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We study electromagnetic radiation from classical sources near a planar interface separating a
topological and a trivial insulator, modeled within axion electrodynamics. The system features a piecewise
constant θ term that encodes the magnetoelectric response of topological surface states. Treating this
coupling perturbatively, we derive analytical corrections to the standard Liénard-Wiechert potentials and
obtain modified radiation fields in the far zone. As applications, we analyze the emission from linear
antennas and the bremsstrahlung radiation of accelerated charges near the interface. For antennas, the
surface Hall response breaks axial symmetry and produces azimuthal modulations that grow with the
electrical length, leading to distinct scaling behaviors in the total and angular radiated power. For
accelerated charges, the emitted intensity is uniformly reduced by a factor 1 − ðσHall=2ϵvÞ2, which we
interpret as a process-specific attenuation of the radiative strength due to interference with its image
magnetic monopole inside the topological medium. These results reveal how topological surface states
mediate measurable modifications to classical radiation, establishing a link between axion electrodynam-
ics, topological phases, and field theories with spatially varying couplings.
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I. INTRODUCTION

The interplay between topology and electromagnetism
has become a central theme in modern theoretical physics,
bridging developments in high-energy theory and con-
densed matter. Topological insulators (TIs), in particular,
have emerged as robust phases of matter characterized by
insulating bulks and topologically protected surface states,
which are insensitive to local perturbations due to their
global topological nature [1]. At low energies, their
electromagnetic response is effectively captured by an
extended version of Maxwell electrodynamics that includes
a pseudoscalar term proportional to θE · B [2]. This addi-
tional term, often referred to as the axion term, encodes the
topological properties of the ground state and is reminiscent
of the coupling that arises in quantum chromodynamics
between the gluon field strength and its dual [3].
In time-reversal invariant topological insulators, the

axion field θ is quantized to discrete values, either 0 (for
trivial insulators) or π (for topological insulators). This
quantization arises because the θ term breaks parity (P) and

time-reversal (T) symmetries unless θ equals 0 or π. The
resulting theory, known as axion electrodynamics, shares
structural similarities with topological field theories
encountered in high-energy physics, and can be viewed
as a condensed-matter realization of certain classes of Janus
field theories, in which coupling constants vary spatially
across interfaces [4–7]. In the case of TIs, θ is constant
within each homogeneous region but undergoes a discrete
jump across the interface between a topological and a trivial
insulator. This discontinuity in θ gives rise to localized
topological responses at the boundary, such as surface Hall
currents and induced electric charges.
These surface effects are not merely theoretical con-

structs, they are the macroscopic manifestation of quantum
anomalies. In particular, they can be traced back to the
parity anomaly of the surface Dirac fermions, which is
regulated in the bulk by the quantized θ term [2,8]. This
anomaly inflow mechanism ensures consistency between
the bulk and boundary responses and underlies the
quantized magnetoelectric effect observed in these
systems [9].
While the topological response of TIs has been studied

extensively in static and linear-response regimes, there has
been growing interest in exploring its implications in
dynamical, time-dependent contexts. Of particular relevance
is the question of how the θ term modifies classical electro-
magnetic radiation emitted by localized sources near a
topological interface [10–13].This problemnotonly connects
with fundamental aspects of axion electrodynamics but also

*Contact author: martin_i@ciencias.unam.mx
†Contact author: alberto.martin@nucleares.unam.mx

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 113, 076002 (2026)

2470-0010=2026=113(7)=076002(21) 076002-1 Published by the American Physical Society

https://orcid.org/0009-0004-8140-197X
https://orcid.org/0000-0001-5308-5448
https://crossmark.crossref.org/dialog/?doi=10.1103/2y93-2fmn&domain=pdf&date_stamp=2026-04-02
https://doi.org/10.1103/2y93-2fmn
https://doi.org/10.1103/2y93-2fmn
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


offers a new window into the nontrivial coupling between
radiation and topological matter.
In this work, we present a systematic analysis of classical

electromagnetic radiation emitted by accelerating sources
in the vicinity of a planar interface across which the axion
field θ exhibits a discrete jump. We consider the physically
motivated setup where a trivial insulator (θ ¼ 0) is joined
with a topological insulator (θ ¼ π), assuming for simplic-
ity that both regions share the same dielectric permittivity
and magnetic permeability. This serves as a natural starting
point for future generalizations to more complex material
contrasts. Within the framework of axion electrodynamics,
we derive the modified Maxwell equations and perform a
perturbative expansion to quadratic order in θ, as required
by time-reversal symmetry. This enables us to compute
leading-order topological corrections to the conventional
Liénard-Wiechert potentials, and to characterize how the
presence of the θ interface alters the radiation profile. Our
results reveal novel surface-induced features in the emitted
fields, thereby enriching the understanding of how topo-
logical phases couple to classical radiation, and establish-
ing connections between condensed matter realizations of
axion electrodynamics and field-theoretic models with
space-dependent couplings.
Our results show that the presence of a θ boundary leads

to qualitatively new features in the radiated fields, including
magnetoelectric corrections that depend on the source’s
position and motion relative to the interface. These cor-
rections can be interpreted as arising from induced surface
currents and imagelike effects, but with a distinct topo-
logical origin. Beyond their relevance to condensed matter
systems, these phenomena provide a concrete classical
realization of field theories with piecewise topological
couplings, serving as an analogue to Janus configurations
where coupling constants vary across spatial domains. As
such, this setup offers a fertile ground to test ideas at the
intersection of classical field theory, anomaly physics, and
topological phases of matter.
The paper is organized as follows. In Sec. II we present

the theoretical framework, where the principles of axion
electrodynamics are introduced as an effective macroscopic
description of the electromagnetic response of three-dimen-
sional topological insulators. This section also defines the
planar configuration considered throughout the work. In
Sec. III we develop a perturbative scheme to solve the
axion-modified Maxwell equations, obtaining analytic
expressions for the electromagnetic potentials and fields
in the far-field regime. The detailed derivations and
technical aspects of this section are deferred to the
Appendixes. In Sec. IV we analyze the radiation emitted
by antennas near a topological interface, including a short
linear antenna and a center-fed antenna. Section V discuss
the radiation of accelerated charges moving parallel to the
interface. Finally, Sec. VI summarizes the main results and
presents the conclusions and perspectives of this study.

II. THEORETICAL FRAMEWORK

A. Axion electrodynamics and topological insulators

Topological insulators exhibit an insulating bulk gap
accompanied by robust metallic surface states protected by
time-reversal symmetry [1]. These surface states emerge
due to strong spin-orbit coupling and band inversion,
giving rise to nontrivial electronic topology. The low-
energy electromagnetic response of TIs can be effectively
described by axion electrodynamics, in which classical
Maxwell theory is extended by a topological θ term that
captures magnetoelectric coupling originating from the
bulk topology and its associated surface states [2].
In a topological insulator, the electromagnetic response

is characterized not only by its dielectric permittivity ϵ and
magnetic permeability μ, but also the pseudoscalar field θ
that characterizes the topological phase. The effective
action for the electromagnetic field reads [2],

S½A� ¼
Z

d4x

�
1

2

�
ϵE2 −

1

μ
B2

�
þ α

π

ffiffiffiffiffi
ϵ0
μ0

r
θE · B

�
; ð1Þ

where α ¼ e2=ð4πϵ0ℏcÞ ≃ 1=137 is the fine-structure con-
stant. This effective field theory emerges naturally when
integrating out gapped electronic degrees of freedom in
topological band insulators [14]. The resulting electromag-
netic action acquires a topological term proportional to
θE ·B, where the axion field θ encapsulates the topological
information of the ground state. In TIs preserving time-
reversal symmetry, θ is quantized to discrete values, either 0
for trivial insulators or π for topological insulators. This
quantization stems from the fact that the θ term breaks both
parity and time-reversal symmetries unless θ ¼ 0 or π,
values that are invariant under T up to an additive 2π
ambiguity due to the periodicity of the action.
The modified Maxwell equations derived from the

action (1) are [15],

∇ ·D¼ρ−
α

π

ffiffiffiffiffi
ϵ0
μ0

r
∇θ ·B; ∇×H−

∂D
∂t

¼Jþα

π

ffiffiffiffiffi
ϵ0
μ0

r
∇θ×E;

ð2Þ

with constitutive relations D ¼ ϵE and B ¼ μH. Notably,
the homogeneous Maxwell equations,

∇ ·B ¼ 0; ∇ × Eþ ∂B
∂t

¼ 0; ð3Þ

remain unmodified as they follow from the geometric
definition of the fields and are insensitive to the θ term.
This decoupling reflects the fundamental gauge invariance
preserved in axion electrodynamics.
The θ term in the action (1) reduces to a total derivative

when θ is constant in space, and thus does not contribute to
the bulk dynamics. However, when θ varies spatially,
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particularly across an interface between a topological
insulator and a trivial insulator where θ exhibits a finite
discontinuity, it gives rise to localized surface responses
such as quantized Hall currents and induced charges. These
phenomena are a macroscopic manifestation of the parity
anomaly associated with surface Dirac fermions, and are
directly linked to the anomalous Hall effect exhibited by the
surface states of TIs.
Beyond the magnetoelectric coupling, the axion electro-

dynamics framework has been employed to predict a range
of exotic physical effects, including the appearance of
image magnetic monopoles induced by electric charges
near a TI surface [15–19], topological Faraday and Kerr
rotations of electromagnetic waves reflected from or trans-
mitted through TI slabs [20–25], and modifications to
quantum vacuum forces such as the topological Casimir
effect [26–29]. These predictions have motivated exper-
imental efforts and provided theoretical insight into the
unique interplay between topology, symmetry, and electro-
magnetic fields in condensed matter systems.

B. Planar geometry and material configuration

We consider a planar interface located at z ¼ 0 separat-
ing two homogeneous media with identical electromagnetic
properties but distinct topological character, as shown in
Fig. 1. In particular, we assume that the dielectric permit-
tivity ϵ and magnetic permeability μ are constant through-
out space, while the axion angle θðrÞ changes
discontinuously across the interface. This configuration
models the boundary between a trivial insulator and a
topological insulator, and is described by the piecewise
constant profile,

θðrÞ ¼ θ1Hð−zÞ þ θ2HðzÞ; ð4Þ

where HðzÞ is the Heaviside step function. The disconti-
nuity in θ at the interface gives rise to a localized gradient,

∇θðrÞ ¼ ΔθδðzÞẑ; Δθ ¼ θ2 − θ1; ð5Þ

which induces a surface Hall current,

KHall ¼
α

π

ffiffiffiffiffi
ϵ0
μ0

r
Δθẑ ×E; ð6Þ

where ẑ is the unit normal vector at the interface. For a
topological insulator at left (θ1 ¼ π) interfaced with vac-
uum at right (θ2 ¼ 0), Δθ ¼ −π, leading to a half-integer
quantized Hall conductivity,

σHall ¼
e2

2h
; ð7Þ

in agreement with theoretical predictions and experimental
observations. This effective Hall conductivity reflects the
parity anomaly of the surface Dirac fermions and is a
hallmark of the bulk-boundary correspondence.
It is important to note that while θ is quantized in time-

reversal-invariant topological insulators [2], this is not the
case in more general topological phases [30]. In particular,
in materials where time-reversal symmetry is broken, such
as axion insulators [31], magnetic TIs [32], or Weyl
semimetals [33,34], the effective θ parameter can take
arbitrary (nonquantized) values. This opens the possibility
of spatially and temporally modulated θ profiles, leading to
richer electromagnetic responses beyond the quan-
tized TME.
In the following sections, we utilize this framework to

analyze the electromagnetic radiation generated by local-
ized classical sources near such topological interfaces,
focusing on the modifications induced by the nontrivial
boundary conditions and topological surface states.

