

A further type of boundary condition that can be
considered is swapping chiral components of fermions
when cycling around the torus. These are implemented by

ðUaÞ−1ψAþUa ¼ ψA
−; ðUaÞ−1ψA

−Ua ¼ ψAþ:

In other words, we decompose

ψAþ ¼ 1ffiffiffi
2

p ðψA
↑ þ ψA

↓Þ; ψA
− ¼ 1ffiffiffi

2
p ðψA

↑ − ψA
↓Þ; ð30Þ

where ψA
↑ has periodic boundary conditions and ψA

↓ is
antiperiodic, and their Hilbert space decomposition (4)
reads

ψA
↑ ¼

X
nb ∈Z6

ψA
↑ðnbÞ ⊗ ein

bpb
;

ψA
↓ ¼

X
rb ∈L6

ψA
↓ðrbÞ ⊗ eir

bpb
:

Substituting (30) into the compact action (10), we get the
fermionic action

SCRF ¼ 1

2g2eff

Z
d6σ

ð2πLÞ−6 Tr½ψ̄
A
↑Γ̃

a
∂aψ

A
↑ þ ψ̄A

↓Γ̃
a
∂aψ

A
↓

− iψ̄A
↑Γ̃

a½Aa;ψA
↑� − iψ̄A

↓Γ̃
a½Aa;ψA

↓�
þ iψ̄A

↑ðσjÞAB½Aj;ψB
↑� − iψ̄A

↓ðσjÞAB½Aj;ψB
↓��;

where the index j ¼ 1, 2, 3 runs over the three space
components of SOð4Þ and the superscript CR stands for
chiral reversing boundary conditions. The dependence on
the momentum variable σ is obtained through the mode
expansion

ψA
↑ðσÞ ¼

X
nb ∈Z6

ψA
↑ðnbÞe2πiLn

bσb ;

ψA
↓ðσÞ ¼

X
rb ∈L6

ψA
↓ðrbÞe2πiLr

bσb :

Note that the A0 component of the bosonic vector is not
coupled to spinors, due to the relation (9) which forbids
terms of the form ψ̄A

↓ðσ0ÞAB½A0;ψB
↑�. The fermionic propa-

gator in the space of winding modes is

hψ̄A
u;αðraÞψB

v;βðsaÞi ¼ −i
2πraΓ̃a

αβδ
A;Bδu;vδra;sa

ð2πraÞ2 ;

where u; v ¼ ↑;↓. Integrating out the nonzero fermionic
modes, we get in this case [after the usual field redefi-
nition (20)]

Seff0 ¼ SCR0 − λ2N

�
−8SB1

Tr½A2
0ð0Þ�

þ 4ðSF1
− SB1

ÞTr½A2
i ð0Þ�

þ 8

3
ðSF1

− SB1
ÞTr½A2

að0Þ�
�
; ð31Þ

and

SCR0 ¼ −
1

2
λ2Tr

�
1

2
½AIð0Þ; AJð0Þ�2

þ iψ̄A
↑ð0ÞΓ̃a½Aað0Þ;ψA

↑ð0Þ�

þ iψ̄A
↑ð0ÞðσiÞAB½Aið0Þ;ψB

↑ð0Þ�
�
:

Note that this effective theory for the zero-modes is
significantly different from (29). In particular, it features
an explicit coupling of fermionic modes to all components
of the bosonic vectors, except the zeroth one. The latter
precisely corresponds to the bosonic component, which
acquires a divergent mass, due to the cancellation of some
of the fermionic interactions which contribute at one-loop.
We can add a counterterm to the compact action in order
to renormalize this divergence, and our choice of renorm-
alization scheme at one-loop is

SCT ¼ −
λ2

2

Z
d6σ

ð2πLÞ−6 16NSF1
Tr½A2

0ð0Þ�;

such that the renormalized effective action for zero-modes
reads

Seff;R0 ¼ Seff0 þ SCT

¼ SCR0 − λ2N

�
8ðSF1

− SB1
ÞTr½A2

0ð0Þ�

þ 4ðSF1
− SB1

ÞTr½A2
i ð0Þ�

þ 8

3
ðSF1

− SB1
ÞTr½A2

að0Þ�
�
;

which is finite and preserves the SOð3Þ symmetry sub-
group of the SOð4Þ. We can rescale fields back and go to
Lorentzian signature
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Seff;R0 ¼ Seff0 þ SCT

¼ SCR0 þ N
L2

�
8ðSF1

− SB1
ÞTr½A2

0ð0Þ�

− 4ðSF1
− SB1

ÞTr½A2
i ð0Þ�

−
8

3
ðSF1

− SB1
ÞTr½A2

að0Þ�
�
:

The conclusion is that mixed boundary conditions for
fermions in IKKT theory dramatically change the zero-
mode effective theory. They cause divergent contributions
to mass terms to appear in the effective action. These can
be renormalized in order to obtain a finite result. As a
result, a subgroup of SOð1; 3Þ × SOð6Þ is broken by the
newly generated mass terms.
In the next two sections, we will turn our attention to

BFSS theory. We will see that, in this case, the situation is
different and, in particular, there is a class of mixed boundary
conditions which do not break any subgroup of the global
symmetry SOð3Þ × SOð6Þ.

IV. COMPACTIFICATION OF BFSS THEORY

In this section, we extend the mechanism of torus
compactification to the BFSS matrix theory. We will
consider the cases of periodic and antiperiodic boundary
conditions for fermions, and show that the result is equiv-
alent to the corresponding cases in IKKT theory.
In BFSS theory, compactifications on a six-dimensional

torus are ill-defined [21,22]. We therefore consider com-
pactifications of the complementary coordinates on a three-
dimensional square torus T 3, where each of the dimensions
has size 2πL. We expect that, in the decompactification
limit, the results should be qualitatively equivalent, still
producing different mass terms for the two sets of direc-
tions. We will show that this is indeed the case.
BFSS matrix theory is a SUðN Þ gauge theory with

gauge field A in the adjoint representation. The other
degrees of freedom are a nine-component vector XI,
I ¼ 1;…; 9 of bosonic N ×N matrices and a sixteen-
component spinor ψα, α ¼ 1;…; 16, where each compo-
nent is a Grassmann-valuedN ×N matrix. It is a quantum
mechanical theory, with time variable t, and action, in the
Lorentzian signature, given by

SBFSS ¼
Z

dt
1

g2
Tr

�
1

2
ðDtXIÞ2 þ 1

4
½XI; XJ�2

þ iψ̄Dtψ − ψ̄ΓI½XI;ψ �
�
;

where ΓI are gamma matrices in nine dimensions. This
theory is maximally supersymmetric and has a global
SOð9Þ symmetry, which can be interpreted as a subgroup
of target space Lorentz symmetry, where the XI matrices

play the role of space coordinates. It has been conjectured [2]
to be dual to M theory in the infinite momentum frame and,
as such, it provides a nonperturbative definition, which
makes it a very interesting candidate for a theory of quantum
gravity. Analyzing compactifications of matrix theory thus
provides a potential path to a quantum gravity theory in the
symmetry-broken phase, where three large space dimensions
emerge. In this section, we will analyze the cases of
antiperiodic and periodic boundary conditions for fermions,
and in the next section extend the discussion to include
mixed boundary conditions.
It will be convenient to work in the Euclidean signature.

To this end, we Wick rotate by means of

t → it; A → iA; ΓI → iΓI; ψ → iψ ;

and we obtain the Euclidean action

SEBFSS ¼
Z

dt
1

g2
Tr

�
1

2
ðDtXIÞ2 − 1

4
½XI; XJ�2

þ ψ̄Dtψ − iψ̄ΓI½XI;ψ �
�
: ð32Þ

Note that, in this signature, gamma matrices satisfy

fΓI;ΓJg ¼ −2δIJ;

with a minus sign. The next step is to define a translation
operator on the torus T 3. This is done analogously to the
method of Sec. II, by defining a Hilbert space acted upon by
matrices, which is decomposed into two components, as in
Eq. (6). It follows that the degrees of freedom of the theory
are decomposed as

AðtÞ ¼
X

nb ∈Z3

Aðt; nbÞ ⊗ ein
bpb

;

XμðtÞ ¼
X

nb ∈Z3

Xμðt; nbÞ ⊗ ein
bpb

;

XaðtÞ ¼
X

nb ∈Z3

Xaðt; nbÞ ⊗ ein
bpb þ 2πLIN ⊗ qa;

ψðtÞ ¼
X
rb ∈L3

ψðt; rbÞ ⊗ eir
bpb

; ð33Þ

where we are considering the case of antiperiodic fermions
explicitly, and we will comment on the periodic case later.
The lattice L3 is the three-dimensional analogous of (7),
namely

L3 ¼
�
Zþ 1

2

�
×

�
Zþ 1

2

�
×

�
Zþ 1

2

�
; ð34Þ

where lattice sites represent half-integer winding modes in
each direction. Here, indices are μ ¼ 4;…; 9 and a ¼ 1, 2, 3,
such that indices labeled by Latin letters a; b;… correspond
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to compact directions (note that this is different from previous sections). Note that all the degrees of freedom now have an
explicit time dependence. We substitute the decomposition (33) into the Euclidean action (32) and define the mode
expansion of the fields,

Aðt; σÞ ¼
X

nb ∈Z3

Aðt; nbÞe2πiLnbσb ; Xμðt; σÞ ¼
X

nb ∈Z3

Xμðt; nbÞe2πiLnbσb ;

Xaðt; σÞ ¼
X

nb ∈Z3

Xaðt; nbÞe2πiLnbσb ; ψðt; σÞ ¼
X
rb ∈L3

ψðt; rbÞe2πiLrbσb ;

cðt; σÞ ¼
X

nb ∈Z3

cðt; nbÞe2πiLnbσb ;

where σ ∈ ½0; L−1� is the momentum mode along the torus. We obtain the compact BFSS action

SCBFSS ¼
1

g2eff

Z
d3σdt

ð2πLÞ−3 Tr
�
1

4
FABFAB þ 1

2
DAXμDAXμ −

1

4
½Xμ; Xν�2 þ ψ̄Dtψ þ ψ̄ΓaDaψ − iψ̄Γμ½Xμ;ψ �

�
; ð35Þ

where, for convenience, we have defined an index A ¼ 0, 1, 2, 3, corresponding to the time and space coordinates of the

fields. The effective gauge coupling is defined as g2eff ¼ g2

M, M being the dimension of the Hilbert subspace on which pa

and qa are defined. We choose to work in Lorentz gauge ∂BXB ¼ 0, where X0ðt; σÞ ¼ Aðt; σÞ, implying that we must add
a ghost term to the compact action (35),

Sgh ¼
1

g2eff

Z
d3σdt

ð2πLÞ−3 Tr½∂
Ac̄DAc�:

