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Quantum anomalies give rise to novel transport phenomena, including the generation of a current in a
relativistic fluid due to the presence of magnetic field or vorticity. We present an exclusive and direct
computation of the chiral anomaly in the adiabatic regime within the path integral for a massless fermion on
a generic electromagnetic and curved background, including local temperature and chemical potential. We
identify new quantum-thermodynamical contributions to the breaking of axial symmetry which induce the

chiral separation and vortical effects.
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I. INTRODUCTION

The concept of quantum anomalies emerged in the late
1960s, first identified through the quantum breaking of the
axial symmetry in quantum electrodynamics [1,2]. Since
then, anomalies have become a cornerstone of research in
theoretical physics. Surprisingly, the connection between
the chiral anomaly and transport phenomena was recog-
nized only recently, giving rise to effects such as the chiral
magnetic effect (CME) [3], the chiral separation effect
(CSE) [4] and the chiral vortical effect (CVE) [5,6].

In condensed matter, the CME has been measured in
semimetals [7]; experimental evidence is also awaited and
actively sought in heavy-ion collisions [8]; Weyl super-
fluids [9,10]; and important implications are expected in
astrophysics and cosmology [11]. These connections have
established anomalous transport as a highly dynamic field
of research.

For a Dirac fermion coupled to electromagnetism, with
finite vector and axial chemical potentials x# and ps at
temperature 7', the vector and axial currents include
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where the CME (resp. CSE) is induced by the magnetic
field B* in the vector (resp. axial) current, whereas the CVE
is induced in both currents by the vorticity Qf =
%eﬂ”p”u,/apua, where u,, is the fluid 4-velocity.

More generally, the decomposition of macroscopic
currents, including the CME, CSE, and CVE, has been
formulated within the framework of the hydrodynamic
effective action [12—14]. This bottom-up construction is
independent from a microscopic theory and thus lists all the
possible contributions to the currents, up to unknown
transport coefficients. These coefficients can be accessed
via a hydrodynamics approach [5,15], or using linear
response theory through the so-called Kubo formulas
[16-18], as well as other methods [16,19,20].

In the hydrodynamic picture, a connection between the
chiral anomaly and the chiral effects involving the chemical
potential was initially obtained in [5]. However, such a link
remains elusive from the microscopic point of view as the
anomaly is injected and not computed within the same
framework. It was proposed in [17], and subsequently
explored in [21-24], that the temperature dependence of the
CVE is induced by, or at least intimately linked to, the
axial-gravitational anomaly. On the other hand, it is well
established that the chiral and axial-gravitational anomalies
are independent from a temperature and chemical potential,
which seems to contradict these connections. The temper-
ature-independence was shown in [25-29] for the chiral
anomaly, and in [30,31] for the axial-gravitational anomaly,
whereas the independence from the chemical potential was
investigated in [32].

In this paper, we focus on the CVE and CSE for a
massless Dirac fermion and investigate their relation to the
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chiral anomaly in the presence of local temperature and
chemical potential, from a top-down approach. In the first
section, we introduce the imaginary-time path integral
representation of the local equilibrium partition function
with background curvature and electromagnetic field, and
discuss global equilibrium conditions. In the second
section, we then access the anomaly by evaluating the
Jacobian of the chiral transformation as a ratio of path
integrals. This also yields the quantum-statistical expect-
ation value of the axial current itself and generalizes the
CVE and CSE in gravity and for any fluid velocity. We end
the paper with a discussion and conclusions, and show the
consistency of our new terms with the usual anomaly
equation. In the Appendix, we present details of various
calculations leading to the main results discussed in the
text. After writing down our conventions, we detail the
computation of the CVE and CSE, and how they contribute
to the chiral anomaly. We then explain how the master
integrals at finite temperature and electro-chemical poten-
tial are computed in curved spacetime.

II. THERMODYNAMICS IN CURVED SPACETIME

Our goal is to study a spin-1/2 Dirac fermion with mass
m coupled to a gravitational and electromagnetic back-
ground, at local equilibrium.

A. Temperature in imaginary-time formalism

We first consider a flat spacetime, where the local
equilibrium is described by the distribution that minimizes
the information entropy. At constant temperature 7, =
1/, and chemical potential p,(X) associated with the
vector current ji, = yy*y, the partition function reads [33]

7 — Tr o PolH=[ & au@7y) (1)

Using the imaginary-time formalism it can be recast as a
path integral at a fixed real-time t; [34-36]

Zltg) = | DDye " 9 E, 2)
b.c

with £ =y (iy*(9, +iV,) —m)y and V, =V, + s,
where V, is the vector gauge field. The boundary conditions
are antiperiodic in imaginary time b.c = {y(iffy,X) =
=y (0,X),w(ify, X) = —p(0,X)}. Importantly in the imagi-
nary-time formalism for local equilibrium, the path integral
variables depend only on the imaginary time ¢ and therefore
L D 9d,, whereas all the background fields and thermody-
namic variables depend only on the real time 75 [35,36]. Asa
result, the expectation values are obtained in the adiabatic
regime where 9, (O) ~ (d,,O) ~ 0. In the remaining of the
paper we omit the 7 dependence for simplicity.

B. Electro-chemical potential

The decomposition of the electro-chemical potential V; =
V,+ uo into an electrostatic potential V, and an internal
chemical potential u, is arbitrary [37]. As it ultimately
defines the thermodynamic parameter that determines the
vector charge density, we will refer to it as p,. in the
following. To distinguish between the chemical and electro-
static components of the electro-chemical potential, a
reference point must be introduced. A natural choice is to
redefine the electrostatic potential such that it vanishes
when the electric field does: Ugee =V, = V,[z_5 with
V,|z_5 = const. In this case, the chemical potential is
defined as y = p,. — Ugec = po + Vi|z_,- Although the
separation y,. = p + U depends on the reference point,
the gradient d,u,. = d,u + E, does not.