III. PERTURBATIVE TREATMENT OF
RADIATION IN AXION ELECTRODYNAMICS

In this section, we develop a perturbative approach to
solve the equations of motion arising from axion electro-
dynamics, tailored to the specific configuration introduced
previously. We consider a planar interface at z ¼ 0 between
two homogeneous media that differ only in their topo-
logical character: a trivial insulator with θ ¼ 0 and a
topological insulator with θ ¼ π. For simplicity, and to
isolate the effects of the topological term, we assume that
the dielectric permittivity ϵ and magnetic permeability μ are
uniform and isotropic throughout space. Our goal is to
compute the classical electromagnetic radiation emitted by
localized, time-dependent sources placed near the interface,
accounting for the leading-order corrections due to the
topological coupling. This framework allows us to derive
modified potentials and fields, and to systematically char-
acterize deviations from conventional radiation theory
induced by the topological interface.

FIG. 1. Geometry of a semi-infinite topologically insulating
media separated by the plane z ¼ 0 from a trivial insulator. Both
media have the same permittivity and permeability.
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A. Perturbative solution of axion-Maxwell equations

To proceed with the perturbative analysis, it is conven-
ient to express the electromagnetic fields in terms of the
scalar and vector potentials. In the presence of time-
dependent sources, and particularly when studying radia-
tion, it is natural to work in the frequency domain. We
therefore perform a temporal Fourier transform, writing all
fields and sources as

Eðr;tÞ¼
Z

dω
2π

Eðr;ωÞe−iωt; Bðr;tÞ¼
Z

dω
2π

Bðr;ωÞe−iωt:

ð8Þ

In the Lorentz gauge [defined by the condition
∇ ·A ¼ iðω=v2Þϕ in the frequency domain], the electric
and magnetic fields are related to the electromagnetic
potentials by

Eðr;ωÞ¼−∇ϕðr;ωÞþ iωAðr;ωÞ; Bðr;ωÞ¼∇×Aðr;ωÞ:
ð9Þ

These relations allow us to recast the modified Maxwell
equations into a wave equation for the electromagnetic
potentials ϕ and A, which incorporates the effects of the
axion coupling through additional source terms localized at
the interface, i.e.,

−½∇2þk2ðωÞ�ϕðr;ωÞ¼ρðr;ωÞ
ϵ

þσHall
ϵ

δðzÞẑ ·∇×Aðr;ωÞ;
ð10Þ

− ½∇2þk2ðωÞ�Aðr;ωÞ
¼μJðr;ωÞþμσHallδðzÞẑ× ½∇ϕðr;ωÞ− iωAðr;ωÞ�; ð11Þ

where kðωÞ ¼ ω=v. These equations govern the propaga-
tion and radiation of electromagnetic fields in the presence
of the topological boundary.
As discussed, to address the modified field equations we

adopt a perturbative approach in powers of the topological
coupling σHall. Accordingly, we expand the scalar and
vector potentials as

ϕðr;ωÞ ¼
X∞
n¼0

ϕðnÞðr;ωÞ; Aðr;ωÞ ¼
X∞
n¼0

AðnÞðr;ωÞ;

ð12Þ

where ϕðnÞ and AðnÞ vanish as σnHall. At zeroth order, the
potentials are fully determined by the genuine external
sources, as the axion term does not contribute at this level,
i.e., they satisfy the standard Maxwell equations in homo-
geneous space. The zeroth order solution can thus be
written as

ϕð0Þðr;ωÞ ¼
Z

Gωðr; r0Þρðr0;ωÞd3r0;

Að0Þðr;ωÞ ¼ 1

v2

Z
Gωðr; r0ÞJðr0;ωÞd3r0; ð13Þ

where

Gωðr; r0Þ ¼
1

4πϵ

eikðωÞRðr;r0Þ

Rðr; r0Þ ð14Þ

is the frequency-dependent Green’s function in unbounded
space. Here, Rðr; r0Þ ¼ jjr − r0jj. For later use we now
introduce a convenient notation to separate the coordinates
parallel and perpendicular to the interface. Any position
vector r is written as r ¼ r⊥ þ zêz, where r⊥ ¼ xêx þ yêy
denotes the in-plane coordinates and z is the coordinate
normal to the interface. We also introduce R⊥ ¼ r⊥ − r0⊥
and Z ¼ z − z0, such that R ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2⊥ þ Z2

p
.

At first order, the axion coupling induces effective source
terms localized at the interface, which are entirely deter-
mined by the zeroth-order fields. The first-order potentials,
ϕð1Þ and Að1Þ, are then obtained by solving the inhomo-
geneous equations sourced by these interface-induced
terms. One finds

ϕð1Þðr;ωÞ ¼
Z

Gð1Þ
0i ðr; r0;ωÞJiðr0;ωÞd3r0;

Að1Þ
i ðr;ωÞ ¼ 1

v2

Z
Gð1Þ

ij ðr; r0;ωÞJjðr0;ωÞd3r0; ð15Þ

where

Gð1Þ
0i ðr; r0;ωÞ ¼ ϵizj∂jG

ð1Þ
ω ðr; r0Þ;

Gð1Þ
ij ðr; r0;ωÞ ¼ ϵizk

v2

iω
½∂j∂k þ k2ðωÞδjk�Gð1Þ

ω ðr; r0Þ; ð16Þ

are the components of the first-order Green’s function
matrix. In these expressions we introduced

Gð1Þ
ω ðr; r0Þ ¼ σHall

v2

Z
Gωðr; r00⊥ÞGωðr00⊥; r0Þd2r00⊥: ð17Þ

The integral is performed over the interface plane z ¼ 0,
where the discontinuity in the θ parameter localizes the
effective Hall current. This reflects the fact that the first-
order correction arises entirely from surface effects at the
topological boundary.
At second order, the solution includes corrections arising

from the interaction between the first-order fields and the
axion coupling. These corrections are sourced by the
effective terms introduced at first order, and are obtained
by solving the inhomogeneous equations for the second-
order potentials, ϕð2Þ and Að2Þ. We obtain
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ϕð2Þðr;ωÞ ¼
Z

Gð2Þ
0i ðr; r0;ωÞJiðr0;ωÞd3r0;

Að2Þ
i ðr;ωÞ ¼ 1

v2

Z
Gð2Þ

ij ðr; r0;ωÞJjðr0;ωÞd3r0; ð18Þ

where

Gð2Þ
0i ðr; r0;ωÞ ¼

v2

iω
½∇2⊥ þ k2ðωÞ�∂iGð2Þ

ω ðr; r0Þ;

Gð2Þ
ij ðr; r0;ωÞ ¼ v2f∂i∂j þ k2ðωÞδij þ ðẑ ×∇Þiðẑ ×∇Þjg

× Gð2Þ
ω ðr; r0Þ; ð19Þ

are the components of the second-order Green’s function
matrix. Here,

Gð2Þ
ω ðr; r00Þ ¼ σHall

v2

Z
Gωðr; r0⊥ÞGð1Þ

ω ðr0⊥; r00Þd2r0⊥: ð20Þ

In our perturbative construction, the uncorrected Green’s
function Gωðr; r0Þ plays the role of the usual two-point
propagator in homogeneous space. The first-order correc-

tions Gð1Þ
0i ðr; r0;ωÞ and Gð1Þ

ij ðr; r0;ωÞ naturally arise as a
convolution of two zeroth-order Green’s functions, with the
integration restricted to the planar interface at z ¼ 0.
This integration over the boundary captures the contribu-
tion of the topological surface states, which host the
effective Hall current induced by the discontinuity of the

θ parameter. At second order, the corrections Gð2Þ
0i ðr; r0;ωÞ

and Gð2Þ
ij ðr; r0;ωÞ involves a double convolution of three

zeroth-order propagators, with both integrals confined to
the same interface, thereby encoding multiple interactions
with the surface states. This structure, illustrated schemati-
cally in Fig. 2, shows how the presence of topological
surface states mediates higher-order corrections and sys-
tematically modifies the propagation of electromagnetic
fields across the boundary.

B. Perturbative expressions for the radiation potentials

Having determined the perturbative corrections to the
electromagnetic potentials up to second order in the fine-
structure constant, we now present their exact integral
representations. The detailed derivation of these expres-
sions is given in Appendix A; here we only present the final
results:

Gð1Þ
ω ðr;r0Þ¼−

σHall
8πv2ϵ2

Z
∞

0

ei
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2ðωÞ−k2⊥

p
Zðz;z0Þ

k2ðωÞ−k2⊥
J0ðR⊥k⊥Þk⊥dk⊥;

ð21Þ

Gð2Þ
ω ðr; r0Þ ¼ −

iσ2Hall
16πv4ϵ3

Z
∞

0

ei
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2ðωÞ−k2⊥

p
Zðz;z0Þ

½k2ðωÞ − k2⊥�3=2
× J0ðR⊥k⊥Þk⊥dk⊥; ð22Þ

where Zðz; z0Þ ¼ jzj þ jz0j. From this point on, we restrict
our analysis to the case z > 0 and z0 > 0. This choice is
motivated by physical and experimental considerations:
macroscopic sources can be positioned outside the bulk of
the material, i.e., in the region z0 > 0, and similarly,
detectors can be placed in the same half-space, z > 0,
where measurements are typically performed. This restric-
tion simplifies the expressions while remaining fully
relevant for practical applications.
Although these integral expressions are exact, they are

not analytically tractable. Fortunately, in the radiation zone,
which is our main region of interest, their evaluation
simplifies considerably. We thus proceed to compute them
in the far-field regime,

jrj ≫ jr0j; jr⊥j ≫ jr0⊥j; z ≫ z0; ð23Þ

where jrj → ∞, jr⊥j → ∞ and z → ∞. Within this
approximation, the integrals in Eqs. (21) and (22) are
dominated by rapidly oscillating phase factors. Their
leading contributions can be systematically extracted using

FIG. 2. (a) Zeroth-order propagatorGωðr; r0Þ in homogeneous space, describing direct propagation between two points. (b) First-order

corrections Gð1Þ
0i ðr; r0;ωÞ and Gð1Þ

ij ðr; r0;ωÞ, obtained as a single convolution of two Gωðr; r0Þ propagators with the integration restricted
to the interface at z ¼ 0. This term accounts for a single interaction with the topological surface states, which host the effective Hall

current induced by the jump in θ. (c) Second-order corrections Gð2Þ
0i ðr; r0;ωÞ and Gð2Þ

ij ðr; r0;ωÞ, involving a double convolution of three
Gωðr; r0Þ propagators, with both integrals performed over the same interface. This contribution represents multiple scattering events
mediated by the surface states, highlighting their cumulative effect on the electromagnetic propagation.
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the method of stationary phase. In Appendix B, we use
such a method to evaluate these integrals. The resulting far-
field expressions for the first- and second-order corrections
to the electromagnetic potentials are given by,

Gð1Þ
ω ðr; r0Þ ≈ iσHall

8πv2ϵ2
eikðωÞPðr;r0Þ

kðωÞZðz; z0Þ ; ð24Þ

Gð2Þ
ω ðr; r0Þ ≈ −

σ2Hall
16πv4ϵ3

Pðr; r0ÞeikðωÞPðr;r0Þ
k2ðωÞZ2ðz; z0Þ ; ð25Þ

where Pðr; r0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jr⊥ − r0⊥j2 þ ðzþ z0Þ2

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2⊥ þ Z2

p
.