Furthermore, we Fourier transform the time variable in order to work in energy space, and perform the usual field
rescaling, where we also rescale the time variable to make it dimensionless,

Xα → λLXα; ψ → λL3=2ψ ; c → λLc; t →
t
L
; λ2 ¼ g2eff

L3
; ð36Þ

where we introduced the index α ¼ 0;…; 9 and X0 ¼ A. As a result, we obtain the kinetic action

Skin ¼
Z

dpTr

" X
na ∈Z3

1

2
ðp2 þ nanaÞXαðp; naÞXαð−p;−naÞ

þ
X
sa ∈L3

iðpþ ΓasaÞψ̄ðp; saÞψðp; saÞ þ
X

na ∈Z3

ðp2 þ nanaÞc̄ðp; naÞcðp; naÞ
#
; ð37Þ

and we observe that nonzero modes are massive. In particular, in the regime L ≫ g2=3eff , the parameter λ is perturbative, and
we can integrate these modes out at one-loop order. Analogously to the discussion around (22), we follow a Wilsonian
approach to obtain an effective action for zero-modes. The relevant interaction terms are those which couple zero-modes
to nonzero modes. The purely bosonic ones read

V1 ¼ −
λ2

4

X̃
na;ma;la ∈Z3

Z
dpdqdrTr½½Xαðp; naÞ; Xβðq;maÞ�½Xαðr; laÞ; Xβð−p − q − r;−na −ma − laÞ��;

and

V2 ¼ −λ
X̃

na;ma ∈Z3

Z
dpdqTr½ðpþ qÞXαð−p − q;−na −maÞ½Aðp; naÞ; Xαðq;maÞ�

þðna þmaÞXαð−p − q;−na −maÞ½Xaðp; naÞ; Xαðq;maÞ��;
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where
P̃

means that, in each term of the sum, one of the winding numbers is set to zero. Interactions involving fermions
and ghost fields read

V3 ¼ −iλ
X
sa ∈L3

Z
dpdqTr½ψ̄ðpþ q; saÞ½Aðp; 0Þ;ψðq; saÞ� þ ψ̄ðpþ q; saÞΓa½Xaðp; 0Þ;ψðq; saÞ��;

V4 ¼ −iλ
X
sa ∈L3

Z
dpdqTr½ψ̄ðpþ q; saÞΓμ½Xμðp; 0Þ;ψðq; saÞ��;

V5 ¼ λ
X

na ∈Z3

Z
dpdqTr½ðpþ qÞc̄ðpþ q; naÞ½Aðp; 0Þ; cðq; naÞ� þ nac̄ðpþ q; naÞ½Xaðp; 0Þ; cðq; naÞ��;

and we note that, in this case, it is convenient not to decompose spinors, for the sake of simplicity. In terms of the
interaction potentials, the zero-mode effective action is given by

Seff0 ¼ S0 − lnhe−Sinti ¼ S0 þ hV1i −
1

2

X5
i¼2

hV2
i i

and expectation values are computed using Wick’s theorem, where building blocks are two-point functions derived from
the kinetic action (37),

hXαðp; naÞXβðq;maÞi ¼ δαβδðpþ qÞδnaþma;0

p2 þ nana
; hψ̄ðp; saÞψðq; raÞi ¼ −i

δðp − qÞδra;saðp − ΓasaÞ
p2 þ sasa

;

hc̄ðna; pÞcðma; qÞi ¼ δðp − qÞδna;ma

p2 þ nana
:

As a result, the averages read

hV1i ¼ 9λ2NSB1

Z
dpTr½Xαð−p; 0ÞXαðp; 0Þ�;

hV2
2i ¼ 2λ2N

Z
dp½ð17SB3

þ SB1
ÞTr½Að−p; 0ÞAðp; 0Þ�

þ ð17SB2
þ SB1

ÞTr½Xað−p; 0ÞXaðp; 0Þ� þ SB1
Tr½Xμð−p; 0ÞXμðp; 0Þ��;

hV2
3i ¼ −16λ2N

Z
dp½ð2SF3

− SF1
ÞTr½Að−p; 0ÞAðp; 0Þ� þ ð2SF2

− SF1
ÞTr½Xað−p; 0ÞXaðp; 0Þ��;

hV2
4i ¼ 16λ2N

Z
dpSF1

Tr½Xμð−p; 0ÞXμðp; 0Þ�;

hV2
5i ¼ −2λ2N

Z
dp½SB3

Tr½Að−p; 0ÞAðp; 0Þ� þ SB2
Tr½Xað−p; 0ÞXaðp; 0Þ��; ð38Þ

where propagators in the loop give rise to factors

SB1
¼
X0

na ∈Z3

Z
∞

−∞
dp

1

p2 þ nana
; SF1

¼
X0
ra ∈L3

Z
∞

−∞
dp

1

p2 þ rara
;

SB2
¼
X0

na ∈Z3

Z
∞

−∞
dp

ðn1Þ2
ðp2 þ nanaÞ2

; SF2
¼
X
ra ∈L3

Z
∞

−∞
dp

ðr1Þ2
ðp2 þ raraÞ2

;

SB3
¼
X

na ∈Z3

0
Z

∞

−∞
dp

p2

ðp2 þ nanaÞ2
; SF3

¼
X
ra ∈L3

Z
∞

−∞
dp

p2

ðp2 þ raraÞ2
; ð39Þ

and primed sums run over nonzero modes only. These factors are infinite, but can be regularized, generalizing the
procedure of [18]. We will elaborate on this in the Appendix B. We will also show that bosonic and fermionic terms have
the same infinite part, which therefore cancels out when considering differences.
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We collect all terms (38) together, invert the rescaling (36), andWick rotate back to the Lorentzian signature to obtain, for
the zero-mode effective action,

Seff0 ¼ S0 −
1

2

Z
dt½M2

ATr½Aðt; 0ÞAðt; 0Þ� −M2
XμTr½Xμðt; 0ÞXμðt; 0Þ� −M2

XaTr½Xaðt; 0ÞXaðt; 0Þ��:

Here, the action S0 reads

S0 ¼
1

g2eff

Z
dtTr

�
1

2
DtXIðt; 0ÞDtXIðt; 0Þ þ 1

4
½XIðt; 0Þ; XJðt; 0Þ�2 þ i∂tc̄ðt; 0ÞDtcðt; 0Þ

�
;

where I; J ¼ 1;…; 9 and the masses are

M2
A ¼ 16

N
L2

ðSF1
− SB1

þ 2ðSB3
− SF3

ÞÞ; M2
Xμ ¼ 16

N
L2

ðSF1
− SB1

Þ;

M2
Xa ¼ 16

N
L2

ðSF1
− SB1

þ 2ðSB2
− SF2

ÞÞ:

By evaluating the p integrals in (39), we find that

SB1
¼ 2SB3

; SF1
¼ 2SF3

:

Moreover, these factors are related by the equations

SB1
¼ SB3

þ 3SB2
; SF1

¼ SF3
þ 3SF2

:

Altogether, the mass terms then simplify to

M2
A ¼ 0; M2

Xμ ¼ 16
N
L2

ðSF1
− SB1

Þ;

M2
Xa ¼ 32

3

N
L2

ðSF1
− SB1

Þ; ð40Þ

where the difference ðSF1
− SB1

Þ is finite after regulariza-
tion, as shown in the Appendix B.
The mass terms (40) show that, upon compactification

on T3, with antiperiodic boundary conditions for fermions,
the effective theory has a global symmetry SOð3Þ × SOð6Þ,

thus breaking the initial SOð9Þ. This extends the result of
[18] to BFSS theory, proving that a mass term can be
generated by compactification. It also hints toward the
possibility that the BFSS model enjoys symmetry breaking
analogously to what is observed in numerical studies of the
IKKT model. Furthermore, the gauge field remains massless
in the effective theory. Note that this is not due to a
supersymmetric cancellation, which does not occur in the
case of antiperiodic boundary conditions, but to the fact that
bosonic and fermionic terms cancel out separately due to
gauge invariance.
The case of periodic boundary conditions for fermions is

obtained straightforwardly by noting that, in that case,
SF1

¼ SB1
. It follows that

M2
A ¼ M2

Xμ ¼ M2
Xa ¼ 0;

hence no mass term is generated. The zero-mode effective
action now reads

Seff0 ¼ SP0 ¼
Z

dt
1

g2eff
Tr

�
1

2
ðDtXIðt; 0ÞÞ2 þ 1

4
½XIðt; 0Þ; XJðt; 0Þ�2

þ iψ̄ðt; 0ÞDtψðt; 0Þ − ψ̄ðt; 0ÞΓI½XIðt; 0Þ;ψðt; 0Þ� þ i∂tc̄ðt; 0ÞDtcðt; 0Þ
�
;

which is the same as the original BFSS action with an effective coupling constant.

V. BFSS WITH MIXED BOUNDARY CONDITIONS

In this section, we consider a class of mixed boundary conditions for fermions which give rise to an effective theory with
intermediate qualitative features. We will show that we can obtain a zero-mode effective theory where half the fermions are
quenched, the remaining half being still present, and a mass term is generated.
In contrast to the IKKT case treated above, we will show that BFSS theory admits a class of mixed boundary conditions

which preserves the divergence cancellation at one-loop. As a consequence, the effective action is finite and does not require
renormalization. Most importantly, we will show that it features both a symmetry-breaking mass term and fermionic fields.
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We consider the decomposition of sixteen-component
fermionic degrees of freedom introduced in [42], which we
review here. We choose the ΓI matrices, I ¼ 1;…; 9, to be
decomposed such that

Γa ¼
�−σa ⊗ I4 0

0 σa ⊗ I4

�
;

Γμ ¼
�

0 I2 ⊗ γμ

−I2 ⊗ γμ 0

�
;

where γμ ¼ −γ†μ are anti-Hermitian 4 × 4 matrices satisfy-
ing the Clifford algebra relation

fγμ; γνg ¼ −2δμνI4:
The charge conjugation matrix is

C9 ¼
�

0 −iσ2 ⊗ I4
iσ2 ⊗ I4 0

�
;

which allows for spinor decomposition in chiral compo-
nents,4

ψ ¼
�

λAα

iðσ2ÞABλ�Bα

�
; A ¼ 1; 2; α ¼ 1;…; 4:

It follows that the fermionic part of the compact BFSS
Lagrangian (35) becomes

g2Lferm ¼ Tr½2λ†αDtλ
α − 2iλ†ασaDaλ

α

− iλ†αiσ2ðγμÞαβ½Xμ; λ�β� − iλT;αiσ2ðγμÞαβ½Xμ; λβ��;
ð41Þ

where we only wrote down the α components of spinor
indices explicitly. One notable feature of the Lagrangian (41)
is its invariance under

