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In this work, we demonstrate the complete process of using space-based gravitational wave detectors to
measure properties of the stochastic gravitational wave background arising from a first-order electroweak
phase transition. Based on frequency-domain simulations of the Taiji mission, including instrumental noise
and astrophysical foregrounds, we perform parameter inference using both the Fisher information matrix
and Bayesian Markov Chain Monte Carlo sampling. We show how the reconstructed spectrum constrains
the macroscopic parameters of the phase transition, and further how these constraints map onto the
underlying particle-physics parameters in a singlet-extended Standard Model. Our results demonstrate that
the Higgs cubic and quartic self-couplings can be significantly constrained using gravitational wave

observations, despite limitations arising from parameter degeneracy.
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I. INTRODUCTION

The detection and precise measurement of the stochastic
gravitational wave background (SGWB) of cosmological
origin provide a unique probe of the early Universe (see,
e.g., [1,2] for recent reviews). Recent results from pulsar
timing arrays (PTAs) [3-6] have revealed the first tantaliz-
ing evidence of a nanohertz SGWB. Ground-based inter-
ferometers, including Advanced LIGO [7], Virgo [8], and
KAGRA [9], explore the higher-frequency band from tens
to thousands of hertz, and their latest observations have
placed strong upper limits in the absence of a detection
[10,11]. Looking ahead, space-based interferometers such
as LISA [12-14], Taiji [15-24], and TianQin [25-27] will
extend the accessible frequency window into the millihertz
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range. Among the most intriguing cosmological sources of
the SGWB are those arising from first-order phase tran-
sitions (FOPTs) in the early Universe (see, e.g., [28-33] for
reviews), which offer a valuable link between cosmology
and particle physics by probing symmetry breaking at
different energy scales. Of particular interest is the electro-
weak phase transition (EWPT) associated with the breaking
of the electroweak symmetry. In many extensions of the
Standard Model, the EWPT can become strongly first order,
generating the out-of-equilibrium conditions required for
baryogenesis [34] and simultaneously producing a poten-
tially observable gravitational wave (GW) signal within the
reach of future space-based detectors [28].

Previous phenomenological studies of the EWPT have
mostly relied on simple signal-to-noise ratio (SNR) calcu-
lations, combining the predicted SGWB with detector
sensitivity curves to assess the detectability of the signal.
In practice, however, experimentally extracting a faint
cosmological SGWB from the observational data of a
space-based detector is particularly challenging due to
the presence of many noise sources and contamination
from astrophysical foregrounds (see, e.g., [35,36]).

Space-based GW detectors must contend with various
sources of instrumental noise, dominated by laser frequency
fluctuations and supplemented by residual acceleration

Published by the American Physical Society
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noise, optical-path disturbances, etc., [12]. In ground-based
experiments, such challenges can be partly mitigated
through the use of a detector network, where cross-corre-
lation between independent data streams suppresses uncor-
related noise [37,38]. Although a network of space-based
detectors has been proposed [39—41], most current studies
—including the present work—focus on the single-detector
case, which requires a different approach for signal extrac-
tion. In this context, time-delay interferometry (TDI) [42] is
employed to cancel the dominant laser frequency noise,
resulting in three independent data combinations, e.g., the
A, E, and T channels, each with distinct sensitivity to GWs
(see, e.g., [43] for a recent overview). Among these, the so-
called null channel T [44] is particularly valuable: at low
frequencies, it is almost insensitive to GWs, allowing it to
serve as an internal noise monitor that assists in instrument
calibration and in distinguishing signal from noise.

In addition, the stochastic signal of cosmological origin is
blended with strong astrophysical foregrounds, most notably
the unresolved galactic binaries that form a confusion
background and the contribution from extragalactic compact
binary coalescences (CBCs) [35,43,45-47]. Disentangling
these different components—and thereby establishing a
confident detection of the SGWB from a FOPT—requires
dedicated statistical analysis.]

Significant progress has recently been achieved both in
theoretical modeling and in data analysis techniques. The
goal of this work is to bridge these two fronts—to integrate
state-of-the-art theoretical developments with realistic
experimental considerations—and to assess the achievable
scientific outcomes in line with recent efforts within the
community [47,51-55].

For phenomenological studies, the interplay between GW
observations and collider measurements has become a major
focus of research [56]. In particular, the cubic and quartic
self-couplings of the Higgs boson—central to understanding
the scalar potential and the mechanism of electroweak
symmetry breaking, but notoriously difficult to measure at
colliders [57,58]—serve as key observables that highlight the
complementarity between collider and GW approaches [59].

In this paper, we develop a framework to probe Higgs self-
couplings, among others, through the space-based detection
of phase-transition-induced SGWBs. Starting from a min-
imal benchmark Lagrangian, we compute the relevant phase
transition parameters and the corresponding GW spectra
over the parameter space consistent with phenomenological
and theoretical constraints. We then construct a likelihood
using simulated GW data in the A, E, and T channels and
perform parameter estimation with both the Fisher

'A further challenge arises from deterministic, individually
resolvable signals such as those from galactic binaries, massive
black hole binaries, and extreme mass-ratio inspirals, which must
be jointly analyzed along with stochastic components in the so-
called global fit framework [48-50]. This formidable task
remains under active and will not be considered in this work.

information matrix (FIM) and a Bayesian analysis based
on Markov Chain Monte Carlo (MCMC) sampling, incor-
porating realistic astrophysical backgrounds and detector
noise for a Taiji-like mission. The measured spectral
uncertainties for the injected signal are subsequently
mapped back to the parameter space of the particle physics
model, enabling further quantitative predictions for the
cubic and quartic Higgs self-couplings.

In this work, we demonstrate the above pipeline using
the simplest extension of the Standard Model that includes
a real scalar singlet; the xSM [60-64]. This study extends
our previous phenomenological analyses [59] by introduc-
ing a more realistic statistical treatment tailored to space-
based GW experiments.

The remainder of this paper is organized as follows. In
Sec. II, we introduce the xXSM and summarize its EWPT
dynamics. Section III presents the GW spectrum from the
EWPT, together with the astrophysical foreground and
background models considered in this work. In Sec. IV,
we describe the detector response, noise modeling, and data
analysis procedures for space-based interferometers.
Section V applies the statistical inference framework to
the simulated data, maps the reconstructed spectral con-
straints onto the xSM parameter space, and derives the
corresponding implications for Higgs self-couplings.
Finally, Sec. VI summarizes our results and discusses their
implications for future GW missions and collider experi-
ments. In Appendix, we provide the detailed statistical
inference framework, including a comparison between
Fisher forecasts and Bayesian MCMC results.

II. THE MODEL

In this section, we introduce the particle physics model
and its parameter space, defined by five independent
parameters. Once the model parameters are fixed, the
phase transition parameters can be determined; these are
the quantities that directly enter the prediction of the GW
spectrum. Throughout this work, we follow the same
convention as in our previous study [59], to which we
refer the reader for further details.

A. xSM model

The model “xSM” is the simplest extension of the
Standard Model and has been extensively studied in the
literature due to its simplicity and its ability to accom-
modate a strongly FOPT [60-63]. This model is obtained
by coupling the SM Higgs doublet with a real scalar gauge
singlet, S = v, + s, with the following potential:

V(H.S) = —2(H'H) + A(HTH)? + %HTHS
b

JF%HTHS2 Jr%s2 phig  bags

: : (2.1)

where H is the SM Higgs doublet,
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G+
H= ) , 2.2
(\sz(va+h+zG°)> (22)
with its vacuum expectation values vgy and G*, G, the

Goldstone modes. Through the two minimization condi-
tions around the vacuum (vgw,?;), 4 and b, are given by

1
1= Avgy + Evs(al + ayvy),

1
by = =~ [vhw(ar +2a30) + 403(bs + byv,)].

