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We study the critical behavior of the semi-infinite Gross-Neveu-Yukawa model, a quantum field theory
describing Dirac fermions interacting with bosonic fields via a Yukawa coupling. We consider Neumann
and Dirichlet boundary conditions for the bosonic fields, and the most general boundary conditions for the
fermions that preserve unitarity, conformal invariance, and charge conjugation symmetry. We analyze the
phase diagram and identify distinct fixed points corresponding to different universality classes of boundary
critical behavior. The associated boundary critical exponents, which govern the scaling behavior and
crossover phenomena, are computed to one-loop order. We also discuss the relevance of our results to the
semi-infinite pseudoscalar Yukawa model.
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I. INTRODUCTION

In recent years, there has been a revival of interest in field
theories with boundaries, driven both by advances in
conformal field theory (CFT), such as the conformal boot-
strap [1], and by the discovery of new materials, including
Dirac materials such as graphene [2,3] and nodal semimet-
als [4], which make it possible to test boundary field theory
predictions in the laboratory.
Seminal studies of boundary critical behavior in spin

systems with discrete symmetries have revealed a remark-
ably rich phase structure, encompassing the ordinary,
special, and extraordinary transitions [5]. These corre-
spond, respectively, to situations in which the bulk orders
in the presence of a disordered, critically enhanced, or
ordered boundary. For 3D systems with continuous sym-
metries, the extraordinary transition is precluded by the
Mermin-Wagner theorem, which forbids spontaneous sym-
metry breaking of continuous symmetries in two or fewer
dimensions at finite temperature. Since the boundary of a
3D system is effectively two dimensional, it cannot sustain
true long-range order, and thus an ordered surface coexist-
ing with a disordered bulk is not possible.
However, it was recently discovered that the 3DOðNÞϕ4

model exhibits a novel extraordinary-log boundary uni-
versality class for a finite range of 2 ≤ N ≤ Nc ≈ 5 [6,7].

The universal properties of this class appear to be related to
those of the normal universality class, which corresponds to
the casewhere an explicit symmetry-breaking field is applied
at the boundary [8,9]. Related phenomena have been
identified in several quantum systems, including the quan-
tum edge criticality of the two-dimensional Bose-Hubbard
model [10] and the boundary criticality arising from frac-
tional exciton condensation in quantum Hall bilayers [11].
Boundary criticality has also been explored in fermionic

systems. The earliest examples involved noninteracting
fermions in the presence of quenched disorder, leading to
Anderson localization [12] and continuous Anderson tran-
sitions, which include both metal-insulator and topological
transitions such as the integer quantum Hall plateau tran-
sitions [13]. Anderson transitions are characterized by the
absence of a conventional order parameter. Instead, their
criticality is encoded in transport coefficients and in the full
distribution of the local density of states (LDOS). Different
moments of the LDOS exhibit independent scaling behavior,
reflecting the multifractal nature of the critical wave functions
described by a continuum of exponents—the multifractal
spectrum.
Anderson transitions in the presence of boundaries have

been investigated in Refs. [14–21], with particular focus on
the multifractality of critical wave functions near the
boundary. These studies have shown that the multifractal
spectrum is modified near boundaries, but only at the
ordinary boundary critical point. The possibility of extraor-
dinary or special boundary Anderson transitions remains
an open question of significant interest.
A distinct class of disorder-driven quantum phase tran-

sitions arises in nodal semimetals, where sufficiently strong
disorder drives a transition from a clean (ballistic) regime to
a diffusive metallic phase [22]. This transition is described
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by the OðNÞ Gross-Neveu model in the limit of vanishing
number of fermion flavors (replicas) N → 0 [23,24] or its
supersymmetric extension [25]. Here, the average LDOS at
the nodal point serves as an effective order parameter,
becoming finite beyond a critical disorder strength [26–35].
This transition has been extensively studied through both
numerical simulations [36–41] and analytical approaches
[42–46]. Although the critical wave functions are again
multifractal, the fluctuations of non-self-averaging quan-
tities such as the LDOS are significantly narrower than at
Anderson transitions [47]. The boundary manifestations of
such non-Anderson disorder-driven transitions in semi-
infinite Dirac semimetals have recently been investigated
in Refs. [48,49], where only the extraordinary and special
transitions were identified.
Recent breakthroughs in CFT methods, such as con-

