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We study Dirac fields on AdSn in both global and Poincaré charts and, for each mass window, we classify
the boundary conditions at conformal infinity that ensure the existence of advanced and retarded
propagators. We distinguish the well-known MIT–bag class from a generalized family, thereby extending
to arbitrary dimensions the procedure initiated in [D. S. Blanco, J. Math. Phys. (N.Y.) 64, 032301 (2023).].
As in the scalar case, we show that suitable generalized boundary data can support bound states. In
four dimensions, we work out two explicit examples: (i) the MIT case, for which we construct the
advanced/retarded propagators and the two-point function of the associated ground state and (ii) a
representative generalized boundary condition, for which we construct the propagators and exhibit a
normalizable bound state.
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I. INTRODUCTION

Quantum field theory (QFT) on curved spacetimes is by
now a mature and lively area of mathematical and theo-
retical physics, which relies a lot on the algebraic approach;
see Refs. [1–3] for complementary reviews. Algebraic QFT
(AQFT) represents a very versatile and successful frame-
work which allows us to study in depth several concrete free
and interacting models and to answer relevant structural
questions, ranging from the formulation of a covariant and
local renormalization scheme to the implementation of local
gauge invariance and the characterization of physically
admissible states, just to quote a few notable examples.
In many analyses of the structural aspects of quantum

field theory, a common hypothesis is that of global hyper-
bolicity of the underlying background. Without entering
into the technical aspects of the definition of this class of
spacetimes (see, e.g., Ref. [ [4] Ch. 8]), it guarantees that
solutions to symmetric hyperbolic equations, such as the
Klein-Gordon, the Dirac or the Proca, can be constructed
from initial data assigned on a Cauchy hypersurface. As a
byproduct, one can establish the existence of a manifestly
covariant quantization scheme for free field theories; see,
e.g., Ref. [5]. In a few words, this is based on a two-step
procedure. In the first, one constructs a suitable �-algebra of

observables A which encodes structural properties such as
dynamics and the canonical commutation or anticommuta-
tion relations. The second input is the choice of a state ω,
which can be realized abstractly as a positive and normal-
ized linear functional on A. Subsequently, by means of the
GNS theorem, one can associate to the pair ðA;ωÞ a Hilbert
space representation, hence recovering the standard prob-
abilistic interpretation proper of quantum theories. In all
concrete models, fixing a state ω is tantamount to assigning
the n-point correlation functions ωn and, under the physi-
cally motivated assumption that the state is quasifree/
Gaussian, these can all be determined starting from ω2;
see, e.g., Ref. [ [3], Ch. 3 & 5]advancesAQFT.
Yet, among the plethora of quasifree/Gaussian states, not

all are sensible. In the literature, a set of physically
motivated conditions have been established. Among them,
the most notable being the finiteness of the quantum
fluctuations of all observables, the existence of a local
and covariant regularization scheme to define Wick poly-
nomials and the guarantee that the UV behavior of the state
is the same as that of the Poincaré vacuum [6]. From a
technical viewpoint, this translates in the now widely
accepted Hadamard condition, which establishes a con-
straint on the singular structure of the two-point correlation
function ω2. On a globally hyperbolic background, the
existence of Hadamard states is always guaranteed, thanks
to a deformation argument which relies on the property that,
on static spacetimes, ground states automatically abide by
the Hadamard condition [7].
The picture changes drastically when the assumption of

global hyperbolicity is dropped. Already at the classical
level, an initial value formulation is not sufficient to
establish the existence of a unique solution for the
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underlying equation of motion, even at the level of non-
interacting models. The temptation of dismissing such
settings as physically irrelevant is unwarranted: well-
known, experimentally established phenomena, such as
the Casimir effect, are naturally modeled by field theories
on manifolds with boundary; see, e.g., Ref. [8]. In
particular, among the many lessons learned by investigat-
ing these models, noteworthy is that, at a geometric level,
the lack of global hyperbolicity descends from the exist-
ence in the underlying manifold M of a nonempty
boundary ∂M, consisting of one or more connected
components. Furthermore, the metric induced thereon is
still Lorentzian, thus endowing ∂M with a lower dimen-
sional spacetime structure. Most notably, a central example
of this class of backgrounds, whose relevance in high-
energy and gravitational physics cannot be underesti-
mated, is anti–de Sitter spacetime AdSn, of dimension
n ≥ 2. This is a maximally symmetric solution of the
vacuum Einstein equations with negative cosmological
constant and, up to a conformal rescaling, it possesses a
timelike boundary.
On the one hand, AdSn is of paramount relevance due to

its key role in several models, such as the AdS/CFT
correspondence and, on the other hand, being maximally
symmetric, it plays the same role of Minkowski spacetime
when the cosmological constant is negative. For this reason,
investigating the role of quantum field theories thereon is a
very important and timely question, although the first works
in this direction are from the 1970s [9]. Already at the level
of scalar-free field theories, one can appreciate that the
paradigm at the heart of AQFT does not need to be
modified, although structural differences are present. First
and foremost, the construction of an algebra of observables
encoding the dynamics and the canonical commutation
relations rests on the existence of an advanced and retarded
propagator for the Klein-Gordon operator. Yet, the presence
of a boundary entails that this is not unique unless suitable
boundary conditions are assigned to ∂M. In Refs. [10,11],
using the theory of Sturm-Liouville second-order differ-
ential equations, it has been shown that working in Fourier
space and within a certain range of admissible values of the
mass parameter, one can individuate a one-parameter family
of admissible boundary conditions, among which one can
find the Dirichlet ones, which are commonly used in the
literature. To each of these, one can associate advanced/
retarded fundamental solutions as well as the two-point
correlation function of an underlying ground state, yielding
nonequivalent Hilbert space representations. Such a pro-
cedure has been extended to cover an even larger class of
boundary conditions in Ref. [12], proving ultimately the
richness of free field theories on AdS spacetimes. It is
important to emphasize that, in dropping the assumption
that the underlying background is globally hyperbolic, one
needs to verify that the quantization scheme is consistent
with the principle of F-locality as first formulated in

Ref. [13]. This dictates that the restriction of the algebra
of observables to any globally hyperbolic subregion of the
underlying spacetime should be *-isomorphic to the one
constructed intrinsically in such a region using the usual
procedure. At the level of free fields, this can be enforced
already at the level of the advanced-minus-retarded funda-
mental solution, which implements the canonical commu-
tation relations. More precisely, the one built starting from
an admissible boundary condition, once restricted to a
globally hyperbolic subregion, must differ only by a smooth
term from the one which is intrinsically associated to it.
At first glance, one might think that the procedure which

works so efficiently for a scalar field could be adapted to
higher-spin systems. Yet, this turns out to be false if one has
to deal with first-order rather than second-order partial
differential equations, e.g., when working with Dirac fields.
In this case, simple choices such as Dirichlet boundary
conditions are known not to lead to well-defined, mixed
initial-boundary value problems. Hence, one has to resort to
different options, among which the most famous is the MIT-
bag boundary condition [14]. Yet a systematic classification
of the admissible boundary conditions and an analysis of the
associated quantum field theory is to the best of our
knowledge missing.
In view of these premises, in this work we study massive

Dirac fields on AdSn, both in global coordinates and in the
Poincaré patch, denoted by PAdSn. We address two open
questions: first, for a given mass, we classify all boundary
conditions at conformal infinity that make the dynamics
well posed and entails the existence of advanced and
retarded Green’s fundamental solutions, meant as distribu-
tional inverses of the Dirac operator, which are respectively
past and future propagating. We organize them into two
classes: the familiar MIT-bag boundary conditions, men-
tioned above, and a generalized family that we identify and
thoroughly characterize. This classification starts from and
extends to arbitrary spacetime dimensions the procedure
outlined in Ref. [15] for n ¼ 2 and it is complementary to
the analysis in Ref. [16] on the Cauchy problem with MIT-
type boundary conditions.
Secondly, on the quantum side, we investigate which

choices lead to physically acceptable states and whether
bound states may appear. In close analogy with the scalar
case, we show that within the generalized family, certain
parameter ranges support normalizable bound modes, while
the MIT case behaves regularly. We highlight that, in this
work, we focus our attention on the construction of the
fundamental solutions and of two-point correlation func-
tions, seen as a bidistribution on PAdSn whose singular
structure is of global Hadamard form. Although these are
the building blocks necessary to construct the algebra of
observables associated to a Dirac field with prescribed
boundary conditions, we shall not delve into the analysis,
leaving it for future work. As a matter of fact, while its
definition is a straightforward adaptation to the case in hand
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of the procedure outlined in Ref. [17] on globally hyperbolic
spacetimes, the investigation of the physical properties is a
rather subtle task. On the one hand, already when consid-
ering a real scalar field, it is not obvious whether the
associated �-algebra of observables is causal, since this is a
byproduct of the support properties of the fundamental
solutions. Establishing them in presence of boundary
conditions is by nomeans straightforward, since all standard
techniques cannot be applied and, already in the simpler
geometric setting of half-Minkowski spacetime, this has
been proven for a massive real scalar field endowed with
Robin boundary conditions in Ref. [18]. On the other hand,
one might wish to explore the connection between boundary
conditions and holography. However, working in the spirit
of algebraic holography [19], an answer is not immediate.
As a matter of fact, in Ref. [19], one considers field theories
constructed on the global patch of AdSn such that, on the
associated �-algebra of observables, the underlying group of
isometries acts covariantly.
Hence, in order to apply our results, particularly those of

Secs. IV and V, first of all, one should realize which among
the fundamental solutions and the propagators in PAdSn can
be extended to the whole GAdSn. The same problem
investigated for a real scalar field suggests that one should
consider only special values of the mass; see, e.g., Ref. [20].
Furthermore, covariance under the action of the full AdSn
isometry group might require a restriction of the class of
admissible boundary conditions as it happens in the scalar
case; see, e.g., Ref. [21]. From a physical viewpoint, one
can interpret this feature as the signature that while all the
boundary conditions considered in this work guarantee that
PAdSn behaves as an isolated system, not all of them entail
total reflection at the boundary. In many instances, one must
account also for the possibility of propagation along the
boundary, but a proof of this fact requires us to write both
the fundamental solutions and the two-point correlation
functions in position space. Already in the case of a scalar
field, this is not an easy task, and it requires an investigation
of its own; see Ref. [18].
We complement our analysis by discussing in detail two

examples in PAdS4. For the MIT-bag boundary condition,
we construct the advanced and retarded propagators and a
two-point function for a ground state, compatible with the
PAdS4 isometry group and with the analysis outlined in
Ref. [22]. For a representative generalized boundary con-
dition, we again construct the propagators explicitly and
exhibit a normalizable bound state. This dichotomy illus-
trates in concrete terms that the MIT class yields a well-
behaved quantum theory, whereas the generalized class
can trigger qualitatively new features through boundary-
supported modes.
The paper is organized as follows: in Sec. II, we review

the geometry of global AdSn and of the Poincaré patch,
setting notation and recalling the relevant spin structure and
Clifford conventions. In Sec. II A, we formulate the Dirac

equation as a first-order system on a manifold with a
timelike boundary, reduce the dynamics to Fourier modes,
and analyze self-adjointness of the ensuing spatial operator.
In Sec. III, we deduce our mass-dependent classification of
boundary conditions, highlighting the distinction between
the MIT-bag class and its generalized counterpart. In
Sec. IV, we establish a prescription to construct the
associated advanced and retarded fundamental solutions.
In Sec. V, we work out two explicit four-dimensional
examples: MIT and a generalized boundary condition with
a normalizable bound mode. We complement our analysis
with two short appendixes. In the first, we elaborate on the
Dirac equation and on our choice of γ matrices, while in the
second, we outline a succinct overview of the construction
of the algebra of fields in the scenario under investigation.

II. THE GEOMETRY OF AN ADS SPACETIME

In this section, we outline the basic geometric data at
the heart of our paper. In particular, we consider the
n-dimensional anti–de Sitter AdSn, n ≥ 2, which is a
maximally symmetric solution to the Einstein equations
with a cosmological constant Λ < 0. If n > 2, it can be
realized as an homogeneous, embedded submanifold of
Rnþ1 endowed with the line element

ds2 ¼ −ðdX0Þ2 − ðdX1Þ2 þ ðdX2Þ2 þ � � � þ ðdXnÞ2; ð1Þ

where fXigi¼0;…;n are standard Cartesian coordinates.
Herein, the n-dimensional anti–de Sitter spacetime AdSn
is the hyperboloid

−ðX0Þ2 − ðX1Þ2 þ ðX2Þ2 þ � � � þ ðXnÞ2 ¼ −l2; ð2Þ

where l2 ¼ − ðn−1Þðn−2Þ
Λ is the AdSn radius of curvature.

Henceforth, for simplicity we shall set l ¼ 1. In the
following, we shall consider both the AdS global patch
and the Poincaré fundamental domain, which we discuss
succinctly. The first one descends from the following
parametrization of Eq. (2):

X0 ¼ sec ρ cos τ;

X1 ¼ sec ρ sin τ;

Xi ¼ yi tan ρ; i ¼ 2;…; n; ð3Þ

where τ∈ ½−π; πÞ, ρ∈ ð0; π=2Þ, while
P

n−1
i¼1 ðyiÞ2 ¼ 1.