C. Curved spacetime

In a curved spacetime admitting a foliation along the time
direction #(x), the notion of equilibrium requires the
introduction of the 4-temperature f* = u#/T with u* the
fluid 4-velocity with #?> = 1 and T'(x) the local temperature.
The local equilibrium partition function reads [35,38,39]

7 —Tr e—den,‘(T’“ﬂb—évofxl/)’ (3)

where n,(x) is the unit vector orthogonal to the hyper-
surfaces of constant time, and (o = po(x)/T(x).

Without loss of generality, we may choose the coordinate
system {x*} = {,X} such that # = & and u* = #/+/|2|
[35]. This choice may come at the expense of having a
more complicated metric, which is not a difficulty since we
will keep it as generic as possible. In particular, with this
choice, the local temperature is 7'(x) = Ty/+/|g,| and the
normal to the time-slices is n, = &,/ V/g"|." The electro-
chemical potential is u,. = g + Ugec/+/ |9, and the elec-
tric field is defined as E, = F,,u* = (0,Uecc)/v/]9u]-

The local equilibrium partition function can be recast as
the path integral Eq. (2) with the curved space-time
Lagrangian [35]

L=y(iy"(V, +w, +iV,) —m)y, 'V, = \/Gubec-

(4)

We have y# = E,#y* with E*, the vierbein fields, ), is
related to the spin connection by @, = £ [y, y¥]w, 45 and
V is the diffeomorphism covariant derivative. Note that the
spacetime measure \/rgT was absorbed in the path integral

variables so as to obtain a diffeomorphism-invariant path
integral measure [40—42].

'Even though ,/g;,T = const due to our choice of coordinates,
the temperature is not at global equilibrium, i.e., #* is not Killing.
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D. Global equilibrium

The global equilibrium conditions follow from requiring
that the exponent of the partition function Eq. (3) is the
same for each time slice. A set of sufficient conditions are
[39,43,44]°

(i) Temperature: g, is Killing, ie V,6,+V,p, =

Tlo ;9 = 0, that is to say the metric is independent

from the real time. In that case, T'(x) = 1/+/f? is the
global equilibrium temperature [46—48].
(ii) Electro-chemical potential: &, =70, % =0 or
equivalently 79, %+ E, = 0. Close to global equi-
librium, T()% is the electric field created by the
distribution of charges in the medium, and & is
therefore the total electric field.
Note that we only apply these conditions at the end of our
computations.

E. Fluid velocity within the metric

Beyond applications to gravity, the curvature of space-
time can also describe a fermion fluid in motion. For
example, consider the flat metric g,, = 7, = diag(1, -1,
—1,—1) and a fluid with 4-velocity u* =/+/|¢*| =
\/1]_? (1, =7). If the fluid has a vanishing material derivative
0, — 10,7 = 0, then the change of coordinate to the fluid
rest frame is simply achieved by # = t and x" = x' + vit. In
the rest frame, the time direction is given by # = &, and the

4-velocity u* = ﬁ (1,0). As mentioned above, the metric
—U

is now more complicated and reads

1-2> o
w2 1) 5

Note that in imagmary time the fluid is described by a
complex metric.’ Since we kept the metric generic, our
partition function (4) can describe a fluid with any velocity in
a gravitational background, which is in general more
complicated than (5).

III. CHIRAL ANOMALY AND CHIRAL EFFECTS

We consider the U(1), transformation of infinitesimal
parameter 6(zg,x) with O(|X| - 00) =0
l/// — eigySI//, ll—// — l/—/eigy5. (6)
The partition function Eq. (2) with Lagrangian Eq. (4)
reads’

Less restrictive conditions can be found [45].

’See Refs. [49,50] for interesting discussions about rotating
ﬂUIdS with imaginary fluid velocity.

*Note that the functional determinant and traces are over
functions that respect the boundary conditions b.c.

Z =det[ip —y'\/Gubec — M), DMEVﬂ—l—a}ﬂ—i—iéLV,»,
where we separated p,. from the covariant derivative for
convenience. It is invariant under relabeling its integration
variables as Eq. (6) which produces a Jacobian J[0] [51]
Z =J[0]det[ip —

V' Gubhec — m — (90)ys — 2im0ys]

with  J[0] = exp (— A " 4 / d3x\/§9A>. (7)

The anomaly can thus be expressed as a ratio of functional
determinants [52], and in particular we obtain

log J[0] = Tr {((?’9)75 + 2im0ys)

1
I.D—]/I\/QZ ec _m:|‘

At zero temperature, one cannot straightforwardly take the
m = 0 limit due to the presence of infrared (IR) divergen-
ces, and the term proportional to 2imfys is necessary to
obtain the anomaly [52]. However, at finite temperature, the
massless limit is well defined since the temperature acts as
an IR regulator as we will see below, and the 2im6ys-term
can safely be dropped. In that case, we recover that the
anomaly (in the adiabatic regime where the time-derivatives
vanish) is the spatial divergence of the expectation value of
the axial current A = (V,jt).

We evaluate the Jacobian using the covariant derivative
expansion (CDE) in curved spacetime (e.g., [53]) adapted
to finite temperature and imaginary time, which is organ-
ized as a weak field expansion compared to Max{,., T}
with Euclidean metric

= / " 4 / Fxy/5(0,0) (14)
/ dt/d3x(a 0) ﬂonez/

x ) [AIPJFA, (8)

keN

log J[6]

5 tryfys

where the propagator A involves the fermionic Matsubara
frequencies Q, = (2n + 1)aTy — i\/Gupec (),

r'Q, +7'q;
9" +2¢"Q,q; + 97 q:9;

Alg) = ©)

Note that we chose to insert the electro-chemical potential
in the Matsubara frequencies, although we could equiv-
alently have kept it in the covariant derivative.’