λ → λ�; λ� → λ;

which can be checked explicitly from the above expression
(for the first two terms, transposition gives a minus sign due
to the Grassmann nature of variables, and a further minus
sign comes from taking the derivative by parts). For this
reason, we consider boundary conditions which implement
this transformation when wrapping around a closed loop in
any of the torus directions, namely

ðUaÞ−1λαUa ¼ λ�α; ðUaÞ−1λ�αUa ¼ λα:

This implies that we can decompose spinors into periodic
and antiperiodic components

λ ¼ 1ffiffiffi
2

p ðλ↑ þ iλ↓Þ; λ� ¼ 1ffiffiffi
2

p ðλ↑ − iλ↓Þ;

with

λ↑ðtÞ ¼
X

nb ∈Z3

λ↑ðt; nbÞ ⊗ ein
bpb

;

λ↓ðtÞ ¼
X
rb ∈L3

λ↓ðt; rbÞ ⊗ eir
bpb

; ð42Þ

in terms of the operators pa introduced in Sec. II, where λ↑

and λ↓ are real. Here L3 is the three-dimensional lattice (34)
of half-integer modes. When written in this way, all terms
involving both components cancel out, and the Lagrangian is
decomposed into two noninteracting pieces, one involving
periodic spinors and the other antiperiodic,

Lferm ¼ LP þ LAP: ð43Þ

Here,

SP ¼
Z

dtd3σ
ð2πLÞ−3 L

P ¼ 1

g2eff

Z
dtd3σ

ð2πLÞ−3 Tr½λ
↑;TDtλ

↑

− iλ↑;TσaDaλ
↑ − iλ↑;Tiσ2γμ½Xμ; λ↑��;

and

SAP ¼
Z

dtd3σ
ð2πLÞ−3 L

AP ¼ 1

g2eff

Z
dtd3σ

ð2πLÞ−3 Tr½λ
↓;TDtλ

↓

− iλ↓;TσaDaλ
↓ þ iλ↓;Tiσ2γμ½Xμ; λ↓��;

where the σ dependence comes from the usual mode
expansion,

Aðt; σÞ ¼
X

nb ∈Z3

Aðt; nbÞe2πiLnbσb ;

Xμðt; σÞ ¼
X

nb ∈Z3

Xμðt; nbÞe2πiLnbσb ;

Xaðt; σÞ ¼
X

nb ∈Z3

Xaðt; nbÞe2πiLnbσb ;

λ↑ðt; σÞ ¼
X

rb ∈Z3

λ↑ðt; rbÞe2πiLrbσb ;

λ↓ðt; σÞ ¼
X
rb ∈L3

λ↓ðt; rbÞe2πiLrbσb :

We plug this back into (43), Fourier transformwith respect to
time, and perform the usual rescaling

4Note that we inverted the notation of [42] for spinor indices,
in order to match with our conventions in previous sections.
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Xα → kLXα; λb → kL3=2λb; c → kLc; t →
t
L
; k2 ¼ g2eff

L3
;

with α ¼ 0;…; 9, b ¼ ↑;↓. It is then straightforward to obtain fermionic propagators from the kinetic terms, which take the
form

hλ↑A;αðp; raÞλ↑B;βðq; saÞi ¼ −i
δðp − qÞδra;saδαβðδABpþ iσaABraÞ

p2 þ rara
;

hλ↓A;αðp; raÞλ↓B;βðq; saÞi ¼ −i
δðp − qÞδra;saδαβðδABpþ iσaABraÞ

p2 þ rara
:

We integrate these out to compute expectation values of nonzero modes. The discussion for bosons is unchanged from in
Sec. IV. On the other hand, integrating out the fermions yields important physical consequences. The effective theory reads, in
the Lorentzian signature,

Seff0 ¼ S0 − lnhe−Sinti ¼ S0 þ
1

2

Z
dt½M2

XμTr½Xμðt; 0ÞXμðt; 0Þ� þM2
XaTr½Xaðt; 0ÞXaðt; 0Þ��; ð44Þ

where

M2
Xμ ¼ 8

N
L2

ðSF1
− SB1

Þ; M2
Xa ¼ 16

3

N
L2

ðSF1
− SB1

Þ; ð45Þ

and

S0 ¼
1

g2eff

Z
dtTr

�
1

2
DtXIðt; 0ÞDtXIðt; 0Þ þ 1

4
½XIðt; 0Þ; XJðt; 0Þ�2 þ iλ↑;Tðt; 0ÞDtλ

↑ðt; 0Þ

− λ↑;Tðt; 0Þσa½Xaðt; 0Þ; λ↑ðt; 0Þ� − iλ↑;Tðt; 0Þiσ2γμ½Xμðt; 0Þ; λ↑ðt; 0Þ� þ i∂tc̄ðt; 0ÞDtcðt; 0Þ
�
:

We see that periodic fermions cancel with half of the bosonic
degrees of freedom in loops and have zero-modes, which
appear in the effective theory. The antiperiodic fermions do
not have zero-modes but simply cancel the divergent part of
bosonic propagators, thus generating a mass in the effective
theory. As a result, we have obtained an effective field theory
in which fermions appear explicitly. Bosons have symmetry-
breaking masses which are exactly half the masses of the
antiperiodic case.
In the next section, we will leverage this construction to

study black hole solutions in the theory we have obtained.

VI. BLACK HOLE IN THE ZERO-MODE THEORY

In this section, we consider possible solutions of the
theory (44) with the correct features to represent a black
hole. In particular, we show that the construction of [23]
can be adapted to our effective theory. There, the approach
is bottom-up, and the matrix theory deployed is constructed
ad hoc to reproduce black hole solutions. Here, the
compactification procedure of BFSS with mixed boundary
conditions provides a top-down approach, where the theory
we study is derived directly from BFSS theory.

A. Fuzzy sphere background

The key idea is to consider classical solutions to the
bosonic part of (44) as the background geometry. We then
treat fermionic excitations as quantum fluctuations on top
of the geometry. We focus on solutions such that

A ¼ 0; c ¼ 0; Xμ ¼ 0;

which is made possible by the symmetry-breaking
pattern SOð9Þ → SOð3Þ × SOð6Þ we found in Sec. V.
Furthermore, we consider static solutions with

∂tXI ¼ 0:

From a target space perspective, this amounts to saying
that, for those solutions, six spatial coordinates have no
extent,5 whereas the remaining three transverse directions
are macroscopic. Note that the zero-mode effective action
obtained as a consequence of torus compactification of the

5This is true for the semiclassical background, whereas
quantum fluctuations are Planck-sized.
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original matrix theory lives in a noncompact target space.
We can write the relevant part of the Hamiltonian obtained
from (44) as

H ¼ Rk4Tr

�
1

2
PiPi −

1

4
½Xi; Xj�2

− XiXi þ λ↑;Tσi½Xi; λ↑�
�
; ð46Þ

where we have changed units to highlight the dependence
on the lightlike compactification radius R in M theory
(see [2]) and rescaled the fields according to their scaling
dimension,

Xi → kXi; λ↑ðt; 0Þ → k
3
2λ↑ðt; 0Þ;

Pi → k2Pi; k2 ¼
ffiffiffiffi
R

p
M2

Xi

2
: ð47Þ

The classical equations of motion for the bosonic sector, for
a static solution, read

½Xi; ½Xi; Xj�� ¼ 2Xj; Pi ¼ ∂tXi ¼ 0; ð48Þ

where i ¼ 1, 2, 3. These equations are solved by the
s ¼ N−1

2
representation of SUð2Þ, which defines a fuzzy

sphere through

½Xi; Xj� ¼ iϵijkXk; ð49Þ

along with the Casimir relation

X
i

Xi2 ¼ N2 − 1

4
IN:

As we learn from [30–32], any black hole solution in matrix
theory needs to fit into the longitudinal direction. This
requires a boost, which expands the longitudinal dimension
at the horizon to fit the black hole, such that the momentum
in the longitudinal direction is nonzero. This momentum is
quantized in terms of the lightlike radius R,

Pþ ¼ N
R
:

The net effect is a solution living in five total dimensions,
one of which is longitudinal and has size R before the
boost. As explained above, the symmetry-breaking pattern
SOð9Þ → SOð3Þ × SOð6Þ allows for solutions which only
extend in three space directions. We consider the other
space directions to have a Planck-sized extent. In the
target space description, they are integrated over and
produce a volume factor V6d ¼ l6p, lp being the Planck
length in 11 dimensions. As a consequence, starting from
the eleven-dimensional Newton constant G11 ¼ l9p, we get

the five-dimensional one through

G5 ¼
G11

V6d
¼ l3p:

Let us now consider the fermionic term

Hferm ¼ Rk4Tr½λ↑;†α;aðt; 0Þσjab½Xjðt; 0Þ; λ↑;αb ðt; 0Þ��; ð50Þ

where λ↑;† ¼ λ↑;T because it is a real spinor, and from now
on we drop the ↑ superscript for convenience. We recall from
Sec. V that spinors carry indices a ¼ 1, 2 and α ¼ 1;…; 4,
which we have made explicit for clarity. On the fuzzy sphere
background, this can be arranged as a collection of fermion
harmonic oscillators, given by

Hferm ¼ Rk4
XN−1

n¼1

 X2nþ2

r¼1

X4
α¼1

λþ;nξ
r;n;α†ξr;nα

þ
X2n
r¼1

X4
α¼1

jλ−;njχr;n;α†χr;nα − 8nðnþ 1Þ
!
: ð51Þ

Here λþ;n; λ−;n are the eigenvalues of the operator

X ≔ σj½Xj; ·�;

given by

λ�;n ¼ −
1

2
�
�
nþ 1

2

�
;

and ξr;nα ; χr;nα are fermionic annihilation operators, obtained
by projecting the matrices λ↑ on the corresponding eigen-
vectors. We prove this result in Sec. VI C.
We recognize (51) as the Hamiltonian of a set of

fermionic oscillators with increasing frequencies, given
by ω�

n ¼ Rk4jλ�;nj. Since we are working at zero temper-
ature, a state in this system is constructed by progressively
filling up the Fermi sea, starting from the lowest-energy
shell and occupying shells of increasing energies as we
increase the number of excited oscillators. A state of given
energy is thus constructed by filling up some energy shells
completely and partially filling up the highest contributing
energy shell. The degeneracyΩ of such a state is then given
by the number of inequivalent options there are to partially
fill this shell. In principle, we should also include bosonic
quantum fluctuations. We will analyze them in Sec. VI D
and show that they do not contribute to our construction.

