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Fuzzy black holes from mass generation in matrix compactification
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We investigate a mechanism for generating mass terms in the Ishibashi-Kawai—Kitazawa—Tsuchiya
(IKKT) and Banks—Fischler—Shenker—Susskind (BFSS) matrix theories through compactification on a
torus and the derivation of a zero-mode effective theory, emphasizing the crucial role of fermionic boundary
conditions. Extending a recent proposal developed for the IKKT model to the BFSS framework, we explore
a broader class of mixed fermionic boundary conditions in both theories. This choice leads to a distinct
effective theory with intermediate features, where a mass term is generated together with fermionic zero-
modes. In the BFSS case, this setup further allows for the construction of black hole solutions. The
resulting geometry takes the form of a fuzzy sphere, with quantum excitations in the fermionic sector

accounting for the corresponding black hole entropy.
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I. INTRODUCTION

The search for a quantum framework which unifies all
fundamental interactions, including gravity, has long been a
central topic of research in theoretical high-energy physics.
Indeed, the most promising candidate for such a framework
is string theory. Perturbative formulations of string theory
have, in recent years, led to many theoretical breakthroughs.
One of the main difficulties that ongoing efforts to derive
testable predictions from string theory have to address is the
fact that the spacetime string theory lives in is constrained to
be ten-dimensional. Hence, constructing observables proper
to the four-dimensional spacetime we live in requires
dealing with compactification procedures.

Among the shortcomings of string theory is that it only
provides a perturbative expansion in the string coupling g;,
and the theory is not well defined at strong coupling.
Moreover, it assumes a fixed background, whereas we would
like a quantum theory of gravity to be background indepen-
dent, in fact, spacetime itself should be dynamical. The
presence of dualities connecting all five consistent super-
string theories, as well as eleven-dimensional M theory (the
unknown theory which arises as the strong coupling limit of
type IIA), hints at the existence of a single, more fundamental
theory which encompasses all. With these motivations,
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nonperturbative formulations of string/M theory have been
proposed, which take the form of matrix theories [1-4].
These theories provide a framework where space or space-
time emerges from fundamental matrix degrees of freedom.

Compelling evidence for the emergence of 1 4+ 3 macro-
scopic dimensions out of the 1 + 9-dimensional spacetime
that string theory naturally inhabits would constitute signifi-
cant progress in nonperturbative string theory. Progress in this
direction has been made for the Ishibashi—Kawai—Kitazawa—
Tsuchiya (IKKT) model in which it has been shown numeri-
cally and analytically that a time direction can be defined
such that spontaneous symmetry breaking of Lorentz sym-
metry from SO(10) to SO(4) x SO(6) occurs in the
Euclidean model [5,6]. Moreover, numerical studies of the
Lorentzian theory have hinted at a similar mechanism [7]—
the symmetry-breaking pattern is SO(1,9) — SO(1,3) x
SO(6) and three space directions become macroscopic after a
critical time, whereas the remaining six are of Planck size.
Work is in progress [8] to remove some problematic technical
assumptions, which are needed to avoid the sign problem in
lattice simulations of the model. Such evidence has motivated
studies of matrix cosmology [9-12], in which it is proposed
that early Universe cosmology and spacetime metric emerge
from the matrix model.

A key requirement for a 1 + 3-dimensional spacetime to
emerge is that a mass term, which serves as a regulator, is
introduced into the theory [7]. More generally, cosmological
solutions were found in various analyses of IKKT with a
mass term [13—17]. Naturally, the question arises as to the
nature of this mass term. An interesting mechanism was
proposed in [18], where compactification of IKKT on a six-
torus is considered. Upon choosing antiperiodic boundary
conditions for fermions, it is shown that, for a large radius of
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compactification, supersymmetry is broken completely—the
effective theory of zero winding modes is purely bosonic and
contains a mass term. This explains the origin of the mass
deformation.

Here, we first generalize this result by considering mixed
boundary conditions for fermions, where some degrees of
freedom are given periodic boundary conditions, and others
are given antiperiodic ones. As we will see, we will be able
to obtain an effective theory that both retains some fermionic
degrees of freedom and generates a mass term. The presence
of fermionic degrees of freedom is an important feature of
the theory, indeed, Monte Carlo results show that they are
crucial for symmetry breaking to occur [5].

The problem of establishing a symmetry-breaking pattern
which entails the emergence of spacetime in Banks—
Fischler—Shenker—Susskind (BFSS) is made more compli-
cated by the difficulties in simulating the model. However,
some analytical results [19] suggest using a Gaussian
expansion method [20] that symmetry breaking does occur
in BFSS. Despite this success, there is no conclusive
evidence that the symmetry-breaking pattern is the one
expected for the emergence of three large space directions,
namely' SO(9) - SO(3) x SO(6). Hence, by analogy
with IKKT, we are motivated to generalize the result for
mass generation to BFSS theory, as a further step toward the
achievement of such a symmetry-breaking pattern in BFSS.
Since compactifications of BFSS theory on a six-torus are
problematic [21,22], we will instead consider compactifi-
cations on a complementary three-torus. We will show that
the result is qualitatively analogous, and that antiperiodic
boundary conditions for fermions still yield an effective
theory for winding zero-modes which presents a mass term
and no fermions.

We will consider a class of mixed boundary conditions
and show how they result in a theory which contains both a
mass term and SO(3) Weyl fermions. Such a theory shares
some features with a recent bottom-up proposal [23,24] of a
matrix model whose solutions appear to be suitable to
characterize black holes. One noticeable feature is that the
fermionic sector accounts for the black hole entropy [25]. In
common with that proposal, the theory we derive through
compactification, namely a nonsupersymmetric mass
deformed BFSS theory with half the fermionic degrees of
freedom, also admits three-dimensional fuzzy sphere sol-
utions as classical solutions for the background spacetime.

Fuzzy sphere solutions of matrix theories have been
considered in different settings. In the context of
Berenstein-Maldacena-Nastase theory, they have been
proposed as the holographic dual to supergravity on
the supersymmetric plane wave background [4,26].
Furthermore, in BFSS theory, they have been considered

'One of the main differences between the two theories is that in
BFSS, time is a variable and does not emerge. The space
symmetry is then SO(9).

in relation to black hole physics [27-29]. Here, we
construct black hole solutions starting from a fuzzy sphere
background, along the lines of [23]. One of the main
results of the present paper is that the fermionic part of the
theory, albeit having a different interaction term from [23],
is still able to account for the black hole entropy. In
particular, we will see that the entropy computed in this
way scales like S~Nf, <1, N being the matrix size, in
agreement with previous studies of black holes in matrix
theory [30-32]. The saturated value S~ N signals the
Gregory-Laflamme instability [33,34] that leads to the black
hole/black string transition. Hence, this work constitutes an
explicit top-down construction of a Schwarzschild black
hole from compactifications of matrix theory, where the
Bekenstein-Hawking entropy is obtained as the degeneracy
of the quantum state of fermionic degrees of freedom.

This paper is organized as follows: in Sec. II we review
the results of [18] about mass generation from compacti-
fication of IKKT theory. Section III generalizes these
results, introducing a new class of boundary conditions
for fermions, leading to an effective theory with mixed
features. We generalize the results for completely periodic/
antiperiodic fermionic boundary conditions to BFSS in
Sec. IV, where we carry out the explicit computation of the
zero-mode effective theory. We then consider mixed
boundary conditions in BFSS in Sec. V, which leads to
an interesting effective theory where a mass term is present
alongside fermionic degrees of freedom. We leverage such
a theory in Sec. VI, where we explicitly construct a black
hole solution from fermionic excitations on top of a bosonic
fuzzy sphere background. We will then comment about the
mass-to-radius and the entropy-to-radius relations obtained
in this way, and show how their consistency requires tuning
the scaling of the initial torus radius with N. Lastly, we
comment on our results in Sec. VIL

II. REVIEW OF IKKT COMPACTIFICATION

In this section, we review the results of [18] on the
compactification of IKKT matrix theory on a six-torus T°.
For ease of comparison, we will adhere closely to the
formalism and notation of [18]. However, for clarity and
completeness, we also give an explicit construction in the
Appendix A.

The IKKT matrix theory is the large A limit of the
matrix integral

z— [ DDl e, )

where A/, I =0,....,9 and y,, a=1,...,32 are N x N/
matrices, the latter being Grassmann valued. Here Sk is
the action given by

1

1 _
SIKKT = —2—ngr [5 [ATAT)2 +yT AL vl
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which enjoys a global SO(1,9) symmetry and I"/ are the
corresponding gamma matrices in 149 dimensions.
The bosonic matrices A’ form a vector of SO(1,9). In
the physical interpretation of the theory, these encode
information about spacetime coordinates in 1 + 9 dimen-
sions. In particular, diagonal entries encode the location of
N D_; instantons, whereas off-diagonal degrees of freedom
describe open strings stretched between two branes. The
fermionic matrices y are spinors of the same group, which
act as superpartners of the bosons, such that the theory is
maximally supersymmetric. In Lorentzian signature, inner
products are computed with respect to the metric
gy = diag(1,-1,...,=1),1,J =0, ..., 9. In the following,
it will be useful to Wick rotate to Euclidean signature
through the replacement A — A, IV — [V, j=1,...,9,
so that the Euclidean action reads

1 1
Stkxr = _@Tr 5 (AT AP+ ALyl (2)
Note that, as pointed out in [35], in the Euclidean signature,
one cannot impose a reality condition on spinors consis-
tently with supersymmetry. In this case, the notation
W= (W Cig)s = w*Cigqp, Where Cyg is the charge con-
jugation matrix in ten dimensions, should be regarded as a
convenient definition. In fact, while in the Lorentzian
signature the fermionic degrees of freedom consist of one
32-component Weyl SO(1,9) spinor satisfying a Majorana
reality condition, in the Euclidean theory only the SO(10)
Weyl spinor y appears in the action and not its complex
conjugate, and the path integration is restricted to Hermitian
matrices. Of course, the overall number of degrees of
freedom is the same in the two cases.

We consider the case where the target space of the theory
is compactified on a six-dimensional torus, where all
directions have the same extent 2zL. The construction is
inspired by a technique which was first developed in the
context of compactifications of the BFSS matrix model [36].
The same mechanism was later deployed in the context
of IKKT in order to compactify the theory on a thermal
circle [37]. The main idea is to consider the existence of
unitary operators U¢, a =4, ...,9, which generate trans-
lations in the six target space directions we wish to com-
pactify. If one further imposes that such operators commute
with each other when they act on different directions, then
translations can be generated independently.

The action of the U operators on fermionic matrices
appearing in (2) can be either periodic or antiperiodic when
circling around any of the torus directions. For the moment,
we consider the fully antiperiodic case, for which the action
of translation operators reads

(U*)' AU = AF
(UTAPU® = AP + 27167
(U) YU = —y.

0,....3
3
4,...,9 G)

Since matrices A’ encode information about target space
locations, the transformation (3) can be thought of as
wrapping around the torus once. We can think of every
compact target space direction as a real line where
consecutive intervals of length 2zL are identified, then
the transformation (3) translates one interval into the next.
The Lagrangian of the theory obtained in this way will be
invariant under the action of U“. Note that this is true even
for antiperiodic fermions, since fermionic fields appear in
the Lagrangian in pairs.

