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We investigate quantum corrections to the Randall-Sundrum (RS) model in the near-extremal black brane
background with quantum corrections in the near horizon. The near-horizon geometry is described by Jackiw-
Teitelboim gravity, and the quantum fluctuations are governed by the Schwarzian action. We introduce the
Schwarzian modes into the RS metric, derive the quantum-corrected equation for the Kaluza-Klein (KK)
modes via the Schwinger-Dyson equation, calculate the correction to the KK mass spectrum, and discuss the
impact of quantum corrections on the Goldberger-Wise mechanism. Our work introduces both quantum
corrections and temperature into the RS model, providing insights into cosmology and phase transitions

within it.
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I. INTRODUCTION

The quest to unify the fundamental forces of nature and
resolve the hierarchy problem, one of the most important
problems in particle physics, has spurred the development
of numerous higher-dimensional theoretical frameworks
[1-3]. Among these, the Randall-Sundrum (RS) model,
proposed by Lisa Randall and Raman Sundrum in 1999
[4,5], stands as the first theory of warped extra dimensions,
proposes a potential solution to the hierarchy problem, and
has attracted attention in the academic community.

At its core, the RS model assumes a five-dimensional
anti—de Sitter (AdSs) bulk spacetime bounded by two
3-branes: the ultraviolet (UV) brane and the infrared
(IR) brane. A key feature of this framework is the warp
factor, an exponential function of the extra-dimensional
coordinate that naturally redshifts the Planck scale from the
UV brane to the IR brane, thereby addressing the hierarchy
between the gravitational and electroweak scales without
invoking unnaturally large compactification volumes and
other hierarchies. Furthermore, this model also predicts the
mass spectrum of Kaluza-Klein (KK) gravitons, indicating
that the masses of their excited states are on the TeV scale,
and their coupling strengths are suppressed to the TeV
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scale. Therefore, this model is subject to experimental
verification. After the proposal of the RS model, there have
been numerous developments and applications.

The RS model exhibits a deep connection with the AdS/
CFT correspondence [6], as the extra-dimensional evolu-
tion along the bulk maps directly to the renormalization
group flow of a four-dimensional nearly conformal field
theory (CFT) in the dual picture. A critical dynamical
degree of freedom in the RS model is the radion, a massless
mode associated with fluctuations of the radius of extra
dimension, whose stabilization is described by the
Goldberger-Wise (GW) mechanism [7]. Recent renewed
interest in the RS model stems from its implications for
early universe cosmology, including the generation of a
stochastic gravitational wave background via supercooled
phase transitions [8—10]. However, recent studies have
indicated that it is a cooled phase transition rather than
supercooled [11], further underscoring its relevance to both
theoretical and observational physics.

However, the RS model still has some issues at present.
The model’s fundamental assumption is a smooth geo-
metric structure, making it purely classical, and the influ-
ence of quantum gravity effects has not been considered so
far. Furthermore, the model itself does not incorporate
temperature, which hinders rigorous treatments of phase
transitions within the RS model. It is worth noting that
the potential solutions to these issues are associated
with Jackiw-Teitelboim (JT) gravity and its linkage to
Schwarzian modes.

The JT gravity [12,13] is a two-dimensional gravita-
tional theory characterized by a simple action involving an
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Einstein-Hilbert term and a constant negative cosmologi-
cal constant in the bulk as well as a Gibbons-Hawking-
York term on the boundary. It has emerged as a powerful
tool for describing the near-horizon dynamics of higher-
dimensional near-extremal Reissner-Nordstrom (RN)
black holes [14]. A defining insight is that the collective
behavior of the near-horizon region of such a black hole,
where the spacetime geometry reduces to AdS,, is
effectively captured by a JT-like gravitational action, with
the boundary dynamics governed by a Schwarzian action
[15]. The Schwarzian mode, arising from the spontaneous
breaking of conformal symmetry in the AdS, boundary,
encodes crucial information about the thermodynamics of
the underlying black hole, including its statistical entropy
and free energy, which are correctly reproduced by
the partition function of the Schwarzian action. For
the Schwarzian action, we can perform a path integral,
allowing us to consider quantum fluctuations in the near-
horizon region of near-extremal black holes. This kind of
quantum fluctuation stands out because thermal fluctua-
tions are suppressed; we refer to it as an infrared quantum
fluctuation. Recently, there have been papers discussing
the corrections to various physical quantities caused by
this type of quantum fluctuations [16-23]. In our paper,
we investigate the quantum corrections to the RS model
due to the quantum fluctuations of the near-extremal RN
black brane.