formal bootstrap, applied to higher-dimensional systems,
together with the continuing strong interest in the AdS/CFT
correspondence have also sparked significant activity
within the high-energy theory community in the study of
boundary conformal field theories [50–53]. For instance,
interacting fermionic systems are often described by the
Gross-Neveu-Yukawa (GNY) model, in which a scalar
bosonic field mediates the interaction between fermions. In
the high-energy context, this model provides a renormaliz-
able framework for studying dynamical mass generation
and spontaneous symmetry breaking [54]. The GNYmodel
exhibits a quantum critical point separating a symmetric
(massless) phase from a phase with nonzero fermion
condensate, and plays a central role in understanding chiral
phase transitions in relativistic field theories.
The critical properties of the GNY model have been

investigated extensively using a variety of complementary
approaches. Perturbative renormalization group (RG)
analyses have been carried out up to two-loop [55,56],
three-loop [57], and four-loop [58,59] order, while non-
perturbative methods such as the conformal bootstrap [60],
nonperturbative RG [61,62] and quantum Monte Carlo
simulations [63] have provided valuable insights into its
critical behavior. More recently, the boundary critical
behavior of the semi-infinite GNY model has been inves-
tigated using conformal field theory techniques [64,65].
In addition, the boundary pseudoscalar Yukawa (pY)

model has been studied in [66] in the context of interacting
Dirac fermions on a honeycomb lattice with armchair
boundaries, revealing results that differ quantitatively from
those of Refs. [64,65]. The GNY type theories emerging
from the interplay between edge fermions and bulk bosons
were also studied in the context of topological insulators [67]
and superconductors [68].
In the present paper, we study the GNY model in a semi-

infinite space with general boundary conditions (BCs) using
perturbative RG in D ¼ 4 − ε dimensions. We consider
Neumann and Dirichlet BCs for the bosonic fields, and the
most general BCs for the fermions that preserve unitarity,

conformal invariance, and charge conjugation symmetry.
This allows us to identify all possible universality classes and
compute the corresponding dimensions of scaling operators
and critical exponents. Mapping our model onto the pY
model, we reconcile the discrepancy between the results
obtained in [64,65] and in [66].
The paper is organized as follows. In Sec. II, we introduce

the semi-infinite GNY semimetal, discuss the BCs compat-
ible with various symmetries, analyze the existence of
boundary states, and compute the corresponding Green’s
functions. Section III summarizes the phase diagram and
identifies the universality classes of boundary phase tran-
sitions. In Sec. IV, we discuss the field-theoretic renormal-
ization procedure and define the boundary critical exponents.
Section V reviews the known results for bulk critical
behavior, while Sec. VI is devoted to the analysis of boundary
transitions, including the computation of critical exponents
and the stability of different fixed points (FPs). In Sec. VIII,
we examine the boundary criticality of the pYmodel. Finally,
Sec. IX presents our conclusions and outlook.

II. SEMI-INFINITE GROSS-NEVEU-YUKAWA
MODEL

We define the GNY model in the semi-infinite D ¼
dþ 1-dimensional Euclidean spacetime x ¼ ðx0;…; xdÞ≡
ðr⃗; zÞ where x0 is the imaginary (Euclidean) time coor-
dinate, z≡ xd ≥ 0 and r⃗ ¼ ðx0;…; xd−1Þ is a d-dimen-
sional vector in the spacetime plane z ¼ 0.
The Euclidean action of the semi-infinite GNY model

can be written as a sum

S ¼ SGNY þ SB; ð1Þ

where the bulk part SGNY is the standard action for the GNY
model in D ¼ dþ 1 dimensions [54] restricted to the half
space z≡ xd ≥ 0,

SGNY ¼
Z

ddr
Z

∞

0

dz

(X̃N
a¼1

ψ̄aðxÞ½=∂þ gφðxÞ�ψaðxÞ

þ 1

2
ð∇φðxÞÞ2 þ 1

2
m2φ2ðxÞ þ λ

4!
φ4ðxÞ

)
; ð2Þ

where ψ is a Ñ-component spinor fermionic (Grassmann)
field, φ is a scalar bosonic field, and the conjugate Dirac
field is ψ̄ ¼ ψ†γ0. We define =∂≡P

d
i¼0 γi∂i where the

Euclidean Dirac gamma matrices γi are generators of the
Clifford algebra ClD;0ðRÞ in a certain representation.
Usually, when using dimensional regularization to carry

