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We investigate the charged kaon and pion parton distribution functions (PDFs) in the U(3) Nambu–Jona-
Lasinio model, considering a novel flavor-mixing interaction arising from vacuum polarization that differs
from the instanton-induced ’t Hooft interaction. In this work, the proper-time regularization scheme is
employed, and, effectively, it might take quark confinement into account. The gap equations, the meson
masses, and the meson-quark coupling constants are calculated in the presence of flavor-mixing
interactions. The valence-quark distributions of the charged kaon and pion are calculated and compared
with existing experimental data and Jefferson Lab Angular Momentum analysis results at scales μ2 ¼ 4 and
27 GeV2. The strength of mixing effects on the PDFs is found to be proportional to the quark effective
masses and their differences. We further find that the dominant flavor-mixing effects in the pion valence
up-quark distribution at scales μ2 ¼ 27 and 4 GeV2 are around x ≃ 0.3 and x ≃ 0.8, while for the kaon, the
effects are shown at around x ≃ 0.2 and x ≃ 0.7. We also find similar strength of mixing effects on the PDFs
at both scales μ2 ¼ 4 and 27 GeV2; however, it certainly improves the pion and kaon PDFs.
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I. INTRODUCTION

The parton distribution function (PDF) is an important
quantity for investigating the internal structure of hadrons.
A better understanding of the hadron PDF in terms of the
quark and gluon degrees of freedom should improve our
understanding of nonperturbative aspects of quantum
chromodynamics (QCD) [1,2]. Pions and kaons, as the
lightest bound states of hadrons and pseudo-Goldstone
bosons, provide a great avenue to study the QCD proper-
ties, in particular, nonperturbative QCD properties. There
are many calculations of the pion and kaon PDFs [3–12]
that have been made by considering the charge symmetry
(CS), in which the current quark mass for different flavors
is the same, e.g., mu ¼ md, where mu and md are the
current quark masses for the up and down quarks, respec-
tively, (See reviews in Refs. [13–16]). In fact, CS is violated
in nature, i.e., mu ≠ md, and this manifests in the QCD
Lagrangian in terms of current quark masses, although
electromagnetic effects also contribute [13,17,18]. Later,

several studies have been performed to investigate such a
charge symmetry breaking (CSB) or charge symmetry
violation (CSV) effect in the effective theories [19–22]
and lattice QCD simulations [23,24]. Nevertheless, the CS
limit might be useful to disentangle different effects taking
place in the intricate quark dynamics inside hadrons.
The scarcity of experimental data for the pion and kaon

PDFs, due to the lack of pion and kaon targets in the
experiments, makes it difficult to fully understand their
detailed structure at present. Charged pion and kaon PDFs
are planned to be measured at the Electron-Ion Collider
(EIC) [25], the Electron-Ion Collider in China (EicC) [26],
the JPARC [27], and the AMBER/COMPASS++ at CERN
[28] through the Sullivan [29] and Drell-Yan processes
[30–32], which prove to be an excellent way to probe the
meson internal structure. These experiments are expected to
provide new data on pion and kaon PDFs with higher
accuracy, where our results of the present study can be
potentially confirmed and verified by the data, helping to
disentangle different aspects of quark dynamics and meson
structure.
Quark mixing, with consequences for quark mass

differences, is usually known to emerge from instanton-
induced flavor-mixing, which can be understood in quark
dynamics by means of the ’t Hooft determinantal inter-
action [33]. More recently, it has been shown that vacuum
polarization or gluon exchanges can also induce flavor-
mixing due to flavor symmetry breaking (FSB), which has
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been identified bymeans of flavor-dependent effective quark
interactions [34,35]. These mixing mechanisms, just men-
tioned above, have slightly different roles on quark masses
and pseudoscalar meson masses (neutral meson mixings).
The vacuum polarization (or gluon exchange) induced
mechanism does not introduce any further energy scales
or new free parameters. As a consequence, one is left with a
set of self-consistent equations for constituent masses and
coupling constants. Some effects of flavor-dependent effec-
tive quark interactions have been investigated in the light
meson sector [34–37] and for some aspects of the heavier
meson sector in two different models [38,39]. These flavor-
dependent interactions lead to subtle modifications in
observables such as mixing interactions for sea and con-
stituent quarks, a slightly improved description of observ-
ables, and also neutral meson mixing due to FSB. This
approach leads to further consequences, such as, for exam-
ple, the need for a single energy scale to describe flavor
SU(4) pseudoscalar meson multiplet spectrum [38,39].
In this work, we investigate some effects of a particular

flavor-mixing, which arises from vacuum polarization, in
the charged pion and kaon PDFs by considering the
Nambu–Jona-Lasinio (NJL) model as well as the dynami-
cal quark masses, the kaon and pion masses, and the
meson-quark coupling constants. The NJL model is a
successful low-energy QCD effective model that encom-
passes several features of the quark model for the meson
sector [40–43]. By means of dynamical chiral symmetry
breaking, as a mechanism for the generation of hadron
masses, the model produces many global meson observables
in agreement with experimental results. More recently,
effects from the FSB have become a highly investigated
topic in the search for a more precise description of meson
spectra and properties. As a low-energy effective model that
is expected to be traced back to QCD, its parameters should
all be expected to depend on quark mass differences, i.e.,
FSB and CSB. Although we keep the CS limit, the strange-
quark mass is large, as needed to reproduce kaonmasses and
decay constants, so that the resulting flavor-mixing appears.
Besidesobserving the flavor-mixing effects on thedynamical
quarkmasses, themesonmasses, and the coupling constants,
we investigate the effects of flavor-mixing on kaon and pion
valence-quark distributions at scales μ2 ¼ 4 and 27 GeV2,
evolved using the next-to-leading order Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (NLO-DGLAP) evolution equa-
tions [44].
The present paper is organized as follows. In Sec. II, the