These new coordinates cover the full AdS manifold and,
inserting them into Eq. (1), one obtains

ds2¼ sec2ρð−dτ2þdρ2þ sin2ρds2Sn−2Þ; i¼ 1;…;n−2;

ð4Þ

where ds2Sn−2 is the standard line element of the unit (n − 2)-
sphere. In order to distinguish between the different
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coordinate charts used in this work, we shall denote by
GAdSn the manifold when decorated with the global
coordinate patch as per Eq. (3). Two comments are in
due course. On the one hand, we observe that GAdSn,
endowed with the line element as per Eq. (4), is conformal
to M̃n ≡ R × Sn−1þ , an open subset of the n-dimensional
Einstein static universe ESUn. Here, Sn−1þ denotes half of
the unit (n − 1)-sphere whose metric is parametrized by
dρ2 þ sin2 ρds2Sn−2 with ρ∈ ð0; π=2Þ. On the other hand, in
Eq. (4) we are making close contact with the conventions
used in Ref. [15], since in the literature, the coordinate ρ is
often replaced by r∈ ð0;þ∞Þ, implicitly defined by
tan ρ ¼ sinh r. In addition, one can notice starting from
Eq. (3) that the coordinate τ is periodic and, in order to
avoid any potential causal pathology, we shall always
extend the domain of τ so that τ∈R. In other words,
we consider the universal cover of the n-dimensional anti–
de Sitter spacetime which will still be denoted by GAdSn
with a slight abuse of notation.
As mentioned above, we will also be considering the

Poincaré patch/domain which is defined in terms of the
coordinates

X0 ¼ t
z
;

Xi ¼ xi

z
; i ¼ 1;…; n − 2;

Xn−1 ¼ 1

2z
ð1þ z2 þ δijxixj − t2Þ;

Xn ¼ 1

2z
ð1 − z2 − δijxixj þ t2Þ: ð5Þ

where δij is the Kronecker δ, t; xi ∈R, for all i ¼ 1;…;
n − 2, while z∈ ð0;þ∞Þ. Since Xn−1 þ Xn ¼ 1

z > 0, the
chart (5) covers only half of AdSn and, from Eq. (1), it
descends that the associated line element reads

ds2 ¼ 1

z2
ð−dt2þdz2þ δijdxidxjÞ; i¼ 1;…;n− 2: ð6Þ

We shall denote this by PAdSn, the Poincaré patch of AdSn
and, since z > 0, it is conformal to the upper half-space
H̊n ≔ fðt; z; x1;…; xn−2Þjz > 0g, endowed with the stan-
dard Minkowski metric.

A. The Dirac equation on AdSn and its
boundary conditions

On top of both GAdSn and PAdSn we wish to consider a
Dirac field, following the ideas outlined in Appendix A.
Hence, focusing for definiteness on the Poincaré patch, we

consider a spinor ψ∶ PAdSn → C2
bn
2
c
which abides by the

massive Dirac equation

P̃ψ ≔ ðD −mÞψ ¼ 0; ð7Þ

where D is as per Eq. (A5) while m ≥ 0 is a mass
parameter. As mentioned in the Introduction, neither
PAdSn nor GAdSn is a globally hyperbolic spacetime
since they possess a timelike, conformal boundary.
Hence, solutions of Eq. (7) cannot be uniquely obtained
only by assigning initial data on a Cauchy surface, but also
suitable boundary conditions must be supplemented. In the
following, we classify the admissible ones extending the
results of Ref. [15] to generic spacetime dimensions. To this
end, we must start from an analysis of the structural aspects
of the solutions of the Dirac equation both on PAdSn and
on GAdSn; see Sec. III A.

B. On the Dirac equation on PAdSn

In this subsection, we consider the Poincaré patch of the
n-dimensional anti–de Sitter spacetime and, for computa-
tional convenience, we consider n even and the following
distinguished representation of the γ-matrices denoted by
the symbol ϒ, as follows:

ϒ0 ¼ i

�
0 1

1 0

�
; ϒa ¼

�
−γ̂a−1 0

0 γ̂a−1

�
;

a ¼ 1;…; n − 1; ð8Þ

where the matrices γ̂a−1 are defined in Appendix A.
Accordingly, Eq. (7) reads

P̃ψ ¼ ðϒμ∇μ −mÞψ ¼ 0: ð9Þ

In addition, given any pair of spinors on PAdSn, say

ϕ;ψ∶PAdSn → C2
bn
2
c
abiding by Eq. (9), we can consider a

canonical inner product subordinated to the Dirac current
Jμ½ϕ;ψ � ¼ ϕ̄ϒμψ , as follows:

hϕ;ψiPAdSn ≐
Z

∞

0

dz
zn−1

Z
Rn−2

dx ϕ̄ϒ0ψ ; ð10Þ

where dx ¼Qn−2
i¼1 dx

i, while ϕ̄ ¼ ϕ†ϒ0; see Eq. (A7). Both
ϕ and ψ are here evaluated at an arbitrary but fixed value of
the time coordinate t. This is legit since the Dirac current is
covariantly conserved and therefore the rhs of Eq. (10) is
actually time independent. Starting from this remark and
observing also that constant time hypersurfaces on PAdSn
are isometric to Rþ ×Rn−2 endowed with the Riemannian
line element ds2 ¼ 1

z2 ðdz2 þ δijdxidxjÞ, i; j ¼ 1;…; n − 2,
we can introduce

L2ðRþ ×Rn−2;C2
bn
2
c Þ ¼ ðC∞

0 ðRþ ×Rn−2;C2
bn
2
c Þ; h; iPAdSnÞ:

ð11Þ
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This is the Hilbert space of square integrable spinors

obtained as the completion of C∞
0 ðRþ × Rn−2;C2

bn
2
c Þ with

respect to the inner product (10). We highlight that the
choice of n even is only due to the fact that when n is odd,
the ϒ-matrices are the same as in the (n − 1)-dimensional
scenario; see Appendix A. The following analysis should
therefore be slightly modified to account for this fact, but
the final result of this section applies slavishly also to n
odd and, therefore, for the sake of conciseness, we opted to
focus only on one among the two possible scenarios.
Since Eq. (6) entails that PAdSn is conformal to ðH̊n; ηÞ, it
is convenient to consider a conformally rescaled spinor

Ψ ¼ z
1−n
2 ψ∶ H̊n → C2

bn
2
c
. In addition, if ψ abides by Eq. (9),

then

ðϒμ∇μ −mÞψ ¼ 0 ⇔ PΨ ¼
�
ϒμ

∂μ −
m
z

�
Ψ ¼ 0; ð12Þ

where the rhs is the conformally related Dirac equation on
H̊n. Furthermore, the conformal rescaling entails that,
given two solutions ϕ;ψ of the Dirac equation on
PAdSn, the inner product as per Eq. (10) becomes

hϕ;ψiPAdSn ¼
Z

∞

0

dz
Z
Rn−2

dx Φ̄ϒ0Ψ ¼ hΦ;ΨiH̊n ; ð13Þ

where Φ ¼ z
1−n
2 ϕ, while the integral representation coin-

cides with the natural inner product between spinors in H̊n.
Notice that, on H̊n, the covariant ϒ-matrices coincide with
the Minkowski ones. Following the same rationale used in
Eq. (11), it is convenient to realize that the constant time
hypersurfaces of Hn are isometric to Hn−1

δ endowed with
the standard (n − 1)-dimensional Euclidean metric.
Accordingly, we denote by

L2ðHn−1
δ ;C2

bn
2
c Þ ¼ ðC∞

0 ðHn−1
δ ;C2

bn
2
c Þ; h; iH̊n−1Þ; ð14Þ

the Hilbert space of square integrable spinors obtained as

the completion of C∞
0 ðHn−1

δ ;C2
bn
2
c Þ with respect to the inner

product (13).

In order to study Eq. (12), it is convenient to split C2
bn
2
c
as

C2
bn
2
c−1

⊕ C2
bn
2
c−1

and consequently Ψ ¼ Ψð1Þ ⊕ Ψð2Þ, where
Ψð1;2Þ will be referred to as the upper- and lower-half
components of the spinor Ψ. As a consequence, one can
exploit Eq. (8) to rewrite the Dirac equation as the coupled
system �

γ̂0∂z þ γ̂j∂j −
m
z

�
Ψð2Þ ¼ −i∂tΨð1Þ; ð15aÞ

�
γ̂0∂z þ γ̂j∂j þ

m
z

�
Ψð1Þ ¼ i∂tΨð2Þ; ð15bÞ

where j ¼ 1;…; n − 2 labels the spatial directions orthogo-
nal to z; see Eq. (5). Deriving with respect to the time
variable Eq. (15a), and employing Eq. (15b), yields

�
ημν∂μ∂ν − γ̂0

m
z2

−
m2

z2

�
Ψð1Þ ¼ 0; ð16Þ

where we exploited that the γ-matrices are time indepen-
dent. Reversing the role of Ψð1Þ and Ψð2Þ yields

�
ημν∂μ∂ν þ γ̂0

m
z2

−
m2

z2

�
Ψð2Þ ¼ 0: ð17Þ

Since the translations along all directions tangent to the
boundary of H̊n are isometries of Eq. (6), it is convenient to
assume that ΨðiÞ ∈S0ðH̊nÞ and i ¼ 1, 2, so that, working at
the level of integral kernel, we can take the Fourier
transform along all coordinates barring z, as follows:

Ψð1Þðt; z; xiÞ ¼
Z
Rn−1

dωdk

ð2πÞn−12 eiðωt−k·xÞΨð1Þ
ω;kðzÞ; ð18Þ

where x ¼ ðx1;…; xn−2Þ∈Rn−2, ω∈R, while k ¼ ðk1;…
kn−2Þ∈Rn−2. The expression k · x denotes the standard
Euclidean inner product. Plugging Eq. (18) inside Eq. (16)
yields the following second-order, vector-valued ODE:

�
d2

dz2
− γ̂0

m
z2

−
m2

z2
þ ω2 − jkj2

�
Ψð1Þ

ω;kðzÞ

¼
�
d2

dz2
− γ̂0

ν − 1
2

z2
−
ðν − 1

2
Þ2

z2
þ ω2 − jkj2

�
Ψð1Þ

ω;kðzÞ ¼ 0;

ð19Þ

where z∈ ð0;þ∞Þ and ν ≐ mþ 1
2
, while jkj2 denotes the

standard Euclidean norm of k∈Rn−2. At last, given γ̂0 as
per Appendix A, Eq. (19) is a system of N

2
¼ 2bn2c−1

decoupled, second-order ordinary differential equations
of Sturm-Liouville type; see Ref. [23]. The collection of
linearly independent solutions of Eq. (19) reads

JðνÞi ðzÞ ¼ ½ ffiffiffizp
JνðqzÞ�ei; i ¼ 1;…;

N
4
;

YðνÞ
i ðzÞ ¼ ½ ffiffiffizp

YνðqzÞ�ei; i ¼ 1;…;
N
4
;

Jðν−1Þi ðzÞ ¼ ½ ffiffiffizp
Jν−1ðqzÞ�ei; i ¼ N

4
þ 1;…;

N
2
;

Yðν−1Þ
i ðzÞ ¼ ½ ffiffiffizp

Yν−1ðqzÞ�ei; i ¼ N
4
þ 1;…;

N
2
; ð20Þ

where q2 ≐ ω2 − jkj2, feigi¼1;…;N
2
is the canonical basis of

R
N
2 , Jν denotes the Bessel function of first kind of order ν,

while Yν denotes that of second kind of the same order; see
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Ref. [24]. It is worth observing that, from a mere math-
ematical viewpoint, contrary to what occurs when working
with a real scalar field on PAdSn, there is no reason to
restrict the values of ν and therefore of m on account of
Eq. (20). In other words, a priori, at the level of ODEs,
there exists no counterpart of the Breitenlohner-Freedman
bound [25,26]. Yet, as we can infer from direct inspection
of Eq. (20), the set of the first N

2
ODEs is invariant under the

exchange ν → −ν, while the second half under ν → 2 − ν.
Taking into account both symmetries, we can limit our-
selves to considering the case ν ≥ 0, as the remaining

values can be studied exploiting the mentioned symmetry.
Henceforth, we shall always stick to this choice and,
furthermore, we shall discard the extremal case ν ¼ 0
since it would require a separate analysis. Focusing instead
on Ψð2Þ and working once more at the level of Fourier
transform, Eq. (15) yields

Ψð2Þ
ω;kðzÞ ¼ −

1

ω

�
γ̂0

d
dz

− ikjγ̂j þ
m
z

�
Ψð1Þ

ω;kðzÞ; ð21Þ

which entails that Eq. (20) gets transformed into

J̃ðνÞi ðzÞ ¼ −
ffiffiffi
z

p
ω

½qJν−1ðqzÞ1 − iJνðqzÞkjγ̂j�ei; i ¼ 1;…;
N
4
;

ỸðνÞ
i ðzÞ ¼ −

ffiffiffi
z

p
ω

½qYν−1ðqzÞ1 − iYνðqzÞkjγ̂j�ei; i ¼ 1;…;
N
4
;

J̃ðν−1Þi ðzÞ ¼
ffiffiffi
z

p
ω

½qJνðqzÞ1þ iJν−1ðqzÞkjγ̂j�ei; i ¼ N
4
þ 1;…;

N
2
;

Ỹðν−1Þ
i ðzÞ ¼

ffiffiffi
z

p
ω

½qYνðqzÞ1þ iYν−1ðqzÞkjγ̂j�ei; i ¼ N
4
þ 1;…;

N
2
: ð22Þ

Remark 2.1. From Eq. (21), it is clear that the above
procedure is not valid for ω ¼ 0. When considering this
particular value, one has to take into account that Eq. (15)
reduces to a decoupled system of differential equations
whose solutions can be expressed in terms of modified
Bessel functionsKαðjkjzÞ; IαðjkjzÞ, of order ν and ν − 1. In
Sec. V, we show how these solutions might contribute in the
construction of the propagators of the Dirac equation.