out perturbative calculations within the D ¼ 4 − ε expan-
sion, one treats the γ matrices as formal generators of a
Clifford algebra in D dimensions, without specifying a
particular finite-dimensional representation. Unlike the
Gross-Neveu model, the action of the GNY model is
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quadratic in fermions, and does not generate products of
many γ matrices which become independent in 4 − ε
dimensions and require special treatment [24]. As a
consequence, all results depend on the rank of the γ
matrices only through the parameter N ¼ Ñ tr 1, which
gives us the freedom to account for additional internal
degrees of freedom, such as spin, valley, or flavor, either by
enlarging N or by increasing the matrix rank of the γ’s [54].
However, when studying boundary phenomena, the repre-
sentation independence of the γ matrices becomes more
subtle, since one must specify BCs whose general form
depends on both the spacetime dimension and the rank of
the γ matrices.
It is known that in strictly 2þ 1-dimensional theories

formulated in terms of a single irreducible two-component
Dirac fermion, the parity anomaly leads to the loss of
time-reversal invariance (TRI) upon regularization [69].
However, our model employs a reducible four-component
Dirac representation, as specified in Appendix A. In this
doubled formulation, the contributions to the parity
anomaly from the two irreducible components can cancel,
so that both TRI and non-TRI BCs can be consistently
defined and analyzed on the same footing within the
dimensional regularization scheme.
The boundary (surface) part SB including only relevant

in RG sense terms reads

SB ¼
Z

ddr

(X̃N
a¼1

ψ̄aðr⃗ÞM̌ψaðr⃗Þ þ
c
2
φ2ðr⃗Þ

)
; ð3Þ

where M̌ is a matrix in spinor space, i.e. restricted to U(Ñ)-
invariant BCs, and c is related to the boundary enhance-
ment of the bosonic coupling constant in the corresponding
lattice model. From the boundary terms of the classical
equations of motion δS ¼ 0, we derive the Robin BC for
the bosonic field

∂zφjz¼0 ¼ cφjz¼0; ð4Þ

and the BC for the fermionic field

Mψ jz¼0 ¼ ψ jz¼0; ð5Þ

where we define matrix M related to M̌ in Eq. (3) by

M ¼ −γdM̌: ð6Þ

The general form of the matrix M for (2þ 1)-dimensional
Dirac fermions has been discussed in the context of high-
energy physics in Ref. [70], and in condensed-matter systems
such as carbon nanotubes and graphene in Refs. [71–73],
where it was shown that without loss of generality the matrix
M can be chosen unitary and Hermitian, that isM2 ¼ 1. The
corresponding analysis for (3þ 1)-dimensional fermions has

also been carried out in the context of Weyl semimetals
[74,75] and Dirac semimetals [49]. Since our goal is to study
the semi-infinite GNY model in D ¼ 4 − ε dimensions, we
follow the approach and conventions of the latter reference.
The Hamiltonian of the free Dirac fermions correspond-

ing to the fermionic part of the action (1) with g ¼ 0 can be
written as

Ĥ0 ¼ −i
Xd
j¼1

αj∂j þmDβ þ M̃δðzÞ; ð7Þ

where for the sake of generality we introduced a nonzero
Dirac mass mD. The standard Dirac matrices αj and β
related to the Euclidean Dirac matrices γj in the action (2)
by αj ¼ iγ0γj, j ¼ 1;…; d and β ¼ γ0, see Appendix A.
Also, the boundary is represented in Eq. (7) as an extended
“impurity” or defect involving the matrix

M̃ ¼ iαdM ¼ −γ0γdM ¼ γ0M̌: ð8Þ

Integrating the Schrödinger equation with the Hamiltonian
(7) across the boundary at z ¼ 0, it is easy to see that the
term M̃δðzÞ leads to the BC (5).
The Hamiltonian (7) supplemented by the BC (5) is

Hermitian in the semi-infinite space z ≥ 0 if

hψ1jĤ0ψ2i ¼ hĤ0ψ1jψ2i ð9Þ

for arbitrary ψ1 and ψ2 satisfying the BC (5). This implies
that αd anticommutes withM, and thus, the z component of
the current Ji ¼ ψ†αiψ (normal to the boundary) vanishes
at z ¼ 0. The Hermiticity of the Hamiltonian (7) ensures
that the field theory (1) is unitary.
We impose additional symmetries on our problem and

require it to be invariant under the conformal group
preserving the boundary z ¼ 0 and under the charge con-
jugation. The BC (5) preserves conformal invariance in the
z ¼ 0 plane if the matrix M commutes with translations Pμ,
rotations Mμν, dilatation D, and special conformal genera-
tors Kμ, where the indices μ and ν are restricted to the range
ð0;…; d − 1Þ. The Hamiltonian (7) is invariant under the
charge conjugation if matrix M satisfies ĈMĈ−1 ¼ M
(which is equivalent to Ĉ M̃ Ĉ−1 ¼ −M̃), where the
charge-conjugation operator Ĉ is defined in Appendix B.
A one-parameter family of matrices that satisfies all

these symmetry conditions (conformal symmetry and
charge conjugation) is

M ¼ −ðγd sinϕþ iγdγS cosϕÞ;
M̌ ¼ sinϕþ iγS cosϕ;