This construction explicitly implements the method of
mirror images introduced by Washington Taylor in [38]
(and recently used, for example, to compute the three-
graviton amplitude [39], which enabled the proof of a soft
theorem in BFSS [40]).2 The relations (3) are realized by
viewing the Hilbert space of the matrices as a tensor
product

X=YQ®Z, (4)

where Y is the space of N x N matrices which is left
invariant by the translation and Z is the space of M x M
matrices acted upon by the translation operator (hence
the original matrix size A" = N x M). Introduce a pair of
M x M matrices p® and ¢“, satisfying [¢%, p?] = i6?.
(Note that this only makes sense in the limit of M — oo,
and we implicitly assume that we work in this limit.) Then,
to implement the relations (3), the operators U? are
given by

Ut =Ty ® e~ 274" e=iP", (5)
and the matrix degrees of freedom by

A= 3 A @

nb e 70
At= " AYnb) @ e + 22LIy ® .
nb e 70
y= > y() " (6)
rbe[LG

Here Z6 is a six-dimensional hypercubic lattice with vertex
positions labeled by integers, and

m6::<z-%%>><“.x <z-+%> (7)

is a six-dimensional hypercubic lattice with vertex posi-
tions labeled by half-integers.
Essentially, periodic/antiperiodic boundary conditions

are imposed by requiring that winding numbers n®, r”

*See [41] for an alternative approach to soft theorems in BFSS
theory.
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take integer/half-integer values, respectively. In Appendix A,
we provide an explicit formulation of this prescription,
where the operators appearing in the decomposition of
matrices and in the translation operator are realized as
matrices in the |¢“) basis, both for periodic and antiperiodic
fermions.

Physically, along each compact direction, D_; instantons
with coordinates r* in a fundamental region r* € [0, 2zL]
are replicated an infinite number of times. Open strings
connecting them can have winding number zero, when they
stretch across two branes in the same fundamental region,
or nonzero, in which case they connect two copies living in
different regions. The matrices (6) can be represented in
block form, where diagonal blocks describe fundamental
regions, and off-diagonal blocks account for winding
modes. See [18] for more details.

The consequence of the compactification procedure is a
theory whose degrees of freedom wind around the torus
directions. We name the resulting action the compact IKKT
action. This is obtained by first defining the Fourier
decomposition of fields in winding modes in terms of a
six-dimensional momentum variable o,

AI(U) — hz GAI(nb)esz”hah,
n’ ez

W) = 3 p(r)ere,

P el

S el0,L7]. (8)

Inserting the decomposition (6) into the original IKKT
action, tracing over the Z subspace, and making use of the

property
Tr[ei(nﬂ:ﬂ’l)b[’b] = M(sn’q:mv (9)

we find

1 d°c 1
S¢ ==+ | ———Tr|=F,,F* + D,A,D"A*
¢ Zngf/ (27L)~0 {2 b g

1
=5 (A AT+ gDy — T (A, y] | (10)

where the effective coupling is ¢Z; :%. In the above

expression, we have dropped the dependence of matrix
fields on 6 for simplicity of the notation, and we recall that
all the fields are N x N matrices acting on the subset ¥ of
the Hilbert space (4). The goal of the compactification

|

procedure is to provide a mechanism for mass generation.
To do so, we need to consider the decompactification limit
and, in particular, the effective theory of zero-modes in this
limit. The appearance of mass terms could lead to the
breaking of the global SO(10) symmetry. It will be useful
to consider a decomposition of spinors which reflects the
symmetry-breaking pattern we seek. Before turning our
attention to the derivation of the effective theory, we review
the spinor decomposition adopted in [18], as this will be
central to our discussion of boundary conditions in the next
section.

The decomposition of gamma matrices that we will
adopt highlights a separation between SO(4) (recall that we
Wick rotated to Euclidean signature) and SO(6) degrees of
freedom. We consider the gamma matrices

=1, ®y, r“=r*QI,
where I are 8 x 8 gamma matrices of SO(6) and I'; is the
corresponding chirality operator. The SO(4) gamma matri-
ces are further decomposed in the Weyl basis

”_<0 0'”>
"= \a o)

where ¢ = (I,6'), 3" = (I, —¢') and ' are Pauli matrices.
The ten-dimensional chiral operator and charge conjuga-
tion decompose as

r—f@(ﬂz O) C—C®<i02 0)
11 — 417 0 _]12 s 10 — “~6 0 —i62 5
(11)

where Cg is the charge conjugation matrix in 6 dimensions.
It follows that the 32-component spinor y can be written as

A
w—("’j), A=12, (12)

Y

where w/ are the two chiral components and each
component is an eight-dimensional spinor acted upon by
the SO(6) Clifford algebra.

The spinor decomposition can be plugged into the
compact action (10), yielding

1 d°c 1 1 - -
Se=—— | ———Tr|=F_ ,F** + D A,DA* — — A", AY]? + AT, ,wt + pAT9, w?
¢ 2g§ff/ (27L)~° ' {2 a7+ Dally 2[ FHwilows +v a¥’

— ATA Ly A] = AT A ] + i (0 B[4, ] — i ()P A ] (13)

along with the ghost theory associated with the Lorentz gauge condition d,A% = 0,
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1 / d°c
S =— | ———=Tr[0"¢cD,c], (14)
o ggff (2zL) 6 [ ]

which arises from a gauge fixing delta function in the
measure of the path integral (1).

The idea is to look at the effective theory in the limit
L> gif/fz. By inserting the winding mode decomposition
(8) into the compact action (13) and ghost theory (14), we
find that nonzero winding modes on the torus acquire a
mass proportional to the torus size 2zL. This explicit mass
term takes the form

1
Sp =55 O (2eLnTilA, (~n)A! ()]
29§ff ntez°
1 . — a\1a a
o 2 QaLir Tl (<) y ()
geff r‘elg

1 -
+ > Z (rLir®)Tr[p2 (r)TyA (r4)).
it i el

Note that the masses are proportional to the winding
number. This implies, in particular, that the mass of open
strings stretched between two well-separated branes, with
coordinates x’ and y’ in the compact direction J and equal
coordinates in the other directions, is m o |y’ —x/ +
2zLn|. Here n is the difference in winding number, and
accounts for the stretching of the string when winding the
compact dimension. It follows that, in the limit we are
considering, such modes can be integrated out. The result
of this operation is a Wilsonian effective theory for the
zero-modes. As explicitly shown in [18], boundary con-
ditions for fermions play a crucial role, and the effective
theory obtained depends on the choice. Indeed, antiperi-
odic conditions for fermions break supersymmetry explic-
itly. However, this does not produce any divergences in the
one-loop effective action, since the contributions arising
from bosonic and fermionic nonzero modes running in the
loop still cancel.

The outcome is an effective theory for zero-modes,
which, after rotating back to the Lorentzian signature,
takes the form

Sty = =5 T 5 4/(0) 4 OF = MuA0)4(0)].

where the mass matrix consists of two blocks

M3 0
Mu:<"" : ) (15)

0 ”abM%

and breaks the SO(1,9) symmetry to SO(1,3) x SO(6).
The two terms M3 and M2 in (15) are given by

N

32 N
ﬁ’ =3

Mi:]6(SF_SB) M% 3 (SF_SB)E,

where Sy and Sp are the infinite sums,

! 1 1
Si= > 5. Se= Y
B (27zn")? F (2zrb)?

nt € 7¢ P ely

and the bosonic sum is performed over nonzero modes.
These sums can be regularized, and the infinite part cancels
in the difference, leaving a finite, positive number. Note
that, because fermions do not have zero-modes with this
choice of boundary conditions, they completely decouple
from the low-energy theory and supersymmetry is broken.

On the other hand, fully periodic boundary conditions
for the fermions, in the form

(U yU =y,
yield the low-energy action

1 1

ngf:—@“ 5 [A7(0), ATO)F + (0)I[A,(0),w(0)] |

which is identical to the noncompact IKKT action with an
effective coupling g.;. In particular, supersymmetry is
completely intact, and no mass term is generated.

In the following sections, we will extend these compu-
tations to the case of IKKT with alternative boundary
conditions and then to BFSS theory.

III. IKKT WITH INTERCHANGING
BOUNDARY CONDITIONS

In this section, we consider the Wilsonian effective action
obtained by integrating out nonzero modes from the compact
IKKT action with mixed boundary conditions. We expect
mixed boundary conditions to result in an effective theory
which is an intermediate case between the fully super-
symmetric/no mass case and the effective theory with a mass
term and no fermions. Our goal is to obtain a theory which,
as a consequence of compactification, features fermionic
degrees of freedom, while still giving rise to a mass term. We
consider two types of interchanging boundary conditions:
the first swaps the two components with the same chirality,
and the other exchanges the chiralities.

A. Component reversing boundary conditions
We begin by considering the spinor decomposition (12).
We impose that the Weyl spinor components are mapped
into one another when wrapped around any direction on the
torus, namely

(U Wlut=yi, (U WiU“=wl.  (16)
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This is obtained by rewriting the spinor in the form

1 0
A 1 2
= +
vy Wi(0> Wi(l)

L () Lz )

()50

and using the Toeplitz decomposition

vl= Y yln) @',
nbez®

vl =Y vl @ (17)

rbeﬁ(,

where we recall that I//L and wi are eight-component
spinors of SO(6). We also recall that Ly is the lattice (7) of
half-integer winding modes. The decomposition (17) high-
lights how every chiral component of the spinor has a part
with periodic and a part with antiperiodic boundary
conditions,

yh =wl + 9L,

Note that these boundary conditions are equivalent to the
transformation generated by the operator,

T:]I8®<‘;1 0), (18)

0]

which acts on spinors when they are translated on a full circle
around one of the torus directions. Following the spinor
decomposition, the Weyl and Majorana® relations

iy =w, @ =w'Cy

become

Doy, =y, wo = Fio,Coiprl,

where we used (11). These are indeed preserved by the
action of (18), which transforms the chirality and charge
conjugation matrices as

3As pointed out in the previous section, only in the Lorentzian
theory can one impose the reality condition, while in the Euclidean
signature the symmetry group is SO(10) which does not admit a
Majorana-Weyl representation.

T =Ty, TC\ T~ = =Cy.

The fermionic theory that we obtain, by inserting this

decomposition with interchanging boundary conditions
back into the IKKT action, reads

1 d° e o
Sp = / %Tr[wlraaﬂl + P, p!

26 ) (2xL)~

+ Wi, W+ Wi, wh
—PITaA,, W] - iPITeA,, ¥1)
— PLT9A,, W] — iPLTeA,, WY
+iPlotA,, P1] - iPl5[A,, ¥l
+ iVt [A,, W] — iPEer A, W)

Here, the fields have been expanded in winding modes as

AI(G) — Z A[(,,lb)eZm'Lnbob’
nb e z®

\PL(G) _ Z ‘Pi(rb)ez”i“b”b,

ezt

\Pi(g) _ Z ‘I’i(rh)eZ”iL’b”b,

el

c(o) = Z C(nh)e2m'Lnbﬁb, (19)

nb e 78

where we also indicated the mode expansion of ghost fields
(with periodic boundary conditions) for later convenience.
Note that the two spinors, with opposite boundary con-
ditions, are completely decoupled from one another. This
follows from the different nature of their winding modes,

which causes terms of the form ‘i’io-” [A,, 1] to vanish due
to the property (9). The vanishing of these terms causes a
loss of fermionic degrees of freedom running in diagram
loops, ultimately because the transformation (18) is not a
symmetry of the compact action. We will show shortly that
this results in generating a divergent mass term in the
effective theory. We proceed by rescaling the fields in the
compact IKKT action, in order to make them dimension-
less, using

Al - ALAT,

w — ALy, c— ALc, (20)

where A is the dimensionless coupling constant A := %,
which will serve as the perturbative expansion parameter.
Substituting the mode expansion (19) into the compact

action yields
S = So + Skin + Sine,

where S, is the zero-mode action, Sy;, is the action for
kinetic terms of nonzero modes, and S, are the interaction
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terms. In particular, the action for kinetic terms reads

Sun =5 O (anPTA(=n A 0)] 45 3 (e T ()T ()

n* e z°®

rie ZG

£33 @i gL (P )] 43 3 s T () (57)]

—|—% Z (27is®)Tr[prt ()Tt (s7)] + Z (22n)*Tr[¢(n®)c(n®)], (21)

which shows that nonzero modes are massive. We will use this fact to integrate them out at one-loop, in order to obtain the

Wilsonian effective action for the zero-modes,

nez® ezt s €l

ssff=‘“‘<H 1111/ [DAW)][Dwrbn[pwscﬂe‘*):So—1n<e-5im>—1nzkim (22)

where In Z,;, is a constant, independent of the zero-modes,
which we discard. The second term is the correction to the
zero-mode effective action. The expectation value is com-
puted in perturbation theory (we will evaluate it at one-
loop) with respect to the kinetic action (21). The interaction
can be decomposed as

11
S =Y _Vi. (23)
i=1

where V;, V,, and V;; are purely bosonic or ghost terms,
identical to the corresponding terms in the purely anti-
periodic case [18], whereas V; for i =3,...,10 include
fermions and differ from [18] due to the choice of
boundary conditions.

