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We study Dirac fields on AdS,, in both global and Poincaré charts and, for each mass window, we classify
the boundary conditions at conformal infinity that ensure the existence of advanced and retarded
propagators. We distinguish the well-known MIT-bag class from a generalized family, thereby extending
to arbitrary dimensions the procedure initiated in [D. S. Blanco, J. Math. Phys. (N.Y.) 64, 032301 (2023).].
As in the scalar case, we show that suitable generalized boundary data can support bound states. In
four dimensions, we work out two explicit examples: (i) the MIT case, for which we construct the
advanced/retarded propagators and the two-point function of the associated ground state and (ii) a
representative generalized boundary condition, for which we construct the propagators and exhibit a

normalizable bound state.
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I. INTRODUCTION

Quantum field theory (QFT) on curved spacetimes is by
now a mature and lively area of mathematical and theo-
retical physics, which relies a lot on the algebraic approach;
see Refs. [1-3] for complementary reviews. Algebraic QFT
(AQFT) represents a very versatile and successful frame-
work which allows us to study in depth several concrete free
and interacting models and to answer relevant structural
questions, ranging from the formulation of a covariant and
local renormalization scheme to the implementation of local
gauge invariance and the characterization of physically
admissible states, just to quote a few notable examples.

In many analyses of the structural aspects of quantum
field theory, a common hypothesis is that of global hyper-
bolicity of the underlying background. Without entering
into the technical aspects of the definition of this class of
spacetimes (see, e.g., Ref. [ [4] Ch. 8]), it guarantees that
solutions to symmetric hyperbolic equations, such as the
Klein-Gordon, the Dirac or the Proca, can be constructed
from initial data assigned on a Cauchy hypersurface. As a
byproduct, one can establish the existence of a manifestly
covariant quantization scheme for free field theories; see,
e.g., Ref. [5]. In a few words, this is based on a two-step
procedure. In the first, one constructs a suitable x-algebra of
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observables A which encodes structural properties such as
dynamics and the canonical commutation or anticommuta-
tion relations. The second input is the choice of a state o,
which can be realized abstractly as a positive and normal-
ized linear functional on .A. Subsequently, by means of the
GNS theorem, one can associate to the pair (A, @) a Hilbert
space representation, hence recovering the standard prob-
abilistic interpretation proper of quantum theories. In all
concrete models, fixing a state @ is tantamount to assigning
the n-point correlation functions w, and, under the physi-
cally motivated assumption that the state is quasifree/
Gaussian, these can all be determined starting from w,;
see, e.g., Ref. [[3], Ch. 3 & S]advancesAQFT.

Yet, among the plethora of quasifree/Gaussian states, not
all are sensible. In the literature, a set of physically
motivated conditions have been established. Among them,
the most notable being the finiteness of the quantum
fluctuations of all observables, the existence of a local
and covariant regularization scheme to define Wick poly-
nomials and the guarantee that the UV behavior of the state
is the same as that of the Poincaré vacuum [6]. From a
technical viewpoint, this translates in the now widely
accepted Hadamard condition, which establishes a con-
straint on the singular structure of the two-point correlation
function @w,. On a globally hyperbolic background, the
existence of Hadamard states is always guaranteed, thanks
to a deformation argument which relies on the property that,
on static spacetimes, ground states automatically abide by
the Hadamard condition [7].

The picture changes drastically when the assumption of
global hyperbolicity is dropped. Already at the classical
level, an initial value formulation is not sufficient to
establish the existence of a unique solution for the
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underlying equation of motion, even at the level of non-
interacting models. The temptation of dismissing such
settings as physically irrelevant is unwarranted: well-
known, experimentally established phenomena, such as
the Casimir effect, are naturally modeled by field theories
on manifolds with boundary; see, e.g., Ref. [8]. In
particular, among the many lessons learned by investigat-
ing these models, noteworthy is that, at a geometric level,
the lack of global hyperbolicity descends from the exist-
ence in the underlying manifold M of a nonempty
boundary oM, consisting of one or more connected
components. Furthermore, the metric induced thereon is
still Lorentzian, thus endowing dM with a lower dimen-
sional spacetime structure. Most notably, a central example
of this class of backgrounds, whose relevance in high-
energy and gravitational physics cannot be underesti-
mated, is anti—de Sitter spacetime AdS,, of dimension
n >?2. This is a maximally symmetric solution of the
vacuum Einstein equations with negative cosmological
constant and, up to a conformal rescaling, it possesses a
timelike boundary.

On the one hand, AdS,, is of paramount relevance due to
its key role in several models, such as the AdS/CFT
correspondence and, on the other hand, being maximally
symmetric, it plays the same role of Minkowski spacetime
when the cosmological constant is negative. For this reason,
investigating the role of quantum field theories thereon is a
very important and timely question, although the first works
in this direction are from the 1970s [9]. Already at the level
of scalar-free field theories, one can appreciate that the
paradigm at the heart of AQFT does not need to be
modified, although structural differences are present. First
and foremost, the construction of an algebra of observables
encoding the dynamics and the canonical commutation
relations rests on the existence of an advanced and retarded
propagator for the Klein-Gordon operator. Yet, the presence
of a boundary entails that this is not unique unless suitable
boundary conditions are assigned to oM. In Refs. [10,11],
using the theory of Sturm-Liouville second-order differ-
ential equations, it has been shown that working in Fourier
space and within a certain range of admissible values of the
mass parameter, one can individuate a one-parameter family
of admissible boundary conditions, among which one can
find the Dirichlet ones, which are commonly used in the
literature. To each of these, one can associate advanced/
retarded fundamental solutions as well as the two-point
correlation function of an underlying ground state, yielding
nonequivalent Hilbert space representations. Such a pro-
cedure has been extended to cover an even larger class of
boundary conditions in Ref. [12], proving ultimately the
richness of free field theories on AdS spacetimes. It is
important to emphasize that, in dropping the assumption
that the underlying background is globally hyperbolic, one
needs to verify that the quantization scheme is consistent
with the principle of F-locality as first formulated in

Ref. [13]. This dictates that the restriction of the algebra
of observables to any globally hyperbolic subregion of the
underlying spacetime should be *-isomorphic to the one
constructed intrinsically in such a region using the usual
procedure. At the level of free fields, this can be enforced
already at the level of the advanced-minus-retarded funda-
mental solution, which implements the canonical commu-
tation relations. More precisely, the one built starting from
an admissible boundary condition, once restricted to a
globally hyperbolic subregion, must differ only by a smooth
term from the one which is intrinsically associated to it.

At first glance, one might think that the procedure which
works so efficiently for a scalar field could be adapted to
higher-spin systems. Yet, this turns out to be false if one has
to deal with first-order rather than second-order partial
differential equations, e.g., when working with Dirac fields.
In this case, simple choices such as Dirichlet boundary
conditions are known not to lead to well-defined, mixed
initial-boundary value problems. Hence, one has to resort to
different options, among which the most famous is the MIT-
bag boundary condition [14]. Yet a systematic classification
of the admissible boundary conditions and an analysis of the
associated quantum field theory is to the best of our
knowledge missing.

In view of these premises, in this work we study massive
Dirac fields on AdS,,, both in global coordinates and in the
Poincaré patch, denoted by PAdS,. We address two open
questions: first, for a given mass, we classify all boundary
conditions at conformal infinity that make the dynamics
well posed and entails the existence of advanced and
retarded Green’s fundamental solutions, meant as distribu-
tional inverses of the Dirac operator, which are respectively
past and future propagating. We organize them into two
classes: the familiar MIT-bag boundary conditions, men-
tioned above, and a generalized family that we identify and
thoroughly characterize. This classification starts from and
extends to arbitrary spacetime dimensions the procedure
outlined in Ref. [15] for n = 2 and it is complementary to
the analysis in Ref. [16] on the Cauchy problem with MIT-
type boundary conditions.

Secondly, on the quantum side, we investigate which
choices lead to physically acceptable states and whether
bound states may appear. In close analogy with the scalar
case, we show that within the generalized family, certain
parameter ranges support normalizable bound modes, while
the MIT case behaves regularly. We highlight that, in this
work, we focus our attention on the construction of the
fundamental solutions and of two-point correlation func-
tions, seen as a bidistribution on PAdS, whose singular
structure is of global Hadamard form. Although these are
the building blocks necessary to construct the algebra of
observables associated to a Dirac field with prescribed
boundary conditions, we shall not delve into the analysis,
leaving it for future work. As a matter of fact, while its
definition is a straightforward adaptation to the case in hand
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of the procedure outlined in Ref. [17] on globally hyperbolic
spacetimes, the investigation of the physical properties is a
rather subtle task. On the one hand, already when consid-
ering a real scalar field, it is not obvious whether the
associated *-algebra of observables is causal, since this is a
byproduct of the support properties of the fundamental
solutions. Establishing them in presence of boundary
conditions is by no means straightforward, since all standard
techniques cannot be applied and, already in the simpler
geometric setting of half-Minkowski spacetime, this has
been proven for a massive real scalar field endowed with
Robin boundary conditions in Ref. [18]. On the other hand,
one might wish to explore the connection between boundary
conditions and holography. However, working in the spirit
of algebraic holography [19], an answer is not immediate.
As a matter of fact, in Ref. [19], one considers field theories
constructed on the global patch of AdS,, such that, on the
associated *-algebra of observables, the underlying group of
isometries acts covariantly.

Hence, in order to apply our results, particularly those of
Secs. [V and V, first of all, one should realize which among
the fundamental solutions and the propagators in PAdS,, can
be extended to the whole GAdS,. The same problem
investigated for a real scalar field suggests that one should
consider only special values of the mass; see, e.g., Ref. [20].
Furthermore, covariance under the action of the full AdS,
isometry group might require a restriction of the class of
admissible boundary conditions as it happens in the scalar
case; see, e.g., Ref. [21]. From a physical viewpoint, one
can interpret this feature as the signature that while all the
boundary conditions considered in this work guarantee that
PAdS,, behaves as an isolated system, not all of them entail
total reflection at the boundary. In many instances, one must
account also for the possibility of propagation along the
boundary, but a proof of this fact requires us to write both
the fundamental solutions and the two-point correlation
functions in position space. Already in the case of a scalar
field, this is not an easy task, and it requires an investigation
of its own; see Ref. [18].