M̃ ¼ γ0 sinϕþ iγ0γS cosϕ; ð10Þ

with ϕ∈ ð−π; π�, where the “fifth” matrix γS anticommut-
ing with other Dirac matrices is defined for arbitrary D in
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Appendix A. As shown in [49], for D ¼ 3 and D ¼ 4,
where the size of the gamma matrices is 4 × 4, this family,
known as the chiral MIT bag BCs [76], exhausts all M
matrices satisfying the symmetries above. In these dimen-
sions our specific choice of the gamma matrices,
Eqs. (A10) and (A11), gives

MD¼3 ¼ ðcosϕτ1 − sinϕτ2Þ ⊗ σ2; ð11Þ

MD¼4 ¼ ðcosϕτ1 − sinϕτ2Þ ⊗ σ3; ð12Þ

M̌ ¼ ðsinϕτ0 þ i cosϕτ3Þ ⊗ σ0; ð13Þ

M̃ ¼ −ðsinϕτ1 þ cosϕτ2Þ ⊗ σ0: ð14Þ

[Equation (12) is essentially the same as the second line of
Eq. (5) in Ref. [49] with θ ¼ 0 and the replacement
ϕ → π − ϕ.] In higher dimensions there may be other such
M matrices characterized by more parameters. Since we
work in D ¼ 4 − ε, the family (10) is all we need.
If, in addition, we impose time-reversal symmetry, the

matrix M should satisfy T̂ MT̂ −1 ¼ M (equivalently,
T̂ M̃ T̂ −1 ¼ M̃), where the time-reversal operator T̂ is
defined in Appendix B, Eqs. (B10) and (B15). It follows
that the only TRI BCs among the family (10) are those
with ϕ ¼ � π

2
.

The meaning of the operator T̂ depends on the physical
context. For example, in the case of graphene, T̂ does not
correspond to the physical time-reversal operator, because
the Pauli matrices σ act in the sublattice (pseudospin) space
rather than on the real spin of the electrons. Instead, the
physical time-reversal operator T̂ ðgÞ is given by Eq. (B16),
and it exchanges the valleys. This symmetry is preserved by
the BCs (10) for all values of the angle ϕ. We can then call
the operator T̂ the intravalley time reversal, and it is
preserved only for ϕ ¼ � π

2
, when reflection from the

boundary exchanges the two valleys without introducing
a phase shift.
We note in passing that the above discussion of sym-

metries of the boundary matrix M has a complete analogy
with the symmetry classification of disordered single-
particle Dirac Hamiltonians in the context of Anderson
localization, see Sec. VI.G in Ref. [13]. This should not
come as a surprise since disordered Dirac fermions are
described by a Hamiltonian of the form of Eq. (7) but with
the boundary term replaced by a random disorder “poten-
tial” M̃ðx1;…; xdÞ.
The interpretation of specific symmetries of disordered

Hamiltonians again depends on particular systems of
interest. For example, in the study of disordered graphene,
the charge-conjugation symmetry Ĉ becomes one of the
particle-hole or “Bogoliubov-de Gennes” type symmetries,
while the Dirac time-reversal T̂ is one of the four
symmetries of time-reversal type. For reference, our

operators Ĉ, T̂ , and T̂ ðgÞ are denoted by CTz, Tx, and
T0 in Ref. [13]. In this context, our boundary matrix M̃
contains the matrix structures σ0τ1;2 listed in the fourth line
of the Table V in Ref. [13], and these types of disorder are
seen to preserve T0 andCTz. At the same time, only the real
structure σ0τ1 preserves Tx. This symmetry is not seen in
the Table V since there the authors assumed statistically
isotropic disorder, which requires the two structures to
come with the same coefficient. On the other hand, our
boundary certainly breaks the isotropy in the x − y plane,
and the two structures σ0τ1;2 can appear with different
coefficients.
As a preliminary step, before addressing the complete

theory, we analyze the impact of the BCs on free fermions
at g ¼ λ ¼ 0. We employ Fourier transforms in the sub-
space r⃗0 ¼ ðx1;…; xd−1Þ, while retaining the coordinate
dependence on z ¼ xd. In this setting, an eigenstate of the
Hamiltonian (7), localized at the boundary z ¼ 0 with
mD ¼ 0 and eigenvalue ϵ, obeys the equation