We first examine the bosonic terms, which are given by

/12
Vi=—— Z Tr[[Al(=n® — m® — k%), A7 (n%)]
n,md .k €z

x [Aj(m*), A;(k)]].
V,=-1 Z Tr2z(n% + m4)Al(=n® — m®)

n“.mte 76

X [Aq(n®), Ay(m®)]].

Note that at least one of the modes summed over is a zero-
mode. The interaction term with ghosts reads

Vip=—4 Y 2amTr[e(m*)[A4(0). c(m?)]].

me e 7°

There are also interaction terms which only involve non-
zero modes, but those are integrated over in the Wilsonian
effective theory calculation, and since they do not depend

on zero-modes, they contribute to the effective action as a
constant which can be ignored.

The interaction term for fermions is composed of a
periodic and an antiperiodic component. These are com-
pletely disconnected from each other. We define V5, ..., V¢
to involve periodic spinors, given by

Vy= =24 3 Trlpl ()P, 0). ] ()

rt ezt

Vi= =54 3 T ()T, (0). ! ()],
ez

Vs =14 3 Tripl ()4 A, 0). w2 ()]

Vo= —1a 3 Tl ()14, (0).p ()]

rez°

The terms V5, ..., V|, are obtained by swapping 1//]E <~ l//i,

0’% <~ 0’1 and considering half-integer winding modes.

Here,
1
1 2
o = (1 1)6"(1>:Z =2 |
ij=1
0
1
1 2 i —i
o =(1 —1)o _1 => (-1, =2 0
ij=1
0

(24)

We can now compute the effective action for zero-modes
derived from the interaction terms above. Starting with
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bosons and ghosts, for which the computation proceeds
analogously to [18], we have

1 1
ST (Vi) =5 (VD) -5

SV,

and expectation values are computed using the propagators

MN
o 5n”+m“,0

AV (At ) = =
i ay _ Onape
(F(n)elm) = Gty

The result reads
(V1) = 92°NSp Tr[A'(0)A,(0)], (V3)
:2/12N((17SB +SB])Tr[ 4(0)A,(0)]
+ Sp, Tr[A*(0)A,(0)]). (V1)
= —2/12NSB Tr[A%(0)A,(0)],

where the factors

(25)

come from propagators in the loop. Note that these sums are
divergent and have to be regularized, as discussed in [18].

We now turn our attention to contributions to the
effective action induced by integrating out fermions from
the interaction terms V3, ...V ,y. Fermionic propagators are
inferred from (21) and read

o a 2ﬂr“l—‘a/,5””5,,,q5,u’xa
<l//p,a<r )l//q,ﬂ(s )> =—i (271'7“1)2 5
where u,v =1, ], p,q==+,anda,f = 1,...,8 are SO(6)
spinor indices. It follows that the contribution of fermionic

interactions to the zero-mode effective action is

" 1 1
St o —§<V§> —§<V421> —(VsVe)
1 1
—§<V%> —§<V§> — (VoVyp). (26)
|
1 1
Sy = —= AT
0= T34

i, (0)[Ag(0) + iA; (0), !

(0)] + L (0)[A40(0)

Recalling that ‘//1 has periodic boundary conditions and

wi has antiperiodic ones, a straightforward application of
Wick’s theorem yields

(V3) = —42°N(2Sp, — Sp, ) Tr[A?(0)A,(0)].
(V3) = —42°N(2Sp, — Sp, ) Tr[A?(0)A,(0)].
(V3) = —42°N (28, = Sp, ) Tr[A*(0)A,(0)],
(V§) = —42°N (28, = Sp, ) Tr[A*(0)A,(0)].
where Sp, and Sy, read
1 2ns!)?
.= 3 G ST X G

st el s’ el
These terms are also divergent but can be regularized with
the same procedure as the bosonic ones, and the divergent
part is the same [18]. In particular, the difference Sz, — Sp
is a finite number which can be evaluated numerically.
Cross terms in (26) require a closer look. Let us analyze
(VsVe). After contracting fermionic fields, we obtain

1

(V5Vi) = NSy, 454 TH[A, (0)A, (0)]
which we can rearrange using (24),
045 Tr[A, (0)4, (0)] = 4Tr[43(0) + A3(0)]
and hence
(VsVs) = 4A°NSp Tr[A}(0) + A7(0)]. (27)
Analogously, one can compute
(VoVio) = 4A°NSk, Tr[A3(0) + A$(0)]. (28)

Note that (27) and (28) imply that fermions in the loop only
contribute to the mass of two of the components of bosonic
matrices in the SO(4) sector, thus breaking the SO(4)
symmetry.

We can now summarize all contributions to the zero-
mode effective action (22) to order O(4%) in perturbation
theory. First, the action S, for zero-modes at tree level
receives contributions from both the bosonic part and the
periodic components of fermions, and is given by

5 [47(0), A7 ()] + ip L (0)T[A,(0),y L (0)] + it (0)F[A,(0), w1 (0)]

— i4,(0), w1 (0)]|.

Including the above one-loop corrections, we obtain the full effective action
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St = 8§y — 2N (4(SF] — Sp,)Tr[A§(0) + A7(0)]-8Sp Tr[A3(0) 4+ A3(0)] + g (S, — SBI)Tr[Aﬁ(O)O.

Note that the choice of interchanging boundary conditions
(16) breaks the SO(4) symmetry subgroup in two ways:
through the interaction term, which couples fermionic
zero-modes to specific components of the bosonic field,
and through the mass matrix, which is diagonal but takes
different values for different components in the four-
dimensional subspace. Moreover, these boundary condi-
tions effectively reduce the number of fermionic degrees
of freedom which contribute to loop diagrams, due to the
decoupling of w! and w' modes. As a consequence,
cancellation of divergences at the one-loop level fails. In
particular, we find a divergent mass

M3 = M3 = —-161°NS;,

for two components of the bosonic field. This highlights a
complication in generating a mass term alongside fermionic
degrees of freedom from torus compactifications of IKKT
with mixed boundary conditions. We will show in the next
subsection that this issue also arises with alternative choices
of boundary conditions. As we will see in Sec. V, the same

St = Sy —In(e=Sim) —InZyy + Scr

(29)

issue does not arise in BFSS theory, where we explicitly
find a class of mixed boundary conditions which does not
affect the cancellation at one-loop level and gives a finite
result. This constitutes an interesting qualitative difference
between the two models, which would be worth exploring
further.

We can consider renormalizing the divergence by intro-
ducing an ad hoc mass counterterm in the compact action
on the torus (23). This is artificial from the point of view of
the original IKKT model, where this term is forbidden by
supersymmetry and global SO(10). However, we explicitly
showed how both these symmetries are broken in the
compact action, so this term is allowed at the level of the
EFT. We have freedom in choosing the renormalization
scheme. The choice we make is to cancel the divergence by
introducing the counterterm action

2 d°c 5 »
SCT = —3 W 16NSF1TI'[A2(0) +A3(O)],

such that

= 50— 2 (4(55, = S TARO) + AT +5(55, — 53 TTHAZ(0) + A30) +5 (5, = Sa ) THAZ(0) ).

This choice is natural in the sense that it reinserts the contribution coming from fermions in the loop, which have been lost
due to the mixed boundary conditions. Of course, other choices are possible, and the finite value of the resulting mass is
scheme-dependent. We then rescale fields back by inverting (20), and Wick rotate to restore the Lorentzian signature,

resulting in

o Tr[l[A’(O),A’(O)}Z+1/71(0)F“[Aa(0)yw1(0)]+lifl(0)f“[Aa(0),wi(0)]

- 205 (2

— 7 (0)[Ag(0) — A, (0), w1 (0)] + 71 (0)[Ag(0) + A, (0). ! (0)]].

and

5§ = S0+ 75 (4051, = 0 7THAR0) = AF(O)] - 8(5r, = 55, JTHA3(0) + A3(0)] = (5, - 80, TlAZ(0)] ).

3

As expected, the theory we obtain shows mixed qualitative features compared to the purely periodic or antiperiodic cases:
here, parts of the fermions are still present in the zero-mode action, alongside a mass term. Both contributions break Lorentz

symmetry explicitly.

Note that there are other options for boundary conditions, which also produce infinite mass terms in the effective action
and require renormalization. For example, we can give opposite boundary conditions to different components of the two-
dimensional spinor or duplicate fermions and give each component different boundary conditions.
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Another possibility would be to consider the theory to be
compactified on T*. Then, upon considering the decom-
pactification limit with mixed boundary conditions, we can
obtain an effective theory with a broken SO(6) subgroup
and an unbroken SO(4).

B. Chiral reversing boundary conditions

A further type of boundary condition that can be
considered is swapping chiral components of fermions
when cycling around the torus. These are implemented by

(U~ U = yA, (U AU =yt

In other words, we decompose

D vA=sA-ud (0)

where 1//? has periodic boundary conditions and w/i is

antiperiodic, and their Hilbert space decomposition (4)
reads

vi= Y win) @ e,
nb €78
wi= > vl @

r[”E[L(,

Substituting (30) into the compact action (10), we get the
fermionic action

1 d°c - -

— [ = Tr[pATe0,u + AT 0,
27| @al) [FiT0.yf + | T0.y]
- “/_/“T‘ira [Aav l//?] - “/—/./ira [Aav W?]

+ il/_/?("j)AB A, W?] - i’/_/i‘ (0/) as [A;. q/’fﬂ,

CR _
St =

where the index j =1, 2, 3 runs over the three space
components of SO(4) and the superscript CR stands for
chiral reversing boundary conditions. The dependence on
the momentum variable ¢ is obtained through the mode
expansion

1//?(0') _ Z ll/? (nb)€27riLrL”a”’

nb ezt

l//i‘(5> _ Z l//i‘(rb)ezﬂ’”h”h.