B. Black hole solution

In order to have a black hole solution, we must fill the
shell of energy jλ−;N−2j, which excites j ¼ yð16N − 16Þ
oscillators, 0 < y < 1. We provide more details in the
Appendix C.
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In the boosted frame, where the system has a nontrivial
Pþ, the Hamiltonian gives the light cone energy. This is
related to the invariant mass through

H ¼ ELC ¼ R
2N

M2
5D;

where M5D is the mass of the Schwarzschild black hole in
five dimensions,6 which is related to the Schwarzschild
radius, r0, by

M5D ¼ r20:

The bosonic part of the Hamiltonian yields, when evaluated
on the fuzzy sphere background,

Hbos ¼ −
Rk2

2
NR2

f;

where Rf ¼ kN
2
is the physical fuzzy sphere radius in the

large N limit. This can be added to the fermionic energy
computed in the Appendix C such that the total energy, at
leading order in N, reads

ELC ¼ 61Rk2

6
NR2

f;

and the condition that the fuzzy sphere sits behind its
Schwarzschild radius,

r0 ≥ Rf;

is satisfied. Since, given the fuzzy sphere background (49),
all the degeneracy is captured by the fermionic sector of the
theory, we can compute the entropy from such degeneracy.
We are free to choose the fraction y of excited fermions in
the highest shell. Let us consider the half-filled case y ¼ 1

2
.

Then

S ¼ logΩ ¼ log

�
16N − 16

yð16N − 16Þ

�
≈ γðN − 1Þ þOðlogNÞ

scales linearly with N in the large N limit. The coefficient
γ ≈ 11.1 comes from Stirling’s approximation

log

�
16N − 16

yð16N − 16Þ

�

≈ 16ðN − 1ÞHðyÞ − 1

2
logð32πðN − 1Þyð1 − yÞÞ

with

HðyÞ ¼ ½−y log y − ð1 − yÞ logð1 − yÞ�:

The appropriate entropy-radius relation for this configura-
tion, namely

S ∝ r30;

is only satisfied if r0 ∼ N
1
3, which requires k ∝ N−2

3. Note
that the scaling of k follows from the mass term, which is
generated through compactification, see Eq. (47). This, in
turn, is related to the torus dimension L [Eq. (45)]. It
follows that the compactification limit and the large N limit
should be taken in a double-scaled fashion, such that

L ∝ N
7
6; N → ∞: ð52Þ

Note that, under this condition, the logarithmic correction
Slog ∝ log r30 is also reproduced.
The scaling of S ∝ N is the one expected for the transition

between a black hole localized in the longitudinal direction
and a black string stretched along it [32]. Furthermore, if the
scaling is S ∝ Nβ, β↑1, we are approaching the transition,
corresponding to the Gregory-Laflamme instability from the
black hole state to the black string. In our model, we can
construct solutions with lower entropy by choosing a larger
fraction of fermionic oscillators to be excited in the largest
shell of the Fermi sea y > 1

2
. This, in turn, causes the

Schwarzschild radius to increase compared to the fuzzy
sphere radius.
We can, in particular, realize a black hole configuration

with entropy S ∝ Nα; 0 < α < 1 by exciting a fraction y of
oscillators in the leading shell, such that y tends to 1
parametrically withN. In this case, the degeneracy given by
Stirling’s formula for large N is

Ω ∼
e16NHðyÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2π16Nyð1 − yÞp ;

where

HðyÞ ¼ −y log y − ð1 − yÞ log ð1 − yÞ; 0 < y < 1:

Choosing

y ¼ 1 −
cNα−1

logN
; 0 < α < 1;

c being an arbitrary constant of order 1, we obtain

S ¼ logΩ ¼ 16NHðyÞ − 1

2
logð32πNyð1 − yÞÞ;

and

HðyÞ ∼ ð1 − αÞcNα−1;
6Recall that we are working in units such that the Planck length

is one.
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at leading order in N. Again, applying the entropy-radius
relation and the relation between the Schwarzschild radius
and the generated mass, we obtain the corresponding
scaling of k as

k ∝ N
α
3
−1 ⇒ L ∝ N

3
2
−α
3:

Our approach, therefore, shows that it is possible to
construct a black hole solution as a fuzzy sphere back-
ground plus fermions in a state that generates the black hole
entropy. We saw that, by taking the decompactification
limit in the original theory in a specific way, see Eq. (52),
we can approach the limiting case of the black hole/black
string transition, represented by the entropy scaling like
S ∼ N. Moreover, we recover the known relations between
physical quantities characterizing a black hole.
The fuzzy sphere solution we found in this section is still

valid even for different values of L and, therefore, of the
mass parameter MX, which do not saturate the Bekenstein
bound on the entropy. These solutions cannot consistently
represent black holes, which can be seen by looking at the
boost along the compact dimension. We can show that the
condition on the entropy to be smaller than the Bekenstein
bound puts a constraint on the boost parameter. Consider
the case where the entropy is maximum S ∼ N, we have

Pþ ¼ N
R
¼ S

R
:

Such momentum is obtained through a longitudinal boost,
in terms of which it reads [32]

Pþ ¼ r20e
ρ;

where ρ is the boost parameter. If the entropy does not
saturate the Bekenstein bound, we have

S < r30 ⇒ eρ <
r0
R

for a large boost. This implies that the longitudinal direction
after the boost is smaller than the Schwarzschild radius, and
the localized black hole interpretation breaks down. More
generally, in the case of S ∝ Nα, configurations that give
S < r30 correspond to solutions which are not consistent with
the black hole interpretation. Therefore, we can only
interpret our fuzzy sphere plus fermions construction as a
black hole if the torus radius scales withN appropriately and
the Bekenstein bound is saturated.

C. Fermionic theory on the fuzzy sphere background

In this section, we prove that the fermionic Hamiltonian
consists of a collection of harmonic oscillators when
evaluated on the fuzzy sphere background. We consider
the operator

X ≔ σi½Xi; ·�; X∶ C2 × EndðVsÞ → C2 × EndðVsÞ;

where the commutator ½Xi; ·� acts on the space of N × N
matrices as endomorphisms of the spin s ¼ N−1

2
represen-

tation Vs. The C2 factor is the space of two-dimensional
complex spinors acted on by σi. Altogether, X acts on a
2ðN2 − 1Þ-dimensional complex space. We call this an
adjointlike representation, constructed from the spin s
representation of SUð2Þ.
Let us now consider the square operator

X2 ¼ σiσj½Xi; ½Xj; ·��;

which, as a consequence of (49), satisfies

X2 þ X − ½Xi; ½Xi; ·�� ¼ 0; ð53Þ

where the operator

Δ ≔ ½Xi; ½Xi; ·��

is the Casimir operator of the adjointlike representation and
defines a generalization of the Laplacian to the noncom-
mutative fuzzy sphere geometry. Indeed, this acts as the
identity on the C2 component. We can decompose

EndðVsÞ ≅ Vs ⊗ V�
s ≅ Vs ⊗ Vs;

where the second isomorphism comes from the fact that
SUð2Þ representations are real. It follows that we can carry
out a Clebsch-Gordon decomposition

EndðVsÞ ≅ ⨁
2s

k¼0

Vk; ð54Þ

such that the Casimir operator acts on each factor as

ΔjVk
¼ kðkþ 1ÞI2kþ1; ð55Þ

where the dimension of each Clebsch-Gordon factor is
dimðVkÞ ¼ 2kþ 1. It follows that, given an eigenvector uλ
of X, Eq. (53) reads

λ2uλ þ λuλ − Δuλ ¼ 0:

We decompose uλ consistently with (54),

uλ ¼ v1 þ � � � þ v2s;

and use (55) (note that v0 is not present because of the
tracelessness condition). As a consequence of linear inde-
pendence, we get

ðλ2 þ λ − kðkþ 1ÞÞvk ¼ 0; k ¼ 1;…; 2s:
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We see that, for each k, uλ can be decomposed into
vk� ∈Vk, lying respectively in spin k� 1

2
representations

of SUð2Þ, and having eigenvalues7

λ�;k ¼ −
1

2
�
�
kþ 1

2

�
:

It follows that the spectral decomposition of XjVn
in terms

of eigenvalues and eigenvectors is given by

XjVn
¼
X2nþ2

r¼1

λþ;nU
r;n†
aαγ Ur;n

bβσ þ
X2n
r¼1

λ−;nV
r;n†
aαγ Vr;n

bβσ;

where Ur;n and Vr;n are eigenvectors corresponding to
positive and negative eigenvalues, respectively, obtained by
representing Vn in the space ofN × N matrices, such that a,
b ¼ 1, 2 are spinor indices and α; β; γ; σ ¼ 1;…; N are
matrix indices. From (54), the full operator is then

X ¼
XN−1

n¼1

XjVn

¼
XN−1

n¼1

�X2nþ2

r¼1

λþ;nU
r;n†
aαγ Ur;n

bβσ þ
X2n
r¼1

λ−;nV
r;n†
aαγ Vr;n

bβσ

�
:

Having obtained a spectral decomposition for the operator,
we substitute it back into the fermionic Lagrangian (50).
This allows us to define fermionic oscillators

ξr;nα ≔ Ur;n
bβσλ

↑
bβσ;α; χr;n†α ≔ Vr;n

bβσλ
↑
bβσ;α;

where the indices take respective values b ¼ 1, 2 for SOð3Þ
spinor indices, β; σ ¼ 1;…; N for matrix SUðNÞ indices,
and α ¼ 1;…; 4 for SOð6Þ spinor indices. These oscillators
satisfy canonical anticommutation relations

fξr;nα ; ξq;m;γ†g ¼ δrqδn;mδγα; fχr;nα ; χq;m;γ†g ¼ δrqδnmδγα:

As a consequence, the fermionic Hamiltonian reads

Hferm ¼ Rk4
XN−1

n¼1

 X2nþ2

r¼1

X4
α¼1

λþ;nξ
r;n;α†ξr;nα

þ
X2n
r¼1

X4
α¼1

jλ−;njχr;n;α†χr;nα − 8nðnþ 1Þ
!
;

which proves the claim.

D. Bosonic fluctuations

In this section, we show that bosonic fluctuations do not
affect our black hole construction. First, we analyze semi-
classical fluctuations of the background geometry. We will
show that the solution is stable under those perturbations.
Then, we consider quantum bosonic fluctuations and show
that they do not contribute significantly to the black hole
solution, in the large N limit.