�
α⃗q⃗0 − iαd

∂

∂z

�
ψðq⃗0; zÞ ¼ ϵψðq⃗0; zÞ; ð15Þ

where q⃗0 is a d − 1 dimensional wave vector in the plane
z ¼ 0, and the BCs are

Mψðq⃗0; z ¼ 0Þ ¼ ψðq⃗0; z ¼ 0Þ ð16Þ

with matrix M given by (10). The solution of Eqs. (15)
and (16) localized at the boundary can be written as

ψðq⃗0; zÞ ¼ ψðq⃗0; 0Þe−μz; ð17Þ

where μ is the inverse penetration length. We find that the
only existing solutions of the form (17) correspond to
μ ¼ 0, indicating the absence of boundary states for the
BCs (10). For more general BCs, there exist solutions with
nonzero μ and energies −q0 < ϵ < q0, i.e., within the gap
between the valence and conduction bands. However, as the
matrix M approaches the form given by (10), μ vanishes
while ϵ approaches q0 or −q0, and thus the boundary state
merges into the bulk states. The presence of boundary
states, which would appear, for example, if the charge-
conjugation symmetry were broken, complicates the
description of boundary critical behavior, in a way similar
to the situation encountered at the extraordinary transition
of the pure bosonic φ4 theory.
Let us now consider the Gaussian approximation. The

bosonic and fermionic propagators satisfy the following
BCs:

∂zGBðq; z; z0Þjz¼0 ¼ cGBðq; 0; z0Þ; ð18Þ

MGFðq; 0; z0Þ ¼ GFðq; 0; z0Þ; ð19Þ
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where q⃗ is a d-dimensional wave vector lying in the z ¼ 0
plane of the ðD ¼ dþ 1Þ-dimensional spacetime. The bare
propagators follow from the Gaussian part of the action
(1)–(3) and take the form

GBðq⃗; z; z0Þ ¼
1

2κ

�
e−κjz−z0j −

c − κ

cþ κ
e−κðzþz0Þ

�
; ð20Þ

GFðq⃗; z; z0Þ ¼
1

2

�
−
i=q
q
þ γdsgnðz − z0Þ

�
e−qjz−z0j

−
1

2
M

�
i=q
q
þ γdsgnðzþ z0Þ

�
e−qðzþz0Þ; ð21Þ

where we redefined =q≡P
d−1
i¼0 γiqi and κðq⃗Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

p
.

It is important to note that Eq. (21) is valid only for M as
defined in Eq. (10), and does not hold for arbitrary
matrices M.

III. PHASE DIAGRAM AND BOUNDARY
UNIVERSALITY CLASSES

The RG flows of the field theory (1)–(3) with matrix M
given by (10), drawn in the ðc;ϕÞ plane, are shown
schematically in Fig. 1. This diagram illustrates how
different initial values of ðc;ϕÞ evolve under RG, indicat-
ing the stability domains and the trajectories connecting
ordinary, special, and extraordinary FPs both with and
without TRI.
Before delving into details, let us outline the methods

used to derive the RG flow structure and to identify the FPs.
Within the RG description of boundary critical phenomena,
correlation functions evaluated using dimensional regulari-
zation contain additional poles in ε that cannot be removed
by bulk renormalization alone. The theory therefore requires
an additional renormalization of boundary couplings or
boundary fields. Technically, however, such a renormaliza-
tion procedure is feasible, i.e., the theory remains renorma-
lizable, only if the loop corrections possess the same
functional and spinor structure as the corresponding tree-
level expressions. Only in this case can the additional
divergences be absorbed into a finite number of new Z
factors. For example, in the purely bosonic case, i.e. the ϕ4

theory describing boundary criticality in the Ising univer-
sality class, the loop corrections retain the same structure as
the tree-level functions only for c ¼ 0 and c ¼ �∞,
corresponding to RG FPs. For generic values of c, the
corrections acquire a different structure, leading to an RG
flow of c toward the FPs. In the present case, the BCs
depend not only on c but also on the continuous parameter
ϕ. We have computed the one-loop corrections to the
boundary two-point functions for arbitrary ϕ, and we find
that the loop corrections preserve the tree-level structure
only for particular discrete values of ϕ, namely for ϕ ¼ 0
and ϕ ¼ �π=2. We therefore identify these special values

with distinct RG FPs corresponding to different universality
classes of boundary critical behavior.
We do not report the expressions obtained for arbitrary