(2.3)
In turn, 4, a;, and a, can be replaced by the mixing angle 6,
the Higgs mass m;, = 126 GeV, and the mass of the heavier
SM-like scalar m,, from the mass matrix diagonalization,

2 2., .2 2
_my, ¢t my S

20k ’
20 -
ay =* [21}%(2174 + by) —mj, —mp + cyp(mj — m%z)},
VEw
1
_ 2 2 2

+ (m%ll - mf,z)(ZczgvS — vpwSag) + 4bs U?} , (2.4)

where by = by /v, and ¢y = cos 0, sy = sin 0. Accordingly,
the mass eigenstates /; and /, are linear combinations of &
and s,
hy = coh + sys, hy = —sgh + cys. (2.3)
From the above equations, the potential in Eq. (2.1) can be
fully described by the five parameters,
Vg, mhz, 9, b3, b4. (26)
These five parameters define the parameter space of the xSM
model, which is constrained firstly by the theoretical require-
ment of the Higgs potential and by experimental measure-
ments of various physical observables. The former includes
the boundedness of the potential from below, electroweak
vacuum stability at zero temperature, perturbativity, pertur-
bative unitarity, etc. The latter includes precision measure-
ments of the W mass, the oblique electroweak corrections,
the Higgs signal strengths, searches for a heavier Higgs-like
scalar, etc. These have been extensively studied in the
literature and our previous study [59]. Our study in this
work is based on the phenomenologically viable parameter
space, characterized by a large dataset of parameter space
points that pass above the constraints. The readers are referred
to the previous work for further details on the phenomeno-
logical constraints.
Among the physical observables that can be probed
through GW observations, the Higgs self-couplings play a

particularly central role. In this work, we take them as a
representative example for performing statistical inference,

1 1
iApnyn, = 6 [/lvcz + Zc§s9(2a2vs +ap)+ EGZ’UC‘QS‘%

1
—+ gsg(3b4vs + b3):| s

i, = 6(ACh + axsicl + bysy). (2.7)
When 6= O, iﬂ‘hlhlh] = 3m%ll//UEw, and illhlhlh]hl =
3mj, /vy, which are the corresponding SM values. One
can also use the deviation of the Higgs self-couplings from
the corresponding SM values dk3 and Jky,

3 2
1 h

m 1m
AL = —=—" (1 + 6Kk3)H3 —g—(l +ory)ht. (2.8)

2
2 VEw UEW

We will later use dx; and Jk, to assess how GW meas-
urement can constrain Higgs self-couplings.

B. Phase transition parameters

For the GW spectrum generated by phase transitions, it is
not the set of five model parameters in Eq. (2.6) that
appears directly, but rather a derived set of phase transition
parameters [47],

Tn’ a’ :B/an /UH/’

(2.9)
which describes the thermodynamic properties of the
EWPT. Specifically, T, is the temperature at which the
phase transition occurs, a quantifies the released vacuum
energy normalized to the radiation energy density at 7',
p/H, characterizes the inverse time scale of the transition,
and v,, denotes the bubble wall velocity. These parameters
are computed utilizing the most recent version of
PhaseTracer with action fitting enabled [65-67].

In the Bayesian statistical analysis presented later, we do
not directly infer the above thermodynamic parameters.
Instead, our analysis is performed on a more direct spectral
model characterized by two parameters; the overall ampli-
tude € and the peak frequency f,. This choice avoids the
issue of parameter degeneracy that would arise if one were
to analyze the thermodynamic parameters directly, as will be
discussed in subsequent sections. Once constraints on €2,
and f, are obtained, we then employ the mapping procedure
introduced later to translate these results into constraints on
the thermodynamic parameters and further into the particle-
physics model parameters defined in Eq. (2.6). The detailed
relations between these parameter sets, which require the
calculation of the finite-temperature effective potential and
the associated phase transition dynamics, can be found in
our previous work [59] and will not be repeated here.

075014-3



GUAN, GUO, JIAO, LIANG, WU, and ZHANG

PHYS. REV. D 113, 075014 (2026)

Finally, we note that there remain significant theoretical
uncertainties (see, e.g., [54,68-71]) in determining the
above phase transition parameters. These arise from several
sources: the construction of the finite-temperature effective
potential and the nucleation rate calculation, including the
issue of gauge dependence for the perturbative calculation
of the effective potential [72-75]; and the calculation of
the parameters T,, a, f/H,, and wv,,, where different
approaches with varying levels of rigor exist [76]. For
simplicity, we do not consider these theoretical uncertain-
ties in the following statistical analysis, and we refer to [54]
for a study of this kind based on the FIM analysis.

III. GRAVITATIONAL WAVES: COSMOLOGICAL
AND ASTROPHYSICAL

While the target is the GW signal from the EWPT, one
must also account for astrophysical and other possible
cosmological backgrounds or foregrounds. These additional
signals contribute incoherently to the observed data, thereby
increasing the challenge of detecting the target signal. As a
first step and for simplicity, we include the background from
extragalactic CBCs, while a more complete treatment of
other additions will follow the same methodology, involving
only additional computational complexity.

A. Electroweak phase transition

In a FOPT, vacuum bubbles are nucleated, then grow,
collide, and merge, driving the universe from a metastable to
a stable state [77,78]. The expansion and collision of these
bubbles disturb the surrounding plasma in the form of sound
waves (SWs) and magnetohydrodynamic (MHD) turbu-
lence [28,79]. As aresult, the SGWB from a FOPT has three
main contributions; (i) bubble collisions [80-85], (i1) SWs
[79,86-88], and (iii) MHD turbulence [89-94]. However,
the bubble-collision contribution is usually negligible com-
pared to SWs for the EWPT, and that of the MHD
turbulence is both subdominant and still uncertain. Thus,
we consider only the dominant contribution from SWs.

The spectrum from SWs takes the following form [28,95]:

H K \ 2 /100\ 1/3
2 __ -6 2°n SW
Ceul /)" =265 10 <ﬂ><1+a> (g*>

where H,, is the Hubble rate at the nucleation temperature
T, fp is the peak frequency [96],

19/ p T, G /6
S (L Y S B 10 Hz, (3.2
To = <H> <100 GeV) <100> 2 (32)

and T is a suppression factor [95], a function of the finite
lifetime [97] of the SWs 7, which in a radiation-dominated

universe takes the following form:

1

Yo )=l
(7o) T 120l

(3.3)

while the formula for a universe with a generic expansion
rate was derived recently in [98].
The lifetime 7, is usually chosen to be the time for the

onset of MHD turbulence, 7, = g—"f‘ [29], where R, =

(87)3v, /B is the mean bubble separation, and U, =

43(’;51;’) is the root-mean-square fluid velocity [29]. For
— _a

convenience, one can also define K = [47], which
encapsulates the dependence on transition strength.

From an experimental perspective, what matters most for
detection are the overall amplitude and the spectral shape of
the signal. This then allows us to write the GW spectrum in
the following simplified form with a minimal set of
independent parameters,

which is characterized by two effective parameters; (1) ),
controlling the overall amplitude, and (2) f,, setting the
peak frequency. The inference of these two parameters is
what directly emerges from a Bayesian analysis of
observed or simulated data. However, this creates a
challenge when translating the measured (£, f,,) back
into the underlying phase transition parameters that enter
the full spectrum in Eq. (3.1) and also into the five model
parameters in Eq. (2.6), which involve more parameters.
We will return to this issue of parameter degeneracy in a
later part of the analysis.

We set the spectral parameters to be log uniformly
distributed in the ranges Q,€(1072°,1073) and
fp»€(107,1) Hz, as the priors, taking into account the
theoretical constraints of the xSM (as illustrated in Fig. 7)
and following also [47,96]. The corresponding ranges for
phase transition parameters are B/H,€ (107!,10%),
T,€(1,10°) GeV, and K € (1073, 1), consistent with the
sampling reconstruction results shown in Fig. 6. In addition,
the wall velocity and the relativistic degrees of freedom are
fixed to v,, = 1.0 and g, = 100, respectively, for simplicity,
and the efficiency factor kg, is taken as a function of «a
and v,, (see the Appendix of [99] for the fitting formula). We
note that choosing different values of the parameters such as
v,, leads to corresponding changes in the Bayesian infer-
ence, but not qualitatively on the conclusions obtained in
this work.

