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We investigate (—1)-form symmetries using the framework of symmetry topological field theories.
Previous studies of (—1)-form symmetries have primarily focused in SymTFTs with topological point
operators. Here we examine SymTFTs devoid of point operators, constructed to realize zero-form
symmetries of some physical theory. In this context we identify codimension-one defects within the bulk of
SymTFT constructed via higher gauging, which can be interpreted as the generators of (—1)-form
symmetry of the absolute theory. In addition, we present examples where (—1)-form symmetries exhibit the
novel ability to shift the 't Hooft anomalies of the theory.
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I. INTRODUCTION

Symmetries underpin many fundamental principles in
quantum field theories, from organizing the spectrum of
operators in gauge theories to constraining renormaliza-
tion group flows through anomalies. Due to the pionee-
ring work [1], the concept of symmetry has been reformu-
lated in terms of topological operators. Since then, the
notion of symmetries has been generalized in various
directions—including higher form symmetries, higher
group symmetries, and noninvertible symmetries ([2—14],
and references therein).

More recently, the advent of symmetry topological
field theory (SymTFT) [15-21] has provided a powerful
framework to explore generalized global symmetries. The
topological operators of the SymTFT encode the informa-
tion of symmetry generators and defects charged under
these symmetries. Remarkably, the SymTFT allows one to
“isolate” the notion of symmetry from the physical theory
itself, enabling the independent study of these topological
operators.

The notion of p-form symmetry, 0 < p < d —2 is well
explored from the SymTFT and absolute theory. Beyond
this “conventional” range, there exists two extreme cases of
higher form symmetry corresponding to (—1)-form sym-
metry and (d — 1)-form symmetry. The (d — 1) symmetries
are primarily linked with the phenomenon of decomposi-
tion [22-34], (—1)-form symmetries—the lesser known
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cousin of higher form symmetries—have recently garnered
significant attention [35-43].

From the perspective of the absolute theory, (—1)-form
symmetries are naturally associated with space-time
filling defects—operators that would “act” on the theory
itself modifying its defining parameters. These ideas have
recently been explored within the framework of SymTFT
[38—41]. In the SymTFT framework, (—1)-form sym-
metries are associated with codimension-one topological
defects that live in the bulk of SymTFT with their natural
ability to act on “dual” topological point operators of the
SymTFT bulk. The topological point operators are asso-
ciated with the (d — 1)-form symmetry. When kept parallel
to the symmetry boundary (depending on the boundary
condition), the codimension one topological defect modi-
fies the values of the point operators on the symmetry
boundary of the SymTFT. As a consequence, we see a
change in one of the defining parameters of the absolute
quantum field theory.

In this note, building upon our previous work [38], we
further investigate (—1)-form symmetries through SymTFT.
Specifically, in this work, rather than directly constructing a
SymTFT to encode (—1)-form symmetries and their dual
(d — 1)-form symmetries, we consider SymTFTs without
topological point operators. In the absence of point operators,
there is no natural dual codimension-one defect within the
SymTFT. We will see in detail that in such circumstances, the
codimesion-one defect associated with a (—1)-form sym-
metry can arise in a more subtle manner, such as via higher
gauging [33,44-49]. To our knowledge, such a generaliza-
tion has not been explored before.

In our previous work [38], we came up with a gener-
alization of (—1)-form symmetries to the non-invertible
cases, showing that a (—1)-form symmetry is capable of
modifying the global symmetries of the theory it acts on.
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In this note, in addition to the generalization of (—1)-form
symmetries to SymTFTs without point operators, we also
give an example where the (—1)-form symmetry modifies
the ’t Hooft anomaly of the theory it acts on.

The paper is organized as follows. We start with a general
discussion of (—1)-form symmetries and decomposition,
how they are intertwined with each other. Section III presents
a discussion of (—1)-form symmetries in the framework
of SymTFT. We present the generalization of (—1)-form
symmetry to SymTFTs without topological point operators.
Then in Sec. IV, we construct 2D theories with (—1)-form
symmetries that can shift the 't Hooft anomaly of the theory
upon its action. We give further examples of (—1)-form
symmetries in Sec. V. Finally, we conclude with future
directions and outlook in Sec. VI.

II. GENERALITIES: (-1)-FORM SYMMETRY
AND DECOMPOSITION

There are two different approaches to the notion of
(—=1)-form symmetry. One approach is based on decom-
position [38—40], and the other is based on the ideas of
parameter space [35-37,39]. In this Section, we would like
to bridge the two different points of view and argue that
these two seemingly different perspectives are in coherence
with each other.

A. Decomposition perspective

Decomposition refers to the phenomenon where, in the
presence of a (d — 1)-form symmetry our quantum field
theory (QFT) breaks up into a bunch of universes [22-34].
The partition function of our theory reads as the direct sum
of the partition function of individual universes,

T = @Ti’

l

Z’T:ZT]_'—ZTZ_‘_“'_‘_ZT,-' (21)

Here T'; denotes the universes. Gauging the (d — 1) form
symmetry undoes the decomposition [32], effectively
projecting us onto different universes. Each universe carries
a (—1)-form symmetry, which is the quantum dual of the
(d — 1)-form symmetry and manifests itself as a space-
time filling defect. From this perspective, the action of
(—=1)-form symmetry is well understood: it acts on the
theory itself and takes us from one universe to another.
Things become somewhat mysterious when we speak of
a theory possessing (—1)-form symmetry away from the
context of decomposition. For an example, consider the 4D
Yang-Mills theory. This is a famous example of U(1)-!
symmetry obtained by promoting the € angle to a space-
time dependent field and coupling it to a Chern-Weil-type
current [37,42]. This is equivalent to treating 0(x) as the
background gauge field of a (—1)-form symmetry. Once 6
becomes space-time dependent, we are naturally led to
consider a continuous family of Yang-Mills theories, each
labeled by a different value of 8. This is where decom-
position comes into play; each copy of Yang-Mills labeled

by a different value of # is a universe of a decomposing
theory with a (d — 1)-form symmetry. To uncover the
(d — 1)-form symmetry we need to gauge the (—1)-form
symmetry, since they are quantum duals of one another.
Unlike ordinary symmetries, gauging (—1)-form symmetry
requires us to take a direct sum of theories related by its
action.