Keeping 4, in the propagator allows for a nonperturbative
treatment rather than considering it to be small with respect to the
temperature. It is a resummation of the perturbative case, as
happens in the study of strong fields, see [54].
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To compute the Matsubara sums it is convenient to
change variables to p; = g; — Q,9,;/9,, which yields

" + 7' pi
A(p) = 527,]
Q, +9'pip;
Q, = (2n+ )aT(x) — iu,.(x). (10)

From this expression, it is clear that the temperature
prevents the denominator from vanishing, hence acts as
an IR regulator. Our conventions are defined in
Appendix A. Details about the CDE are deferred to
Appendix B.

A. Chiral vortical effect

The leading order contribution to the chiral anomaly
occurs at k =1 in Eq. (8). The expansion is carried out
keeping in mind that the covariant derivative does not
commute with the propagators due to the presence of the
metric and the electro-chemical potential. Nonetheless, the
only contribution that is nonvanishing under the Dirac trace
comes from the spin connection

—i

(J5) iy = \/g(12[42])aﬂtr7”757/“}/”7”ww (11)

with the master integrals defined in Appendix E. These
integrals can be straightforwardly evaluated in the massless
limit and we find in Lorentzian signature the CVE®

2 2
. Hee | T
0l = (4547 ) (12)
where’
1 1
O = —Eeﬂ”f"’u,,u’la)&p(, = Ee"””"u,ﬁpum (13)

is the vorticity. Note that this expression is valid for any
fluid velocity and gravitational background in the adiabatic
regime. It is only in flat spacetime and for a fluid velocity
with vanishing material derivative that the metric takes the
simple form (5) and u; is proportional to the fluid
velocity v;.

Although the CVE is not related to the usual axial-
gravitational anomaly (x RR) as discussed in [21,22], it is
still a mixed anomaly in the sense that is it induced by a

The contribution from the vacuum (T, poe = 0) vanishes
when regularized such that the vector symmetry is preserved,
see Appendix C.

"Note that © is expressed in terms of the spin connection in the
inertial frame where u/ (16) only. This is not a frame-
independent expression. However O# = %e’”’”"uudpu,; remains
valid in any frame.

gravitational background (the spin connection here) in the
axial current.

To obtain the contribution of the CVE to the anomaly, we
integrate by parts the derivative on € in Eq. (8). Since the
time derivative is with respect to the imaginary time and
that the background fields depend only on the real time, we
have in particular V,(7?0#) =0 (see Appendix C).
Finally, we obtain

71'2

Acyp = Hec 8.6 = e (Ta,ﬁ + E,-)@i. (14)
7 T
To the best of our knowledge, this contribution of the CVE
to the anomaly is an important and new result. Importantly,
it can be recast as a Pontryagin density for the vector
field U, = pocu,.*
Lastly, when the global equilibrium conditions are
enforced, one finds that the whole contribution of the
CVE to the anomaly vanishes

Acve A (16)

More details about the CVE calculation and the CVE at
global equilibrium are deferred to Appendix C.

B. Chiral separation effect

The next-to-leading order contribution occurs at k = 2 in
Eq. (8). For simplicity, we omit terms that involve more
than one derivative of the fields and thermodynamic
quantities. As detailed in Appendix D, the computation
involves both (Z3[¢?]) 5, which is finite since its vacuum
contribution vanishes identically, and (Z*[¢"]) 5,5 Which is
ultraviolet (UV) divergent. We regularize it using dimen-
sional regularization

1 d*q 1 diq
ﬁo;/@ﬂf—)ﬂo;/@ﬂd’

Note that the Dirac matrices are also extended to d
dimensions, and we use the Breitenlohner-Maison-’t

d=3-c¢.

%This was also pointed out in [55] for a constant chemical
potential and in flat spacetime.

1 -
Acve =57 sFuFy, (15)
T

with Fyy,, = V,U, =V, U, and Ffj = Le"»F, . This reflects
the fact that the density of charges g, in the fluid moving with
4-velocity u, is an electric current from the point of view of the
observer. If the fluid is rotating, the observer will therefore

measure a magnetic field Ee = 2}1“6. Note that the 72@-term
can also be recast as a Pontryagin density for U, = Tu,, although
it does not contribute to the anomaly in the adiabatic regime and

is thus beyond the scope of this paper.
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Hooft-Veltman (BMHV) scheme [56,57] for ys which
preserves the vector symmetry (see, e.g., [52]).

Importantly, all divergences cancel when all contribu-
tions are taken into account. Nonetheless, finite terms that
arise from UV poles 1/e multiplied by an ¢ from the Dirac
trace contribute to the final result. These terms are
necessary to account for and ensure the gauge invariance
of the result. We thus obtain in Lorentzian signature

. 1
<]I;>|k=2 = Tﬂ_zﬂecBﬂ + O(az(gv Hee» T)) (17)

where the magnetic field is B* = % mrou, F,, with Fy; =
0;V;—0;V;and F,; = 0 since we moved V, in the electro-
chemical potential and d,V; = 0. We recognize the CSE
now generalized to include the effects of a background
curvature, and background electric field which is encom-
passed in the electro-chemical potential.

After taking the divergence and applying 6/60(x), we
find the contribution of the CSE to the anomaly

1
= . T E; 1
Acse 2 27[2( 0=+ ) (18)

Again, at global equilibrium the contribution of the CSE to
the anomaly vanishes

Acse = (19)

GEQ

Note that the contribution from the CSE to the anomaly is
equal to the Pontryagin density for the gauge field V, =

VGithecOy + Viéfl
- o 1 .
ACSE:_E'B:—FVFV' (20)

Details about the derivation of the CSE are deferred to
Appendix D.