Throughout this work, we select, as a benchmark, a point
in the xXSM parameter space,
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vy ~34.73 GeV,
by ~ —893.83 GeV,

my,, ~573.59 GeV,
b4 ~ 239,

0 ~0.099,

which leads to the following phase transition parameters:

s =776.3,
H

n

T, =50.16 GeV, K =0.289,

and the predicted spectral parameters,

Qy=9.97 x 10713, fp=74x107 Hz.

We will simulate the SGWB with this benchmark point, and
then investigate how well it can be reconstructed with the
simulated data of the detector in the presence of astro-
physical background and detector noises, which will be
discussed in the next section.

B. Astrophysical foreground and background

CBCs, both within our Galaxy and beyond, produce
numerous signals with low SNRs that overlap incoherently.
Their superposition gives rise to two main components
in the frequency range of space-based GW detectors; a
foreground from unresolved galactic binaries, and a back-
ground from extragalactic CBCs [36].

In the simplified case, the contribution from the astro-
physical background can be captured by a power-law
model [35],

Qwanlf) = sz( / ) (35)

f ref

where f,.; = 1 mHz is the reference frequency, and ¢ is the
spectral index. For a background generated by the incoher-
ent superposition of many binary black hole and neutron
star mergers, one typically expects that & = % In our
simulations, we inject such a background with an amplitude
Q. ~3.16 x 1072, chosen within the log-uniform prior
range (107'4,10719), consistent with the parameter space
considered in Refs. [53,100].

On the other hand, the foreground is mainly due to
unresolved galactic white dwarf binaries, which dominate
the low-frequency band and form a confusion signal
[46,101,102]. For simplicity, in this work we include only
the extragalactic astrophysical background and neglect the
galactic foreground.

IV. DETECTION OF SGWB WITH SPACE-BASED
DETECTORS

Here we present the method used for simulating and
inferring the SGWB. Space-based GW detectors—such as
Taiji, LISA, and TianQin—are designed as triangular
constellations of three spacecraft connected by laser links
[52], with each arm length corresponding to the distance

between two free-falling test masses [51]. A passing GW
induces tiny differential changes in these arm lengths,
which modify the interference pattern recorded by the
spacecraft.

The detection of SGWB can be performed either with a
single detector or a network of detectors [39,103]. In this
work, we focus on the single-detector case, which differs
conceptually from the standard method used by ground-
based detectors such as LIGO/Virgo/KAGRA [104], where
cross-correlation between multiple detectors is employed to
suppress uncorrelated noises [37,38]. For a space-based
constellation, the noises in the different data channels are
correlated and cross-correlation is not applicable; instead, a
null channel [44] can be constructed that is insensitive to
GWs and thus provides a probe of instrumental noise, while
the remaining channels retain GW sensitivity and can be
used to search for the SGWB. We adopt this null-channel
method in our analysis.

To evaluate the detection prospects for SGWB from a
phase transition, we inject the simulated SGWB signal
corresponding to the benchmark in Eq. (3.5) into the
simulated detector noise data and attempt to infer both
the spectral shape as defined by Eq. (3.4) and the
corresponding model parameters. In what follows, we first
introduce the detector response and main noise sources,
then describe the simulation of signal and noise, and finally
construct the likelihood function used for statistical infer-
ence in the next section.

A. Signal response and noise models

Here we provide a brief introduction to the signal
response and noise models for space-based GW detectors,
and refer readers to Ref. [43] for more detailed discussions
of this topic. The GWs are characterized by their ampli-
tude h;;, or more appropriately by the spectral density
Qgw (f) for SGWB. The detector measures the signals as
three streams of data d;(¢), where i = 1, 2, 3 represent
Apc, Bcy, and Cyp respectively, and A, B, C label the
spacecraft forming the triangular interferometric constel-
lation. These data streams capture the relative optical path
change of a Michelson interferometer consisting of two
adjacent arms. Due to the properties of the SGWB, the
signal amplitudes d; ,/3(¢) are random variables. We will
work mainly in the frequency domain, with the following
convention for the Fourier transform:

a0y = [ ar i expianifo),

(e8]

A(f) = /_ ® dr d(t) exp(=2rif?). (4.1)

[Se]

Given these three data streams in the frequency domain, a
diagonalization of the covariance matrix can be performed
such that three orthogonal channels, commonly denoted as
A, E, and T, can be obtained with the following correlators:
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- ~ 1

(d,(f)d;(f)) = EPIJ(f)élJ‘s(f_f/)v (4.2)
where I, J denotes the A, E, and T channels, and these
channels are related to the original ones by the following
relations:

- 1 - -

dA:—Z(d3—d1)’

- 1 -

dE——6(d1—2d2+d3)’

- 1 - -

dr = —(d, +d, +d 4.3
T \/g(l 2 3) ( )

The one-sided power spectral density (PSD) P;;(f) is now
a diagonal matrix, allowing the simplified notation P,
(a=A, E, T). P, receives contributions from both the
instrumental noise and the GW signal,

Po(f) = Sa(f) + Nul). (4.4)

The signal contribution in channel a is related to the
GW energy density spectrum Qgw (f) through

_ 3H; Qgw(f)
472 f3

Sa(f) Ra(f). (4.5)

where R, (f) is the detector response function.

In the idealized equal-arm configuration adopted in this
work, the analytical expressions for the response functions
read [43,105]

Ru(h) = Relr) =3 WP 1+ (375 ) ]

Rot) = 1o OP (L) [+ 1 (£) ]
(4.6)

Here, we adopt the convention AL/L, where AL is the
difference between the optical path lengths of the two
interferometer arms and L is the single-arm length. This
differs from the convention AL /L used in Ref. [43], where
L s denotes the round-trip light travel distance of the two paths
in the Michelson configuration. As a result, our response
functions differ by an overall factor of 1/4 compared to those
in Ref. [43]. Both conventions are physically equivalent,
provided that the same normalization is used consistently for
the response functions and the noise PSD.

The primary source of detector noise arises from
fluctuations in the laser frequency combined with unequal
interferometer arm lengths. This noise component is sup-
pressed by approximately eight orders of magnitude
through the use of TDI [45], which constructs appropriate
linear combinations of raw measurements to achieve laser

noise cancelation. For simplicity, we assume equal and fixed
arm lengths in this analysis. The application of TDI
introduces the factor W = 1 — e~2///+ where f, = 355 €
denotes the speed of light, and L represents the arm length of
the detectors, which is 3 x 10° m for Taiji and 2.5 x 10° m
for LISA. The response functions for the Taiji and LISA
detectors are presented in Fig. 1. At low frequencies, the T
channel exhibits a significantly weaker response to GW
signals compared to the A and E channels, and therefore
serves as an effective null channel for GW detection.

With the signal contribution now determined, we need
the PSD of each of the major noise components N, (f). For
both Taiji and LISA, the noise models share a similar form
(see e.g., [106]) and consist of two primary components.
One is the acceleration noise, given by

o =1+ (222 s (L)

(4.7)

< (7vm)
s2VHz)’

which is identical for both detectors, with N, = 3 x 10713,

The other is the optical metrology noise, expressed as

VSows(f) = 6x 1+(¥>4(¢%> (4.8)

where 6x = 8 x 1072 for Taiji and 6x = 15 x 1072 for
LISA. These two components contribute to the noise PSD of
the A, E, and T channels,

Ny =Ng=N; =Ny,

NT:N1+2N2, (49)

where N,(f) and N,(f) describe the noise contributions
before diagonalization, given by

) = {450t 81 o (L)
s Sas) HWO)
: 8

Mal1) = = s [2Sows(1) + s Sel)|

« cos (}4)|W<f>|2.