To gain physical insight into the radiation process, it is
essential to return to the time domain. Although the
electromagnetic potentials were conveniently computed
in the frequency domain, transforming them back to real
time reveals important dynamical features of the emitted
radiation, such as time delays, signal propagation, and the
causal structure of the fields. We now perform the inverse
Fourier transform of the far-field potentials to obtain their
explicit time-dependent expressions.
The zeroth-order electromagnetic potentials describe the

radiation emitted by a time-dependent source in the absence
of topological effects and serve as the reference against
which the axion-induced corrections are compared, i.e.,

ϕð0Þðr; tÞ ¼ 1

4πϵ

Z
ρðr0; trÞ
Rðr; r0Þ d

3r0;

Að0Þðr; tÞ ¼ μ

4π

Z
Jðr0; trÞ
Rðr; r0Þ d

3r0; ð26Þ

where tr ¼ t − Rðr;r0Þ
v denotes the retarded time, which

accounts for the finite speed at which electromagnetic
signals propagate. Physically, this means that the potentials
at the observation point r and time t are determined by the
state of the source at an earlier time, when the emitted
radiation began its journey toward the observer.
To obtain the first-order corrections in the time domain,

we perform the inverse Fourier transform of the frequency-
domain expressions derived earlier. For simplicity, we
consider the current distribution to lie on a plane parallel
to the topological interface; the generalization to arbitrary
orientations follows by the same steps. These corrections
encode the leading topological contributions to the radiated
fields and are given by,

ϕð1Þðr; tÞ ¼ −
σHall

8πv2ϵ2
ẑ ·

Z ∇P × Jðr0; t�rÞ
Zðz; z0Þ d3r0; ð27Þ

Að1Þðr; tÞ ¼ −
σHall

8πv3ϵ2
ẑ ×

Z ∇P × ½∇P × Jðr0; t�rÞ�
Z

d3r0;

ð28Þ

where t�r ¼ t − Pðr;r0Þ
v denotes a modified retarded time,

Pðr; r0Þ ¼ R⊥ þ ðzþ z0Þẑ. It is worth noting that the
first-order correction introduces a modified retarded

time t�r ¼ t − Pðr;r0Þ
v . Unlike the standard retarded time

tr ¼ t − Rðr;r0Þ
v , which depends on the spatial separation

between the observation point and the source, this expres-
sion involves the coordinate z0 with a flipped sign. This
structure suggests that the first-order signal behaves as if it
were emitted from an image source located symmetrically
across the interface, within the bulk of the material. Such a
feature naturally arises from the surface-induced Hall
response encoded in the Green’s function and reflects
the underlying topological character of the system.
Proceeding to the second-order terms in the fine-struc-

ture constant, we compute the corresponding time-domain
potentials via inverse Fourier transform. These encode
subleading but significant corrections due to the presence
of the topological surface,

ϕð2Þðr; tÞ ¼ −
σ2Hall

16πv3ϵ3

Z ∇P · Jðr0; t�rÞ
P

d3r0; ð29Þ

Að2Þðr; tÞ ¼ −
σ2Hall

16πv4ϵ3

Z
Jðr0; t�rÞ

P
d3r0; ð30Þ

where t�r is the modified retarded time appearing also in the
first-order corrected potentials.

C. Asymptotic potentials and fields

To analyze the radiation patterns at large distances, it is
useful to derive the asymptotic forms of the electromag-
netic potentials and fields. In the far-field regime, where the
observation point lies much farther from the source than the
characteristic size of the emitting region, the distance
function can be approximated as

Rðr; r0Þ ≈ r − n̂ · r0 þOð1=rÞ; ð31Þ

where r ¼ jrj and n̂ ¼ r=r. Here we have chosen the origin
of coordinates inside the source region, so that jr0j ≪ r.
This approximation allows us to express the potentials and
fields in terms of their leading 1=r behavior, which fully
captures the radiation properties in the asymptotic zone.
As a starting point, we consider the zeroth-order poten-

tials, i.e., those obtained in the absence of topological
contributions. In this case, the radiation is governed by the
conventional electrodynamic terms, whose structure is well
known. Within the far-field approximation, the retarded
time takes the simplified form

tr ≈ t −
r
v
þ n̂ · r0

v
ð32Þ

and the electromagnetic potentials approximate to
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ϕð0Þðr; tÞ ≈ 1

4πϵ

1

r

Z
ρðr0; trÞd3r0;

Að0Þðr; tÞ ≈ 1

4πϵv2
1

r

Z
Jðr0; trÞd3r0: ð33Þ

From these zeroth-order potentials (33), the corresponding
asymptotic electromagnetic fields follow in the standard
form,

Bð0Þðr; tÞ ¼ −
1

4πϵv3
1

r
n̂ ×

Z
J̇ðr0; trÞd3r0;

Eð0Þðr; tÞ ¼ −vn̂ ×Bð0Þðr; tÞ; ð34Þ

where overdots denote derivatives with respect to time. At
this stage, the fields exhibit no trace of the topological
modification: they are precisely those expected from
conventional electrodynamics. The distinctive effects of
the topological surface, however, appear in the first-order
corrections discussed below.
Before presenting the higher-order potentials, it is useful

to recall their physical origin. These contributions arise
from the surface Hall effect induced by the topological
boundary states, and they can be interpreted in terms of
radiation generated by an image source located inside the
material. In the asymptotic limit where the observation
point is far from this image source, the distance function
can be approximated as

Zðz; z0Þ ≈ z; Pðr; r0Þ ≈ r − n̂ · r�; ð35Þ

where r� ≡ x0x̂þ y0ŷ − z0ẑ. Consequently, the retarded
time takes the following approximate form:

t�r ≈ t −
r
v
þ n̂ · r�

v
; ð36Þ

and the first-order electromagnetic potentials can be written
as

ϕð1Þðr; tÞ ¼ −
σHall

8πv2ϵ2
1

z
ẑ · n̂ ×

Z
Jðr0; t�rÞd3r0; ð37Þ

Að1Þðr; tÞ ¼ −
σHall

8πv3ϵ2
1

z
ẑ ×

�
n̂ × ½n̂ ×

Z
Jðr0; t�rÞd3r0�

�
:

ð38Þ

From these results we obtain the corresponding first-order
electromagnetic fields,

Eð1Þðr; tÞ ¼ −
σHall

8πv3ϵ2
1

r
n̂ ×

Z
J̇ðr0; t�rÞd3r0;

Bð1Þðr; tÞ ¼ 1

v
n̂ ×Eð1Þðr; tÞ: ð39Þ

In close analogy with the derivation of the first-order terms,
we now obtain the second-order corrections, which capture
subleading topological effects associated with the surface
states. The corresponding second-order electromagnetic
potentials are given by,

ϕð2Þðr; tÞ ¼ −
σ2Hall

16πv3ϵ3
1

r
n̂ ·

Z
Jðr0; t�rÞd3r0; ð40Þ

Að2Þðr; tÞ ¼ −
σ2Hall

16πv4ϵ3
1

r

Z
Jðr0; t�rÞd3r0: ð41Þ

The corresponding magnetic field is

Bð2Þðr; tÞ ¼ σ2Hall
16πv5ϵ3

1

r
n̂ ×

Z
J̇ðr0; t�rÞd3r0; ð42Þ

and the electric field becomes Eð2Þðr; tÞ ¼
−vn̂ ×Bð2Þðr; tÞ.
To summarize, in this section we have established the

asymptotic structure of the electromagnetic potentials and
fields, including the conventional zeroth-order contribu-
tions and the first- and second-order corrections induced by
the topological boundary. These results provide the funda-
mental building blocks for analyzing realistic radiation
processes, as they reveal how the interplay between
conventional electrodynamics and surface topological
effects modifies the far-field behavior. In the next
Section, we apply this framework to specific radiating
systems, thereby illustrating both the physical conse-
quences and the experimental relevance of the derived
expressions.

IV. TOPOLOGICAL MODULATION OF ANTENNA
RADIATION PATTERNS

Understanding the radiation patterns of antennas is
essential for efficient signal transmission and control of
electromagnetic interactions. In this section, we apply the
formalism developed in the previous sections to study the
radiation emitted by representative systems, including a
simple antenna and a center-fed antenna, in the presence of
a planar topological boundary. We focus on the angular
distribution of the radiated fields, aiming to identify
distinctive signatures of the topological surface states.
These applications illustrate how the interplay between
conventional electrodynamics and the surface Hall
response modifies the far-field radiation, providing poten-
tial experimental observables of topological effects.

A. Simple antenna

The geometry for the simple antenna system is shown in
Fig. 3(a), whose current distribution is given by,

Jðr; tÞ ¼ I0 sinðω0tÞδðyÞδðz − z0ÞΘðL=2 − jxjÞx̂; ð43Þ
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where I0 and ω are the current amplitude and angular
frequency, respectively, and Θ is the Heaviside step
function, confining the current to the finite region
−L=2 ≤ x ≤ L=2. Despite its simplicity, this model retains
the key characteristics of a realistic antenna and is sufficient
for capturing the main features of its radiation. The zeroth-
order field requires the following integral:

Z
J̇ðr0; trÞd3r0

¼ I0ω0x̂
Z

L=2

−L=2
cos

�
ω0

�
t −

r2 − zz0
vr

þ x0 cos ϑ
v

��
dx0;

ð44Þ

where we introduced a spherical coordinate system defined
by x ¼ r cosϑ, y ¼ r sinϑ cosφ, and z ¼ r sinϑ sinφ, such
that ϑ denotes the angle between the direction of obser-
vation and the antenna. The integral (44) is quite simple and
the result is

Z
J̇ðr0; trÞd3r0 ¼ 2vI0

cos ½ω0ðt − r2−zz0
vr Þ� sin ½ω0L

2v cosϑ�
cosϑ

x̂:

ð45Þ

Accordingly, the zeroth-order radiated magnetic field is
given by,

Bð0Þðr;tÞ¼−
I0

2πϵv2
cos ½ω0ðt− r2−zz0

vr Þ�sin ½ω0L
2v cosϑ�

rcosϑ
n̂× x̂:

ð46Þ

Following the same strategy used for the zeroth-order
potentials, the evaluation of the first- and second-order
corrections to the radiated fields requires the integral,

Z
J̇ðr0; t�rÞd3r0

¼ I0ω0x̂
Z

L=2

−L=2
cos

�
ω0

�
t −

r2 þ zz0
vr

−
x0 cos ϑ

v

��
dx0;

ð47Þ

with the final result

Z
J̇ðr0; t�rÞd3r0 ¼ 2vI0

cos ½ω0ðt − r2þzz0
vr Þ� sin ½ω0L

2v cosϑ�
cosϑ

x̂:

ð48Þ

Therefore, the first-order correction to the radiated mag-
netic field is given by,