U(3) NJL model with global properties and the flavor-
dependent interactions is briefly introduced and described.
In Sec. III, we then present the formulation of the leading
twist-2 of the meson PDFs and the NLO-DGLAP evolution
equations. Section IV presents our numerical results, first
for the determination of the parameters of the model by
reproducing global pion and kaon observables for different
sets of model parameters with and without flavor-mixing.

With these parameters, the meson PDFs are calculated and
evolved to higher scales μ2 ¼ 4 and 27 GeV2 by means of
the NLO-DGLAP equations [44] to be comparable to
experimental data [45] and the Jefferson Lab Angular
Momentum (JAM) global analysis [46]. In Sec. V, a
summary of this work is presented.

II. NJL MODEL WITH FLAVOR-MIXINGS

In this section, we describe the U(3) NJL model with the
flavor-mixing interactions that have been extensively dis-
cussed in Refs. [34–37]. In the following, we outline how
these interactions are captured in the NJL model before it
is incorporated into the calculation of the pion and kaon
PDFs. The generating functional of the model can be
simply written as

Z½η̄f; ηf� ¼ N
Z

D½ψf; ψ̄f� exp i
Z

d4x
�
Leff ½ψ̄fψf�

þ
Z

d4xðη̄fψf þ ηfψ̄fÞ
�
; ð1Þ

where N is an irrelevant normalization constant and the
quark flavor currents are defined as J Γ

i ¼ ψ̄qλiΓψq, with
Γ denoting the Dirac structure and λi denoting the flavor
Gell-Mannmatrices. The flavor indices f; f1; f2;… ¼ u, d,
s belong to the fundamental representation, and i; j ¼
0; 1;…; N2−1

f denote flavor indices in the adjoint represen-
tation. The corresponding Lagrangian density is given by

Leff ½ψ̄f;ψf� ¼ ψ̄fði=∂ −mfÞψf þGij½J Γ
i J

Γ
j �: ð2Þ

The parameters mf correspond to the current (bare) quark
masses, whereasGij are the effective coupling constants. In
the limit of degenerate quarkmasses, these couplings reduce
to the standard coupling constant G0 of the original NJL
model. The effective couplings can be, initially, written as

Gij ¼ G0 þ ΔGij; ð3Þ

where G0 is the coupling constant of the standard NJL
model, while ΔGij denotes the vacuum-polarization cor-
rections. In general, the effective couplings in the scalar
and pseudoscalar channels differ, and this difference is
proportional to the current or constituent quark masses,
reflecting explicit chiral-symmetry breaking. In the present
work, following Ref. [34], we adopt a common effective
coupling for both the scalar and pseudoscalar channels and
consider the pseudoscalar-channel coupling. Using the
notation

R
k ≡

R
d4k
ð2πÞ4, the effective coupling constants can

be given by

ΔGij ¼
NcG2

0

2

Z
k
TrD;F½SfðkÞiγ5λiSgðkÞiγ5λj�; ð4Þ
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where SfðkÞ are the quark propagators with flavor f in
terms of the quark effective masses extracted from the
gap equations. Besides the diagonal couplings Gii, which
determine the meson flavor eigenstates, off-diagonal
couplings Gij ði ≠ jÞ; ði; j ¼ 0; 3; 8Þ are also present
and generate explicit mixing among flavor-neutral cur-
rents, which are not considered in the present work.
The flavor-dependent corrections to the coupling con-

stants, denoted by ΔGij, can be expressed in terms of
momentum-space integrals associated with the correspond-
ing quark flavor content as

ΔG11 ¼ Iud þ Idu; ð5Þ

ΔG33 ¼ Iuu þ Idd; ð6Þ

ΔG44 ¼ Ius þ Isu; ð7Þ

ΔG66 ¼ Ids þ Isd; ð8Þ

ΔG88 ¼
1

3
ðIuu þ Idd þ 4IssÞ; ð9Þ

ΔG00 ¼
2

3
ðIuu þ Idd þ IssÞ; ð10Þ

ΔG08 ¼
ffiffiffi
2

p

3
ðIuu þ Idd − 2IssÞ; ð11Þ

ΔG38 ¼
1ffiffiffi
3

p ðIuu − IddÞ; ð12Þ

ΔG03 ¼
ffiffiffi
2

3

r
ðIuu − IddÞ; ð13Þ

where the divergence in the momentum integrals, solved in
the proper-time regularization scheme with the ultraviolet
cutoff ΛUV, is expressed by

