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Quantum anomalies give rise to novel transport phenomena, including the generation of a current in a
relativistic fluid due to the presence of magnetic field or vorticity. We present an exclusive and direct
computation of the chiral anomaly in the adiabatic regime within the path integral for a massless fermion on
a generic electromagnetic and curved background, including local temperature and chemical potential. We
identify new quantum-thermodynamical contributions to the breaking of axial symmetry which induce the
chiral separation and vortical effects.
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I. INTRODUCTION

The concept of quantum anomalies emerged in the late
1960s, first identified through the quantum breaking of the
axial symmetry in quantum electrodynamics [1,2]. Since
then, anomalies have become a cornerstone of research in
theoretical physics. Surprisingly, the connection between
the chiral anomaly and transport phenomena was recog-
nized only recently, giving rise to effects such as the chiral
magnetic effect (CME) [3], the chiral separation effect
(CSE) [4] and the chiral vortical effect (CVE) [5,6].
In condensed matter, the CME has been measured in

semimetals [7]; experimental evidence is also awaited and
actively sought in heavy-ion collisions [8]; Weyl super-
fluids [9,10]; and important implications are expected in
astrophysics and cosmology [11]. These connections have
established anomalous transport as a highly dynamic field
of research.
For a Dirac fermion coupled to electromagnetism, with

finite vector and axial chemical potentials μ and μ5 at
temperature T, the vector and axial currents include

hjμVi ⊃
μ5
2π2

Bμ þ μμ5
π2

Ωμ;

hjμ5i ⊃
μ

2π2
Bμ þ

�
μ2 þ μ25
2π2

þ T2

6

�
Ωμ;

where the CME (resp. CSE) is induced by the magnetic
field Bμ in the vector (resp. axial) current, whereas the CVE
is induced in both currents by the vorticity Ωμ ¼
1
2
ϵμνρσuν∂ρuσ , where uμ is the fluid 4-velocity.
More generally, the decomposition of macroscopic

currents, including the CME, CSE, and CVE, has been
formulated within the framework of the hydrodynamic
effective action [12–14]. This bottom-up construction is
independent from a microscopic theory and thus lists all the
possible contributions to the currents, up to unknown
transport coefficients. These coefficients can be accessed
via a hydrodynamics approach [5,15], or using linear
response theory through the so-called Kubo formulas
[16–18], as well as other methods [16,19,20].
In the hydrodynamic picture, a connection between the

chiral anomaly and the chiral effects involving the chemical
potential was initially obtained in [5]. However, such a link
remains elusive from the microscopic point of view as the
anomaly is injected and not computed within the same
framework. It was proposed in [17], and subsequently
explored in [21–24], that the temperature dependence of the
CVE is induced by, or at least intimately linked to, the
axial-gravitational anomaly. On the other hand, it is well
established that the chiral and axial-gravitational anomalies
are independent from a temperature and chemical potential,
which seems to contradict these connections. The temper-
ature-independence was shown in [25–29] for the chiral
anomaly, and in [30,31] for the axial-gravitational anomaly,
whereas the independence from the chemical potential was
investigated in [32].
In this paper, we focus on the CVE and CSE for a

massless Dirac fermion and investigate their relation to the
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chiral anomaly in the presence of local temperature and
chemical potential, from a top-down approach. In the first
section, we introduce the imaginary-time path integral
representation of the local equilibrium partition function
with background curvature and electromagnetic field, and
discuss global equilibrium conditions. In the second
section, we then access the anomaly by evaluating the
Jacobian of the chiral transformation as a ratio of path
integrals. This also yields the quantum-statistical expect-
ation value of the axial current itself and generalizes the
CVE and CSE in gravity and for any fluid velocity. We end
the paper with a discussion and conclusions, and show the
consistency of our new terms with the usual anomaly
equation. In the Appendix, we present details of various
calculations leading to the main results discussed in the
text. After writing down our conventions, we detail the
computation of the CVE and CSE, and how they contribute
to the chiral anomaly. We then explain how the master
integrals at finite temperature and electro-chemical poten-
tial are computed in curved spacetime.

II. THERMODYNAMICS IN CURVED SPACETIME

Our goal is to study a spin-1=2 Dirac fermion with mass
m coupled to a gravitational and electromagnetic back-
ground, at local equilibrium.

A. Temperature in imaginary-time formalism

We first consider a flat spacetime, where the local
equilibrium is described by the distribution that minimizes
the information entropy. At constant temperature T0 ¼
1=β0 and chemical potential μ0ðx⃗Þ associated with the
vector current jμV ¼ ψ̄γμψ , the partition function reads [33]

Z ¼ Tr e−β0ðH−
R

d3 xμ0ðx⃗ÞjtVÞ: ð1Þ

Using the imaginary-time formalism it can be recast as a
path integral at a fixed real-time tR [34–36]

Z½tR� ¼
Z
b:c

Dψ̄Dψe−
R

β0
0

dt
R

d3xL; ð2Þ

with L ¼ ψ̄ðiγμð∂μ þ iVμÞ −mÞψ and Vμ ¼ Vμ þ μ0δ
t
μ

where Vμ is the vector gauge field. The boundary conditions
are antiperiodic in imaginary time b:c ¼ fψðiβ0; x⃗Þ ¼
−ψð0; x⃗Þ; ψ̄ðiβ0; x⃗Þ ¼ −ψ̄ð0; x⃗Þg. Importantly in the imagi-
nary-time formalism for local equilibrium, the path integral
variables depend only on the imaginary time t and therefore
L ⊃ ∂t, whereas all the background fields and thermody-
namic variables depend only on the real time tR [35,36]. As a
result, the expectation values are obtained in the adiabatic
regime where ∂tRhOi ≃ h∂tROi ≃ 0. In the remaining of the
paper we omit the tR dependence for simplicity.

B. Electro-chemical potential

The decomposition of the electro-chemical potential Vt ¼
Vt þ μ0 into an electrostatic potential Vt and an internal
chemical potential μ0 is arbitrary [37]. As it ultimately
defines the thermodynamic parameter that determines the
vector charge density, we will refer to it as μec in the
following. To distinguish between the chemical and electro-
static components of the electro-chemical potential, a
reference point must be introduced. A natural choice is to
redefine the electrostatic potential such that it vanishes
when the electric field does: Uelec ¼ Vt − VtjE⃗¼0⃗

with
VtjE⃗¼0⃗

¼ const. In this case, the chemical potential is
defined as μ≡ μec −Uelec ¼ μ0 þ VtjE⃗¼0. Although the
separation μec ¼ μþUelec depends on the reference point,
the gradient ∂νμec ¼ ∂νμþ Eν does not.

C. Curved spacetime

In a curved spacetime admitting a foliation along the time
direction tμðxÞ, the notion of equilibrium requires the
introduction of the 4-temperature βμ ¼ uμ=T with uμ the
fluid 4-velocity with u2 ¼ 1 and TðxÞ the local temperature.
The local equilibrium partition function reads [35,38,39]

Z ¼ Tr e−
R

dΣnμðTμνβν−ζ0j
μ
VÞ; ð3Þ

where nμðxÞ is the unit vector orthogonal to the hyper-
surfaces of constant time, and ζ0 ¼ μ0ðxÞ=TðxÞ.
Without loss of generality, we may choose the coordinate

system fxμg ¼ ft; x⃗g such that tμ ¼ δμt and uμ ¼ tμ=
ffiffiffiffiffiffiffi
jt2j

p
[35]. This choice may come at the expense of having a
more complicated metric, which is not a difficulty since we
will keep it as generic as possible. In particular, with this
choice, the local temperature is TðxÞ ¼ T0=

ffiffiffiffiffiffiffiffijgttj
p

and the
normal to the time-slices is nμ ¼ δtμ=

ffiffiffiffiffiffiffiffijgttjp
.1 The electro-

chemical potential is μec ¼ μþUelec=
ffiffiffiffiffiffiffiffijgttj

p
and the elec-

tric field is defined as Eμ ≡ Fμνuν ¼ ð∂μUelecÞ=
ffiffiffiffiffiffiffiffijgttj

p
.