*

2
’

(4.10)

We show Ny g/r for Taiji and LISA in the right panel of
Fig. 1. In the following simulation, we fix the noise model
parameters to be that of Taiji, while the case for LISA will
lead to similar yet slightly different results.
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FIG. 1.
together with their respective noise spectral densities (right).

B. Data simulation and signal injection

Data-cleaning and preprocessing steps are required during
the actual operation of space-based detectors, such as
removing data gaps from interruptions in detector operation,
which result in a set of time segments N,, each with a
duration 7. These segments collectively span a total obser-
vation time T, = N,T. Here, we choose simply 7 = 10° s
(approximately 11.4 days) following [47] and Ny = 126, so
that the total effective observing duration is about four years.
This segmentation approach is also convenient for fre-
quency-domain analyzes since each segment can be assumed
to be approximately stationary.

To accurately reconstruct signals and avoid distortion,
the sampling frequency f, must satisfy f; > 2f ..., where
Jfmax 1S the maximum frequency of interest, as dictated by
the Nyquist sampling theorem. The data are represented as
an equally spaced time series with a time interval of At
between samples, resulting in a sampling rate of f; = Ail. In
Fourier transformation analysis, the data from a single
observation period are integrated, either over the range 0 to
T or from — 5 to , to transform into the frequency domain.
The minimal frequency resolution achievable in this
domainis Af = 1 , and the maximum analyzable frequency
is then fr. = 55, A - where N = 1s the total number of data
points within the observation perlod In this research, we
select At = 1 s for convenience, and the frequency range
is [3 x 107,0.5] Hz.

In practical applications, the data obtained in the time
domain are not continuous, so the discrete Fourier trans-
form is used,

a(fe) = 3 dlty)e
(1) =S Af e (4.11)
k=1
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Comparison of the response functions (left) for the A, E, and T channels of Taiji (solid curves) and LISA (dashed curves),

where f;, = N ~; and 7, = nAf represent the discrete fre-
quency and time points, respectively. With this convention,
the relation between d(f) and d(f;) becomes d(f) =
d(f)At. Thus, Eq. (4.2) can be reformulated as [107]

Tf?

B(fe) =

(d(fr)

PIJ(fk)[Skk’ (412)

Given that P is a diagonal matrix and d(f) is uncorrelated
at different frequency points, the expression above can be
simplified as

Tf

2
—=Pa(f1)

(da(f)da(f1)) = (a=AET). (413)

For d(f), which is a complex quantity, its real and
imaginary parts are statistically independent and follow
the same Gaussian distribution [108], with zero mean and
variances given by

(md,(F)?)
~ b0 =),

(Red,(fi))?) =

(4.14)

More explicitly, the real part follows the Gaussian distri-
bution:

(Reaa (fk) )2

2
op

PR (1)) = ——exp -

oy,

], (4.15)

and similarly for the imaginary part. Therefore, the prob-
ability of observing the complex value d,(f;) is

P(au(fk)) = 27[62

a

o[BI (41
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Comparison of Theoretical and Simulated PSD in A Channel
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FIG. 2. This figure shows the theoretical PSD curve (blue) and the simulated data in channels A and T (red points). The curve is
computed using Eqgs. (4.4) and (4.5), while the red points are generated from Eq. (4.16). The analysis focuses on the frequency range

[3 x 107 Hz,0.5 Hz], with Q. = 107'"5 and ¢ =2/3.

With this understanding, we can now simulate the obser-
vational data in the A, E, and T channels, including the
above-mentioned instrumental noise and an injection of
SGWB. In Fig. 2, we show the PSD in blue for the A and T
channels in the left and right panels, respectively, and
display one realization of the simulated data as red dots.
Note that when averaging over different realizations of
the simulated data is performed, the red dots converge to
the theoretical blue curve, implying the correctness of the
simulated data.

C. Likelihood

The amount of data in the time domain is N; however,
according to Fourier transformation theory, only % (com-
plex) data points are independent in the frequency domain.
Thus, the likelihood for the A channel can be expressed as

N2

1
L= -
g 2702 P l

|Zla(fk)|2‘|. (4.17)

2
207

Combining the three channels, the likelihood for a single
segment is given by

N2

1
L=1lgmamaer l‘ 2

EOT =AET

yaaz(g)p] . (418)

Considering all the segments requires a separate label

to represent the segment index, i.e., d%(f;) with k =
1,2,3,..., Ny, and the likelihood of observing data from
all segments becomes

(T 5 (1)
L= 5exp |— =1 (4.19)
IHIHSJT O'AUEO' AT 203

Its logarithmic form can be expressed as

BT RS, (fi) + Na(F)IISe(fx) + Ne(fO)IN7(fi)

ne=->"5Ln

k=1 k=1

8
|5 (i)

2 [ |5 (F0)l*
Tf% [Sa(fi) +Na(fe)

SE(fk) + Ne(fe)

oGNS

Nz (fi) (420

In practical analysis, the amount of data may be too large to handle directly, which necessitates the use of approximation
methods. Therefore, in the literature, two approximation methods are usually considered based on the central limit theorem
and coarse graining [47]. In this work, we use the full likelihood above directly.

D. Statistical inference framework

To extract physical information from the simulated SGWB data, we employ two complementary statistical approaches;
the FIM and Bayesian inference based on MCMC sampling.
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The FIM provides a fast and computationally efficient
method to estimate parameter uncertainties by approximat-
ing the likelihood function as a multivariate Gaussian in the
vicinity of its maximum. Under this assumption, the inverse
of the FIM yields the Cramér-Rao lower bound (CRLB),
which represents the minimum achievable variance for any
unbiased estimator. This method is particularly useful for
forecasting sensitivities, estimating relative uncertainties,
and visualizing parameter correlations through confidence
ellipses.

In contrast, Bayesian inference does not rely on Gaussian
or linear assumptions. Instead, it samples the full posterior
probability distribution of the model parameters, allowing
for a faithful characterization of non-Gaussian features,
parameter degeneracies, and correlations. While computa-
tionally more demanding, MCMC sampling provides robust
and statistically complete uncertainty estimates.

In this work, the FIM is primarily used for fast forecasts
and qualitative understanding, while MCMC sampling is
adopted to obtain the final and reliable parameter con-
straints. The detailed mathematical formulation and deri-
vations underlying these statistical methods are presented in
Appendix.

V. RESULTS

With the statistical analysis framework established in
the preceding sections, we are now ready to investigate,
via simulation, how the parameters in our model can be
measured. This study is conducted at multiple levels of
complexity. We begin with a simulation that includes only
detector noise and a SGWB of astrophysical origin.

|

0[Sa(fi) + Na(f)] 0[Sa(fi) + Na(f1)] 1

Subsequently, we inject a SGWB from the SWs, as
introduced in Sec. IIl. The goal is to infer the model
parameters and quantify the associated uncertainties. The
inferred results are then mapped onto the xSM parameter
space and used to extract physical observables, such as the
Higgs self-couplings.

A. Measurements of the astrophysical parameters

We start with a simpler scenario in which only instru-
mental noises and the astrophysical background are present
in the simulated data, and we estimate the corresponding
parameters of this model, namely the two noise parameters,
along with the amplitude and spectral index of the
astrophysical background in Eq. (3.5). Inserting the spec-
trum of the astrophysical background into Eq. (4.5), we
obtain the following PSD:

3H, (2) Qa5 (fi)

SA,E(f) = WTMRA,E(f)s (5-1)
where Q, denotes the amplitude of the SGWB spectrum,
and the reference frequency is chosen as f,.; = 1 mHz. The
function R4 £(f) represents the detector response function
in the A or E channel. The corresponding likelihood
function is given by Eq. (4.20).