We complement our analysis by discussing in detail two
examples in PAdS,. For the MIT-bag boundary condition,
we construct the advanced and retarded propagators and a
two-point function for a ground state, compatible with the
PAdS, isometry group and with the analysis outlined in
Ref. [22]. For a representative generalized boundary con-
dition, we again construct the propagators explicitly and
exhibit a normalizable bound state. This dichotomy illus-
trates in concrete terms that the MIT class yields a well-
behaved quantum theory, whereas the generalized class
can trigger qualitatively new features through boundary-
supported modes.

The paper is organized as follows: in Sec. II, we review
the geometry of global AdS,, and of the Poincaré patch,
setting notation and recalling the relevant spin structure and
Clifford conventions. In Sec. I A, we formulate the Dirac

equation as a first-order system on a manifold with a
timelike boundary, reduce the dynamics to Fourier modes,
and analyze self-adjointness of the ensuing spatial operator.
In Sec. III, we deduce our mass-dependent classification of
boundary conditions, highlighting the distinction between
the MIT-bag class and its generalized counterpart. In
Sec. IV, we establish a prescription to construct the
associated advanced and retarded fundamental solutions.
In Sec. V, we work out two explicit four-dimensional
examples: MIT and a generalized boundary condition with
a normalizable bound mode. We complement our analysis
with two short appendixes. In the first, we elaborate on the
Dirac equation and on our choice of y matrices, while in the
second, we outline a succinct overview of the construction
of the algebra of fields in the scenario under investigation.

II. THE GEOMETRY OF AN ADS SPACETIME

In this section, we outline the basic geometric data at
the heart of our paper. In particular, we consider the
n-dimensional anti-de Sitter AdS,, n > 2, which is a
maximally symmetric solution to the Einstein equations
with a cosmological constant A < 0. If n > 2, it can be
realized as an homogeneous, embedded submanifold of
R"*+! endowed with the line element

ds? = ~(dXO) = (dX1)2 + (X3P 4+ (@X"P (1)
where {X'},_, , are standard Cartesian coordinates.

Herein, the n-dimensional anti—de Sitter spacetime AdS,
is the hyperboloid

(X2 = (X (X2 + -+ (X =22 (2)
where 2 = —W is the AdS,, radius of curvature.
Henceforth, for simplicity we shall set £ = 1. In the
following, we shall consider both the AdS global patch
and the Poincaré fundamental domain, which we discuss

succinctly. The first one descends from the following
parametrization of Eq. (2):

XY =secpcos,
X' = secpsint,

X' = yl'tanp, i=2,....n, (3)
where 7€ [-x,7), p€(0,7/2), while > "=l(y))?=1.
These new coordinates cover the full AdS manifold and,
inserting them into Eq. (1), one obtains

ds? = sec’p(—dv* + dp* + sinzpdsé,,_z),

where dsé,,,2 is the standard line element of the unit (n — 2)-

sphere. In order to distinguish between the different
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coordinate charts used in this work, we shall denote by
GAdS,, the manifold when decorated with the global
coordinate patch as per Eq. (3). Two comments are in
due course. On the one hand, we observe that GAdS,,
endowed with the line element as per Eq. (4), is conformal
to /\~/l,1 =R x $"7!, an open subset of the n-dimensional
Einstein static universe ESU,,. Here, $"~! denotes half of
the unit (n — 1)-sphere whose metric is parametrized by
dp?* + sin® pdsé,,,2 with p € (0, 7/2). On the other hand, in
Eq. (4) we are making close contact with the conventions
used in Ref. [15], since in the literature, the coordinate p is
often replaced by re(0,+4o0), implicitly defined by
tanp = sinh r. In addition, one can notice starting from
Eq. (3) that the coordinate 7 is periodic and, in order to
avoid any potential causal pathology, we shall always
extend the domain of 7 so that t€R. In other words,
we consider the universal cover of the n-dimensional anti—
de Sitter spacetime which will still be denoted by GAdS,,
with a slight abuse of notation.

As mentioned above, we will also be considering the
Poincaré patch/domain which is defined in terms of the
coordinates

x0 =1
Z’
i
Xl':x_’ l:l,, ,n—2,
Z
1
X = (12 4 6l = 7)),
z
1 ..
X" — z_z(l -7 - 5;x'x! + ). (5)

where §;; is the Kronecker 6, ¢, xXeR, foralli=1,...,
n —2, while z€ (0, +00). Since X" + X" = % > 0, the
chart (5) covers only half of AdS,, and, from Eq. (1), it
descends that the associated line element reads

1

Z2

ds* = — (—dt* + dz? + 5;;dx'dx’),

We shall denote this by PAdS,,, the Poincaré patch of AdS,
and, since z > 0, it is conformal to the upper half-space
H" := {(t.z.x",....x"2)|z > 0}, endowed with the stan-
dard Minkowski metric.

A. The Dirac equation on AdS, and its
boundary conditions

On top of both GAdS,, and PAdS,, we wish to consider a
Dirac field, following the ideas outlined in Appendix A.
Hence, focusing for definiteness on the Poincaré patch, we

consider a spinor y: PAdS, — ([ZﬁJ which abides by the

massive Dirac equation

Py = (D—my =0, (7)

where D is as per Eq. (A5) while m >0 is a mass
parameter. As mentioned in the Introduction, neither
PAdS, nor GAdS,, is a globally hyperbolic spacetime
since they possess a timelike, conformal boundary.
Hence, solutions of Eq. (7) cannot be uniquely obtained
only by assigning initial data on a Cauchy surface, but also
suitable boundary conditions must be supplemented. In the
following, we classify the admissible ones extending the
results of Ref. [15] to generic spacetime dimensions. To this
end, we must start from an analysis of the structural aspects
of the solutions of the Dirac equation both on PAdS,, and
on GAdS,; see Sec. Il A.

B. On the Dirac equation on PAdS,

In this subsection, we consider the Poincaré patch of the
n-dimensional anti—de Sitter spacetime and, for computa-
tional convenience, we consider n even and the following
distinguished representation of the y-matrices denoted by
the symbol Y, as follows:

01 el 0
TO:i( >’ Ta:( y )’
10 T

where the matrices 7! are defined in Appendix A.
Accordingly, Eq. (7) reads

Py = (Y*V, —m)y = 0. 9)

In addition, given any pair of spinors on PAdS,, say
$.w:PAdS, — C2? abiding by Eq. (9), we can consider a
canonical inner product subordinated to the Dirac current
JE [, w] = ¢y, as follows:

(. w)pas, —/

where dx = [['=? dx, while ¢ = ¢Y?; see Eq. (A7). Both
¢ and y are here evaluated at an arbitrary but fixed value of
the time coordinate ¢. This is legit since the Dirac current is
covariantly conserved and therefore the rhs of Eq. (10) is
actually time independent. Starting from this remark and
observing also that constant time hypersurfaces on PAdS,,
are isometric to R* x R"~2 endowed with the Riemannian
line element ds* = % (dz* + §;dx'dx/), i, j = 1,....,n = 2,
we can introduce

= A dx¢ X0, (10)

Lz(R+ X Rn—Z;CQL%J) _ (CSO(R+ X Rn—z;cz@)7 <’ >PAdSn)'

(11)
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This is the Hilbert space of square integrable spinors

obtained as the completion of CF (R x R"2; c2?) with
respect to the inner product (10). We highlight that the
choice of n even is only due to the fact that when » is odd,
the Y-matrices are the same as in the (n — 1)-dimensional
scenario; see Appendix A. The following analysis should
therefore be slightly modified to account for this fact, but
the final result of this section applies slavishly also to n
odd and, therefore, for the sake of conciseness, we opted to
focus only on one among the two possible scenarios.
Since Eq. (6) entails that PAS,, is conformal to (H", 5), it
is convenient to consider a conformally rescaled spinor
¥ = 7y 0" — €Y. In addition, if y abides by Eq. (9),
then

(YHV, —m)y =0 & P¥ = <’rﬂaﬂ —@)lp =0, (12)
<

where the rhs is the conformally related Dirac equation on
H”". Furthermore, the conformal rescaling entails that,
given two solutions ¢,y of the Dirac equation on
PAdS,, the inner product as per Eq. (10) becomes

<¢’ l//>pAds” :A dz /an dﬁ(i)TOlP = <(D,T>Hfﬂn, (13)

where ® = z?gb, while the integral representation coin-
cides with the natural inner product between spinors in 1"
Notice that, on I]il]”, the covariant Y-matrices coincide with
the Minkowski ones. Following the same rationale used in
Eq. (11), it is convenient to realize that the constant time
hypersurfaces of H" are isometric to H2Z~! endowed with
the standard (n — 1)-dimensional Euclidean metric.
Accordingly, we denote by

n—1. 23 oo (n—1. 212
LAH;7HC20) = (G575 C27), (er)s - (14)

the Hilbert space of square integrable spinors obtained as

the completion of C (H2~'; C2*') with respect to the inner
product (13).

In order to study Eq. (12), it is convenient to split c?? as
c2?”! o) c2?™” and consequently ¥ = ¥() @ ¥, where
w(12) will be referred to as the upper- and lower-half
components of the spinor . As a consequence, one can

exploit Eq. (8) to rewrite the Dirac equation as the coupled
system

<;>Oaz + 719, — %) PO = o), (15a)

(7001 + 790, + ﬂ) p) = 0,9, (15b)
’ Z

where j = 1, ..., n — 2 labels the spatial directions orthogo-
nal to z; see Eq. (5). Deriving with respect to the time
variable Eq. (15a), and employing Eq. (15b), yields

2

Fall
where we exploited that the y-matrices are time indepen-
dent. Reversing the role of ¥(!) and ¥ yields

m2

<nﬂvaﬂap +90 2 —2) ¥y = 0. (17)
Z <

Since the translations along all directions tangent to the
boundary of H" are isometries of Eq. (6), it is convenient to
assume that ¥() € §'(H") and i = 1, 2, so that, working at
the level of integral kernel, we can take the Fourier
transform along all coordinates barring z, as follows:

. dodk .
L L LR
Rl (27) 2

where x = (x!,...,x"2) eR"2, w €R, while k = (k!, ...
k"2) € R"2. The expression k - x denotes the standard
Euclidean inner product. Plugging Eq. (18) inside Eq. (16)
yields the following second-order, vector-valued ODE:

&P om m? ,
(d—zz—rog—7+w2—|k|2)wg,1<z>

_ <d2 Rt T et )

57
dz? 22 22

o= P )90 =0,
(19

where z € (0, +o0) and v = m + 1, while |k|* denotes the
standard Euclidean norm of k € R"~2. At last, given 7° as
per Appendix A, Eq. (19) is a system of ¥ =205
decoupled, second-order ordinary differential equations
of Sturm-Liouville type; see Ref. [23]. The collection of
linearly independent solutions of Eq. (19) reads

3@ = Vallgller  i=lo.