We can make this more concrete. The existence of
(—1)-form symmetry implies that we are dealing with a
finite or infinite collection of theories that are related by its
action. We can define a new theory,

T, =T, (2.2)

here we have taken a formal direct sum of the individual
theories (7';) related by the action of (—1)-form symmetry.
The resulting theory 7 p carries a (d — 1)-form symmetry.
This is a general feature of theories built by taking direct
sums of different theories.

For instance, starting from a given QFT, X, we could
now consider a different theory is given by two copies of X,
which normally we can write as X @ X. This is the easiest
way to construct a theory with a (d — 1)-form symmetry,
because it has multiple topological local operators, which
are the projection operators onto the two theories. These
operators have a natural fusion rule, and this is a generic
feature of direct sum theories—the operators in question do
not have any natural grouplike structure. To be explicit, let
the projection operators be v, and v,. Then they fuse as,

v ® vy = vy,
Uy ® vy = 1y,

v Q@ v, =1, ® v; =0. (2.3)
If we wanted we could recombine these operators to give
this (d — 1)-form symmetry a Z, group structure, which
would require taking (v; + v,)/2 and (v, — v,)/2 as our
new operators, but doing so is sort of artificial."

The very definition of 7, is equivalent to gauging
(=1)-form symmetry.2 In the case of Yang-Mills theory, we
have to consider an infinite sum, since the number of
universes—labeled by different € angles—is infinite. By
promoting the € angle to a space-time dependent field, we
implicitly introduced a collection of Yang-Mills theories. In
this setting, the notion of (—1)-form symmetry is trans-
parent. Furthermore, upon gauging the full (—1)-form
symmetry or a subgroup of it we can observe the emer-
gence of a 3-form symmetry [25,38,39,41]. In a nutshell,

'We thank Thomas Vandermeulen for discussing this point
with us.

We can choose not to sum over all the theories within this
space. Such a partial sum corresponds to gauging a subgroup of
the (—1)-form symmetry.
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FIG. 1. Imagine the horizontal line as the parameter space. Each
vertical line is QFT. For example, these are pure Yang Mills
theories at different 6 value. If we start with QFT A, then by the
action of operator U,z we can move from A to B.

whenever there is a (—1)-form symmetry, decomposition
always lurks in the shadows.

B. Parameter space perspective

There is another approach to understanding (—1)-form
symmetry, one that does not rely on the concept of
decomposition. This scheme, building on the perspective
of [17] has recently been discussed in [50,51]. From this
point of view, a topological manipulation/operation that
changes the values of defining parameters of a theory
should be regarded as a (—1)-form symmetry. Consider a
family of QFTs fibered over the parameter space X of the
theory, parametrized by 6. While ordinary and higher form
symmetries act fiberwise, the (—1)-form symmetries act
on the base, see Fig. 1. A topological operation that takes us
from one point of the base to another should be thought of
as (—1)-form symmetry. We can quantify this as follows,

QFTG g u‘g,(;/QFTg/ (24)
where QFT, is QFT defined at 0€X and Uyy is
the topological operator associated with (—1)-form
symmetry—this defect is space-time filling (wraps the
QFT direction). The action of this operator is to modify
the parameters (0) of the theory.

Once again, the simplest example is the 4D Yang Mills
theory with @ term. We can imagine the base space as a
circle parametrized by 6, with 4D YM theories fibered over
it. The (—1)-form symmetry then acts by shifting us along
the circle, effectively changing the value of 6.

In the absence of a continuous parameter like 0, the
moduli space of the theory consists of discrete collection
of points; equivalently, we can just call it a collection of
theories.? In this framework, a (—1)-form symmetry takes

A more precise description would be to refer this as a category
of QFTs, where a (—1)-form symmetry is simply a morphism
[Hom(QFT;, QFT,)] in this category. This concept can be
generalized to (-n)-form symmetries by allowing different
“types” of morphisms. See [52] section 2.6.

us from one distinct theory in this collection to another.
Although there was no mention of decomposition in this
approach, we can bring it into the picture by taking a formal
direct sum of different theories defined at different points
in the parameter space. This is equivalent to gauging
the (—1)-form symmetry, which naturally results in a
(d — 1)-form symmetry.

1. When can we say that we have (— 1)-form symmetry?

The arguments given above tend to suggest that the
(—=1)-form symmetry is not an intrinsic property of the
theory; rather it is a reflection of the fact that our theory is
a universe of a decomposing theory. Then the action of
(—1)-form symmetry taking us from one theory to a dif-
ferent theory holds nicely. So, we can conclude, whenever
our theory has a (—1)-form symmetry or there exists an
operation that relates it with another theory; then our theory
must be a universe of a decomposing parent theory carrying
a (d — 1)-form symmetry. This will become even more
transparent, when we discuss (—1)-form symmetries
through the lens of SymTFT in section III.

III. (-1)-FORM SYMMETRY VIA SYMTFT

The interplay between (—1)-form symmetry and
decomposition becomes even more transparent from the
perspective of the powerful SymTFT. We will see that two
perspectives we discussed earlier blend nicely in SymTFT.
In order to explain decomposition from the symmetry TFT
we must allow topological point operators in the bulk.
These point operators will come with dual codimension-
one defects, which should be identified with the generator
of (—1)-form symmetry.

In the absence of topological point operators in the bulk
there are no intrinsic codimension one topological defects
in SymTFT. Nevertheless, we can engineer codimension
one topological defects in the SymTFT using the Higher
gauging techniques [33,44-49]. To begin with, we will
allow point operators in the bulk of SymTFT and study the
codimension one defect that comes along with it. Then we
will tackle the versions obtained by some higher gauging.