Firstly, the FIM is employed to analyze the parameters in
the spectrum, commonly denoted as @ and to derive the
corresponding confidence ellipses. By substituting Eq. (4.20)
into Eq. (A4), the FIM can be written in the following
form [35]:

{ ON7(fr) ON7(fx) . (5.2)

N/2
Flikelihood — 7, Z [ 2
Y — LSa(fi) + Na(fi)? a0;

We then compare the confidence regions obtained via the
FIM formalism with those derived from full Bayesian
inference using MCMC sampling. This comparison serves
as a critical validation step for the Gaussian approximation
inherent in the FIM approach and highlights its possible
limitations when applied to realistic GW data analysis. As
discussed earlier, the FIM provides an efficient means of
forecasting parameter uncertainties, assuming that the
posterior distribution is well-approximated by a multivariate
Gaussian centered on the maximum-likelihood estimate.

In contrast, the MCMC method offers a more robust and
flexible framework that explores the full posterior land-
scape without assuming any specific distributional form. It
can accurately characterize non-Gaussian features, param-
eter degeneracies, and multimodal distributions, albeit at
the cost of higher computational demands.

Figure 3 presents a concrete example of such a com-
parison. We focus on four representative parameters in the

90; N2(fo) 00, 06,

|

SGWB model: two related to instrumental noises, N, and
ox, and two associated with the astrophysical background,
Q. and e. The injected values are N, =3 x 10713,
ox =8 x 1072, log,0Q,q = —11.5, and & = 2/3, indi-
cated by the blue lines, while the red lines indicate the
parameter values recovered from the MCMC analysis,
corresponding to a SNR of 739. The 68% and 95% con-
fidence regions predicted by the FIM are shown as dark and
light blue ellipses, respectively, and the corresponding
credible regions from MCMC sampling are displayed in
red. In addition, the 1o ranges from the marginalized one-
dimensional posteriors are indicated by dashed lines, with
blue for FIM and red for MCMC. From these plots, we find
that the relative uncertainties estimated via the FIM, using
the bound in Eq. (A5), are approximately 0.088% for N,
0.006% for 6x, 0.033% for log;( Q. and 0.738% for €. The
corresponding uncertainties from the MCMC posteriors are
nearly identical; 0.088%, 0.006%, 0.033%, and 0.728%.
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FIG. 3. Comparison of parameter estimation uncertainties ob-
tained from the FIM (blue) and MCMC sampling (red) for four
representative parameters: two instrumental noise parameters, N ;..
and ox, and two astrophysical parameters, Q. and e. The injected
values, N, =3 x 1075, dx =8 x 10712, log;y Quy = —11.5,
and € =2/3, are indicated by solid blue lines, while the
MCMC-recovered best-fit values are shown as solid red lines.
The dark and light-blue shaded regions denote the 68% and
95% confidence contours predicted by the FIM, respectively,
whereas the red contours represent the corresponding credible
regions from MCMC sampling. The diagonal panels display the
marginalized one-dimensional posterior distributions from both
approaches, with dashed vertical lines marking the 1o intervals
(blue for FIM and red for MCMC). The relative uncertainties
predicted by the FIM are approximately 0.088%, 0.006%,
0.033%, and 0.738%, while those obtained from the MCMC
posteriors are nearly identical: 0.088%, 0.006%, 0.033%, and
0.728%. The shape and orientation of the ellipses illustrate the
correlations between parameters; elongated and tilted contours
indicate strong degeneracies, whereas more circular contours
suggest weaker coupling.

These results demonstrate high precision in parameter
recovery across both approaches.

B. Measurements of the thermodynamics parameters

Here, in addition to the contributions from instrumental
noises and the astrophysical SGWB, we incorporate the
SGWB generated by the EWPT, specifically the dominant
contribution from SWs discussed earlier. The likelihood
function remains the same as in previous analyzes, with a
modified signal model to include this additional component,

3 () Q)

Sy =Sg = 472 f3

Ra (5.3)

where Qg (f) is given by Eq. (3.4) and is characterized
by two parameters; the peak amplitude Q, and the peak
frequency f).

Using this extended signal model, we estimate the joint
posterior distribution for six parameters; two instrumental
noise parameters, N, and ox, two astrophysical back-
ground parameters, Q,, and &, and two parameters char-
acterizing the phase transition of the SGWB, Q) and f,,. The
resulting confidence ellipses are shown in Fig. 4, providing
a comprehensive view of the parameter correlations and
uncertainties as derived from both the FIM and full posterior
exploration via MCMC sampling within the Bayesian
framework. This comparison allows us to assess the validity
of the Gaussian approximation in a higher-dimensional,
physically motivated parameter space. The injected values,
used consistently in both simulation and inference, are
Npe =3 x 1075, sx =8 x 10712, logyQuy = —11.5,
e=2/3, log;yQy = —12.0, and log,(f,/Hz) = —2.13.
With this set of parameters, the calculated SNRs for the
astrophysical background and the SW contribution are 739
and 52, respectively. The relative uncertainties predicted by
the FIM for these parameters are approximately 0.096%,
0.007%, 0.057%, 1.333%, 0.491%, and 1.29%, respec-
tively. In contrast, the corresponding uncertainties estimated
from MCMC sampling are very similar; 0.097%, 0.007%,
0.057%, 1.329%, 0.552%, and 1.406%.

At first glance, the MCMC-derived relative uncertainty
for e appear slightly smaller than those predicted by the
FIM, which may seem counterintuitive since the FIM is
generally expected to provide the best forecasts under the
assumption of a locally Gaussian posterior. This apparent
tension can be understood by recalling that Fisher forecasts
probe only the local curvature of the likelihood around the
maximume-likelihood point. By construction, they neglect
non-Gaussian features that are naturally captured in MCMC
analyzes. In practice, the confidence ellipses from the FIM
primarily illustrate the local shape of the posterior, whereas
the standard deviations derived from MCMC chains account
for the full posterior volume, including possible asymme-
tries, long tails, and mild nonlinearities. As a result, the
projected ellipses from MCMC can appear comparable or
even slightly tighter, while the corresponding marginalized
uncertainties remain broader. The inclusion of € and f,
adds further structure to the likelihood surface since these
parameters directly determine the amplitude and peak
frequency of the phase-transition signal. Their coupling
with Q. and ¢ introduces moderate degeneracies, which
broaden the confidence regions along certain directions in
parameter space. Overall, while the FIM remains a valuable
first-order approximation, its local Gaussian nature becomes
less reliable as dimensionality and model complexity
increase, underscoring the need for full Bayesian inference
to obtain robust uncertainty quantification.

To further investigate how the detectability of the phase
transition signal depends on the fiducial model parameters,
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FIG.4. Joint confidence contours for six model parameters: Ny, 0X, Qqq, €, o, and f,, representing instrumental noise, astrophysical
background, and phase-transition contributions, respectively. The injected values, used consistently for both data generation and Fisher
analysis, are Ny =3 x 10717, 6x = 8 x 1072, logjo Q. = —11.5, £ = 2/3, log,n Qy = —12.0, and log,,(f,/Hz) = —2.13. Fore-
casted relative uncertainties from the FIM are 0.096%, 0.007%, 0.057%, 1.333%, 0.491%, and 1.29%, while those inferred from
MCMC are 0.097%, 0.007%, 0.057%, 1.329%, 0.552%, and 1.406%. Blue contours denote the 68% and 95% confidence regions from
the FIM, while red contours show the corresponding MCMC credible regions. Vertical blue lines indicate the injected (true) parameter
values, whereas vertical red lines mark the MCMC-recovered best-fit values. Dashed vertical lines further denote the marginalized 1o
intervals for each parameter, with blue for FIM and red for MCMC. In the bottom-right panel showing the (log;(L,logo(f,/Hz))
plane, dot-dashed and dashed curves indicate the 1o and 2¢ confidence intervals, respectively, with black for the FIM and green for
MCMC. This provides a more detailed comparison between the two approaches and lays the groundwork for subsequent studies on
parameter constraints. The inset displays the signal spectra and detector sensitivities. The latter characterizes the strength of the
instrumental noise and thus indicates the detectability of the experiment, including contributions from both the astrophysical and phase-
transition SGWB components.
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FIG. 5. Relative uncertainty of log,Q,, defined as
Alog o Qq/logy €, as a function of log;,Q, for different
astrophysical background amplitudes log;, Q,, derived using
the FIM (lines) and MCMC for one scenario (points). The MCMC
results (orange points) are consistent with the Fisher forecasts
(orange line), both obtained for log;q Q2,4 = —11.5.