V@) = VEri(gller  i= Loy
W@ = Walgllen =g+l
V) =Wt a(@dlen =g+l (0)

R% J, denotes the Bessel function of first kind of order v,
while Y, denotes that of second kind of the same order; see
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Ref. [24]. It is worth observing that, from a mere math-
ematical viewpoint, contrary to what occurs when working
with a real scalar field on PAdS,, there is no reason to
restrict the values of v and therefore of m on account of
Eq. (20). In other words, a priori, at the level of ODEs,
there exists no counterpart of the Breitenlohner-Freedman
bound [25,26]. Yet, as we can infer from direct inspection
of Eq. (20), the set of the first% ODE:s is invariant under the
exchange v — —v, while the second half under v — 2 — .
Taking into account both symmetries, we can limit our-
selves to considering the case v >0, as the remaining
|

values can be studied exploiting the mentioned symmetry.
Henceforth, we shall always stick to this choice and,
furthermore, we shall discard the extremal case v =0
since it would require a separate analysis. Focusing instead
on WY@ and working once more at the level of Fourier
transform, Eq. (15) yields

(1

2) N 1 N d ey A m )
Y, k(2) = ~ <7’0d—z — ik;y’ +Z)‘Pw,k(z)v (21)

which entails that Eq. (20) gets transformed into

(v Z . N N
Jz(' >(Z) = —\/;_[qu_l(qz)l — i, (q2)k;7]e;., i=1, R
(v Z . N N
Y,(» )(Z) = —i[qu_l(qz)l —iY,(qz)k;7]e;, i=1, SR
v— N N
170 = Ll g + ke =1L
0] 4 2
o N N
Y (o) = %_[qY (q2)1 +iY,_ 1 (q2)k;}/]e;, i=,+ 1, R (22)

Remark 2.1. From Eq. (21), it is clear that the above
procedure is not valid for @ = 0. When considering this
particular value, one has to take into account that Eq. (15)
reduces to a decoupled system of differential equations
whose solutions can be expressed in terms of modified
Bessel functions K, (|k|z), 1,(|k|z), of ordervand v — 1. In
Sec. V, we show how these solutions might contribute in the
construction of the propagators of the Dirac equation.

C. Solutions of the Dirac equation on GAdS,

We focus our attention on GAdS,,, whose associated line
element is codified in Eq. (3) and, exactly as in the previous
section, we set n even. Since Eq. (4) entails that GAdS,, is
conformal to M, c ESU,, we consider a conformally
rescaled spinor ¥ = (sec p)%z//:./\?ln S s that, if
y abides by Eq. (9) and if we work with the Y-matrices as
per Eq. (8), then

(Y*V, —msecp)¥ = 0, (23)

where V, is the spin connection on Mas per Eq. (A4) built
out of the YT-matrices. In addition, given any pair of spinors
on GAdS,,, say ¢,y :GAdS,, — Czw, both solutions of the
Dirac equation, we can consider a canonical inner product

subordinated to the Dirac current J¥[, w] = Yy, from
which we can construct the following inner product:

(@.v)Gags, = A “dpsec!p /s B dS" g%,  (24)

|
where dS"? is the standard volume form on the unit
(n — 2)-sphere, while ¢ is the Dirac conjugate as per
Eq. (A7). As in the previous section, both ¢ and y are
here implicitly evaluated at an arbitrary but fixed value of
the time coordinate 7. Yet, since the Dirac current is
covariantly conserved, this choice is irrelevant since the
rhs of Eq. (24) does not depend on time. Furthermore the
conformal rescaling entails that the inner product as per
Eq. (24) becomes

Wons, = [ o [ asmexmv—(0w)y . (25)
sn-2 "

where ® = sec'?" p¢, while the integral representation
coincides with the natural inner product between spinors

in M,,. As in the previous section, it is convenient to split
¥ =9 @ Y@ and to write

_Dsn—] ia, > (26)

vy, = (7
lat Dsn—l,

where D1 is the Dirac operator on $"~!, the unit (n — 1)-
sphere. This yields the system

(Dgi1 + msecp)¥P) = ig, @
Since the Dirac operator on $"~! is time independent, by

applying to the second equation d, and inserting the first
one, it descends that
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02
<_ﬁ + D5, + POmsec ptan p — m? seczp) y() =0.

(28)

As discussed thoroughly in Ref. [27], D1 has a discrete,
completely imaginary spectrum, 4;, = i(k +51), k€ Z. Its
eigenfunctions are the spinor spherical harmonics
gk.in(pvgi)’ where m = ) k ’ while {Ql}z L...,
denote the standard angular coordinates of $"72. These
harmonics are orthogonal with respect to the L?(S"!)
inner product and form a complete basis for the space of
square integrable spinors on $”~!. Assuming that ¥(!) is a
tempered distribution along the time direction, we can take
the Fourier transform and write

Pl WiFAp)

i(
keZm—k/ 1% 2”

X LA £ D)0 ). (29)

Pl i)(l ﬂ,-Ql _

[\)

The superscripts + indicate that we are splitting ¥(!)
further into two half-spinors. In fact, one can verify that
1(1£7°) is the projector on the upper-half or lower-half

components for the half-spinors ¥(1?), The reader should
be aware of the fact that, in general, the sum in Eq. (29)
should be regarded as a multi-indexed sum over a countable
set which takes into account also the multiplicities of the
eigenvalues. Combining Egs. (28) and (29), we end up with
the following ordinary differential equation:

d
<d_p2 + msecptanp — m? sec’p + a)2>f((ulf) (p) =0.
(30)

Generalizing the analysis in Ref. [15] for n = 2, the linearly
independent solutions of Eq. (30) read

. m 1—sinp
£ (p) = uat Da(p)*" F (a”—w;vi; 2 >

.
1 (p) = weospa(p) T F <1 +o.l —w;z—ui;g) :

(31)

where vy = +m +1, o(p) = (I;:‘:]Z)%, while F(a,b;c;z)
denotes the Gaussian hypergeometric function; see

Ref. [24]. Eventually, using Eq. (31), one determines
¥® replacing in Eq. (29) £\ (p) with

1

d
100 == (e msees ) 1120, (32)

To conclude the section, we highlight that the preceding
analysis can be repeated also for n odd, though taking into
account the differences in the form of the Y-matrices.
Hence Egs. (29) and (31) still apply. Observe also that,
mutatis mutandis, the content of Remark 2.1 also applies to
this scenario.

ITII. BOUNDARY CONDITIONS
FOR THE DIRAC EQUATION

Having constructed the solutions of the Dirac equation
both on PAdS,, and on GAdS,,, we investigate the class of
admissible boundary conditions which can be assigned to
the underlying dynamical problem in addition to initial
data, so to single out a unique solution. In Ref. [10], when
discussing the same issue for a real scalar field, one had to
resort to using techniques proper of Sturm-Liouville
problems; see Refs. [23,28]. On the contrary, since the
Dirac operator identifies a first-order partial differential
equation, we can rely on the fact that both in PAdS,, and in
GAdS,,, the Dirac equation can be written in a Schrodinger
form, as follows:

oy = Hy, (33)

where, having set for simplicity 7 =1, ¢ is the time
coordinate while H is a suitable differential operator which
plays the role of a Hamiltonian. As it will emerge from the
following analysis, we shall be interested in interpreting H
as a symmetric operator on the space of square integrable
spinors living on constant time hypersurfaces with respect to
the inner product (10) on PAdS,, and (24) on GAdS,,. Most
notably, H shall admit self-adjoint extensions, each of
which will be associated to a boundary condition. From
the operator theoretical viewpoint, this serves as a constraint
on the domain of H itself, while from that of the Dirac
equation (7), it will identify an admissible boundary
condition yielding in particular a unique advanced and
retarded fundamental solution. In the following, we will be
employing the theory of deficiency indices, and we refer to
Ref. [29] for an introduction to this topic.

A. PAdS,, case

In this section, we consider the Dirac equation on PAdS,,
as per Eq. (9), and exploiting the defining properties of the
T-matrices as per Eq. (A2), we recast it in a Schrodinger-
like form, as follows:
iy =iYO(Y*V,—m)y =Hy, k=1,...n—1, (34
where H = iY%(Y*V; —m) is the Dirac Hamiltonian on
PAdS,. As in Sec. II B, we can exploit the conformal
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rescaling w - ¥ = 77w to individuate an equivalent

equation on H", namely

iat‘I‘:iT(’(T"ak—T)‘I’i HY, k=1....n—1, (35)
Z

where H=iY%(Y*9, —%) is the conformal Dirac

Hamiltonian. Notice that, with a slight abuse of notation,
we are denoting by the same symbols the covariant

Y-matrices on PAdS, and on H”", though T =
%T’;Adsn. Equations (34) and (35) suggest to read H

(respectively, H) as an operator on L?(R* x R"72; Czt%J> :
see Eq. (11) [respectively, on L?(H2~1; c2? ); see Eq. (14)].

Observe that H is manifestly symmetric, namely

(¢, HW>PAdSn - (Hg, W>PAdSh =0, V ¢,

wECP(RT x R"2; Cﬁ),

and a similar conclusion can be drawn for H. Therefore, it is
meaningful to look for their self-adjoint extensions, hence
extending the procedure used in Ref. [15] on GAdS, and, on
account of Eq. (13), it is sufficient to discuss one among the
two operators. Focusing on H, we start by using Eq. (8) to
write it in the following matrix form:

H = i° (Tkak - ﬂ)
Z
B 0 —7%0, — 0 +
7°0, +7'0; + 2 0 ’

where the index i runs over all coordinates barring 7 and z.
In analogy to Eq. (18), since D(H), the domain of H or of
any of its self-adjoint extensions must be contained in

Lz(l]-ﬂg“l;Czt%J); we can consider the Fourier-Plancherel
transform along all directions tangent to the boundary. In
other words, for any ¥ € D(H), it holds that

dk .
HY :/ — e kXD W, (2),
G D)

0 0Ly ipik; +
D= | oy i ©OTT ) 36)
Vit 0

where the subscript k highlights the dependence on the
momenta. As a consequence, we can focus our attention on
Dy, seen as an operator on L>((0, o); CzbJ) where, here,
we consider the standard Lesbegue measure. As a first step,
we read Dy as an operator with domain Dom(Dy) =
Cc((0, 00): C2%) and, for every Wy, ®y € Dom(Dy), it
holds integrating by parts that

<[DklPk, (I)k> - <lPk, Dkq)k> - [‘ille(Dk]zzo - O, (37)

where W) =¥ T° while the Y-matrices are defined in
Eq. (8). This entails that Dy is a symmetric operator, and we
can look for its self-adjoint extensions by using the von
Neumann theory of deficiency indices. To this end, we must
start by identifying the domain of the adjoint operator,
which reads

D(D}) = {¥) € L2((0,00); C2*) | Dy ¥y,
e L2((0,00); C2¥)).