A. SymTFT with topological point operators

Consider a 2D QFT 7 with ZE\}) symmetry, the SymTFT
for such a theory is given by,

g2

=5 [ fvde (3.1)

where both ¢, and 6 are Zy-valued cochains. We are
working with 2D theories for simplicity, but our arguments
can be generalized to any dimension. The topological
operators in the bulk are given by,
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Uy=eJo  wy=e®  apezy. (32)

We define the physical boundary of our SymTFT as,
x ZZT[CZ]|CZ>
%)

where we have coupled our 2D QFT 7 and Z7 is the
partition function of 7. We have two options for our
symmetry boundary, we can either choose Dirichlet boun-
dary condition for ¢, and Neumann for € or vice versa.
Going with the former, the symmetry boundary can be
defined as,

(3.3)

(D &y (ch]8(ch — )

/
)

(3.4)

where “D” stands for Dirichlet boundary condition. We can
reduce the sandwich with this boundary condition to obtain
the partition function of the original theory 7,

(D|T) = Z7(C,] (3.5)

where C, is the background field for the Z](\P symmetry. We

can change the symmetry boundary condition by a discrete
fourier transform,

(N| ;exp(i/éu c2> (cs

if we reduce the sandwich with this boundary condition,

(N|T) = Zexp( /euCg)zf[c2]<c'2|c2>

€2.¢%

(3.6)

=Z1/7,0] (3.7)

it leads us to the gauged version of the original theory
T/ Zg\}), here Zy,7,[0] is the partition function of one
individual universe. Now if we add the codimension 1
defect U, in the bulk parallel to the symmetry boundary,”

WU = Ses(i [oues)erS “zriclice)

€2,¢)

= Y e ey el le)

“In terms of boundary condition, this is equivalent to saying,
we are imposing a Neumann boundary condition on ¢, and 6 is
kept fixed on the symmetry boundary. As a result, the operator U,,
remains a nontrivial topological operator. In a similar fashion, if
we change the boundary condition, we get a theory with non-
trivial topological point operators.

We observe that the value of 0 gets modified in the presence
of this defect, which implies the fact that now we are in a
different universe labeled by (6 + a). We can interpret (3.7)
and (3.8) as two distinct theories being related by the action
of (—1)-form symmetry. We can summarize the action of
U, purely in terms of boundary condition as,

(No| — (Noyal, aEly (3.9)
here (Ngy| denotes the choice of symmetry boundary
condition with a specific value of 8. As we emphasized
earlier, codimension one defects in the bulk of the SymTFT
that links with the bulk point operators can modify the
symmetry boundary nontrivially, by shifting the value of a
defining parameter. This is the most traditional version of
(—1)-form symmetry. In a more realistic setting, when our
QFT has other symmetries, our SymTFT will be more
involved, there will be additional couplings due to the
presence of other symmetries. Nevertheless, the defect U,
will always act on the point operators (in the language of
generalized charges [53], it will carry O-charges), or equiv-
alently it links with the W nontrivially, because of that, this
type of defect can always modify the value of the 6 angle.

1. Gauging (- 1)-form symmetry

As we have already argued, gauging (—1)-form sym-
metry is equivalent to taking direct sum of theories related
by its action. From the SymTFT perspective it is like taking
a direct sum of different theories that share the same
physical boundary but their symmetry boundary is differ-
ent. Starting from (Ng| as our symmetry boundary, we can
generate a plethora of boundary conditions related by the
action of U,. Now, if we take a direct sum of all such

boundary conditions and define,
(NF™| = (Nol @ (ool ® Noyoud @ . (3.10)

reducing the SymTFT with this nonsimple boundary
condition,

(N5 B ) = [ (V5] @ (322
o <N§f§a @ } Bphysﬂ
= (No|Bpnys) @ (No-a|Bpnys)
® (Noy24|Briys) @ ...
Zp=Z0® 291 ® 29124 D ......

(3.11)

we end up with a theory T, with a partition function Z,. We
have essentially gauged the (—1)-form symmetry, this
gauging produces a direct sum of theories, implying decom-
position. In other words, the theory ¥, has a (d — 1)-form
symmetry. We could have obtained this directly from

105020-4
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SymTFT by imposing the Neumann boundary condition on
6, making the point operators in (3.1) topological.

B. SymTFT without topological point operators:
Gauge defects

In the previous Section, we allowed topological point
operators (TPOs) in the bulk of SymTFT and observed how
the codimension one defect acts on these point operators.
In this Section, we turn our attention to discuss SymTFTs
that do not contain any TPOs to begin with. This rules out
couplings of the form bydc,; in the SymTFT action. In a
situation like this, the codimension one defects have to
show up in a more obscure manner. Specifically, we have
to resort to higher gauging techniques [44] to identify
these defects. Defects constructed by the higher gauging
methods—commonly known as condensation defects
[33,44-49]—are known to act on extended objects instead
of point operators. In doing so, they can also alter
the symmetry boundary in a nontrivial way, resulting in
a (—1)-form symmetry for the absolute theory.

As an example, we would like to discuss how the
codimension one condensation defects of 3D Z, gauge
theory act on the boundary conditions. This theory can
be viewed as the SymTFT corresponding to a 2D QFT
(¥) with (nonanomalous) Zgo) symmetry. Depending on
the choice of symmetry boundary condition, the result-
ing absolute theory is either ¥ with Zg))—form sym-
metry, or its orbifold ¥/Z,, with a quantum dual Zgo)
symmetry.

<BSym| = <Be| - <Be|BPhys> =g,

<BSym| = <Bm| - <Bm|BPhys> = z/ZZ (312)
This change in boundary condition is mediated by a
codimension one defect S, [17,18,44].5 One can simply
insert the defect S, in the bulk and then close the
sandwich to change the boundary condition,

<Be|Sy/|BPhys> - <Bm|BPhys> =Z/2,,

<Bm|Sl//|BPhys = <Be|BPhys> =Z. (313)

1. Boundary condition changing defect of 7, SymTFT

We would like to review the construction of this
boundary condition-changing defect of this theory explic-
itly, following [18]. The action of the 3d Z, gauge theory is
given by,

S3d:7l'/ a15b1 (314)
M;

>We have reviewed the surface defects of 3dZ, gauge theory in
Appendix A.