P el

Note that the A, component of the bosonic vector is not
coupled to spinors, due to the relation (9) which forbids
terms of the form 7} (6°) 45[Ao, w%]. The fermionic propa-

gator in the space of winding modes is

27T 5486, 6,4 ga
_A B o . af u,vvre.s
<ch,a(ra)Wy,ﬂ<sa)> =-t (271'7"1)2 ’

where u, v = 1, |. Integrating out the nonzero fermionic
modes, we get in this case [after the usual field redefi-
nition (20)]

ngf — SgR — ﬂZN <—8SBITI.[A(%(O)}
48y, 55 TR O)

300 s TEO]). O

and

So" = —%ﬂr B [47(0). A7 ()]

+ i (0)[[A,(0). 4 (0)]

+ip§(0)(0') 45[A4:(0). w £ (0)]| -

Note that this effective theory for the zero-modes is
significantly different from (29). In particular, it features
an explicit coupling of fermionic modes to all components
of the bosonic vectors, except the zeroth one. The latter
precisely corresponds to the bosonic component, which
acquires a divergent mass, due to the cancellation of some
of the fermionic interactions which contribute at one-loop.
We can add a counterterm to the compact action in order
to renormalize this divergence, and our choice of renorm-
alization scheme at one-loop is

22 d’c
=—-— [ ——1 Tr[A2
SCT 2 / (27[L)_6 6NSF1 I‘[ O(O)]’

such that the renormalized effective action for zero-modes
reads

SR = S§t + Ser
= S§R—2°N (8(SF1 — Sp,)Tr[A§(0)]
+4(Sp,

#3055, = S5 THAZ0) ).

— Sp, ) Tr[A7(0)]

which is finite and preserves the SO(3) symmetry sub-
group of the SO(4). We can rescale fields back and go to
Lorentzian signature
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ngf'R == S(e)ff + SCT
= SCR N 8(S S )Tr[A2(0
=90 +P (Sp, = Sg,)Tr[A5(0)]
—4(Sp, = Sp,)Tr[A7 (0)]

8 2
S5, - 55, TA20) ).

The conclusion is that mixed boundary conditions for
fermions in IKKT theory dramatically change the zero-
mode effective theory. They cause divergent contributions
to mass terms to appear in the effective action. These can
be renormalized in order to obtain a finite result. As a
result, a subgroup of SO(1,3) x SO(6) is broken by the
newly generated mass terms.

In the next two sections, we will turn our attention to
BFSS theory. We will see that, in this case, the situation is
different and, in particular, there is a class of mixed boundary
conditions which do not break any subgroup of the global
symmetry SO(3) x SO(6).

IV. COMPACTIFICATION OF BFSS THEORY

In this section, we extend the mechanism of torus
compactification to the BFSS matrix theory. We will
consider the cases of periodic and antiperiodic boundary
conditions for fermions, and show that the result is equiv-
alent to the corresponding cases in IKKT theory.

In BESS theory, compactifications on a six-dimensional
torus are ill-defined [21,22]. We therefore consider com-
pactifications of the complementary coordinates on a three-
dimensional square torus T3, where each of the dimensions
has size 2zL. We expect that, in the decompactification
limit, the results should be qualitatively equivalent, still
producing different mass terms for the two sets of direc-
tions. We will show that this is indeed the case.

BFSS matrix theory is a SU(N') gauge theory with
gauge field A in the adjoint representation. The other
degrees of freedom are a nine-component vector X/,
I=1,....,9 of bosonic N'x N matrices and a sixteen-
component spinor y,, a = 1, ..., 16, where each compo-
nent is a Grassmann-valued N/ x N matrix. It is a quantum
mechanical theory, with time variable ¢, and action, in the
Lorentzian signature, given by

1 1 1
SBrss = /dt?Tr [E (D,X’)2 4 Z [X], XJ]Z

+ gDy — l/‘/l“’[Xz,w}}

where I/ are gamma matrices in nine dimensions. This
theory is maximally supersymmetric and has a global
SO(9) symmetry, which can be interpreted as a subgroup
of target space Lorentz symmetry, where the X’ matrices

play the role of space coordinates. It has been conjectured [2]
to be dual to M theory in the infinite momentum frame and,
as such, it provides a nonperturbative definition, which
makes it a very interesting candidate for a theory of quantum
gravity. Analyzing compactifications of matrix theory thus
provides a potential path to a quantum gravity theory in the
symmetry-broken phase, where three large space dimensions
emerge. In this section, we will analyze the cases of
antiperiodic and periodic boundary conditions for fermions,
and in the next section extend the discussion to include
mixed boundary conditions.

It will be convenient to work in the Euclidean signature.
To this end, we Wick rotate by means of

t— it A — A, I’ —irt, W — iy,
and we obtain the Euclidean action
SErss = /drizTr F (D, x1)? —l[xl,xf]2
g 2 4
9D = X1 (32)

Note that, in this signature, gamma matrices satisfy
{rt,17} = =25,

with a minus sign. The next step is to define a translation
operator on the torus T3. This is done analogously to the
method of Sec. I, by defining a Hilbert space acted upon by
matrices, which is decomposed into two components, as in
Eq. (6). It follows that the degrees of freedom of the theory
are decomposed as

At) = Z A(t,n?) @ e™'?",
ntez?
XH(t) = z Xt (t,n) @ e'?’,
ntez?
X(t)= Y X(t.n") @ """ 4+ 2zLIy ® ¢°.
ntez?
W)= Y wlt ) @ e, (33)
r”el]_3

where we are considering the case of antiperiodic fermions
explicitly, and we will comment on the periodic case later.
The lattice L5 is the three-dimensional analogous of (7),

namely
L = Z—l—l X Z+1 X Z—i—l (34)
i 2 2 2)

where lattice sites represent half-integer winding modes in
each direction. Here, indicesare y = 4, ...,9anda = 1, 2, 3,
such that indices labeled by Latin letters a, b, ... correspond
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to compact directions (note that this is different from previous sections). Note that all the degrees of freedom now have an
explicit time dependence. We substitute the decomposition (33) into the Euclidean action (32) and define the mode
expansion of the fields,

A(t,0) = Z A(t, nb)emiln’e” XH(t,6) = Z X#(t, nb) 2wl

nb e 73 ntez?
t 6) Z Xa t, l’l 2anbo‘b l//(t, 6) — Z l//(t, rb)e2m’Lr[’ab’
ntez? el
c(t,o) = Z c(t, nb)ermiln’e”
nb e 73

where ¢ € [0, L™!] is the momentum mode along the torus. We obtain the compact BFSS action

1 dodt 1
S¢ = Ir FABF DyX, DAXH — —[XH, XY D D TX,, , 35
BFSS — ) @rL) [4 AB+2 A 4[ >+ 9Dy + gl Dy — ipTH[X,,, ] (35)
where, for convenience, we have defined an index A = 0, 1, 2, 3, corresponding to the time and space coordinates of the

fields. The effective gauge coupling is defined as ¢%; = %, M being the dimension of the Hilbert subspace on which p*

and ¢“ are defined. We choose to work in Lorentz gauge dgX? = 0, where X°(¢,6) = A(t, ), implying that we must add
a ghost term to the compact action (35),

1 dPodt
S :—/7TI0AE'D cl.
= ) @y TP

Furthermore, we Fourier transform the time variable in order to work in energy space, and perform the usual field
rescaling, where we also rescale the time variable to make it dimensionless,

¢ 2
X* - ALX®, w — ALy, ¢ — ALc, t— I 2= %, (36)

where we introduced the index @ =0, ...,9 and X° = A. As a result, we obtain the kinetic action

1
Skin = / der[ > 5 (P + nan)Xa(p. n)X(=p. —n)

n*ez?

+ Z (p+ T ) (p. s (p.s®) + D (p* + nan)e(p.n)e(p.n®)|. (37)

st ely nez’

and we observe that nonzero modes are massive. In particular, in the regime L > geff , the parameter 4 is perturbative, and
we can integrate these modes out at one-loop order. Analogously to the discussion around (22), we follow a Wilsonian
approach to obtain an effective action for zero-modes. The relevant interaction terms are those which couple zero-modes
to nonzero modes. The purely bosonic ones read

/12 ~
Vi=—— 1 /dpdqdrTr[[Xa(p n®), XP(q. m")|[X,(r. 1), X S(=p = q = ro=n® —m® — 1],
a ala623
and

=2 Y[ dpdgTel(p + @)Xol=p - g, = mOA(po). X (g.m)]

n,m e 73

+(”a + m“)Xa(—p -4, —n® — ma)[Xa(pv na)’Xa(q7 ma)]]’
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where i: means that, in each term of the sum, one of the winding numbers is set to zero. Interactions involving fermions
and ghost fields read

Vy=—idy /dpqur[l/'/(p +q.5)[A(p.0). w(q.s))] + ¥ (p + q.5)T[X,(p.0). w(g.s))]].

vi=2Y / dpdgTe{(p + g)e(p + q.n)[A(p.0), c(q.n%)] + n(p + g, 1) X, (p. ) c(g n)]].

n*ez?

and we note that, in this case, it is convenient not to decompose spinors, for the sake of simplicity. In terms of the
interaction potentials, the zero-mode effective action is given by

1 5
off _ ¢ _ ] Sint\ — — 2
S5' = So—1In(e™m) = So + (Vi) =5 ?:2 (vi)

and expectation values are computed using Wick’s theorem, where building blocks are two-point functions derived from
the kinetic action (37),

5(t/f5(p + Q)5na+m" 0

P a , . . _;0lp— qérs(p Is,)
(Xo(p.n")X4(q.m*)) = R— : Ww(p.s")Ww(q.r) = ( ) :
p-+nin, p*+ s,
_ a P 5(p - q)(sna‘ma
(e(n?, p)e(m®,q)) = ——F5———.
p°+nn,

As a result, the averages read
(Vi) = 9228y, [ dpTeix*(=p.0)X,(p.0).

(V3) = 22N [ dpl(1783, + 5, TrA(=p.0)A(p.0)
+ (175, + Sp, ) THX*(=p. 0)X, (p.0)] + S, TH[X*(=p. 0)X, (p. O]
(V3) = =162N [ dpl(2Sy, = $1,JTHA(=p.OA(p. 0] + (2Sy, = Sp,JTE{X"(=p.0)X, (5. O)]
(V3) = 162N [ dpsy,TeX!(=p.0)%, (p.0)],
(V3) = 22N [ dplsy,THA(=p. 0)A(p.0)) + 55, TolX"(=p.0)X, (5. O)] (38)

where propagators in the loop give rise to factors

Sp = d
B /_ P han, 24—nn ﬂel/ p? +rr

nuez’i
SB = / /
’ n ez p+nn) =T p+rr)
- o 2
$0.= Y [Tar s L s= X [T ()
e LV 0T A L Ty

and primed sums run over nonzero modes only. These factors are infinite, but can be regularized, generalizing the
procedure of [18]. We will elaborate on this in the Appendix B. We will also show that bosonic and fermionic terms have
the same infinite part, which therefore cancels out when considering differences.
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We collect all terms (38) together, invert the rescaling (36), and Wick rotate back to the Lorentzian signature to obtain, for

the zero-mode effective action,

St — 5, —% / dMETHA(1, 0)A(1,0)]  —M2,Tr[X, (1.0)XA (1. 0)] — M TrlX, (1, 0)X“ (1. 0)]].

Here, the action S reads

1
2
Getr

S():

where I,J =1, ...,9 and the masses are

1 1
/ drTr [ED,X,(t, 0)D,X!(1,0) + 7 [X!(1,0). X/ (1, 0) + i9,2(1,0)Dyc(1.0) |.

N N
M; = 16P(SF1 = Sp, +2(Sp, = Sk,)), M3 = 16P(SF1 - Sg,),
N

M%{n - 16L2 (SFI _SBI +2(SBZ _SFz))'

By evaluating the p integrals in (39), we find that
Sp, = 283,, Sp, =28,

Moreover, these factors are related by the equations

Sp, = Sp, + 353, Sp, = Sk, +3Sp,.

Altogether, the mass terms then simplify to

N
M% - 0, M%{y - 16F<SF1 _SBI>’

32N
M%. = ?ﬁ(sﬂ - Sg,), (40)

where the difference (Sp, — Sp,) is finite after regulariza-
tion, as shown in the Appendix B.