The local equilibrium partition function can be recast as
the path integral Eq. (2) with the curved space-time
Lagrangian [35]

L ¼ ψ̄ðiγμð∇μ þ ωμ þ iVμÞ −mÞψ ; tμVμ ¼
ffiffiffiffiffi
gtt

p
μec:

ð4Þ

We have γμ ¼ EA
μγA with EA

μ the vierbein fields, ωμ is
related to the spin connection by ωμ ¼ 1

8
½γA; γB�ωμ;AB and

∇ is the diffeomorphism covariant derivative. Note that the
spacetime measure

ffiffiffiffiffijgjp
was absorbed in the path integral

variables so as to obtain a diffeomorphism-invariant path
integral measure [40–42].

1Even though
ffiffiffiffiffi
gtt

p
T ¼ const due to our choice of coordinates,

the temperature is not at global equilibrium, i.e., βμ is not Killing.
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D. Global equilibrium

The global equilibrium conditions follow from requiring
that the exponent of the partition function Eq. (3) is the
same for each time slice. A set of sufficient conditions are
[39,43,44]2

(i) Temperature: βμ is Killing, i.e ∇μβν þ∇νβμ ¼
1
T0
∂tRgμν ¼ 0, that is to say the metric is independent

from the real time. In that case, TðxÞ ¼ 1=
ffiffiffiffiffi
β2

p
is the

global equilibrium temperature [46–48].
(ii) Electro-chemical potential: Eμ ≡ T∂μ

μec
T ¼ 0 or

equivalently T∂μ
μ
T þ Eμ ¼ 0. Close to global equi-

librium, T∂ μ
T is the electric field created by the

distribution of charges in the medium, and E is
therefore the total electric field.

Note that we only apply these conditions at the end of our
computations.

E. Fluid velocity within the metric

Beyond applications to gravity, the curvature of space-
time can also describe a fermion fluid in motion. For
example, consider the flat metric gμν ¼ ημν ¼ diagð1;−1;
−1;−1Þ and a fluid with 4-velocity uμ ≡ tμ=

ffiffiffiffiffiffiffi
jt2j

p
¼

1ffiffiffiffiffiffiffiffi
1−v⃗2

p ð1;−v⃗Þ. If the fluid has a vanishing material derivative

∂tv⃗ − vi∂iv⃗ ¼ 0, then the change of coordinate to the fluid
rest frame is simply achieved by t0 ¼ t and x0i ¼ xi þ vit. In
the rest frame, the time direction is given by tμ ¼ δμt and the
4-velocity uμ ¼ 1ffiffiffiffiffiffiffiffi

1−v⃗2
p ð1; 0⃗Þ. As mentioned above, the metric

is now more complicated and reads

g0μν ¼
�
1 − v⃗2 v⃗

v⃗T −13

�
: ð5Þ

Note that in imaginary time the fluid is described by a
complex metric.3 Since we kept the metric generic, our
partition function (4) can describe a fluid with any velocity in
a gravitational background, which is in general more
complicated than (5).

III. CHIRAL ANOMALY AND CHIRAL EFFECTS

We consider the Uð1ÞA transformation of infinitesimal
parameter θðtR; x⃗Þ with θðjx⃗j → ∞Þ ¼ 0

ψ 0 ¼ eiθγ5ψ ; ψ̄ 0 ¼ ψ̄eiθγ5 : ð6Þ

The partition function Eq. (2) with Lagrangian Eq. (4)
reads4

Z ¼ det ½i=D− γt
ffiffiffiffiffi
gtt

p
μec −m�; Dμ ≡∇μ þωμ þ iδiμVi;

where we separated μec from the covariant derivative for
convenience. It is invariant under relabeling its integration
variables as Eq. (6) which produces a Jacobian J½θ� [51]

Z ¼ J½θ� det ½i=D − γt
ffiffiffiffiffi
gtt

p
μec −m − ð=∂θÞγ5 − 2imθγ5�

with J½θ�≡ exp

�
−
Z

β0

0

dt
Z

d3x
ffiffiffi
g

p
θA

�
: ð7Þ

The anomaly can thus be expressed as a ratio of functional
determinants [52], and in particular we obtain

log J½θ� ¼ Tr

�
ðð=∂θÞγ5 þ 2imθγ5Þ

1

i=D − γt
ffiffiffiffiffi
gtt

p
μec −m

�
:

At zero temperature, one cannot straightforwardly take the
m ¼ 0 limit due to the presence of infrared (IR) divergen-
ces, and the term proportional to 2imθγ5 is necessary to
obtain the anomaly [52]. However, at finite temperature, the
massless limit is well defined since the temperature acts as
an IR regulator as we will see below, and the 2imθγ5-term
can safely be dropped. In that case, we recover that the
anomaly (in the adiabatic regime where the time-derivatives
vanish) is the spatial divergence of the expectation value of
the axial current A ¼ h∇iji5i.
We evaluate the Jacobian using the covariant derivative

expansion (CDE) in curved spacetime (e.g., [53]) adapted
to finite temperature and imaginary time, which is organ-
ized as a weak field expansion compared to Maxfμec; Tg
with Euclidean metric

log J½θ� ¼
m¼0

Z
β0

0

dt
Z

d3x
ffiffiffi
g

p ð∂μθÞhjμ5i

¼ −
Z

β0

0

dt
Z

d3xð∂μθÞ
1

β0

X
n∈Z

Z
d3q
ð2πÞ3 trγ

μγ5

×
X
k∈N

½Δi=D�kΔ; ð8Þ

where the propagator Δ involves the fermionic Matsubara
frequencies Ωn ¼ ð2nþ 1ÞπT0 − i

ffiffiffiffiffi
gtt

p
μecðxÞ,

ΔðqÞ ¼ γtΩn þ γiqi
gttΩ2

n þ 2gtiΩnqi þ gijqiqj
: ð9Þ

Note that we chose to insert the electro-chemical potential
in the Matsubara frequencies, although we could equiv-
alently have kept it in the covariant derivative.5

2Less restrictive conditions can be found [45].
3See Refs. [49,50] for interesting discussions about rotating

fluids with imaginary fluid velocity.
4Note that the functional determinant and traces are over

functions that respect the boundary conditions b:c.

5Keeping μec in the propagator allows for a nonperturbative
treatment rather than considering it to be small with respect to the
temperature. It is a resummation of the perturbative case, as
happens in the study of strong fields, see [54].
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To compute the Matsubara sums it is convenient to
change variables to pi ¼ qi − Ωngti=gtt which yields

ΔðpÞ ¼ uμγμΩ̃n þ γipi

Ω̃2
n þ gijpipj

;

Ω̃n ¼ ð2nþ 1ÞπTðxÞ − iμecðxÞ: ð10Þ

From this expression, it is clear that the temperature
prevents the denominator from vanishing, hence acts as
an IR regulator. Our conventions are defined in
Appendix A. Details about the CDE are deferred to
Appendix B.