values of ϕ, since they are extremely cumbersome and,
more importantly, cannot be consistently renormalized.
Indeed, if the theory were renormalizable for generic ϕ,
one would obtain not isolated FPs but rather a continuous
line of FPs parametrized by ϕ. In principle, the general
expressions could be used to derive the RG flow of the
boundary parameter ϕ, whose FPs we have identified from
renormalizability. In practice, however, the expressions
obtained within dimensional regularization are reliable
only in the vicinity of these FPs and cannot be extrapolated
far away from them in order to reconstruct the global flow
connecting different FPs.
One might then worry that the RG flow from an unstable

to a stable FP could leave the restricted space of BCs
parametrized solely by ϕ. However, this cannot occur, since
the imposed charge-conjugation symmetry forbids the
generation of more general boundary terms.
Let us now analyze the RG flow structure shown in

Fig. 1. In the bosonic sector there are three types of FPs: the
ordinary FPs corresponding to c ¼ c�ord ¼ ∞, the special

FIG. 1. RG flow and FPs in the ðϕ; cÞ plane. Although the matrix
M given by Eq. (10) itself is 2π-periodic in ϕ, the RG flows exhibit
an effective periodicity of π. There are six independent FPs,
corresponding to ordinary (c� ¼ ∞), special (c ¼ c�sp), extraordi-
nary (c� ¼ −∞) transitions with TRI (ϕ� ¼ � π

2
) and without TRI

(ϕ� ¼ 0). The TRI FPs are unstable with respect to non-TRI
perturbations.
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FPs at c ¼ c�sp, and the extraordinary FPs at c ¼ c�ext ¼ −∞
which are generalizations of that for the pure bosonic
systems [5]. The ordinary FPs are attractive for c > c�sp, the
extraordinary FP is attractive for c < c�sp, while the special
FP with c�sp ≤ 0 is always unstable. Within the mean-field
approximation and the MS scheme, the special transition
occurs at c�sp ¼ 0. In the fermionic sector there are two
types of FPs: the TRI FPs corresponding to ϕ ¼ � π

2
, which

are unstable with respect to TRI breaking perturbations, and
the non-TRI FPs corresponding to ϕ ¼ 0; π, which are
stable. The matrices M corresponding to the two classes of
FPs are labeled by σ ¼ þ1 for the TRI case and σ ¼ −1 for
the non-TRI case, and are given by

M̌σ ¼
� �1 for σ ¼ þ1ðTRIÞ;
�iγS for σ ¼ −1ðnon-TRIÞ: ð22Þ

To establish the RG flow from the TRI FPs with ϕ ¼ � π
2

(σ ¼ þ1) toward the non-TRI FP with ϕ ¼ 0 (σ ¼ −1), we
analyze the relevance of boundary composite operators (see
Sec. VII). We show that the TRI FPs, characterized by a
boundary action (3) containing only the operator ðψ̄ψÞs, are
destabilized by the addition of the operator ðψ̄γSψÞs. In
contrast, the non-TRI FPs, where only ðψ̄γSψÞs is present in
the boundary action, remain stable with respect to the
perturbation ðψ̄ψÞs, which is found to be irrelevant. This
analysis establishes the RG flow shown in Fig. 1, at least
locally in the vicinity of the FPs, while the global structure
of the RG flow is constrained by symmetry considerations.
The bulk phase transition is controlled by the boson

mass m2, such that δm2 ¼ m2 −m2
c plays the role of the

“reduced temperature” in the language of statistical
mechanics of second-order phase transitions. Note that
within the MS scheme the critical mass vanishes, i.e.,
m2

c ¼ 0. Indeed, the mass counterterm is chosen to cancel
only the divergent part, so that the finite shift of the criti-
cal point due to interactions is not included, and the
critical point is effectively located at zero renormalized
mass similar to c�sp ¼ 0 within the MS scheme. The
resulting phase diagram, indicating both bulk and boun-
dary phases, is shown in Fig. 2.
In the present paper, we consider only the special and

ordinary transitions. Note that the TRI boundary univer-
sality classes have been studied using conformal field
theory methods in Refs. [64,65]. Our results, obtained
using a direct RG approach for the special and ordinary TRI
transitions, are in full agreement with those found for the
B2 and B20 universality classes in Ref. [64]. In addition,
we compute the scaling dimensions of boundary composite
operators, which were not previously known even in the
TRI cases. It is also interesting to note that in Ref. [64]
the B1 universality class was argued to describe the TRI
extraordinary transition, which lies beyond the scope of the
methods used in the present work.