The mass terms (40) show that, upon compactification
on T3, with antiperiodic boundary conditions for fermions,
the effective theory has a global symmetry SO(3) x SO(6),

|

thus breaking the initial SO(9). This extends the result of
[18] to BFSS theory, proving that a mass term can be
generated by compactification. It also hints toward the
possibility that the BFSS model enjoys symmetry breaking
analogously to what is observed in numerical studies of the
IKKT model. Furthermore, the gauge field remains massless
in the effective theory. Note that this is not due to a
supersymmetric cancellation, which does not occur in the
case of antiperiodic boundary conditions, but to the fact that
bosonic and fermionic terms cancel out separately due to
gauge invariance.

The case of periodic boundary conditions for fermions is
obtained straightforwardly by noting that, in that case,
Sp, = Sp,. It follows that

M3 =M%, = M%. =0,

hence no mass term is generated. The zero-mode effective
action now reads

1 1 1
Seit — P — / dt—-Tr [5 (DX!(1,0))> 4+ X! (1,0). X' (1. 0)

Yett

+ iy (1,0) Do (1, 0) — (2, )T [X; (2,0). (£, 0)] + i0,&(1, 0) Dy (1, 0) |

which is the same as the original BESS action with an effective coupling constant.

V. BFSS WITH MIXED BOUNDARY CONDITIONS

In this section, we consider a class of mixed boundary conditions for fermions which give rise to an effective theory with
intermediate qualitative features. We will show that we can obtain a zero-mode effective theory where half the fermions are
quenched, the remaining half being still present, and a mass term is generated.

In contrast to the IKKT case treated above, we will show that BFSS theory admits a class of mixed boundary conditions
which preserves the divergence cancellation at one-loop. As a consequence, the effective action is finite and does not require
renormalization. Most importantly, we will show that it features both a symmetry-breaking mass term and fermionic fields.
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We consider the decomposition of sixteen-component
fermionic degrees of freedom introduced in [42], which we
review here. We choose the I/ matrices, I = 1, ...,9, to be
decomposed such that

—0'QI 0
Fa:( e ®4 >’
0 60®H4

U
o — ( 0 L&y )
-L ® 0
where y, = —y; are anti-Hermitian 4 x 4 matrices satisfy-

ing the Clifford algebra relation
{r.r'} = —26"L.
The charge conjugation matrix is

< 0 —i02 ® H4>
C9 - . s
10y ® ]I4 0

which allows for spinor decomposition in chiral compo-
4
nents,

/IAa
g B A:1,2, 6(21,...,4.
v <i<az>ABzza>

It follows that the fermionic part of the compact BFSS
Lagrangian (35) becomes

PLierm = Tr[224D,4* = 2iA0°D 2"
- illiaz(y")aﬂ[Xﬂ, /1;;} - iﬂT’aiGZ(yﬂ)“ﬂ[Xﬂ,/lﬂ]],
(41)

where we only wrote down the @ components of spinor
indices explicitly. One notable feature of the Lagrangian (41)
is its invariance under
A= 1, A= A,

which can be checked explicitly from the above expression
(for the first two terms, transposition gives a minus sign due
to the Grassmann nature of variables, and a further minus
sign comes from taking the derivative by parts). For this
reason, we consider boundary conditions which implement
this transformation when wrapping around a closed loop in
any of the torus directions, namely

(U 20" =2 (US40 = 29

“Note that we inverted the notation of [42] for spinor indices,
in order to match with our conventions in previous sections.

This implies that we can decompose spinors into periodic
and antiperiodic components

1 1

A=—@M+idb), =@l -iah),
7! ) ( )

S

with

Mey= Y M(tnb) @ e,
ntez?
iy =Y A @ e, (42)

rPel,

in terms of the operators p? introduced in Sec. II, where A"
and AV are real. Here L5 is the three-dimensional lattice (34)
of half-integer modes. When written in this way, all terms
involving both components cancel out, and the Lagrangian is
decomposed into two noninteracting pieces, one involving
periodic spinors and the other antiperiodic,

Eferm — ;CP + ;CAP. (43)
Here,
dtd® 1 dtd®
y:/_L;g:T/_L%ﬁmww
(2zL) go ) (27L)
— il e D A — iaM Tic?p X, 1],
and
dtd® 1 dtd?
SAP — / AT par = [ L pirp
(2zL) Yett (2zL)

— iAW" DAY + iabTic? (X, Y]],

where the o dependence comes from the usual mode
expansion,

A(t,0) = Z A(t, nb>eZﬂ'iLnbgb’

nt e 73

Xt (t,0) = Z X(1, nb)esznb,;b’
nt e z?

Xa(l, 0.) — Z Xa(t, nb)€2ﬂiLn”o-”’
nt e 73

Mt o) = Z A, rb)eszrhgh,
ez’

Mt o) = Z A4 (t, rb)e2miLr’e”.

el

We plug this back into (43), Fourier transform with respect to
time, and perform the usual rescaling
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X% - kLX, A0 kL32pb,

¢ = kLc,

4 k2 _gfzzf'f

t——

L’ RN

witha =0,...,9, b = 1, |. Itis then straightforward to obtain fermionic propagators from the kinetic terms, which take the

form

5(P - q>5r“,s”6aﬂ(5ABp + iGXBra)

(M a2 7)1 (g, 59)) = —i

’

p2 + rarll

5(p - q)ér“,x"ﬁ(l/}(éABp + iGXBra)

(B o (22725 (g 59)) = —i

p2 + rara

We integrate these out to compute expectation values of nonzero modes. The discussion for bosons is unchanged from in
Sec. IV. On the other hand, integrating out the fermions yields important physical consequences. The effective theory reads, in

the Lorentzian signature,

. 1
St = So — In{e™Sm) = Sy + 3 / di[M3%,Tr[X,,(1,0)X¥(2,0)] + Mz Tr[X,,(¢,0)X“(1,0)]]. (44)
where
N 16 N
M%(“ :SF(SFI _SBl)’ M)Z(“ :?F(sﬂ _SBl)’ (45)
and

1 1 1 .
Sy =— / diTr {EDIXI(I, 0)D,X!(1,0) + 7 [X!(1.0). X/ (1, 0)? + i2 7 (1,0)D,2" (1,0)

Getr

=AM (1,0)09[X,(1,0),A1(2,0)] — iATT (,0)ic*[X,,(1,0), 21 (2,0)] + i9,6(1,0)D,c(1,0) | .

We see that periodic fermions cancel with half of the bosonic
degrees of freedom in loops and have zero-modes, which
appear in the effective theory. The antiperiodic fermions do
not have zero-modes but simply cancel the divergent part of
bosonic propagators, thus generating a mass in the effective
theory. As a result, we have obtained an effective field theory
in which fermions appear explicitly. Bosons have symmetry-
breaking masses which are exactly half the masses of the
antiperiodic case.

In the next section, we will leverage this construction to
study black hole solutions in the theory we have obtained.

VI. BLACK HOLE IN THE ZERO-MODE THEORY

In this section, we consider possible solutions of the
theory (44) with the correct features to represent a black
hole. In particular, we show that the construction of [23]
can be adapted to our effective theory. There, the approach
is bottom-up, and the matrix theory deployed is constructed
ad hoc to reproduce black hole solutions. Here, the
compactification procedure of BFSS with mixed boundary
conditions provides a top-down approach, where the theory
we study is derived directly from BFSS theory.

A. Fuzzy sphere background

The key idea is to consider classical solutions to the
bosonic part of (44) as the background geometry. We then
treat fermionic excitations as quantum fluctuations on top
of the geometry. We focus on solutions such that

A=0, c=0, Xt =0,
which is made possible by the symmetry-breaking
pattern SO(9) — SO(3) x SO(6) we found in Sec. V.
Furthermore, we consider static solutions with

9,X" =0.

From a target space perspective, this amounts to saying
that, for those solutions, six spatial coordinates have no
extent,” whereas the remaining three transverse directions
are macroscopic. Note that the zero-mode effective action
obtained as a consequence of torus compactification of the

SThis is true for the semiclassical background, whereas
quantum fluctuations are Planck-sized.
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original matrix theory lives in a noncompact target space.
We can write the relevant part of the Hamiltonian obtained
from (44) as

| U I
H = RK*Tr |- P'P' — — [X', X/]?
r[z i
- X' X'+ M6l X, AT]] : (46)

where we have changed units to highlight the dependence
on the lightlike compactification radius R in M theory
(see [2]) and rescaled the fields according to their scaling
dimension,

X = kX', N1,0) = kAN(1,0),
, RM?,
— K*P, k> = \/_2 X, (47)

The classical equations of motion for the bosonic sector, for
a static solution, read

(X1, (X1, X)) = 2X/, P =09X =0, (48)

where i =1, 2, 3. These equations are solved by the

s = =1 representation of SU(2), which defines a fuzzy

sphere through
(X7, X/] = ieVk Xk, (49)

along with the Casimir relation

ZX"Z:N:_I]IN.

i

As we learn from [30-32], any black hole solution in matrix
theory needs to fit into the longitudinal direction. This
requires a boost, which expands the longitudinal dimension
at the horizon to fit the black hole, such that the momentum
in the longitudinal direction is nonzero. This momentum is
quantized in terms of the lightlike radius R,

pr=2

R
The net effect is a solution living in five total dimensions,
one of which is longitudinal and has size R before the
boost. As explained above, the symmetry-breaking pattern
SO(9) — SO(3) x SO(6) allows for solutions which only
extend in three space directions. We consider the other
space directions to have a Planck-sized extent. In the
target space description, they are integrated over and
produce a volume factor Vg, = l?,, [, being the Planck
length in 11 dimensions. As a consequence, starting from
the eleven-dimensional Newton constant G| = l?,, we get

the five-dimensional one through
Gs=1—p.

Let us now consider the fermionic term
Hierm = REK*TE[AL0(2,0)67, [X;(1,0),2]“(1,0)]],  (50)

where AT" = A7 because it is a real spinor, and from now
on we drop the 1 superscript for convenience. We recall from
Sec. V that spinors carry indices a = 1,2 and a = 1, ..., 4,
which we have made explicit for clarity. On the fuzzy sphere
background, this can be arranged as a collection of fermion
harmonic oscillators, given by

2n+2 4
Hm—Rk“Z(ZZA W&
r=1 a=1
+ZZ|@ W T — 8n(n 1)) (51)
r=1 a=

Here 1, ,,4_, are the eigenvalues of the operator

X = GJ[X], '],

1 1
¥ Z
2 <”+2>’

and &;", yo" are fermionic annihilation operators, obtained
by projecting the matrices AT on the corresponding eigen-
vectors. We prove this result in Sec. VIC.

We recognize (51) as the Hamiltonian of a set of
fermionic oscillators with increasing frequencies, given
by w;® = Rk*|A, ,|. Since we are working at zero temper-
ature, a state in this system is constructed by progressively
filling up the Fermi sea, starting from the lowest-energy
shell and occupying shells of increasing energies as we
increase the number of excited oscillators. A state of given
energy is thus constructed by filling up some energy shells
completely and partially filling up the highest contributing
energy shell. The degeneracy € of such a state is then given
by the number of inequivalent options there are to partially
fill this shell. In principle, we should also include bosonic
quantum fluctuations. We will analyze them in Sec. VID
and show that they do not contribute to our construction.

given by

li,n =

B. Black hole solution

In order to have a black hole solution, we must fill the
shell of energy |A_y_,|, which excites j = y(16N — 16)
oscillators, 0 <y < 1. We provide more details in the
Appendix C.
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In the boosted frame, where the system has a nontrivial
P*, the Hamiltonian gives the light cone energy. This is
related to the invariant mass through

R »
H=E/c= ﬁM5D7
where M5y, is the mass of the Schwarzschild black hole in
five dimensions,6 which is related to the Schwarzschild
radius, ry, by

— 2
MSD = rO.