Subsequently, we need to characterize the deficiency spaces
N4 (D) = ker (D}, = il) and, to this end, we introduce the
following notation to denote certain collections of distin-
guished elements of q:%’ with N = 25), as follows:

A = (ay, ,a%,O,. ,0),
B = (by....bx.0.....0).
C: (07 ,O,Cl, 7C%)7
D=(0.....0,d,. ... dy), (38)

where {a;, b;, ¢;,d;};_, _ns4 are arbitrary complex num-

bers. Consequently, splitting ¥ = %) @ ¥ as per
Sec. I C, Egs. (19) and (22) entail that any element lying
in A, (D] ) can be written as the following linear combi-
nations:

¥\ (2) = VZll,(g2)A + Y, (g2)B + J,_(q2)C

+Y,_1(qz)D], (39a)
¥, (2) = Fivz{J,(q2)[gC + ik;77A]

+Y,(q2)[gD + ikjf/fB]

+ —J,-1(q2)[gA — ik;7/C]

- Y,_1(qz)[gB — ik;7/D]}, (39b)

where we have used implicitly Egs. (20) and (22). In order

to deduce whether ‘Pgl)k(z) is square integrable, it suffices
to control the asymptotic expansion as z — 0 or 7 — oo,
setting @ = +i. Starting from the former and using
Ref. [[24], §10], it descends as follows:

Im<q>] 22y 1)

2 2

‘P(l) 2220
Wk (2)] p

{(u —1)%""[BJ* + {@] 2z3‘2"|D|2}, (40)
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where we have reported only the most singular terms. The
symbols Re(-) and Im(-) respectively denote the real and the
imaginary part, while T'(+) is the Euler y function. As one
can infer, the rhs does not depend on w = =i, and we can
distinguish three regimes:
(1) if v > 2, then ‘I‘gﬁll)k(z) is never square integrable
unless B=D =0,
(2) if 1 <v <2, then lI‘(ill)k(z) is square integrable only
if B=0, and
(3) if 0<v<1, then ‘Pili)’k(z) is always square
integrable.
Accordingly, we can study these scenarios separately as
z — oo0. More precisely,
(1) if v > 2, then

¥\ (2) = vzl (g2)A + 7,1 (g2)C.

Since /zJ,(qz) “~"cos(qz—Z-%) and ¢*=
—1—|k|?>, using Eq. (38), it descends that
‘I‘gtll)k(z) is square integrable if and only
ifA=C=0.

) If 1 <v <2, then

v (2) = Vel (g2)A +J,1 (q2)C+ Y, (g2)D.

Using the same asymptotic expansion as in the
previous point and Eq. (38), we can infer that A
must vanish. Accordingly, we are left only with a
linear combination between the Bessel functions of
first and second kind of order v — 1. Provided
Im(g) > 0, their lone square integrable linear com-

bination is /zH 21)1 (qz) <" expligz — Z — 2], where

H'Y (gz) denotes the first Hankel function. On the

contrary, if Im(q) <0, we can draw the same

conclusion provided that we replace the first with

the second Hankel function H,Ez_)l (qz). As a conse-
quence, it turns out that D = +/C depending on the
sign of the imaginary part of g.

(3) If0 < v < 1, then no constraint to Eq. (39a) needs to
be imposed due to the behavior close to z = 0. On
the contrary, close to infinity, using the asymptotic
expansion of the Bessel functions and observing that
Eq. (38) entails that the vectors A and B are

orthogonal to C and to D, we can infer that

‘P(ilzk(z) is square integrable provided that D =

+iC and B = +iA, the sign being dependent on

that of the imaginary part of g as explained in the
previous point.

We focus our attention on ‘I‘(izl)k(z) taking into account

Eq. (39b) and the constraints on the coefficients A, B, C,

and D deduced from the analysis of ‘I’gk(z)

TABLE 1. Summary of Von-Neumann theory for the
operator D.

v n.(D}) Expected boundary conditions
©, 1) ¥ Parametrized by elements of U(%)
(1, +0) 0 No conditions

(1) Ifv > 2, wealready know that A =B =C =D =0
and therefore, ‘I‘fl)k (z)=0. In other words, n (D} ) =
dim(N . (D}))=0, which is tantamount to saying
that Dy is essentially self-adjoint.

(2) if 1 <£v <2, the preceding analysis yields A =
B =0 and C = +£iD depending on the sign of
Im(q). Focusing on Im(q) > 0, it turns out that

92\ (2) = F ivzlgH (qz) + iH.Y, (g2)7k)]C.

Taking into account that as z — 0, Hﬁl) (qz) «

(gz)7%, we need to impose C =0 in order for
‘I‘ﬁ)’k(z) to be square integrable. Hence Dy is
essentially self-adjoint.

(3) If 0 <v <1, the preceding analysis yields A =
+iB and C = £iD depending on the sign of Im(g).
Considering for definiteness Im(q) > 0, this entails
that

Z i
W22 = V2 {1 (g2)[qC + 7'k,

~ A" (g2)[qA - i?’ij]},

which is square integrable both at the origin and at
infinity. To summarize, in this case, ni(IDD =
dim(N . (D})) =¥ and, hence, on account of von
Neumann theory of deficiency indices, the number
of self-adjoint extensions is in one-to-one corre-
spondence with the elements of the unitary
group U(5).

To conclude, we summarize in Table I the results
obtained for ‘I‘glzk) (2).

We conclude this section by showing how to associate
specific boundary conditions to each self-adjoint extension
of the operator Dy. For definiteness, we shall focus on the
mass range v € (0, 1). As a guiding example we consider
first the case v = %, namely m = 0. This is a special
scenario since all singular terms in Eq. (19) vanish, and
this entails that all solutions of Eq. (19) are regular at z = 0.
Therefore, one can equivalently write Eq. (37) as
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@)k (0)+W

= [}, (0) — i

w.k

,

O] LR (0) + 99 (0)]
P00 (0)][#1 (0) — 709} (0)].

where 70 = iy%; see Appendix A. If we assume that the

boundary values @SL (0) + i;?od)g)k (0) are related by a

linear transformation, which is indeed the case since the
Dirac equation is linear, then it descends that

2
,

o1 (0) + 7@y (0) = U@, (0)

w,

<|Dkq)a),k1 ‘P(u.k> - <(I)w k> Dk‘yw k> (i)w k (O)TI\Pa),k (0)
()

where we have exploited that we are working in the regular
case and that Eq. (41) holds for ®,, . The rhs vanishes if

(1= )P (0) + i(1+ U)P¥LL(0) = 0.
Hence, we have individuated an extension of Dy which we
denote by DY such that DY = (DV); and that

Dom(DY) = {¥, € L2((0, 00); €2¥)|(1 - U)¥!!} (0)
+i(1+ UL (0) = 0}

Keeping Eq. (41) as an inspiration, we extend our con-

clusion to the case when ¥,k (z) is singular at z = 0. To
Ny N

this end, we introduce the 5 x 5 rescaling matrix R(z) =

diag(z"~ i1, 7 |”‘2|1) and we deﬁne the rescaled spinors as

R0k (2) = R ()92 (2),
(42)

where ‘I’,(ullf)(z) are as per Eq. (20). Observe that the
rescaled spinor components are regular at z =0 since,
exploiting Eq. (39) for v € (,1), we obtain

_2T(v) B
. 1 y 3
lim [ W)} (2)] = ( )

N 2]—1/
=0 WC

— 2L (gD + ik;7/B] ) (43)

lim[ ¥ (2)] = ( .
=0 257 laA — ik C]

10792 (0) - @

and the same applies for ‘I‘SL (0) £ i}?O‘Pfi)k (0). Thus, the
boundary conditions for m = 0 are

(1- 0P\ (0) + i1+ U)"¥2) (0) =0,  (41)

where UeU(5).

¥, 1 (z) €L2((0,00); C2) and that @, ,(z) also abides
by Eq. (41). Bearing in mind Eq. (37), it turns out that

Let us now assume that @, (z),

|

where we have used the asymptotic expansion of the Bessel
functions as z — 0F. The case v€(0,3) is obtained
similarly. We remind the reader that for v € (0, 1), an
element of Eq. (39) lies in the domain of a self-adjoint
extension of Dy once we fix one between the parameters
(A, B) and one between those denoted by (C, D). Thus, the
boundary values of the rescaled spinors encode all data of
the solution. We show how Eq. (41) can be rewritten in
terms of rescaled spinors. For every Y, y,®,x€

L2((0, 00); €2, it holds that
lim{®,,1(2) ¥, (<)}
= hm{cbf,},L (27" () — L ()7 (2)}
()7 (2) -
= P ()7 ¥ (0) — x @) (0)7°R W11 (0).

= lim{ @) RO (27090 (2)}

On account of the rescaling, the evaluation at z = 0 is well
defined and, therefore, we can repeat the same analysis as
forv = % drawing exactly the same conclusions. Hence, the
most general boundary condition for v€(0,1) which
identifies ID{! , a self-adjoint extension of Dy, reads

(1= U)¥0L(0) +i(14+ U %20 (0) =0, (44)

where U € U(5) while 7 = iy" is as per Appendix A and
¥, €L((0.00):C2).

Remark 3.1. In 1975, while studying hadron models, K.
Johnson identified a set of self-adjoint boundary conditions
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for the Dirac equation on a subset of Minkowski spacetime;
see Ref. [14]. These are known as MIT-bag boundary
conditions and can be expressed as 1, Y*¥|;\ = =404,
where M denotes the underlying manifold; oM its
boundary; while n, is an outward pointing unit vector,
orthogonal to dM. In our case, the MIT-bag boundary
conditions can be written as Y!,¥(0) = £,¥(0), where
RP(0) = P (0) ® ;¥ (0) as per Eq. (42).