C. Solutions of the Dirac equation on GAdSn

We focus our attention on GAdSn, whose associated line
element is codified in Eq. (3) and, exactly as in the previous
section, we set n even. Since Eq. (4) entails that GAdSn is
conformal to M̃n ⊂ ESUn, we consider a conformally

rescaled spinor Ψ ¼ ðsec ρÞ1−n2 ψ∶M̃n → C2
bn
2
c
so that, if

ψ abides by Eq. (9) and if we work with the ϒ-matrices as
per Eq. (8), then

ðϒμ∇μ −m sec ρÞΨ ¼ 0; ð23Þ

where∇μ is the spin connection on M̃ as per Eq. (A4) built
out of theϒ-matrices. In addition, given any pair of spinors

on GAdSn, say ϕ;ψ∶GAdSn → C2
bn
2
c
, both solutions of the

Dirac equation, we can consider a canonical inner product
subordinated to the Dirac current Jμ½ϕ;ψ � ¼ ϕ̄ϒμψ , from
which we can construct the following inner product:

hϕ;ψiGAdSn ≐
Z π

2

0

dρ secn−1 ρ
Z
Sn−2

dSn−2ϕ̄ϒ0ψ ; ð24Þ

where dSn−2 is the standard volume form on the unit
(n − 2)-sphere, while ϕ̄ is the Dirac conjugate as per
Eq. (A7). As in the previous section, both ϕ and ψ are
here implicitly evaluated at an arbitrary but fixed value of
the time coordinate t. Yet, since the Dirac current is
covariantly conserved, this choice is irrelevant since the
rhs of Eq. (24) does not depend on time. Furthermore the
conformal rescaling entails that the inner product as per
Eq. (24) becomes

hϕ;ψiGAdSn ≐
Z π

2

0

dρ
Z
Sn−2

dSn−2Φ̄ϒ0Ψ¼hΦ;ΨiM̃n
; ð25Þ

where Φ ¼ sec
1−n
2 ρϕ, while the integral representation

coincides with the natural inner product between spinors
in M̃n. As in the previous section, it is convenient to split
Ψ ¼ Ψð1Þ ⊕ Ψð2Þ and to write

ϒμ∇μ ¼
�−DSn−1 i∂t

i∂t DSn−1 ;

�
; ð26Þ

where DSn−1 is the Dirac operator on Sn−1, the unit (n − 1)-
sphere. This yields the system

ðDSn−1 þm sec ρÞΨð1Þ ¼ i∂tΨð2Þ

ðDSn−1 −m sec ρÞΨð2Þ ¼ −i∂tΨð1Þ: ð27Þ

Since the Dirac operator on Sn−1 is time independent, by
applying to the second equation ∂t and inserting the first
one, it descends that
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�
−
∂
2

∂t2
þD2

Sn−1 þ γ̂0m sec ρ tan ρ −m2 sec2ρ

�
Ψð1Þ ¼ 0:

ð28Þ

As discussed thoroughly in Ref. [27], DSn−1 has a discrete,
completely imaginary spectrum, λk ¼ iðkþ n−1

2
Þ, k∈Z. Its

eigenfunctions are the spinor spherical harmonics
ζk;mðρ;ΩiÞ, where m ¼ −jkj;…; jkj, while fΩigi¼1;…;n−2
denote the standard angular coordinates of Sn−2. These
harmonics are orthogonal with respect to the L2ðSn−1Þ
inner product and form a complete basis for the space of
square integrable spinors on Sn−1. Assuming that Ψð1Þ is a
tempered distribution along the time direction, we can take
the Fourier transform and write

Ψð1;�Þðt; ρ;ΩiÞ ¼
X
k∈Z

Xk
m¼−k

Z
R

dωffiffiffiffiffiffi
2π

p eiðωt∓λρÞ

×
1

2
ð1� γ̂0Þfð1;�Þ

ω;λ ðρÞζλðρ;ΩiÞ: ð29Þ

The superscripts � indicate that we are splitting Ψð1Þ
further into two half-spinors. In fact, one can verify that
1
2
ð1� γ̂0Þ is the projector on the upper-half or lower-half

components for the half-spinors Ψð1;2Þ. The reader should
be aware of the fact that, in general, the sum in Eq. (29)
should be regarded as a multi-indexed sum over a countable
set which takes into account also the multiplicities of the
eigenvalues. Combining Eqs. (28) and (29), we end up with
the following ordinary differential equation:

�
d2

dρ2
�m sec ρ tan ρ −m2 sec2ρþ ω2

�
fð1;�Þ
ω;λ ðρÞ ¼ 0:

ð30Þ

Generalizing the analysis in Ref. [15] for n ¼ 2, the linearly
independent solutions of Eq. (30) read

fð1;�Þ
ω;λ ðρÞ¼ð2ν�þ1ÞσðρÞ�mF

�
ω;−ω;ν�;

1−sinρ
2

�
;

hð1;�Þ
ω;λ ðρÞ¼ωcosρσðρÞ∓mF

�
1þω;1−ω;2−ν�;

1−sinρ
2

�
;

ð31Þ

where ν� ≐ �mþ 1
2
, σðρÞ ≐ ð1−sin ρ

1þsin ρÞ
1
2, while Fða; b; c; zÞ

denotes the Gaussian hypergeometric function; see
Ref. [24]. Eventually, using Eq. (31), one determines

Ψð2Þ replacing in Eq. (29) fð1;�Þ
ω;λ ðρÞ with

fð2;�Þ
ω;λ ðρÞ ¼ −

1

ω

�
� d
dρ

þm sec ρ

�
fð1;�Þ
ω;λ ðρÞ: ð32Þ

To conclude the section, we highlight that the preceding
analysis can be repeated also for n odd, though taking into
account the differences in the form of the ϒ-matrices.
Hence Eqs. (29) and (31) still apply. Observe also that,
mutatis mutandis, the content of Remark 2.1 also applies to
this scenario.

III. BOUNDARY CONDITIONS
FOR THE DIRAC EQUATION

Having constructed the solutions of the Dirac equation
both on PAdSn and on GAdSn, we investigate the class of
admissible boundary conditions which can be assigned to
the underlying dynamical problem in addition to initial
data, so to single out a unique solution. In Ref. [10], when
discussing the same issue for a real scalar field, one had to
resort to using techniques proper of Sturm-Liouville
problems; see Refs. [23,28]. On the contrary, since the
Dirac operator identifies a first-order partial differential
equation, we can rely on the fact that both in PAdSn and in
GAdSn, the Dirac equation can be written in a Schrödinger
form, as follows:

i∂tψ ¼ Hψ ; ð33Þ

where, having set for simplicity ℏ ¼ 1, t is the time
coordinate while H is a suitable differential operator which
plays the role of a Hamiltonian. As it will emerge from the
following analysis, we shall be interested in interpreting H
as a symmetric operator on the space of square integrable
spinors living on constant time hypersurfaces with respect to
the inner product (10) on PAdSn and (24) on GAdSn. Most
notably, H shall admit self-adjoint extensions, each of
which will be associated to a boundary condition. From
the operator theoretical viewpoint, this serves as a constraint
on the domain of H itself, while from that of the Dirac
equation (7), it will identify an admissible boundary
condition yielding in particular a unique advanced and
retarded fundamental solution. In the following, we will be
employing the theory of deficiency indices, and we refer to
Ref. [29] for an introduction to this topic.

A. PAdSn case

In this section, we consider the Dirac equation on PAdSn
as per Eq. (9), and exploiting the defining properties of the
ϒ-matrices as per Eq. (A2), we recast it in a Schrödinger-
like form, as follows:

i∂tψ ¼ iϒ0ðϒk∇k−mÞψ ≐Hψ ; k¼ 1;…;n−1; ð34Þ

where H ≐ iϒ0ðϒk∇k −mÞ is the Dirac Hamiltonian on
PAdSn. As in Sec. II B, we can exploit the conformal
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rescaling ψ → Ψ ≐ z
1−n
2 ψ to individuate an equivalent

equation on H̊n, namely

i∂tΨ¼ iϒ0

�
ϒk

∂k−
m
z

�
Ψ≐HΨ; k¼ 1;…;n−1; ð35Þ

where H ≐ iϒ0ðϒk
∂k − m

zÞ is the conformal Dirac
Hamiltonian. Notice that, with a slight abuse of notation,
we are denoting by the same symbols the covariant
ϒ-matrices on PAdSn and on H̊n, though ϒμ

H̊n ¼
1
zϒ

μ
PAdSn

. Equations (34) and (35) suggest to read H

(respectively, H) as an operator on L2ðRþ ×Rn−2;C2
bn
2
c Þ;

see Eq. (11) [respectively, on L2ðHn−1
δ ;C2

bn
2
c Þ; see Eq. (14)].

Observe that H is manifestly symmetric, namely

hϕ; HψiPAdSn − hHϕ;ψiPAdSn ¼ 0; ∀ ϕ;

ψ ∈C∞
0 ðRþ ×Rn−2;C2

bn
2
c Þ;

and a similar conclusion can be drawn for H. Therefore, it is
meaningful to look for their self-adjoint extensions, hence
extending the procedure used in Ref. [15] onGAdS2 and, on
account of Eq. (13), it is sufficient to discuss one among the
two operators. Focusing on H, we start by using Eq. (8) to
write it in the following matrix form:

H ¼ iϒ0

�
ϒk

∂k −
m
z

�

¼
 

0 −γ̂0∂z − γ̂i∂i þ m
z

γ̂0∂z þ γ̂i∂i þ m
z 0

!
;

where the index i runs over all coordinates barring t and z.
In analogy to Eq. (18), since DðHÞ, the domain of H or of
any of its self-adjoint extensions must be contained in

L2ðHn−1
δ ;C2

bn
2
c Þ; we can consider the Fourier-Plancherel

transform along all directions tangent to the boundary. In
other words, for any Ψ∈DðHÞ, it holds that

HΨ ¼
Z
Rn−2

dk

ð2πÞn−22 e−ik·xDkΨkðzÞ;

Dk ≐

 
0 −γ̂0 d

dz þ iγ̂iki þ m
z

γ̂0 d
dz − iγ̂iki þ m

z 0

!
; ð36Þ

where the subscript k highlights the dependence on the
momenta. As a consequence, we can focus our attention on

Dk, seen as an operator on L2ðð0;∞Þ;C2
bn
2
c Þ where, here,

we consider the standard Lesbegue measure. As a first step,
we read Dk as an operator with domain DomðDkÞ≡
C∞
0 ðð0;∞Þ;C2

bn
2
c Þ and, for every Ψk;Φk ∈DomðDkÞ, it

holds integrating by parts that

hDkΨk;Φki − hΨk;DkΦki ¼ ½Ψ̄kϒ1Φk�z¼0 ¼ 0; ð37Þ

where Ψ̄k ≐ Ψ†
kϒ

0 while the ϒ-matrices are defined in
Eq. (8). This entails that Dk is a symmetric operator, and we
can look for its self-adjoint extensions by using the von
Neumann theory of deficiency indices. To this end, we must
start by identifying the domain of the adjoint operator,
which reads

DðD†
kÞ ¼ fΨk ∈L2ðð0;∞Þ;C2

bn
2
c ÞjDkΨk

∈L2ðð0;∞Þ;C2
bn
2
c Þg:

Subsequently, we need to characterize the deficiency spaces
N �ðD†

kÞ ¼ ker ðD†
k � iIÞ and, to this end, we introduce the

following notation to denote certain collections of distin-
guished elements of C

N
2 , with N ¼ 2bn2c, as follows:

A ¼ ða1;…; aN
4
; 0;…; 0Þ;

B ¼ ðb1;…; bN
4
; 0;…; 0Þ;

C ¼ ð0;…; 0; c1;…; cN
4
Þ;

D ¼ ð0;…; 0; d1;…; dN
4
Þ; ð38Þ

where fai; bi; ci; digi¼1;…;N=4 are arbitrary complex num-

bers. Consequently, splitting Ψ ¼ Ψð1Þ ⊕ Ψð2Þ as per
Sec. II C, Eqs. (19) and (22) entail that any element lying
in N �ðD†

kÞ can be written as the following linear combi-
nations:

Ψð1Þ
�i;kðzÞ ¼

ffiffiffi
z

p ½JνðqzÞAþ YνðqzÞBþ Jν−1ðqzÞC
þ Yν−1ðqzÞD�; ð39aÞ

Ψð2Þ
�i;kðzÞ ¼ ∓i

ffiffiffi
z

p fJνðqzÞ½qCþ ikjγ̂jA�
þ YνðqzÞ½qDþ ikjγ̂jB�
þ −Jν−1ðqzÞ½qA − ikjγ̂jC�
− Yν−1ðqzÞ½qB − ikjγ̂jD�g; ð39bÞ

where we have used implicitly Eqs. (20) and (22). In order

to deduce whether Ψð1Þ
�i;kðzÞ is square integrable, it suffices

to control the asymptotic expansion as z → 0 or z → þ∞,
setting ω ¼ �i. Starting from the former and using
Ref. [[24], §10], it descends as follows:

jΨð1Þ
�i;kðzÞj 2 ∼z→0

�
ImðqÞ
2

�
−2ν Γ2ðν − 1Þ

π2�
ðν − 1Þ2z1−2νjBj2 þ

�
ImðqÞ
2

�
2

z3−2νjDj2
�
; ð40Þ
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where we have reported only the most singular terms. The
symbols Reð·Þ and Imð·Þ respectively denote the real and the
imaginary part, while Γð·Þ is the Euler γ function. As one
can infer, the rhs does not depend on ω ¼ �i, and we can
distinguish three regimes:
(1) if ν ≥ 2, then Ψð1Þ

�i;kðzÞ is never square integrable
unless B ¼ D ¼ 0,

(2) if 1 ≤ ν < 2, then Ψð1Þ
�i;kðzÞ is square integrable only

if B ¼ 0, and
(3) if 0 < ν < 1, then Ψð1Þ

�i;kðzÞ is always square
integrable.