The plan of this paper is as follows. In Sec. II, we review
some basic ingredients of the RS model. In Sec. III, we
introduce the main tools of this paper, the JT gravity and
Schwarzian modes, and calculate the quantum correction
factor to the AdS, metric by incorporating Schwarzian
modes. In Sec. IV, we discuss quantum corrections to the
RS model by considering a near-extremal RN black brane
and invoking Schwarzian modes in its near-horizon region.
Using the quantum-corrected RS model, we reexamine the
Kaluza-Klein mass spectrum and the GW mechanism with
quantum corrections in Secs. V and VI, respectively.
Finally, the summary and outlook are presented in Sec. VIL.

II. RANDALL-SUNDRUM MODEL

The Randall-Sundrum (RS) model posits a single extra
dimension that is compactified on a circle, with the upper
and lower halves of the circle identified to construct the
S'/Z, orbifold [4]. Denoted by the coordinate y, this extra
dimension possesses two fixed points located at y = 0 and
y = mr,., where r, serves as the radius of the compactified
extra dimension. Each fixed point is inhabited by a four-
dimensional brane (referred to as a 3-brane), and these two
3-branes, spaced zr,. apart, confine a five-dimensional (5D)
bulk spacetime. The total action of the model is composed
of three parts: one arising from gravity in the 5D bulk, and
the other two encoding the physics localized on each of the
two 3-branes, i.e.,

S = / & / " dyW=G(2MR - A),
Suv = /d4x —90(Lyv = Vuv),

SR = /d4x\/—9mc (['IR - VIR>7 (1)

where g and g, represent the determinants of the induced
metrics of the 5D metric on the two branes, respectively.
L represents the Lagrangian of the matter field on the
brane, while V is the energy density of the brane. The
spacetime metric Gy is [4]

dskg = e_Zande”dx” + dy?. (2)

Note that the spacetime in between the two 3-branes is
simply a slice of an AdSs geometry. According to the AdS/
CFT correspondence, the 5D bulk spacetime is dual to the
4D boundary conformal field theory [6]. The two branes
correspond to the ultraviolet and the infrared cutoffs of the
field theory. We use subscripts UV and IR to label the
actions of the two branes located at y =0 and y = zr,,
respectively.

The metric G,y is conformally flat. To see it, we can
make a change of coordinate

dy? = ekl dz2. (3)

Subsequently, the metric becomes

1

dshe = > nyydxMdx. 4
To understand gravitational dynamics in the RS model, we
must derive explicit expressions for gravitons, particles
associated with small perturbations /,,y(x,y) around the
background metric

Gun = m (Mmn + haw)- (5)

It is particularly convenient to work with a gauge in which
the fluctuations do not have any extra-dimension compo-
nent and are transverse and traceless, i.e.,

h’MZ - 0,
3,h =0,
B, = 0. (6)

The linearized Einstein equation in the y coordinate is [5]
0,0°hy,, + eZkyay(e—“kyaYh,w) =0. (7)

Performing a separation of variables on this equation
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By (6, y) = T8 hy, () f(9), (8)
we obtain the following equations

no_ .20
0,0 hy, = myhy,,

=0,(e700f,) = mie N f,,, 9)
whose boundary conditions are

ayfnlyz() = O?
ayfn'y:ﬂr(. =0, (10)

and f, =const for my=0. For m, #0, the general
solution of the KK mode can be written as [5]

£, =N,e {Jz <m7 eky> 1 b,Y, <m7 ek—V)}, (11)

where N, and b, are constants. Correspondingly, the
KK mass spectrum is [5]

1
m, ~ (n + 4> mke ke, (12)

The RS model assumes that the fundamental mass scale is
the Planck scale. To solve the hierarchy problem, the
parameter k with mass dimension should also be on the
Planck scale, and the effective mass scale on the 4D IR brane
must be redshifted down to the TeV scale relative to the
5D fundamental scale. Consequently, ke " is O(1 TeV),
and the KK gravitons in the RS model have masses of the
TeV scale.