1. Classical bosonic fluctuations

The analysis of semiclassical fluctuations of the fuzzy
sphere can be adapted from [23]. The idea is to consider
Xi þ δXi, where Xi define the fuzzy sphere geometry (49)
and δXi are perturbations. Then, at quadratic order in the
perturbations, the Lagrangian for fluctuations can be read
off from (46),

LδXi ¼ Rk4Tr

�
1

2
δẊiδẊi þ 1

4
ð½Xi; δXj� − ½Xj; δXi�Þ2

þ 1

2
½Xi; Xj�½δXi; δXj� þ δXiδXi

�
:

We can define the derivative operator

Li ≔ ½Xi; ·�;

which, following the argument of Sec. VI C, is an angular
momentum operator. It therefore has an eigenbasis jl; mzi
with

L2jl; mzi ¼ lðlþ 1Þjl; mzi; 0 ≤ l ≤ N − 1;

L3jl; mzi ¼ mzjl; mzi; −l ≤ mz ≤ l:

The angular momentum l is truncated due to the fuzziness
of the sphere. Moreover, we can define ðεiÞjk ≔ −iϵijk,
which is an angular momentum with lε ¼ 1, since

½εi; εj� ¼ iϵijkεk; εiεi ¼ 2:

As shown in [23], the Lagrangian in terms of these
operators reads

LδXi ¼ Rk4Tr

�
1

2
δẊiδẊi −

1

2
δXiNijδXj

�
; ð56Þ

7Note that the total dimension of this space is indeed

XN−1

k¼1

4kþ 2 ¼ 2ðN2 − 1Þ;

and that

TrðXjVk
Þ ¼ ð2kþ 2Þkþ 2kð−k − 1Þ ¼ 0;

as is required by the traceless structure of X.
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where

Nij ¼ ððε · LÞ2 − ðε · LÞ − 2Þ:

It follows from the equation of motion

δẌi þ NijδXj ¼ 0

that the problem of the stability of the various fluctuation
modes becomes the analysis of the eigenvalues of Nij. In
particular, positive eigenvalues correspond to stable modes,
whereas negative eigenvalues signal unstable perturbations.

Note that

ε · L ¼ 1

2
ðJðJ þ 1Þ − lðlþ 1Þ − 2Þ;

where J corresponds to the total angular momentum
Ji ¼ Li þ εi. Then the eigenvalue problem

Nijϕ
j ¼ λϕi

yields eigenvalues

λ ¼

8>>>><
>>>>:

−2 for l ¼ 0; J ¼ 1 and l ¼ 1; J ¼ 2;

0 for l ≥ 1; J ¼ l and l ¼ 2; J ¼ 3;

lðlþ 3Þ for l ≥ 1; J ¼ l − 1;

ðlþ 1Þðl − 2Þ for l ≥ 3; J ¼ lþ 1;

ð57Þ

and eigenfunctions given by the Clebsh-Gordon composition
of the polarization vector εp and spherical harmonics Ŷl

mz
,

ϕi ¼
Xl

mz¼−l

X
p¼0;�1

CJ;MZ
l;mz;1;p

εpi Ŷ
l
mz
:

Modes with l ≥ 1; J ¼ l − 1 and l ≥ 3; J ¼ lþ 1 have
positive eigenvalues, and therefore represent stable fluctua-
tions. Two modes have negative eigenvalues—the mode
l ¼ 0; J ¼ 1 corresponds to an overall Uð1Þ shift and is
absent because the Xi are traceless, and l ¼ 1; J ¼ 2
describes fluctuations with

δXi ¼ SijX
j

called squashing modes, where Sij is a symmetric traceless
tensor and Xi are the fuzzy sphere background matrices.
We show in the Appendix D that the squashing modes are
rendered stable by the corresponding fluctuations in the
fermionic sector. In particular, we compute the potential,
quadratic in the fluctuation, generated by the perturbation in
the fermionic sector, in the state given by the Fermi sea with
partially filled highest shell. We show that the sum of the
bosonic and fermionic contributions gives a positive poten-
tial, corresponding to a stable perturbation.
Regarding zero-modes, those with J ¼ l represent

gauge transformations, which are not physical perturba-
tions. This can be seen by first counting the number of such
modes

#zero ¼
XN−1

l¼1

ð2lþ 1Þ ¼ N2 − 1;

which matches the number of independent generators.
Moreover, an infinitesimal gauge transformation takes
the form

δXi ¼ i½Xi;Λ� ¼ iLiΛ;

which is an eigenfunction of ϵ · L with eigenvalue −1. We
can check this explicitly,

ðϵ · LÞklLlΛ ¼ −iϵjklLjLl ¼ 1

2
ϵjklϵjlmLm ¼ −Lk;

which proves the statement. The remaining zero-modes, with
l ¼ 2; J ¼ 3, represent marginal fluctuations. However, the
quartic potential can be evaluated, and it provides a positive
contribution, which makes the perturbations marginally
stable.
A similar analysis can be done for fluctuations in the

directions orthogonal to the fuzzy sphere, to check that they
also remain stable. The background geometry in this case is
given by Xa ¼ 0; a ¼ 4;…; 9, and we are interested in
perturbations δXa. The perturbation Lagrangian at quad-
ratic order takes a much simpler form,

LδXa ¼Rk4Tr

�
1

2
δẊaδẊaþ1

2
½Xi;δXa�½Xi;δXa�þ3

2
δXaδXa

�
:

The potential can be further simplified by noting that

Tr½½Xi; δXa�½Xi; δXa�� ¼ −Tr½δXa½Xi; ½Xi; δXa���
¼ −Tr½δXaL2δXa�;

which results in
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LδXa ¼ Rk4Tr

�
1

2
δẊaδẊa −

1

2
δXaðL2 − 3ÞδXa

�
: ð58Þ

As a consequence, the equations of motion have the simple
form

δẌa þ ðL2 − 3ÞδXa ¼ 0;

and the problem of the stability of fluctuations reduces to
the positivity of the eigenvalues of the operator ðL2 − 3Þ.
The eigenvalue problem

ðL2 − 3Þϕ ¼ μϕ ð59Þ

is solved by the spherical harmonics with eigen-
values determined by quantum numbers 0 ≤ l ≤ N − 1;
−l ≤ mz ≤ l, such that

ϕ ¼ Ŷl
mz
; μ ¼ lðlþ 1Þ − 3: ð60Þ

This implies that almost all the eigenvalues are positive,
and therefore correspond to stable perturbations. The
negative eigenvalues are the l ¼ 0 mode, which represents
a Uð1Þ shift, which is forbidden for traceless matrices, and
the l ¼ 1 mode, which, similarly to the case of l ¼ 1;
J ¼ 2 fluctuations above, corresponds to squashing modes

δXiþ3 ¼ Ai
jX

j;

where Ai
j is the 3 × 3, antisymmetric matrix parametrizing

the fluctuation. The instability is fixed by including pertur-
bations in the fermionic sector, analogously to the case above
for perturbations along the fuzzy sphere directions, as shown
in the Appendix D. Note that the stability of fluctuations
strongly depends on the ratio between the two types of
masses (45) associated with bosonic matrices, which is a
consequence of the top-down derivation from BFSS through
torus compactification. In fact, the −3 contribution appear-
ing in (59) depends on that ratio directly. More negative
values would lead to unstable fluctuations. The fuzzy sphere
background is, therefore, stable against classical bosonic
fluctuations.

2. Quantum bosonic fluctuations

The quadratic potentials in (56) and (58) for bosonic
fluctuations can be quantized as simple harmonic oscil-
lators. Since those terms represent fluctuations on top of the
fuzzy sphere background, we subtract the zero-point energy
from the quantized Hamiltonian, such that the energy of the
bosonic ground state is that of the fuzzy sphere. We
decompose the fluctuations δXi; δXa into eigenmodes of
the respective quadratic potential, and quantize every
eigenmode independently. The quantum Hamiltonian for
the fluctuations reads

HδX ¼ Rk4
XN−1

l¼1

X
J¼l−1;lþ1

XJ
mz¼−J

ffiffiffiffiffiffiffi
λl;J

p
a†l;J;mz

al;J;mz

þ Rk4
XN−1

l¼1

Xl
mz¼−l

ffiffiffiffiffi
μl

p
b†l;mz

bl;mz
:

Here, λl;J and μl are the eigenvalues of the classical
bosonic modes, (57) and (60), and al;J;mz

and bl;mz
are

the annihilation operators for each mode. The theory is at
zero temperature, which implies that bosonic fluctuations
are frozen in the ground state and do not contribute to the
energy and entropy of the black hole solution we con-
structed. We conclude that bosonic fluctuations do not
affect our solution, which is composed of a fuzzy sphere
background with fermionic excitations which partially fill
up the Fermi sea, and bosonic harmonics in the overall
ground state. It would be interesting to study the effect of
thermal fluctuations in the case where T ≠ 0. We leave this
to future work.

VII. CONCLUSION

In this paper, we analyzed torus compactifications of
IKKTand BFSS theories as a mechanism for the generation
of a mass term in matrix theories. Building on recent results,
we imposed a novel set of boundary conditions on fermionic
degrees of freedom in IKKT theory. These amount to acting
with a nontrivial operator on the spinor when winding
around any of the torus dimensions. In the case of IKKT,
we analyzed two kinds of mixed boundary conditions. In
both cases, the action on the spinor is not a symmetry of the
compact theory. As a consequence, some fermionic degrees
of freedom decouple and do not contribute to loop diagrams,
thus failing to cancel bosonic divergences. Hence, the theory
requires some ad hoc renormalization. In the decompacti-
fication limit, nonzero modes become heavy and can be
integrated out, thus obtaining an effective theory for zero-
modes. Such a theory breaks the original SOð1; 9Þ sym-
metry to a subgroup of SOð1; 3Þ × SOð6Þ, where the
SOð1; 3Þ itself is broken to a subgroup.
We then analyzed BFSS theory, firstly with antiperiodic

boundary conditions, and show that the resulting effective
theory generates a mass term and all fermions are quenched.
Then, we considered mixed boundary conditions. In this
case, we were able to act on spinors with a symmetry
operator when winding around the torus. As a consequence,
divergences cancel automatically, and no renormalization
is required. The result is an effective theory with broken
SOð9Þ → SOð3Þ × SOð6Þ, a mass term, and half the
fermionic degrees of freedom compared to the initial theory.
In the last part of the paper, we took this top-down

construction as a starting point for explicitly characterizing
black hole solutions using matrix theory degrees of free-
dom. We found black hole spacetime being described by a
fuzzy two-sphere, while fermionic excitations and their
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degeneracies gave rise to the black hole entropy. Moreover,
we have shown how classical bosonic perturbations are
stable and do not disrupt the fuzzy sphere configuration,
and their quantum counterparts are frozen in the ground
state and do not contribute to the solution we constructed.
In this way, we provide a direct construction of a black hole
in matrix theory, with features that are consistent with
previous studies of Schwarzschild black holes in the
M theory region of BFSS theory. In particular, we repro-
duce the S ≤ cN scaling of the entropy, c ¼ Oð1Þ being a
constant. The entropy-to-radius relation is also reproduced,
including logarithmic corrections, but this requires the
torus dimension L to go to infinity as a power of the
matrix size N, in the decompactification limit.
It would be interesting to investigate the saturated value

of the entropy further, in order to assess whether the black
hole/black string transition can be captured by this con-
struction. In particular, a possible future direction would be
the explicit construction of black string solutions from
matrix degrees of freedom.
Fuzzy sphere solutions have been considered in IKKT in

connection to the emergence of gravity from the matrix
model, see, e.g., [35,43,44]. As an interesting future direc-
tion, one could try to replicate the analysis we carried out in
the context of BFSS theory to the zero-mode effective theory
obtained through torus compactification with mixed fer-
mionic boundary conditions of IKKT. The main difference to
the polarized IKKT model [35] is that the mass deformation
derived through compactification breaks supersymmetry of
the compact action. It would be interesting to explore the
consequences of this.
In this work, we have considered BFSS theory at zero

temperature, in the M theory region of parameter space. It
would be interesting to repeat the analysis for generic
temperature and to look at other regions of parameter space.
For instance, one could consider the ’t Hooft limit of BFSS
theory at higher temperature, where it is known to be dual
to the black brane solution of type IIA supergravity [45].
The evaporation of the black brane has been fully charac-
terized in matrix theory [46] and shown to reproduce a Page
curve for the entanglement entropy [47]. It would be
interesting to extend the construction presented in this
paper to the supergravity regime of the parameter space.
Achieving such a result would open the possibility of
studying the black hole evaporation mechanism explicitly.
This, in turn, would provide full theoretical control over the
time-dependent dynamics of the process, offering valuable
insight into the information paradox.
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APPENDIX A: ALTERNATIVE BLOCK
DECOMPOSITION