D

Loy | Lao

FIG.2. We have an insertion of D within the Z, gauge theory. If
we pierce a e line through the defect, it gets modified into
a m line.

where a;, b; are Z, valued fields. The topological line
operators in the theory are,

L g)lri] = exp (iﬂ/ a1>,
71
L(O.l){él] = eXp (lﬂ:A b]>
(1)

They generate the electric and magnetic Z, ' symmetry of
the 3D SymTFT. We are using the nomenclature used in
[18], in this notation Lo =e Loy =m, where e and m
are the electric and magnetic anyons of the Z, gauge theory.
The codimension-one defect that can modify the boun-
dary condition from Dirichlet to Neumann can also be
interpreted as the defect that interchanges the two gauge
fields of the theory,
a; — by, by = a, (3.15)
Following [18] Fig. 10, we can claim that this defect can be
constructed by condensing the line operator L, _yy(y;) =
L10)(r1) ® Lo—1)(71); when an operator L, ¢) intersects
the defect, it can be absorbed by one of the L(; _;) lines in
the condensate, provided that an L g ;) line is also emitted,
with the net effect that the L ; o) line becomes an L g ;) line
as it crosses the defect, see Fig. 2

- >

71 €H(M1.Z,)

L(l,—l)(?l)- (3-16)

It is easy to check that D is indeed invertible.
Certainly, this is not an action of (—1)-form symmetry
per se,(’ but there exist certain theories in which discrete

®We can frame all such discrete gaugings as (—1)-form
symmetries, if we are willing to take a direct sum of the theories
connected by discrete gauging. This direct sum procedure intro-
duces decomposition and gives rise to the notion of (—1)-form
symmetry as the quantum dual symmetry of the (d — 1)-form
symmetry. Of course, this would be a fairly artificial example
of (—1)-form symmetries; more interesting are cases where
(—1)-form symmetries arise naturally in some theory under
consideration.

105020-5
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gauging corresponds to modifying some parameter of the
theory, such as the radius of the free boson theory in 2D
or the complexified coupling constant in 4D Maxwell
theory [54]. In these specific examples, such gaugings
can be interpreted as (—1)-form symmetry because they
correspond to modification of a defining parameter of
the theory.

The 2D free boson theory at radius R possesses a
U1 x U(1)©  symmetry, with a mixed anomaly
between them. We are allowed to gauge a discrete subgroup
of the momentum U(1)(®) symmetry, which results in a
rescaling of the radius of the free boson theory. This
discrete gauging operation is equivalent to an action of
(—1)-form symmetry. Furthermore, every discrete gauging
operation in SymTFT corresponds to a topological inter-
face within the bulk of SymTFT [17,18]. So, we can argue
that there should be a codimension one defect within the
free boson SymTFT that corresponds to this rescaling of
the radius R, which we identify as the generator of the
(—1)-form symmetry. This notion of (—1)-form symmetry
has been discussed previously from the perspective of 2D
absolute theory, and goes by the name of gauge defects
[55]. In the next subsection, we give a SymTFT perspective
of the gauge defects.

2. Codimension one defects of free boson SymTFT

The SymTFT for a 2D free boson theory with a
U x U(1)© symmetry’ is the following [56,57]:

1
SFB :_/bl /\ddl.
2r

Here a; and b, are R valued gauge fields. The operators in
the bulk are,

(3.18)

Uolri] = emfb'v Wylri] = eiﬁfal, a,fER

(3.19)

As usual, there are two canonical boundary conditions of this
SymTFT, where we either terminate all W or all U, lines on
the symmetry boundary. In both cases, this would give rise to
a theory with R(®) symmetry. As the Pontraygin dual of R is

"The (d + 1)-dimensional SymTFT for d-dimensional QFT
with U(1) global symmetry was constructed using R gauge
fields [56,57].

1
Se = ﬂ/ bap A da,,. (3.17)

Here, a, and b,_, are R valued gauge fields. The line operators

in the bulk are, U,[y] = ei“fb“"’, Wply] = eiﬁf“”, a,peER. We
obtain a theory with U(1)®) x U(1)©® symmetry by terminating
the defects U, and W,, with m, n € Z on the symmetry boundary.
We have specialized to d =2, p = 1 to get a U(1)?) x U(1))
symmetry.

R, these two boundary conditions are related with each other
by a flat gauging. Instead, if we choose to terminate U,,, W,
with n,m&Z on the symmetry boundary, we realize
U(1)© x U(1)© symmetry in 2D. These can be identified
with the momentum and winding U(1) symmetries of the
free boson. The operator U ,, which links naturally with W ,,,
will generate the momentum U(1),,. Similarly, W, which
links naturally with U,, will generate U(1),,. Moreover,
these two U(1) symmetries will have a mixed anomaly,
which can be seen from the nontrivial braiding between the
generators. Furthermore, we can choose to terminate U,,, and
W2 on the symmetry boundary. This is allowed choice of
boundary condition as they do give rise to a consistent
Lagrangian algebra, due to the trivial braiding among
themselves. This choice of boundary condition corresponds
to gauging a Z, subgroup of the U(1).

There is an alternate formulation of the free boson
SymTFT using U(1) and R gauge fields,

1
SFB_Z_/bl /\dBl—i—al/\dAl—Bl/\dAl. (320)
T

Here a,, b, are R valued and A, B; are U(1) valued gauge
fields. The mixed anomaly between the U(1) symmetries is
more transparent in this setting. If we plug in the equation
of motion of Ay: da; = dB; back in the action, we recover
(3.18). The operators in the bulk are,

Ul = exp (ia%ln), W) =exp (im%Bl)
Uj = exp (iﬂfm), W2 = exp (infm), (3.21)

where, a, € U(1) and m,n € Z. In this formulation, we
need to impose a Dirichlet boundary condition on A; and
B, to realize a theory with U(1) x U(1) symmetry directly.
This is equivalent to saying, W},, W2 terminates on the
symmetry boundary while U, U/% remains parallel. In order
to gauge a Z, C U(1) the boundary conditions needs to be
modified, W2, W} U ’; with n,me€ Z, and p € Z, termi-
nates on the symmetry boundary, while U}, Uz, W), with
PER/Z=U(1), aeR/(5) = U(1), and p € Z, remains
parallel, under the new boundary conditions.

In order to change the boundary condition, we need a
defect in the SymTFT bulk that will only act on W} and to
modify it to a U%1 line. This operator will be completely
inert to everything else.

Following the arguments of [18] that lead to the defect
(3.16), one is tempted to identify D as the result of
condensing the W} ® U %' line, see Fig. 3

D(%,) ~ Z

71 €H(22.2)

Wir) ® Ui (n), (3.22)

105020-6
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D

Ul Wi

FIG. 3. Action of D, modifies a W% line operator into a U ll line.

where we are being cavalier about the (possibly infinite)
normalization,® In other words we are one-gauging a Z
subgroup of the Z x U(1) 1-form symmetry in the bulk that
is generated by the W! (y) ® UL(y) lines in the bulk.
Colliding this defect with the symmetry boundary produces
the boundary condition required to gauge the Z, c U(1),,
of the momentum symmetry in the absolute theory. We can
identify this defect with the generator of (—1)-form
symmetry or gauge defect which modifies the radius of
the free boson theory from R to R/2. It would be good to be
able to put these arguments, and more general topological
manipulations involving infinite discrete groups, on firmer
footing.