Bð1Þðr; tÞ ¼ −
σHallI0
4πv3ϵ2

cos ½ω0ðt − r2þzz0
vr Þ� sin ½ω0L

2v cosϑ�
r cosϑ

× n̂ × ðn̂ × x̂Þ; ð49Þ

and similarly, the second-order correction to the radiated
magnetic field is given by,

Bð2Þðr; tÞ ¼ σ2HallI0
8πv4ϵ3

cos ½ω0ðt− r2þzz0
vr Þ� sin ½ω0L

2v cosϑ�
rcosϑ

n̂× x̂:

ð50Þ

The electric radiation fields follow from the magnetic ones
according to EðnÞðr; tÞ ¼ −vn̂ ×BðnÞðr; tÞ, which is valid
for the far-field regime and applies to all perturbative
orders n.
With all the ingredients at hand, we can now evaluate the

angular distribution of the radiated power. Since the
boundary effects associated with the topological surface
states are confined to the interface, the standard expression
for the radiated power in terms of the magnetic field
remains valid. Thus, the differential power emitted per

(a) (b)

FIG. 3. Geometry of a linear antenna of length L placed at a distance z0 from a planar interface (z ¼ 0) separating a topological
medium from a dielectric medium. (a) Simple antenna. (b) Center-fed antenna.
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solid angle is given by

dP
dΩ

¼ vr2

μ
jBðr; tÞj2: ð51Þ

This formula provides the natural starting point for analyz-
ing how the surface-induced corrections modify the angular
radiation patterns of the antenna. Since our analysis is
carried out up to second order in the Hall conductivity,
we retain only the contributions up to this order in the
angular distribution of the radiated power. Consequently,
the relevant terms are: jBj2 ∼ jBð0Þj2 þ jBð1Þj2 þ 2Bð0Þ·
Bð1Þ þ 2Bð0Þ ·Bð2Þ þOðσ3HallÞ. When averaged over one
oscillation cycle, the angular distribution of the radiated
power becomes

	
dP
dΩ



top

≈
μvI20
8π2

tan2ϑsin2
�
π
L
λ
cosϑ

�

×

�
1þ

�
σHall
2ϵv

�
2
�
1−2cos

�
4π

z0
λ
sinϑsinφ

���
;

ð52Þ

where the brackets h·i denote the time average over a period
T ¼ 2π=ω0 and λ ¼ 2πv=ω0 is the wavelength. This
averaging removes the fast oscillations and yields the
physically relevant radiation pattern. From the classical
radiation distribution, we can simplify the expression as,

	
dP
dΩ



top

≈
	
dP
dΩ



vac

½1þ hðϑ;φÞ�; ð53Þ

where hdP=dΩivac ¼ ðμvI20=8π2ÞfsðϑÞ, with

fsðϑÞ ¼ tan2 ϑ sin2
�
π
L
λ
cosϑ

�
; ð54Þ

while the topological correction enters exclusively through
the interference term

hðϑ;φÞ ¼
�
σHall
2ϵv

�
2
�
1 − 2 cos

�
4π

z0
λ
sinϑ sinφ

��
: ð55Þ

To quantify the influence of the topological interface on
the emitted radiation, it is useful to consider the absolute
deviation of the angular power distribution relative to its
conventional vacuum counterpart. We therefore define

Δðϑ;φÞ ¼
	
dP
dΩ



top

−
	
dP
dΩ



vac

; ð56Þ

which measures the net modification introduced by the
surface Hall response at each emission direction. This
quantity isolates the portion of the radiation pattern

arising solely from the topological term, making explicit
how interference between the direct dipole field and the
Hall-induced surface currents contributes either positively
or negatively to the radiated power. The angular depend-
ence of Δðϑ;φÞ is governed by the product of the usual
antenna lobes in ϑ [35,36] and a φ-dependent oscillatory
modulation controlled by the phase 4πðz0=λÞ sinϑ sinφ.
Since the perturbative condition σHall ≪ 2ϵv holds,
the overall angular distribution is dominated by the
vacuum envelope fsðϑÞ, whose principal lobe occurs
near ϑ ≈ π=2, where fsðϑÞ ≈ ðπL=λÞ2. Consequently,
the leading modification introduced by the interface
arises from the azimuthal dependence encoded in
hðϑ ≈ π=2; φÞ ≈ ðσHall=2ϵvÞ2½1 − 2 cosð4πðz0=λÞ sin φÞ�.
In this regime, the topological correction manifests itself
as a small oscillatory modulation in the azimuthal angle,
producing weak lobes and dips as φ varies around the
dominant broad maximum of the vacuum pattern.
To obtain a global measure of the topological interface

on the emission process, we introduce the integrated
deviation

Psðξ;lÞ≡
Z

dΩΔðϑ;φÞ; ð57Þ

where ξ ¼ z0=λ and l ¼ L=λ denote, respectively, the
antenna-surface separation and the electrical length of
the antenna, both expressed in units of the operating
wavelength. The quantity Psðξ;lÞ provides a global mea-
sure of the total modification induced by the surface Hall
response, encapsulating the cumulative interference effects
over the entire angular domain.
Using the expression forΔðϑ;φÞ, the integration over the

azimuthal angle can be carried out analytically, yielding the
factor ½1 − 2J0ð4πξ sin ϑÞ� that encodes the Hall-induced
modulation. To simplify the remaining polar integral, we
shift the angle according to ψ ¼ ϑ − π=2, which centers the
dominant antenna lobe at ψ ¼ 0. With this change of
variables, using sin ϑ ¼ cosψ and tan ϑ ¼ − cotψ , the total
deviation can be written as

Psðξ;lÞ ¼
μvI20
4π

�
σHall
2ϵv

�
2
Z

π=2

−π=2
cosψ cot2 ψ sin2 ðπl sinψÞ

× ½1 − 2J0ð4πξ cosψÞ�dψ : ð58Þ

This form isolates the dominant angular contribution
around the principal radiation direction and is well suited
for both numerical evaluation and asymptotic analysis.
Factoring out the overall prefactor, we define a dimension-
less function Isðξ;lÞ through

Psðξ;lÞ ¼
μvI20
4π

�
σHall
2ϵv

�
2

Isðξ;lÞ; ð59Þ
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which captures the purely geometrical dependence on the
scaled distance ξ ¼ z0=λ and the electrical length l ¼ L=λ.
Figure 4 displays a density plot of the dimensionless

function Isðξ;lÞ as a function of ξ and l. The chosen
parameter ranges reflect physically relevant regimes for
radiating sources near a topological interface. In particular,
values of l between Oð1Þ and a few units correspond to
antennas whose physical length is comparable to, or a few
times larger than, the wavelength, encompassing the
transition from electrically short to electrically long anten-
nas [35,36]. Similarly, the range ξ ∼ 0.1–1.5 covers source-
surface separations from a small fraction of the wavelength
up to several wavelengths, where interferometric effects
remain appreciable. Although the axion-electrodynamic
description formally requires the source-surface separation
z0 to exceed microscopic length scales (such as the lattice
spacing), this constraint translates into an extremely small
lower bound on ξ in practice, since λ ≫ a in the regimes of
interest, and therefore does not affect the behavior shown
here [37,38].
The density plot reveals a sequence of horizontal ridges

indicating enhanced values of Is, whose positions are only
weakly dependent on l and are primarily controlled by the
distance parameter ξ. These ridges correspond to construc-
tive interference between the direct radiation and the Hall-
induced contribution from the interface. The dashed white
lines mark the loci of maximum intensity in ξ extracted
directly from the numerical evaluation of the full integral
defining Isðξ;lÞ. Although we do not have a closed-form
expression for the integral, the location of these maxima

can be understood on general grounds from the oscillatory
Bessel structure entering the integrand: The dependence on
ξ is mediated by the factor J0ð4πξ cosψÞ, and a simple
estimate based on the dominant contribution around the
main lobe (ψ ≃ 0) suggests that extrema with respect to ξ
are expected near the zeros of J1 [39], namely ξn ≈ j1;n=4π,
where j1;n denotes the zeros of J1. The first three values are
ξ1 ≈ 0.3049, ξ2 ≈ 0.8096, and ξ3 ≈ 1.3107. This provides a
useful analytical guideline for interpreting the ridge struc-
ture observed in Fig. 5, and it is consistent with the
numerically identified maxima.
Overall, Fig. 5 highlights how the geometrical param-

eters ξ and l jointly control the strength of the topological
correction. While the overall magnitude of Is grows with
increasing l, reflecting the enhanced radiation from electri-
cally longer sources [35,36], the modulation in ξ remains
the dominant organizing principle, leading to well-defined
interference bands whose positions are set by the distance
to the interface in units of the wavelength.
Although a closed analytical expression for the full

integral is not available in general, the above result shows
that its dominant contribution can be extracted in a
controlled manner by focusing on the main radiation lobe
and exploiting the asymptotic regime l ≫ 1. Near the main
lobe (ψ ≃ 0), one may approximate sinψ ≃ ψ so that
sin2ðπl sinψÞ ≃ sin2ðπlψÞ. The principal lobe is then
bounded by the first zero of this factor, πlψ ¼ π, yielding

FIG. 4. Density plot of the dimensionless integrated deviation
Isðξ;lÞ versus the scaled distance ξ ¼ z0=λ and electrical length
l ¼ L=λ. Dashed lines indicate the loci of maximal intensity
obtained from the numerical evaluation of the exact integral and
coincide with the estimated maximum intensities at ξ1 ≈ 0.3049,
ξ2 ≈ 0.8096, and ξ3 ≈ 1.3107. The ridge structure originates from
phase interference encoded in the Bessel-function dependence of
the integrand.

FIG. 5. Density plot of the dimensionless integrated deviation
Icðξ;lÞ as a function of the scaled distance ξ ¼ z0=λ and the
electrical length l ¼ L=λ for the center-fed antenna. The plot
exhibits a sequence of quasi-periodic bright bands in l, whose
positions shift smoothly with ξ, reflecting the interplay between
the multilobed classical radiation pattern of the center-fed dipole
and the angular modulation induced by the topological interface.
The dotted lines indicate the estimated maxima corresponding to
the vertical ridges (l ¼ 2.95, 3.96, 4.97). The red crosses indicate
the numerically determined maxima ξ1;l, in good agreement with
the analytical predictions discussed in the text.
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an effective angular width ψc ≃ 1=l. Within jψ j≲ ψc, the
combination cosψ cot2 ψ sin2ðπl sinψÞ approaches ðπlÞ2
up to Oðψ2Þ corrections, and the Bessel term may be taken
as 1 − 2J0ð4πξÞ. Keeping the leading curvature around
ψ ¼ 0 gives

Psðξ;lÞ≃πμvI20

�
σHall
4ϵv

�
2

½1−2J0ð4πξÞ�
�
2l−

7

9l

�
; ð60Þ

so that the main-lobe contribution scales as ∝ l for l ≫ 1.
To estimate the magnitude of the effect under realistic

conditions, we consider the topological insulator TlBiSe2,
for which an effective permittivity ϵ ≃ 4ϵ0 has been
reported experimentally, where free-carrier contributions
can be neglected and the material is effectively transparent
[40]. For this value, the electromagnetic wave speed in the
medium is reduced to v ¼ c

ffiffiffiffiffiffiffiffiffi
ϵ0=ϵ

p
≃ c=2. Using these

parameters, one finds that the dimensionless ratio control-
ling the topological correction, σHall=2ϵv, is of the order of
2 × 10−3. This shows that the Hall-induced contribution
enters as a small perturbative correction to the conventional
radiation pattern. Accordingly, the perturbative expansion

employed throughout this work is well justified, with
higher-order terms strongly suppressed. While the resulting
modification is quantitatively modest for realistic material
parameters, its dependence on geometry and on the source-
interface separation provides a well-defined signature of the
underlying topological response.