We reformulate the block decomposition of matrix
degrees of freedom introduced in Sec. II and used through-
out the paper. In particular, we will adopt an explicit matrix
decomposition which highlights the block matrix structure
of bosonic terms and realizes the mode decomposition for
antiperiodic fermions.
We have seen how compactifying matrix theories on a

torus amounts to replicating the fundamental region an
infinite number of times. This is implemented by splitting
the Hilbert space of matrix degrees of freedom into two
components,

X ¼ Y ⊗ Z;

where Y represents the degrees of freedom in the funda-
mental region and Z contains information about transitions
between different regions. Consider the decomposition of
the matrix

Aμ ¼
X

nb ∈Z6

AμðnbÞ ⊗ ein
bpb

:

We want to provide an explicit matrix representation for the
operator ein

bpb
. Let us take the one-dimensional example for

simplicity of notation. The higher-dimensional case follows
immediately, since every torus direction is parametrized
independently. The natural choice is the following:

ðeinpÞij ≔ Cn
ij ¼ δi;jþn;

which represents a matrix with entries 1 on the diagonal at
distance n from the central one and 0 elsewhere. Moreover, it
satisfies

CnCm ¼ Cnþm:

Such matrices give an explicit representation of operators
einp in the jqi basis of the Hilbert space Z. The decom-
position in winding modes now reads
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Aμ ¼
X
n∈Z

AμðnÞ ⊗ Cn:

Similarly, we define a matrix Q which labels the funda-
mental regions

Qij ¼ jδij

and exponentiates to

ðe−2πiQÞkj ¼ e−2πijδkj ¼ δkj;

where the last equality simply follows from the fact that
matrix indices are integers. Now, the matrix corresponding to
compact direction is decomposed as

A9 ¼
X
n∈Z

A9ðnÞ ⊗ Cn þ 2πLINQ:

The commutator with Cn is

½Q;Cn� ¼ nCn: ðA1Þ

It follows that the translation operator can be written as

U ¼ IN ⊗ e−2πiQC1 ¼ IN ⊗ C1;

then the action on the matrices has the desired form

ðUÞ−1AμU ¼ Aμ;

ðUÞ−1A9U ¼ A9 þ 2πLIN ⊗ IM:

Moreover, when fermions are periodic, their decomposition
is straightforward,

ψ ¼
X
n∈Z

ψðnÞ ⊗ Cn:

We now extend the construction to accommodate anti-
periodic fermions. This requires doubling the Hilbert space,
such that

Z ¼ HZ ⊕ HZþ1
2
:

Namely, we double the winding modes lattice to account
for both integer and half-integer modes, which take value in
the respective lattices. Antiperiodic fermions are given by
the block matrix

ψ ¼

0
BBBBBBBBBBBBBBBB@

0 ψ
�
− 1

2

�
0 ψ

�
− 3

2

�
0 � � �

ψ
�
1
2

�
0 ψ

�
− 1

2

�
0 ψ

�
− 3

2

�
� � �

0 ψ
�
1
2

�
0 ψ

�
− 1

2

�
0 � � �

ψ
�
3
2

�
0 ψ

�
1
2

�
0 ψ

�
− 1

2

�
� � �

0 ψ
�
3
2

�
0 ψ

�
1
2

�
0 � � �

..

. ..
. ..

. ..
. ..

. . .
.

1
CCCCCCCCCCCCCCCCA

and the zeros sit on the integer lattice, where the bosons
live. On the doubled Hilbert space, we define

Cn
ij ¼ δi;jþ2n;

where the indices i, j run over the duplicated lattice and n
can be either integer or half-integer. In particular, the
operator

C1=2
ij ¼ δi;jþ1

acts as a shift between the two lattices. The appropriate
modification of the Q operator is

Qij ¼
j
2
δij;

and the translation operator on the torus becomes

U ¼ IN ⊗ ðe−2πiQC1Þij ¼ IN ⊗ ð−1ÞiC1
ij:

As a consequence, antiperiodic fermions are decomposed as

ψ ¼
X

r∈Zþ1
2

ψðrÞ ⊗ Cr;

and the commutation relation (A1) (which is also valid for
half-integer n) implies

ðUÞ−1ψU ¼ −ψ ;

as required.
This construction generalizes naturally to the case of

mixed boundary conditions. The fermions are decomposed
into a periodic and an antiperiodic component, the details
of the decomposition depending on the specific choice of
boundary conditions (we have considered different exam-
ples in the main text). Schematically,

ψ ¼ ψ↑ þ ψ↓;

and our construction implies that the periodic component
ψ↑ is decomposed using integer modes, thus living on the
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periodic lattice, while ψ↓ is antiperiodic and lives on the
shifted lattice.
With these decompositions, the interaction of an uncom-

pactified boson with a fermion takes the form

Trψ̄ΓI½AI;ψ � ¼
X

n∈Z;r;p∈Zþ1
2
jnþrþp¼0

TrYψðrÞ½AðnÞ;ψðpÞ�;

ðA2Þ

where the trace on the right-hand side is taken over the
N-dimensional subspace (4). We see that this term has a
single UðNÞ symmetry, just as the theory with periodic
fermions has.

APPENDIX B: LOOP PROPAGATOR
REGULARIZATION FOR BFSS

In this Appendix, we extend the regularization method
of [18] for loop propagators to the case of coefficients
arising from loops in the Wilsonian effective theory
analysis of compact BFSS theory.
We begin by considering the bosonic sum

SB1
¼
X0

na ∈Z3

Z þ∞

∞
dp

1

p2 þ nana
;

and we introduce a regulator α such that

SB1
¼ lim

α→0

X0
na ∈Z3

Z þ∞

∞
dp

e−α
2nana−α2p2

p2 þ nana
:

We rewrite this as

SB1
¼ lim

α→0

X0
na ∈Z3

Z þ∞

−∞
dp
Z þ∞

0

dte−ðtþα2Þnanae−ðtþα2Þp2

;

which can be rewritten in terms of the θ function,

θðtÞ ¼
Xþ∞

n¼−∞
e−πtn

2

;

such that

SB1
¼ lim

α→0
π

Z
∞

−∞
dp
Z þ∞

α2=π
dte−tp

2ðθ3ðtÞ − 1Þ:

Focusing on the divergent part of the integral, we haveZ
1

α2=π
dte−tp

2ðθ3ðtÞ − 1Þ

¼
Z

1

α2=π
dt

e−tp
2

t3=2
ðθ3ð1=tÞ − 1Þ þ Fðα;pÞ;

where

Fðα; ; pÞ ¼
Z

1

α2=π
dte−tp

2

�
1

t3=2
− 1

�

represents the divergent component of the integral. Here we
made use of the property of the θ function,

θðtÞ ¼ 1

t1=2
θð1=tÞ:

By rearranging the various terms, we obtain

SB1
¼ lim

α→0
π

Z þ∞

−∞
dp
Z þ∞

1

dt

�
e−p

2=tffiffi
t

p þ e−p
2t

�
ðθ3ðtÞ − 1Þ

þ π

Z þ∞

−∞
dpFðα;pÞ;

where the first integral is convergent, and we regularized
the divergence to be in the second term.
We now consider the fermionic (in the case of antiperi-

odic boundary conditions) sum

SF1
¼
X
ra ∈L3

Z þ∞

∞
dp

1

p2 þ rara
;

which we regulate as

SF1
¼
X
ra ∈Z3

Z þ∞

−∞
dp

e−α
2ððraþuaÞ2þp2Þ

p2 þ ðra þ uaÞ2 ;

ua ¼ 1

2
ð1;…; 1Þ:

We can rewrite this as

SF1
¼
Z þ∞

−∞
dp
Z þ∞

0

dt
X

ra ∈Z3

e−ðα2þtÞðp2þðraþuaÞ2Þ

¼ π

Z þ∞

−∞
dp
Z þ∞

α2=π
dtθ3ðtjuÞe−tp2

;

where the generalized θ function takes the form

θðtjuÞ ¼
Xþ∞

n¼−∞
e−πtðnþuÞ2 :

Again, we look at the divergent part, which reads

Z
1

α2=π
dte−tp

2

θ3
�
t

				 12
�

¼
Z

1

α2=π
dt

e−tp
2

t3=2

�
e−

3
4
πtθ3
�
1

t

				 it2
�
− 1

�
þ F̃ðα;pÞ;
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where

F̃ðα;pÞ ¼
Z

1

α2=π
dt

e−tp
2

t3=2

and we used the property

θðtjaÞ ¼ e−
π
4
t

t1=2
θ

�
1

t

				 it2
�
:

It follows that

SF1
¼ π

Z þ∞

−∞
dp
Z þ∞

1

dt

�
e−p

2=tffiffi
t

p
�
e−

3
4
π=tθ3

�
t

				 i2t
�
− 1

�

þ e−p
2tθ3
�
t

				 12
��

þ π

Z þ∞

−∞
dpF̃ðα;pÞ;

where the second term is the divergent one.
As a consequence, when we consider the difference

ðSF1
− SB1

Þ, the divergent parts cancel out, givingZ þ∞

−∞
dpðF̃ðα;pÞ − Fðα;pÞÞ ¼

Z
1

α2=π

Z þ∞

−∞
dpe−tp

2

¼ 2
ffiffiffi
π

p
;

such that the difference reads

SF1
−SB1

¼ 2π3=2− π

Z þ∞

−∞
dp
Z þ∞

1

dt

��
e−p

2=tffiffi
t

p þ e−p
2t

�
ðθ3ðtÞ− 1Þ

−
�
e−p

2=tffiffi
t

p
�
e−

3π
4tθ3
�
t

				 i2t
�
− 1

�
þ e−p

2tθ3
�
t

				12
���

;

which is a finite number and can be evaluated numerically.