A. Chiral vortical effect

The leading order contribution to the chiral anomaly
occurs at k ¼ 1 in Eq. (8). The expansion is carried out
keeping in mind that the covariant derivative does not
commute with the propagators due to the presence of the
metric and the electro-chemical potential. Nonetheless, the
only contribution that is nonvanishing under the Dirac trace
comes from the spin connection

hjμ5ijk¼1 ¼
−iffiffiffi
g

p ðI2½q2�Þαβtrγμγ5γαγνγβων; ð11Þ

with the master integrals defined in Appendix E. These
integrals can be straightforwardly evaluated in the massless
limit and we find in Lorentzian signature the CVE6

hjμ5ijk¼1 ¼
�
μ2ec
2π2

þ T2

6

�
Θμ; ð12Þ

where7

Θμ ¼ −
1

2
ϵμνρσuνuλωλ;ρσ ¼

1

2
ϵμνρσuν∂ρuσ; ð13Þ

is the vorticity. Note that this expression is valid for any
fluid velocity and gravitational background in the adiabatic
regime. It is only in flat spacetime and for a fluid velocity
with vanishing material derivative that the metric takes the
simple form (5) and ui is proportional to the fluid
velocity vi.
Although the CVE is not related to the usual axial-

gravitational anomaly (∝ RR̃) as discussed in [21,22], it is
still a mixed anomaly in the sense that is it induced by a

gravitational background (the spin connection here) in the
axial current.
To obtain the contribution of the CVE to the anomaly, we

integrate by parts the derivative on θ in Eq. (8). Since the
time derivative is with respect to the imaginary time and
that the background fields depend only on the real time, we
have in particular ∇μðT2ΘμÞ ¼ 0 (see Appendix C).
Finally, we obtain

ACVE ¼ μec
π2

E⃗ · Θ⃗ ¼ μec
π2

�
T∂i

μ

T
þ Ei

�
Θi: ð14Þ

To the best of our knowledge, this contribution of the CVE
to the anomaly is an important and new result. Importantly,
it can be recast as a Pontryagin density for the vector
field Uμ ¼ μecuμ.

8

Lastly, when the global equilibrium conditions are
enforced, one finds that the whole contribution of the
CVE to the anomaly vanishes

ACVE ¼
GEQ

0: ð16Þ

More details about the CVE calculation and the CVE at
global equilibrium are deferred to Appendix C.

B. Chiral separation effect

The next-to-leading order contribution occurs at k ¼ 2 in
Eq. (8). For simplicity, we omit terms that involve more
than one derivative of the fields and thermodynamic
quantities. As detailed in Appendix D, the computation
involves both ðI3½q3�Þαβγ , which is finite since its vacuum
contribution vanishes identically, and ðI4½q4�Þαβγδ which is
ultraviolet (UV) divergent. We regularize it using dimen-
sional regularization

1

β0

X
n

Z
d3q
ð2πÞ3 →

1

β0

X
n

Z
ddq
ð2πÞd ; d ¼ 3 − ϵ:

Note that the Dirac matrices are also extended to d
dimensions, and we use the Breitenlohner-Maison-’t

6The contribution from the vacuum (T; μec ¼ 0) vanishes
when regularized such that the vector symmetry is preserved,
see Appendix C.

7Note that Θ is expressed in terms of the spin connection in the
inertial frame where uμ ∝ ð1; 0⃗Þ only. This is not a frame-
independent expression. However Θμ ¼ 1

2
ϵμνρσuν∂ρuσ remains

valid in any frame.

8This was also pointed out in [55] for a constant chemical
potential and in flat spacetime.

ACVE ¼ 1

2π2
FUF̃U; ð15Þ

with FU;μν ¼ ∇μUν −∇νUμ and F̃
μν
U ¼ 1

2
ϵμνρσFU;ρσ . This reflects

the fact that the density of charges μec in the fluid moving with
4-velocity uμ is an electric current from the point of view of the
observer. If the fluid is rotating, the observer will therefore
measure a magnetic field B⃗Θ ¼ 2μecΘ⃗. Note that the T2Θ-term
can also be recast as a Pontryagin density forU0

μ ¼ Tuμ, although
it does not contribute to the anomaly in the adiabatic regime and
is thus beyond the scope of this paper.
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Hooft-Veltman (BMHV) scheme [56,57] for γ5 which
preserves the vector symmetry (see, e.g., [52]).
Importantly, all divergences cancel when all contribu-

tions are taken into account. Nonetheless, finite terms that
arise from UV poles 1=ϵ multiplied by an ϵ from the Dirac
trace contribute to the final result. These terms are
necessary to account for and ensure the gauge invariance
of the result. We thus obtain in Lorentzian signature

hjμ5ijk¼2 ¼
1

2π2
μecBμ þOð∂2ðg; μec; TÞÞ ð17Þ

where the magnetic field is Bμ ¼ 1
2
ϵμνρσuνFρσ with Fij ¼

∂iVj − ∂jVi and Fti ¼ 0 since we moved Vt in the electro-
chemical potential and ∂tVi ¼ 0. We recognize the CSE
now generalized to include the effects of a background
curvature, and background electric field which is encom-
passed in the electro-chemical potential.
After taking the divergence and applying δ=δθðxÞ, we

find the contribution of the CSE to the anomaly

ACSE ¼ 1

2π2
E⃗ · B⃗ ¼ 1

2π2

�
T∂i

μ

T
þ Ei

�
Bi ð18Þ

Again, at global equilibrium the contribution of the CSE to
the anomaly vanishes

ACSE ¼
GEQ

0: ð19Þ

Note that the contribution from the CSE to the anomaly is
equal to the Pontryagin density for the gauge field Vμ ¼ffiffiffiffiffi
gtt

p
μecδ

t
μ þ Viδ

i
μ

ACSE ¼ 1

2π2
E⃗ · B⃗ ¼ 1

8π2
FVF̃V : ð20Þ

Details about the derivation of the CSE are deferred to
Appendix D.

IV. DISCUSSION AND CONCLUSIONS

In this paper, we compute for the first time the chiral
anomaly with generic background curvature (i.e., gravity
and/or fluid velocity) and electromagnetic field, at local
equilibrium with local temperature and electro-chemical
potential, and in the adiabatic regime where the time-
derivatives vanish. We define the anomaly as the symmetry
breaking which is not classical [i.e., the Jacobian Eq. (7)],
arising from the quantum-statistical distribution. As a
consequence, we do not only obtain the usual vacuum
contribution to the anomaly, but also the local thermody-
namic parameters which is to our knowledge a new result
with clear phenomenological applications. It is given by

A ¼ h∇iji5i ¼
1

2π2

�
T ∂
!μec

T

�
· ð2μecΘ⃗þ B⃗Þ; ð21Þ

up to third derivatives of the fields and thermodynamic
variables, with μec the electro-chemical potential, Θμ ¼
1
2
ϵμνρσuν∂ρuσ the vorticity and B⃗ the external magnetic

field.
As a corollary result of this paper, we also obtain the

generalization of the CVE Eq. (12) and CSE Eq. (17) at
local equilibrium with electromagnetic and curved back-
ground in the adiabatic regime. One of the main advantages
of our method of computation is that the link between the
anomaly and the chiral effects is clearly established.
Equation (21) differs from the anomaly in a simple

electromagnetic background. The first main difference is
the dependence on the gradient of chemical potential. Its
presence is however rather intuitive and reflects the fact that
the distribution of charges in the medium generates an
electric field proportional to T∂ μ

T. The anomaly is therefore

sensitive to the total electric field E⃗ ¼ T∂⃗ μec
T ¼ T∂⃗ μ

T þ E⃗,
including the one created by the macroscopic distribution
of charges.
Additionally, the anomaly contains a term proportional

to the vorticity Θμ. In the inertial frame, it arises from the
spin connection (13) and appears as a consequence of the
separation of space and time at finite temperature. As a
result it does not appear in the Fujikawa [51] or Leutwyler
[58–60] procedures which restore Lorentz invariance (see
Appendix F). As shown in Eq. (15) it can be expressed in
terms of a Pontryagin density for the vector field Uμ ¼
μecuμ, which implies that B⃗Θ ¼ 2μecΘ⃗ is in fact the
magnetic field generated by the rotation of charges in
the fluid as seen by the observer.
We emphasize on a potential confusion that can be found

in the literature: our direct computation reveals that the
electric and magnetic fields created by the distribution and
motion of charges in the fluid enter the anomaly on the
same footing as the external electric and magnetic fields. In
particular, in the bottom-up approach originating from [5],
and retaken across the literature [15,61,62], the anomaly
equation should not be matched onto 1