we analyze the relative uncertainty of log,, € as a function
of its injected value. In particular, we also explore how this
uncertainty is influenced by the presence of an overlapping
astrophysical SGWB component, characterized by different

values of log;, Q,. Using the FIM formalism, we compute

. Alogjo @ -
the relative error % under three representative scenar-

ios: log;g Q. = —10.5, —11.5, and —12.5. The results,
illustrated in Fig. 5, demonstrate that a stronger astrophysi-
cal background increases the uncertainty in €2, especially
when Qg is small, as expected. This highlights the
importance of disentangling different SGWB components
when interpreting observational data. We have also shown
in this figure the comparison between MCMC-derived
uncertainties (with stars) and those from the FIM for one
case, which demonstrates the overall agreement between the
two approaches.

In the case of the full SWs model described by Eq. (3.1),
parameter degeneracies naturally arise from the presence
of three free thermodynamic parameters: /H,, T,, and
K = a/(1 4+ a). These degeneracies pose challenges for
accurate parameter inference and interpretation. To mitigate
this issue, we follow the strategy of [47], fixing 7', at random
values drawn from a uniform distribution. The resulting
confidence ellipses for all parameters are shown in Fig. 6,
enabling a direct comparison between Fisher forecasts and
posterior distributions. This approach provides insight into
the attainable parameter constraints and shows the impact of
degeneracies under the thermodynamic parametrization.
Our results can be compared with the analysis of [47].

To summarize, the FIM provides a fast and computa-
tionally efficient way to forecast uncertainties under the
assumption of a local Gaussian posterior. In contrast,
MCMC  sampling—though  computationally = more

W Fisher Forecast
W Constructed MCMC Results

6x /10712
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f(Hz)

1

o
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e

2

6x /1072 log10 Qast log1o - logyo (Ty/ GeV) logzo K

Noce / 10725

FIG. 6. Confidence ellipses for seven model parameters; two
instrumental noise parameters, N, and dx, two astrophysical
parameters, Q,, and &, and three thermodynamic parameters of
the EWPT, §/H,, T,, and K = /(1 4+ «). The dark and light
blue areas denote the 68% and 95% confidence regions predicted
by the FIM, respectively, while the red contours show the
corresponding credible regions from MCMC sampling. To reduce
degeneracies in the thermodynamic description, 7, is fixed at
random values drawn from a uniform distribution, allowing for
clearer resolution of the remaining parameter correlations. The
comparison reveals both the degeneracies among thermodynamic
parameters and the extent to which the Fisher approximation
captures the posterior structure.

demanding—yields the full posterior distribution and
faithfully captures non-Gaussian features and parameter
degeneracies. In both cases, we observe overall agreement
between the two approaches, and have thus obtained the
measurement uncertainties for the parameters governing
the GW spectrum and that of the phase transitions.

C. Measurements of xSM model parameters

Due to the aforementioned degeneracy, we adopt a
strategy based on the directly inferred spectral parameters
(log0€. logyo(f,/Hz)) and identify the regions in the
xSM parameter space that are consistent with these mea-
surements. To illustrate how the resulting constraints propa-
gate into the underlying particle-physics model, we project
the scanned xSM parameter points onto the spectral param-
eter plane (log;(L.log,o(f,/Hz)). Figure 7 presents this
projection for both FIM forecasts and MCMC sampling,
showing the full set of viable xXSM points as well as those
lying within the 68% and 95% confidence regions around
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FIG. 7. Projection of the scanned xSM model points onto the spectral parameter plane log;,Qo—logy(f,/Hz). The top row
corresponds to FIM forecasts, while the bottom row shows results from MCMC sampling. The left panels display scanned parameter
points in the geometric parameter space, with blue dots representing the full xSM dataset that survives the phenomenological and
theoretical constraints and is capable of generating a first order EWPT. The right panels provide a zoomed-in view of the region
surrounding the benchmark prediction. Points falling within the 68% and 95% confidence regions are highlighted in red and green,
respectively. This visualization enables a direct comparison between Fisher-based and MCMC-based constraints on GW spectral
parameters illustrating how viable model points are distributed with respect to the forecasted confidence contours.

the benchmark prediction, thereby enabling a direct com-
parison between FIM-based and MCMC-based constraints.

We then map the constrained regions of the spectral
parameters to the parameter space of the xSM, characterized
by the five parameters (v, m,, ., 6, b3, bs). These regions are
further restricted through an extensive scan that ensures
compliance with all phenomenological and theoretical
constraints. For each point in this viable parameter space,
we calculate the phase—transition parameters (a, /H,,, T,)
and correspondingly (€. ;). If the prediction lies within
the FIM/MCMC acceptance bands, we will keep that point.
Projecting the accepted points back onto (v, my,, 6, bz, by)
shows which parameter values are allowed and how they are
related, as shown in Fig. 8. As the constraints from the FIM
and the MCMC method are similar, we will now, and in the
following discussion, show only the more precise results
obtained from the MCMC.

From these plots, we can see that the constrained region
on the spectral parameters now leads to a similarly con-
strained parameter space for the particle physics model. We
also note the apparent impact of the problem of parameter
degeneracy, which results in a more spread-out feature of
the 68% and 95% regions. This is obvious, as the mapping

(Uw th’e’ b3’ b4) = (QO’fp)

is not unique. Reducing from five parameters to two always
creates degeneracies. This means that the FIM and MCMC
results do not select a single point; instead, they provide
bands or islands of possible parameter values that can
produce the same GW spectrum. The projections in Fig. 8
show these degeneracies clearly. These GW-selected regions
provide a compact, data-driven summary of the xSM
parameter space that is consistent with a potential detection.
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FIG. 8. Corner plot showing the distribution of five xXSM model parameters—u;, m,,,, 0, b3, and by—corresponding to the MCMC-
measured confidence regions in the spectral parameter plane (log;oQy.10g,o(f,/Hz)), as previously displayed in Fig. 7. Each panel
presents the pairwise correlations between two model parameters (off-diagonal) or the marginalized one-dimensional distribution of a
single parameter (diagonal). Blue points represent the entire ensemble of scanned XSM parameter sets that survive phenomenological
and theoretical constraints and can produce GW signals. Red and green points indicate the subsets that lie within the MCMC-derived
68% and 95% confidence regions, respectively, in the spectral space. These subsets are here projected back into the model parameter
space to examine how observational constraints influence the viable ranges of theoretical inputs.

D. Measurements of Higgs self-couplings

With the xSM parameter range obtained from the GW
measurement of the simulated signal, we can take one step
further and make predictions for various observables that
may or may not be measured at colliders and other experi-
ments. One particularly important set of observables of this

kind is the Higgs self-couplings, or equivalently, deviations
of the Higgs self-couplings, dk; and k4, from their SM
values, as defined in Eq. (2.8). These two couplings describe
the shape of the scalar potential and are therefore important
for understanding electroweak symmetry breaking and for
exploring possible extensions of the Higgs sector.
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Inferred Higgs cubic and quartic couplings dx3 and dk, based on GW measurement of the simulated benchmark signal and

MCMC sampling. Blue points represent the full parameter space that survive phenomenological and theoretical constraints and which
also can lead to first order EWPT; red and green points highlight subsets that fall within the 16 and 26 confidence regions, respectively,
in the (log;0L, logo(f »/ Hz)) plane. The black dot denotes the prediction from the fiducial benchmark point. Overlaid horizontal bars
indicate the projected 68% and 95% confidence level sensitivities to k3 at various future collider experiments, including HL-LHC,

CEPC, ILC, FCC, and CLIC taken from [57].