C. Noninvertible (—1)-form symmetry

The generalization of (—1)-form symmetries to noninver-
tible cases has recently appeared in [38]. While the invertible
(—1)-form symmetry just shifts a parameter of the theory, its
non-invertible counterpart does more. In addition to shifting
the parameter of the theory, the action of a noninvertible
(—1)-form symmetry can turn a simple boundary condition
into a nonsimple one. Such codimension-one defects with
noninvertible fusion rule are also present in the 3D Z, gauge
theory, which can arise as the 3D SymTFT of a 2D QFT &

with a Zgo) symmetry.

1. Noninvertible surface defects of 3D 7, gauge theory

In the 3D Z, gauge theory, there are four noninvertible
defects [44] with the following fusion rules:

$This is very analogous to a situation one encounters when
attempting to obtain the compact free boson from the noncompact
free boson in 2D. The noncompact boson has an R translation
symmetry, and the compact free boson should be obtained by
gauging a Z subgroup of R. The usual orbifold procedure for finite
groups does not quite work here, since we get factors like 1/|Z]
appearing in front of infinite sums, but one can obtain the correct
expression for the compact boson partition function if one is willing
to ignore these issues in intermediate steps. Here we are also
attempting to gauge an infinite discrete group (again isomorphic to
Z), and our hope is that the correct answers can similarly be gleaned
by this admittedly nonrigorous argument. We hope to return to a
more careful approach to these issues in future work.

Se ® Se = (ZZ)Se’
Sm ® Sm = (Z2)Sm’

Sem ® Sem = Sema

Sem ® Sme = (Z2)Se’ (323)

where Z, is the partition function of 2D Z, gauge theory.
We briefly review these defects in Appendix A. In the
language of the canonical boundary conditions of the 3D
gauge theory,

<Be|Be> = <Bm|Bm> = (ZZ)’
=1

<Be|Bm> = <Bm|Be> (324)

These noninvertible defects can be factorized into bounda-
ries as,

Se=IBe)(Bel. S =1[Bu)(Bul.  Sewm = [Be)(Byl.

(3.25)
Now, we would like to study the action of these defects on
the symmetry boundary; we insert the defect in the middle
and close the sandwich. Starting with S,,
<Be|Se|BPhys> = Z,KZ,

<Bm|Se|BPhys> =aZ. (326)

Repeating the same process with §,, and finally S,,,,

<Be|Sm|BPhys> = S/ZZ’ <Bm‘Sm|BPhys> = ZZ&S/Z%
<Be|Sem|BPhys> = Z2|XS/ZZ’ <Bm|Sem|BPhys> = Q/Z2
(3.27)

We can add more than one copy of the defects in the
middle, which gives us two options. Either we can fuse
them before we collapse the sandwich or we can drag
the collection of defects on top of the symmetry boundary
one at a time. Regardless, we would get the same result as
the following:

<Be|Se ® Se|BPhyS> = <Be|(ZZ)Se|BPhyS> = (22)2|zg

w

(3.28)

We observe that each copy of S, introduces a factor of
(Z,), inserting A such defects in the bulk will produce
(2,)VXZ. Running the same algorithm with S,,,,

<Bm|Sm ® Sm|BPhys> = <Bm|(ZZ)Sm|BPhyS>
e ——
¢
inserting M such defects in the bulk will produce
(2,)MXZ/Z,. On the other hand, inserting multiple
copies of §,,, does not produce any new theory,
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ngm S. BPhys
e
o —0 ]
) = = (2,)RT
o—0 o
BV S BPhys
Zo €

FIG. 4. We have condensed the e line to construct S,, which means the e line can now terminate on the defect.

<Be|Sem ® Sem|BPhys> = <Be|Sem|BPhys> = Z2|zz/225
<Bm|Sem ® Sem|BPhys> = <Bm|Sem|BPhys> = Q/ZZ
(3.30)

These defects are codimension-one in the bulk, and
hence in the absolute theory they would naturally be
interpreted as (noninvertible) (—1)-form symmetries.
Unlike the invertible codimension-one defect S, which
takes us from one physical theory to another, these non-
invertible (—1)-form symmetries may take us from a single
universe to a decomposing theory with multiple universes.

2. From simple to nonsimple boundaries

We can see clearly that the action of these noninvertible
defects on the symmetry boundary is producing nonsimple
boundary condition. There is an alternative way to under-
stand this action. The defect S, was built by condensing the
electric anyon of the gauge theory. So, we can say that the
electric line can end on the defect. On the other hand, due to
the chosen boundary condition, we can imagine the e line
to be anchored between the symmetry boundary and the
defect, as depicted in Fig 4.

When we reduce the sandwich with the defect in the
middle, we obtain a set of topological point operators
localized on the symmetry boundary. This is an indication
that the symmetry boundary is no longer simple. Further-
more, upon reducing to the absolute theory, the presence of
these topological point operators indicates decomposition;
upon assembling these point operators into projectors, the
entire theory decomposes into a direct sum. We can see
that simple boundary conditions become nonsimple in the
presence of noninvertible (—1)-form symmetries, a feature
that has been observed before in [38]. We can run the same

TABLE 1. Different types of (—1)-form symmetry.

Defect Initial boundary condition Final boundary condition
Se (B.| (B.| & (B.|

Som (Bl (B| @® (B

Sem (B, | (B| @ (B

Sime (Bl (B.| & (B.|

algorithm with S,, or S,,,, insert the defects in the middle,
and close the sandwich, which will give rise to nonsimple
boundary conditions, like before. We summarize the pos-
sibilities that give rise to nonsimple boundary conditions
in Table L.

IV. ANOMALY SHIFTING (-1)-FORM
SYMMETRY

In this Section, we would like to move our attention to a
specific kind of (—1)-form symmetry that has the capacity
to modify the ’t Hooft anomaly across different universes.
We first describe this operator in a toy model and then we
will give an example of this type of (—1)-form symmetry in
a 3D SymTFT obtained via dimensional reduction of a 5D
SymTFT.