2π2
E⃗ · B⃗ but onto

A ¼ 1

2π2
E⃗ · B⃗; ð22Þ

where E⃗ ¼ T∂⃗ μec
T ¼ T∂⃗ μ

T þ E⃗ and B⃗ ¼ B⃗þ 2μecΘ⃗ are the
total electric and magnetic fields as seen by the observer.
An important consequence of this equation is that the CVE
and CSE are in fact similar effects and are both generated
by the chiral anomaly. The CSE is created by a nonuniform
distribution of charges and an external electric in the
presence of an external magnetic field, whereas the CVE
is created by the rotation of a charged fluid in the presence
of an electric field.
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Finally, another important result of this paper is the
vanishing of the chiral anomaly at global equilibrium

A ¼
GEQ

0; ð23Þ

which simply results from the vanishing of the total electric

field E⃗ at global equilibrium.
Another point raised in the literature is the relation

between temperature dependence of the CVE and the
mixed axial-gravitational anomaly ∝ RR̃. This link is only
realized in a specific setup where a black hole is introduced
at infinity to obtain a geometric source for the temperature
[21,22], although RR̃ is vanishing where the CVE is
present. Equation (12) demonstrates that the whole CVE
indeed arises from a new mixed axial-gravitational term
that involves the spin connection. Incidentally, this solves
the mismatch of power counting [22] between the four
derivatives of the metric in RR̃ and the only two derivatives
in the divergence of the CVE.
Finally, it would be interesting to investigate a non-

adiabatic regime, since by naively taking the total diver-
gence of the CVE and CSE including the time-derivative,
one obtains additional contributions depending on the
temperature gradient and the acceleration of the fluid
aμ ¼ uλ∇λuμ

9

∇μhjμ5i ¼
T2

6

�
∇μΘμ þ 2Θμ

∂μT

T

�

þ μec
2π2

�
∂μT

T
− aμ

�
Bμ þ 1

2π2
E⃗ · B⃗: ð24Þ

In particular, a nonadiabatic regime would allow to directly
link the T2Θ-term of the CVE to the anomaly. This would
however require the use of a real-time approach such as the
Schwinger-Keldysh formalism [63,64] which is out of the
scope of this paper.
Our approach should be well-suited to investigate the

transport effects with axial background (e.g., the CME),
and should offer novel insights. Since it involves additional
subtleties regarding the introduction of an axial chemical
potential and the treatment of γ5 in dimensional regulari-
zation, we postpone the discussion for future work [65].
Our findings about the new contribution to the chiral
anomaly at local equilibrium could have interesting impli-
cations regarding the problem of matter antimatter asym-
metry in the Universe, e.g., baryogenesis, and also
phenomenology of axions [66].

ACKNOWLEDGMENTS

We thank M. Chernodub, C. Delaunay, A. Grushin, K.
Landsteiner, A. Marchon, E. Mottola, P. N. H. Vuong and
the referees for helpful discussions. The work of R. L. is
supported by the Science and Technology Commission of
Shanghai Municipality (Grant No. 24ZR1450600). The
work of D. S. and J. Q. is supported by the EFFORT
project, funded through the IRGA program of Université
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APPENDIX A: CONVENTIONS AND NOTATIONS

In Lorentzian spacetime gL, the metric signature is
ðþ − −−Þ. In imaginary time, the metric becomes
Euclidean with gEtt ¼ gLtt, gEti ¼ igLti, gEij ¼ −gLij, and the
Euclidean Dirac matrices are γtE ¼ iγt and γiE ¼ −γi.
From Eq. (8) on, the metric and Dirac matrices are
Euclidean even though we drop the index E.
The greek indices μ; ν; ρ; α; β;… are the coordinate

frame indices and take values in ft; x; y; zg. The spatial
indices fx; y; zg are denoted by latin indices starting from
i; j; k; l;… The tangent frame indices are the upper scale
latin indices A; B;C;… and take values from 0 to 3,
whereas the lower scale latin indices (that stop before
the index i) a; b; c;… run from 1 to 3.

APPENDIX B: COVARIANT DERIVATIVE
EXPANSION

In this appendix, we briefly outline the CDE [67,68]
which is well suited to deal with curved backgrounds
[53,69,70]. We will follow [53] and extend it to imaginary
time. Our goal is to expand

log J½θ� ¼ Tr
�
ðð=∂θÞγ5 þ 2imθγ5Þ

1

i=D − γt
ffiffiffiffiffi
gtt

p
μec −m

�
:

We first introduce a basis of plane waves to express the
functional trace with a compact and imaginary-time-
direction as

log J½θ� ¼
Z

iβ0

0

dx0
Z

d3x
1

iβ0

×
X
n∈Z

Z
d3q
ð2πÞ3 e

−iωnx0−iqixi trðð=∂θÞγ5 þ 2imθγ5Þ

×
1

i=D − γt
ffiffiffiffiffi
gtt

p
μec −m

eiωnx0þiqixi ; ðB1Þ

9Note that we have access to ∇μhjμ5i and not h∇μj
μ
5i, although

the anomaly is the second one. The reason is that the (real-)time
derivative and the expectation value do not commute for a
nonstationary distribution.
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where ωn ¼ ð2nþ 1ÞπT0 and ∂μqi ¼ 0. We then define x0 ¼ it, and the Jacobian can be expressed as

log J½θ� ¼
Z

β0

0

dt
Z

d3x
1

β0

X
n∈Z

Z
d3q
ð2πÞ3 trð−ð=∂θÞEγ5 þ 2imθγ5Þ

1

Δ−1ð1 − Δi=DEÞ
; ðB2Þ

where the propagator isΔ−1 ¼ −ðγtEΩn þ γiEqi þmÞwithΩn ¼ ð2nþ 1ÞπT0 − i
ffiffiffiffiffi
gtt

p
μec, and the Euclidean Dirac matrices

are defined in Appendix A. It can equivalently written as Eq. (9). The covariant derivative is also redefined as =DE ¼ −=D.
Finally, we use

ðA−1ð1 − ABÞÞ−1 ¼
X
n≥0

ðABÞnA; ðB3Þ

andm ¼ 0 to obtain Eq. (8). In Eqs. (9) and (8) the subscript E is dropped even though the metric and Dirac matrices are the
Euclidean ones.

APPENDIX C: CVE COMPUTATION

Upon using the covariant derivative expansion the leading order T- and μec-dependent terms arise at k ¼ 1 in Eq. (8)

hjμ5ijk¼1 ¼ −
1ffiffiffiffiffijgjp 1

β0

X
n∈Z

Z
d3q
ð2πÞ3 trγ

μγ5Δi=DΔ ¼ −
1ffiffiffiffiffijgjp i

β0

X
n∈Z

Z
d3q
ð2πÞ3 trγ

μγ5ðΔγνðDνΔÞ þ ΔγνΔðiVν þ ωνÞÞÞ: ðC1Þ

In Eq. (C1), the term involving ðDμΔÞ arises due to the dependence on x in Δ via the metric and the electro-chemical
potential, it however vanishes under the Dirac trace by lack of Dirac matrices. In the second term, only the spin connection
provides enough Dirac matrices so that the trace does not vanish, and after performing the integration we obtain

hjμ5ijk¼1 ¼ −i
1ffiffiffiffiffijgjp ðI2½q2�Þαβtrγμγ5γαγνγβων: ðC2Þ

The master integrals are computed in Appendix E. After performing the Matsubara sums we can identify the contributions
from the vacuum, which is the T- and μec-independent piece. It involves UV divergent integrals which can be regularized
using dimensional regularization. The trace can then be performed using a scheme for γ5, and when using the BMHV
scheme [57] it is showed in [53] that the vacuum contribution cancels in (C2).
The T- and μec-dependent pieces only involve finite integrals and the Dirac trace can be performed in 4 dimensions to

obtain

hjμ5ijk¼1 ¼ −i
�
μ2ecðxÞ
4π2

þ TðxÞ2
12

�
Gαβgβλϵμαρσωλ;ρσ; Gαβ ≡

� gtt gti
gti

gtigtj
gtt

�
with G · g−1 ¼

�
1 0
gti
gtt

0

�
;

where TðxÞ ¼ T0=
ffiffiffiffiffi
gtt

p
. We then obtain

hjμ5ijk¼1 ¼ −i
�
μ2ec
4π2

þ T2

12

��
ϵμtρσ þ gti

gtt
ϵμiρσ

�
EA

ρEB
σωt;AB ¼ i

�
μ2ec
2π2

þ T2

6

�
Θμ; ðC3Þ

where Θμ ¼ − 1
2
ϵμνρσuνuλωλ;ρσ with ωλ;ρσ ¼ EA

ρEB
σωλ;AB.