B. Center-fed antenna

Having established the baseline behavior with a uni-
formly driven (simple) antenna, we now consider a center-
fed thin dipole of length L, placed at height z0 and aligned
along the unit vector x̂ [see Fig. 3(b)]. The center feed
enforces an even current profile about the midpoint and
vanishing current at the tips (thin-wire limit), which
replaces the uniform-line form factor by the familiar
center-fed one. This change of longitudinal phase and
amplitude directly reshapes the classical pattern and, in the
presence of the surface Hall response, modifies the cou-
pling to azimuthally odd components and surface-guided
channels. In free space (or within a homogeneous host),
Hallén’s equation leads to the standard sinusoidal solution
for a resonant thin dipole [36,41],

Jðr; tÞ ¼ I0 sinðω0tÞ sin ½kðL=2 − jxjÞ�δðyÞδðz − z0ÞΘðL=2 − jxjÞx̂; ð61Þ

where I0 and ω0 are the current amplitude and angular frequency, and k ¼ ω0=v. The subsequent radiation pattern and its
topological modulation follow from this source via the interface Green’s prescription. As in the previous case, the zeroth-
order field and the higher-order fields require the following integrals, respectively:

Z
J̇ðr0; trÞd3r0 ¼ 2I0v

cos ½ω0ðt − r2−zz0
vr Þ�½cos ðω0L

2v cosϑÞ − cosðω0L
2v Þ�

sin2ϑ
x̂; ð62Þ

Z
J̇ðr0; t�rÞd3r0 ¼ 2I0v

cos ½ω0ðt − r2þzz0
vr Þ�½cos ðω0L

2v cosϑÞ − cosðω0L
2v Þ�

sin2ϑ
x̂: ð63Þ

With this result, we obtain the following zeroth-order radiated magnetic field:

Bð0Þðr; tÞ ¼ −
I0

2πϵv2
cos ½ω0ðt − r2−zz0

vr Þ�½cos ðω0L
2v cos ϑÞ − cosðω0L

2v Þ�
sin2 ϑ

n̂ × x̂; ð64Þ

and the first- and second-order corrections to the magnetic field:

Bð1Þðr; tÞ ¼ −
σHallI0
4πv3ϵ2

cos ½ω0ðt − r2þzz0
vr Þ�½cos ðω0L

2v cos ϑÞ − cosðω0L
2v Þ�

sin2 ϑ
n̂ × ðn̂ × x̂Þ; ð65Þ

Bð2Þðr; tÞ ¼ σ2HallI0
8πv4ϵ3

cos ½ω0ðt − r2þzz0
vr Þ�½cos ðω0L

2v cosϑÞ − cosðω0L
2v Þ�

sin2 ϑ
n̂ × x̂: ð66Þ

Meanwhile, the electric radiation fields are obtained from the orthogonality relation: EðnÞðr; tÞ ¼ −vn̂ ×BðnÞðr; tÞ.
Similarly to the simple-antenna configuration, we evaluate the angular distribution of the power radiated by a center-fed thin
dipole in the presence of a topological interface, keeping terms up to second order in the surface Hall conductivity. After
averaging over one oscillation period T ¼ 2π=ω0, the angular distribution can be written in the factorized form
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dP
dΩ



top

≈
	
dP
dΩ



vac

½1þ hðϑ;φÞ�; ð67Þ

where hdP=dΩivac ¼ ðμvI20=8π2ÞfcðϑÞ is the classical
radiation with the polar envelope [35,36]

fcðϑÞ ¼
½cos ðπ L

λ cosϑÞ − cos ðπ L
λÞ�2

sin2 ϑ
: ð68Þ

The topological correction hðϑ;φÞ is identical to that
defined in the simple-antenna case, given by Eq. (55).
As before, the influence of the interface is conveniently

characterized by the absolute deviation of the angular
distribution with respect to its vacuum counterpart,
Δðϑ;φÞ, defined in Eq. (56). Using Eq. (67), one directly
finds

Δðϑ;φÞ ≈ μvI20
8π2

fcðϑÞhðϑ;φÞ; ð69Þ

which makes explicit that the Hall response leaves the polar
structure of the radiation pattern almost unchanged and
enters only as a weak azimuthal modulation controlled by
ðσHall=2ϵvÞ2. The polar dependence is therefore mainly
governed by the classical center-fed dipole factor fcðϑÞ,
whose structure depends on the ratio l ¼ L=λ. For electri-
cally short antennas (λ > L), fcðϑÞ exhibits a single broad
lobe with a maximum at ϑ ¼ π=2, whereas for electrically
long antennas (λ < L) it develops multiple angular nodes at

cosϑ�n ¼ �
�
1 −

2n
l

�
; n ¼ 1; 2;…;

�
l
2

�
; ð70Þ

leading to a multilobed radiation pattern in agreement with
standard results for center-fed dipoles.
In the perturbative regime considered here, the dominant

contributions to Δðϑ;φÞ arise from the polar angles
corresponding to the maxima of fcðϑÞ, which are given
approximately (for l ≫ 1) by

cos ϑ�n;maxðlÞ ≈�
�
1 −

2n − 1

l

�
; ð71Þ

where n ¼ 1 corresponds to the major lobes. Evaluated
at those angles, the effect of the topological
interface reduces to an azimuthal oscillatory modulation
of the radiated power, without shifting the location of the
main radiation lobes. Near the major lobes one finds
fcðϑ�1;maxÞ ≈ 4l2

2l−1 cos
2ðπlÞ. Accordingly, the azimuthal

modulation becomes hðϑ ≈ ϑ�1;max;φÞ ≈ ðσHall=2ϵvÞ2
½1 − 2 cos ð4πξ

ffiffiffiffiffiffiffiffi
2l−1

p
l sinφÞ�. The interface therefore leaves

the classical polar pattern intact, while imprinting a
characteristic φ-dependent interference structure on top
of it.

The integrated deviation defined in Eq. (57) can be
directly evaluated for the center-fed configuration using
Eq. (69). The azimuthal integration yields the same
universal Hall-induced factor, ½1 − 2J0ð4πξ sin ϑÞ�, as in
the simple-antenna case. Therefore we obtain

Pcðξ;lÞ ¼
μvI20
4π

�
σHall
2ϵv

�
2
Z

π

0

½cos ðπl cosϑÞ − cos ðπlÞ�2
sin2 ϑ

× ½1 − 2J0ð4πξ sin ϑÞ� sinϑdϑ: ð72Þ

As before, it is convenient to introduce a dimensionless
function Icðξ;lÞ through the definition

Pcðξ;lÞ ¼
μvI20
4π

�
σHall
2ϵv

�
2

Icðξ;lÞ; ð73Þ

which isolates the purely geometrical contribution to the
radiated power. The function Icðξ;lÞ depends exclusively
on the dimensionless parameters ξ ¼ z0=λ and l ¼ L=λ,
encoding the combined effects of the antenna geometry and
the antenna-interface separation independently of the over-
all coupling strength.
The density plot of the integrated quantity Icðξ;lÞ,

shown in Fig. 5, reveals a highly structured interference
pattern characterized by a sequence of bright, quasiperiodic
bands in the electrical length l, whose positions shift
smoothly as ξ is varied. These bright regions correspond to
local maxima of the angularly integrated response and
encode the dominant conditions under which the radiation
emitted by the center-fed antenna interferes constructively
after being modulated by the topological interface.
Although a closed-form evaluation of the integral is not

available, the position of these maxima can be understood
on general physical grounds from the oscillatory Bessel
structure appearing in the integrand. The dependence on the
scaled distance ξ enters exclusively through the factor
J0ð4πξ sinϑÞ. A simple yet effective estimate can therefore
be obtained by focusing on the dominant contribution
arising from the main angular lobe, whose location is
approximately ϑ�n;maxðlÞ, given by Eq. (71). Within this
approximation, extrema with respect to ξ are expected to
occur when the argument of the Bessel function satisfies a
stationary condition, which naturally leads to the zeros of
J1. This yields the estimate

ξn;l ≈
j1;n

4πj sinϑ�n;maxðlÞj
; ð74Þ

where j1;n denotes the nth zero of the Bessel function J1.
In the asymptotic regime l ≫ 1, this expression
simplifies to

ξn;l ≈
j1;n
4π

lffiffiffiffiffiffiffiffiffiffiffiffiffi
2l − 1

p : ð75Þ
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The density plots further reveal that, for fixed ξ, the maxima
of Icðξ;lÞ form bright vertical ridges located very close to
integer values of l. These ridges correspond to the values of
l that maximize the angular integral and are therefore
responsible for the dominant contribution to the radiation
pattern. Numerically, the first few maxima are found at
l ≃ 0.97, 1.97, 2.95, 3.96, and 4.97, i.e., slightly below the
integers l ¼ 1, 2, 3, 4, 5. The small but systematic
deviation from exact integer values indicates that, while
the dominant oscillatory behavior is controlled by the
periodic dependence on l, subleading corrections associ-
ated with the angular structure of the integrand shift the
maxima to marginally smaller values. A quantitative
estimate of this deviation can be obtained analytically
within a controlled approximation, and the details of this
analysis are presented in Appendix C. Also, using these
values, one can estimate the first extremum (n ¼ 1) in
Eq. (75) for l (¼ 2.95, 3.96, and 4.97). The resulting
numerical values are ξ1;3 ≈ 0.406356, ξ1;4 ≈ 0.459012, and
ξ1;5 ≈ 0.506839, in excellent agreement with the locations
indicated by the red cross markers in the density plot shown
in Fig. 5.
It is worth emphasizing that the response of the center-

fed antenna is qualitatively richer than that of the simple
linear antenna discussed earlier. In the latter case, the
integrated radiation is controlled by a smooth angular
envelope dominated by a single broad lobe, with the
interface producing only a weak modulation of an other-
wise simple pattern. By contrast, the center-fed configu-
ration supports an intrinsically multilobed radiation profile
which, combined with the 1= sinϑweighting in the angular
integral, makes the global response highly sensitive to
several competing angular contributions whose relative
weights depend nontrivially on the electrical length l.
The resulting density plots therefore reveal a
complex interference landscape, featuring broken axial
symmetry and interference-induced amplification, which
constitutes a clear signature of the magnetoelectric
response associated with topological surface states and
highlights the potential of antenna-based setups as probes
of axion electrodynamics.