Notice that, starting from Eq. (43), we can recover these
distinguished boundary conditions for suitable unitary
matrices U, though we postpone the discussion to
Sec. V. Henceforth, we refer to Eq. (44) as the generalized
MIT-bag boundary condition.

Physically, the MIT-bag boundary conditions were
introduced as an effective description of quark confine-
ment. Practically speaking, in Ref. [14], Johnson models a
hadron as a bag, i.e., a subregion of Minkowski spacetime
inside which quark fields are nonidentically vanishing, and
inside which one can find all the stress-energy content of
the hadron. As a consequence, one has to require that the
normal component of the Dirac current vanishes at the
boundary of the bag, so that no energy-momentum flux can
cross the wall. This boils down to choosing a self-adjoint
realization of the Dirac Hamiltonian. In our setup, the
conformal boundary plays the role of an idealized, perfectly
reflecting surface. Imposing MIT-bag at conformal infinity
therefore selects a self-adjoint realization of the Dirac
Hamiltonian. It yields a unitary time evolution, while
different unitary matrices U can be interpreted as more
general reflective boundary couplings, potentially support-
ing boundary-localized modes, as observed in the bosonic
case, see Ref. [18].

We conclude this section by collecting our finding on the
admissible self-adjoint boundary conditions in Table II.
|

TABLE II. Boundary conditions associated to all self-adjoint
extensions of Dy.

v Boundary conditions

1 -0)PD(0) +i(1+ U)7*P?(0) =0
(1= U)xPN(0) +i(1+ U)7°P?(0) =0
No conditions

B. GAdS,, case

In this subsection, we consider the global patch of the
n-dimensional AdS spacetime, namely GAdS,,. Also in this
case, we are interested in identifying the admissible
boundary conditions which can be supplemented to
the Dirac equation (7). Yet, the analysis follows closely
the steps already highlighted when considering PAdS,, and
the Poincaré patch, and, therefore, we limit ourselves to
stating the main results and highlighting the minor differ-
ence with the preceding section. It is worth mentioning that
in Ref. [15], a thorough analysis on GAdS, is available.
The starting point consists of writing on GAdS,, the
counterpart of the conformal Hamiltonian individuated in
Eq. (35). It reads

H =YYV, — msecp),

where V denotes the spinor covariant derivative specified
for the conformally related manifold /\~/l,,; see Eq. (A4) and
Sec. II. Using Eq. (29), we introduce the counterpart of the
operator Dy as

HY f,, )¢ (p.Q) =3 Bf, (p)E,(p. Q).

0 0 —d%%—msecp 0
. 0 0 0 %—l—msecp
D=1, , (45)
4y Tmsecp 0 0 0
0 —d%—l—msecp 0 0

where f . (p)¢,(p, Q') denotes a vector whose components
are split in two halves. The first takes the form
eFi f1E) () (p,QF), while the second one takes the

w.A
form eFi% fff) (p)C(p, Q). Notice how Eq. (29) entails
that D is a 4 x 4 matrix regardless of the dimension of
GAdS,,, with n > 3. Once more, D as per Eq. (45) can be

[

regarded as a higher-dimensional generalization of the one
discussed for n = 2 in Ref. [15], which in turn also applies
to the scenario with n = 3. The induced inner product
starting from Egs. (24) and (25) reads

<fw,/1’ gw,/1> = Z /:7 dpf:;,,l(ﬂ).ga)/l(p)’
A 2
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where [, ;. 9w € L*((0.%); Cﬁj) have, respectively, com-
ponents fU-%) 2% and g+ ¢+ As one could infer,
D is symmetric with respect to this inner product only if it
vanishes, as follows:

<Df(u./l’ ga),/1> - <fw,iﬂ [Dgw,l> & Z[]w,&rlgw.l](%)’ (46)
p)

where f = Y0, It suffices to consider CZ(0,%) to ensure
that this holds true and hence to conclude that D is a
symmetric operator on L?(0,%). In order to characterize the
self-adjoint extensions of D, one should proceed exactly as
in the previous section. Since mutatis mutandis the pro-
cedure is identical, we list only the final result:

(i) If v=m+1€(0,1) the deficiency indices associ-

ated to D and to its adjoint DT are n, (D7) = 4.

(i) If v>1 D 1is essentially self-adjoint, thus

n, (D7) =0.

To conclude, we exploit once more the analogy with
Sec. I A and Ref. [15] in order to write the sought
boundary conditions on GAdS,;:

(i) For v€(0,1) we introduce the rescaling factor

R(p) = o(p)l, where o(p) is as per Eq. (31).
The boundary conditions are then given by

NG AT o)
1 U)<Rf<2>(0)>_I(HU)(Rf“)(O))’ (47)

N
N

where U € U(4), while

(i) For v > 1, D is essentially self-adjoint. Thus, we do
not need to impose any boundary condition on the
square integrable spinors.

Also in this scenario, a suitable choice of U is tanta-

mount to selecting boundary conditions as in the MIT-bag
model [14].

IV. GREEN’S OPERATOR FOR
THE DIRAC EQUATION

In this section, we derive an expression for the advanced
G~ and retarded G fundamental solutions for the Dirac
equation on PAdS,, for each of the boundary conditions
which have been individuated in Sec. II B. We focus on this
scenario since on GAdS,, the computations are analogous;
see Secs. III A and III B. We recall that a fundamental

solution is a map G*: CP(R* x R”‘I;Cﬁ) - C®(R* x

)
R"~1;C2*) such that

where P is the Dirac operator as per Eq. (9). Equivalently,
we look for a bidistribution G*e€D'((R* x R*™!) x

(R* x [R”‘]);(CﬁJ ® (Cﬁ)*) such that, working at the
level of integral kernels,

PRNGH(x,x)=(1® Ig)éi(x, x')=6(x— x’)1cz@,
(50)

where (x — y) is the Dirac -distribution on R* x R"~!, P
is the Dirac operator as per Eq. (9), while P is the anti-Dirac
operator defined in Eq. (A8). Once more, it is convenient to
consider a conformally equivalent problem on H"; see
Sec. II B. To establish the correspondence, we recall that

any y: RT x R*™! — c? s conformally related to ¥ :=
77y H - 2% such that Py = 7'z P¥ where P is the
Dirac operator on PAdS, while P is defined in Eq. (12).
Equation (49) entails that, denoting by G* the retarded and
advanced fundamental solutions associated to P, these are
related to Qi via the identity

Hence, we can focus our attention on the construction of the
retarded fundamental solutions directly on 1", so to avoid
considering the test functions whose support intersects the
boundary at z = 0. The most notable advantage is that the
identity

S=PoP = (Tvay+ﬂ1) o (Tﬂaﬂ—ﬂ)
Z <

m2

m
=001+ T 5 =1, (51)

entails that we construct the advanced and retarded funda-
mental solution /C* for S, since

Gt — (Tvay +':1>/Ci. (52)

In turn, since Y! = diag(—1,1,1,-1) as per Eq. (8), we
can infer that
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Ky 0 0 0
. 0 Kidg. 0 0
S 0 Kidg, o |
0 0 0 Kfl .

(53)

where K are the advanced and retarded fundamental
solution of the Klein-Gordon equation on H" with mass
v = m + 1. We denote by K(x, x') the integral kernel of the
advanced-minus-retarded Green’s operator for S; see
Ref. [10], and by G(x,x’) its counterpart for P as per
Eq. (52). The former can be determined once we fix any
admissible boundary condition; that is, Eq. (53) ought to
satisfy Eq. (44). In order to translate this statement in a
condition that K,(x,x’) has to abide by, we proceed as
follows: taking once more Ref. [10] as an inspiration and
using the notation introduced in Eq. (18), we write

rR-2 (27)7

_:° j—;’_ﬂ G,k (2.2),  (54)
where G~ =0O(¢ — )G, G = —0O(f — )G and
P.G(x,x") =0, (55a)
G(x, X" )P, =0, (55b)
G(x,x)|,—y = Y25(z = 7)6(x — x'), (55¢)

in addition to a boundary condition as per Table II.
Replacing Eq. (54) in Eq. (55¢) yields

+oo dw
——G,(z2.7) =70%(z - 7). 56

As one can infer from Egs. (54), (5§5a), and (55b), the
columns of G, (z,z'), regarded as functions of z, are
eigenfunctions of Dy associated to the eigenvalue @, while
its rows, regarded as functions of 7/, are conjugated
eigenfunctions associated to the same eigenvalue. In other
words, Eq. (56) establishes a spectral representation of the
o-distribution in terms of eigenfunctions of D) subject to
boundary conditions as per Table II.

Remark 4.1. We observe that, combining Eq. (55) with
(a minor adaptation of) Refs. [30,31] entails that the
singularities of G* are supported both along light rays
and along their reflection at the conformal boundary located
at z = 0. As a byproduct, whenever one considers a globally
hyperbolic region O of R* x R"~!, the restriction GF|p, 0

differs from the propagators of the Dirac operator on O by a
smooth term. This entails, in turn, that if one constructs the
C*-algebra of observables for the Dirac field with prescribed
boundary conditions as per Eq. (55), this abides by the
principle of F-locality as per Ref. [13]. Nonetheless, we
highlight once more that this property alone does not
guarantee a priori a physically sensible quantum field
theory; e.g., it does not guarantee that the x-algebra of
observables is causal. In order to make that happen, one
needs to prove that Eq. (55) entails

(x,x") €supp G(x,x') = x ~ X/,

where x ~ x' means that x, x’ € PAdS,, can be connected
by a casual, possibly reflected, curve. For the time being,
we postpone the investigation of this property, and thus
the construction of a physically reliable x-algebra, to
future works.

Constructing G, i (z,Z'): Eq. (56) entails that, barring a
factor Y°, G, i (z,7') can be constructed out of Dy as per
Eq. (36), solving

(Dx + ®)Gp, (z.7s0) = 8(z = '), (57)

together with one among the boundary conditions as per
Table II. We recall that Dy in Eq. (57) is acting on z and we
write Gp, (z,7; @) as

F,(2)C (), z<7

Zo(2)C. (). G8)

Gp, (2.7 0) = {

z>7,

where setting N = 213, .%, (z) is the N x N matrix whose
columns are the solutions listed in Egs. (20) and (21). On
the contrary, Cx(z') are N x N matrices to be determined
from Eq. (57) and from the boundary conditions listed in
Table II. In the following, we investigate more in detail the
conditions that they have to fulfill, splitting the analysis
between two scenarios depending on v and, thus, on the
mass of the field. We highlight that, in this section, we do
not determine explicitly their expression; rather, we estab-
lish the algorithm to determine them. In Sec. V, we will
apply it to two concrete cases.