Since the metric and vierbein are independent from the imaginary time and the expansion is in term is imaginary-time
derivative, and we find that ωt;ρσ ¼ −gσνΓν

tρ. It is now convenient to introduce the ADM decomposition of the metric (in
Euclidean signature)

gμν ¼
�
α2 − v2 ivi
ivi σij

�
; gμν ¼

� 1
α2

−i vi
α2

−i vi
α2

σij − vivj

α2

�
; vi ¼ σijvj: ðC4Þ

Using the expressions of the Christoffel symbols in ADM decomposition we can work out
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ϵαβρσωt;ρσ ¼ −iϵαβij∂ivj − ϵαβit∂iðα2 − v2Þ ¼ −ϵαβνμ∂νgtμ ¼ −ϵαβρσ∂ρð
ffiffiffiffiffi
gtt

p
uσÞ; ðC5Þ

where we used again the imaginary-time-independence of the metric and we recall uμ ¼ 1ffiffiffiffi
gtt

p δμt and uμ ¼ 1ffiffiffiffi
gtt

p gtμ. Inserting

(C5) in (C3) we obtain for a time-independent metric

Θμ ¼ Ωμ ¼ 1

2
ϵμνρσuν∂ρuσ:

Additionally, using ut=
ffiffiffiffiffi
gtt

p ¼ 1 we find that

∇μ

�
Θμ

gtt

�
¼ 1ffiffiffi

g
p ∂μ

� ffiffiffi
g

p Ω̄μ

gtt

�
¼ 1

2
ϵ̄μνρσ∂μ

�
uνffiffiffiffiffi
gtt

p
�
∂ρ

�
uσffiffiffiffiffi
gtt

p
�

¼ ϵ̄itjk∂i

�
utffiffiffiffiffi
gtt

p
�
∂j

�
ukffiffiffiffiffi
gtt

p
�

¼ 0:

where Ω̄μ ¼ 1
2
ϵ̄μνρσuν∂ρuσ and ϵ̄μνρσ ¼ ffiffiffi

g
p

ϵμνρσ is the Levi-Civita tensor density (i.e., flat spacetime Levi-Civita tensor)
composed of only 0’s and �1’s, i.e., ∂λϵ̄μνρσ ¼ 0. Using T ¼ T0=

ffiffiffiffiffi
gtt

p
, it implies that

∇μðT2ΘμÞ ¼ 0: ðC6Þ

Therefore, the contribution of the CVE to the anomaly in the adiabatic regime is

ACVE ¼ i
μec
π2

T∂μ

�
μec
T

�
Θμ ¼ i

μec
π2

T∂μ

�
μec
T

�
Ωμ ¼ i

μec
π2

Etot · Ω; ðC7Þ

which vanishes at global equilibrium.

APPENDIX D: CSE COMPUTATION

At k ¼ 2 in (8), after distributing the covariant derivatives on the propagators and omitting the terms with second
derivatives of the fields and thermodynamic variables we obtain

hjμ5ijk¼2 ¼
1

β0

X
n∈Z

Z
d3q
ð2πÞ3 trγ

μγ5γ
αγνγβγργγ

�
qαqβqγ
ðq2Þ3 DνDρ þ

qαqβ
ðq2Þ2

�
Dν;

qγ
q2

�
Dρ þ

qαqβ
ðq2Þ2

�
Dρ;

qγ
q2

�
Dν þ

qαqγ
ðq2Þ2

�
Dν;

qβ
q2

�
Dρ

�
;

ðD1Þ

where we used qμ ≡ ðΩn; qiÞ as a shorthand.
The term from the first line of (D1) involves only the finite integral ðI3½q3�Þαβγ , its vacuum (T; μec ¼ 0) contribution

vanishes identically, since in the vacuum integrals with an odd power of momenta in the numerator vanish. The three terms
from the second line of (D1) involve both ðI3½q3�Þαβγ and ðI4½q4�Þαβγδ. That latter integral is UV divergent and is regularized
in dimensional regularization (see Appendix E). Note that the second line contributes to an operator of the form ð∂μecÞVi,
which is not gauge invariant. However, its divergence ð∂μecÞF is gauge invariant and could contribute to the anomaly.
Nevertheless, we will see that gauge-variant terms cancel when regularized using the BMHV scheme for γ5.
The first line of (D1) reads

L1 ¼ trγμγ5γαγνγβγργγðI3½q3�ÞαβγDνDρ

¼ −2ϵμνργgαβ
1

β0

X
n∈Z

Z
d3q
ð2πÞ3

1

ðgttΩ2
n þ 2gtiqiΩn þ gijqiqj þm2Þ3 ½Ω

3
nδ

0
αδ

0
βδ

0
γ þ qiΩ2

nðδ0αδ0βδiγ þ δ0αδ
i
βδ

0
γ þ δiαδ

0
βδ

0
γÞ

þ qiqjΩnðδ0αδiβδjγ þ δiαδ
0
βδ

j
γ þ δiαδ

j
βδ

0
γÞ þ qiqjqkδiαδ

j
βδ

k
γ �iFνρ:

We then use the integrals given in Appendix E to obtain
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L1 ¼ i

ffiffiffiffiffijgjp
16π2

μec tr iFνρ

�
gttgttϵtμνρ þ 2gtigtiϵtμνρ þ gtigttϵiμνρ þ 2gijgtiϵjμνρ þ gijgijϵtμνρ þ 5

gti
gtt

ϵiμνρ þ gij
gtigtjgtk

g2tt
ϵkμνρ

�
:

ðD2Þ

Using gμρgρν ¼ δμν and (E4) below we find the following
identities

gtigti ¼ 1 − gttgtt; gijgtj ¼ −gtigtt;

gijgij ¼ 2þ gttgtt; gij
gtigtj
g2tt

¼ gtt −
1

gtt
; ðD3Þ

which simplify (D2) down to

L1 ¼
1

4π2
μec

�
ϵtμνρ þ gti

gtt
ϵiμνρ

�
Fνρ ¼

1

2π2
μecBμ:

We now turn to the second line of (D1). Since the integral
ðI4½q4�Þαβγδ is rather involved in curved spacetime and
dealing with the spin connection D ⊃ ω yields lengthy
Dirac traces, we restrict the computation for the case of flat
spacetime. We also omit higher order contributions in μec
[see Appendix E]. We first write explicitly the derivative of
the propagators in flat spacetime

�
Dμ;

qν
q2

�
¼ ∂μ

qν
q2

¼ i∂μð ffiffiffiffiffi
gtt

p
μecÞ

q2

�
−δtν þ 2gλt

qλqν
q2

�
:

Let us compute the first two terms of the second line of
(D1)

Lμ
2;a ¼

1

β0

X
n∈Z

Z
d3q
ð2πÞ3 trγ

μγ5γ
αγνγβγργγ

×

�
qαqβ
ðq2Þ2

�
Dν;

qγ
q2

�
Dρ þ ðν ↔ ρÞ

�
: ðD4Þ

Using the symmetry of the momenta the trace is simply

qαqβ tr γμγ5γαγνγβγργγ ¼ 4qαqβðgαβϵγμνρ þ 2gβνϵγμραÞ;
ðD5Þ

where the first term will not contribute since it is anti-
symmetric in ν ↔ ρ. We thus obtain