Ifg ¼ Iff þ Igg − BðMf −MgÞ2
Z

1=Λ2
IR

1=Λ2
UV

dτ
τ

×
Z

1

0

dx exp½−τðΔ1Þ�; ð14Þ

Iff ¼ B

�
Λ2
UVe

−M2
f=ΛUV

þM2
f

Z
∞

1=Λ2
UV

dτ
e−τM

2
f

τ

�
; ð15Þ

where Δ1 ¼ ðM2
f þM2

gÞ=2 − xðM2
f −M2

gÞ, B ¼ NcG2
0

4π2
and

Mf stands for the constituent (dynamical) quark masses
determined from the gap equations. Because the effective
couplings depend on the constituent quark masses, while

the latter are themselves obtained self-consistently from the
interaction, a normalization condition must be imposed. We
fix the normalization by choosing the charged-pion cou-
pling G11 as the reference value, such that the normalized
coupling constants can be written as

Gii ¼ G0

�
G0 þ ΔGii

G0 þ ΔG11

�
: ð16Þ

This ensures that any modifications of the charged pion
mass may be exclusively due to the modifications of the
quark effective masses in the gap equations. Other nor-
malization prescriptions can be explored in future studies.
Substituting the effective coupling constants into the
effective action allows the quark-flavor structure of the
corresponding flavor currents to be expressed as

GijJ iJ j ¼ 2Gf1f2J f1J f2 : ð17Þ

This equation can be rewritten by neglecting all the explicit
nondiagonal mixing interactions Gi≠j or Gf≠g, and one has

2Guu ¼ 2
G00

3
þ G33 þ

G88

3
; ð18Þ

2Gdd ¼ 2
G00

3
þ G33 þ

G88

3
; ð19Þ

2Gss ¼ 2
G00

3
þ 4

G88

3
: ð20Þ

Note that by neglecting Gi≠j, the resulting diagonal quark
couplings Gff in Eq. (18) acquire a dependence on the
constituent masses of the other quark flavors, Mf1 with
f1 ≠ f. This mechanism is the so-called implicit flavor-
mixing effect.

A. Dynamical quark masses

The gap equations corresponding to the flavor-dependent
interactions in the fundamental representation can be
derived from Eq. (17). In the absence of explicit mixing
interactions, it yields

Mf ¼ mf − i Gff TrD;C;k DfðkÞ; ð21Þ

where DfðkÞ is the dressed quark propagator for flavor f
and Tr denotes the trace over color and Dirac indices
together with the momentum integration. In contrast, the
off-diagonal flavor couplingsGf≠g are subleading and must
be considered together with the flavor-mixing terms gen-
erated by the instanton-induced ’t Hooft determinant
interaction [33,40–43,47]. Throughout this work, as dis-
cussed above, such mixing effects are neglected, corre-
sponding to the approximation Gf≠g ¼ 0.

EFFECTS OF FLAVOR-MIXINGS ON CHARGED KAON AND … PHYS. REV. D 114, 054046 (2026)

054046-3



B. Bethe-Salpeter equations

At the Born level, the Bethe-Salpeter equation (BSE)
corresponding to the effective action in Eq. (2) can be
written, by neglecting explicit mixing terms unneeded for
the charged mesons, as

1 ¼ −GiiΠ
ðf1f2Þ
ii : ð22Þ

The corresponding BSEs, together with the self-consistent
gap equations involving Gff, then have the form

ðM2
ps − ðM�

f1
−M�

f2
Þ2ÞGij I

f1f2
2 ðQ2Þ

¼ Gij

2

�
mf1

Ḡf1f1M
�
f1

þ mf2

Ḡf2f2M
�
f2

�

−
1

2

�
Gij

Ḡf1f1

þ Gij

Ḡf2f2

�
þ 1: ð23Þ

The loop integrals are evaluated within the proper-time
regularization scheme by introducing ultraviolet and infra-
red regulators, ΛUV and ΛIR, respectively. The regularized
momentum integral is then given by

If1f22 ðM2
psÞ ¼

3

π2

Z
1

0

dx
Z

1=Λ2
IR

1=Λ2
UV

dτ
τ

× e−τ½xð1−xÞM
2
psþxM2

f1
þð1−xÞM2

f2
�: ð24Þ

The quark coupling constants Ḡff are those entering the
gap equations, which may be renormalized in a different
way from the BSE. In the present work, we allow for the
implicit flavor-mixing with Ḡff ¼ Gff. Below, we explain
the determination of the coupling Gij.

C. Calculations with Gij

The calculations of the flavor coupling constants Gij are
evaluated as follows:

(i) Standard gap equations of the model with G0 are
solved, and then, self-consistently,Gij are computed.

(ii) Normalization of the coupling constants in Eq. (16)
must be implemented in the self-consistent determi-
nation of masses and coupling constants.

(iii) Parameters of the model were fitted in the standard
way of the model by reproducing pion and kaon
masses, for the original model with G0.

(iv) The effect of the flavor coupling constants on meson
masses and other observables was verified by
solving BSE and other equations with the calculated
flavor-dependent coupling constants.