Up to this point, the radius of the extra dimension has
been treated as a free parameter. However, this degree of
freedom implies a massless scalar field in the effective
theory, corresponding to fluctuations of the radius along
the extra dimension. This massless scalar field would
induce a fifth force in violation of the equivalence
principle. Therefore, to preserve the viability of the
Randall-Sundrum model, the scalar field has to obtain a
mass, i.e., to be stabilized. A well-established approach to
achieve this is the Goldberger-Wise mechanism [7].
Classically, a potential emerges from a bulk scalar field
with interaction terms localized on the two 3-branes. This
potential’s minimum can be tuned to yield kr.~ 10
without recourse to fine-tuning of parameters [7].

III. JT GRAVITY AND QUANTUM CORRECTION
TO AdS,

Let us consider the Euclidean Jackiw-Teitelboim gravity
action [12,13]:

1
I]T = _167[GN/JZX\/§¢(RC+2)

1
G o V=D,

where R, is the scalar curvature, and K is the boundary
extrinsic curvature. We first vary the action / ;7 with respect
to the dilaton field ¢, leading to R. = —2, which implies
that the bulk is a patch of the 2d hyperbolic surface
ds? — dT°+

Z—zdzz. Dynamics is now entirely dictated by the

Gibbons-Hawking-York (GHY) boundary term on a boun-
dary curve. This can be visualized on the hyperbolic upper
half surface, where a region close to the actual boundary is
cut out. We parametrize the boundary curve as
(T = F(s),Z(s)), where s is the proper time on the
boundary. Fixing the boundary metric to % imposes

Z(s) = eF'(s). We can evaluate the extrinsic curvature
[15]:

K =1+ ¢€*[F,s] + O(e*),

[F,s]EF—m—§<F—”>2. (14)

with AV

Fixing the boundary dilaton field ¢, =3. yields the
Schwarzian action as follows:

Isenw[F] = —C/ds[F,s],

ith C= .
Wi 167TGN

(15)

The Schwarzian action treats the reparametrization F(s) as
the dynamical degree of freedom. It turns out that adopting
an alternative reference frame is more natural when
analyzing thermal systems. We define

F(s) = tan% £(s), (16)

where f(s) is a new variable with the properties:

fs+p) =)+ Flo)z0.  (17)
These two properties enable interpreting f(s) as a time
reparametrization of the boundary thermal circle. Here, f is
the inverse temperature, and f(s) = s corresponds to the
classical solution.

For the quantum case, we should consider all different
reparametrizations when performing the path integral.
However, the exact computation can be quite difficult.
Instead, we can apply the perturbation theory by expanding
the reparametrization f(s) around its saddle

f(s)=s+e(s), with e(s+p)=¢€(s), (18)
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where €(s) is referred to as the Schwarzian modes.
Consider the AdS, metric in the light-cone coordinates

4> 1> dxtdx”
B 12sin’ 5 (xt —x7)

dszAdS2 == (19)

where \/— is the radius of AdS,. We can introduce the
Schwarzian modes into this classical metric:

dszzxdszf
ARl ) ]
ST (e - fa )
_ ArtL? (1+€(x)(1+€(x)) B
T R () + () — e
1
= A dsidsz, (20)

where we have defined a quantum correction factor A,
which has the following expansion up to the second order
of Schwarzian modes:

2w
cor - 1 +
p

(e(x™) —e(x_))cotﬁ(xJ’ —x7)

—(€(x")+€(x7) (e (xF) +€ (x7))> =€ (xF)e' (x7)
27 /(M) 4 () (e(xt) —e(x™) ) otz (x+H —x~
—F(e( )+€(x7))(e(x") —e(x7)) tﬂ( )
r2cosF (xt —x7)

5 (e(x)—e(x7))%. (21)

B sin® 5 (x" —

IV. RS METRIC WITH QUANTUM CORRECTIONS

We consider a near-extremal Reissner-Nordstrom black
brane in a five-dimensional anti—de Sitter (AdS) spacetime:

2

dsin =~ Lgf( u)dr* + e )du + 2L (dx1+dx2+dx3)
uj u§
fu)=1-(1+0%)—5+0-¢. (22)

where L is the radius of the five-dimensional AdS space-
time, uy is the location of the horizon, and Q is the charge
of the black brane.