APPENDIX C: FILLING UP THE FERMI SEA

In this Appendix, we focus on the fermionic
Hamiltonian (51), which represents a collection of fer-
mionic oscillators. We show how the Fermi sea should be
filled up in order to interpret the fuzzy sphere solution as a
black hole.
We begin by noting that jλ−;n−1j ¼ λþ;n, so that for

λþ;1 ¼ 1 ≤ En ≤ jλ−;N−2j ¼ N − 1 the shell with energy En

(ignoring the prefactor) is composed of the 4ð2nþ 2Þ
oscillators ξj;nα and the 4ð2n − 2Þ oscillators χj;n−1α , giving
total dimension #ðEnÞ ¼ 16n. It follows that the shell with
the largest dimension is the one with energy EN−1 ¼
jλþ;N−1j, having dimension #ðEN−1Þ ¼ 4ð4N − 4Þ. More-
over, the state with the largest degeneracy is the one for
which such a shell is half-filled, which yields

Ω ¼
�
16N − 16

8N − 8

�
∝
216ðN−1Þffiffiffiffi

N
p :

At leading order in the large N expansion, we can compute
the fermionic energy contribution from the shell with
energy EN−1. This follows straightforwardly from (51).
In particular, if we are free to excite j ¼ 4ð1þ xÞð2N − 2Þ
oscillators, −1 ≤ x ≤ 1 being the fraction of excited oscil-
lators. The energy reads

Hferm ¼ 8Rk4

3
N3 þOðN2Þ ¼ 32Rk2

3
NR2

f þOðN2Þ;

where Rf ¼ kN
2
is the physical fuzzy sphere radius in the

large N limit. At the same time, the bosonic part of the
Hamiltonian yields, when evaluated on the fuzzy sphere
background,

Hbos ¼ −
Rk2

2
NR2

f:

So the total energy reads

H ¼ Rk2

6
ð64 − 3ÞNR2

f:

As explained in Sec. VI B, the Hamiltonian gives the light
cone energy, and it is related to the invariant mass through

H ¼ ELC ¼ R
2N

M2:

The mass-radius relation

M5D ¼ r20

then implies

r0 ¼
�
244

3

�1
4

Rf:

In order for the fuzzy sphere geometry to represent a black
hole, its radius must be smaller than the Schwarzschild
radius. We see that this condition is satisfied when the
Fermi sea is filled in this way. The fraction x of excited
oscillators in the EN determines the entropy. In the main
text, we will express the results in terms of the fraction y
defined as

y ¼ 1þ x
2

; 0 ≤ y ≤ 1:

APPENDIX D: STABILITY OF THE
SQUASHING MODES

In this Appendix, we prove that the squashing modes of
bosonic fluctuations are stabilized by the fermionic sector.
We have seen in Sec. VI D that quadratic bosonic fluctua-
tions with l ¼ 1; J ¼ 2 are unstable. These correspond to
the squashing modes of the fuzzy sphere
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δXi ¼ SijX
j;

where Sij is a symmetric traceless tensor and Xj are the
bosonic matrices for the fuzzy sphere background [SUð2Þ
generators]. The quadratic potential reads

ΔVbos ¼ Rk4Tr

�
1

2
δXiNijδXj

�

and, given that those are eigenmodes of Nij with eigen-
value −2, we get

ΔVbos ¼ −Rk4SijSikTr½XjXk�:

Moreover, using

Tr½XjXk� ¼ NðN2 − 1Þ
12

δjk

we obtain

ΔVbos ¼ −Rk4
N3

12
Tr½S2�

at leading order in N. The negative sign corresponds to
an instability. We will now see how this is compensated by
including quadratic perturbations, due to the same modes,
from the fermionic sector. The perturbation to the fer-
mionic operator, due to the squashing modes, reads

δOf ¼ Rk4Tr½λ↑;†σi½δXi; λ↑�� ¼ Rk4Tr½λ↑;†σiSijLjλ↑�;

where

Lj ¼ ½Xj; ·�:

We will compute the effective potential generated by the
fluctuations using second-order perturbation theory on the
state of the system, which we recall is the Fermi sea with
partially filled highest shell. To this end, it is useful to
decompose the fermions as

λ↑bβσ;α ¼ Ur;n;†
bβσ ξr;nα þ Vr;n;†

bβσ χr;n;α†; ðD1Þ

such that

δOf ¼ Rk4ðPr;q
nmξr;n;α†ξ

q;m
α −Qr;q

nmχr;n;α†χ
q;m
α

þ Tr;q
nmξr;n;α†χq;m;α† þ Tr;q†

nm χq;mα ξr;nα Þ

with

Pr;q
nm ≔ Ur;nAUq;m;†; Qr;q

nm ≔ Vr;nAVq;m;†;

Tr;q
nm ≔ Ur;nAVq;m;†; A ≔ σiSijL

j;

and, in the last expression, we suppressed matrix indices
for simplicity of notation.
We will compute the Hamiltonian at second order in

perturbation theory. First, we will show that the first-order
term vanishes. This reads

ΔVfo ¼
1

Ω

X
S∈H0

hSjδOfjSi;

where H0 is the Hilbert space of the state of the system,
composed of the Fermi sea with partially filled highest shell,
and Ω is the degeneracy. Hence, jSi are states in this Hilbert
space. The only terms which will contribute are those that
preserve the particle number. Hence, we get nontrivial
contributions from

hSjξr;n;α†ξq;mα jSi ¼ 4δrqδnm;

and similarly for χ oscillators. It follows that

ΔVfo ¼ 4Rk4
X
n

X
r

ðPr;r
n;n −Qr;r

n;nÞ;

which can be rewritten as

ΔVfo ¼ 4Rk4
X
n

Tr½Pþ;nA − P−;nA�;

where

Pþ;n ¼
Xn þ ðnþ 1Þ

2nþ 1
; P−;n ¼

n − Xn

2nþ 1

are the projectors in the þ and − sectors, constructed from
the operator Xn ¼ ðσiLiÞjn. We can use

TrðAÞ ¼ 0;

TrðσiσjÞ ¼ 2δij;

TrðLiLjÞ ¼ 1

3
nðnþ 1Þð2nþ 1Þδij;

to show that

ΔVfo ∝ TrðSÞ ¼ 0:

We now proceed to compute the effective Hamiltonian
generated at quadratic order by the perturbation. This is
determined by

ΔVferm ¼ 1

Ω

X
S∈H0

X
R≠S

hSjδOfjRi
1

ES − ER
hRjδOfjSi;

and we are summing over all possible states that can be
connected by the action of δOf. The denominator gives the
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energy difference between the two states. Let us examine
the action of δOf on states jSi. The leading contribution in
the large N expansion is obtained by acting with creation
and annihilation operators on all the levels of the Fermi sea.
When the action only involves the top, half-filled level, the
corresponding contribution will be subleading in N. The
operator ξr;n;α†ξq;mα removes and adds one oscillator. This
requires r ¼ q and n ¼ m. As a consequence, this would
impose R ¼ S, which does not appear in the sum. Hence,
this term never contributes at leading order in N. The same
applies to χr;n;α†χq;mα . The action of ξr;n;α†χq;m;α† creates
oscillators on states which are already filled, and therefore
provides a vanishing contribution. The only nonzero term
comes from removing two fermions from the sea by the
action of χq;nα ξr;mα . Moreover, P, Q, T terms are constructed
from the interpolation of the operator A between different
eigenstates. But A can only interpolate between states with
the same orbital angular momentum n. This imposes n ¼ m
on all P, Q, T factors. It follows that the only nonzero term
is Tr;q†

n;n χ
q;n
α ξr;nα . This selects a state jRiwhere two oscillators

have been removed. The corresponding energy difference is

ES − ER ¼ Rk4ðλþ;n − λ−;nÞ ¼ Rk4ð2nþ 1Þ:

Putting all together, we get

ΔVferm ¼ 4Rk4
X
n

jTr;q
n;nj2

2nþ 1
;

with the factor of 4 from summing over α ¼ 1;…4. Hence,
computing the fermionic correction reduces to the evalu-
ation of the factor

jTr;q
n;nj2 ¼ Tr½Pþ;nAP−;nA�:

Expanding the expression, we get

jTr;q
n;nj2 ¼ 1

ð2nþ 1Þ2 ½nðnþ 1ÞTrðA2Þ

− TrðXA2Þ − TrðXAXAÞ�:

The traces can be evaluated using standard SUð2Þ identities
and read

TrðA2Þ ¼ 2

3
nðnþ 1Þð2nþ 1ÞTr½S2�; TrðXA2Þ ¼ 1

3
nðnþ 1Þð2nþ 1ÞTr½S2�;

TrðXAXAÞ ¼ −
2

15
nðnþ 1Þð2nþ 1Þðn − 1Þðnþ 2ÞTr½S2�:

Putting everything together,

jTr;q
n;nj2 ¼ nðnþ 1Þð2n − 1Þð2nþ 3Þ

5ð2nþ 1Þ Tr½S2�:

It follows that

X
n

jTr;q
n;nj2

ð2nþ 1Þ ¼
N3

15
Tr½S2� þOðN2Þ;

and, as a consequence,

ΔVferm ¼ Rk4
4N3

15
Tr½S2� þOðN2Þ:

Considering both bosonic and fermionic contributions, the
quadratic perturbation potential for the squashing modes
reads

ΔVsquash ¼ ΔVbos þ ΔVferm

¼ Rk4N3

�
−

1

12
þ 4

15

�
Tr½S2� þOðN2Þ

¼ Rk4N3
11

60
Tr½S2� þOðN2Þ;

which is positive. Hence, the perturbation is stable.
A similar analysis can be carried out for the l ¼ 1modes

in the directions orthogonal to the fuzzy sphere. These
modes can be written in terms of fuzzy sphere matrices as

δXiþ3 ¼ Ai
jX

j;

where Ai
j is the 3 × 3, antisymmetric matrix parametrizing

the fluctuation. The analogous analysis to the previous case
can be carried out using the fermionic term

δO0
f ¼ iλ↑;Tðt; 0Þiσ2γiþ3Sij½Xj; λ↑ðt; 0Þ�

obtained by perturbing the corresponding term in the full
action (44). This fixes the instability of the l ¼ 1 mode in
the orthogonal directions.

DAVIDE LAURENZANO and JOHN WHEATER PHYS. REV. D 114, 046019 (2026)

046019-28



[1] N. Ishibashi, H. Kawai, Y. Kitazawa, and A. Tsuchiya,
Nucl. Phys. B498, 467 (1997).