Using the calculation steps explained above for the
isospin symmetric case, the results for the dynamical up-
and strange-quark masses, the meson masses, and the
diagonal coupling constants for different parameter sets
are tabulated in Table I, whereas the results for the pion-
quark and kaon-quark coupling constants, extracted from
the BSE, are given in Table II. Note that we are mostly
interested in the quantitative effect of the implicit mixing on
observables. Therefore, we have not redefined the param-
eters of the model, with flavor-dependent interactions, to fit
all the observables, such as the meson masses.

III. MESON PARTON DISTRIBUTION FUNCTION

We begin by briefly recalling the generic definition of
the twist-2 quark distribution functions on the light cone,
which is given as

qpsðxÞ ¼
pþ

2π

Z
dξ− exp½ixpþξ−�

× hpsjψ̄qð0Þγþψqðξ−Þjpsic; ð25Þ

where ps ¼ ðπ; KÞ represents a pseudoscalar meson. The
Bjorken scaling variable (x), interpreted as the longitudinal
momentum fraction carried by the struck quark, is defined
as x ¼ kþ=pþ, with kþ and pþ denoting the plus-compo-
nents of the quark and meson momenta, respectively. The
parameters ξ and c correspond to the skewness variable and
the connected matrix element. Employing the framework

TABLE I. Results for the dynamical quark masses, the pion and kaon masses, and the diagonal coupling constants of the flavor-
mixings for the chosen normalization parameters Sets 1 and 4, whereG11 ¼ G0. All parameters are in units of MeV, except theG44,Guu,
G11, G0, and Gss are in units of GeV−2.

Set=G0 Notation ΛUV=ΛIR Mu Md Ms m0u m0d m0s mπ mK G44 Guu Gss

Set1=19.04 G19-Set1 645=240 400 400 611 16.4 16.4 356 140 495 19.04 19.04 19.04
Set4=19.04 G19-Set4 645=240 389 389 596 16.4 16.4 356 104 510 17.33 18.29 17.16

Set1=10 G10-Set1 645=240 158 158 450 7.5 7.5 260 140 505 10 10 10
Set4=10 G10-Set4 645=240 143 143 439 7.5 7.5 260 121 510 9.30 9.70 9.25

TABLE II. Results of the meson-quark coupling constants for
chosen normalization with different parameter sets: Sets 1 and 4.

Set=G0 Notation gKqq gπqq

Set1=19.04 G19-Set1 4.57 4.23
Set4=19.04 G19-Set4 4.36 4.16

Set1=10 G10-Set1 2.92 2.76
Set4=10 G10-Set4 2.84 2.73
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developed in Ref. [3], the pion and kaon valence-quark
distribution functions are evaluated from the two dominant
Feynman diagrams presented in Fig. 6 of Ref. [3]. The
corresponding valence-quark distributions can be written as

qpsðxÞ ¼ i
Z

d4k
ð2πÞ4 δðk

þ − xpþÞ

× Tr½Γ̄SlðkÞγþP̂u=dSlðkÞΓSsðk − pÞ�; ð26Þ

q̄psðxÞ ¼ −i
Z

d4k
ð2πÞ4 δðk

þ þ xpþÞ

× Tr½ΓSlðkÞγþP̂d̄=s̄SsðkÞΓ̄Ssðkþ pÞ�; ð27Þ

where Γ ¼ gpsqq̄iγ5
P

f1f1 Cf1f1 jf1ihf1j; the trace is per-
formed over color, flavor, and Dirac indices; gpsqq̄ is the
meson-quark coupling constant; and l refers to the light (up
or down) quarks. The variable P̂u=d ¼ ½ð2=3Þ1� λ3 þ
ð1= ffiffiffi

3
p Þλ8�=2 is the projection operator for the u and d

quarks, while for the strange quark, it can be given by
P̂s ¼ ½ð1=3Þ1 − ð1= ffiffiffi

3
p Þλ8�. We further make use of the

relation q̄ðxÞ ¼ −qð−xÞ. The pion and kaon valence-quark
distribution functions are determined from their Mellin
moments,

An ¼
Z

1

0

dx xn−1qðπ;KÞðxÞ; ð28Þ

with superscript of n being an integer. By employing the

Ward-Takahashi identity, SqðkÞγþSqðkÞ ¼ − ∂SqðkÞ
∂kþ

, and per-

forming the loop integrations using Feynman parameter-
ization, one obtains explicit expressions for the kaon
valence-quark and valence-antiquark distribution functions
in the proper-time regularization scheme (see details in
Ref. [3]). The final expression of the quark distributions of
the meson can be written as

qpsðxÞ ¼
3g2psqq̄
4π2

Z
τ2IR

τ2UV

dτ exp½−τðΔ1Þ�

×

�
1

τ
þ xð1 − xÞðm2

ps − ðMl −MsÞ2Þ
�
; ð29Þ

q̄psðxÞ ¼
3g2psqq̄
4π2

Z
τ2IR

τ2UV

dτ exp½−τðΔ2Þ�

×
�
1

τ
þ xð1 − xÞðm2

ps − ðMl −MsÞ2Þ
�
; ð30Þ

where the variables Δ1 and Δ2 are, respectively, given by

Δ1 ¼ xðx − 1Þm2
ps þ xM2

s þ ð1 − xÞM2
l ; ð31Þ

Δ2 ¼ xðx − 1Þm2
ps þ xM2

l þ ð1 − xÞM2
s : ð32Þ

By construction, the valence-quark distribution functions of
the pseudoscalar mesons satisfy the baryon-number and
momentum sum rules. For instance, for the charged kaon,
one has