Accordingly, we can study these scenarios separately as
z → ∞. More precisely,
(1) if ν ≥ 2, then

Ψð1Þ
�i;kðzÞ ¼

ffiffiffi
z

p ½JνðqzÞAþ Jν−1ðqzÞC�:

Since
ffiffiffi
z

p
JνðqzÞ ∼z→∞ cosðqz − iπ

2
− π

4
Þ and q2 ¼

−1 − jkj2, using Eq. (38), it descends that

Ψð1Þ
�i;kðzÞ is square integrable if and only

if A ¼ C ¼ 0.
(2) If 1 ≤ ν < 2, then

Ψð1Þ
�i;kðzÞ ¼

ffiffiffi
z

p ½JνðqzÞAþ Jν−1ðqzÞCþYν−1ðqzÞD�:

Using the same asymptotic expansion as in the
previous point and Eq. (38), we can infer that A
must vanish. Accordingly, we are left only with a
linear combination between the Bessel functions of
first and second kind of order ν − 1. Provided
ImðqÞ > 0, their lone square integrable linear com-

bination is
ffiffiffi
z

p
Hð1Þ

ν−1ðqzÞ ∼z→∞ exp½iqz − iπ
2
− π

4
�, where

Hð1Þ
ν−1ðqzÞ denotes the first Hankel function. On the

contrary, if ImðqÞ < 0, we can draw the same
conclusion provided that we replace the first with

the second Hankel function Hð2Þ
ν−1ðqzÞ. As a conse-

quence, it turns out that D ¼ �iC depending on the
sign of the imaginary part of q.

(3) If 0 < ν < 1, then no constraint to Eq. (39a) needs to
be imposed due to the behavior close to z ¼ 0. On
the contrary, close to infinity, using the asymptotic
expansion of the Bessel functions and observing that
Eq. (38) entails that the vectors A and B are
orthogonal to C and to D, we can infer that

Ψð1Þ
�i;kðzÞ is square integrable provided that D ¼

�iC and B ¼ �iA, the sign being dependent on
that of the imaginary part of q as explained in the
previous point.

We focus our attention on Ψð2Þ
�i;kðzÞ taking into account

Eq. (39b) and the constraints on the coefficients A, B, C,

and D deduced from the analysis of Ψð1Þ
�i;kðzÞ:

(1) If ν ≥ 2, we already know thatA ¼ B ¼ C ¼ D ¼ 0

and therefore,Ψð2Þ
�i;kðzÞ¼0. In other words, n�ðD†

kÞ¼
dimðN �ðD†

kÞÞ¼0, which is tantamount to saying
that Dk is essentially self-adjoint.

(2) if 1 ≤ ν < 2, the preceding analysis yields A ¼
B ¼ 0 and C ¼ �iD depending on the sign of
ImðqÞ. Focusing on ImðqÞ > 0, it turns out that

Ψð2Þ
�i;kðzÞ ¼ ∓ i

ffiffiffi
z

p ½qHð1Þ
ν ðqzÞ þ iHð1Þ

ν−1ðqzÞγ̂jkj�C:

Taking into account that as z → 0, Hð1Þ
ν ðqzÞ ∝

ðqzÞ−ν, we need to impose C ¼ 0 in order for

Ψð2Þ
�i;kðzÞ to be square integrable. Hence Dk is

essentially self-adjoint.
(3) If 0 < ν < 1, the preceding analysis yields A ¼

�iB and C ¼ �iD depending on the sign of ImðqÞ.
Considering for definiteness ImðqÞ > 0, this entails
that

Ψð2Þ
k ðzÞ ¼

ffiffiffi
z

p
ω

n
Hð1Þ

ν ðqzÞ½qCþ iγ̂jkjA�

−Hð1Þ
ν−1ðqzÞ½qA − iγ̂jkjC�

o
;

which is square integrable both at the origin and at
infinity. To summarize, in this case, n�ðD†

kÞ ¼
dimðN �ðD†

kÞÞ ¼ N
2
and, hence, on account of von

Neumann theory of deficiency indices, the number
of self-adjoint extensions is in one-to-one corre-
spondence with the elements of the unitary
group UðN

2
Þ.

To conclude, we summarize in Table I the results

obtained for Ψð1;2Þ
�i;kðzÞ.

We conclude this section by showing how to associate
specific boundary conditions to each self-adjoint extension
of the operator Dk. For definiteness, we shall focus on the
mass range ν∈ ð0; 1Þ. As a guiding example we consider
first the case ν ¼ 1

2
, namely m ¼ 0. This is a special

scenario since all singular terms in Eq. (19) vanish, and
this entails that all solutions of Eq. (19) are regular at z ¼ 0.
Therefore, one can equivalently write Eq. (37) as

TABLE I. Summary of Von-Neumann theory for the
operator D.

ν n�ðD†
kÞ Expected boundary conditions

(0, 1) N
2

Parametrized by elements of UðN
2
Þ

½1;þ∞Þ 0 No conditions
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½Φð1Þ
ω;kð0Þ þ iγ̂0Φð2Þ

ω;kð0Þ�†½Ψð1Þ
ω;kð0Þ þ iγ̂0Ψð2Þ

ω;kð0Þ�
¼ ½Φð1Þ

ω;kð0Þ − iγ̂0Φð2Þ
ω;kð0Þ�†½Ψð1Þ

ω;kð0Þ − iγ̂0Ψð2Þ
ω;kð0Þ�;

where γ̂0 ¼ iγ0; see Appendix A. If we assume that the

boundary values Φð1Þ
ω;kð0Þ � iγ̂0Φð2Þ

ω;kð0Þ are related by a
linear transformation, which is indeed the case since the
Dirac equation is linear, then it descends that

Φð1Þ
ω;kð0Þ þ iγ̂0Φð2Þ

ω;kð0Þ ¼ U½Φð1Þ
ω;kð0Þ

− iγ̂0Φð2Þ
ω;kð0Þ�; U∈U

�
N
2

�
;

and the same applies for Ψð1Þ
ω;kð0Þ � iγ̂0Ψð2Þ

ω;kð0Þ. Thus, the
boundary conditions for m ¼ 0 are

ð1 −UÞΨð1Þ
ω;kð0Þ þ ið1þUÞγ̂0Ψð2Þ

ω;kð0Þ ¼ 0; ð41Þ

where U∈UðN
2
Þ. Let us now assume that Φω;kðzÞ;

Ψω;kðzÞ∈L2ðð0;∞Þ;C2
bn
2
c Þ and that Φω;kðzÞ also abides

by Eq. (41). Bearing in mind Eq. (37), it turns out that

hDkΦω;k;Ψω;ki − hΦω;k;DkΨω;ki ¼ Φ̄ω;kð0Þϒ1Ψω;kð0Þ
¼ Φð1Þ†

ω;k ð0Þγ̂0Ψð2Þ
ω;kð0Þ −Φð2Þ†

ω;k ð0Þγ̂0Ψð1Þ
ω;kð0Þ

¼ 1

2i
½Φð1Þ

ω;kð0Þ − iγ̂0Φð2Þ
ω;kð0Þ�†

n
U†½Ψð1Þ

ω;kð0Þ þ iγ̂0Ψð2Þ
ω;kð0Þ� − ½Ψð1Þ

ω;kð0Þ − iγ̂0Ψð2Þ
ω;kð0Þ�

o
;

where we have exploited that we are working in the regular
case and that Eq. (41) holds for Φω;k. The rhs vanishes if

ð1 −UÞΨð1Þ
ω;kð0Þ þ ið1þUÞγ̂0Ψð2Þ

ω;kð0Þ ¼ 0:

Hence, we have individuated an extension of Dk which we
denote by DU

k such that DU
k ¼ ðDUÞ†k and that

DomðDU
k Þ ¼ fΨk ∈L2ðð0;∞Þ;C2

bn
2
c Þjð1 − UÞΨð1Þ

ω;kð0Þ
þ ið1þ UÞγ̂0Ψð2Þ

ω;kð0Þ ¼ 0g:

Keeping Eq. (41) as an inspiration, we extend our con-
clusion to the case when Ψω;kðzÞ is singular at z ¼ 0. To
this end, we introduce the N

2
× N

2
rescaling matrix RðzÞ ¼

diagðzjν−1
2
j1; z−jν−1

2
j1Þ and we define the rescaled spinors as

RΨ
ð1Þ
ω;kðzÞ ¼ RðzÞΨð1Þ

ω;kðzÞ; RΨ
ð2Þ
ω;kðzÞ ¼ R−1ðzÞΨð2Þ

ω;kðzÞ;
ð42Þ

where Ψð1;2Þ
ω;k ðzÞ are as per Eq. (20). Observe that the

rescaled spinor components are regular at z ¼ 0 since,
exploiting Eq. (39) for ν∈ ð1

2
; 1Þ, we obtain

lim
z→0

½RΨð1Þ
ω;kðzÞ� ¼

 
− 2νΓðνÞ

π B

21−ν

ΓðνÞC

!
;

lim
z→0

½RΨð2Þ
ω;kðzÞ� ¼

 
− 2νΓðνÞ

π ½qDþ ikjγ̂jB�
21−ν

ΓðνÞ ½qA − ikjγ̂jC�

!
; ð43Þ

where we have used the asymptotic expansion of the Bessel
functions as z → 0þ. The case ν∈ ð0; 1

2
Þ is obtained

similarly. We remind the reader that for ν∈ ð0; 1Þ, an
element of Eq. (39) lies in the domain of a self-adjoint
extension of Dk once we fix one between the parameters
ðA;BÞ and one between those denoted by ðC;DÞ. Thus, the
boundary values of the rescaled spinors encode all data of
the solution. We show how Eq. (41) can be rewritten in
terms of rescaled spinors. For every Ψω;k;Φω;k ∈
L2ðð0;∞Þ;C2

bn
2
c Þ, it holds that

lim
z→0

fΦ̄ω;kðzÞϒ1Ψω;kðzÞg

¼ lim
z→0

fΦð1Þ†
ω;k ðzÞγ̂0Ψð2Þ

ω;kðzÞ −Φð2Þ†
ω;k ðzÞγ̂0Ψð1Þ

ω;kðzÞg

¼ lim
z→0

fRΦð1Þ†
ω;k ðzÞγ̂0RΨð2Þ

ω;kðzÞ − RΦ
ð2Þ†
ω;k ðzÞγ̂0RΨð1Þ

ω;kðzÞg

¼ RΦ
ð1Þ†
ω;k ð0Þγ̂0RΨð2Þ

ω;kð0Þ − RΦ
ð2Þ†
ω;k ð0Þγ̂0RΨð1Þ

ω;kð0Þ:

On account of the rescaling, the evaluation at z ¼ 0 is well
defined and, therefore, we can repeat the same analysis as
for ν ¼ 1

2
, drawing exactly the same conclusions. Hence, the

most general boundary condition for ν∈ ð0; 1Þ which
identifies DU

k , a self-adjoint extension of Dk, reads

ð1 −UÞRΨð1Þ
ω;kð0Þ þ ið1þ UÞγ̂0RΨð2Þ

ω;kð0Þ ¼ 0; ð44Þ

where U∈UðN
2
Þ while γ̂0 ¼ iγ0 is as per Appendix A and

Ψð1;2Þ
ω;k ∈L2ðð0;∞Þ;C2

bn
2
c Þ.

Remark 3.1. In 1975, while studying hadron models, K.
Johnson identified a set of self-adjoint boundary conditions
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for the Dirac equation on a subset of Minkowski spacetime;
see Ref. [14]. These are known as MIT-bag boundary
conditions and can be expressed as nμϒμΨj

∂M ¼ �Ψj
∂M,

where M denotes the underlying manifold; ∂M its
boundary; while nμ is an outward pointing unit vector,
orthogonal to ∂M. In our case, the MIT-bag boundary
conditions can be written as ϒ1

RΨð0Þ ¼ �RΨð0Þ, where
RΨð0Þ ¼R Ψð1Þð0Þ ⊕ RΨð2Þð0Þ as per Eq. (42).
Notice that, starting from Eq. (43), we can recover these

distinguished boundary conditions for suitable unitary
matrices U, though we postpone the discussion to
Sec. V. Henceforth, we refer to Eq. (44) as the generalized
MIT-bag boundary condition.
Physically, the MIT-bag boundary conditions were

introduced as an effective description of quark confine-
ment. Practically speaking, in Ref. [14], Johnson models a
hadron as a bag, i.e., a subregion of Minkowski spacetime
inside which quark fields are nonidentically vanishing, and
inside which one can find all the stress-energy content of
the hadron. As a consequence, one has to require that the
normal component of the Dirac current vanishes at the
boundary of the bag, so that no energy-momentum flux can
cross the wall. This boils down to choosing a self-adjoint
realization of the Dirac Hamiltonian. In our setup, the
conformal boundary plays the role of an idealized, perfectly
reflecting surface. Imposing MIT-bag at conformal infinity
therefore selects a self-adjoint realization of the Dirac
Hamiltonian. It yields a unitary time evolution, while
different unitary matrices U can be interpreted as more
general reflective boundary couplings, potentially support-
ing boundary-localized modes, as observed in the bosonic
case, see Ref. [18].
We conclude this section by collecting our finding on the

admissible self-adjoint boundary conditions in Table II.