Caserv€(0,1): for0 < z < 7 < 400 and denoting by U
a matrix which identifies an admissible boundary condi-
tion, Gp, (z,7'; ) has to fulfill

(1- U)xG) (0. 250) + (1 + U)7°G3 (0.2 ) = 0,

where RGlgk’z) (z,7; w) denote the rescaled upper/lower half
of the matrix Gp, (z,7’; @) as per Eq. (42). Equation (58)

yields

{1=U)[xZ (0] +i(1+ V)77, (0)]P}C_ (') =0.
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For 0 < 7/ < z < +00, no boundary condition must be
imposed and, following Ref. [28], we can infer that the
columns of the matrix %, (z)C.(z') must be eigenfunc-
tions of D) that are square integrable when Im(w) # 0. The
analysis carried out on W;(z) (see Sec. II B), suggests that

[C-()]® = i[C.. (),

where the sign is the same as that of Im(w). At last, we
impose a matching condition at z = 7’ as follows. We
consider Eq. (57) and we integrate over z € (7' — &,7 + ¢)

[C- ()@ = ilC. (2],

for e > 0. Given Dy as per Eq. (36), we take the limite — 0
so that it holds

lim[G(Z' +¢,7;0)| = —iToT!.

e—0

>7 = G(Z/ — &, Z/; w>|z<z’]
This identity translates to
C.(2) = C(d) = -7, ()07,

Gathering all the previous constraints above, one can
conclude that the matrices C=(z’) abide by

{1 =) Z,0) +i(1 + U)i°[x 7 (0)]P}C- () + 75! ()T = 0,

C.(2) = C () + iF; () YO,

(59)

Case v €1, +0): this case is simpler since we do not have to impose boundary conditions at z = 0. Hence, we need to
consider only square integrable spinors, namely B = D = 0 as per Sec. Il A, or, equivalently, [C_(z')]®) = 0. Apart from
this difference, the analysis is the same as in the previous case and we do not report it again.

Resolution of the Dirac &: following Eq. (56), one must read Gp, (z, 7', @) as a function of the spectral parameter w. Yet
Eq. (58) entails that G, depends on .7 ,(z) and on Cx(z’). Combining Egs. (59) and (19), it descends that, rather than on w,
it is more convenient to work with ¢ where g = @ — |Kk|?. Repeating the same analysis outlined in Ref. [10], based in turn
on the theory of Sturm-Liouville equations (see also Ref. [28]), it descends that

1
S(z—7)=—=—li
(Z Z> 277,'lei>r(r)}r o(Dy)

where Gp, (z,7',w & ie) denote, respectively, the Green’s
functions of the operator Dy —w F ie, while o(Dy)
denotes the spectrum of Dy. Following Ref. [28], in order
to give a representation of Eq. (60), we look for
{44(2)}weop,)> @ complete set of generalized eigenfunc-
tions for Dy, which satisfy the underlying chosen boundary
condition as per Table II as well as the identity

/ u, (2)ul(2)do = 8(z — 7).
o(Dy)

A direct comparison of this identity with Eq. (56) allows us
to determine Gp, .

[Gp, (2.7, 0 + ie) = GTDk (7,z,0 —ig)]dw,

(60)

|
V. PROPAGATORS FOR THE DIRAC FIELD

In this section, we apply the algorithm developed in
Sec. IV to a massive Dirac field and, for definiteness, we
consider only PAdS, although the following analysis can be
adapted to any spacetime dimension n > 2. In particular, we
focus on two boundary conditions as per Table II, one being
the MIT-bag boundary condition, namely Y!,¥(0)=
+,%(0) as per Remark 3.1, and one being a generalized
counterpart. In what follows, we assume for definiteness
me (O,%), ie.,VE (%, 1).

Case 1: Upper-half generalized MIT-bag condition. We
start our investigation by setting ¥ (0) =0 which,
according to Table II, corresponds to choosing U = —1.
We refer to it as the upper-half generalized MIT-bag
condition. Recalling that in this setting, k = (k. k),
and using Egs. (19) and (15), we can infer that

oJ,(qz) 0 oY, (qz) 0
7 (o _VZ 0 wJ,-1(qz) 0 Y, 1(qz)
T (e (ot ka(a)  —aVea(q) (it k)Yt (02) (61)

(iky = k2)J,(q2) —-qJ,(qz)

(iky — k)Y, (qz) —-qY,(qz)

125028-14
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Remark 5.1. The columns of .% ,(z) are, by construction,
the four linear independent solutions of the Dirac equation

The next step consists of focusing on Eq. (59), which
entails that the matrices C(z') solve

on PAdS,. Comparing with Eq. (43), one can infer that the
first and the last columns are those implementing the C.()]®
chosen boundary condition. As a matter of fact, the first

one satisfies T1,¥(0) = ¥(0) while the last one satisfies [&:Z 0 (0)]"
T!,¥(0) = —¥(0). Hence, ;¥ (0) = 0, and we stress C.(Z)=
that this is a boundary condition distinguished from those
discussed in Ref. [14].

= £i[C. ()Y,
C. () + i, ()XY =0

C. () +iF; ()Yt (62)

where the sign in the first identity is determined by that of
Im(w), as per Sec. IV. A direct computation yields

F iwJ,(qz) 0 +igJ,_,(qz) +(iky, — ky)J,(qz2)
C) () = w7 0 —oY, 1(qz) (ki — k)Y, 1(q2) qY,(qz)
> - .
2 wJ,(qz) 0 —qJ,-1(qz) —(iky + ky)J,(qz)
0 FiwY,_(qz) F (iky +k)Y,_1(qz) +igY,(qz)
F ol (q2) 0 +igH "\ (gz)  +(iky — k)H (g2)
/
() = V7 0 0 0 0 ’
2 0 0 0 0
0 ~wH ) (qz)  (iky — k)H (g2) gH" (q2)

where, with a slight abuse of notation, we employ the symbols H, &) (x) = J,(x) £ iY,(x) to denote the Hankel functions of
the first and second kind, respectively. Using Eq. (58), one can construct Gp, (z.z', ®), though we avoid reporting its
explicit form since it is quite heavy to read and not particularly informative. On the contrary, we focus on Eq. (60) which,
removing the e-dependence from the integrand, translates to

1

o, (@) = ~ 5 (Gp, (2.7 ) = G}, (.z.0))
wJ¥(z,7) 0 —qJ"_(z,7) —kJ¥(z,7)
7 0 oY~ \(z.7 l~<*Y"_l ! —qYr (2,7
g ppy| e (2.2) e |
2 —qJy7 (z,7)  —ikY;Zi(z,2') (1% o) (2.2) kI Nz 2) = Y (2, 2)]

—k*Ju(z, 7)) LE*[I_ (2. 2) -

Yy 1(z.7)] (Y, xJ,)(z. 7))

g |~

(63)

where we have employed the following compact notation

J3(z.7) = Jalq2)dp(qz'),  Y§=Y,(q2)Ys(q2),
(Ja*Yp)(2.2) = ¢*J%(2.2) + [k PPY)(z.2).
k = ik, + ky, k* = —ik, + ky.

Notice that |k| = |k|. One can verify by direct inspection that

Py (@) = uy (2)uy (2)" 4 ux (2)ur ()7,

where {u,u,} is a set of complete eigenfunctions that fulfill the upper-half MIT-bag boundary conditions:
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wJ,(qz) 0
el 0 = 2] @Yea(a)
@) = /3, —qJ,_1(qz) | 2(2) \/; (iky +k2)Y,_1(qz)

(iky = k2)J,(g2) -qY,(qz)

As one can infer both from this expression and from Eq. (63), there is a simple pole at @ = 0. A direct computation yields
that the residue associated to it is

0 0 0 0
A 2w |00 0 ’
pA5(0) = K sin() 0 0 K(KoK (k) SE K (kKK [ O
0 0 FHEK(KDK (K K (kK (K]

Ik

where K ,(x) is the modified Bessel function of the second kind. This is tantamount to considering the square integrable
eigenfunction of Dy, associated to the eigenvalue @ = 0, which fulfills the upper-half MIT-bag boundary condition, namely

0
Lo _ 2sin(nv)z 0
b0 =0 @)=k g k)
~ K (K 2)

Putting together all these data and taking into account Remark 2.1, the spectral decomposition of the §-distribution reads

6(z=2) = (0) + [ po,(0)do (65)

where pp, () and pﬁgi (0) are, respectively, as per Egs. (63) and (64). Eventually, the sought advanced-minus-retarded

Green’s operator reads, setting x = (7,X, z), as follows:

dk . , ) y +oo
G(r) = [ G0+ [ doipo(o) + pol-)] 10 (66)

The physical significance of this @ = 0 mode is not obvious a priori. From the above analysis, we can only conclude that
there exists a family of self-adjoint boundary conditions (see Remark 5.1 for a detailed classification), that admits a square
integrable, stationary, zero-energy eigenfunction as a possible wave function. Establishing whether or not this mode yields
physically inconsistent scenarios is possible only through a careful analysis at the level of physical observables associated to
the quantum field theory of the Dirac field. Once more, this is possible once causality is guaranteed: see Remark 4.1.

Remark 5.2. In order to infer in which cases it is necessary to take into account the existence of a pole at @ = 0 in the
construction of the advanced and retarded propagators, one should first focus on Eq. (15). Setting @ = 0, the square
integrable solutions can be constructed out of the building blocks

K, ([k|z) 0
_iki—k 0
¢i(z) = vz K [i;_lﬂk'Z) , ¢a(2) = Vz K,_1(k|z) ) (67)
0 ~ 2K, (Kl2)

Their rescaled boundary values as per Eq. (42) are

125028-16



BOUNDARY CONDITIONS AND DIRAC FIELDS ON AdS,

PHYS. REV. D 113, 125028 (2026)

271K T (v) 0
—Ezk ook PID(1 - ) 0
I i _
RP1 (0) 0 R§02(0) 2—u|k‘u—ll"(1 —v) (68)
0 ~ A2 kT ()
Hence, every linear combination ¢;2(z) = a;(z) + b, (z), with a, b € C, has to fulfill
1 2
r0s2 (0) = My (0), (69)
where M = ({1 2) € M(C, 2) is such that

ik, — k,

K[\ 21 (1 - v)
(7) re) T k2

The example detailed above abides by Eq. (69) with M = 0.