Z
1

0

dxupsv ðxÞ ¼
Z

1

0

dxs̄psv ðxÞ ¼ 1; ð33Þ

Z
1

0

dxx½uþpsðxÞ þ s̄þpsðxÞ� ¼ 1; ð34Þ

where upsv ðxÞ ¼ upsðxÞ − ūpsðxÞ; s̄psv ðxÞ ¼ s̄psðxÞ − spsðxÞ
and uþpsðxÞ ¼ upsðxÞ þ ūpsðxÞ; s̄þpsðxÞ ¼ s̄psðxÞ þ spsðxÞ.
Analogously, these definitions apply to the pion distribu-
tions. We emphasize that, at the initial NJL-model scale μ20,
gluon distributions are absent because the gluonic degrees
of freedom have been integrated out and absorbed into the
effective coupling constants. Consequently, the NJL model
contains no dynamical gluons at the hadronic scale. In the
present work, the pion and kaon gluon distributions are
generated dynamically through perturbative QCD evolu-
tion. Starting from the valence-quark distributions at the
model scale μ20, the gluon and sea-quark distributions are
radiatively generated via the NLO-DGLAP evolution
equations, which form a coupled set of integrodifferential
equations.
Within perturbative QCD, the nonsinglet quark distri-

bution satisfies the evolution equation

∂qNSðx; μ2Þ
∂ lnðμ2Þ ¼ Pqqðx; αsðμ2ÞÞ ⊗ qNSðx; μ2Þ; ð35Þ

where Pqq is the splitting function kernels. The convolution
product expression of the splitting functions and the non-
singlet quark distribution in Eq. (35) is defined by

Pqqðx; αsðμ2ÞÞ ⊗ qNSðx; μ2Þ ¼
Z

1

x

dz
x
P

�
x
z

�
qNSðz; μ2Þ:

ð36Þ

For another type of quark distribution (singlet quark
distribution), it gives qSðxÞ ¼

P
i q

þ
i ¼ P

iðqiðxÞ þ q̄iðxÞÞ
with i being the quark flavor. In the QCD evolution, the
singlet quark distributions can be defined by

∂

∂ lnðμ2Þ
�
qSðx;μ2Þ
gðx;μ2Þ

�
¼
�
Pqq Pqg

Pgq Pgg

�
⊗
�
qsðx;μ2Þ
gðx;μ2Þ

�
: ð37Þ

The meson gluon distributions are obtained by numeri-
cally solving the evolution equation given in Eq. (37). In
perturbative QCD, the splitting functions entering the
evolution equations admit a perturbative expansion in
powers of the running coupling αsðμ2Þ, such that
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Pðz; μ2Þ ¼
�
αs
2π

�
Pð0ÞðzÞ þ

�
αs
2π

�
2

Pð1ÞðzÞ þ · · ·: ð38Þ

The perturbative expansion in Eq. (38) consists of the
leading-order and next-to-leading-order (NLO) contribu-
tions, represented by the first and second terms, respec-
tively. The corresponding NLO running coupling αsðμ2Þ is
given by

αs ¼ β3

�
1 −

β1
β20

ln lnðQΛÞ
lnðQΛÞ

�
þO

�
1

ln2ðQΛÞ
�
: ð39Þ

In Eq. (39), the quantities are defined by QΛ ¼ μ2=Λ2
QCD,

β0 ¼ 11
3
Nc − 2

3
Nf, β1 ¼ 34

3
N2

c − 10
3
NcNf − 2CFNf, and

β3 ¼ ð4π=β0Þð1=lnðQΛÞÞ. The parameters Nc and Nf

represent the numbers of colors and active quark flavors,
respectively, and CF ¼ 4=3 is the Casimir invariant in the
fundamental representation. The QCD scale parameter
ΛQCD depends on the number of active flavors as well
as on the renormalization scheme. The valence-quark
distributions of the mesons are subsequently evolved
according to the NLO-DGLAP equations introduced
above.

IV. RESULTS AND DISCUSSION

Here, we present our numerical results for the pion
and kaon parton distribution functions with and without
flavor-mixing interactions at scales μ2 ¼ 27 GeV2 and
μ2 ¼ 4 GeV2. Both scales are chosen to correspond to
the scales employed in the experiment [45] and lattice-
QCD calculations [48–51], respectively. The calculation of
the meson PDFs requires the constituent (dynamical) quark
masses, the meson masses, the flavor-dependent coupling
constants, and the meson-quark coupling constants as
input. In the standard NJL model, i.e., without flavor-
mixing interactions (G19-Set1), the model parameters were
adapted from previous works [3,36,52], and they are
completely written in Table I. Note that the set of
parameters taken from Ref. [36] was adapted to the proper
time regularization scheme so that the results of the meson
masses are quite different.
Having fixed the parameters of the standard NJL model,

we next extend the analysis by incorporating flavor-mixing
interaction effects. The flavor-dependent interactions
modify the gap equations and the Bethe-Salpeter equations
that are used to determine the pion and kaon masses. In this
work, as mentioned above, we determine the flavor-mixing
parameters using the standard NJL parameter sets in
Refs. [3,52,36]. Results needed for the computation of
the pion and kaon PDFs are also written in Tables I and II.
For a given set of values for the current quark masses, and
IR and UV cutoffs with different values of G0 as provided
in Table I, we evaluate the quark and meson masses through
the gap and BSE equations, respectively, with and without

the implicit flavor-mixing effects taken into account, as
described below:

(i) Set 1. Standard BSE-NJL model without mix-
ing [3,36];

(ii) Set 4. Implicit flavor-mixing in both gap equation
and BSE, withGii andGff, in the absence of explicit
mixings (off-diagonal mixings).

Now, we present our results for the pion and kaon PDFs
at scales μ2 ¼ 4 and 27 GeV2 for fixedG0 ¼ 19.04 GeV−2

with Set 1 and Set 4, as shown in Table I. These sets are
represented by G19-Set1 and G19-Set4. Figure 1(a) shows
the results of the valence up-quark distributions of the pion
at scales μ2 ¼ 27 and 4 GeV2. Also, their difference from
the PDFs calculated in the standard NJL model is plotted
below, named as “Residual.” It shows that the implicit
mixing leads to an asymmetric shift of the pion valence-
quark distribution (orange solid line), which keeps the
overall sum rules in Eq. (33). Also, it shows that the NJL-
model valence-quark distribution of the pion with G19-Set1
(without mixing) at scale μ2 ¼ 27 GeV2 is in good agree-
ment with the existing experimental data [45], which was
measured at μ2 ¼ 27 GeV2, and the JAM analysis [46],
which confirms what was obtained in Ref. [3]. Note that we
find that the effect of the implicit mixing in the pion PDFs
is smaller than that of the effect of CSV [52], but they are of
the same magnitude. In addition, we find that the flavor-
mixing effects certainly improve the pion PDF. High-
precision data are needed for an assessment of such an
effect.
In Fig. 1(b), we show our results for the valence quark

distribution of the pion at scale μ2 ¼ 4 GeV2 for the same
cases as Fig. 1(a). We find that the difference in the valence
quark distribution for the pion between G19-Set1 and G19-
Set4 has a similar behavior to that at scale μ2 ¼ 27 GeV2

and their differences are almost the same as those at scale
μ2 ¼ 27 GeV2. However, we find that the valence quark
distribution of the pion at scale μ2 ¼ 27 GeV2 is a bit
smaller than that of scale μ2 ¼ 4 GeV2, and this makes the
relative contribution of the mixing slightly larger. In
comparison to the JAM analysis results at scale
μ2 ¼ 4 GeV2, again, our results show good agreement
with the JAM results.
Analogously, we also compute the valence quark for the

pion at scalesμ ¼ 27 and4 GeV2with fixedG0 ¼ 10 GeV2,
which is adapted from Ref. [36] with the ΛUV ¼ 645 MeV
and ΛIR ¼ 240 MeV, where these UV and IR cutoffs were
used to calculate the valence quark in Fig. 1. Results for the
valence quark distribution of the pion at scale μ2 ¼ 27 GeV2

are depicted in Fig. 2(a). Again, the significant difference in
the valence quark distribution of the pion at scale μ2 ¼
27 GeV2 is small. However, in comparison to differences of
the valence quark distribution of the pion with fixed
G0 ¼ 19.04 GeV−2, the differences (modulus) for theG0 ¼
10 GeV−2 are nearly 50% smaller at x ≃ 0.3 and at x ≃ 0.8.
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This implies that the flavor-mixing significantly contributes
to the pion PDFs in specific x regions.
The valence quark distribution of the pion at scale

μ2 ¼ 4 GeV2 with fixed G0 ¼ 10 GeV−2 is provided in
Fig. 2(b). We find almost similar residuals of the valence
quark distribution of the pion as in Fig. 2(a). In addition, the
difference is also found in the magnitude of the valence
quark distribution at scale μ2 ¼ 4 GeV2 in comparison to
that at scale μ2 ¼ 27 GeV2.

To see clearly the flavor-mixing effect in the pion
valence quark distribution of the pion at scales μ2 ¼
27 GeV2 (μ2 ¼ 4 GeV2) for all corresponding parameter
sets. The results of the difference of the pion valence quark
distributions for (G19-Set1–G10-Set1), (G19-Set4–G10-
Set4), (G19-Set4–G10-Set1), and (G19-Set1–G10-Set4)
are given in Figs. 3(a) and 3(b). It shows that G19-Set4–
G10-Set1 gives the dominant flavor-mixing effects at x ≃
0.3 and x ≃ 0.8, which are about 0.0015 and −0.0016,

(a) (b)

FIG. 2. Same as in Fig. 1, but for G0 ¼ 10 GeV−2 with G10-Set1 and with G10-Set4.