Taking the limit u > ur, we obtain the metric in the
region far from the black brane horizon:

2 2

u
dsiag = —Edl2 —du + (a'x1 +dx} +dx3). (23)

We can perform the coordinate transformation:

u
y=-Lln—,
Uy
Y :@t,
L
x :%x, (24)

where u is a constant parameter. Removing the prime, we
obtain a new metric:

dstag = dy* + e T(=dP? + d + d3 + dn}).  (25)

This is exactly the standard form of the RS metric. The
parameter u, denotes the location of the UV brane.

Now, let us consider the near-horizon region of the black
brane. By taking the limit u — ur << uyp, we obtain the
metric in the near-horizon region:

12(R?

dstyg = — ~¥) L?
NHR 2

dr? dR?
TR

2
+ % (dx% + dx% + dx%),

L2
with R=u—ur+96 55—67[,
2L%x
p= , 26
(2—Q2)“T ( )

where f also denotes the inverse temperature of the
black brane. Through the coordinate transformation
R= 5c0th%w, the metric can be expressed as

4z* L? dw? — di? u%

ﬂ2 127smh2 =t (dx? + dx3 +dx3). (27)

dsypr =

We see that the near-horizon geometry of the 5D near-
extremal black brane is a direct product of AdS, and R3 or
T3, if we impose the periodic boundary conditions on the
boundary spatial dimensions Moreover, we can read off the
radius of AdS, as \/— If we perform a Wick rotation 7 = it

and introduce the light-cone coordinates,

xT=iw—r1,

X =—iw-—r, (28)

the AdS, part of the near-horizon metric can be transformed
into (19). Therefore, after turning on the Schwarzian modes
in the AdS, part, we obtain a new near-horizon metric with
quantum fluctuations:

12(R* =% 1 L? 1

ds? = 7 dr dR?
SNHRS L? Acor - ]2(R2 - 52) Acor

2
+ % (dx? + dx3 + dx3). (29)
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To obtain the metric of the far-horizon region with the
inclusion of Schwarzian modes, we need to transform back
to the original full-region metric (22) from this near-
horizon metric (29) via inverse coordinate transformation,
and then take the limit u > u;. The existence of the
correction factor does not affect the validity of the previous
coordinate transformation, and it propagates to the far-away
region in this way. Therefore, the metric of the far-away
region with the Schwarzian modes can be obtained as

2 1 2

u
dr

ds =—— du?
FARf 24
L cor

+ —=—
2
u Acor
2

+ % (dx? + dx + dxd). (30)

Compared with the classical metric (23) of the far-away
region, this quantum-corrected metric acquires a correction
factor 1/A,. In the y coordinate, the quantum-corrected
metric of the far-away region becomes

1 2 1
dsggr = A—a’y2 +et <— di* + dx} + dx} + dx%),
(31)

which should be the RS metric with quantum fluctuations.
Let us denote the line element and the metric as dsgg; and
Gun(f), respectively. It is noted that A, is temperature
dependent, so we have incorporated low temperatures and
quantum fluctuations into the RS metric.

V. GRAVITON MODES

On the background with quantum fluctuations obtained
in the previous section, we turn on perturbations in the
following way:

2y
Hyn(f) = Gun(f) + e Thyw, (32)

subject to the constraint
hys =0, (33)

where h,s is set to zero due to symmetry, while scalar
fluctuations hss corresponding to the radion can be stabi-
lized by the GW field.