IV. DISCUSSION AND CONCLUSIONS

In this paper, we compute for the first time the chiral
anomaly with generic background curvature (i.e., gravity
and/or fluid velocity) and electromagnetic field, at local
equilibrium with local temperature and electro-chemical
potential, and in the adiabatic regime where the time-
derivatives vanish. We define the anomaly as the symmetry
breaking which is not classical [i.e., the Jacobian Eq. (7)],
arising from the quantum-statistical distribution. As a
consequence, we do not only obtain the usual vacuum
contribution to the anomaly, but also the local thermody-
namic parameters which is to our knowledge a new result
with clear phenomenological applications. It is given by

[ 1 ec = =
A=) =51 (19%) - a8+ B 1)

up to third derivatives of the fields and thermodynamic
variables, with y,. the electro-chemical potential, ®* =
% e"Pu,0,u,
field.

As a corollary result of this paper, we also obtain the
generalization of the CVE Eq. (12) and CSE Eq. (17) at
local equilibrium with electromagnetic and curved back-
ground in the adiabatic regime. One of the main advantages
of our method of computation is that the link between the
anomaly and the chiral effects is clearly established.

Equation (21) differs from the anomaly in a simple
electromagnetic background. The first main difference is
the dependence on the gradient of chemical potential. Its
presence is however rather intuitive and reflects the fact that
the distribution of charges in the medium generates an
electric field proportional to 790%. The anomaly is therefore

sensitive to the total electric field & = Tg"? = T(;% + E,
including the one created by the macroscopic distribution
of charges.

Additionally, the anomaly contains a term proportional
to the vorticity ®*. In the inertial frame, it arises from the
spin connection (13) and appears as a consequence of the
separation of space and time at finite temperature. As a
result it does not appear in the Fujikawa [51] or Leutwyler
[58-60] procedures which restore Lorentz invariance (see
Appendix F). As shown in Eq. (15) it can be expressed in
terms of a Pontryagin density for the vector field U, =

the vorticity and B the external magnetic

Heclty, Which implies that EQ = 2;:66@ is in fact the
magnetic field generated by the rotation of charges in
the fluid as seen by the observer.

We emphasize on a potential confusion that can be found
in the literature: our direct computation reveals that the
electric and magnetic fields created by the distribution and
motion of charges in the fluid enter the anomaly on the
same footing as the external electric and magnetic fields. In
particular, in the bottom-up approach originating from [5],
and retaken across the literature [15, 61 62] the anomaly
equation should not be matched onto 5 2 E - B but onto

1

A22

£-B. (22)
where & = T5”7 = T5$+ Eand B= B+ 24,.0 are the
total electric and magnetic fields as seen by the observer.
An important consequence of this equation is that the CVE
and CSE are in fact similar effects and are both generated
by the chiral anomaly. The CSE is created by a nonuniform
distribution of charges and an external electric in the
presence of an external magnetic field, whereas the CVE
is created by the rotation of a charged fluid in the presence
of an electric field.
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Finally, another important result of this paper is the
vanishing of the chiral anomaly at global equilibrium

A =0, (23)

which simply results from the vanishing of the total electric

field £ at global equilibrium.

Another point raised in the literature is the relation
between temperature dependence of the CVE and the
mixed axial-gravitational anomaly o« RR. This link is only
realized in a specific setup where a black hole is introduced
at infinity to obtain a geometric source for the temperature
[21,22], although RR is vanishing where the CVE is
present. Equation (12) demonstrates that the whole CVE
indeed arises from a new mixed axial-gravitational term
that involves the spin connection. Incidentally, this solves
the mismatch of power counting [22] between the four
derivatives of the metric in RR and the only two derivatives
in the divergence of the CVE.

Finally, it would be interesting to investigate a non-
adiabatic regime, since by naively taking the total diver-
gence of the CVE and CSE including the time-derivative,
one obtains additional contributions depending on the
temperature gradient and the acceleration of the fluid
a, = uw'Vu,’

T2 aJ,T
v =2 (v,,@u 120 ﬂ7>

Hec 0,T |
53 ("T—aﬂ>3ﬂ+2ﬂzg-6. (24)

In particular, a nonadiabatic regime would allow to directly
link the 720-term of the CVE to the anomaly. This would
however require the use of a real-time approach such as the
Schwinger-Keldysh formalism [63,64] which is out of the
scope of this paper.

Our approach should be well-suited to investigate the
transport effects with axial background (e.g., the CME),
and should offer novel insights. Since it involves additional
subtleties regarding the introduction of an axial chemical
potential and the treatment of y5 in dimensional regulari-
zation, we postpone the discussion for future work [65].
Our findings about the new contribution to the chiral
anomaly at local equilibrium could have interesting impli-
cations regarding the problem of matter antimatter asym-
metry in the Universe, e.g., baryogenesis, and also
phenomenology of axions [66].

*Note that we have access to V,, (/%) and not (V,,j%), although
the anomaly is the second one. The reason is that the (real-)time
derivative and the expectation value do not commute for a
nonstationary distribution.
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APPENDIX A: CONVENTIONS AND NOTATIONS

In Lorentzian spacetime ¢“, the metric signature is
(+ ——-). In imaginary time, the metric becomes
Euclidean with g7; = g5, g1, = igh» g; = —gi;» and the
Euclidean Dirac matrices are yL =iy’ and yL = —y'.
From Eq. (8) on, the metric and Dirac matrices are
Euclidean even though we drop the index E.

The greek indices u,v,p,a,p,... are the coordinate
frame indices and take values in {z,x,y,z}. The spatial
indices {x, y, z} are denoted by latin indices starting from
i,j,k, I, ... The tangent frame indices are the upper scale
latin indices A, B,C,... and take values from 0 to 3,
whereas the lower scale latin indices (that stop before
the index i) a, b, c, ... run from 1 to 3.