A. Toy model
Suppose we have a 2D theory € with a Zgo) symmetry.
The SymTFT of this theory is given by,
S3d = i/ aldbl' (41)
b2

Now consider the theory, 7 = T @ <. This theory has two
topoological point operators, the operators that project onto
either of the two copies, and hence 7 carries a Zél)

symmetry. We can write down the SymTFT for 7 as,

i 1
Sgd:;/aldbl +7—T/b0dC2.

The fields b, and ¢, have been introduced to explicitly
accommodate the Zgl). The two point operators in this
language are 1 and e’* (there will be linear combinations
that act as projection operators).

The topological operators are,

(4.2)

eifa‘, U=el, V:eifcz.
(4.3)

x=dlt, y-=

The (—1)-form symmetry is generated by V, which moves
us between the two copies of T by modifying the value of
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by that distinguishes the universes. Now let us repeat this
construction for,

T=20% (4.4)
where € is a QFT with an anomalous Zé())
SymTFT for € and ¢ are,

Sg _i/aldbl,
T

) 1
S :i/aldbl +—dlda1.
/4 2

symmetry. The

(4.5)

123

We define the SymTFT for 7T,
] 1
S3d = i/ aldbl + bodCz + —b()(lldal. (46)
b3 2

We introduce the mixed anomaly to account for the change
of 't Hooft anomaly between the universes. This SymTFT
must have two distinct boundary conditions, corresponding
to the theories ¥ and €. The action is gauge invariant under
the following gauge transformations:

a, — a + dﬂo,
by = by + dug — nay,
by = by + 27n,
A
Cr >y +dy — ﬁdal (4.7)
and the equations of motion are,
1
dal :0, dC2 +—[11da1 :0,
2n
1
/2

The gauge invariant topological operators are,

1
Xzexp(i?!bﬁrboal), Yzexp(i][m),
2n

U = exp (iby), V =exp (z/ ¢y + * alda1>.
oM, 27 Jm,
(4.9)

The operator X is generator of the O-form symmetry that
carries some dependence on b,. As a consequence, the
self-braiding of the line operator depends on the value of
by, in other words the value of self-braiding gets modified
in each universe. Moreover, we see that the operator V, the
generator of the (—1)-form symmetry becomes nongenuine.
This operator can be viewed as an operator that modifies the
whole SymTFT action.

When kept parallel to the symmetry boundary it has
twofold consequences: it modifies the value of b, through

eif “ term and introduces the 3D anomaly inflow term,

which adds the anomaly for the O-form symmetry. The action
of the (—1)-form symmetry actually modifies the SymTFT of
that universe itself. In order to see this explicitly, we define
the physical boundary condition of the SymTFT as,

|f> = sz[cz,alﬂcz,al)

C2,a

(4.10)

where |c,,a,) is a state in the Hilbert space of the 3D
topological quantum field theory. We have coupled the
theory 7 to the physical boundary. The symmetry boundary
is defined as,

(D] = (ch.aj|8(ch — Cy)8(d| — Ay)
.}

(4.11)

where D stands for Dirichlet boundary condition for the
I-form symmetry and O-form symmetry backgrounds.
Collapsing the sandwich with this boundary condition gives

us the partition function for 7,

(DIT) = > Zilera]o(ch = Cr)d(a) - Ay)

ch.d).cr.a

x (chlex)(ailar) = ZT[CZ’AI] (4.12)

here C‘z and Al are the background fields of the 1 form
symmetry and the 0 form symmetry. We can gauge the
1-form symmetry by changing the boundary condition via a
discrete Fourier transform [18],

i N
(N| = Zexp <;/BO A c’2>5(a’1
ch.d,

where N now stands for Neumann boundary condition
(for the 1-form symmetry). This change is equivalent to
gauging the 1-form symmetry, i.e., undoing decomposition
and projecting onto different universes,

A i ~ ~
W= Y exp (— / BoAca)zf[cZ,alwaa Ay
ch.a).cr.ay 4

x (ch|er)(ay|ay)

=Z BOvAl]

—A)(cpall (413)

1,2\ [

=Zq¢[By,A,]. (4.14)
If we set By =0, we can identify this partition function
as the partition function of the first universe ¥, which
has a nonanomalous O-form symmetry(by construction).’
Now we insert the defect V,

°From the SymTFT action it is evident that when b, is set to 0,
the mixed anomaly vanishes. In fact, the partition function of the
absolute theory will have a factor exp (# [ boa,bay) outside the
path integral, under the gauge transformation of the a; field,
this will produce the anomalous phase but when b, is set to 0, this
term just goes away.
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(Nle' [ et adar ) = 3 exp Cr/éo A c’2>eifczeﬁf“‘da‘zf[cz,al]é(al —A) ()

= Sep (1 [y m) nc )b S 500, - 225 er )

ﬂfA]dAlz,j_/Zél) [é() + ﬂ,Al]
= 24(B).A)] (4.15)
|
where B, = 7 as we have set B, = 0 earlier. In doing so, be— b g B _p dA =0
we can claim this to be the partition function of the second P R P R St
universe €, with an anomalous 0-form symmetry, (4.19)

If we perform a gauge transformation of the O-form
symmetry, a phase appears as expected, signaling an
anomaly.

B. Example via dimension reduction

In this Section, we demonstrate that the SymTFTs with a
structure similar to (4.6) can arise naturally via dimensional
reduction. As an illustration, we present a SymTFT
featuring a codimension one defect that generates a
(—1)-form symmetry and has the capacity to modify the
’t Hooft anomaly across universes. The proposed SymTFT
takes the form,

1 k
SgDm:/ bldAl+f2dB()+f0de+72f0AldAl N

21 A4z
(4.17)

where the lowercase letters are R-valued gauge fields and
the uppercase letters denote U(1)-valued gauge fields. This
SymTFT can be obtained via S? reduction of a 5D SymTFT
of a 4d U(1) gauge theory with a U(1) flavor symmetry.
Moreover, there is a self anomaly for the flavor symmetry.
The 5D SymTFT that captures this is given by,

1 k,
Stk = 2”/1/\/5 <b3dA?d + f34dB3 + EA‘I‘ddAéltd 42151)'

(4.18)
A similar action first appeared in [58], where the couplings
responsible for Adler-Bell-Jackiw (ABJ) anomaly and two-

group symmetry were also present.10 Reducing the five-
dimensional action on S with the following ansatz,

"®Check Appendix B for a brief review.

in doing so, we recover the three-dimensional

SymTFT (4.17).