(a) (b)

FIG. 1. Valence quark distributions of the pion and their PDF differences at scales (a) μ2 ¼ 27 and (b) 4 GeV2 as a function of the
longitudinal momentum fraction x. Experimental data E-615 are taken from Ref. [45]. The pion valence quark distributions are evolved
using the initial model scale μ20 ¼ 0.18 GeV2. Note that the pion distribution is calculated using the G0 ¼ 19.04 GeV−2 with G19-Set1
(without mixing) and G19-Set4 (with mixing), as shown in Table I.
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respectively, and others show similar behavior, but they
are different in magnitude. However, there is a slight
increase in the case when μ2 ¼ 4 GeV2, as indicated in
Fig. 3(b).
Now, we investigate the kaon valence quark distribution

at scales μ2 ¼ 27 and 4 GeV2 for fixed G0 ¼ 19.04 GeV−2

(for fixed G0 ¼ 10 GeV−2) for Sets 1 and 4 in Fig. 4
(Fig. 5) (see details in Table I). It is found that the up quark
in the kaon PDF plays a different role from the one in the
pion, whose leading effect may be traced back to the large

up and strange-quark mass differences that lead to the
larger asymmetry in x. Figure 4(a) shows that the results of
the valence quark distribution of the kaon at scale μ2 ¼
27 GeV2 with fixed G0 ¼ 19.04 GeV−2. The kaon valence
quark distribution is rather different from that for the pion.
The dominant residual of the kaon valence quark distri-
bution is given by Set 4 (orange solid line) at x ≃ 0.3,
while the residual of the kaon valence quark distribution at
x ≃ 0.8 is significantly suppressed in comparison to that for
the pion.

(a) (b)

FIG. 3. Differences of xuπðxÞ between fixed G0 ¼ 19.04GeV−2 and G0 ¼ 10GeV−2 at scales (a) μ2 ¼ 27 GeV2 and
(b) μ2 ¼ 4 GeV2.

(b)(a)

FIG. 4. Same as Fig. 1 but for the up-quark distribution of the kaon.
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At scale μ2 ¼ 4 GeV2, the residual result for the kaon
valence quark distribution is even larger in comparison to
that for the results obtained in Fig. 4(a). Again, the kaon
valence quark distribution at x ≃ 0.8 is suppressed, but at
x ≃ 0.3, it is larger in comparison to that obtained in
Fig. 4(a).
The results for the kaon valence quark distribution and

their residuals at scales μ2 ¼ 27 and 4 GeV2 with fixed
G0 ¼ 10 GeV−2 are depicted in Figs. 5(a) and 5(b),
respectively. At scale μ2 ¼ 27 GeV2, we find that the
residuals of the kaon valence quark for the parameter set
of G10Set1–G10Set4 are larger than those for others at
around x ≃ 0.3, and are significantly suppressed at x ≃ 0.8.

Again, a similar trend of the residuals of the kaon valence
quark distribution at scale μ2 ¼ 4 GeV2 is found, as shown
in Fig. 5(b). Also, it shows that the magnitude of the
residual increases as the scale increases to μ2 ¼ 4 GeV2.
Results for the differences of the valence quark distribu-

tion of the kaon at scales μ2 ¼ 27 GeV2 and μ2 ¼ 4 GeV2

for different parameter sets are given in Figs. 6(a) and 6(b).
In Fig. 6(a), it shows that the dominant difference in the kaon
valence quark distribution is given by G19-Set1–G10-Set4
(magenta solid line). However, it again clearly shows the
flavor-mixing contributions to the kaon valence quark
distribution. In Fig. 6(b), we show the difference of the
kaon up valence quark distribution at scale μ2 ¼ 27 GeV2

(b)(a)

FIG. 5. Same as Fig. 2 but for the up-quark distribution of the kaon.

(a) (b)

FIG. 6. Same as Fig. 3 but for the up-quark distribution of the kaon.
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for fixed G0 ¼ 10 GeV−2. In comparison to the PDF
difference result of Fig. 6(a), we find that the difference
magnitude is a bit larger at around x ≃ 0.2 but is lower at
around x ≃ 0.7.
Results for the residuals of the kaon valence quark

distribution at scale μ2 ¼ 4 GeV2 are provided in Fig. 6(b).
We find that the residuals between Figs. 6(a) and 6(b) have
a similar shape and trend, but they have a slightly different
magnitude at the corresponding values of x. Note that the
PDF difference for the kaon up valence quark distribution is
1 order of magnitude larger than those for the pion.

In addition to the kaon valence up-quark distribution, we
also compute the valence antistrange-quark distribution of
the kaon at scales μ2 ¼ 27 and 4 GeV2 for fixed G0 ¼
19.04 GeV−2 with Set 1 and Set 4, as given in Figs. 7(a)
and 7(b). We find different residual shapes and trends in
comparison to those for the up-quark distribution of the
kaon, as in Fig. 4, where it shows to be suppressed at
around x ≃ 0.8, while for the antistrange quark, it is
suppressed at around x ≃ 0.3.
Similar shapes and trends are shown for the kaon

antistrange-quark distribution at scale μ2 ¼ 4 GeV2 as

(a) (b)

FIG. 7. Same as Fig. 1 but for the antistrange-quark distribution of the kaon.