Measuring them directly at colliders is, however, very
challenging. The quartic coupling ok, is beyond the reach of
planned detectors [109], while the trilinear coupling ok3 is
extracted from the measurement of double Higgs production
in various channels. The latest measurement was recently
performed by ATLAS in the channel bbyy, using the full data
from Run 2 and a portion from Run 3, with a total integrated
luminosity of 308 tb~! at \/s = (13, 13.6) TeV. The con-
straint thus obtained is —2.7 < dk; < 5.6 at 95%CL [110].
For future colliders, the expectation for the measured trilinear
coupling is shown by the color bands in Fig. 9, taken from
[57].> The experimental determination of the cubic coupling
is quite uncertain at this moment; however, while it can be
improved in the future, a precise determination of the quartic
coupling ok, would still be very difficult in the long term.

The question naturally arises as to whether the GW
measurement from EWPT can be used to provide a better
determination of these two couplings. To do this, from the
parameter space of the xSM identified from the GW
measurement, we infer the corresponding 6x; and Jky.
These values are added onto Fig. 9, where the blue points
denote all the points that can give a first-order EWPT and
survive phenomenological constraints. The green and red
points denote those that provide the GW measurement
within one and two standard deviations, respectively, as in

*Since there is no sensitivity here to the quartic coupling ok,
the vertical positioning of these bands is solely for illustrative
purposes, with no connection to the values of k.

previous sections. In this way, we are actually combining
future GW measurements with current collider and other
phenomenological and theoretical constraints.

For all points, due to the features of this model, as
explained in more detail in [111], there appears to be a linear
correlation between these two couplings, which can be more
easily understood from a Taylor expansion in powers of the
mixing angle 0, taking into account the concentrated regions
of the parameter space resulting from all phenomenological
and theoretical constraints. Comparing the blue points with
the green and red points, we can see that the region on the
plane (k3, 5k4) has narrowed down to a much smaller area
due to the GW measurement. This highlights the importance
of GW measurement in probing the Higgs couplings,
especially regarding the quartic ones. We note, however,
that due to the same parameter degeneracy problem, the
precision on dk3 and Ok, is limited. This limitation, at least
for this model, could potentially affect a much broader class
of models. A potential solution to this conundrum is to make
use of finer structures on the spectrum, such as the damping
feature at higher frequencies caused by dissipative effects in
the fluid [112]. We further note that in deriving the results
here, we have neglected theoretical uncertainties arising
from spectrum and phase transition parameter calculations,
as explored recently [54]. The inclusion of these would lead
to a less constraining result. Systematically quantifying and
including these uncertainties in the Bayesian framework,
along with a more faithful detector simulation, would be a
direction for future studies.
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VI. CONCLUSION

In this work, we have developed a comprehensive
framework that connects the theoretical modeling of
FOPTs in the xSM with realistic data analysis strategies
for space-based GW detectors, such as Taiji and LISA. By
combining frequency-domain detector response modeling,
astrophysical foregrounds, and instrumental noise, we
constructed simulated datasets for the SGWB and carried
out both FIM and Bayesian MCMC analyzes. Using
simulated data, we first estimated instrumental and astro-
physical parameters, and then extended the analysis to
include the stochastic signal from SWs generated during a
first-order EWPT. The inferred spectral parameters (€2, f})
were subsequently mapped onto the xSM parameter space
(vs.my,, 0, b3, by), enabling us to identify viable regions
consistent with a potential SGWB detection. This mapping
further allowed us to translate GW constraints into pre-
dictions for Higgs self-coupling deviations (3, dk,),
which encode the shape of the electroweak scalar potential.
Our analysis shows that space-based GW observations can
help determine these couplings. While collider measure-
ments of dk3 and especially ok, remain extremely chal-
lenging, GW-based inference from FOPTs offers an
indirect but powerful probe of scalar self-interactions.
The synergy between collider physics and GW astronomy
thus opens a new pathway toward a more complete
understanding of electroweak symmetry breaking and the
origin of the Higgs potential. Future work will extend this
framework to include detector networks, realistic data gaps,
and a joint analysis within the global-fit approach that
simultaneously accounts for deterministic sources such as
massive black-hole binaries. The inclusion of theoretical
uncertainties in the phase-transition modeling—such as
gauge dependence and finite-temperature corrections—will
also be an important next step toward robust, data-driven
constraints on beyond-Standard-Model physics from the
upcoming era of space-based GW observations.
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APPENDIX: FISHER IINFORMATION MATRIX
AND BAYESIAN INFERENCE

In this appendix, we provide a detailed introduction to
the FIM and its formal derivation, followed by a description
of the Bayesian inference framework adopted in this work.
To illustrate and compare these statistical approaches in a
transparent setting, we further present a simple linear toy
model as an explicit example of the parameter-inference
procedure.

1. Fisher information matrix and the Cramér-Rao
lower bound

In this section, we derive the general expression for the
FIM. Before doing so, it is necessary to examine the
analytical form of the log-posterior function [113], which
forms the basis for the subsequent derivation,

In[p(0)£(0)]

(A1)

where @ denotes the maximum likelihood estimate of the
parameters, C represents the covariance matrix, 6; refers to
the ith parameter, and p(@) is the prior distribution (as
mentioned above, uniform priors are adopted for all model
parameters). The inverse of the covariance matrix, C™!, is
defined as the FIM, which is a matrix of second-order

derivatives of In [p(0)L£(0)] evaluated at 6 = 8,

@ 1n p(0)L(0)

Fi=(C"),, =-E
5= )U ( 00,;00;

)@

where E denotes the expectation value. It is useful to divide
it into two parts,

Fij — F?]I“IOI‘ + F%ijkelihood’ ( A3)
where
Fpl'*ior — _E 0’ 1In p(e)
Y 00,00; )’
ikeli *1n L(0)
Flikelihood — _ ) Ad
Y ( 00,00, (a4)

For an unbiased estimator 9i of an unknown parameter, the
CRLB imposes the following lower bound on its standard
deviation [114]:

AG; > \/(F71);

11

(AS)

Thus, the relative uncertainty associated with an esti-
mator 9,» is defined as %. According to the CRLB,

i
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the inverse of the FIM provides critical insights into the
precision of parameter estimation. Specifically, the diago-
nal elements of the inverse FIM, (F~!),;, correspond to the
minimum achievable variances of unbiased estimators for
the parameters ;. These values define the theoretical lower
bounds on the uncertainties associated with each parameter.
In contrast, the off-diagonal elements quantify the cova-
riances between parameter pairs, capturing the extent of
their statistical correlation or dependency.

To visualize these correlations, one may construct con-
fidence ellipses, which provide a geometric interpretation of
the joint uncertainty between two parameters. These ellipses
are derived from the second term in Eq. (Al). The con-
struction begins by analyzing the so-called Mahalanobis
distance [115],

dy = Z(ei - éi)(c_l)ij(gj - 91‘)’

i

(A6)

which is defined in a multidimensional space.

In the specific case of constructing confidence ellipses,
we focus on a two-parameter subspace with parameters 6,
and 6. The associated covariance matrix, denoted by Z, is
constructed from the components of C,

( Caa Caﬂ )
T = ,
Cop Cpp

and can be diagonalized through the eigendecomposition,

(A7)

> =UAUT,

where A is a diagonal matrix whose entries are the
eigenvalues of X, and U is the orthogonal matrix of the
corresponding eigenvectors.