B. GAdSn case

In this subsection, we consider the global patch of the
n-dimensional AdS spacetime, namely GAdSn. Also in this
case, we are interested in identifying the admissible
boundary conditions which can be supplemented to
the Dirac equation (7). Yet, the analysis follows closely
the steps already highlighted when considering PAdSn and
the Poincaré patch, and, therefore, we limit ourselves to
stating the main results and highlighting the minor differ-
ence with the preceding section. It is worth mentioning that
in Ref. [15], a thorough analysis on GAdS2 is available.
The starting point consists of writing on GAdSn the
counterpart of the conformal Hamiltonian individuated in
Eq. (35). It reads

H̃ ¼ −ϒ0ðϒk∇k −m sec ρÞ; k ¼ 1;…; n − 1;

where ∇ denotes the spinor covariant derivative specified
for the conformally related manifold M̃n; see Eq. (A4) and
Sec. II. Using Eq. (29), we introduce the counterpart of the
operator Dk as

H̃
X
λ

f
ω;λ

ðρÞζ
λ
ðρ;ΩiÞ ¼

X
λ

½D̃f
ω;λ

ðρÞ�ζ
λ
ðρ;ΩiÞ;

D̃ ≐

0
BBBBBBB@

0 0 − d
dρ þm sec ρ 0

0 0 0 d
dρ þm sec ρ

d
dρ þm sec ρ 0 0 0

0 − d
dρ þm sec ρ 0 0

1
CCCCCCCA
; ð45Þ

where f
ω;λ

ðρÞζ
λ
ðρ;ΩiÞ denotes a vector whose components

are split in two halves. The first takes the form

e∓iλρfð1;�Þ
ω;λ ðρÞζλðρ;ΩiÞ, while the second one takes the

form e∓iλρfð2;�Þ
ω;λ ðρÞζλðρ;ΩiÞ. Notice how Eq. (29) entails

that D̃ is a 4 × 4 matrix regardless of the dimension of
GAdSn, with n > 3. Once more, D̃ as per Eq. (45) can be

regarded as a higher-dimensional generalization of the one
discussed for n ¼ 2 in Ref. [15], which in turn also applies
to the scenario with n ¼ 3. The induced inner product
starting from Eqs. (24) and (25) reads

hfω;λ; gω;λi ¼
X
λ

Z þπ
2

−π
2

dρf†ω;λðρÞgω;λðρÞ;

TABLE II. Boundary conditions associated to all self-adjoint
extensions of Dk.

ν Boundary conditions

1
2 ð1 −UÞΨð1Þð0Þ þ ið1þUÞγ̂0Ψð2Þð0Þ ¼ 0

ð0; 1Þnf1
2
g ð1 − UÞRΨð1Þð0Þ þ ið1þUÞγ̂0RΨð2Þð0Þ ¼ 0

½1;þ∞Þ No conditions
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where fω;λ; gω;λ ∈L2ðð0; π
2
Þ;C2

bn
2
c Þ have, respectively, com-

ponents fð1;�Þ; fð2;�Þ, and gð1;�Þ; gð2;�Þ. As one could infer,
D̃ is symmetric with respect to this inner product only if it
vanishes, as follows:

hD̃fω;λ; gω;λi − hfω;λ; D̃gω;λi ∝
X
λ

½f̄ω;λϒ1gω;λ�
π
2

0; ð46Þ

where f̄ ¼ f†ϒ0. It suffices to consider C∞
0 ð0; π2Þ to ensure

that this holds true and hence to conclude that D̃ is a
symmetric operator on L2ð0; π

2
Þ. In order to characterize the

self-adjoint extensions of D̃, one should proceed exactly as
in the previous section. Since mutatis mutandis the pro-
cedure is identical, we list only the final result:

(i) If ν ≐ mþ 1
2
∈ ð0; 1Þ the deficiency indices associ-

ated to D̃ and to its adjoint D̃† are n�ðD̃†Þ ¼ 4.
(ii) If ν ≥ 1 D̃ is essentially self-adjoint, thus

n�ðD̃†Þ ¼ 0.
To conclude, we exploit once more the analogy with

Sec. III A and Ref. [15] in order to write the sought
boundary conditions on GAdSn:

(i) For ν∈ ð0; 1Þ we introduce the rescaling factor
RðρÞ ¼ σðρÞjν−1

2
j, where σðρÞ is as per Eq. (31).

The boundary conditions are then given by

ð1−UÞ
 

Rf
ð2Þ	π

2



Rf

ð2Þð0Þ

!
¼ ið1þUÞ

 
Rf

ð1Þ	π
2



Rf

ð1Þð0Þ

!
; ð47Þ

where U∈Uð4Þ, while

Rf
ð1ÞðρÞ¼RðρÞfð1ÞðρÞ; Rf

ð2ÞðρÞ¼R−1ðρÞfð2ÞðρÞ:
ð48Þ

(ii) For ν ≥ 1, D is essentially self-adjoint. Thus, we do
not need to impose any boundary condition on the
square integrable spinors.

Also in this scenario, a suitable choice of U is tanta-
mount to selecting boundary conditions as in the MIT-bag
model [14].

IV. GREEN’S OPERATOR FOR
THE DIRAC EQUATION

In this section, we derive an expression for the advanced
G− and retarded Gþ fundamental solutions for the Dirac
equation on PAdSn for each of the boundary conditions
which have been individuated in Sec. II B. We focus on this
scenario since on GAdSn the computations are analogous;
see Secs. III A and III B. We recall that a fundamental

solution is a map G̃�∶ C∞
0 ðRþ ×Rn−1;C2

bn
2
c Þ → C∞ðRþ ×

Rn−1;C2
bn
2
c Þ such that

P̃ ∘ G̃� ¼ G̃� ∘ P̃jC∞
0
¼ IdC∞

0
; ð49Þ

where P̃ is the Dirac operator as per Eq. (9). Equivalently,

we look for a bidistribution G̃� ∈D0ððRþ ×Rn−1Þ ×
ðRþ × Rn−1Þ;C2

bn
2
c
⊗ ðC2

bn
2
c Þ�Þ such that, working at the

level of integral kernels,

ðP̃ ⊗ IÞG̃�ðx; x0Þ ¼ ðI ⊗ ¯̃PÞG̃�ðx; x0Þ ¼ δðx − x0Þ1
C2

bn
2
c ;

ð50Þ

where δðx − yÞ is the Dirac δ-distribution on Rþ ×Rn−1, P̃

is the Dirac operator as per Eq. (9), while ¯̃P is the anti-Dirac
operator defined in Eq. (A8). Once more, it is convenient to
consider a conformally equivalent problem on Hn; see
Sec. II B. To establish the correspondence, we recall that

any ψ∶ Rþ ×Rn−1 → C2
bn
2
c
is conformally related to Ψ ≔

z
1−n
2 ψ∶Hn → C2

bn
2
c
such that Pψ ¼ z

nþ1
2 P̃Ψ where P is the

Dirac operator on PAdSn while P̃ is defined in Eq. (12).
Equation (49) entails that, denoting by G� the retarded and
advanced fundamental solutions associated to P, these are
related to G̃� via the identity

G� ¼ z
n−1
2 ∘ G̃� ∘ z−nþ1

2 :

Hence, we can focus our attention on the construction of the
retarded fundamental solutions directly on H̊n, so to avoid
considering the test functions whose support intersects the
boundary at z ¼ 0. The most notable advantage is that the
identity

S ≐ P ∘P0 ¼
�
ϒν

∂ν þ
m
z
1
�
∘
�
ϒμ

∂μ −
m
z
1
�

¼ ημν∂μ∂ν1þϒ1
m
z2

−
m2

z2
1; ð51Þ

entails that we construct the advanced and retarded funda-
mental solution K� for S, since

G� ¼
�
ϒν

∂ν þ
m
z
1
�
K�: ð52Þ

In turn, since ϒ1 ¼ diagð−1; 1; 1;−1Þ as per Eq. (8), we
can infer that
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K�¼

0
BBBBBBB@

K̃�
ν 1

C2
bn
2
c−1 0 0 0

0 K̃�
ν−11C2

bn
2
c−1 0 0

0 0 K̃�
ν−11C2

bn
2
c−1 0

0 0 0 K̃�
ν 1

C2
bn
2
c−1

1
CCCCCCCA
;

ð53Þ

where K̃�
ν are the advanced and retarded fundamental

solution of the Klein-Gordon equation on H̊n with mass
ν ¼ mþ 1

2
. We denote by Kðx; x0Þ the integral kernel of the

advanced-minus-retarded Green’s operator for S; see
Ref. [10], and by Gðx; x0Þ its counterpart for P as per
Eq. (52). The former can be determined once we fix any
admissible boundary condition; that is, Eq. (53) ought to
satisfy Eq. (44). In order to translate this statement in a
condition that K̃νðx; x0Þ has to abide by, we proceed as
follows: taking once more Ref. [10] as an inspiration and
using the notation introduced in Eq. (18), we write

Gðx; x0Þ ¼
Z
Rn−2

dk

ð2πÞn−22 e−ik·ðx−x0Þ

Z þ∞

−∞

dωffiffiffiffiffiffi
2π

p eiωðt−t0ÞGω;kðz; z0Þ; ð54Þ

where G− ¼ Θðt0 − tÞG, Gþ ¼ −Θðt0 − tÞG and

PxGðx; x0Þ ¼ 0; ð55aÞ

Gðx; x0ÞP0
x0 ¼ 0; ð55bÞ

Gðx; x0Þjt¼t0 ¼ ϒ0δðz − z0Þδðx − x0Þ; ð55cÞ

in addition to a boundary condition as per Table II.
Replacing Eq. (54) in Eq. (55c) yieldsZ þ∞

−∞

dωffiffiffiffiffiffi
2π

p Gω;kðz; z0Þ ¼ ϒ0δðz − z0Þ: ð56Þ

As one can infer from Eqs. (54), (55a), and (55b), the
columns of Gω;kðz; z0Þ, regarded as functions of z, are
eigenfunctions of Dk associated to the eigenvalue ω, while
its rows, regarded as functions of z0, are conjugated
eigenfunctions associated to the same eigenvalue. In other
words, Eq. (56) establishes a spectral representation of the
δ-distribution in terms of eigenfunctions of Dk subject to
boundary conditions as per Table II.
Remark 4.1. We observe that, combining Eq. (55) with

(a minor adaptation of) Refs. [30,31] entails that the
singularities of G� are supported both along light rays
and along their reflection at the conformal boundary located
at z ¼ 0. As a byproduct, whenever one considers a globally
hyperbolic region O of Rþ ×Rn−1, the restriction G�jO×O

differs from the propagators of the Dirac operator onO by a
smooth term. This entails, in turn, that if one constructs the
C�-algebra of observables for the Dirac field with prescribed
boundary conditions as per Eq. (55), this abides by the
principle of F-locality as per Ref. [13]. Nonetheless, we
highlight once more that this property alone does not
guarantee a priori a physically sensible quantum field
theory; e.g., it does not guarantee that the �-algebra of
observables is causal. In order to make that happen, one
needs to prove that Eq. (55) entails

ðx; x0Þ∈ suppGðx; x0Þ ⇒ x ∼ x0;

where x ∼ x0 means that x; x0 ∈PAdSn can be connected
by a casual, possibly reflected, curve. For the time being,
we postpone the investigation of this property, and thus
the construction of a physically reliable �-algebra, to
future works.
Constructing Gω;kðz; z0Þ: Eq. (56) entails that, barring a

factor ϒ0, Gω;kðz; z0Þ can be constructed out of Dk as per
Eq. (36), solving

ðDk þ ωÞGDk
ðz; z0;ωÞ ¼ δðz − z0Þ; ð57Þ

together with one among the boundary conditions as per
Table II. We recall that Dk in Eq. (57) is acting on z and we
write GDk

ðz; z0;ωÞ as

GDk
ðz; z0;ωÞ ¼

�
FωðzÞC<ðz0Þ; z < z0

FωðzÞC>ðz0Þ; z > z0;
ð58Þ

where setting N ¼ 2bn2c, FωðzÞ is the N × N matrix whose
columns are the solutions listed in Eqs. (20) and (21). On
the contrary, C≷ðz0Þ are N × N matrices to be determined
from Eq. (57) and from the boundary conditions listed in
Table II. In the following, we investigate more in detail the
conditions that they have to fulfill, splitting the analysis
between two scenarios depending on ν and, thus, on the
mass of the field. We highlight that, in this section, we do
not determine explicitly their expression; rather, we estab-
lish the algorithm to determine them. In Sec. V, we will
apply it to two concrete cases.
Case ν∈ ð0; 1Þ: for 0 < z < z0 < þ∞ and denoting byU

a matrix which identifies an admissible boundary condi-
tion, GDk

ðz; z0;ωÞ has to fulfill

ð1 −UÞRGð1Þ
Dk
ð0; z0;ωÞ þ ið1þUÞγ̂0RGð2Þ

Dk
ð0; z0;ωÞ ¼ 0;

where RG
ð1;2Þ
Dk

ðz; z0;ωÞ denote the rescaled upper/lower half
of the matrix GDk

ðz; z0;ωÞ as per Eq. (42). Equation (58)
yields

fð1−UÞ½RFωð0Þ�ð1Þ þ ið1þUÞγ̂0½RFωð0Þ�ð2ÞgC<ðz0Þ ¼ 0:
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For 0 < z0 < z < þ∞, no boundary condition must be
imposed and, following Ref. [28], we can infer that the
columns of the matrix FωðzÞC>ðz0Þ must be eigenfunc-
tions of Dk that are square integrable when ImðωÞ ≠ 0. The
analysis carried out on Ψ�iðzÞ (see Sec. II B), suggests that