V. RADIATION FROM ACCELERATED CHARGES
MOVING PARALLEL TO A TOPOLOGICAL

INTERFACE

We consider a charged particle moving along a trajectory
parallel to a planar interface at a fixed height z0, with a
time-dependent velocity vðtÞ and acceleration aðtÞ con-
fined to the plane. In free space, the Liénard-Wiechert fields
dictate that accelerated motion produces radiation [35];
in the presence of an interface, however, the Green’s
tensor acquires image and surface-wave contributions that
reshape the angular spectrum and polarization content of
the emitted field [42]. This setup connects, in the appro-
priate limits, to several cornerstone phenomena of radiation

near boundaries: transition radiation at dielectric disconti-
nuities [43,44], Smith-Purcell emission from periodic
surfaces [45,46], and surface/guided-mode Čerenkov chan-
nels in low–phase-velocity media, including plasmonic
excitations in thin films and two-dimensional materials
[47–49]. Beyond these classical scenarios, topological
media enrich the problem through magnetoelectric cou-
plings that bias emission pathways and enable lateral
(guided) waves with topological origin [38,50], potentially
yielding asymmetric cones, nonreciprocal directivity, and
enhanced radiation in ultrarelativistic regimes [12]. Recent
theory and experiments further indicate that moving
charges can selectively launch topologically protected edge
or bulk-boundary modes and that transition/Čerenkov
channels can be reconfigured by the topological response

]51,52 ]. Against this backdrop, analyzing accelerated
motion parallel to a topological interface provides both
fundamental insight and concrete routes toward compact,
tunable THz/IR sources, beam diagnostics, and on-chip
emitters controlled by surface-state physics [44,46,49].
We consider a point charge q whose motion is confined

to the plane z ¼ z0 > 0, i.e., parallel to the interface
at z ¼ 0. Its trajectory is r0ðtÞ ¼ x0ðtÞx̂þ y0ðtÞŷ þ z0ẑ,
with in-plane velocity uðtÞ ¼ ṙ0ðtÞ and acceleration
aðtÞ ¼ u̇ðtÞ. The corresponding source densities are

ρðr;tÞ¼qδ½r−r0ðtÞ�; Jðr;tÞ¼quðtÞδ½r−r0ðtÞ�: ð76Þ

In the homogeneous host medium ðϵ; μÞ with phase
velocity v ¼ 1=

ffiffiffiffiffi
ϵμ

p
, the cycle-accurate reference solution

is provided by the Liénard-Wiechert potentials [35],

ϕð0Þðr; tÞ ¼ q
4πϵ

1

R0ðtrÞ½1 − βðtrÞ · R̂0ðtrÞ�
;

Að0Þðr; tÞ ¼ q
4πϵv

βðtrÞ
R0ðtrÞ½1 − βðtrÞ · R̂0ðtrÞ�

; ð77Þ

where βðtÞ ¼ uðtÞ=v, R0ðtrÞ ¼ jr − r0ðtrÞj, R̂0ðtrÞ ¼
½r − r0ðtrÞ�=R0ðtrÞ, and the retarded time tr solves
R0ðtrÞ ¼ vðt − trÞ. These expressions follow from the
standard change of variables τ ¼ t0 − tþ R=v and make
explicit the Doppler/beaming factor ½1 − β · R̂0�−1 that
controls the angular concentration of radiation [35].
Applying Eð0Þ ¼ −∇ϕð0Þ − ∂tAð0Þ and Bð0Þ ¼ ∇ ×Að0Þ,
and using the same retarded-time convention as above,
the radiation-zone expressions for the fields read,

Eð0Þðr; tÞ ¼ −
q

4πϵv2
R̂0ðtrÞ × f½βðtrÞ − R̂0ðtrÞ� × aðtrÞg

R0ðtrÞ½1 − βðtrÞ · R̂0ðtrÞ�3
;

Bð0Þðr; tÞ ¼ 1

v
R̂0ðtrÞ ×Eð0Þðr; tÞ: ð78Þ

Now, starting from Eqs. (27)–(28), we now work with the
first-order (in σHall) scalar and vector potentials after

ELECTROMAGNETIC RADIATION MEDIATED BY TOPOLOGICAL … PHYS. REV. D 113, 076002 (2026)

076002-13



evaluating the spatial delta at the particle position
r0 ¼ r0ðt0Þ. This yields

ϕð1Þðr; tÞ ¼ −
qσHall
8πϵ2v2

ẑ ·
Z ∇P0ðt0Þ × uðt0Þ

Zðz; z0Þ

× δ

�
t0 − tþ P0ðt0Þ

v

�
dt0; ð79Þ

Að1Þðr; tÞ ¼ −
qσHall
8πϵ2v3

ẑ ×
Z ∇P0ðt0Þ × ½∇P0ðt0Þ × uðt0Þ�

Zðz; z0Þ

× δ

�
t0 − tþ P0ðt0Þ

v

�
dt0; ð80Þ

where P0ðt0Þ≡ Pðr; r0ðt0ÞÞ denotes the retarded source-
observer distance in the interface geometry, ∇P0ðt0Þ ¼
P̂0ðt0Þ, and Zðz; z0Þ ¼ zþ z0.
To collapse the temporal convolutions we perform the

standard retarded-time change of variables,

τ� ¼ t0 − tþ P0ðt0Þ
v

;
dτ�

dt0
¼ 1 − βðt0Þ · P̂0ðt0Þ; ð81Þ

with β ¼ u=v. Evaluating the integrals then gives the
closed forms

ϕð1Þðr; tÞ ¼ −
qσHall
8πϵ2v

ẑ · ½P̂0ðt�rÞ × βðt�rÞ�
Zðz; z0Þ½1 − βðt�rÞ · P̂0ðt�rÞ�

; ð82Þ

Að1Þðr;tÞ¼−
qσHall
8πϵ2v2

ẑ×fP̂0ðt�rÞ× ½P̂0ðt�rÞ×βðt�rÞ�g
Zðz;z0Þ½1−βðt�rÞ · P̂0ðt�rÞ�

; ð83Þ

where the retarded time t�r is defined implicitly by
P0ðt�rÞ ¼ vðt − t�rÞ. Using these expressions and the stan-
dard definitions of the fields (with all quantities evaluated at
the corresponding retarded time t�r), we obtain the follow-
ing first-order field expressions:

Bð1Þðr;tÞ¼−
qσHall
8πϵ2v4

P̂0ðt�rÞ×fẑ×fP̂0ðt�rÞ×faðt�rÞ× ½P̂0ðt�rÞ−βðt�rÞ�ggg
Zðz;z0Þ½1−βðt�rÞ · P̂0ðt�rÞ�3

; Eð1Þðr;tÞ¼−vP̂0ðtrÞ×Bð1Þðr;tÞ: ð84Þ

The first-order fields inherit a parity-odd “Hall rotation” of
the driving current/acceleration: the cross products with ẑ
mix transversal electric/transversal magnetic (TE=TM)
components and imprint a handed polarization that reverses
upon changing the sign of σHall (or flipping the interface
normal). The response is acceleration-driven—vanishing
for uniform motion—and remains transverse in the retarded
direction (Eð1Þ;Bð1Þ; P̂0 mutually orthogonal). Its magni-
tude is kinematically enhanced by the beaming factor ½1 −
β · P̂0�−2 and modulated by the vertical transfer Z−1ðz; z0Þ,
thus strengthening as the charge approaches the interface.
Geometrically, the operator structure favors components of
a perpendicular to P̂0 − β, providing clean knobs (trajec-
tory, sign of σHall, and z0) to tailor the field-level response.
Beyond the linear response, the quadratic Hall contribu-

tion reads as follows. Our starting point is Eqs. (29) and (30)
for the scalar and vector potentials in the time domain,
respectively. Evaluating the spatial delta at the source
position r0 ¼ r0ðt0Þ yields

ϕð2Þðr;tÞ¼−
qσ2Hall

16πϵ3v3

Z ∇P0ðt0Þ ·uðt0Þ
P0ðt0Þ

δ

�
t0− tþP0ðt0Þ

v

�
dt0;

ð85Þ

Að2Þðr;tÞ¼−
qσ2Hall

16πϵ3v4

Z
uðt0Þ
P0ðt0Þ

δ

�
t0− tþP0ðt0Þ

v

�
dt0; ð86Þ

where P0ðt0Þ≡ Pðr; r0ðt0ÞÞ and ∇P0ðt0Þ ¼ P̂0ðt0Þ.
Performing the same retarded-time substitution used at first
order, τ� ¼ t0 − tþ P0ðt0Þ=v with dτ�=dt0 ¼ 1 − βðt0Þ ·
P̂0ðt0Þ and β ¼ u=v, the time integrals reduce to

ϕð2Þðr; tÞ ¼ −
qσ2Hall

16πϵ3v2
P̂0ðt�rÞ · βðt�rÞ

P0ðt�rÞ½1 − βðt�rÞ · P̂0ðt�rÞ�
; ð87Þ

Að2Þðr; tÞ ¼ −
qσ2Hall

16πϵ3v3
βðt�rÞ

P0ðt�rÞ½1 − βðt�rÞ · P̂0ðt�rÞ�
; ð88Þ

with the retarded time t�r defined implicitly by
P0ðt�rÞ ¼ vðt − t�rÞ. Following the standard definitions, the
second-order electromagnetic fields become

Bð2Þðr; tÞ ¼ qσ2Hall
16πϵ3v5

P̂0ðt�rÞ × fP̂0ðt�rÞ × faðt�rÞ × ½P̂0ðt�rÞ − βðt�rÞ�gg
P0ðt�rÞ½1 − βðt�rÞ · P̂0ðt�rÞ�3

; Eð2Þðr; tÞ ¼ −vP̂0ðtrÞ ×Bð2Þðr; tÞ: ð89Þ
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These quadratic Hall contributions are parity even and thus
insensitive to the sign of σHall; unlike the first-order
response, they do not produce an in-plane Hall rotation
but preserve the background polarization basis. They
remain acceleration driven (vanishing for uniform motion)
and their magnitude scales as σ2Hall=½P0ð1 − β · P̂0Þ3�, i.e.,
they exhibit the radiative 1=P0 behavior (in the far zone,
P0 → R0) with a stronger kinematic enhancement than at
first order. The overall amplitude is further modulated by
the vertical transfer factorZ−1ðz; z0Þ, intensifying the effect
as the charge approaches the interface. Geometrically, the
operator P̂0 × fP̂0 × ½a × ðP̂0 − βÞ�g filters out compo-
nents of a collinear with P̂0 − β and favors transverse
components, thereby shaping the field-level response with-
out imparting azimuthal handedness.
Bremsstrahlung radiation is one of the most fundamental

and extensively studied processes in classical and quantum
electrodynamics. It refers to the emission of electromag-
netic radiation by a charged particle undergoing acceler-
ation, typically due to deflection or deceleration in the
presence of an external field or medium. The theoretical
foundations of this phenomenon were first established by
Sommerfeld in 1931, who obtained the exact classical
solution for the radiation of a decelerating charge, and
later developed in modern form by Jackson and
others [35,53].
In this section, we apply the framework developed above

to describe bremsstrahlung from a charged particle moving
near a topological interface. Specifically, we consider the
case of a particle accelerating (or decelerating) along the
direction of its velocity, a; jj; v, so that the acceleration and
velocity vectors are collinear. This configuration captures
the essential features of the problem while preserving axial
symmetry, allowing a direct comparison with the conven-
tional Sommerfeld solution. The aim is to identify how the
presence of the topological surface modifies the radiation
pattern and total emitted power through the axion-induced
magnetoelectric coupling.
For this calculation, we focus on the far-zone limit,

where the observation and source positions satisfy
P0 ≃R0 ≡R, allowing us to treat the field point as
effectively located at a large distance from the source.
Without loss of generality, we choose the particle’s velocity
along the x axis, v ¼ vx̂, so that the acceleration a is
parallel to v, i.e., akβ. In this configuration, the cross
product a × β vanishes, and the scalar products simplify to