Lμ
2;a ¼ 8ϵγμραgβνð−i∂νð

ffiffiffiffiffi
gtt

p
μecÞδtγðI3½q2�ÞαβDρþðν↔ ρÞÞ:

ðD6Þ

Using the master integrals neglecting higher order contri-
butions in μec, we obtain

Lμ
2;a ¼

1

4π2
∂νð

ffiffiffiffiffi
gtt

p
μecÞVρ

�
1

ϵ̄
þ log

�
β

μren

��
ðϵtμρiδνi þ ϵtμνiδρi Þ ¼ 0; ðD7Þ

since ϵtμρiδνi ¼ ϵtμρiδνi þ ϵtμρtδνt ¼ ϵtμρλδνλ ¼ ϵtμρν and likewise ϵtμνiδρi ¼ ϵtμνρ ¼ −ϵtμρν. μren is the renormalization scale and
the spatial dimension is d ¼ 3 − ϵ. Finally, we turn to the last term of the second line of (D1)

Lμ
2;b ¼

1

β0

X
n∈Z

Z
d3q
ð2πÞ3 tr γ

μγ5γ
αγνγβγργγ

qαqγ
ðq2Þ2

�
Dν;

qβ
q2

�
iVρ

¼ 4ðϵβμνρgαγ þ 2ϵμνραgβγ þ 2ϵβμραgνγ − 2ϵβμναgργÞ∂νð
ffiffiffiffiffi
gtt

p
μecÞVρð−δtβðI3½q2�Þαγ þ 2gtδðI4½q4�ÞαβγδÞ:

Using the master integrals and gijgij ¼ 3 − ϵ we obtain

Lμ
2;b ¼ ð∂ν

ffiffiffiffiffi
gtt

p
μecÞVρ

�
1

8π2

�
1

ϵ̄
þ log

�
β

μren

�
þ 1

�
ϵtμνρ −

1

8π2

�
1

ϵ̄
þ log

�
β

μren

��
ðð3 − ϵÞϵtμνρ þ 2ϵtμρiδνi − 2ϵtμνiδρi Þ

−
1

8π2

�
1

ϵ̄
þ log

�
β

μren

�
þ 4

3

�
ϵtμνρ −

1

24π2

�
1

ϵ̄
þ log

�
β

μren

�
þ 1

�
ð3 − ϵÞϵtμνρ

�
¼ 0:

Finally the contribution from the second line of (D1) vanishes. Let us note that the UV divergences cancel each other and
that no renormalizing counterterms are involved. Besides, the finite terms only vanish when the contribution of the form ϵ=ϵ
are properly taken into account.
This shows that, in flat spacetime, while neglecting higher powers of μec and second derivatives of the fields and

thermodynamic variables, the k ¼ 2 contribution to the expectation value of the axial current is gauge invariant and is given
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by Eq. (17). If these hypotheses are relaxed, the compu-
tation becomes much more involved, and the sum integrals
are not straightforward to compute.
The divergence of hjμ5ik¼2 ¼ μec

2π2
Bμ can be expressed as

∇μhjμ5ik¼2 ¼
1

2π2
Etot · Bþ μec

2π2
ffiffiffiffiffi
gtt

p ∇μ

�
Bμffiffiffiffiffi
gtt

p
�

¼ 1

2π2
Etot · Bþ μec

2π2

�
∂μT

T
− aμ

�
Bμ; ðD8Þ

where Etot ¼ T∂μ
μec
T , we used the Schouten identity and

Fti ¼ 0 (since Vi is imaginary-time-independent and Vt
was absorbed in μec).
Using Bianchi identity, the last term can be recast as

�
∂μT

T
− aμ

�
Bμ ¼ ϵijkFjk

�
∂tui − ui

∂tT
T

�
; ðD9Þ

which vanishes since the background fields do not depend
on the imaginary time.

APPENDIX E: MASTER INTEGRALS

The master integrals at inverse temperature β0 and
electro-chemical potential μec are

Ik ¼ 1

β0

X
n∈Z

Z
d3q
ð2πÞ3

1

ðgμνqμqν þm2Þk ;

ðIk½ql�Þα1…αl
¼ 1

β0

X
n∈Z

Z
d3q
ð2πÞ3

qα1…qαl
ðgμνqμqν þm2Þk ; ðE1Þ

where we used qμ ≡ ðΩn; qiÞ as a shorthand. The integrals
with momenta on the numerator are fully symmetric in their
indices. Note that for μec ¼ 0, integrals with an odd power
of momenta in the numerator always vanish.
To perform the Matsubara sums and integration over

3-momenta, it is convenient to diagonalize the denominator
with a first change of variables10

pi ¼ qi −
gti
gtt

Ωn ⇒ gμνqμqν ¼ gttΩ2
n þ 2gtiΩnqi þ gijqiqj

¼ Ω̃2
n þ gijpipj; ðE2Þ

where Ω̃n ¼ Ωn=
ffiffiffiffiffi
gtt

p ¼ πð2nþ 1ÞTðxÞ − iμecðxÞ, T¼
1=

ffiffiffiffiffi
β2

p
¼T0=

ffiffiffiffiffi
gtt

p
, and we used identities from (D3).

This is followed by a second change of variables to
diagonalize the 3-momentum part

ra ¼ eaipi; pi ¼ eaira;

1

β0
d3p ¼ 1

β

ffiffiffiffiffi
gtt

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jdet γijj

q
d3r ¼ 1

β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jdet gμνj

q
d3r; ðE3Þ

where ea are the 3-dimensional vierbein such that

eaiebjδab ¼ γij; eaiebjδab ¼ γij;

γij ≡ gij; γij ¼ gij −
gtigtj
gtt

: ðE4Þ

After these changes of variables, the denominator is
diagonal and any integral with an odd power of ra in
the numerator vanishes.

1. Matsubara sums

The Matsubara sums are defined as

Sn ¼
1

β

X
k∈Z

1

ðΩ̃2
k þ E2

rÞn
Ω̃k ¼ ð2kþ 1ÞπTðxÞ − iμecðxÞ ¼ Ωk=

ffiffiffiffiffi
gtt

p
; ðE5Þ

with TðxÞ ¼ 1=
ffiffiffiffiffi
β2

p
¼ T0=

ffiffiffiffiffi
gtt

p
. They can be computed

using

Snþ1 ¼
ð−1Þn
n!E2n

r

�
dn

dzn
S1ðzÞ

�
z¼1

; where S1ðzÞ ¼ S1jEr→
ffiffi
z

p
Er
;

S1 ¼
1−nðErþμecÞ−nðEr−μecÞ

2Er
; ðE6Þ

and we introduced the Fermi-Dirac distribution

nðErÞ ¼
1

1þ eβðxÞEr
:

Similarly, we define

T n ¼
1

β

X
k∈Z

Ω̃k

ðΩ̃2
k þ E2

rÞn
;

T 2 ¼ −i
β

4Er
ðeβðErþμecÞnðEr þ μecÞ2

− eβðEr−μecÞnðEr − μecÞ2Þ; ðE7Þ

where T 2 is obtained from S1 by

T 2 ¼
1

2i

�
d
dz

S1jμ→μþz

�
z¼0

;

and we have the same recursion formula as (E6) by
replacing every occurrence of S by T and starting from
T 2 instead.
The sums involving higher powers of Matsubara

frequencies in the numerator can be dealt with as follows

10Note that this change of variable may be complex. In practice
we assume it is real and then analytically continue to complex
values.
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1

β

X
k∈Z

Ω̃2
k

ðΩ̃2
k þ E2

rÞn
¼ 1

β

X
k∈Z

Ω̃2
k þ E2

r − E2
r

ðΩ̃2
k þ E2

rÞn
¼ Sn−1 − E2

rSn;
1

β

X
k∈Z

Ω̃3
k

ðΩ̃2
k þ E2

rÞn
¼ T n−1 − E2

rT n:

and so on for higher powers.