½C>ðz0Þ�ð2Þ ¼ �i½C>ðz0Þ�ð1Þ;

where the sign is the same as that of ImðωÞ. At last, we
impose a matching condition at z ¼ z0 as follows. We
consider Eq. (57) and we integrate over z∈ ðz0 − ε; z0 þ εÞ

for ε > 0. GivenDk as per Eq. (36), we take the limit ε → 0
so that it holds

lim
ε→0

½Gðz0 þ ε; z0;ωÞjz>z0 −Gðz0 − ε; z0;ωÞjz<z0 � ¼ −iϒ0ϒ1:

This identity translates to

C>ðz0Þ − C<ðz0Þ ¼ −iF−1
ω ðz0Þϒ0ϒ1:

Gathering all the previous constraints above, one can
conclude that the matrices C≷ðz0Þ abide by

½C>ðz0Þ�ð2Þ ¼ �i½C>ðz0Þ�ð1Þ;
fð1 − UÞ½RFωð0Þ�ð1Þ þ ið1þUÞγ̂0½RFωð0Þ�ð2Þg½C>ðz0Þ þ iF−1

ω ðz0Þϒ0ϒ1� ¼ 0;

C<ðz0Þ ¼ C>ðz0Þ þ iF−1
ω ðz0Þϒ0ϒ1: ð59Þ

Case ν∈ ½1;þ∞Þ: this case is simpler since we do not have to impose boundary conditions at z ¼ 0. Hence, we need to
consider only square integrable spinors, namely B ¼ D ¼ 0 as per Sec. III A, or, equivalently, ½C<ðz0Þ�ð2Þ ¼ 0. Apart from
this difference, the analysis is the same as in the previous case and we do not report it again.
Resolution of the Dirac δ: following Eq. (56), one must read GDk

ðz; z0;ωÞ as a function of the spectral parameter ω. Yet
Eq. (58) entails thatGDk

depends onFωðzÞ and on C≷ðz0Þ. Combining Eqs. (59) and (19), it descends that, rather than on ω,
it is more convenient to work with q where q2 ¼ ω2 − jkj2. Repeating the same analysis outlined in Ref. [10], based in turn
on the theory of Sturm-Liouville equations (see also Ref. [28]), it descends that

δðz − z0Þ ¼ −
1

2πi
lim
ε→0þ

Z
σðDkÞ

½GDk
ðz; z0;ωþ iεÞ − G†

Dk
ðz0; z;ω − iεÞ�dω; ð60Þ

where GDk
ðz; z0;ω� iεÞ denote, respectively, the Green’s

functions of the operator Dk − ω ∓ iε, while σðDkÞ
denotes the spectrum of Dk. Following Ref. [28], in order
to give a representation of Eq. (60), we look for
fuωðzÞgω∈ σðDkÞ, a complete set of generalized eigenfunc-
tions for Dk, which satisfy the underlying chosen boundary
condition as per Table II as well as the identity

Z
σðDkÞ

uωðzÞu†ωðz0Þdω ¼ δðz − z0Þ:

A direct comparison of this identity with Eq. (56) allows us
to determine GDk

.

V. PROPAGATORS FOR THE DIRAC FIELD

In this section, we apply the algorithm developed in
Sec. IV to a massive Dirac field and, for definiteness, we
consider only PAdS4 although the following analysis can be
adapted to any spacetime dimension n ≥ 2. In particular, we
focus on two boundary conditions as per Table II, one being
the MIT-bag boundary condition, namely ϒ1

RΨð0Þ ¼�RΨð0Þ as per Remark 3.1, and one being a generalized
counterpart. In what follows, we assume for definiteness
m∈ ð0; 1

2
Þ, i.e., ν∈ ð1

2
; 1Þ.

Case 1: Upper-half generalized MIT-bag condition. We
start our investigation by setting RΨð1Þð0Þ ¼ 0 which,
according to Table II, corresponds to choosing U ¼ −1.
We refer to it as the upper-half generalized MIT-bag
condition. Recalling that in this setting, k ¼ ðk1; k2Þ,
and using Eqs. (19) and (15), we can infer that

FωðzÞ ¼
ffiffiffi
z

p
ω

0
BBBBB@

ωJνðqzÞ 0 ωYνðqzÞ 0

0 ωJν−1ðqzÞ 0 ωYν−1ðqzÞ
−qJν−1ðqzÞ ðik1 þ k2ÞJν−1ðqzÞ −qYν−1ðqzÞ ðik1 þ k2ÞYν−1ðqzÞ

ðik1 − k2ÞJνðqzÞ −qJνðqzÞ ðik1 − k2ÞYνðqzÞ −qYνðqzÞ

1
CCCCCA: ð61Þ
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Remark 5.1. The columns ofFωðzÞ are, by construction,
the four linear independent solutions of the Dirac equation
on PAdS4. Comparing with Eq. (43), one can infer that the
first and the last columns are those implementing the
chosen boundary condition. As a matter of fact, the first
one satisfies ϒ1

RΨð0Þ ¼ RΨð0Þ while the last one satisfies
ϒ1

RΨð0Þ ¼ −RΨð0Þ. Hence, RΨð1Þð0Þ ¼ 0, and we stress
that this is a boundary condition distinguished from those
discussed in Ref. [14].

The next step consists of focusing on Eq. (59), which
entails that the matrices C≷ðz0Þ solve

½C>ðz0Þ�ð2Þ ¼ �i½C>ðz0Þ�ð1Þ;
½RFωð0Þ�ð1Þ½C>ðz0Þ þ iF−1

ω ðz0Þϒ0ϒ1� ¼ 0;

C<ðz0Þ ¼ C>ðz0Þ þ iF−1
ω ðz0Þϒ0ϒ1; ð62Þ

where the sign in the first identity is determined by that of
ImðωÞ, as per Sec. IV. A direct computation yields

Cð�Þ
> ðz0Þ ¼ π

ffiffiffiffi
z0

p

2

0
BBBBB@

∓ iωJνðqzÞ 0 �iqJν−1ðqzÞ �ðik2 − k1ÞJνðqzÞ
0 −ωYν−1ðqzÞ ðik1 − k2ÞYν−1ðqzÞ qYνðqzÞ

ωJνðqzÞ 0 −qJν−1ðqzÞ −ðik1 þ k2ÞJνðqzÞ
0 ∓ iωYν−1ðqzÞ ∓ ðik2 þ k1ÞYν−1ðqzÞ �iqYνðqzÞ

1
CCCCCA;

Cð�Þ
< ðz0Þ ¼ π

ffiffiffiffi
z0

p

2

0
BBBBB@

∓ iωHð�Þ
ν ðqzÞ 0 �iqHð�Þ

ν−1ðqzÞ �ðik2 − k1ÞHð�Þ
ν ðqzÞ

0 0 0 0

0 0 0 0

0 −ωHð�Þ
ν−1ðqzÞ ðik1 − k2ÞHð�Þ

ν−1ðqzÞ qHð�Þ
ν ðqzÞ

1
CCCCCA;

where, with a slight abuse of notation, we employ the symbolsHð�Þ
α ðxÞ ¼ JαðxÞ � iYαðxÞ to denote the Hankel functions of

the first and second kind, respectively. Using Eq. (58), one can construct GDk
ðz; z0;ωÞ, though we avoid reporting its

explicit form since it is quite heavy to read and not particularly informative. On the contrary, we focus on Eq. (60) which,
removing the ε-dependence from the integrand, translates to

ρDk
ðωÞ ≐ −

1

2πi
ðGDk

ðz; z0;ωÞ − G†
Dk
ðz0; z;ωÞÞ

¼
ffiffiffiffiffiffi
zz0

p

2
Θðω2 − jkj2Þ

0
BBBBB@

ωJννðz; z0Þ 0 −qJνν−1ðz; z0Þ −k̃Jννðz; z0Þ
0 ωYν−1

ν−1ðz; z0Þ k̃⋆Yν−1
ν−1ðz; z0Þ −qYν−1

ν ðz; z0Þ
−qJν−1ν ðz; z0Þ −ik̃Yν−1

ν−1ðz; z0Þ 1
ω ðJν−1⋆Yν−1Þðz; z0Þ q

ω k̃½Jν−1ν ðz; z0Þ − Yν−1
ν ðz; z0Þ�

−k̃⋆Jννðz; z0Þ −qYν
ν−1ðz; z0Þ q

ω k̃
⋆½Jνν−1ðz; z0Þ − Yν

ν−1ðz; z0Þ� 1
ω ðYν⋆JνÞðz; z0Þ

1
CCCCCA;

ð63Þ

where we have employed the following compact notation

Jαβðz; z0Þ ¼ JαðqzÞJβðqz0Þ; Yα
β ¼ YαðqzÞYβðqz0Þ;

ðJα⋆YβÞðz; z0Þ ¼ q2Jααðz; z0Þ þ jkj2Yβ
βðz; z0Þ;

k̃ ¼ ik1 þ k2; k̃⋆ ¼ −ik1 þ k2:

Notice that jk̃j ¼ jkj. One can verify by direct inspection that

ρDk
ðωÞ ¼ u1ðzÞu1ðz0Þ† þ u2ðzÞu2ðz0Þ†;

where fu1; u2g is a set of complete eigenfunctions that fulfill the upper-half MIT-bag boundary conditions:
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u1ðzÞ ¼
ffiffiffiffiffiffi
z
2ω

r
2
66664

ωJνðqzÞ
0

−qJν−1ðqzÞ
ðik1 − k2ÞJνðqzÞ

3
77775; u2ðzÞ ¼

ffiffiffiffiffiffi
z
2ω

r
2
66664

0

ωYν−1ðqzÞ
ðik1 þ k2ÞYν−1ðqzÞ

−qYνðqzÞ

3
77775:

As one can infer both from this expression and from Eq. (63), there is a simple pole at ω ¼ 0. A direct computation yields
that the residue associated to it is

ρdisDk
ð0Þ ¼ jkj2 sinðπνÞ 2

ffiffiffiffiffiffi
zz0

p

π

0
BBBBB@

0 0 0 0

0 0 0 0

0 0 Kν−1ðjkjzÞKν−1ðjkjz0Þ ik1þk2
jkj Kν−1ðjkjzÞKνðjkjz0Þ

0 0 −ik1þk2
jkj KνðjkjzÞKν−1ðjkjz0Þ KνðjkjzÞKνðjkjz0Þ

1
CCCCCA; ð64Þ

where KαðxÞ is the modified Bessel function of the second kind. This is tantamount to considering the square integrable
eigenfunction ofDk, associated to the eigenvalue ω ¼ 0, which fulfills the upper-half MIT-bag boundary condition, namely

ρdisDk
ð0Þ ¼ vðzÞvðzÞ†; vðzÞ ¼ jkj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sinðπνÞz

π

r
2
66664

0

0

Kν−1ðjkjzÞ
− ik1−k2

jkj KνðjkjzÞ

3
77775:

Putting together all these data and taking into account Remark 2.1, the spectral decomposition of the δ-distribution reads

δðz − z0Þ ¼ ρdisDk
ð0Þ þ

Z
R
ρDk

ðωÞdω; ð65Þ

where ρDk
ðωÞ and ρdisDk

ð0Þ are, respectively, as per Eqs. (63) and (64). Eventually, the sought advanced-minus-retarded
Green’s operator reads, setting x ¼ ðt;x; zÞ, as follows:

Gðx; x0Þ ¼
Z
R2

dk
2π

ei½ωðt−t0Þ−k·ðx−x0Þ�
�
ρdisD ð0Þ þ

Z þ∞

jkj
dω½ρDðωÞ þ ρDð−ωÞ�

�
ϒ0: ð66Þ

The physical significance of this ω ¼ 0 mode is not obvious a priori. From the above analysis, we can only conclude that
there exists a family of self-adjoint boundary conditions (see Remark 5.1 for a detailed classification), that admits a square
integrable, stationary, zero-energy eigenfunction as a possible wave function. Establishing whether or not this mode yields
physically inconsistent scenarios is possible only through a careful analysis at the level of physical observables associated to
the quantum field theory of the Dirac field. Once more, this is possible once causality is guaranteed: see Remark 4.1.
Remark 5.2. In order to infer in which cases it is necessary to take into account the existence of a pole at ω ¼ 0 in the

construction of the advanced and retarded propagators, one should first focus on Eq. (15). Setting ω ¼ 0, the square
integrable solutions can be constructed out of the building blocks

φ1ðzÞ ¼
ffiffiffi
z

p

2
66664

KνðjkjzÞ
− ik1−k2

jkj Kν−1ðjkjzÞ
0

0

3
77775; φ2ðzÞ ¼

ffiffiffi
z

p

2
66664

0

0

Kν−1ðjkjzÞ
− ik1−k2

jkj KνðjkjzÞ

3
77775: ð67Þ

Their rescaled boundary values as per Eq. (42) are
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Rφ1ð0Þ ¼