β · R̂0 → β · R̂ ¼ βR̂x; β · P̂0 → β · R̂ ¼ βR̂x; ð90Þ

where R̂x; R̂y, and R̂z denote the Cartesian components of
the unit observation vector R̂. After some straightforward
algebra, the following useful vector identities are obtained:

R̂ × ½R̂ × ða × R̂Þ� ¼ aðR̂zŷ − R̂yẑÞ; ð91Þ

R̂ × fẑ × ½R̂ × ða × R̂Þ�g
¼ aR̂z½ðR̂2

x − 1Þx̂þ R̂xR̂yŷ þ R̂xR̂zẑ�: ð92Þ

By substituting these expressions into Eqs. (78), (84), and
(89), we obtain the explicit form of the magnetic field
components up to second order in the perturbative expan-
sion,

Bð0Þ ¼ −
qa

4πϵv3
ðR̂zŷ − R̂yẑÞ
Rð1 − βR̂xÞ3

; ð93Þ

Bð1Þ ¼ −
qa

4πϵv3

�
σHall
2ϵv

� ½ðR̂2
x − 1Þx̂þ R̂xR̂yŷ þ R̂xR̂zẑ�

Rð1 − βR̂xÞ3
;

ð94Þ

Bð2Þ ¼ qa
4πϵv3

�
σHall
2ϵv

�
2 ðR̂zŷ − R̂yẑÞ
Rð1 − βR̂xÞ3

: ð95Þ

We now turn to evaluate the angular distribution of the
radiated power up to second order in the Hall conductivity,
as a function of the particle’s retarded time,

dPðtrÞ
dΩ

¼ vR2

μ

dtr
dt

½jBð0Þj2 þ jBð1Þj2 þ 2Bð0Þ ·Bð1Þ þ 2Bð0Þ · Bð2Þ�:

ð96Þ

In this far-zone limit, it is straightforward to show that
Bð0Þ ·Bð1Þ ¼ 0, which means that there is no linear con-
tribution in the Hall conductivity to the radiated power. The
remaining quadratic terms thus encode the leading topo-
logical corrections.
The factor dtr

dt accounts for the relation between the
observation time t and the retarded time tr of the source.
It originates from the Jacobian of the change of variables
between emission and detection events and ensures the
correct normalization of the radiated energy flux. For a
moving charge it takes the form dtr

dt ¼ ð1 − β · R̂Þ, so that the
observed intensity is enhanced in the forward direction as
β · R̂ → 1, reflecting the well-known relativistic beaming
effect. In the nonrelativistic limit (β ≪ 1), this factor tends to
unity, recovering the standard Larmor radiation law.
By evaluating the remaining terms, the angular distri-

bution of the emitted power simplifies to

dP
dΩ

¼ v
μ

�
qa

4πϵv3

�
2 dtr
dt

�
1 − R̂2

x

ð1 − βR̂xÞ6

þ
�
σHall
2ϵv

�
2 1 − R̂2

x

ð1 − βR̂xÞ6
− 2

�
σHall
2ϵv

�
2 1 − R̂2

x

ð1 − βR̂xÞ6
�
:

ð97Þ
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We retain this unsimplified expression to make explicit the
separate physical contributions of each term. This form will
allow for a clearer interpretation of the distinct mechanisms
contributing to radiation.
Introducing spherical coordinates defined by R̂x ¼ cos ϑ,

R̂y ¼ sinϑ cosφ, and R̂z ¼ sinϑ sinφ, the angular depend-
ence of the radiated power can be made explicit. After
substituting these relations into the previous expression and
performing the necessary algebraic simplifications, the
distribution reduces to

dP
dΩ

¼ v
μ

�
qa

4πϵv3

�
2 sin2 ϑ
ð1 − β cos ϑÞ5

�
1 −

�
σHall
2ϵv

�
2
�
: ð98Þ

This expression shows that the topological contribution
preserves the characteristic angular dependence of classical
bremss-trahlung, while the presence of the interface intro-
duces a global reduction in the emitted power, effectively
rescaling its overall strength through the surface Hall
response. The overall multiplicative factor can be conven-
iently expressed through an effective radiative charge
qeff ¼ q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðσHall=2ϵvÞ2

p
, suggesting that the accelerated

particle behaves as if it were partially screened by its
electromagnetic image inside the topological medium. We
stress, however, that this should not be interpreted as a
universal renormalization of electric charge in axion
electrodynamics, but rather as a process-specific attenu-
ation of the radiated amplitude arising from interference
with topological surface currents. This interpretation
encapsulates the interference between the direct field
produced by the real charge and the secondary fields
mediated by the topological surface states. Consequently,
the total emitted power is uniformly suppressed while
preserving the standard bremsstrahlung angular profile; the
effect becomes more pronounced at larger velocities due to
the enhanced emission along the forward direction.
Physically, this attenuation may be viewed as a partial
destructive interference between the direct radiation and the
image fields induced at the interface. The resulting emis-
sion pattern thus provides a clear classical manifestation of
topological magnetoelectric coupling in the bremsstrahlung
process.
From the standpoint of axion electrodynamics, an

electric charge near a topological insulator induces both
an electric image charge (q0) and a magnetic image
monopole (g) within the material, as discussed in
Refs. [15–19]. When the permittivity and permeability of
both media is the same, the strength of these image sources
is given by

q0 ¼ q

�
σHall
2ϵv

�
2

; g ¼ qv

�
σHall
2ϵv

�
: ð99Þ

The field of these induced sources, combined with that of
the original charge, satisfies the modified boundary

conditions imposed by the topological magnetoelectric
effect. In dynamical situations, such as the bremsstrahlung
process considered here, the charge and both induced
images accelerate coherently: the moving charge in vacuum
generates its usual electromagnetic radiation, while the
associated surface Hall currents within the topological
medium produce secondary radiation. The interference
between these contributions, up to second order, is respon-
sible for the factor 1 − ðσHall=2ϵvÞ2 appearing in the
angular power distribution.
This decomposition can be understood as follows: the

term unity corresponds to the direct radiation from the
charge itself; the term −2ðσHall=2ϵvÞ2 arises from the
destructive interference between the electromagnetic field
of the real charge and that of its image; and the remaining
ðσHall=2ϵvÞ2 term originates from the self-radiation of the
magnetic image currents inside the topological material.
Taken together, these contributions yield a net suppression
of the total radiated power proportional to the square of the
topological coupling.
Physically, this result highlights how topological surface

states modify radiation processes by mediating correlations
between electric and magnetic sources across the interface.
The induced Hall charge and currents act as a dynamical
screening mechanism that reduces the effective radiative
strength of the source in this configuration, a direct
manifestation of the axion-electrodynamic coupling at
work. This interpretation establishes a clear analogy with
charge dressing in quantum field theory, but here realized in
a purely classical and topological context.

VI. SUMMARY AND DISCUSSION

In this work, we have presented a detailed theoretical
analysis of electromagnetic radiation in systems where
topological surface states play an active mediating role.
Within the framework of axion electrodynamics, we for-
mulated and solved Maxwell’s equations for a planar
interface separating a trivial and a topological insulator,
treating the θ term perturbatively. By systematically deriv-
ing corrections to the Liénard-Wiechert potentials up to
second order, we have shown how the discontinuity of the
axion field across the interface produces measurable
modifications to the radiation emitted by classical sources.
These corrections, which stem from surface Hall currents
induced by the topological magnetoelectric coupling,
encode the electromagnetic signature of the topological
phase and provide a macroscopic manifestation of the
underlying surface Dirac states.
Our analysis demonstrates that topological interfaces

affect radiation patterns in a qualitatively distinct manner,
introducing phase shifts and amplitude modulations that
depend on the geometry and orientation of the source
relative to the boundary. These effects persist even when
the bulk optical parameters are identical on both sides of the
interface, emphasizing that the observed phenomena are
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purely topological in origin. In the examples of simple and
center-fed antennas, as well as in the bremsstrahlung
radiation of accelerated charges, we find that the topologi-
cal response alters both the angular distribution and
polarization of the emitted fields. Such results extend the
traditional understanding of classical radiation by high-
lighting how topology can govern electromagnetic emis-
sion through boundary-localized states.
Beyond their condensed-matter context, these findings

establish a bridge between topological phases of matter and
high-energy field-theoretic concepts. The system studied
here serves as a classical analog of Janus field theories, in
which coupling constants change spatially across interfa-
ces. The piecewise constant θ parameter in our model
realizes precisely this type of spatially modulated coupling,
making the topological insulator interface an experimen-
tally accessible platform to explore classical manifestations
of anomaly inflow and interface dynamics familiar from
gauge theories and string-inspired constructions. In this
sense, topological insulators not only enrich the taxonomy
of materials but also provide laboratories for ideas origi-
nating in high-energy physics.
The framework developed here can be naturally

extended in several directions. A first step is to incorporate
the nontrivial optical response of real topological materials,
such as their frequency-dependent permittivity, permeabil-
ity, and dissipation, which will be essential to establish
direct contact with experiments. Another promising avenue
is to explore enhancement mechanisms of the topological
response, for example by engineering multilayer structures,
metamaterial coatings, or heterostructures that amplify
surface Hall currents and magnetoelectric coupling. Such
configurations could enable stronger and more tunable
radiation signatures, potentially observable in the micro-
wave or terahertz regimes.
Finally, our results open the possibility of studying

dynamical and nonlinear extensions of axion electrody-
namics, where θ becomes time dependent or coupled to
collective excitations such as phonons, magnons, or plas-
mons. Investigating radiation phenomena in these contexts
could reveal richer topological electrodynamics, with
implications ranging from metamaterial design to analog
models of quantum field theory. In summary, the work
presented here contributes to establishing a unified per-
spective on radiation processes in topological media,
connecting condensed-matter systems and high-energy
theoretical frameworks through the common language of
field theory and electromagnetic response.
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APPENDIX A: GENERAL ORDER GREEN’S
FUNCTIONS FOR TOPOLOGICAL INTERFACES

In the following, we derive a general expression for the

nth order Green’s function GðnÞ
ω ðr; r0Þ, defined as an n-fold

integral over intermediate points on the interface,

GðnÞ
ω ðr;r0Þ¼σHall

v2

Z
d2rf1g⊥ Gωðr;rf1g⊥ ÞGðn−1Þ

ω ðrf1g⊥ ;r0Þ: ðA1Þ

Here, the integration is performed over the interface plane,
and the superscript f1g simply labels the intermediate
integration point on the interface. The recursion starts from

the zeroth-order propagator Gð0Þ
ω ¼ Gω.