At the special transition, within the MS scheme, c�sp ¼ 0,
so that the boson field satisfies the Neumann BCs,

∂zGBðq; z; z0Þjz¼0 ¼ 0: ð23Þ

At the ordinary transition c�ord ¼ ∞ so that the boson field
satisfies the Dirichlet BC

GBðq; z; z0Þjz¼0 ¼ 0: ð24Þ

We denote the corresponding limiting propagators by

Gχ
Bðq⃗; z; z0Þ ¼

1

2κ

h
e−κjz−z0j þ χe−κðzþz0Þ

i
; ð25Þ

where χ ¼ þ1 corresponds to the propagator satisfying
the Neumann BCs at the special transition, and χ ¼ −1
corresponds to the propagator satisfying the Dirichlet BCs
at the ordinary transition.

IV. RENORMALIZATION AND CRITICAL
EXPONENTS

The bare action is defined by Eqs. (1)–(3), upon replacing
all fields and couplings with their bare counterparts, denoted
by circles, e.g., ψ → ψ̊ . We also define the bare Green’s
function G̊ðn1;n2;n3;n4;lÞðfk⃗g; fzgÞ as the expectation value of
the product of n1 bulk fermion fields ψ̄ or ψ, n2 boundary
fermion fields ψ̄ s or ψ s, n3 bulk boson fields φ, n4 boundary
boson fields φs, and, for l > 0, one composite operator Ol.
Here, fk⃗g denotes the set of all momenta of the fields,
and fzg denotes the set of all coordinates along the
z direction, and we employ the following shorthand nota-
tions for brevity:

FIG. 2. Phase diagram exhibits three distinct phases: (i) both
bulk and boundary ordered, (ii) bulk disordered but boundary
ordered, and (iii) both bulk and boundary disordered. These
phases are separated by the ordinary, extraordinary, and surface
transition lines, which meet at the line of special transitions. Each
of these transitions belongs to a non-TRI universality class for
jϕj < π

2
, and to a TRI universality class for ϕ ¼ � π

2
. The

corresponding critical exponents for the TRI and non-TRI
ordinary and special universality classes are summarized in
Table I.
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O1 ≡ φ2
s ; O2 ≡ ψ̄ψ ;

O3 ≡ ðψ̄ψÞs; O4 ≡ ðψ̄γSψÞs: ð26Þ

The Green’s functions computed perturbatively in the
couplings ̊g and ̊λ are UV divergent in D ¼ 4, which is
the upper critical dimension of the model. To regularize the
theory, we employ dimensional regularization by computing
the Green’s functions in D ¼ 4 − ε dimensions, thereby
turning the UV divergences into poles at ε ¼ 0. We renorm-
alize the theory using the MS scheme and absorb these poles
into the redefinition of the fields and couplings [54]. In the
case of the special transition, we impose

ψ̊ ¼ Z1=2
ψ ψ ; ψ̊ s ¼ Z1=2

ψ s ψ s; ð27Þ

φ̊ ¼ Z1=2
φ φ; φ̊s ¼ Z1=2

φs φs; ð28Þ

m̊2 ¼ Zmm2; O̊l ¼ ZOl
Ol; ð29Þ

̊g2 ¼ 2mε

KD

Zg2

Z2
ψZφ

g2; ̊λ ¼ 2mε

KD

Zλ

Z2
φ
λ; ð30Þ

such that the Green’s functions, expressed in terms of the
renormalized couplings, remain finite in D ¼ 4. Here, we
have introduced the notation KD ¼ SD=ð2πÞD, where SD ¼
2πD=2=ΓðD=2Þ is the area of the unit sphere in D dimen-
sions. The ordinary transition requires a slightly different
renormalization scheme. Indeed, the boson field on the
boundary, φs, vanishes identically due to the Dirichlet BCs.
Thus, instead of the condition (28) on φs at the boundary, we
impose a renormalization condition on its derivative at the
boundary as

∂zφ̊jz¼0þ ¼ Z1=2
∂φs

∂zφjz¼0þ ; ð31Þ

defining the renormalization constant Z∂φs
. The β functions,

which encode the dependence of the renormalized Green’s
functions on the renormalization scale and describe how the
effective interactions in the theory evolve under renormal-
ization, are given by

βg2ðg2; λÞ ¼ m
∂g2

∂m

����̊
g2 ;̊λ

; βλðg2; λÞ ¼ m
∂λ

∂m

����̊
g2 ;̊λ

: ð32Þ

The FPs of the β functions (32), defined by

βg2ðg�2; λ�Þ ¼ 0; βλðg�2; λ�Þ ¼ 0; ð33Þ

correspond to scale-invariant or critical behavior when they
are stable, i.e., when the eigenvalues of the matrix