2
66664

2ν−1jkj−νΓðνÞ
− ik1−k2

jkj 2−νjkjν−1Γð1 − νÞ
0

0

3
77775; Rφ2ð0Þ ¼

2
66664

0

0

2−νjkjν−1Γð1 − νÞ
− ik1−k2

jkj 2ν−1jkj−νΓðνÞ

3
77775: ð68Þ

Hence, every linear combination φL2ðzÞ ¼ aφ1ðzÞ þ bφ2ðzÞ, with a; b∈C, has to fulfill

Rφ
ð1Þ
L2 ð0Þ ¼ MRφ

ð2Þ
L2 ð0Þ; ð69Þ

where M ¼ ðc1c3
c2
c4
Þ∈MðC; 2Þ is such that�jkj

2

�
2ν−1 Γð1 − νÞ

ΓðνÞ c1 −
ik1 − k2

jkj c2 ¼
ik1 þ k2

jkj c3 þ
�jkj

2

�
1−2ν ΓðνÞ

Γð1 − νÞ c4:

The example detailed above abides by Eq. (69) with M ¼ 0.
Case 2: Proper MIT-bag condition. We consider now the MIT-bag conditions as per Remark 3.1, namely ϒ1

RΨð0Þ ¼
RΨð0Þ where we are considering once more the rescaled spinors. Splitting Ψ ¼ Ψð1Þ ⊕ Ψð2Þ allows us to rewrite this
condition as

ϒ1
RΨð0Þ ¼ RΨð0Þ; ⇔

(
γ̂0RΨð1Þð0Þ ¼ −RΨð1Þð0Þ;
γ̂0RΨð2Þð0Þ ¼ RΨð2Þð0Þ;

⇔ ð1þ γ̂0ÞRΨð1Þð0Þ − ið1 − γ̂0ÞRΨð2Þð0Þ ¼ 0;

which, comparing with Table II, corresponds to U ¼ −γ̂0.
The procedure is identical to that of the previous case, and
therefore, we limit ourselves to highlight that comparing
this boundary condition with Eq. (69) entails that the pole at
ω ¼ 0 does not occur. In addition, the eigenfunctions that
fulfill this boundary condition are fw1; w2g, the first two
columns of FωðzÞ as per Eq. (61). In this case, the
advanced-minus-retarded Green’s operator reads, setting
x ¼ ðt;x; zÞ, as follows:

Gðx; x0Þ ¼
Z
R2

dk
2π

ei½ωðt−t0Þ−k·ðx−x0Þ�Z
R
dω½ρDk

ðωÞ þ ρDk
ð−ωÞ�ϒ0; ð70Þ

where

ρDk
ðωÞ ¼ Θðω2 − jkj2Þðw1ðzÞw1ðz0Þ† þ w2ðzÞw2ðz0Þ†Þ:

Following the same rationale as Ref. [10], the absence of
a point spectrum forDk codified in the pole atω ¼ 0 entails
that we can use Eq. (70) to construct the two-point
correlation function of the ground state of a Dirac fields.
This identifies unambiguously a state for the underlying
algebra of fields. In order to avoid too many technical,
algebraic details in the main body of this paper, we review
succinctly its construction in Appendix B, commenting in
particular on the property of being F-local; see Ref. [13].

More precisely, we look for two bidistributions ω�
2 such

that their integral kernel is a solution of

Dxω
þ
2 ðx; yÞ ¼ 0; Dyω

−
2 ðx; yÞ ¼ 0; ð71Þ

where D is the Dirac operator and where we also impose
the proper MIT-bag boundary conditions. In addition, we
require the canonical anticommutation relations to hold
true, namely

ωþ
2 ðx; yÞ þ ω−

2 ðy; xÞ ¼ iGðx; yÞ; ð72Þ
where Gðx; yÞ is as per Eq. (66). A concrete realization of
these conditions is

ωþ
2 ðx; x0Þ ¼

Z
R2

dk
2π

ei½ωðt−t0Þ−k·ðx−x0Þ�

×
Z þ∞

jkj
dω½w1ðzÞw̄1ðz0Þ þ w2ðzÞw̄2ðz0Þ�;

ω−
2 ðx; x0Þ ¼ Gðx0; xÞ − ωþ

2 ðx0; xÞ; ð73Þ

Remark 5.3. We highlight that the two-point function for
a Dirac field abiding by the proper MIT-bag boundary
condition has been also discussed in Ref. [22], and a direct
analysis of this reference compared to ours shows that the
two constructions yield the same outcome.
We conclude this section by stressing that Eq. (73)

identifies a ground state for the Dirac field subject to the
proper MIT-bag boundary conditions, as one can infer
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either by observing that only positive frequencies occur in
the mode decomposition or by employing the definition
given in Ref. [7]. At last, we remark that Eq. (73) fits with
the construction discussed in Ref. [32]. Therein it is proven
that when considering the Dirac equation on any manifold
with bounded geometry, a two-point function for the Dirac
field for which ωþ

2 is built out of only positive-energy
solutions, while ω−

2 is built out of only negative-energy
solutions, determines always a quasifree, Hadamard
ground state.

VI. CONCLUSIONS

In this paper, we have investigated massive Dirac fields
on AdSn, n ≥ 2, both in the global and in the Poincaré
patch. By generalizing a procedure first outlined in Ref. [15]
in the two-dimensional scenario, we have classified the
admissible boundary conditions which can be assigned at
the conformal boundary. Among them, we have individu-
ated those going under the name of MIT-bag in the literature
as well as a much larger class which we have tagged as
generalizedMIT-bag boundary conditions. All these options
entail the well posedness of the mixed initial-boundary
value problem as well as the existence of two natural
candidates for playing the roles of advanced and retarded
propagators for the Dirac operator. In turn, these allow us to
codify the canonical anticommutation relations and to
construct ω2, the two-point correlation function of an
underlying ground state with prescribed boundary condi-
tions, provided that no bound state modes are present, a
feature possible when considering some among the gener-
alized MIT-bag boundary conditions. We have applied this
paradigm to two concrete examples in PAdS4, but the
procedure carries no a priori limitation and it could be
applied in all dimensions. If one considers any globally
hyperbolic open region of the underlying background, by
using Ref. [7], we can conclude that ω2 is of local
Hadamard form. Hence, this is a natural candidate to
construct a local and covariant algebra of Wick polyno-
mials, the building block to deal with interactions at a
perturbative level. In addition, in sharp contrast with the
scalar case, it appears that when bound state modes are
absent, no IR singularity appears, hence avoiding the
potential pathological features first highlighted in Ref. [33].
We reckon that this work represents just the first step in

the analysis of the interplay between boundary conditions
and Dirac fields. There are several open questions which
should be tackled in future works and, among these, we
highlight the following:

(i) From a structural viewpoint, the advanced and
retarded propagators G�, constructed in Sec. IV,
abide by all the defining properties of a fundamental
solution, but it is not manifest that given f∈
C∞
0 ðRþ ×Rn−1;C2

bn
2
c Þ, we obtain

suppðG�ðfÞÞ ⊆ J∓ðsuppðfÞÞ:

In globally hyperbolic spacetime, this feature is
codified directly in the definition of the advanced
and retarded propagators, playing a key role in
proving their uniqueness. When one is working
with a mode decomposition, this property is not
manifest, but it can be proven using energy esti-
mates. It has been highlighted that even in the scalar
case, this approach does not work, and only recently
an alternative procedure has been devised in
Ref. [18]. Yet, since in this reference, it is particu-
larly important that the dynamics are codified by a
second-order partial differential equation, a direct
application to Dirac fields is not immediate. Hence,
it would be desirable to devise a workaround which
allows us to prove the support property also for the
propagators of a Dirac field,

(ii) Still from the structural viewpoint, one of the pillars
of the algebraic approach to quantum field theory
goes under the name of the Radzikowski theorem
[34,35]. This guarantees the equivalence between the
local and global Hadamard form of a two-point
correlation function. The first establishes the exist-
ence of a codified form of the integral kernel
ω2ðx; x0Þ provided that x and x0 lie in the same
geodesic neighborhood. This guarantees that the
singular part of ω2 is covariant; namely it is com-
pletely determined in terms of the underlying geom-
etry and of the equation of motion. At the same time,
the global Hadamard form codifies the singular
structure of ω2 globally, using the language of
microlocal analysis. The interplay and equivalence
of these two conditions is foundational for establish-
ing a perturbative, local, and covariant quantization
scheme for interacting field theories; see, e.g.,
Ref. [36]. Yet all these results rest on the assumption
of global hyperbolicity and, in presence of timelike
boundaries such as in AdSn, more sophisticated
techniques need to be employed. In the scalar case,
the global structure of the two-point function has
been studied in Refs. [30,31] and a generalization of
the Radzikowski theorem has been proven in
Ref. [18]. Yet all these works strongly rely on the
underlying equation being of second order, hence
requiring a substantial modification to be applied to
Dirac fields. Furthermore, in Ref. [37], Hadamard
states with MIT boundary conditions have been
studied, and a comparison with our results is cer-
tainly desirable.

(iii) From a physical perspective, we would like to draw
the attention on two open questions. In view of
finding a connection with the AdS/CFT correspon-
dence, one should explore the possibility of consid-
ering a larger class of boundary conditions, in which
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the bulk field restricted to the boundary acts a source
of a dynamics thereon. In the scalar scenario,
dynamical boundary conditions of Wentzell type
have been already investigated; see, e.g., Refs.
[38–40]. Yet, it is unclear whether a similar option
exists also when considering field theories whose
dynamics are codified by Dirac type operators, and a
detailed analysis should be undertaken. A second
remarkable and recent physical application explores
the interplay between quantum field theory and
relativistic quantum information by coupling a field
to an Unruh-De Witt detector, which is a two-level
system moving along a worldline of the underlying
background. The possibility of having different
boundary conditions has far-reaching consequences
which have been investigated when considering
scalar fields, even in connection to specific phenom-
ena such as the anti-Unruh and anti-Hawking
effects; see, e.g., Refs. [41–46]. Since Dirac fields
admit boundary conditions which are structurally
very different from the scalar counterparts, one can
expect qualitative and quantitative differences which
we deem worth to be investigated.
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APPENDIX A: THE DIRAC EQUATION
ON CURVED BACKGROUNDS

The goal of this appendix is to recall succinctly the
geometric construction of spinors on ðM; gÞ, an n-dimen-
sional Lorentzian, orientable, time-orientable, smooth
manifold endowed with a metric g, where M has possibly
a nonempty boundary; see also Ref. [47]. By FM, we
denote the frame bundle associated to M, while
ε∈ΓðFMÞ is a smooth section whose components
fεaðpÞga¼0;…;n−1 identify an ordered, orthonormal, ortho-
chronous basis for TpM. In addition, if we fix
feμgμ¼0;…;n−1, a local coordinate system for M, we say
that ε is a vielbein if

gμν ¼ −ηabðεaÞμðεbÞν; ∀ a;b;μ;ν¼ 0;…; n− 1; ðA1Þ

where gμν and ηab denote the components, respectively, of
the metric tensor of M and of Minkowski spacetime with

respect to the bases feμg and fεag, while ðεaÞμ are such
that εa ¼ εμaeμ. On top of these, we also require M to
admit a spin structure ðSM; πÞ where SM is the spin
bundle; that is, a principal bundle whose structure group is
Spin0ð1; n − 1Þ, the double cover of SO0ð1; n − 1Þ, the
component connected to the identity of the Lorentz group,
while π∶SM → FM is a morphism of principal bundles
covering the identity. Existence of such structure is
tantamount to requiring that the second Stiefel-Whitney
class w2ðMÞ∈H2ðM;Z2Þ vanishes, while the first one
w1ðMÞ∈H1ðM;Z2Þ classifies the number of nonequiva-
lent choices. In this work, we always consider manifolds
for which both w1ðMÞ and w2ðMÞ vanish. In addition to
these data, we consider on top of Minkowski spacetime
ðRn; ηÞ the standard algebra of γ-matrices γa, a ¼
0;…; n − 1 such that fγa; γbg ¼ 2ηab1

C2
bn
2
c , where 1

denotes the identity matrix acting on the spinor represen-

tation space C2
bn
2
c
. These can be used to define a counter-

part on ðM; gÞ by means of the defining identity

γμ ≔ γaðεaÞμ; a ¼ 0;…; n − 1; ðA2Þ

which entails in turn

fγμ; γνgðxÞ ≔ γμðxÞγνðxÞ þ γνðxÞγμðxÞ ¼ 2gμνðxÞ1
C2

bn
2
c :

ðA3Þ

Starting from these premises, we consider on top of M

the trivial bundle DðMÞ≡M × C2
bn
2
c
, and we denote its

smooth sections as Dirac fields/spinors ψ∶M → C2
bn
2
c
. On

top of ΓðDMÞ≡ C∞ðM;C2
bn
2
c Þ, we define the spin con-

nection

∇∶ ΓðTMÞ × ΓðDMÞ → ΓðDMÞ;

such that, for all ðX;ψÞ∈ΓðTMÞ × ΓðDMÞ, we obtain

∇Xψ ¼Xμ
∂μψþ1

8
Xμ½ðεaÞν∂μðεbÞνþΓρ

μνðεaÞρðεbÞν�½γa;γb�ψ

¼Xμ
∂μψþ1

8
Xμf½γν;∂μγν�þΓρ

μν½γρ;γν�gψ ; ðA4Þ

where Γρ
μν denote the Christoffel symbols induced by g,

while ½·; ·� denotes the matrix commutator. Consequently,
we can define the (massless) Dirac operator

D∶ ΓðDMÞ → ΓðDMÞ; Dψ ¼ γμ∇μψ ; ðA5Þ

which abides by the Lichnerowicz-Weitzenböck formula,
namely

DD�ψ ¼ D�Dψ ¼ □gψ þ 1

4
Rψ ; ðA6Þ
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where D� is the formal adjoint of D, and where □g and R
are, respectively, the D’Alemebert wave operator and the
scalar curvature built out of g. To conclude the section, we

introduce the dual Dirac bundle D�M≡M × ðC2
bn
2
c Þ�,

whose smooth sections are called Dirac cospinors

ψ̃∶ M → ðC2
bn
2
c Þ�. We can relate spinor and cospinors

via a conjugation,

·̄∶ΓðDMÞ → ΓðD�MÞ; ψ̄ ¼ ψ†γ0; ðA7Þ

where ψ† is the adjoint of ψ , while the index of γ0 is
intended as a ¼ 0 and not μ ¼ 0; see Eq. (A2). Notice that
the Dirac equation P̃ψ ¼ ðD −mÞψ ¼ 0 implies the anti-
Dirac equation

¯̃P ψ̄ ≐ ðD̄þmÞψ̄ ¼ 0; ðA8Þ

D̄ ψ̄ ¼ −ðDψÞ ¼ ∂μψ̄γ
μ −

1

8
ψ̄γμf½γν; ∂μγν� þ Γρ

μν½γρ; γν�g:
ðA9Þ

To conclude this Appendix, we highlight that, in this
work, we make the following choices of γ-matrices which
are elements of Mð2bn2c;CÞ:

(i) For n ¼ 2, γ0 ¼ ið1
0

0
−1Þ, γ1 ¼ ð0

1
1
0
Þ.