APPENDIX B: COVARIANT DERIVATIVE
EXPANSION

In this appendix, we briefly outline the CDE [67,68]
which is well suited to deal with curved backgrounds
[53,69,70]. We will follow [53] and extend it to imaginary
time. Our goal is to expand

log J|0] = Tr {(((39)75 + 2imbys) ip— yt\/;_ﬂ -m|’

We first introduce a basis of plane waves to express the
functional trace with a compact and imaginary-time-
direction as

i 1
log J[6] _/ °dx0/d3x,—
0 ibo

d3q —iw, O—ig X '
: r;Z/ (271')36 T e ((g0)ys + 2imbys)

1
X .
lp - yt\/ Githec — M

i O iy
iw,x"+iq;x
e =,

(B1)
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where w, = (2n + 1)zT, and d,q; = 0. We then define x% = it, and the Jacobian can be expressed as

log J[6] = / dt/d3 /( —(90)rs +21m975)m7 (B2)
Onez

where the propagatoris A™! = —(y,Q,, + yhq; + m) with Q,, = (2n + 1)2Tg — i1/Gyle» and the Euclidean Dirac matrices
are defined in Appendix A. It can equivalently written as Eq. (9). The covariant derivative is also redefined as Py = —D.
Finally, we use

(A7!(1-AB))™' = "(AB)"A. (B3)

n>0

and m = 0 to obtain Eq. (8). In Egs. (9) and (8) the subscript E is dropped even though the metric and Dirac matrices are the
Euclidean ones.

APPENDIX C: CVE COMPUTATION

Upon using the covariant derivative expansion the leading order 7- and p,.-dependent terms arise at k = 1 in Eq. (8)

(F5) et = — ol ﬁonez/ 5 )3try rsAIPA = \/?ﬁonez/ styfys(Ay(D,A) + AyA(iV, + @,))).  (Cl)

In Eq. (Cl1), the term involving (D,A) arises due to the dependence on x in A via the metric and the electro-chemical
potential, it however vanishes under the Dirac trace by lack of Dirac matrices. In the second term, only the spin connection
provides enough Dirac matrices so that the trace does not vanish, and after performing the integration we obtain

, 1 .
(75 xer = —l\/—m(fz[qz])aﬂtrr"?sr 1y, (C2)

The master integrals are computed in Appendix E. After performing the Matsubara sums we can identify the contributions
from the vacuum, which is the 7- and yu,.-independent piece. It involves UV divergent integrals which can be regularized
using dimensional regularization. The trace can then be performed using a scheme for y5, and when using the BMHV
scheme [57] it is showed in [53] that the vacuum contribution cancels in (C2).

The T- and p,.-dependent pieces only involve finite integrals and the Dirac trace can be performed in 4 dimensions to
obtain

2 2 ; 1 0
. s (x)  T(x) o 9 Gui . _
(o) liey = —l< = + B Gy w, ., Gy = g9y | With G-g I = w o)

Gri i it

where T(x) = Ty/+/g,- We then obtain

T2 T2
U — Hec utpe Gii ehipo EA EB _ ,uec e+, 3
<Js>|k:1 <4 5T 12) < +gn > ocWiAp = 1 ) +— 6 ( )

where O = —1emroy utw, ,, with w, ,, = E* EB 0, 4p.
Since the metric and vierbein are independent from the imaginary time and the expansion is in term is imaginary-time
derivative, and we find that @, ,, = —g,,I7,. It is now convenient to introduce the ADM decomposition of the metric (in

Euclidean signature)
2,2 1 _j
a-—v 1V; 5 P L) ; ij
g/,u/ = . s gﬂ = L s vV =0 Uj. (C4)
Lv; O-ij
0

Using the expressions of the Christoffel symbols in ADM decomposition we can work out
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€aﬂpgwt,pa = _ieaﬂijaivj - eaﬂitai (a2 - Dz) = _eaﬂwat/gtﬂ = _eaﬁpaap( gtt”o‘)7 (CS)

where we used again the imaginary-time-independence of the metric and we recall u* =

& and u, = \/_ 9y Inserting

ﬂ

9n
(C5) in (C3) we obtain for a time-independent metric

1
Ot = QHF = Eeﬂ”p“ubdpuz,.

Additionally, using u,/,/g, = 1 we find that

H 1 Qr 1 .
of2) o)t ) ()
i N i 2 \/% \/‘% \/% \/%

where Qﬂ = %é‘“’p“uyapua and &7 = /ge"?° is the Levi-Civita tensor density (i.e., flat spacetime Levi-Civita tensor)
composed of only 0’s and +1°s, i.e., 0,*”° = 0. Using T = Ty/+/Js it implies that

V. (T?0") = 0. (Co)

Therefore, the contribution of the CVE to the anomaly in the adiabatic regime is

Acve = i%Tdﬂ< ;C)e)ﬂ @Ta (" ;)m - @Emt Q, (C7)

which vanishes at global equilibrium.

APPENDIX D: CSE COMPUTATION

At k=2 in (8), after distributing the covariant derivatives on the propagators and omitting the terms with second
derivatives of the fields and thermodynamic variables we obtain

. 9adpq dadp [ 4 dadp [ 4 q9ad qp
() iea = / Sy ysy’y J/’Wﬂ( ("q 2y; —5-D,D +(;) [qu—g] D,,jt—(;’z)2 [Dp,qg]D +(; )72 [DD,?] Dp>,
Onez

(D1)

where we used g, = (£,.¢;) as a shorthand.

The term from the first line of (D1) involves only the finite integral (Z° [q3])aﬂy, its vacuum (7, u,, = 0) contribution
vanishes identically, since in the vacuum integrals with an odd power of momenta in the numerator vanish. The three terms
from the second line of (D1) involve both (Z°[¢°]) 5, and (Z*[¢"]) 45,5- That latter integral is UV divergent and is regularized
in dimensional regularization (see Appendix E). Note that the second line contributes to an operator of the form (du,.)V;
which is not gauge invariant. However, its divergence (du,.)F is gauge invariant and could contribute to the anomaly.