We may neglect the term f,dB,, as it is not coupled with
other terms in the action. In doing so, we realize that the
action matches precisely with the action in (4.6). The gauge
transformations of this action, analogous to those in (4.7),
are given by,

fo— fo
A] — A 1 + d/lo,

b] —_—> b] + d/lo,

k
By < By + dy, — éiOdAl, (4.20)

which in turn predict a corresponding set of operators,

X[y] = exp (ia?{l b1>, Y[6,] = exp (in fiﬂ A1>,

Ulxo] = exp (iffo(x0)),
. ipky
V[Zz = ()M3,M3] = eXp lp Bz + AldAl
%, dr M

(4.21)

here a, f € U(1) and p, n € Z. The operators have a similar
structure to those found in (4.9). The operators U and
V[%,, M3] may have nontrivial commutation due to the
linking between X, and x,
Ulxo]V[Zy, M3] = exp (27ifp)V[Zy, M3]Ulyo],  (4.22)
where x, is a point to the left of the V[Z,, M3] and y, is a
generic point to the right of V. The above linking relation
implies that as we take the point operator U [x,] through V,
the value of f jumps by 2zp.

We are going to impose the Dirichlet boundary condition
on fy, A; and the Neumann boundary condition on b; and
B,. Due to the chosen boundary condition, we will end up
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with a U(1)® symmetry. Meanwhile the operator
V[%,, M5] will generate the (—1)-form symmetry.

If we are in the universe where f|, is set to 0, we have a
U(1) 0-form symmetry generated by X[y,]. As the value of
fo jumps due to the U/V linking, we move to the universe
with f, = 2zp by the action of V[X,, M3]. In this universe,
we still have the U(1)(*) symmetry but now due to the
Chern-Simons term, there is a self anomaly for the O-form
symmetry that is introduced, which can be detected from
the self-braiding of the X[y,] lines,

<Xa(71)7Xﬂ<72)> = exXp (—2m’aﬁk2p Link(?’l,h)) (4-23)

where we have used the fact that f, = 2zp.

V. (-1)-FORM SYMMETRY
IN ORBIFOLD GROUPOID

Examples of (—1)-form symmetry naturally arise in the
context of the orbifold groupoid [17]. In broad brush, we
can think of orbifold groupoid as a collection of theories
obtained by orbifolding a quantum field theory with global
symmetry, with different choices of discrete torsion. Each
choice of discrete torsion leads to a distinct orbifold theory
and these variants are related with each other by some
topological manipulation, e.g., discrete gauging.

Once again, instead of being completely abstract we
will work with an example in mind. Let us consider a 2D
theory T equipped with a nonanomalous O-form sym-
metry G = Z, X Z,, with p prime. We can gauge this
symmetry and construct an orbifold theory [7/G]. Since
H*(Z,xZ,,U(1)) =Z,, we have the freedom to add
discrete torsion and obtaln a different variant of the orbifold
theory. In doing so, we can construct distinct orbifold
theories [T/G],; (v is the choice of discrete torsion)

depending on the characterization of the discrete torsion.

This family—including the original theory 7 as well as
orbifolds by any one of the p + 1 different Z,, subgroups—
forms what is referred as the orbifold groupoid. With the
groupoid at our disposal, we are allowed to take direct sum
of the theories living in this groupoid, e.g.,

7/Gly & ..... = DIT/G),

(5.1)

We observe that each universe in this direct sum is
distinguished by a specific choice of discrete torsion
parameter. Due to the direct sum, the theory < inherits
a l-form symmetry. As a consequence, the theory ¥j
decomposes and in principle every theory/universe in this
collection should carry a (—1)-form symmetry.

In order to identify this, let us consider the SymTFT of
the theory 7, with a physical boundary,

|BPhys (52)

)= Zr(a))|ay)

here, |a;) is a basis in the Hilbert space of the 3D TFT, Z;
is the partition function of the theory 7, and a; is the
background gauge field of G. As all the theories within this
groupoid are obtained by gauging (with or without discrete
torsion), the bulk SymTFT must remain unchanged for all
the theories in this family. Moreover we can claim that
all the theories within this family share the same physical
boundary, only the symmetry boundary distinguishes them
from each other.

In order to obtain the orbifold theories we need to impose
Neumann boundary condition. Our symmetry boundary is
to be,

a]Ub]
Sym| - E :e

where b, is the gauge field of G, the Poyntragin dual of G.
An interval compactification at this stage would give us the
orbifold theory [T/G]. More generally, depending on the
characterization we are allowed to stack G-symmetry
protected toplogical phases/Discrete torsion to our sym-
metry boundary,

Sym| = Ze vl

where v, is the SPT phase or we can think of this as adding
discrete torsion before gauging the 1-form symmetry on the
symmetry boundary,

Sym| - Ze ala)

Reducing the sandwich with different symmetry bounda-
ries will produce different variants of the orbifold theory,

_ Zeff vz albil,
Ze

(5.3)

Jamq,) (5:4)

o) (5.5)

Z[T/G]uz = <Béym|BPhys>

Zir/6), = (BSym|Benys) = “VzZigjglbr].  (5.6)

We can write down an expression relating the two such G
symmetric theories,

Zir/a),, Ze ot [lag Zi1/g),,-

(—=1)—form symmetry

(5.7)

We can already see that there exists a topological manipu-
lation that successfully “connects” two distinct theories
living within the groupoid. Hence, if we do define the direct
sum as we have done in (5.1), we can interpret this
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topological manipulation as (—1)-form symmetry.” In the
same spirit, we can take various direct sums using the
theories connected within this orbifold groupoid. These
will be related with each other via discrete gauging and
one can then frame all such discrete gauging operations
(morphisms) that connect different nodes of the groupoid
on the same footing as (—1)-form symmetries.