The quantum-corrected equation of motion is then given
by the Schwinger-Dyson equation [24,25]:

(sm)=o. 34

where 1, is the action for h,,. In fact, the corresponding
classical equation

oI,
Sh

=0 (35)

is just the linearized Einstein equation (7). Hence, the
quantum-corrected equation of motion has the explicit
expression:

14 (Aer)
(V2 = (Acor) 9,0, )y, + % e10,0,h,
1 d<Acor> 4 2y
_5 (3 dy +Z(1 + <Acor>))e Layh/w
=0. (36)

In principle, we need to evaluate the path integral on (21) to
determine (A.,). Noting e(x™)e(x™) =1 (e(x)e(x™)+
e(x)e(x™)), and considering that the one-point function
of the Schwarzian mode vanishes, while the two-point
function is given by [15,26]

2r(xt—x")
~ s 72 5Scos 3
+ _ P i
O T rol A I
1 27(xt —x7) 2
2 p "
(2717(x+ —x” ) . 2m(xt — x‘)]
+ — 7 ) sin ,
p p
(37)
we obtain
B P _ cosg(xt —x7)
Ar) =1 ———— [8+8= (kT —x7) —F————
(Acor) oc (BT830 =17 sin% (x" —x)
A2 cos 27 (xt —x7)
—— (xT =x7)? %) (38)
B sin ﬁ(x —-x7)
Its form in the u coordinate is
4(u — o — 20
A = 1 B (s+ (u—ur + )lnu ur +
16Cn 0 u—ur
_31n2u—u7—|—25
u-—ur
(u—ur+6)?, ,u—ur+268
In? .
+ 5% 1 u—ur (39)

Taking u > uy, we obtain the leading-order quantum
correction factor in the far-away region as

5P L
Ar) =1 = ——= +—5—et. 40
(Acor) 1c2 " 6Cau (40)
Here, only the corrections of the first two orders are retained.
To solve (36), we apply the separation of variables:

046011-5



YING-JIAN CHEN and JUN NIAN

PHYS. REV. D 113, 046011 (2026)

Py = o htlty, () 3 () e, (41)  TABLEIL m, [TeV].
Consequently, we obtain (u];ﬂ
) ) p/C Uncorrected 0.01 0.05 0.1
Vehy, = —k,hy,,
) Uncorrected 7.0156 \ \
a’fe 4 d(Acor) \ df 0.1 7.038 7.0014  7.0015  7.0015
(14 {Acar)) 57~ (Z (14 {Acor) +3=07 )7 0.9 7.238 6.8966  6.8968  6.8970
0.99 7.263 6.8858 6.8860 6.8863
= 2(k = 0 (Acor) €T £3. (42)
The boundary conditions are similar to the ones in (10).
The mass of the KK mode M, equals the angular  TABLE 1. my [TeV].
frequency @ when the momentum &k, is zero. For -
My = 0, there is no correction. For M, # 0, if we only e/;
. . Uy,
:ﬁléi into account the lowest order of the correction factor, 5/C Uncorrected 0.01 0.05 o1
Uncorrected 10.173 \ \ \
8C 5 0.1 10.206 10.168 10.168 10.168
M, = Lﬂ m,, (43) 09 10.496 10.146  10.146  10.145
8Crn? — 108 0.99 10.532 10.146 10.145 10.145
where m,, is the original mass in (12). It can be seen that
the masses of the modified KK modes are larger than the
original mass, and the correction is the same temperature- TABLE IV. m, [TeV].
dependent overall factor for different values of n.
If we include higher-order terms in the correction factor, Z”’/‘}
we can obtain the mass spectrum by numerical solution. In -
order to solve the hierarchy problem, we require 1/L to be prc Uncorrected 0.01 0-05 01
at the Planck scale, and zr./L = 36.84 [4]. In numerical ~ Uncorrected 13.324 \ \ \
calculations, we adopt the Planck scale, 10'6 TeV, as the  0-1 13.366 13.328  13.328 13328
fundamental unit and set L = 1. Perturbative calculations 839 g;gg gig; 8431(9)(1) };?1(9)8
require f/C to be less than 1, so we take a few values 0.1, : i i ' i
0.9, and 0 99 for p/C. The limit u > u; means
/36)/1‘ < Q, and we take #fﬁe’"tﬂ =0.1, 0.05, and
0.01 accordingly. The numerical results are listed in  TABLE V. my [TeV].
Tables I-VI. Since we take the Planck scale as the
fundamental unit and the eigenvalues M2 are extremely f:)ﬂ
smgll, we multiply them by 1032 in practice. Therefore,. the B/C Uncorrected 0.01 0.05 0.1
unit of M,,’s numerical results should be 10~'°L~!. Since
tI;l‘e1 tiasbloglitshreF Gil/anck scale, the unit of numerical results in g?correded }2?;; 1 6>1 85 ) 6.>1 85 1 6>1 85
For th s h onlv the 1 d . h 0.9 16.992 16.635 16.634 16.632
or t. e case with only the lowest-order corrections, the ) 99 17.051 16.656 16.655 16.653
three different values of f/C lead to the corrections of
TABLE I. m,; [TeV]. TABLE VI. mg [TeV].
Zoﬂ LL)‘o;
p/C Uncorrected 0.01 0.05 0.1 p/C Uncorrected 0.01 0.05 0.1
Uncorrected 3.832 \ Uncorrected 19.616 \ \ \
0.1 3.844 3.810 3.810 3.810 0.1 19.679 19.640 19.640 19.640
0.9 3.953 3.633 3.634 3.635 0.9 20.237 19.878 19.876 19.874
0.99 3.967 3.613 3.614 3.615 0.99 20.307 19.910 19.908 19.906
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0.32%, 3.16%, and 3.52%, respectively. After considering
higher-order corrections, we find that the corrections vary
for different modes. The maximum corrections in each
table are —5.72%, —1.85%, —0.27%, 0.59%, 1.12%, and
1.50% in sequence. It can be observed that as n increases,
the correction ratio also increases. The negative correction
ratios in the first three cases indicate that their masses
decrease. Moreover, we observe that the effect of higher-
order correction terms is opposite to that of lower-order
correction terms.