[2] T. Banks, W. Fischler, S. H. Shenker, and L. Susskind,
Phys. Rev. D 55, 5112 (1997).

[3] L. Susskind, arXiv:hep-th/9704080.
[4] D. E. Berenstein, J. M. Maldacena, and H. S. Nastase,

J. High Energy Phys. 04 (2002) 013.
[5] J. Nishimura, T. Okubo, and F. Sugino, J. High Energy

Phys. 10 (2011) 135.
[6] K. N. Anagnostopoulos, T. Azuma, Y. Ito, J. Nishimura, T.

Okubo, and S. Kovalkov Papadoudis, J. High Energy Phys.
06 (2020) 069.

[7] J. Nishimura, Int. J. Mod. Phys. A 28, 1340002 (2013).
[8] K. N. Anagnostopoulos, T. Azuma, K. Hatakeyama, M.

Hirasawa, Y. Ito, J. Nishimura, S. K. Papadoudis, and A.
Tsuchiya, Eur. Phys. J. Spec. Top. 232, 3681 (2023).

[9] S. Brahma, R. Brandenberger, and S. Laliberte, J. High
Energy Phys. 03 (2022) 067.

[10] S. Brahma, R. Brandenberger, and S. Laliberte, J. High
Energy Phys. 09 (2022) 031.

[11] S. Brahma, R. Brandenberger, and S. Laliberte, Int. J. Mod.
Phys. D 31, 2242004 (2022).

[12] S. Brahma, R. Brandenberger, and S. Laliberte, MDPI Phys.
5, 1 (2023).

[13] S.-W. Kim, J. Nishimura, and A. Tsuchiya, J. High Energy
Phys. 10 (2012) 147.

[14] K. Hatakeyama, A. Matsumoto, J. Nishimura, A. Tsuchiya,
and A. Yosprakob, Prog. Theor. Exp. Phys. 2020, 043B10
(2020).

[15] H. C. Steinacker, Phys. Lett. B 782, 176 (2018).
[16] M. Sperling and H. C. Steinacker, Nucl. Phys. B941, 680

(2019).
[17] J. L. Karczmarek and H. C. Steinacker, J. Phys. A 56,

175401 (2023).
[18] S. Laliberte, Phys. Rev. D 110, 026024 (2024).
[19] S. Brahma, R. Brandenberger, and S. Laliberte, Eur. Phys.

J. C 83, 904 (2023).
[20] D. Kabat and G. Lifschytz, Nucl. Phys. B571, 419 (2000).
[21] N. Seiberg, Phys. Rev. Lett. 79, 3577 (1997).
[22] A. Sen, Adv. Theor. Math. Phys. 2, 51 (1998).
[23] C.-S. Chu, Phys. Rev. D 112, 066001 (2025).
[24] C.-S. Chu, Phys. Rev. D 112, 046014 (2025).

[25] C.-S. Chu and R.-X. Miao, Phys. Rev. D 110, 046001
(2024).

[26] H. Lin, J. High Energy Phys. 12 (2004) 001.
[27] D. N. Kabat and W. Taylor, Adv. Theor. Math. Phys. 2, 181

(1998).
[28] N. Iizuka, D. Kabat, S. Roy, and D. Sarkar, Phys. Rev. D 88,

044019 (2013).
[29] Y. Hyakutake, Phys. Rev. D 98, 046023 (2018).
[30] T. Banks, W. Fischler, I. R. Klebanov, and L. Susskind,

J. High Energy Phys. 01 (1998) 008.
[31] T. Banks, W. Fischler, I. R. Klebanov, and L. Susskind,

Phys. Rev. Lett. 80, 226 (1998).
[32] G. T. Horowitz and E. J. Martinec, Phys. Rev. D 57, 4935

(1998).
[33] R. Gregory and R. Laflamme, Phys. Rev. Lett. 70, 2837

(1993).
[34] R. Gregory and R. Laflamme, Nucl. Phys. B428, 399

(1994).
[35] S. A. Hartnoll and J. Liu, J. High Energy Phys. 03 (2025)

060.
[36] T. Banks and L. Motl, J. High Energy Phys. 03 (2000)

027.
[37] S. Laliberte and S. Brahma, J. High Energy Phys. 11 (2023)

161.
[38] W. Taylor, Phys. Lett. B 394, 283 (1997).
[39] A. Herderschee and J. Maldacena, J. Phys. A 57, 165401

(2024).
[40] A. Herderschee and J. Maldacena, J. High Energy Phys. 11

(2024) 052.
[41] D. Laurenzano and J. F. Wheater, J. High Energy Phys. 02

(2026) 045.
[42] N. Kim, T. Klose, and J. Plefka, Nucl. Phys. B671, 359

(2003).
[43] H. C. Steinacker, J. High Energy Phys. 12 (2016) 156.
[44] S. Komatsu, A. Martina, J. Penedones, A. Vuignier, and X.

Zhao, J. High Energy Phys. 12 (2025) 029.
[45] N. Itzhaki, J. M. Maldacena, J. Sonnenschein, and S.

Yankielowicz, Phys. Rev. D 58, 046004 (1998).
[46] E. Berkowitz, M. Hanada, and J. Maltz, Phys. Rev. D 94,

126009 (2016).
[47] A. Choudhury and D. Laurenzano, Phys. Rev. D 110,

126018 (2024).

FUZZY BLACK HOLES FROM MASS GENERATION IN MATRIX … PHYS. REV. D 114, 046019 (2026)

046019-29

https://doi.org/10.1016/S0550-3213(97)00290-3
https://doi.org/10.1103/PhysRevD.55.5112
https://arXiv.org/abs/hep-th/9704080
https://doi.org/10.1088/1126-6708/2002/04/013
https://doi.org/10.1007/JHEP10(2011)135
https://doi.org/10.1007/JHEP10(2011)135
https://doi.org/10.1007/JHEP06(2020)069
https://doi.org/10.1007/JHEP06(2020)069
https://doi.org/10.1142/S0217751X13400022
https://doi.org/10.1140/epjs/s11734-023-00849-x
https://doi.org/10.1007/JHEP03(2022)067
https://doi.org/10.1007/JHEP03(2022)067
https://doi.org/10.1007/JHEP09(2022)031
https://doi.org/10.1007/JHEP09(2022)031
https://doi.org/10.1142/S0218271822420044
https://doi.org/10.1142/S0218271822420044
https://doi.org/10.1007/JHEP10(2012)147
https://doi.org/10.1007/JHEP10(2012)147
https://doi.org/10.1093/ptep/ptaa042
https://doi.org/10.1093/ptep/ptaa042
https://doi.org/10.1016/j.physletb.2018.05.011
https://doi.org/10.1016/j.nuclphysb.2019.02.027
https://doi.org/10.1016/j.nuclphysb.2019.02.027
https://doi.org/10.1088/1751-8121/acc61e
https://doi.org/10.1088/1751-8121/acc61e
https://doi.org/10.1103/PhysRevD.110.026024
https://doi.org/10.1140/epjc/s10052-023-12082-w
https://doi.org/10.1140/epjc/s10052-023-12082-w
https://doi.org/10.1016/S0550-3213(99)00818-4
https://doi.org/10.1103/PhysRevLett.79.3577
https://doi.org/10.4310/ATMP.1998.v2.n1.a2
https://doi.org/10.1103/l7cq-tx4g
https://doi.org/10.1103/5rwl-tr4y
https://doi.org/10.1103/PhysRevD.110.046001
https://doi.org/10.1103/PhysRevD.110.046001
https://doi.org/10.1088/1126-6708/2004/12/001
https://doi.org/10.4310/ATMP.1998.v2.n1.a7
https://doi.org/10.4310/ATMP.1998.v2.n1.a7
https://doi.org/10.1103/PhysRevD.88.044019
https://doi.org/10.1103/PhysRevD.88.044019
https://doi.org/10.1103/PhysRevD.98.046023
https://doi.org/10.1088/1126-6708/1998/01/008
https://doi.org/10.1103/PhysRevLett.80.226
https://doi.org/10.1103/PhysRevD.57.4935
https://doi.org/10.1103/PhysRevD.57.4935
https://doi.org/10.1103/PhysRevLett.70.2837
https://doi.org/10.1103/PhysRevLett.70.2837
https://doi.org/10.1016/0550-3213(94)90206-2
https://doi.org/10.1016/0550-3213(94)90206-2
https://doi.org/10.1007/JHEP03(2025)060
https://doi.org/10.1007/JHEP03(2025)060
https://doi.org/10.1088/1126-6708/2000/03/027
https://doi.org/10.1088/1126-6708/2000/03/027
https://doi.org/10.1007/JHEP11(2023)161
https://doi.org/10.1007/JHEP11(2023)161
https://doi.org/10.1016/S0370-2693(97)00033-6
https://doi.org/10.1088/1751-8121/ad389b
https://doi.org/10.1088/1751-8121/ad389b
https://doi.org/10.1007/JHEP11(2024)052
https://doi.org/10.1007/JHEP11(2024)052
https://doi.org/10.1007/JHEP02(2026)045
https://doi.org/10.1007/JHEP02(2026)045
https://doi.org/10.1016/j.nuclphysb.2003.08.019
https://doi.org/10.1016/j.nuclphysb.2003.08.019
https://doi.org/10.1007/JHEP12(2016)156
https://doi.org/10.1007/JHEP12(2025)029
https://doi.org/10.1103/PhysRevD.58.046004
https://doi.org/10.1103/PhysRevD.94.126009
https://doi.org/10.1103/PhysRevD.94.126009
https://doi.org/10.1103/PhysRevD.110.126018
https://doi.org/10.1103/PhysRevD.110.126018

	Fuzzy black holes from mass generation in matrix compactification
	I. INTRODUCTION
	II. REVIEW OF IKKT COMPACTIFICATION
	III. IKKT WITH INTERCHANGING BOUNDARY CONDITIONS
	A. Component reversing boundary conditions
	B. Chiral reversing boundary conditions

	IV. COMPACTIFICATION OF BFSS THEORY
	V. BFSS WITH MIXED BOUNDARY CONDITIONS
	VI. BLACK HOLE IN THE ZERO-MODE THEORY
	A. Fuzzy sphere background
	B. Black hole solution
	C. Fermionic theory on the fuzzy sphere background
	D. Bosonic fluctuations
	1. Classical bosonic fluctuations
	2. Quantum bosonic fluctuations


	VII. CONCLUSION
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: ALTERNATIVE BLOCK DECOMPOSITION
	APPENDIX B: LOOP PROPAGATOR REGULARIZATION FOR BFSS
	APPENDIX C: FILLING UP THE FERMI SEA
	APPENDIX D: STABILITY OF THE SQUASHING MODES
	References