The theories living within this groupoid are well-defined
quantum field theories and they have their own SymTFTs.
On the other hand, €, defined by taking direct sum of all
these theories will also have its own SymTFT. At the level

of action, this SymTFT must carry % /i M, by A dc, cou-
pling, which will ensure the existence of topological point
operators in the bulk, U = ¢ along with codimension

one defect V = ¢ . We can project down to specific
orbifold theory by imposing Neumann boundary condition
on ¢,. For completeness,

by — Neumann, ¢, > Dirichlet —» &,

by +— Dirichlet,

¢, — Neumann + Discrete Torsion — universes.

VI. CONCLUSIONS

In this note, we extended the notion of (—1)-form
symmetries to the framework of SymTFTs in the absence
point operators. We connect our construction of (—1)-form
symmetries with gauge defects [55]—a construction that is
primarily understood within the context of absolute theories.
In the absence of point operators, we argued that the
codimension one defects can still arise as condensation
defects using the higher-gauging procedure. As a conse-
quence, these do not carry O charges but they do carry 1
charge (they act on line operators); in doing so, they can
modify the symmetry boundary condition nontrivially. We
emphasize that while our construction is physically moti-
vated, a more rigorous treatment—particularly with respect
to the normalizations—remains an important direction for
future work.

As a concrete example, we investigated the boundary
condition changing defects in the context of free boson
SymTFT. It would be particularly interesting to explore
analogous codimension one defects in higher dimensional
theories, such as four-dimensional Maxwell theory.

Moreover, we have also demonstrated that certain incar-
nations of (—1)-form symmetries can modify topological
data such as the 't Hooft anomalies of the absolute theory.
Through the lens of decomposition, (—1)-form symmetry can
change the 't Hooft anomaly between different universes.
These “anomaly shifting” versions of (—1)-form symmetry

"If we define our universes as T and [T/G] then, the
(—=1)-form symmetry will be analogous to gauge defects.

also appear in 3D ABJ(M) theories arising from M2-brane
probing Calabi-Yau singularities [39,591."* We look
forward to addressing these questions in future work.
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APPENDIX A: SURFACE DEFECTS
OF 3D Z, GAUGE THEORY

We would like to review the properties of the codimen-
sion one defects of 3D Z, gauge theory in this Appendix.
The action of the 3D Z, gauge theory is given by,

S3d = i/\ aldbl
T My

where a;, b; are Z, valued fields. This theory carries a
Zgle) x Zglﬂ)l 1-form symmetry. This theory also possesses
extended defects, which are constructed via one gauging
the 1-form symmetry. There are six different surface defects
associated with six different gaugings of the 1-form
symmetry.

As we have listed in Table II, among invertible defects
we have the trivial defect and the boundary condition-
changing defect, also known as the electro-magnetic
duality defect. The rest are noninvertible defects. We would
like to go over some of the key features of these defects. In
[44], it was shown that the defect S, with §, ® §,, =1,
has many interesting properties. One of them is its ability to
change boundary conditions.

(A1)

Sl// ® |B,) = [B,), Sl// ® |B,) = [B,) (A2)
where |B,) and |B,,) are the canonical boundary conditions
of the 3D gauge theory obtained by condensing by the
electric or magnetic anyon. The operator has the ability to
change the boundary condition under fusion. Another key
feature that will be relevant for us is how this defect acts on
the anyons.13 The details were already worked out in [44],

we list the results:

(A3)

"In addition to the change of ’t Hooft anomaly, the (—1)-form
symmetry in this case modifies the gauge rank of the theory.

BThere are 4 lines in the Z, gauge theory. We are using the
notation of {1, e, m, em}.
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TABLE II.  Six possible gaugings and the associated defect. In

the fifth row, d.t stands for discrete torsion.

Subgroup of Z(;) X Z(zm) Defect Type

Trivial subgroup ID Invertible

A S, Noninvertible
2

ztm S Noninvertible
2

Z(;) « Z(Zm) Sem Noninvertible

(de) « ng))d.t Spne Noninvertible

Fermionic subgroup Sy Invertible

here - denotes the piercing action of this defect. This
translates to the fact that if we take the electric e line
through the surface it is modified to the m line.

Apart from §,, (and the identity), the rest of the defects
are noninvertible and are obtained by one gauging different
subgroups of the 1-form symmetry. For example, the defect
S.(S,,) is constructed by condensing the line operator

|

1 k k k
St =z [ (Beaat + pioams + SLA(EP 4 Zaantir ¢ SL ALY ).

L0)(Lo,)) over a surface,'*

SE(ZZ) - Z

71 €H(22.2,)

Lioy(r)- (A4)

We report the relevant fusion rules of these defects in the
following, from [44] (see section 6.3 for a full list):

(AS)

APPENDIX B: DIMENSION REDUCTION
OF 5D SYMTFT

The 5D SymTFT for a 4D U(1) gauge theory with a
U (l)g)) flavor symmetry is given by,

127 (B1)

Unlike the action discussed in the main text, here we also added the couplings for the ABJ anomaly and the two-group
symmetry. This action appeared in [58]. Here, b3 and f, are R valued, while A| and B, are U(1)-valued gauge fields, with

the following gauge transformations,

A‘I‘d —_— Aéltd + d/{o,

ka

ks ky
Bgd —_— Bgd —|— d/ll + ZA?dﬂl - ﬂfgdﬂo + Zd/lo//tl,

f38— 3+ dp,
ky

k k k
by — b3+ duy — ﬁf%dﬂl - —dA?dﬂl - ﬁfﬁdfuo - —dA?dd/lo - ﬁﬂldﬂl-

¥4

kr
B2
127 (B2)

The U(1) gauge symmetry is reflected having Dirichlet/Neumann boundary conditions for B3Y/f, on the symmetry

boundary [56], and the U (l)g)) flavor symmetry has background field A% which has Dirichlet boundary conditions.

Reducing the theory on S? with the reduction ansatz,

/bg—bl, /f;*d—fo,
S2 52

(B3)

/Sngd—Bo, /S:ZdAl—O,

where the authors set f, which takes values 2zmg € 22Z. Which leads us to the 3D bulk action,

1 k k
S :—/ bydA, + f2dBy + fodB, + -2 foA f2 + - foAdA, ).
¥ 27 Ju, ¥ ¥

(B4)

Setting k4, = 0 above leads us to the action we started with in (4.17).

"We are using the notation of [18], where L) is the electric anyon, more traditionally labeled as e.
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