Nevertheless, we will see that gauge-variant terms cancel when regularized using the BMHYV scheme for ys.
The first line of (D1) reads

L, = try”ysy“7”7ﬁ7p77(13[ 3])&/7’]/DVDP

1 . , .
gy [ e T SR B + 100+ )
ne

+ qiq;Q(50538) + 83535, + 5h5460) + 414, 0uBS45L]iF .

We then use the integrals given in Appendix E to obtain
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Vgl

le

Using ¢*g,, = 5, and (E4) below we find the following
identities

9:9" = —9ug",
. i+ 91iG1j 1
99 =2+ gug", ¢ =g"——,
91t 9u

909" =1-gug".

(D3)
which simplify (D2) down to

1 twwp 4 i iywp 1 n
L= Wﬂec € +—e€ Fl/ﬂ = ﬁ/’lecB .

G

We now turn to the second line of (D1). Since the integral
(Z%(9*])apys is rather involved in curved spacetime and
dealing with the spin connection D D w yields lengthy
Dirac traces, we restrict the computation for the case of flat
spacetime. We also omit higher order contributions in g,
[see Appendix E]. We first write explicitly the derivative of
the propagators in flat spacetime

id (\/E ec) 9,49y
—5;+29'”7 )

q,
D, Ll =9,
[ g qz} 612 7> |

ll6 zﬂectripr{gttg €t/4vp+zg gttetyvp+g gttetyyp+2g gtlejﬂvp+gljg et/wp_|_5-gtl ipvp _I_gljgngtjgtk km/p}
JT

9u it

(D2)

Let us compute the first two terms of the second line of
(DD

Sy ysy PPyt

g > [ S

0,ez

(8l oen). o

Using the symmetry of the momenta the trace is simply

Qadp WYY Y YV Y = 4q,q5(g7 e + 29 %),
(D)

where the first term will not contribute since it is anti-
symmetric in v <> p. We thus obtain

L, = 8t (=i0, (/Gattoe ST %)) oy Dy + (v > ).
(D6)

Using the master integrals neglecting higher order contri-
butions in y,,., we obtain

1 , ‘
Lg,a = Fal/( vV 9u ec)V/) (E + 10g< ﬁ >> (€tﬂpl§lij + €mm5§)) = 0, (D7)
ren
since 'M71§Y = eMPIY + MY = eMPiSy = e and likewise M) = P = —eP. ., is the renormalization scale and

the spatial dimension is d = 3 — e. Finally, we turn to the last term of the second line of (D1)

i
L2,b /
0nez

7

— 4(6/3;41//)9(1]/ + 26;414)(19/3]/ + 26/};4/)(191/;/ _ 2€ﬁuuagpy)ay( /_gtt ec)

Using the master integrals and ¢"/g;; = 3 — ¢ we obtain

Gud
tryfysy®y yﬂ}"’ﬂ(“ . [ D,qz]zv

V(=845 [4%])ay + 29" (Z*[9*]) apys)-

Ly = (0u/Gubtec)V, {1 <1+log<ﬁ)+l>e’ﬂ”ﬂ—$(§+log<ﬂ>>((3—6)6”‘”ﬂ+2efﬂﬂ"6?—2€’””'5’,~’)
T

ren

1 /1 AN 1 /1
—— (=41 ) etmr —
87 <é+ % (u) +3>€ 2477 ( °g<

€ ren

p ) + 1>(3—€)€t’”’/’} =0.

Finally the contribution from the second line of (D1) vanishes. Let us note that the UV divergences cancel each other and
that no renormalizing counterterms are involved. Besides, the finite terms only vanish when the contribution of the form e¢/e

are properly taken into account.

This shows that, in flat spacetime, while neglecting higher powers of yu,. and second derivatives of the fields and
thermodynamic variables, the k = 2 contribution to the expectation value of the axial current is gauge invariant and is given
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by Eq. (17). If these hypotheses are relaxed, the compu-
tation becomes much more involved, and the sum integrals
are not straightforward to compute.

The divergence of (j5);_, = £ B" can be expressed as

, 1 ,uec B
,hecs = 5B+ 5 ViV ()
1 Hee (0T
“ B hs (B a)p oy
where E, = T9,%:, we used the Schouten identity and

F,; =0 (since V,; is imaginary-time-independent and V,
was absorbed in yu,,.).
Using Bianchi identity, the last term can be recast as

9,T o
T—a BﬂZEJij a,u,»—

which vanishes since the background fields do not depend
on the imaginary time.

o,T
L D
u; T>, (D9)

APPENDIX E: MASTER INTEGRALS

The master integrals at inverse temperature f, and
electro-chemical potential y,,. are

neZ/

/ qq,
0y g“”q,,q + m?)F’

g"”qq + m?)E’

(T4 Da..c, = (E1)

where we used g, = (£,. ¢;) as a shorthand. The integrals
with momenta on the numerator are fully symmetric in their
indices. Note that for y,. = 0, integrals with an odd power
of momenta in the numerator always vanish.

To perform the Matsubara sums and integration over
3-momenta, it is convenient to diagonalize the denominator
with a first change of variables'®

g

pi=q;—1Q, = ¢"q,q, = ¢"Q} +2¢"Q,q; + 97 q:q;
It

=0 + 9 p:pj. (E2)

where Q, = Q,//g; = 7(2n + )T (x) — ip,.(x), T=

1/7/*=To/\/Gu» and we used identities from (D3).
This is followed by a second change of variables to
diagonalize the 3-momentum part

""Note that this change of variable may be complex. In practice
we assume it is real and then analytically continue to complex
values.

r, = eLZ 'pi, =e%r,,
—d3p— \/gf\/|dety,]|d3r— 1/|detgﬂ,,|d r, (E3)
where e, are the 3-dimensional vierbein such that
e“ie’ 8., =74, e,le, 8% =yl
Y=gy, Yij = 9ij — G1id . (E4)
9u

After these changes of variables, the denominator is
diagonal and any integral with an odd power of r, in
the numerator vanishes.