Building on the recursive structure of the previous
relation, we can generalize the expression to arbitrary order
n. The nth order Green’s function is then obtained as a
series of n successive integrals over the interface plane,

GðnÞ
ω ðr; r0Þ ¼

�
σHall
v2

�
n
Z

d2rf1g⊥ …

Z
d2rfng⊥ Gωðr; rf1g⊥ Þ

×

�Yn−1
j¼1

Gωðrfjg⊥ ; rfjþ1g
⊥ Þ

�
Gωðrfng⊥ ; r0⊥Þ: ðA2Þ

This formula naturally extends the first- and second-order
results and provides a compact representation of all higher-
order contributions arising from successive interactions
mediated by the Hall conductivity at the interface.
By substituting the frequency-dependent Green’s func-

tion from Eq. (14), the relation takes the form,

GðnÞ
ω ðr;r0Þ¼

�
σHall
v2

�
n 1

ϵnþ1

Z
d2rf1g⊥ …

Z
d2rfng⊥

eikðωÞRðr;r
f1g
⊥ Þ

4πRðr;rf1g⊥ Þ

×

"Yn−1
j¼1

eikðωÞRðr
fjg
⊥ ;rfjþ1g

⊥ Þ

4πRðrfjg⊥ ;rfjþ1g
⊥ Þ

#
eikðωÞRðr

fng
⊥ ;r0⊥Þ

4πRðrfng⊥ ;r0⊥Þ
: ðA3Þ

To evaluate these integrals, we employ the Sommerfeld
identity, which expresses the three-dimensional Green’s
function as an integral over the in-plane momentum
components,

eikðωÞR

4πR
¼

Z
d2k⊥
ð2πÞ2 e

ik⊥·R⊥ iei
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2ðωÞ−k2⊥

p
Z

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2ðωÞ − k2⊥

p ; ðA4Þ
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Here, the integration runs over the two-dimensional momentum plane ðkx; kyÞ. Recall that R ¼ R⊥ þ Zêz, where R⊥ ¼
r⊥ − r0⊥ and Zðz; z0Þ ¼ jzj þ jz0j. Using this representation in Eq. (A3) we get

GðnÞ
ω ðr; r0Þ ¼

�
σHall
v2

�
n 1

ϵnþ1

Z
d2kf0g

⊥
ð2πÞ2 � � �

Z
d2kfng

⊥
ð2πÞ2

Z
d2rf1g⊥ …

Z
d2rfng⊥ eik

f0g
⊥ ·R⊥ðr;rf1g⊥ Þ iei

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2ðωÞ−ðkf0g⊥ Þ2

p
jzj

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2ðωÞ − ðkf0g⊥ Þ2

q

×

2
64Yn−1
j¼1

ieik
fjg
⊥ ·R⊥ðrfjg⊥ ;rfjþ1g

⊥ Þ

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2ðωÞ − ðkfjg⊥ Þ2

q
3
75eikfng

⊥ ·R⊥ðrfng⊥ ;r0Þ iei
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2ðωÞ−ðkfng⊥ Þ2

p
jz0j

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2ðωÞ − ðkfng⊥ Þ2

q : ðA5Þ

To evaluate the integrals over the transverse coordinates, we exploit the Fourier representation of the Dirac delta function.
Specifically, the exponential factors yield delta functions that collapse the integrations over intermediate momenta,

Z
d2rfjg⊥
ð2πÞ2 e

iðkfjg
⊥ −kfj−1g

⊥ Þ·rfjg⊥ ¼ δðkfjg
⊥ − kfj−1g

⊥ Þ; ∀ j ¼ 1;…; n: ðA6Þ

Using these delta functions, the successive integrations over kfjg
⊥ collapse into a single transverse momentum integral,

leading to the compact expression,

GðnÞ
ω ðr; r0Þ ¼

�
σHall
v2

�
n
�

i
2ϵ

�
nþ1

Z
d2kf0g

⊥
ð2πÞ2 eik

f0g
⊥ ·R⊥ðr;r0Þ ei

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2ðωÞ−ðkf0g⊥ Þ2

p
ðjzjþjz0jÞ

½k2ðωÞ − ðkf0g⊥ Þ2�ðnþ1Þ=2 : ðA7Þ

To proceed, we rename kf0g
⊥ as k⊥ and switch to polar coordinates in the transverse momentum plane

ðkx; kyÞ ¼ k⊥ðcosϕ; sinϕÞ. We choose the in-plane vector R⊥ along the kx direction without loss of generality. In this
representation, the angular integration can be carried out explicitly, yielding a Bessel function of the first kind, J0. As a
result, the nth order Green’s function takes the form

GðnÞ
ω ðr; r0Þ ¼

�
σHall
v2

�
n
�

i
2ε

�
nþ1 1

2π

Z
∞

0

dk⊥
ei

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2ðωÞ−k2⊥

p
ðjzjþjz0jÞ

½k2ðωÞ − k2⊥�ðnþ1Þ=2 J0ðR⊥k⊥Þk⊥: ðA8Þ

This compact representation encodes all orders of the
perturbative expansion in terms of a single radial integral.
In particular, the explicit evaluation of this expression for
n ¼ 1 and n ¼ 2 reproduces the results given in Eqs. (21)
and (22).

APPENDIX B: FAR-FIELD EVALUATION OF
GREEN’S FUNCTION INTEGRALS VIA THE

STATIONAR PHASE METHOD

In order to proceed, we focus on the far-field regime,
where the exact integrals appearing in Eqs. (21) and (22)
cannot be evaluated in closed form. To obtain asymptotic
expressions, we apply the method of stationary phase.
As a starting point, we consider the generic integral

InðrÞ¼
Z

∞

0

dk⊥
ei

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2ðωÞ−k2⊥

p

½k2ðωÞ−k2⊥�n
J0ðR⊥k⊥Þk⊥; n∈Q: ðB1Þ

The presence of both the Bessel function and the oscillatory
exponential ensures that the integrand exhibits rapid phase

oscillations in the radiation zone. This motivates the use of
the stationary phase approximation to extract the leading
contribution. To make progress, we rewrite the Bessel
function as

J0ðρk⊥Þ ¼
1

2
½Hð1Þ

0 ðρk⊥Þ þHð2Þ
0 ðρk⊥Þ�; ðB2Þ

and employ the reflection property Hð1Þ
0 ð−xÞ ¼ −Hð2Þ

0 ðxÞ.
This allows us to express Eq. (B1) in the equivalent form

InðrÞ¼
1

2

Z
∞

0

dk⊥
ei

ffiffiffiffiffiffiffiffiffiffi
k2−k2⊥

p
z

ðk2−k2⊥Þn
k⊥½Hð1Þ

0 ðρk⊥Þ−Hð1Þ
0 ð−ρk⊥Þ�

ðB3Þ

¼ 1

2

Z
∞

−∞
dk⊥

ei
ffiffiffiffiffiffiffiffiffiffi
k2−k2⊥

p
z

ðk2 − k2⊥Þn
k⊥H

ð1Þ
0 ðρk⊥Þ: ðB4Þ

At this stage, we employ the far-field asymptotics of the
Hankel function,
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Hð1Þ
0 ðxÞ ≈

ffiffiffiffiffi
2

πx

r
eiðx−π

4
Þ; x ≫ 1; ðB5Þ

which leads to

InðrÞ≈
ffiffiffiffiffiffiffiffi
1

2πρ

s Z
∞

−∞
dk⊥

ffiffiffiffiffiffi
k⊥

p
ðk2−k2⊥Þn

eiðρk⊥þ
ffiffiffiffiffiffiffiffiffiffi
k2−k2⊥

p
z−π

4
Þ: ðB6Þ

The phase of the integrand oscillates rapidly with k⊥, and
its dominant contribution arises from the stationary point,
located at

k�⊥ ¼ kρffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ z2

p : ðB7Þ

Applying the stationary phase method, we arrive at the
asymptotic form

InðrÞ ≈ −i
ðρ2 þ z2Þn−1
ðkzÞ2n−1 eik

ffiffiffiffiffiffiffiffiffi
ρ2þz2

p
: ðB8Þ

In particular, the cases of interest yield

I1ðrÞ ≈ −i
eik

ffiffiffiffiffiffiffiffiffi
ρ2þz2

p

kz
; ðB9Þ

I3=2ðrÞ ≈ −i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ z2

p
ðkzÞ2 eik

ffiffiffiffiffiffiffiffiffi
ρ2þz2

p
: ðB10Þ

These results confirm and justify the expressions obtained
in Eqs. (21) and (22).

APPENDIX C: ESTIMATE OF THE BRIGHT
FRINGES IN l

Although a closed-form evaluation of the integral

Icðξ;lÞ ¼
Z

π

0

½cos ðπl cos ϑÞ − cos ðπlÞ�2
sin2 ϑ

× ½1 − 2J0ð4πξ sin ϑÞ� sinϑdϑ ðC1Þ

is not available, the position of the bright fringes in
the l direction can be understood on general physical
grounds.
For fixed l, the extrema with respect to ξ originate from

the oscillatory Bessel factor in the integrand. As discussed
in the main text, a simple estimate based on the dominant
angular lobe located at ϑ ¼ ϑ�n;maxðlÞ leads to ξn;l given by
Eq. (74). In the asymptotic regime l ≫ 1, this expression
simplifies to

ξn;l ≈
j1;n
4π

lffiffiffiffiffiffiffiffiffiffiffiffiffi
2l − 1

p : ðC2Þ

To estimate the location of the bright fringes in l
for fixed ξ, it is useful to note that, near a given integer
l, the angular integral is dominated by the contribution of
the main lobe of fcðϑÞ. Evaluating the numerator of fcðϑÞ at
the location of the lobe maximum, ϑ ¼ ϑ�1;maxðlÞ, one finds

cosðπl cosϑ�1;maxÞ − cosðπlÞ ≃ −2 cosðπlÞ; ðC3Þ

so that the squared bracket entering the integrand contrib-
utes a factor proportional to cos2ðπlÞ. Since the angular
integration is effectively restricted to a narrow neighbor-
hood around this maximum, the leading behavior of the
integral inherits this oscillatory dependence on l, while the
remaining angular integration only produces a slowly
varying envelope. Accordingly, near l ¼ l the integral
may be approximated as

Icðξ;lÞ ≃ cos2ðπlÞFðξ;lÞ; ðC4Þ

where Fðξ;lÞ varies smoothly with l.
Writing l ¼ lþ δl, with jδlj ≪ 1, the condition for a

local maximum of Ic yields, to leading order,

δllðξÞ ≈
1

2π2
∂

∂l
lnFðξ;lÞ





l¼l

: ðC5Þ

For the dominant angular lobe (n ¼ 1), a minimal but
robust approximation for the envelope is

Fðξ;lÞ ∝ 4l2

2l − 1
Δu

�
1 − 2J0

�
4πξ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2l − 1

p

l

��
; ðC6Þ

where Δu ≃ 2=l represents the effective width of the first
lobe in the variable u ¼ cosϑ. Along the ridge defined by

the extrema in ξ, the argument 4πξ
ffiffiffiffiffiffiffiffi
2l−1

p
l coincides with a

zero of J1, so that J1ðj1;nÞ ¼ 0 and the topological factor
does not contribute to the leading-order shift.
The resulting correction is therefore governed by

the competition between the slow increase of the peak
height and the progressive narrowing of the angular lobe,
leading to

δll ≈
1

2π2

�
1

l
−

2

2l − 1

�
: ðC7Þ

This expression predicts that the bright fringes are system-
atically shifted to values slightly smaller than the correspond-
ing integers. For instance, one finds lðl¼3Þ ≃ 2.9966,
lðl¼4Þ ≃ 3.9982 and lðl¼5Þ ≃ 4.9989. These analytical esti-
mates are in good agreement with the numerical results, with
discrepancies in the location of the maxima of order
Δl ∼ 10−2, thus validating our estimates.
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