The bosonic part of the Hamiltonian yields, when evaluated
on the fuzzy sphere background,

RK>
HbOS = —TNRf,

where Ry = %N is the physical fuzzy sphere radius in the
large N limit. This can be added to the fermionic energy
computed in the Appendix C such that the total energy, at
leading order in N, reads

and the condition that the fuzzy sphere sits behind its
Schwarzschild radius,

ro > Rf’

is satisfied. Since, given the fuzzy sphere background (49),
all the degeneracy is captured by the fermionic sector of the
theory, we can compute the entropy from such degeneracy.
We are free to choose the fraction y of excited fermions in
the highest shell. Let us consider the half-filled case y =
Then

1
5

~y(N—-1)+ O(logN)

16N — 16
S =logQ = log
y

(16N — 16)

scales linearly with N in the large N limit. The coefficient
y~ 11.1 comes from Stirling’s approximation

16N — 16
1"g<y<16N— 16>>
~ 16(N — 1)H() —%10g(327r(N —y(1-y)
with

®Recall that we are working in units such that the Planck length
is one.

H(y) = [-ylogy — (1 —y)log(l —y)].

The appropriate entropy-radius relation for this configura-
tion, namely

3
S« rg,

is only satisfied if ry ~ N3, which requires k o N3, Note
that the scaling of k follows from the mass term, which is
generated through compactification, see Eq. (47). This, in
turn, is related to the torus dimension L [Eq. (45)]. It
follows that the compactification limit and the large N limit
should be taken in a double-scaled fashion, such that

LxNi, N - . (52)
Note that, under this condition, the logarithmic correction
Siog  log rg is also reproduced.

The scaling of S o N is the one expected for the transition
between a black hole localized in the longitudinal direction
and a black string stretched along it [32]. Furthermore, if the
scaling is S o« N”, 11, we are approaching the transition,
corresponding to the Gregory-Laflamme instability from the
black hole state to the black string. In our model, we can
construct solutions with lower entropy by choosing a larger
fraction of fermionic oscillators to be excited in the largest
shell of the Fermi sea y > 3. This, in turn, causes the
Schwarzschild radius to increase compared to the fuzzy
sphere radius.

We can, in particular, realize a black hole configuration
with entropy S &« N, 0 < a < 1 by exciting a fraction y of
oscillators in the leading shell, such that y tends to 1
parametrically with N. In this case, the degeneracy given by
Stirling’s formula for large N is

e ONH(y)

\/2716Ny(1 —y)’

~

where
H(y)=-ylogy—(1-y)log(l-y), O<y<lL
Choosing
Na—l
y: 1——C N O<a< 1,
log N

¢ being an arbitrary constant of order 1, we obtain
1
S =1logQ = 16NH(y) — 510g(327rNy(1 -y),

and

H(y) ~ (1 —a)eN*!,
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at leading order in N. Again, applying the entropy-radius
relation and the relation between the Schwarzschild radius
and the generated mass, we obtain the corresponding
scaling of k as

ko N = L o N>75.

Our approach, therefore, shows that it is possible to
construct a black hole solution as a fuzzy sphere back-
ground plus fermions in a state that generates the black hole
entropy. We saw that, by taking the decompactification
limit in the original theory in a specific way, see Eq. (52),
we can approach the limiting case of the black hole/black
string transition, represented by the entropy scaling like
S ~ N. Moreover, we recover the known relations between
physical quantities characterizing a black hole.

The fuzzy sphere solution we found in this section is still
valid even for different values of L and, therefore, of the
mass parameter My, which do not saturate the Bekenstein
bound on the entropy. These solutions cannot consistently
represent black holes, which can be seen by looking at the
boost along the compact dimension. We can show that the
condition on the entropy to be smaller than the Bekenstein
bound puts a constraint on the boost parameter. Consider
the case where the entropy is maximum S ~ N, we have

pr=N_5
R R

Such momentum is obtained through a longitudinal boost,

in terms of which it reads [32]

Pt = rder,

where p is the boost parameter. If the entropy does not
saturate the Bekenstein bound, we have

S<ri=er <0
0 R

for a large boost. This implies that the longitudinal direction
after the boost is smaller than the Schwarzschild radius, and
the localized black hole interpretation breaks down. More
generally, in the case of S « N¢, configurations that give
S < r(3) correspond to solutions which are not consistent with
the black hole interpretation. Therefore, we can only
interpret our fuzzy sphere plus fermions construction as a
black hole if the torus radius scales with N appropriately and
the Bekenstein bound is saturated.

C. Fermionic theory on the fuzzy sphere background

In this section, we prove that the fermionic Hamiltonian
consists of a collection of harmonic oscillators when
evaluated on the fuzzy sphere background. We consider
the operator

X = o;[X', "], X: C? x End(V,) — C? x End(Vy),

where the commutator [X', -] acts on the space of N x N
matrices as endomorphisms of the spin s = % represen-
tation V,. The C? factor is the space of two-dimensional
complex spinors acted on by ¢'. Altogether, X acts on a
2(N? — 1)-dimensional complex space. We call this an
adjointlike representation, constructed from the spin s
representation of SU(2).
Let us now consider the square operator

X2 = Giﬁj[xi, [X], H,

which, as a consequence of (49), satisfies

X2+ X - [X,[X,]] =0, (53)
where the operator

A= XX ]
is the Casimir operator of the adjointlike representation and
defines a generalization of the Laplacian to the noncom-
mutative fuzzy sphere geometry. Indeed, this acts as the
identity on the C?> component. We can decompose
End(V,) 2V, @ Vi =2V, ® Vi,

where the second isomorphism comes from the fact that

SU(2) representations are real. It follows that we can carry
out a Clebsch-Gordon decomposition

2s
End(V;) = 6 V4, (54)
k=0

such that the Casimir operator acts on each factor as

Aly, = k(k + Dy, (55)
where the dimension of each Clebsch-Gordon factor is
dim(V,) = 2k + 1. It follows that, given an eigenvector u;
of X, Eq. (53) reads

/‘Lzl/ll + /114,1 - AMA =0.
We decompose u; consistently with (54),

Uy = vy + e+ U

and use (55) (note that v, is not present because of the
tracelessness condition). As a consequence of linear inde-

pendence, we get

(A2 +A—k(k+1))v, =0, k=1,...,2s.
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We see that, for each k, u; can be decomposed into
vt €V, lying respectively in spin k :t% representations
of SU(2), and having eigenvalues’

1 1
App=—zxk+=).

It follows that the spectral decomposition of X|,, in terms
of eigenvalues and eigenvectors is given by

2n+2 2n
Kb = S A VU + S0V VE
r=1 r=1

where U™" and V""" are eigenvectors corresponding to
positive and negative eigenvalues, respectively, obtained by
representing V), in the space of N x N matrices, such that a,
b =1, 2 are spinor indices and a,f,y,6 =1,...,N are
matrix indices. From (54), the full operator is then

2n+2 2n
—1 r=1

Having obtained a spectral decomposition for the operator,
we substitute it back into the fermionic Lagrangian (50).
This allows us to define fermionic oscillators

_ 1 rt 1
= UlrJ/;lﬁllbﬁﬂ a’ Xa Vbﬂallb/}zf a’

where the indices take respective values b = 1, 2 for SO(3)
spinor indices, ff,6 = 1, ..., N for matrix SU(N) indices,

anda = 1, ...,4 for SO(6) spinor indices. These oscillators
satisfy canonical anticommutation relations

{é:;,n’ éq.WL}’T} — 5rq5n,m5£’

{){(rl,n’)(q,m,ﬁ} — 5rq5nm§£.
As a consequence, the fermionic Hamiltonian reads

"Note that the total dimension of this space is indeed

N—-1
> 4k+2=2(N*-1),
k=1
and that
Tr(Xy,) = (2k +2)k + 2k(=k — 1) = 0,

as is required by the traceless structure of X.

2n+2
errm_Rk4Z<i Z/{ érnaTérn
r=1 a=1
+ZZ|/1 Al e = 8n(n + )>
r=1 a=1

which proves the claim.

D. Bosonic fluctuations

In this section, we show that bosonic fluctuations do not
affect our black hole construction. First, we analyze semi-
classical fluctuations of the background geometry. We will
show that the solution is stable under those perturbations.
Then, we consider quantum bosonic fluctuations and show
that they do not contribute significantly to the black hole
solution, in the large N limit.

1. Classical bosonic fluctuations

The analysis of semiclassical fluctuations of the fuzzy
sphere can be adapted from [23]. The idea is to consider
X' + 6X', where X' define the fuzzy sphere geometry (49)
and 8X' are perturbations. Then, at quadratic order in the
perturbations, the Lagrangian for fluctuations can be read
off from (46),

| U T o
Lo = RKTr | S 6XI6X" + (X' 6X7) — [X/.6X'])”

| ST -
+ 5 (X7, X7][6X", 6X7] + 6X'6X"|.
We can define the derivative operator
Ll = [Xl7 .:|7
which, following the argument of Sec. VIC, is an angular

momentum operator. It therefore has an eigenbasis 2)
with

L2|.m)y=¢(¢+1)|¢.m), O0<£<N-1,
Ls|6,m,) = m,|€,m,), - <m, <.

The angular momentum ¢ is truncated due to the fuzziness
of the sphere. Moreover, we can define (¢;); = —i€;j,
which is an angular momentum with 7, = 1, since

glel =2,

lei, €] = i€ e,

As shown in [23],
operators reads

the Lagrangian in terms of these

| B .
Lsyi = RK*Tr S OXI6X! = Z6X'N;6X7 |, (56)
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where

N;j=((e-L)?*—(e-L)-2).

It follows from the equation of motion

that the problem of the stability of the various fluctuation
modes becomes the analysis of the eigenvalues of N;;. In
particular, positive eigenvalues correspond to stable modes,
whereas negative eigenvalues signal unstable perturbations.

|

-2 for £ =0,
0 for £ > 1,
=9 s +3) for £ 1,
¢+ 1)(¢-2) for ¢33,

and eigenfunctions given by the Clebsh-Gordon composition

of the polarization vector €” and spherical harmonics f/jfw

2

i J .Mz VAV
¢ = g E Cf!mz;l’pei Y.

m,=—¢ p=0,%1

Modes with > 1,J=¢—1 and £ >3,J =¢ + 1 have
positive eigenvalues, and therefore represent stable fluctua-
tions. Two modes have negative eigenvalues—the mode
¢ =0,J =1 corresponds to an overall U(1) shift and is
absent because the X' are traceless, and £ =1,/ =2
describes fluctuations with

65X = S;'.Xf

called squashing modes, where S} is a symmetric traceless

tensor and X' are the fuzzy sphere background matrices.
We show in the Appendix D that the squashing modes are
rendered stable by the corresponding fluctuations in the
fermionic sector. In particular, we compute the potential,
quadratic in the fluctuation, generated by the perturbation in
the fermionic sector, in the state given by the Fermi sea with
partially filled highest shell. We show that the sum of the
bosonic and fermionic contributions gives a positive poten-
tial, corresponding to a stable perturbation.