(a) (b)

FIG. 8. Same as Fig. 2, but for the antistrange quark distribution of the kaon.
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shown in Fig. 7(b), but it shows a bit larger magnitude in
comparison to that obtained in Fig. 7(a), as expected.
In Fig. 8, we show the results of the kaon valence

antistrange-quark distribution and its residuals at scales
μ2 ¼ 27 and 4 GeV2 for fixed G0 ¼ 10 GeV−2. We find
that the magnitude of the residual of the kaon valence
antistrange-quark distribution is smaller than that obtained
in Fig. 7(a) at around x ≃ 0.8. However, the kaon valence
antistrange-quark distribution for scale μ2 ¼ 4 GeV2 at
x ≃ 0.8 is larger than that of scale μ2 ¼ 27 GeV2, as
indicated in Fig. 8(b).
The difference results for the kaon valence antistrange-

quark distribution at scales μ2 ¼ 27 and 4 GeV2 are
provided in Fig. 9. In Fig. 9(a), it is shown that the
dominant difference is given by G19-Set1–G10-Set4
(magenta solid line) at around x ≃ 0.4 and x ≃ 0.8 in
comparison to others.
Figure 9(b) shows that G19-Set1–G10-Set4 gives the

larger difference values. The shapes and trend of the
difference results are almost the same as those obtained
in Fig. 9(a). At scale μ2 ¼ 4 GeV2, the difference results of
the kaon valence antiquark distribution in Fig. 9(b) have
larger values in comparison to those obtained in Fig. 9(a),
as expected.

V. CONCLUSION

To summarize, in the present work, we have investigated
the flavor-mixing effects on the kaon and pion parton
distribution functions in the U(3) NJL model, incorporating
the proper-time regularization scheme for ultraviolet diver-
gences and simulating quark confinement. To clearly
investigate the flavor-mixing in the kaon and pion PDFs,
we considered different parameter sets with and without
flavor-mixing. With these parameters, we evaluated the

pion and kaon PDFs at scales μ2 ¼ 27 and 4 GeV2 using
the NLO-DGLAP evolution equations [44].
In the analysis, we found that the pion valence quark

distribution using the standard NJL model is consistent
with the existing pion data [45] and JAM global QCD
analysis [46] at μ2 ¼ 27 GeV2 at moderate and higher
values of x. However, experimental data at lower x are still
absent, which is expected to be available in the future. On
the other hand, we found that the dominant difference of the
pion valence quark distributions at scale μ2 ¼ 27 GeV2 is
given by G19-Set4–G10-Set1. These are followed by the
PDF difference results for the pion valence quark distri-
bution at scale μ2 ¼ 4 GeV2 for the corresponding sets. We
also found that the flavor-mixing effects, which are propor-
tional to the quark effective masses and their differences, on
the PDFs are the same for both scales μ2 ¼ 4 and 27 GeV2.
PDFs are relatively insensitive to small variations in the

effective quark masses. Consequently, the shifts induced by
flavor-mixing are expected to be subtle, although they may
become identifiable with sufficiently precise experimental
data. However, it certainly improves the pion PDF.
For the kaon valence up-quark distributions at scale

μ2 ¼ 27 GeV2, we found that G19-Set4–G10-Set1 and
G19-Set1–G10-Set4 give significant residual results.
These residual values are followed by the kaon valence
antistrange-quark distributions at scale μ2 ¼ 4 GeV2 with
higher magnitude.
At scale μ2 ¼ 27 GeV2, we found that G19-Set1–G10-

Set4 gives the dominant residual results for the kaon
valence antistrange-quark distributions. However, the
larger residuals are found at x ≃ 0.4. Similarly, the residual
results for the kaon valence antistrange-quark distributions
at scale μ2 ¼ 4 GeV2 produced the same shapes and trends
but different in magnitude.

(a) (b)

FIG. 9. Same as Fig. 3, but for the antistrange quark distribution of the kaon.
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The results of the present work provide new information
about the effects of the implicit flavor-mixing, as defined in
Eqs. (18)–(20), induced by vacuum polarization or gluon
exchange. These implicit mixings produce subtle effects on
pion and kaon PDFs that can be expected to be assessed
further in light of forthcoming experimental data with
higher precision and lattice QCD simulations. It is worth
noting that the amplitude of the implicit mixing is propor-
tional to the quark effective masses and their differences.
Further study using a more sophisticated approach is
required to investigate all mixings at once. In addition,
this study provides important guidance for the lattice QCD
simulation, as has been done in Ref. [23], to compute the
flavor-mixing contribution (quark mass differences) in
PDFs or other observables [52] that might be confirmed
by the EIC [25], the EicC [26], the JPARC [27], and the
AMBER/COMPASS++ at CERN [28].
Experimentally, if future data achieve a precision of

approximately 1% to 2%, it may become possible to test
whether these flavor-mixing effects are indeed present for
the adopted values of the effective quark masses and the
NJL-model coupling constant. On the other hand, if such
mixing effects are found to be necessary for reproducing the

experimental data, but with slightly different magnitudes,
this could provide useful constraints on the constituent-quark
effective masses and the effective quark-antiquark interac-
tion, as characterized by the NJL-model coupling constant.
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