- lkl + kz |k| 1-2v F(l/)
- C3+< l_,(l_l/)C4.

K| 2

Case 2: Proper MIT-bag condition. We consider now the MIT-bag conditions as per Remark 3.1, namely T!,¥(0) =
< P(0) where we are considering once more the rescaled spinors. Splitting ¥ = ¥(1) @ W) allows us to rewrite this

condition as

TLW(0) = QP(0), o {

which, comparing with Table II, corresponds to U = —7°.
The procedure is identical to that of the previous case, and
therefore, we limit ourselves to highlight that comparing
this boundary condition with Eq. (69) entails that the pole at
@ = 0 does not occur. In addition, the eigenfunctions that
fulfill this boundary condition are {w;,w,}, the first two
columns of .%,(z) as per Eq. (61). In this case, the
advanced-minus-retarded Green’s operator reads, setting
x = (1,%,z), as follows:

G, x) = A 2 %ei[«»o—w—k(x—x’)]
[ oo, (@) + po, (o)1 (70
where
po, (@) = 6@ — [K[*) (Wi (2)w1 ()" + wa(2)wa(2)).

Following the same rationale as Ref. [10], the absence of
a point spectrum for Dy codified in the pole at @ = 0 entails
that we can use Eq. (70) to construct the two-point
correlation function of the ground state of a Dirac fields.
This identifies unambiguously a state for the underlying
algebra of fields. In order to avoid too many technical,
algebraic details in the main body of this paper, we review
succinctly its construction in Appendix B, commenting in
particular on the property of being F-local; see Ref. [13].

?ORT(I)(O) = _R‘P(l)(o)v
P°R¥?(0) = {¥@)(0),

More precisely, we look for two bidistributions @5 such
that their integral kernel is a solution of

D.w; (x,y) =0, Dya)g(x, y) =0, (71)

where D is the Dirac operator and where we also impose
the proper MIT-bag boundary conditions. In addition, we
require the canonical anticommutation relations to hold
true, namely

o (x.y) + @3 (y.x) = iG(x.y), (72)

where G(x, y) is as per Eq. (66). A concrete realization of
these conditions is

AR o
wf () = [ Stttk

“ /|k+°° dolw, (2)(2) + wa (2) ()],

5 (x,x') = G(X,x) — w5 (¥, x), (73)

Remark 5.3. We highlight that the two-point function for
a Dirac field abiding by the proper MIT-bag boundary
condition has been also discussed in Ref. [22], and a direct
analysis of this reference compared to ours shows that the
two constructions yield the same outcome.

We conclude this section by stressing that Eq. (73)
identifies a ground state for the Dirac field subject to the
proper MIT-bag boundary conditions, as one can infer
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either by observing that only positive frequencies occur in
the mode decomposition or by employing the definition
given in Ref. [7]. At last, we remark that Eq. (73) fits with
the construction discussed in Ref. [32]. Therein it is proven
that when considering the Dirac equation on any manifold
with bounded geometry, a two-point function for the Dirac
field for which @y is built out of only positive-energy
solutions, while @5 is built out of only negative-energy
solutions, determines always a quasifree, Hadamard
ground state.

VI. CONCLUSIONS

In this paper, we have investigated massive Dirac fields
on AdS,, n > 2, both in the global and in the Poincaré
patch. By generalizing a procedure first outlined in Ref. [15]
in the two-dimensional scenario, we have classified the
admissible boundary conditions which can be assigned at
the conformal boundary. Among them, we have individu-
ated those going under the name of MIT-bag in the literature
as well as a much larger class which we have tagged as
generalized MIT-bag boundary conditions. All these options
entail the well posedness of the mixed initial-boundary
value problem as well as the existence of two natural
candidates for playing the roles of advanced and retarded
propagators for the Dirac operator. In turn, these allow us to
codify the canonical anticommutation relations and to
construct @,, the two-point correlation function of an
underlying ground state with prescribed boundary condi-
tions, provided that no bound state modes are present, a
feature possible when considering some among the gener-
alized MIT-bag boundary conditions. We have applied this
paradigm to two concrete examples in PAdS,, but the
procedure carries no a priori limitation and it could be
applied in all dimensions. If one considers any globally
hyperbolic open region of the underlying background, by
using Ref. [7], we can conclude that w, is of local
Hadamard form. Hence, this is a natural candidate to
construct a local and covariant algebra of Wick polyno-
mials, the building block to deal with interactions at a
perturbative level. In addition, in sharp contrast with the
scalar case, it appears that when bound state modes are
absent, no IR singularity appears, hence avoiding the
potential pathological features first highlighted in Ref. [33].

We reckon that this work represents just the first step in
the analysis of the interplay between boundary conditions
and Dirac fields. There are several open questions which
should be tackled in future works and, among these, we
highlight the following:

(i) From a structural viewpoint, the advanced and
retarded propagators G*, constructed in Sec. IV,
abide by all the defining properties of a fundamental
solution, but it is not manifest that given fe&

Ce(R* x R™1;C2%), we obtain

(i)

(iii)

125028-18

supp(G*=(f)) € JF (supp(f)).

In globally hyperbolic spacetime, this feature is
codified directly in the definition of the advanced
and retarded propagators, playing a key role in
proving their uniqueness. When one is working
with a mode decomposition, this property is not
manifest, but it can be proven using energy esti-
mates. It has been highlighted that even in the scalar
case, this approach does not work, and only recently
an alternative procedure has been devised in
Ref. [18]. Yet, since in this reference, it is particu-
larly important that the dynamics are codified by a
second-order partial differential equation, a direct
application to Dirac fields is not immediate. Hence,
it would be desirable to devise a workaround which
allows us to prove the support property also for the
propagators of a Dirac field,

Still from the structural viewpoint, one of the pillars
of the algebraic approach to quantum field theory
goes under the name of the Radzikowski theorem
[34,35]. This guarantees the equivalence between the
local and global Hadamard form of a two-point
correlation function. The first establishes the exist-
ence of a codified form of the integral kernel
@,(x,x’) provided that x and x' lie in the same
geodesic neighborhood. This guarantees that the
singular part of @, is covariant; namely it is com-
pletely determined in terms of the underlying geom-
etry and of the equation of motion. At the same time,
the global Hadamard form codifies the singular
structure of @, globally, using the language of
microlocal analysis. The interplay and equivalence
of these two conditions is foundational for establish-
ing a perturbative, local, and covariant quantization
scheme for interacting field theories; see, e.g.,
Ref. [36]. Yet all these results rest on the assumption
of global hyperbolicity and, in presence of timelike
boundaries such as in AdS,, more sophisticated
techniques need to be employed. In the scalar case,
the global structure of the two-point function has
been studied in Refs. [30,31] and a generalization of
the Radzikowski theorem has been proven in
Ref. [18]. Yet all these works strongly rely on the
underlying equation being of second order, hence
requiring a substantial modification to be applied to
Dirac fields. Furthermore, in Ref. [37], Hadamard
states with MIT boundary conditions have been
studied, and a comparison with our results is cer-
tainly desirable.

From a physical perspective, we would like to draw
the attention on two open questions. In view of
finding a connection with the AdS/CFT correspon-
dence, one should explore the possibility of consid-
ering a larger class of boundary conditions, in which
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the bulk field restricted to the boundary acts a source
of a dynamics thereon. In the scalar scenario,
dynamical boundary conditions of Wentzell type
have been already investigated; see, e.g., Refs.
[38—40]. Yet, it is unclear whether a similar option
exists also when considering field theories whose
dynamics are codified by Dirac type operators, and a
detailed analysis should be undertaken. A second
remarkable and recent physical application explores
the interplay between quantum field theory and
relativistic quantum information by coupling a field
to an Unruh-De Witt detector, which is a two-level
system moving along a worldline of the underlying
background. The possibility of having different
boundary conditions has far-reaching consequences
which have been investigated when considering
scalar fields, even in connection to specific phenom-
ena such as the anti-Unruh and anti-Hawking
effects; see, e.g., Refs. [41-46]. Since Dirac fields
admit boundary conditions which are structurally
very different from the scalar counterparts, one can
expect qualitative and quantitative differences which
we deem worth to be investigated.
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APPENDIX A: THE DIRAC EQUATION
ON CURVED BACKGROUNDS

The goal of this appendix is to recall succinctly the
geometric construction of spinors on (M, g), an n-dimen-
sional Lorentzian, orientable, time-orientable, smooth
manifold endowed with a metric g, where M has possibly
a nonempty boundary; see also Ref. [47]. By FM, we
denote the frame bundle associated to M, while
e€l'(FM) is a smooth section whose components
{€4(P)}a=0... o1 identify an ordered, orthonormal, ortho-

.....

that ¢ is a vielbein if

¢ =-ne) (), Y ab,uv=0,...n—1, (Al)
where g, and 7,, denote the components, respectively, of

the metric tensor of M and of Minkowski spacetime with

respect to the bases {e,} and {e,}, while (g,)" are such
that €, = eﬁeﬂ. On top of these, we also require M to
admit a spin structure (SM,z) where SM is the spin
bundle; that is, a principal bundle whose structure group is
Sping(1,n — 1), the double cover of SOy(1,n—1), the
component connected to the identity of the Lorentz group,
while 7:SM — FM is a morphism of principal bundles
covering the identity. Existence of such structure is
tantamount to requiring that the second Stiefel-Whitney
class wo(M) € H,(M;Z,) vanishes, while the first one
wi (M) € H,(M;Z,) classifies the number of nonequiva-
lent choices. In this work, we always consider manifolds
for which both w (M) and w,(M) vanish. In addition to
these data, we consider on top of Minkowski spacetime
(R",n) the standard algebra of y-matrices y¢, a =
0,...,n—1 such that {y%y"} = 217‘”’1@2@, where 1

denotes the identity matrix acting on the spinor represen-

tation space C2¥ . These can be used to define a counter-
part on (M, g) by means of the defining identity