Regarding zero-modes, those with J =7 represent
gauge transformations, which are not physical perturba-
tions. This can be seen by first counting the number of such
modes

N—-1
#zero = Z(ZK—’— 1) = N2 - 1’
=1

Note that

e L=-JUJ+1)=-2(+1)-2),

| =

where J corresponds to the total angular momentum
Ji = L'+ &' Then the eigenvalue problem

Ni! = igp
yields eigenvalues
J=land =1, J=2,
J=¢fand =2, J=23,
(57)
J=0-1,
J=C0+1,

|

which matches the number of independent generators.
Moreover, an infinitesimal gauge transformation takes
the form

SX' = i[X', A] = iLA,

which is an eigenfunction of € - L with eigenvalue —1. We
can check this explicitly,

R 1
(e L)uL'A = —iejyL/L! = 5 Emi€jmL" = ~Lk,

which proves the statement. The remaining zero-modes, with
¢ = 2,J = 3, represent marginal fluctuations. However, the
quartic potential can be evaluated, and it provides a positive
contribution, which makes the perturbations marginally
stable.

A similar analysis can be done for fluctuations in the
directions orthogonal to the fuzzy sphere, to check that they
also remain stable. The background geometry in this case is
given by X =0,a=4,...,9, and we are interested in
perturbations 6X¢. The perturbation Lagrangian at quad-
ratic order takes a much simpler form,

U . 3
Coxe =RKTr | 26X 5K 42 [X'.6X“) X' 6X“) + 26X “5X“ |

The potential can be further simplified by noting that

Tr[[X?, 6X9)[X, 6X4]] = —Tr[sX[X, [X', X))
= —Tr[sX“L?5X"),

which results in
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1.1
Loxs = RKVTr| 5X6X — 25X (L? = 3)6X“|. (58)

As a consequence, the equations of motion have the simple
form

X + (L? - 3)6X* =0,

and the problem of the stability of fluctuations reduces to
the positivity of the eigenvalues of the operator (L? — 3).
The eigenvalue problem

(L*=3)¢ = ug (59)

is solved by the spherical harmonics with eigen-
values determined by quantum numbers 0 <7 <N — 1,
—¢ <m, <7, such that

p=VY,. u=£(+1)-3. (60)
This implies that almost all the eigenvalues are positive,
and therefore correspond to stable perturbations. The
negative eigenvalues are the £ = 0 mode, which represents
a U(1) shift, which is forbidden for traceless matrices, and
the £ = 1 mode, which, similarly to the case of £ =1,
J = 2 fluctuations above, corresponds to squashing modes

SXH3 = A;Xf ,

where Aj- is the 3 x 3, antisymmetric matrix parametrizing
the fluctuation. The instability is fixed by including pertur-
bations in the fermionic sector, analogously to the case above
for perturbations along the fuzzy sphere directions, as shown
in the Appendix D. Note that the stability of fluctuations
strongly depends on the ratio between the two types of
masses (45) associated with bosonic matrices, which is a
consequence of the top-down derivation from BFSS through
torus compactification. In fact, the —3 contribution appear-
ing in (59) depends on that ratio directly. More negative
values would lead to unstable fluctuations. The fuzzy sphere
background is, therefore, stable against classical bosonic
fluctuations.

2. Quantum bosonic fluctuations

The quadratic potentials in (56) and (58) for bosonic
fluctuations can be quantized as simple harmonic oscil-
lators. Since those terms represent fluctuations on top of the
fuzzy sphere background, we subtract the zero-point energy
from the quantized Hamiltonian, such that the energy of the
bosonic ground state is that of the fuzzy sphere. We
decompose the fluctuations 5X’, 5X¢ into eigenmodes of
the respective quadratic potential, and quantize every
eigenmode independently. The quantum Hamiltonian for
the fluctuations reads

N-1

J
HﬁX = Rk4 Z Z Z V /IL”.J a;,].mzaﬁ],mz

=1 J=t=1.£+1 m.—

N-1
+Rk4; Z NV

4
m,=—¢

Here, A,,; and u, are the eigenvalues of the classical
bosonic modes, (57) and (60), and ay ;,, and b, are
the annihilation operators for each mode. The theory is at
zero temperature, which implies that bosonic fluctuations
are frozen in the ground state and do not contribute to the
energy and entropy of the black hole solution we con-
structed. We conclude that bosonic fluctuations do not
affect our solution, which is composed of a fuzzy sphere
background with fermionic excitations which partially fill
up the Fermi sea, and bosonic harmonics in the overall
ground state. It would be interesting to study the effect of
thermal fluctuations in the case where T # 0. We leave this
to future work.

VII. CONCLUSION

In this paper, we analyzed torus compactifications of
IKKT and BFSS theories as a mechanism for the generation
of a mass term in matrix theories. Building on recent results,
we imposed a novel set of boundary conditions on fermionic
degrees of freedom in IKKT theory. These amount to acting
with a nontrivial operator on the spinor when winding
around any of the torus dimensions. In the case of IKKT,
we analyzed two kinds of mixed boundary conditions. In
both cases, the action on the spinor is not a symmetry of the
compact theory. As a consequence, some fermionic degrees
of freedom decouple and do not contribute to loop diagrams,
thus failing to cancel bosonic divergences. Hence, the theory
requires some ad hoc renormalization. In the decompacti-
fication limit, nonzero modes become heavy and can be
integrated out, thus obtaining an effective theory for zero-
modes. Such a theory breaks the original SO(1,9) sym-
metry to a subgroup of SO(1,3) x SO(6), where the
SO(1,3) itself is broken to a subgroup.

We then analyzed BFSS theory, firstly with antiperiodic
boundary conditions, and show that the resulting effective
theory generates a mass term and all fermions are quenched.
Then, we considered mixed boundary conditions. In this
case, we were able to act on spinors with a symmetry
operator when winding around the torus. As a consequence,
divergences cancel automatically, and no renormalization
is required. The result is an effective theory with broken
SO(9) - SO(3) x SO(6), a mass term, and half the
fermionic degrees of freedom compared to the initial theory.

In the last part of the paper, we took this top-down
construction as a starting point for explicitly characterizing
black hole solutions using matrix theory degrees of free-
dom. We found black hole spacetime being described by a
fuzzy two-sphere, while fermionic excitations and their
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degeneracies gave rise to the black hole entropy. Moreover,
we have shown how classical bosonic perturbations are
stable and do not disrupt the fuzzy sphere configuration,
and their quantum counterparts are frozen in the ground
state and do not contribute to the solution we constructed.
In this way, we provide a direct construction of a black hole
in matrix theory, with features that are consistent with
previous studies of Schwarzschild black holes in the
M theory region of BESS theory. In particular, we repro-
duce the S < ¢N scaling of the entropy, ¢ = O(1) being a
constant. The entropy-to-radius relation is also reproduced,
including logarithmic corrections, but this requires the
torus dimension L to go to infinity as a power of the
matrix size N, in the decompactification limit.

It would be interesting to investigate the saturated value
of the entropy further, in order to assess whether the black
hole/black string transition can be captured by this con-
struction. In particular, a possible future direction would be
the explicit construction of black string solutions from
matrix degrees of freedom.

Fuzzy sphere solutions have been considered in IKKT in
connection to the emergence of gravity from the matrix
model, see, e.g., [35,43,44]. As an interesting future direc-
tion, one could try to replicate the analysis we carried out in
the context of BESS theory to the zero-mode effective theory
obtained through torus compactification with mixed fer-
mionic boundary conditions of IKKT. The main difference to
the polarized IKKT model [35] is that the mass deformation
derived through compactification breaks supersymmetry of
the compact action. It would be interesting to explore the
consequences of this.

In this work, we have considered BFSS theory at zero
temperature, in the M theory region of parameter space. It
would be interesting to repeat the analysis for generic
temperature and to look at other regions of parameter space.
For instance, one could consider the 't Hooft limit of BESS
theory at higher temperature, where it is known to be dual
to the black brane solution of type IIA supergravity [45].
The evaporation of the black brane has been fully charac-
terized in matrix theory [46] and shown to reproduce a Page
curve for the entanglement entropy [47]. It would be
interesting to extend the construction presented in this
paper to the supergravity regime of the parameter space.
Achieving such a result would open the possibility of
studying the black hole evaporation mechanism explicitly.
This, in turn, would provide full theoretical control over the
time-dependent dynamics of the process, offering valuable
insight into the information paradox.
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APPENDIX A: ALTERNATIVE BLOCK
DECOMPOSITION

We reformulate the block decomposition of matrix
degrees of freedom introduced in Sec. II and used through-
out the paper. In particular, we will adopt an explicit matrix
decomposition which highlights the block matrix structure
of bosonic terms and realizes the mode decomposition for
antiperiodic fermions.

We have seen how compactifying matrix theories on a
torus amounts to replicating the fundamental region an
infinite number of times. This is implemented by splitting
the Hilbert space of matrix degrees of freedom into two
components,

X=YQ®Z

where Y represents the degrees of freedom in the funda-
mental region and Z contains information about transitions
between different regions. Consider the decomposition of
the matrix

A=Y ) @ .

nb e 7°

We want to provide an explicit matrix representation for the
operator ¢"’P" . Let us take the one-dimensional example for
simplicity of notation. The higher-dimensional case follows
immediately, since every torus direction is parametrized
independently. The natural choice is the following:

(emp)ij = C?j =8 jtn
which represents a matrix with entries 1 on the diagonal at

distance n from the central one and O elsewhere. Moreover, it
satisfies

crem = Cner.
Such matrices give an explicit representation of operators

€™ in the |g) basis of the Hilbert space Z. The decom-
position in winding modes now reads
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A= "A'(n) ® C".

nez

Similarly, we define a matrix Q which labels the funda-
mental regions

Qij = Jjbi
and exponentiates to
(e_zmg)kj = e s = 6y,

where the last equality simply follows from the fact that
matrix indices are integers. Now, the matrix corresponding to
compact direction is decomposed as

A? =" A%(n) @ C" + 2zLIy Q.

nez
The commutator with C" is
[0, C"] = nC". (A1)
It follows that the translation operator can be written as
U=1Iy® e 0C! =1, ® C!,

then the action on the matrices has the desired form

(U)'A*U = A,
(U)'A°U = A° + 2zLTy @ 1y,.

Moreover, when fermions are periodic, their decomposition
is straightforward,

y=> ynec.

nez

We now extend the construction to accommodate anti-
periodic fermions. This requires doubling the Hilbert space,
such that

Namely, we double the winding modes lattice to account
for both integer and half-integer modes, which take value in
the respective lattices. Antiperiodic fermions are given by
the block matrix

D=
~——
S

W
~——
o
<
A/~
1| —
~—
=

and the zeros sit on the integer lattice, where the bosons
live. On the doubled Hilbert space, we define

n o __
Cij - 5i,j+2n’

where the indices i, j run over the duplicated lattice and n
can be either integer or half-integer. In particular, the
operator

1/2
Cij/ :5i.j+1

acts as a shift between the two lattices. The appropriate
modification of the Q operator is

J
Qi = 551','7

and the translation operator on the torus becomes

U=1Iy® (eeC"),; =Ty ® (-1)'C};.

As a consequence, antiperiodic fermions are decomposed as

y= > yrnec,

rEZ-‘r%

and the commutation relation (A1) (which is also valid for
half-integer n) implies

(U)'wU = ~w,

as required.

This construction generalizes naturally to the case of
mixed boundary conditions. The fermions are decomposed
into a periodic and an antiperiodic component, the details
of the decomposition depending on the specific choice of
boundary conditions (we have considered different exam-
ples in the main text). Schematically,

=yl +uy'

and our construction implies that the periodic component
w! is decomposed using integer modes, thus living on the
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periodic lattice, while yt is antiperiodic and lives on the
shifted lattice.