(ii) For n ¼ 3, in addition to γ0 and γ1 as above, we
set γ2 ¼ ð0i −i0 Þ.

(iii) For n > 2 even, denoting by γ̂a the γ-matrices in the
(n − 1)-dimensional case

γ0 ¼ i

�1
2
bn
2
c−1 0

0 −1
2
bn
2
c−1

�
; γ1 ¼

�
0 γ̂0

−γ̂0 0

�
;

γa ¼
�

0 iγ̂a−1

−iγ̂a−1 0

�
;

where a ¼ 1;…; n − 1, while 1n
2
is the n

2
× n

2
identity.

(iv) For n > 3 odd,

γa ¼ γ̂a; a ¼ 0;…; n − 2;

γn−1 ¼
�

0 1
2
bn
2
c−1

1
2
bn
2
c−1 0

�
:

APPENDIX B: THE ALGEBRA
OF OBSERVABLES FOR THE DIRAC

FIELD ON AdSn

The goal of this Appendix is to outline the construction
of the algebra of observables associated to a Dirac field on
the Poincaré patch of AdSn, n ≥ 2. While on globally
hyperbolic manifolds with empty boundaries such con-
struction is well established (see, e.g., Ref. [ [3] Chap. 3]),

in presence of a nonempty timelike boundary, the scenario
is rather different.
More concretely, following the rationale of Secs. III and

IV, we do not work directly on PAdSn, rather on the
conformally related half-Minkowski spacetime ðHn; ηÞ out-
lined in Sec. II. In order to keep contact with the geometric
language used in Ref. [3], we introduce on H̊n ¼ Hnn∂Hn

the Dirac bundle DH̊n. This is a trivial vector bundle
DH̊n ≃ H̊n × CN , which comes accompanied with its dual
counterpart D�H̊n ≃ H̊n × ðCNÞ�. In addition, we assign on
∂Hn a boundary condition for the underlying Dirac equa-
tion, which can be codified by U∈UðN

2
Þ, an arbitrary

unitary matrix with N ¼ 2bn2c; see Eq. (44). Starting from
these data, we identify a set of building blocks to construct
the algebra of observables:
(1) The space of test spinors (respectively, cospinors) as

Γ0ðDH̊nÞ ≃ C∞
0 ðH̊n;CNÞ (respectively, Γ0ðD�H̊nÞ≃

C∞
0 ðH̊n; ðCNÞ�Þ),

(2) The advanced and retarded propagators associated to
the operator P as per Eq. (12), endowed with the
boundary condition U, namely G�

U∶ Γ0ðDH̊nÞ →
ΓðDH̊nÞ; see Sec. IV. In addition, we assume that
the causal propagator GU ≐ G−

U − Gþ
U is causally

supported, i.e.,

suppðGUðψÞÞ ⊆ JðsuppðψÞÞ ∀ ψ ∈Γ0ðDH̊nÞ;

where J denotes the union between the causal future
and past in the underlying manifold.

Observe that, as a consequence of Schwartz kernel
theorem, we can associate GU to a bidistribution
GU ∈D0ðD�Hn⊠DHnÞ such that working at the level of
integral kernels,

ðP ⊗ IÞGUðx; x0Þ ¼ ðI ⊗ P̄ÞGUðx; x0Þ ¼ 0;

where P̄ ≐ ∂⃖μϒμ þ m
z denotes the counterpart on Hn of ¯̃P.

Here the upper left-pointing arrow entails that the deriva-
tive is acting on the left. Repeating almost slavishly the
same analysis carried out for P, we can conclude that P̄
comes accompanied by advanced and retarded propagators
ðG�

UÞ�∶ Γ0ðD�H̊nÞ → ΓðD�H̊nÞ abiding by the boundary
conditions codified by U. As for GU, we assume that the
causal propagator G�

U ≐ ðG−
UÞ� − ðGþ

UÞ� is causally sup-
ported. Using once more the Schwartz kernel theorem, we
can associate to G�

U a bidistribution G�
U ∈D0ðDHn⊠D�HnÞ

such that working at the level of integral kernels,

ðP̄ ⊗ IÞG�
Uðx; x0Þ ¼ ðI ⊗ PÞG�

Uðx; x0Þ ¼ 0:

Continuing in our identification of the building blocks of
the algebra of observables, we introduce the following
structures:
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(3) Given an isomorphism A∶ Γ0ðDHnÞ → Γ0ðD�HnÞ such that AðPψÞ ¼ −P̄ðAψÞ for any ψ ∈Γ0ðDHnÞ, we identify
the pairings on Γ0ðDHnÞ and Γ0ðD�HnÞ, as follows:

hψ ;ϕiΓ0ðDHnÞ ¼
Z
Hn
ðAψÞðϕÞdvolη; ∀ ψ ; ϕ∈Γ0ðDHnÞ;

hζ; ξiΓ0ðD�HnÞ ¼
Z
Hn

ζðA−1ξÞdvolη; ∀ ζ; ξ∈Γ0ðD�HnÞ;

where dvolη is the volume form of Hn induced by the Minkowski metric η.
Following the same analysis outlined in Ref. [3], we can use all the ingredients above to endow Γ0ðDHnÞ and Γ0ðD�HnÞ
with the following Hermitian forms:

hðUÞ
s ðψ ;ϕÞ ¼ ihψ ;GUðϕÞiΓ0ðDHnÞ; ∀ ψ ; ϕ∈Γ0ðDHnÞ;
hðUÞ
c ðζ; ξÞ ¼ −ihζ;G�

UðξÞiΓ0ðD�HnÞ; ∀ ζ; ξ∈Γ0ðD�HnÞ:

As a consequence and following the same rationale of
Ref. [3], we identify the algebra of fields for the model
under scrutiny as the unital �-algebra

A ðHnÞ ¼ TðKðHnÞÞ
IKðHnÞ ;

where T ðKðHnÞÞ is the tensor algebra built out of
KðHnÞ ¼ Γ0ðDHnÞ ⊕ Γ0ðD�HnÞ, while IKðHnÞ is the
two-sided �-ideal generated by the following relations,
given the embedding a∶ KðHnÞ ↪ TðKðHnÞÞ∶
(1) Equations of motion: aðPψ ; 0Þ ¼ að0; P̄ζÞ ¼ 0 for

all ψ ∈Γ0ðDHnÞ, ζ∈Γ0ðD�HnÞ, and
(2) Canonical anticommutation relations:

(i) aðψ ; 0Það0; ζÞ þ að0; ζÞaðψ ; 0Þ ¼ hðUÞ
c ðAψ ; ζÞ

for all ψ ∈Γ0ðDHnÞ, ζ∈Γ0ðD�HnÞ.
(ii) aðψ ; 0Þaðϕ; 0Þ þ að0;ϕÞaðψ ; 0Þ ¼ 0 for all ψ ;

ϕ∈Γ0ðDHnÞ.
(iii) að0; ξÞað0; ζÞ þ að0; ζÞað0; ξÞ ¼ 0 for all ζ;

ξ∈Γ0DðD�HnÞ.
The elements of the form að·; 0Þ and að0; ·Þ are called

generators of A ðHnÞ. Moreover, the �-involution is the
extension to A ðHnÞ of the relation a�ðψ ; 0Þ ¼
að0; AψÞ ∀ ψ ∈Γ0ðDHnÞ. On top of A ðHnÞ, we can
assign a quasifree state, that is a positive, normalized
and linear functional ω∶ A ðHnÞ → C such that, for any
n∈N, given the generators a1;…; an ∈A ðHnÞ,

(i) ωða1 � � � anÞ ¼ ωnða1;…; anÞ ¼ 0 if n is odd,
(ii) ωða1 � � � anÞ ¼ ωnða1;…; anÞ ¼

P
π ∈P2ðnÞ ϵðπÞ

ω2ðaπð1Þ; aπð2ÞÞ � � �ω2ðaπðn−1Þ; aπðnÞÞ if n is even,
where P2ðnÞ is the collection of all subdivisions of the

set f1;…; ng in pairs fðπð1Þ; πð2ÞÞ;…; ðπðn − 1Þ; πðnÞÞg
where πðk − 1Þ ≤ πðkÞ for k ¼ 1;…; n, while ϵðπÞ is the
sign of the associated permutation. In addition, we consider
only U(1)-invariant quasifree states, namely those
for which ω2½a1ð·; 0Þa2ð·; 0Þ� ¼ ω2½a1ð0; ·Þa2ð0; ·Þ� ¼ 0.
These identities entail that a quasifree state ω is identified

by the assignment of two continuous linear functionals,

ωþ
2 ∶ Γ0ðDHnÞ × Γ0ðD�HnÞ → C;

ω−
2 ∶ Γ0ðD�HnÞ × Γ0ðDHnÞ → C;

where once more we have exploited the canonical embed-
ding of Γ0ðDHnÞ and Γ0ðD�HnÞ intoA ðHnÞ. The choice of
ω�
2 is not free but it is subject to constraints. More precisely,

they determine a Uð1Þ-invariant quasifree state if and only
if setting

Λþðψ ;φÞ ≐ ωþ
2 ðψ ; AφÞ; Λ−ðψ ;φÞ ≐ ω−

2 ðAφ;ψÞ;
∀ ψ ; φ∈Γ0ðDH̊nÞ;

then
(1) On-shell condition. For all ψ ;φ∈Γ0ðDH̊nÞ, we

obtain

Λ�ðPψ ;φÞ ¼ 0; Λ�ðψ ; PφÞ ¼ 0:

(2) Canonical anticommutation relations. For all
ψ ;φ∈Γ0ðDH̊nÞ, we obtain

Λþðψ ;φÞ þ Λ−ðψ ;φÞ ¼ hðUÞ
s ðψ ;φÞ

¼ ihψ ; GUφiΓ0ðDH̊nÞ:

(3) Positivity. For all ψ ∈Γ0ðDH̊nÞ, we obtain

Λþðψ ;ψÞ ≥ 0; Λ−ðψ ;ψÞ ≥ 0:

(4) Hermiticity. For all ψ ;φ∈Γ0ðDH̊nÞ, we obtain

Λ�ðψ ;φÞ ¼ Λ�ðφ;ψÞ:
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We observe that among the plethora of quasifree states, not
all are physically admissible, and it is therefore customary
to require that both ω�

2 abide by the Hadamard condition, a
constraint on their underlying singular structure. As men-
tioned in Sec. V, the two-point correlation functions
identified in this work do fall in this class, but we avoid
giving more details in this Appendix.
Remark B.1. At last, we discuss the interplay between

A ðHnÞ and F-locality; see Ref. [13]. In particular, if we
consider any globally hyperbolic regionO ⊂ Hn, it turns out
that O ∩ ∂Hn ¼ ∅. Therefore, we can consider A ðHnÞjO,

that it is the �-subalgebra ofA ðHnÞ whose generators are of
the form aðψ ⊕ 0Þ and að0 ⊕ ζÞ with ψ ∈Γ0ðDMÞ and
ζ∈Γ0ðD�MÞ, such that suppðψÞ; suppðζÞ ⊂ O. One can
infer by direct inspection that A ðHnÞjO is �-isomorphic to
A ðOÞ, the �-algebra of fields built intrinsically on O. As a
matter of fact, both P and P̄ are left unchanged by the
restriction of the underlying manifold and, sinceO does not
intersect the boundary, it turns out that G�

U must coincide
with the unique advanced and retarded fundamental solution
of the Dirac operator on O; see, e.g., Ref. [3]. This suffices
to draw the sought conclusion.
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