= ri(ed)”, (A2)

which entails in turn

{73 () = )y () + 7 )y (x) = 29 ()1 -
(A3)

Starting from these premises, we consider on top of M
the trivial bundle D(M) = M x €2, and we denote its
smooth sections as Dirac fields/spinors y: M — c2*. On

top of I'(DM) = C“(M;Cﬁj), we define the spin con-
nection

V: I(TM) xT'(DM) - T'(DM),

such that, for all (X,y) el (TM) x T'(DM), we obtain

1
VXW :Xﬂayy/+§xﬂ [(€a>yaﬂ (Eb)y +F//il/ (ga)p (€b>b] b/a’yb]w

1

= X0+ X! [0, 9y 1+ Uiy Thw, (Ad)
where I7, denote the Christoffel symbols induced by g,
while [-, -] denotes the matrix commutator. Consequently,
we can define the (massless) Dirac operator

D: T'(DM) - T'(DM), Dy = y*V,y, (A5)
which abides by the Lichnerowicz-Weitzenbock formula,
namely

1
DD*y = D*Dy = Oy + Ry, (A6)

4
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where D* is the formal adjoint of D, and where [, and R
are, respectively, the D’ Alemebert wave operator and the
scalar curvature built out of g. To conclude the section, we
introduce the dual Dirac bundle D*M = M x (C27)*,
whose smooth sections are called Dirac cospinors
71 M — (C27)*. We can relate spinor and cospinors
via a conjugation,

:I'(DM) - I'(D* M), =y (A7)
where y' is the adjoint of y, while the index of y° is
intended as a = 0 and not u = 0; see Eq. (A2). Notice that
the Dirac equation Py = (D —m)y = 0 implies the anti-
Dirac equation

¥ =(D+m)y =0,

~u

(A8)

- B 1 B )
Dy = —(Dy) = 9,py* — gw"{[n, 07" + D[y, v*1}
(A9)

To conclude this Appendix, we highlight that, in this
work, we make the following choices of y-matrices which
are elements of M (213);C):

(i) Forn=2,7"=i(;%). 7' = ({y)

(i) For n = 3, in addition to y° and y' as above, we

set y> = (9).
(iii) For n > 2 even, denoting by 7“ the y-matrices in the
(n — 1)-dimensional case

0 .(12@—1 0 > | ( 0 77(’)
7/ =1 N 7/ = AO B
0 —12@71 =770
. ( 0 i}?”_1>
r= _i?a—l 0 ’

wherea =1, ...,n — 1, while 1% is the 5 x 5 identity.
(iv) For n > 3 odd,

74, a=20,...,.n—-2,
< 0 12H—1)
12m-1 0 '

APPENDIX B: THE ALGEBRA
OF OBSERVABLES FOR THE DIRAC
FIELD ON AdS,

I

},a
J/”_l

IS

The goal of this Appendix is to outline the construction
of the algebra of observables associated to a Dirac field on
the Poincaré patch of AdS,, n > 2. While on globally
hyperbolic manifolds with empty boundaries such con-
struction is well established (see, e.g., Ref. [ [3] Chap. 3]),

in presence of a nonempty timelike boundary, the scenario
is rather different.

More concretely, following the rationale of Secs. III and
IV, we do not work directly on PAdS,, rather on the
conformally related half-Minkowski spacetime (H",7) out-
lined in Sec. II. In order to keep contact with the geometric
language used in Ref. [3], we introduce on FI" = H"\dH"
the Dirac bundle DF". This is a trivial vector bundle
DH" ~ 1" x CV, which comes accompanied with its dual
counterpart D*F" ~ " x (CV)*. In addition, we assign on
JdH" a boundary condition for the underlying Dirac equa-
tion, which can be codified by UeU(5), an arbitrary
unitary matrix with N = 213/; see Eq. (44). Starting from
these data, we identify a set of building blocks to construct
the algebra of observables:

(1) The space of test spinors (respectively, cospinors) as

[o(DH") = CP(H"; CV) (respectively, [y(D*F") ~
C (" (€Y)7),

(2) The advanced and retarded propagators associated to
the operator P as per Eq. (12), endowed with the
boundary condition U, namely Gi: Iy(DH") —
['(DH"); see Sec. IV. In addition, we assume that
the causal propagator Gy =Gy — G, is causally
supported, i.e.,

supp(Gy(w)) € J(supp(y)) V¥ w €lo(DH"),
where J denotes the union between the causal future
and past in the underlying manifold.

Observe that, as a consequence of Schwartz kernel
theorem, we can associate G; to a bidistribution
Gy € D'(D*H"®XDH") such that working at the level of
integral kernels,

(PRNGy(x,x') =1Q P)Gy(x,x') =0,

where P = OZT” + 2 denotes the counterpart on H" of P.
Here the upper left-pointing arrow entails that the deriva-
tive is acting on the left. Repeating almost slavishly the
same analysis carried out for P, we can conclude that P
comes accompanied by advanced and retarded propagators
(GE)*: Ty(D*A") — I(D*H") abiding by the boundary
conditions codified by U. As for G;;, we assume that the
causal propagator Gj; = (Gy)* — (G};)* is causally sup-
ported. Using once more the Schwartz kernel theorem, we
can associate to G;; a bidistribution G, € D'(DH"XD*H")
such that working at the level of integral kernels,

(PRD)Gy(x,x') = (IQ® P)Gj(x,x') = 0.
Continuing in our identification of the building blocks of

the algebra of observables, we introduce the following
structures:
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(3) Given an isomorphism A: I'y(DH") — [y(D*H") such that A(Py) = —P(Ay) for any y € y(DH"), we identify

the pairings on ['y(DH") and I'o(D*H"), as follows:

By = | Aw)(@)avol,

H"

o = [ L@ 9dvoly, V<.

vV oy, ¢ €To(DH"),

fero(D*HH)’

where dvol, is the volume form of H" induced by the Minkowski metric 7.
Following the same analysis outlined in Ref. [3], we can use all the ingredients above to endow I'o(DH") and I'y(D*H")

with the following Hermitian forms:

Wy, ¢) = iy, Gu(d))r, (pwr)-
W(E.8) = =0 G5 (O)rywr):

As a consequence and following the same rationale of
Ref. [3], we identify the algebra of fields for the model
under scrutiny as the unital x-algebra

Zic(H")
where 7 (IC(H")) is the tensor algebra built out of
K(H") = To(DH") @ To(D*H"), while Z(H") is the
two-sided x-ideal generated by the following relations,
given the embedding a: K(H") & T(K(H")):

(1) Equations of motion: a(Py,0) = a(0, P¢) = 0 for

all y €'y(DH"), { €Tly(D*H"), and

(2) Canonical anticommutation relations:

(i) aly.0)a(0.) +a(0.0)aly.0) = h (Ay. )
for all y €'y(DH"), { €ly(D*H").

(i) a(y,0)a(4,0)+ a(0,¢p)a(y,0) =0 for all y,
¢ €Ty (DHM).

(iii) a(0,¢&)a(0,¢) + a(0,¢)a(0,&) =0 for all ¢,
£€TyD(D*H").

The elements of the form a(-,0) and a(0, -) are called
generators of </ (H"). Moreover, the *-involution is the
extension to o/(H") of the relation a*(w,0)=
a(0,Ay) ¥V weTl'y(DH"). On top of </(H"), we can
assign a quasifree state, that is a positive, normalized
and linear functional w: o/ (H") — C such that, for any
n €N, given the generators ay, ..., a, € o/ (H"),

i) w(a;---a,) =w,(ay,...,a,) =0if n is odd,

i) ar---a,) = Oplar, .o @) = Yy pym ()

w2<aﬂ(1)7 an(Z)) T 0)2((1”("_1), a]r(n)) if nis even,

where P,(n) is the collection of all subdivisions of the
set {1,...,n} in pairs {(z(1),7(2)),...,(z(n —1),z(n))}
where 7(k — 1) < z(k) for k = 1,...,n, while () is the
sign of the associated permutation. In addition, we consider
only U(l)-invariant quasifree states, namely those
for which a)z[al(-, 0)(12(', 0)] = (1)2[(11(0, ')612(0, )] =0.
These identities entail that a quasifree state @ is identified

V., el (DH),

V¢ EET,(DHM).

by the assignment of two continuous linear functionals,

o} 1 To(DH") x Ty(D*H") — C,
w5 : To(D*H") x T'H(DH") - C,

where once more we have exploited the canonical embed-
ding of I'o(DH") and I'y(D*H") into <7 (H"). The choice of
w5 is not free but it is subject to constraints. More precisely,
they determine a U(1)-invariant quasifree state if and only
if setting

Ay, p) =0) (v.Ap)., A (v.9) =0 (Ap.y),

Yy, @ely(DH"),
then .
(1) On-shell condition. For all y,p €T (DH"), we
obtain
A (Py.@) =0,  A*(y.Pp)=0.
(2) Canonical anticommutation relations. For all

w.p €Ty (DH"), we obtain

_ U
A (p.p) + A (w.9) = ) (w.0)
= i{y, GU¢>FO(D131”)‘
(3) Positivity. For all y €Ty(DH"), we obtain
At(yw) 20, A (w,yp)20.

(4) Hermiticity. For all w, p €T(DH"), we obtain

Ay @) = A (9. ).
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We observe that among the plethora of quasifree states, not
all are physically admissible, and it is therefore customary
to require that both w5 abide by the Hadamard condition, a
constraint on their underlying singular structure. As men-
tioned in Sec. V, the two-point correlation functions
identified in this work do fall in this class, but we avoid
giving more details in this Appendix.

Remark B.1. At last, we discuss the interplay between
o/ (H") and F-locality; see Ref. [13]. In particular, if we
consider any globally hyperbolic region O C H", it turns out
that O N 0H" = @. Therefore, we can consider <7 (H")|,

that it is the *-subalgebra of <7 (H") whose generators are of
the form a(y @ 0) and a(0 @ ¢) with y €I'y(DM) and
{eTly(D*M), such that supp(y),supp({) € O. One can
infer by direct inspection that <7 (H")|, is *-isomorphic to
o/ (O), the x-algebra of fields built intrinsically on O. As a
matter of fact, both P and P are left unchanged by the
restriction of the underlying manifold and, since O does not
intersect the boundary, it turns out that glﬂg must coincide
with the unique advanced and retarded fundamental solution
of the Dirac operator on O; see, e.g., Ref. [3]. This suffices
to draw the sought conclusion.
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