With these decompositions, the interaction of an uncom-
pactified boson with a fermion takes the form

Trl/_/FI [AI’ l//] = Z

nezZyr,pe Z+%\n+r+p:0

Tryy (r)[A(n), w(p)],

(A2)

where the trace on the right-hand side is taken over the
N-dimensional subspace (4). We see that this term has a
single U(N) symmetry, just as the theory with periodic
fermions has.

APPENDIX B: LOOP PROPAGATOR
REGULARIZATION FOR BFSS

In this Appendix, we extend the regularization method
of [18] for loop propagators to the case of coefficients
arising from loops in the Wilsonian effective theory
analysis of compact BFSS theory.

We begin by considering the bosonic sum

+ood
/ P e, 2Jrnn

and we introduce a regulator « such that

! +oo e—rlzn“na—{lzpz
Sp, = lim E dp————.
B, a0 o p p2 + nana

nez’

n*ez?

We rewrite this as
+ +
= hm Z / oodp/ oodte—(t—‘raz)n“nﬂe—(t+a2)p2’
n“EZz - 0
which can be rewritten in terms of the @ function,

+o0

o(t) = Y e,

n=—oo

such that

Sg, _1m(1)n/ dp/ dte™ (83(1) - 1).

Focusing on the divergent part of the integral, we have

1 2
/ dte=7 (0%(1) — 1)
a?/n

:/21/ iy " @010 - 1) + Flap).

where

1 1
F(a;,p)z/z/ dte"l"<3/2 1)

represents the divergent component of the integral. Here we
made use of the property of the @ function,

01) = 1730011,

By rearranging the various terms, we obtain

“+00 _P
Sp, = lllmzr/ dp/ dt{

+7r/_oo dpF(a; p),

te ﬂ} @ (1) - 1)

where the first integral is convergent, and we regularized
the divergence to be in the second term.

We now consider the fermionic (in the case of antiperi-
odic boundary conditions) sum

/+oo
r‘el, p—l—rr

which we regulate as

/_m

((r*4-u)*+p?)

r+u)

rez?

We can rewrite this as

—+oco “+o0
Sp = / dp /0 dr' Y et )

rez?

~+o0 +o00 N
— / dp / A6 (1|u)e—7",
—00 a*/n

where the generalized 0 function takes the form

t|u Z e—m n+u

n=—0oo

Again, we look at the divergent part, which reads

1
/ dte "’ &3 (t l)
a*/n 2
1 et 1
= dt—— | e 763 -
AZ/ﬂ ?/2 (e ! <t

g) - 1) + F(a; p),
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where

and we used the property

e (1
0(t|la) = AYel 9(;

- 1 e_[p
It follows that

2/n
it
2 .
+00 +0o0 e~
SF] :ﬂ/ dp/ dt(
—0 1

P/t /10
e " t
Vi < (
L PR (l

é)) +ﬂ/_:o dpF(a; p),

where the second term is the divergent one.
As a consequence, when we consider the difference
(SF, — S, ), the divergent parts cancel out, giving

“+00 - 1 “+00 2
/ dp(F(a;p)—F(a;p))I/z// dpe™'?

= 2\/7_[’

5))

such that the difference reads

Sr, =S,

—2ﬂ3/2—7r/ dp/+oodt[< L f)(e*(t)—l)
(S (o ()1 o ()]

which is a finite number and can be evaluated numerically.

2

APPENDIX C: FILLING UP THE FERMI SEA

In this Appendix, we focus on the fermionic
Hamiltonian (51), which represents a collection of fer-
mionic oscillators. We show how the Fermi sea should be
filled up in order to interpret the fuzzy sphere solution as a
black hole.

We begin by noting that |A__1] = A4, so that for
A1 =1<E, <|l_y_| = N — 1 the shell with energy E,
(ignoring the prefactor) is composed of the 4(2n+2)
oscillators &, and the 4(2n — 2) oscillators y4"~", giving
total dimension #(E,) = 16n. It follows that the shell with
the largest d1mens10n is the one with energy Ey_; =
|4 n-1|, having dimension #(Ey_;) = 4(4N —4). More-
over, the state with the largest degeneracy is the one for
which such a shell is half-filled, which yields

16N — 16 216(N-1)
Q= ( ) x .
8N — 8 VN

At leading order in the large N expansion, we can compute
the fermionic energy contribution from the shell with
energy Ey_;. This follows straightforwardly from (51).
In particular, if we are free to excite j = 4(1 + x)(2N — 2)
oscillators, —1 < x < 1 being the fraction of excited oscil-
lators. The energy reads

32RK?

8Rk*
———NR} + O(N?),

Hiom = N3+ O(N?) =
where R, = KN is the physical fuzzy sphere radius in the
large N 11m1t At the same time, the bosonic part of the
Hamiltonian yields, when evaluated on the fuzzy sphere
background,

RK*
HbOS - —TNRf
So the total energy reads
RI?
H= e (64 —3)NR7.

As explained in Sec. VI B, the Hamiltonian gives the light
cone energy, and it is related to the invariant mass through

R

H=E =—M.
LC = 5N
The mass-radius relation
Msp =, %

then implies

244\ %
ro = T Rf

In order for the fuzzy sphere geometry to represent a black
hole, its radius must be smaller than the Schwarzschild
radius. We see that this condition is satisfied when the
Fermi sea is filled in this way. The fraction x of excited
oscillators in the Ep determines the entropy. In the main
text, we will express the results in terms of the fraction y
defined as

14+ x
2 9’

y= 0<y<lL

APPENDIX D: STABILITY OF THE
SQUASHING MODES

In this Appendix, we prove that the squashing modes of
bosonic fluctuations are stabilized by the fermionic sector.
We have seen in Sec. VI D that quadratic bosonic fluctua-
tions with # = 1,J = 2 are unstable. These correspond to
the squashing modes of the fuzzy sphere
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X' = Sj.Xf,

where Sj- is a symmetric traceless tensor and X/ are the

bosonic matrices for the fuzzy sphere background [SU(2)
generators]. The quadratic potential reads

1 .. .
Avb()s = Rk4Tr |:§5XlNl16X/:|

and, given that those are eigenmodes of N;; with eigen-
value —2, we get

AV = —RK*SiS, Tr[XIXH].
Moreover, using

N(N?-1)

5k
12

Tr[X/X¥] =
we obtain

N3
AVbos = —Rk4ETI'[S2]

at leading order in N. The negative sign corresponds to
an instability. We will now see how this is compensated by
including quadratic perturbations, due to the same modes,
from the fermionic sector. The perturbation to the fer-
mionic operator, due to the squashing modes, reads

80, = RK*Tr[AM o' [6X, 21]] = RK*Tr[21 o' STLIAT],
where
Li =[x/,
We will compute the effective potential generated by the
fluctuations using second-order perturbation theory on the
state of the system, which we recall is the Fermi sea with

partially filled highest shell. To this end, it is useful to
decompose the fermions as

Mopoa = Uppil 8" + Vityrnet (D1)
such that

50, = RK} (P& &4 — Quiny ™" "
4 Tth,lgr.n,(l'f‘)(q,m,(ﬁ + T:‘l,:rll"'xg-m ;Jl)
with

rq . _ yr, .
nm'—vrnAqul,
A= oiS§Lj,

Py s= U AU,
= UTnAVen,

and, in the last expression, we suppressed matrix indices
for simplicity of notation.

We will compute the Hamiltonian at second order in
perturbation theory. First, we will show that the first-order
term vanishes. This reads

1
AVy, == (S]504]S),
QSGHO

where H,, is the Hilbert space of the state of the system,
composed of the Fermi sea with partially filled highest shell,
and Q is the degeneracy. Hence, |S) are states in this Hilbert
space. The only terms which will contribute are those that
preserve the particle number. Hence, we get nontrivial
contributions from

<S|€r,n.a’r§g,m|s> — 45rq5nm’

and similarly for y oscillators. It follows that
AV, = 4Rk S (Pl = Qi)
n r
which can be rewritten as

AV, = 4RK* “Tr[P, ,A - P_,A].
n

where

X, +(n+1)

p _n—Xn
T op 1

C2n+1

—-n

are the projectors in the 4+ and — sectors, constructed from
the operator X,, = (¢'L;)|,. We can use

Tr(c'o’) = 267,
o 1 y
Tr(L'L)) = gn(n +1)(2n + 1)8Y,
to show that

AV, « Tr(S) = 0.

We now proceed to compute the effective Hamiltonian
generated at quadratic order by the perturbation. This is
determined by

1 1
Aerrm =5 <S|6Of|R> <R|60f|S>7
QS;O ques Es — Eg '

and we are summing over all possible states that can be
connected by the action of §O . The denominator gives the
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energy difference between the two states. Let us examine
the action of 5O on states |S). The leading contribution in
the large N expansion is obtained by acting with creation
and annihilation operators on all the levels of the Fermi sea.
When the action only involves the top, half-filled level, the
corresponding contribution will be subleading in N. The
operator &-"*TEL™ removes and adds one oscillator. This
requires r = g and n = m. As a consequence, this would
impose R = S, which does not appear in the sum. Hence,
this term never contributes at leading order in N. The same
applies to y" " y&d™ The action of &% y4ma% creates
oscillators on states which are already filled, and therefore
provides a vanishing contribution. The only nonzero term
comes from removing two fermions from the sea by the
action of y&"&;™. Moreover, P, Q, T terms are constructed
from the interpolation of the operator A between different
eigenstates. But A can only interpolate between states with
the same orbital angular momentum 7. This imposes n = m
onall P, Q, T factors. It follows that the only nonzero term
is T8 y&" £" . This selects a state |R) where two oscillators

have been removed. The corresponding energy difference is
|

Tr(A?) = %n(n +1)(2n + 1)Tr[$?],

Eg—Eg =Rk*(Ay, —A_,) = RK*(2n + 1).
Putting all together, we get

Tl

AV = 4Rk422 y
n

with the factor of 4 from summing over @ = 1, ...4. Hence,
computing the fermionic correction reduces to the evalu-
ation of the factor

Ty 4> = Tr[P, ,AP_,A].

Expanding the expression, we get

|Tn%)? = [n(n+ 1)Tr(A?)

(2n+ 1)
— Tr(XA?) — Tr(XAXA)].

The traces can be evaluated using standard SU(2) identities
and read

Tr(XA?) = %n(n +1)(2n + 1)Tr[$?],

Tr(XAXA) = ——n(n+ 1)(2n + 1)(n = 1)(n + 2)Tr[$2].

15

Putting everything together,

n(n+1)2n—-1)(2n + 3)

Th9 2 = Tr[S2].
[Tl 52n+ 1) S
It follows that
|Tn% | N3
2 a1 = 13 ST+ Om).
and, as a COHSCqUCHCG,
4N3

AVierm = RE* FTr[s2] + O(N?).

Considering both bosonic and fermionic contributions, the
quadratic perturbation potential for the squashing modes
reads

[
AVsquash = AVios + AViem

1 4
_ 4a73 2 2
= RK*N (—12+15)Tr[8]+0(N)

11
= RK*N? @Tr[SZ] + O(N?),

which is positive. Hence, the perturbation is stable.

A similar analysis can be carried out for the # = 1 modes
in the directions orthogonal to the fuzzy sphere. These
modes can be written in terms of fuzzy sphere matrices as

SXH3 = A;‘.Xf ,

where A}'» is the 3 x 3, antisymmetric matrix parametrizing

the fluctuation. The analogous analysis to the previous case
can be carried out using the fermionic term

80 = At (1,0)ic*y 384X ;, 21 (1,0)]
obtained by perturbing the corresponding term in the full

action (44). This fixes the instability of the £ = 1 mode in
the orthogonal directions.
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