1. Matsubara sums

The Matsubara sums are defined as

ZQ2+E2

kEZ

O, = 2k + )aT(x) - O/ \Fn  (ES)
with T(x) = 1/y/* = To/\/Gu- They can be computed

using

iec(x) =

(_l)n drz
S+ :7n!EE” 72,,51(2) ) where 51(2)251|E,4—>\/ZE,»
1—n(E E,
Sl — n( r+/’tec> ( /’tec) (E6)

2F,

and we introduced the Fermi-Dirac distribution

£ — 1
n( r) o 1 + eﬁ(x>Er
Similarly, we define
1 Q
T,= —
B ,; Q2+ E)"
72 = —4§r (eﬁ(Er+/45(')n(Er + ’uec)z
- eﬂ(Er_ﬂ“)n(Er - ﬂec)z)’ (E7)

where 7, is obtained from S| by

1|d
TZ 2! |:d 1|;4—>;4+z:| z:O’
and we have the same recursion formula as (E6) by
replacing every occurrence of S by 7 and starting from
T, instead.
The sums involving higher powers of Matsubara
frequencies in the numerator can be dealt with as follows
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1 o) 1} +E2 - E?
7Z~27k2n:72k:7r2nr:‘g"—1_E%S"’ *Z 7 = Lot —EfT .
ﬂkeZ(Qk+Er) ﬂkeZ (Qk+EV) keZ Q +E

and so on for higher powers.

2. (Z%(g)) 5 integral
Using the change of variables described above and since an odd power in r in the numerator gives a vanishing integral we
obtain

/ r OLBpQ + 207 40 (505) + 5,8) + e“e? rur, 8 + Q1 % 5,5
(€2 + 6 ryry + m?)? '

= Vil5 Y

neZ

Using the symmetry of the integral [ &Errrf(r) =168, J d*rr?f(r), Eq. (E4) and performing the Matsubara sums, we
obtain

</ © 1 .. foo g i
(7314, = 9 (Gaﬁ /0 dr (S, = E38) + 371,643 /0 drr4S2> where Gaﬁs< ' Q)

27?
n Gt

Subtracting the vacuum contribution, we find

2
lim (2342 _ NVl (e 7 G sy, ES
ml_l'%( /i[q Da/; T dep 472 4 + 12 ( ap — Vij%a /j) ( )
where we used
) //t 2
7 @t +nlr = ) =1+ o
0 2 6

5] 2
/ dr r2(ePU e n(r + ppe)? 4+ U Hn(r = p,.)?) = T<:u%c + % T2> .
0

3. (Z%(¢’])p, integral
We have

I
Clh =33 [k ,
" Bt (9"QF +29"9: Q% + 97419, + m?)’

+4iq ij(5€15};5§ + 818} + 8.848,) + i 4uBi 5.

[QR0L8,0, + q,Q3(8,8,5, + 5,64, + 5,845,

Below we compute each term in the massless limit, making use of

p BE+Hec) 2
AT 5e n(E, + p,.) (Hee = —Hec)
ip
 8E?

] 1
7f>£< L B E A n(E, + o) = fNE R n(E, + )} +

( P E 1 p(E, 4 poe)? -+ Pesch(B(E, + ppe)) sinh (§ (E, + ﬂ“))“) ~ (e = —He0).

where csch is the hyperbolic cosecant and sinh is the hyperbolic sinus; under this form it can be straightforwardly integrated
in the massless limit

/oo drr*T, = jHec / drr*T, = 13”“. (E9)
0 0 16
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The different contributions are

523 93/2523
/ ttQZ 2 ti Q ‘ ij =V |g Z/ aZ 2\3
keZ + 94 k+g qu+m kGZ 6 rur,,—f—m)
lglgi* [ V1l
= Ttt A dr (T, E273) ol 3y 2 Gitkec:
/ 9% L Z/ (e”irq +21Q)
Bz ) (27) (9" + 29" 4% + ¢ qiq; + m*)? Pz ) (2x)( 92 5r,r, + m*)?
/—gz 3/2 ; V191 gl
= : tt/ F drr (TZ - E273) 32 ~n 2 Giibbecs
tt
where in the first line the term with an odd power in r in the numerator vanishes.
/ qlCI]Qk | Z/ d3 Qk e’ eb iralb + ‘/anj)
i i = Vi,
B (9" + 29" i + 9 qiq; + m*)? b (9 + 6%r,ry + m?)?
Vgl (o 298y [
=5 ’é Vij " dr T s+ gy P 2 drr’(T, — E2T5)
0 It 0
\/lglﬂ g T _ l.\/lg|g”ﬂ
— 0 307 2 Hec ij g, 327[2 ijHec:

where again the terms with odd powers in r in the numerator vanish and we used [ d*rr,r,f(r) =38, [drr?f(r) and
(E4). Likewise, we find

/ 9i9,9k
P (9”9 +29"q: Q% + 97 qi9; + m*)?

=Vdl Z / D08 G20+ g Qurary (L e el + 2 etiely + L etieh )
=Vlgl-

b ( 2+ 6%r,r, + m?)3

VNl (9990 [ 1 o

=57 ”g;le | drr*(T, - E;T5) + W (907 jk + 917 ik + 9u¥ij) | drriT,
113 It
Vgl 9]

\atipy 9ti9:j 9tk
i 0 307 5 Hec .