We define the matrix square root of the inverse covari-
ance matrix as

X7 = UAUT,

and construct a pair of normalized parameters,

(za > [ 0,-0,
=>72 R s

Z/} g B Qﬁ

which follows a standard normal distribution. Under this

transformation, the Mahalanobis distance in the two-
parameter subspace simplifies to the following form:

(A8)

dy = 75 + 25 (A9)
The Mahalanobis distance, d%l, follows a chi-squared dis-
tribution with degrees of freedom equal to the number of
parameters under consideration. In the case of constructing

confidence ellipses for two parameters, the distribution is
x*(n = 2). Accordingly, the confidence ellipse represents
the region in which the joint probability density satisfies

2
dy = c,

where c is a constant determined by the desired confidence
level. For instance, ¢ = 2.30 corresponds to a 68% confi-
dence region, and ¢ = 6.18 corresponds to a 95% confidence
region.

The resulting confidence ellipse visually illustrates the
uncertainties in the two parameters and their mutual
correlation. A highly elongated ellipse indicates a strong
correlation between the parameters, whereas a circular
shape implies a weak or no correlation. The shape and
orientation of the ellipse thus offer valuable insights into the
coupling and degeneracy structure of the parameter space,
as well as the overall precision of the parameter estimation.

In summary, the inverse FIM encapsulates both the
variances and covariances of the model parameters, form-
ing the foundation for constructing confidence regions. The
confidence ellipse, grounded in the Gaussian approxima-
tion of the likelihood and chi-squared statistics, serves as an
effective and interpretable tool for visualizing joint param-
eter uncertainties and correlations.

2. Bayesian inference and MCMC sampling

Bayesian inference provides a coherent framework for
parameter estimation and hypothesis testing, grounded in
the principles of probability theory. At its core lies Bayes’
theorem, which relates the posterior probability distribution
of model parameters to the prior knowledge and the
likelihood of the observed data,

p(d

0. M)p (0| M)
pdM) -

p(0ld, M) = (A10)

where @ denotes the set of model parameters, d represents the
observed data, and M denotes the underlying model. The
term p(d|@, M) is the likelihood function, which quantifies
the probability of observing the data given a specific choice
of parameters. The prior distribution p(@|M) encodes
preexisting knowledge or assumptions about the parameters
before any data are considered. The denominator, p(d| M),
is the evidence or marginal likelihood, which acts as a
normalization constant and plays a central role in model
comparison.

In most practical applications, particularly when dealing
with high-dimensional or nonlinear models, the posterior
distribution cannot be easily determined. To address this,
numerical techniques are employed, among which MCMC
methods are the most widely used. In this work, we perform
MCMC sampling using the PyMC probabilistic program-
ming framework [116], which provides efficient imple-
mentations of state-of-the-art samplers such as Metropolis
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and NUTS. After an initial burn-in phase, the chains are
expected to explore the parameter space adequately in a
manner proportional to the posterior probability density.
These methods enable the estimation of summary sta-
tistics of the posterior, such as the mean, median, credible
intervals, and correlation structures between parameters.
Despite its robustness, MCMC sampling can be computa-
tionally intensive, especially for complex likelihood func-
tions or large datasets. Convergence diagnostics and
autocorrelation analyzes are crucial for ensuring the validity
of the results. Nevertheless, when properly applied, MCMC
provides an indispensable tool for Bayesian inference in
both theoretical modeling and data-driven investigations.

3. A toy model: y=kx +b

In this subsection, we compare the parameter uncertainties
derived from the two approaches mentioned above. The first
is based on the CRLB, which provides a theoretical mini-
mum variance for any unbiased estimator and is computed
using the FIM. The second approach employs MCMC
sampling to characterize the full posterior distribution with-
out assuming Gaussianity. Before turning to the discussion of
phase transitions, we illustrate the main features of the CRLB
and MCMC with a very simple example. We study a linear
model that admits a straightforward analytical treatment,
enabling a direct comparison of the two approaches.

In this linear model, the parameters k and b are inferred
from simulated data. The mock data are assumed to follow a
Gaussian distribution, and the corresponding log-likelihood
function is given by

_on 1< 2
Inl = —Eln (276°) —2—62;@4 - i), (A11)

where n is the number of data points, y, denotes the
simulated data, y; is given by y; = kx; + b and x; are evenly

Uncertainty of k in model y = kx + b

0.04 ~
—n =50
n = 200 1
0.03 - 1
—_—n = 600 1
% 0.02 -
k i
0.01F
000 1 1 1 1 1 I T
0.0 0.5 1.0 15 2.0 25 3.0

k

spaced in the interval [0, 10]. For simplicity, we fix the
standard deviation to ¢ = 2. The uncertainties of the param-

eters are then estimated from the inverse FIM as

Ak (F7") Ab (F s

— ==, —_— = Al2
k k b b (AI2)

where k and b are the input parameter values. The FIM can be
computed analytically from Eq. (Al1) as

(72 e X 1 ’

The resulting relative uncertainties of the parameters k
and b, as derived from the inverse FIM, are presented in
Fig. 10 as functions of the total number of data points .
The figure illustrates how the precision of parameter
estimation improves with increasing data size. This behav-
ior reflects the intuitive expectation that larger datasets
provide more information and thereby tighten the con-
straints on the model parameters.

To further assess the validity of the FIM approximation,
we compare the confidence regions predicted by the FIM
with those obtained from full posterior sampling using
the MCMC method. This comparison allows us to evaluate
the accuracy of the Gaussian approximation inherent in the
Fisher formalism. The resulting confidence contours for
the parameters k and b are shown in Fig. 11.

The comparison shown in Fig. 11 highlights the con-
sistency between the FIM prediction and the posterior
distribution obtained through MCMC sampling. For this
linear model, where the likelihood is Gaussian and the
parameter dependencies are linear, the posterior distribu-
tion is expected to follow a multivariate Gaussian form. As
a result, the confidence ellipses derived from the inverse
FIM (which approximate the CRLB) align closely with
the contours of the MCMC-derived posterior. In addition,

(A13)

Uncertainty of b in model y = kx + b
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FIG. 10. Uncertainty analysis for the parameters k (left) and b (right) in the linear model y = kx 4 b based on the FIM. The figure
compares the relative uncertainties for three different values of the data size n. As expected, a larger number of data points leads to

smaller parameter uncertainties.
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FIG. 11. Comparison between the parameter constraints obtained from MCMC sampling and the confidence ellipses predicted by the
FIM. The injected parameter values are k = 2 and b = 1, as indicated by the dashed lines. The darker and lighter shaded regions
correspond to the 68% and 95% confidence intervals, respectively. In the left panel, the confidence ellipses (blue contours) are generated
by drawing samples from a multivariate Gaussian distribution using the covariance matrix derived from the FIM. Superimposed red and
green curves denote the analytical 68% and 95% Mahalanobis distance contours, respectively, and show excellent agreement with the
sampled ellipses, thereby validating the correctness of the numerical Fisher-based approach. In the right panel, we present a direct
comparison between the MCMC posterior distributions (in red) and the FIM forecasts (in blue). The overlap and slight deviations
highlight both the validity and the limitations of the Gaussian assumption in the Fisher formalism. In this example, the minor
discrepancy is likely caused by statistical fluctuations, while in more complex models with non-Gaussian posteriors, such deviations

could become more significant.

the injected parameter values, k = 2 and b = 1, lie near the
center of both the 68% and 95% confidence regions,
validating the reliability of the estimation procedure. The
symmetry and orientation of the confidence ellipses indicate
the degree of correlation between k and b. This consistency
also underscores the key assumption under which the FIM
formalism is valid: the likelihood function is well approxi-
mated by a Gaussian near its maximum. In more complex

nonlinear models, or under lower SNR conditions, devia-
tions between FIM predictions and MCMC results become
more pronounced, necessitating a full Bayesian treatment.

In summary, this example demonstrates that the FIM
approach provides reliable forecasts for parameter uncer-
tainties in idealized Gaussian scenarios and serves as a
useful benchmark against which full Bayesian inference
methods can be validated.
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