2. ðI 2½q2�Þαβ integral

Using the change of variables described above and since an odd power in r in the numerator gives a vanishing integral we
obtain

ðI2
β½q2�Þαβ ¼

ffiffiffiffiffi
jgj

p 1

β

X
n∈Z

Z
d3r
ð2πÞ3

δtαδ
t
βΩ2

n þ 2Ω2
n
gti
gtt
ðδ0αδiβ þ δiαδ

0
βÞ þ eaiebjrarbδiαδ

j
β þ Ω2

n
gtigtj
gtt2

δiαδ
j
β

ðΩ̃2
n þ δabrarb þm2Þ2 :

Using the symmetry of the integral
R
d3rrarbfðrÞ ¼ 1

3
δab

R
d3rr2fðrÞ, Eq. (E4) and performing the Matsubara sums, we

obtain

ðI2
β½q2�Þαβ ¼

ffiffiffiffiffijgjp
2π2

�
Gαβ

Z
∞

0

dr r2ðS1 − E2
rS2Þ þ

1

3
γijδ

i
αδ

j
β

Z
∞

0

dr r4S2

�
where Gαβ ≡

� gtt gti
gti

gtigtj
gtt

�
:

Subtracting the vacuum contribution, we find

lim
m→0

ðI2
β½q2�Þαβ

				
T;μ-dep

¼
ffiffiffiffiffijgjp

4π2

�
μ2ec
4

þ π2

12
T2

�
ðGαβ − γijδ

i
αδ

j
βÞ; ðE8Þ

where we used

Z
∞

0

drrðnðrþ μecÞ þ nðr − μecÞÞ ¼
μ2ec
2

þ π2

6
T2;

Z
∞

0

dr r2ðeβðrþμecÞnðrþ μecÞ2 þ eβðr−μecÞnðr − μecÞ2Þ ¼ T

�
μ2ec þ

π2

3
T2

�
:

3. ðI 3½q3�Þαβγ integral

We have

ðI3½q3�Þαβγ ¼
1

β

X
k∈Z

Z
d3q
ð2πÞ3

1

ðgttΩ2
k þ 2gtiqiΩk þ gijqiqj þm2Þ3 ½Ω

3
kδ

t
αδ

t
βδ

t
γ þ qiΩ2

kðδtαδtβδiγ þ δtαδ
i
βδ

t
γ þ δiαδ

t
βδ

t
γÞ

þ qiqjΩkðδtαδiβδjγ þ δiαδ
t
βδ

j
γ þ δiαδ

j
βδ

t
γÞ þ qiqjqkδiαδ

j
βδ

k
γ �:

Below we compute each term in the massless limit, making use of

T 3 ¼
iβ
8E2

r

�
−

1

2Er
eβðErþμecÞnðEr þ μecÞ2 − βe2βðErþμecÞnðEr þ μecÞ3 þ

β

2
eβðErþμecÞnðEr þ μecÞ2

�
− ðμec → −μecÞ

¼ −
iβ
8E2

r

�
1

2Er
eβðErþμecÞnðEr þ μecÞ2 þ βcschðβðEr þ μecÞÞ3 sinh

�
β

2
ðEr þ μecÞ

�
4
�
− ðμec → −μecÞ;

where csch is the hyperbolic cosecant and sinh is the hyperbolic sinus; under this form it can be straightforwardly integrated
in the massless limit

Z
∞

0

dr r2T 2 ¼ i
μec
4

;
Z

∞

0

dr r4T 3 ¼ i
3μec
16

: ðE9Þ
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The different contributions are

1

β

X
k∈Z

Z
d3q
ð2πÞ3

Ω3
k

ðgttΩ2
k þ 2gtiqiΩk þ gijqiqj þm2Þ3 ¼

ffiffiffiffiffi
jgj

p 1

β

X
k∈Z

Z
d3r
ð2πÞ3

g3=2tt Ω̃3
k

ðΩ̃2
k þ δabrarb þm2Þ3

¼
ffiffiffiffiffijgjp

g3=2tt

2π2

Z
∞

0

dr r2ðT 2 − E2
rT 3Þ ¼

m¼0
i

ffiffiffiffiffijgjp
32π2

gttμec;

1

β

X
k∈Z

Z
d3q
ð2πÞ3

qiΩ2
k

ðgttΩ2
k þ 2gtiqiΩk þ gijqiqj þm2Þ3 ¼

ffiffiffiffiffi
jgj

p 1

β

X
k∈Z

Z
d3r
ð2πÞ3

Ω2
kðeaira þ gti

gtt
ΩkÞ

ðΩ̃2
k þ δabrarb þm2Þ3

¼
ffiffiffiffiffi
jgj

p gti
gtt

g3=2tt
1

2π2

Z
∞

0

dr r2ðT 2 − E2
rT 3Þ ¼

m¼0
i

ffiffiffiffiffijgjp
32π2

gtiμec;

where in the first line the term with an odd power in r in the numerator vanishes.

1

β

X
k∈Z

Z
d3q
ð2πÞ3

qiqjΩk

ðgttΩ2
k þ 2gtiqiΩk þ gijqiqj þm2Þ3 ¼

ffiffiffiffiffi
jgj

p 1

β

X
k∈Z

Z
d3r
ð2πÞ3

Ωkðeaiebjrarb þ gtigtj
g2tt

Þ
ðΩ̃2

k þ δabrarb þm2Þ3

¼
ffiffiffiffiffijgjp

2π2

�
g1=2tt

3
γij

Z
∞

0

dr r4T 3 þ g3=2tt
gtigtj
g2tt

Z
∞

0

dr r2ðT 2 − E2
rT 3Þ

�

¼
m¼0

i

ffiffiffiffiffijgjp
32π2

μec

�
γij þ

gtigtj
gtt

�
¼ i

ffiffiffiffiffijgjp
32π2

gijμec:

where again the terms with odd powers in r in the numerator vanish and we used
R
d3r rarbfðrÞ ¼ 1

3
δab

R
d3r r2fðrÞ and

(E4). Likewise, we find

1

β

X
k∈Z

Z
d3q
ð2πÞ3

qiqjqk
ðgttΩ2

k þ 2gtiqiΩk þ gijqiqj þm2Þ3

¼
ffiffiffiffiffi
jgj

p 1

β

X
k∈Z

Z
d3r
ð2πÞ3

gtigtjgtk
g3tt

g3=2tt Ω̃k þ g1=2tt Ω̃krarbðgtigtt eajebk þ
gtj
gtt
eaiebk þ gtk

gtt
eaiebjÞ

ðΩ̃2
k þ δabrarb þm2Þ3

¼
ffiffiffiffiffijgjp

2π2

�
gtigtjgtk
g3=2tt

Z
∞

0

dr r2ðT 2 − E2
rT 3Þ þ

1

3g1=2tt

ðgtiγjk þ gtjγik þ gtkγijÞ
Z

∞

0

drr4T 3

�

¼
m¼0

i

ffiffiffiffiffijgjp
32π2

μec

�
gtiγjk þ gtjγik þ gtkγij þ

gtigtjgtk
g2tt

�
:

4. ðI 4½q4�Þαβγδ integral

To keep the computation tractable, we compute this integral in flat spacetime. This integral is UV divergent and we
compute in dimensional regularization by taking the spatial dimension to be d ¼ 3 − ϵ. In the massless limit we find