<gzi}’jk + GijVik + Guij + P

1

4. (Z%(q"])pys integral

To keep the computation tractable, we compute this integral in flat spacetime. This integral is UV divergent and we
compute in dimensional regularization by taking the spatial dimension to be d = 3 — ¢. In the massless limit we find

dq  4.959,95
Tl =5 | bl
keZ

(27)? (Q2 + g*)*

/ (o 7y {2161,8,0,85 + Q2q;9,;(8454015) + 8484015} + ...) + 49,0k q15:5)55 %}
n eZ

where the dots denote the four other possible combinations and g> = §/¢;q It
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To see the divergent behavior as € — 0, both integral and
sum must be evaluated. This can be achieved by adapting
the method in [71] to massless fermions. By using a Mellin
transform, i.e., introducing a new integral with respect to a
parameter s, the computation of the sum and of the
momentum-integral become separated and easier to com-
pute. Only the sum is different from the bosonic case [71],

and is now
s -5 E) _sé' ,
o= )(5)

2) "0 =2(1-

(E10)

For a vanishing y,. each term can be computed to obtain

nEZ/

where i, is the renormalization scale, €' = €

11 B\ 4
e (el 13) 00

'+ (yg +1log(4/x))/2 with y the Euler-Mascheroni constant. Then

where the factor 2 comes from the separation of negative
frequencies before introducing the Mellin transform for
even powers of , in the numerator. Finally, the s-integral
can be computed with the residue theorem. In the massive
case, there is an infinity of poles and the result is an
expansion in powers of (#m)¥, whose truncation makes
sense in the high-temperature/low-mass limit 7 > m.
Thus, when considering the massless case the result is
much simpler and in the present computation the diver-
gence arises from (1 + €). It is not straightforward that
this method can be applied for a complex shift in the
Matsubara frequencies, we therefore only use it for 4, = 0.

(E11)

92 & 5

/ nq c], _ /
neZ ( +q neZ (

and

= Toa <1+log< ‘in>+1>+(’)(e), (E12)

/dq quQkﬂll _ Oiji 1 /
neZ 2)4 d(d+2) ﬂnez (2n

where ;i = 6;6x; + 6ySj1 + 610 jk.-

o 51]/([ ﬁ
Qz + )4 192” ( o g(ﬂren)) " O(e)’ (El3)

APPENDIX F: LEUTWYLER AND FUJIKAWA PROCEDURES

In this appendix, we detail the derivation of the anomaly following the Leutwyler procedure [58-60].

1. Leutwyler method

The Jacobian from the axial transformation (7) can alternatively be computed following the Fujikawa [51] or Leutwyler
[58-60] procedures which yield the same expression of the anomaly. The Leutwyler procedure is outlined in the following.

We consider the effective action

WIA,] = —log g

By 3 w
DIZ/'DI//EZ_LO dzfd xX(L-A,JS) _ —log detﬂoo’ (Fl)

with the Lagrangian given in Eq. (4) and A, is introduced as an external source for the axial current j5 = yy*ysy. Its only
purpose is to extract the expectation value of the axial current, it is not a physical field. After performing the Gaussian
integration we obtain the functional determinant of the operator

O=iy"(V, + o, +iV, +iA,rs),

Vt = \/% ecr Vi = Vi~ (Fz)

The subscripts f, indicate the cyclicity of the time direction in the functional determinants and traces.
After performing the transformation dyA, = 0,0 and setting A, = 0 we obtain

Po . _
59W|A;,:0 = A dt/d3x9(x)<V15) = —5ylog detﬂoO|A”:0 = —Try (6,0)0 '|A”:0. (F3)
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The functional trace on the right needs to be regularized,
this can be achieved using a proper time regularization

Ol = -0 lim [ def (007,

A—o0 I/AZ

for f some smooth such that f(0)=1 and V n>0,
fW(+00) =0, eg f(x) = = This yields the following
expression for the anomaly

) ool
=———1mT
A 50(x) Ao (20)0 f( ) A,=0
2
= 259()(;) lim TI'/;O 9}/5 D A2 s D= O|A#:0'

(F4)

More details about the procedure can be found for example
in [72]. The same expression for the anomaly (F4) would be
obtained following the Fujikawa procedure.

The crucial difference with our previous computation is
the cutoff A which is sent to infinity. This cutoff appears as
a mass in the propagators, and importantly restores Lorentz
invariance, hence killing all dependence on temperature
and fluid 4-velocity. We prove it below. As a result, the
expression of the anomaly (F4) is the usual axial anomaly
except that the gauge field V, is replaced by V,. We thus
obtain

A:ifﬁ ! RR = ! E-B—;RR

— _RR—— F5
872 19272 272 19272 (FS)

where F is the field strength for V' (20).

2. Infinite mass limit in the master integrals

The master integrals that occur in the computation using
the Leutwyler method are those defined in Appendix E with

the replacement m — A. After the change of variable
described in (E2) they take the form"!

a) Jr2k
neN/ a) + r + A2)
= ATy / ﬁdsof(”dso, sa).  (F6)
neN (271')3

where we changed variables s, = r,/A and defined

52k (27x + 7xdsg ) d
) S0 = 5
((27x + mkdsg)? + s+ 1)" TN
(F7)

f(x7 Sa) -

We introduced x = 1 (resp. 0) for fermionic (resp. bosonic)
Matsubara frequencies. At fixed f and in the A — oo limit
(i.e dsg — 0), we identify a Riemann integral and obtain

T — A3+2k+2j- 2n/ / (27”)
(2r)? 27rs0 +s2+1)"

2k 2]
rerg

- /dr0d3
) (@) (r3 4+ r* + A*)"°

(F8)

where we changed variables ry = 2zAsg, r, = As,,. First,
the integral is independent from « in the limit A — oo, and
second we obtain that the result is independent from the
temperature. We thus recover the 4-dimensional integral
from a 7 = 0 computation. Using the symmetries of the
integral, the numerator can be recast as involving
only r3 + 8r,ry,.

“Contrary to our previous computations, here we keep .. in
the gauge field V instead of in the Matsubara frequencies @, =
7(2n + )T (x) such that integrals with an odd power of @, in the
numerator vanish.
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