VI. GOLDBERGER-WISE MECHANISM

Now, we discuss the impact of quantum corrections on
the Goldberger-Wise (GW) mechanism. First, introduce a
scalar field @, i.e., the GW field, to the model with the
following bulk action:

1 ar,
lo =5 / d*x / dyVG(G*Po, @z — MAD?). (44)
0

The classical scalar field ® satisfies the Klein-Gordon

Olo _

equation 5 = 0. Under quantum corrections, according to

the Schwinger-Dyson equation, we have

ol 4y 4y
<5—£’> = (Acor)€10, (€710, ®) + M2 = 0. (45)

We can define an effective mass

M3, .
<ACOF>
The GW field @ after quantum corrections still satisfies the

Klein-Gordon equation but with a renormalized mass. The
boundary conditions for the equation are

= (46)

¢(y = O) = ¢UV’
O(y = nr.) = Pr. (47)
If we only consider the lowest order of the quantum

correction factor, the effective mass does not vary with y,
and we can use the well-known result to obtain [7]

4 (DUV 4Cﬂ'2 - Sﬁ
Y. = In =

D
In -8V

= . 48
q)IR C”ZLM%) q)IR ( )

With In %‘g of the order unity and /C < 1, no extreme fine-
tuning of parameters is required to get the right magnitude

for zr.. For instance, taking %‘IJRV: 1.5, g: 0.99, and
LMg = 0.196 yields %:36.84. Therefore, the GW

mechanism remains valid in the presence of quantum
corrections.

VII. CONCLUSION

In this paper, we have considered the influence of
quantum fluctuations near the horizon of a near-extremal
RN black brane on the RS model. More explicitly, we have
derived the RS metric by incorporating quantum fluctua-
tions, calculated the corrections to the Kaluza-Klein mass
spectrum, and discussed the impact of quantum corrections
on the GW mechanism. Our work has made initial attempts
to incorporate the effects of infrared quantum gravity into
the RS model and, at the same time, to introduce temper-
ature-dependent quantum effects.

There are still many related issues worthy of further
exploration. What corrections will this infrared quantum-
gravity effect introduce into more braneworld models?
What impact will the RS model with temperature have on
the studies of cosmology and phase transitions? These
questions await further research in the future.

Note added. We recently became aware of [27] which also
discussed the relationship between the RS model and the
JT gravity, but there are differences between this work and
our paper. In our paper, the JT gravity describes only the
near-horizon geometry of black branes, not the braneworld
model. We use JT gravity only as a tool to account for
quantum fluctuations near the black brane horizons.
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