ðI4½q4�Þαβγδ ¼
1

β

X
k∈Z

Z
ddq
ð2πÞd

qαqβqγqδ
ðΩ2

k þ q⃗2Þ4

¼ 1

β

X
n∈Z

Z
ddq
ð2πÞd

1

ðΩ2
n þ q⃗2Þ4 fΩ

4
nδ

t
αδ

t
βδ

t
γδ

t
δ þ Ω2

nqiqjðδtαδtβδiγδjγ þ δtαδ
i
βδ

t
γδ

j
γ þ…Þ þ qiqjqkqlδiαδ

j
βδ

k
γδ

l
δg;

where the dots denote the four other possible combinations and q⃗2 ¼ δijqiqj.
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To see the divergent behavior as ϵ → 0, both integral and
sum must be evaluated. This can be achieved by adapting
the method in [71] to massless fermions. By using a Mellin
transform, i.e., introducing a new integral with respect to a
parameter s, the computation of the sum and of the
momentum-integral become separated and easier to com-
pute. Only the sum is different from the bosonic case [71],
and is now

2
X
n∈N

Ω−s
n ¼ 2ð1 − 2−sÞ

�
π

β

�
−s
ζðsÞ; ðE10Þ

where the factor 2 comes from the separation of negative
frequencies before introducing the Mellin transform for
even powers of Ωn in the numerator. Finally, the s-integral
can be computed with the residue theorem. In the massive
case, there is an infinity of poles and the result is an
expansion in powers of ðβmÞk, whose truncation makes
sense in the high-temperature/low-mass limit T ≫ m.
Thus, when considering the massless case the result is
much simpler and in the present computation the diver-
gence arises from ζð1þ ϵÞ. It is not straightforward that
this method can be applied for a complex shift in the
Matsubara frequencies, we therefore only use it for μec ¼ 0.

For a vanishing μec each term can be computed to obtain

1

β

X
n∈Z

Z
ddq
ð2πÞd

Ω4
n

ðΩ2
n þ q⃗2Þ4 ¼

1

64π2

�
1

ϵ̄
þ log

�
β

μren

�
þ 4

3

�
þOðϵÞ; ðE11Þ

where μren is the renormalization scale, ϵ̄−1 ¼ ϵ−1 þ ðγE þ logð4=πÞÞ=2 with γE the Euler-Mascheroni constant. Then

1

β

X
n∈Z

Z
ddq
ð2πÞd

Ω2
nqiqj

ðΩ2
n þ q⃗2Þ4 ¼

δij
d
1

β

X
n∈Z

Z
ddq
ð2πÞd

Ω2
nq⃗2

ðΩ2
n þ q⃗2Þ4 ¼

δij
192π2

�
1

ϵ̄
þ log

�
β

μren

�
þ 1

�
þOðϵÞ; ðE12Þ

and

1

β

X
n∈Z

Z
ddq
ð2πÞd

qiqjqkql
ðΩ2

n þ q⃗2Þ4 ¼
δijkl

dðdþ 2Þ
1

β

X
n∈Z

Z
ddq
ð2πÞd

ðq⃗2Þ2
ðΩ2

n þ q⃗2Þ4 ¼
δijkl
192π2

�
1

ϵ̄
þ log

�
β

μren

��
þOðϵÞ; ðE13Þ

where δijkl ¼ δijδkl þ δikδjl þ δilδjk.

APPENDIX F: LEUTWYLER AND FUJIKAWA PROCEDURES

In this appendix, we detail the derivation of the anomaly following the Leutwyler procedure [58–60].

1. Leutwyler method

The Jacobian from the axial transformation (7) can alternatively be computed following the Fujikawa [51] or Leutwyler
[58–60] procedures which yield the same expression of the anomaly. The Leutwyler procedure is outlined in the following.
We consider the effective action

W½Aμ� ¼ − log
Z
b:c

Dψ̄Dψe−
R

β0
0

dt
R

d3xðL−Aμj
μ
5
Þ ¼ − log detβ0O; ðF1Þ

with the Lagrangian given in Eq. (4) and Aμ is introduced as an external source for the axial current jμ5 ¼ ψ̄γμγ5ψ . Its only
purpose is to extract the expectation value of the axial current, it is not a physical field. After performing the Gaussian
integration we obtain the functional determinant of the operator

O ¼ iγμð∇μ þ ωμ þ iVμ þ iAμγ5Þ; Vt ¼ ffiffiffiffiffi
gtt

p
μec; Vi ¼ Vi: ðF2Þ

The subscripts β0 indicate the cyclicity of the time direction in the functional determinants and traces.
After performing the transformation δθAμ ¼ ∂μθ and setting Aμ ¼ 0 we obtain

δθWjAμ¼0 ¼
Z

β0

0

dt
Z

d3xθðxÞh∇j5i ¼ −δθ log detβ0OjAμ¼0
¼ −Trβ0ðδθOÞO−1jAμ¼0

: ðF3Þ
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The functional trace on the right needs to be regularized,
this can be achieved using a proper time regularization

O−1 ¼ −O† lim
Λ→∞

Z
∞

1=Λ2

dτ f0ðτOO†Þ;

for f some smooth such that fð0Þ ¼ 1 and ∀ n ≥ 0,
fðnÞðþ∞Þ ¼ 0, e.g fðxÞ ¼ 1

1þx2. This yields the following
expression for the anomaly

AðxÞ ¼ −
δ

δθðxÞ lim
Λ→∞

Trβ0ðδθOÞO−1f

�
OO†

Λ2

�				
Aμ¼0

¼ 2
δ

δθðxÞ lim
Λ→∞

Trβ0 θγ5
Λ2

D2 þ Λ2
; D ¼ OjAμ¼0:

ðF4Þ
More details about the procedure can be found for example
in [72]. The same expression for the anomaly (F4) would be
obtained following the Fujikawa procedure.
The crucial difference with our previous computation is

the cutoff Λ which is sent to infinity. This cutoff appears as
a mass in the propagators, and importantly restores Lorentz
invariance, hence killing all dependence on temperature
and fluid 4-velocity. We prove it below. As a result, the
expression of the anomaly (F4) is the usual axial anomaly
except that the gauge field Vμ is replaced by Vμ. We thus
obtain

A ¼ 1

8π2
FF̃ −

1

192π2
RR̃ ¼ 1

2π2
E · B −

1

192π2
RR̃; ðF5Þ

where F is the field strength for V (20).

2. Infinite mass limit in the master integrals

The master integrals that occur in the computation using
the Leutwyler method are those defined in Appendix E with

the replacement m → Λ. After the change of variable
described in (E2) they take the form11

I ¼ 1

β

X
n∈N

Z
d3r
ð2πÞ3

ω̃2j
n r2k

ðω̃2
n þ r2 þ Λ2Þn

¼ Λ3þ2kþ2j−2n
X
n∈N

Z
d3s
ð2πÞ3 ds0fðnds0; saÞ; ðF6Þ

where we changed variables sa ¼ ra=Λ and defined

fðx; saÞ ¼
s2kð2πxþ πκds0Þ2j

ðð2πxþ πκds0Þ2 þ s2 þ 1Þn ; ds0 ¼
1

βΛ
ðF7Þ

We introduced κ ¼ 1 (resp. 0) for fermionic (resp. bosonic)
Matsubara frequencies. At fixed β and in the Λ → ∞ limit
(i.e ds0 → 0), we identify a Riemann integral and obtain

I ¼ Λ3þ2kþ2j−2n
Z þ∞

−∞
ds0

Z
d3s
ð2πÞ3

s2kð2πs0Þ2j
ðð2πs0Þ2 þ s2 þ 1Þn

¼
Z

dr0d3r
ð2πÞ4

r2kr2j0
ðr20 þ r2 þ Λ2Þn ; ðF8Þ

where we changed variables r0 ¼ 2πΛs0, ra ¼ Λsa. First,
the integral is independent from κ in the limit Λ → ∞, and
second we obtain that the result is independent from the
temperature. We thus recover the 4-dimensional integral
from a T ¼ 0 computation. Using the symmetries of the
integral, the numerator can be recast as involving
only r20 þ δabrarb.
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