0
@

∂βg2

∂g2
∂βg2
∂λ

∂βλ
∂g2

∂βλ
∂λ

1
A

g2¼g2�;λ¼λ�

ð34Þ

have positive real parts. The critical exponents describing the
scale-invariant behavior can be computed by evaluating the
scaling functions

ηi ¼
∂ lnZi

∂ lnm

����̊
g2 ;̊λ

; ði ¼ ψ ;ψ s;φ;φs; ∂φs; m;OlÞ; ð35Þ

at the corresponding FP (33). For instance, the correlation
length diverges at the transition as ξ ∼ jtj−ν, where the cri-
tical exponent ν characterizes the divergence of the corre-
lation length near the critical point, and t denotes the
reduced temperature or distance from the critical point. The
correlation length exponent reads

1

ν
¼ 2þ ηmðg�2; λ�Þ: ð36Þ

The fermion and boson two-point functions exhibit char-
acteristic scaling behavior in the bulk at the transition,
reflecting the underlying scale invariance of the critical
point,

Gð2;0;0;0;0ÞðxÞ ∼ γμxμ
jxjDþηψ

; ηψ ¼ ηψðg�2; λ�Þ; ð37Þ

Gð0;0;2;0;0ÞðxÞ ∼ 1

jxjD−2þηφ
; ηφ ¼ ηφðg�2; λ�Þ; ð38Þ

where the critical exponents ηψ and ηφ characterize the
anomalous scaling of the bulk fermion and boson fields,
and are directly related to their scaling dimensions

TABLE I. Dimensions of the boundary operators correspond-
ing to the ordinary (χ ¼ −1) and special (χ ¼ þ1) transitions,
both with TRI (σ ¼ þ1) and without TRI (σ ¼ −1). Here,
ε ¼ 4 −D, the function YðNÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 þ 132N þ 36

p
, see

Eq. (58), and, for comparison with [64–66], one should substitute
N ¼ Ñtr 1 ¼ 4Ñ.

Operator Scaling dimension

ψs Δψ s
¼ 3

2
− ðσþ 3ÞNþ2ð2þ χÞσþ12

4ðNþ 6Þ ε

φs Δφs
¼ 3−χ

2
− ðYðNÞþð6σχþ 5ÞNþ 42Þε

12ðNþ 6Þ

ðψ̄ψÞs Δnon−TRI
ðψ̄ψÞs ¼ 3þ Nþ3χ

Nþ 6
ε, σ ¼ −1

ðψ̄γSψÞs ΔTRI
ðψ̄γSψÞs ¼ 3 − 2ðNþ 6Þþ3χ

Nþ6
ε, σ ¼ þ1

φ2
s (χ ¼ 1) ΔSp

φ2
s
¼ 2þ ðYðNÞ−ð6σþ7ÞN−30Þε

6ðNþ6Þ
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Δψ ¼ 1

2
ðD − 1þ ηψÞ; Δφ ¼ 1

2
ðD − 2þ ηφÞ ð39Þ

at the critical point.
The critical fermion and boson two-point functions at

the boundary exhibit anomalous scaling behavior, which
depends on the surface universality class, and are given by

Gð0;2;0;0;0Þðr⃗Þ ∼ ð1þMÞγ⃗ · r⃗
jr⃗jDþηψk

; ð40Þ

Gð0;0;0;2;0Þðr⃗Þ ∼ 1

jr⃗jD−2þηφk
; ð41Þ

with the surface critical exponents

ηψk ¼ ηψ s
ðg�2; λ�Þ; ηðspÞφk ¼ ηφs

ðg�2; λ�Þ: ð42Þ

The latter expression is valid only at the special transition,
whereas at the ordinary transition it should be replaced by

ηðordÞφk ¼ 2þ η∂φs
ðλ�; g�Þ; ð43Þ

where η∂φs
is computed using Eq. (35).

The critical boundary/bulk two-point functions exhibit
power-law decay along the direction perpendicular to the
boundary and are given by

Gð1;1;0;0;0ÞðzÞ ∼ ð1þMÞ
zD−1þηψ⊥

; ηψ⊥ ¼ 1

2
ðηψ þ ηψkÞ; ð44Þ

Gð0;0;1;1;0ÞðzÞ ∼ 1

zD−2þηφ⊥
; ηφ⊥ ¼ 1

2
ðηφ þ ηφkÞ: ð45Þ

The scaling dimensions of the boundary fermion and scalar
operators are then expressed as

Δψs
¼ 1

2
ðD − 1þ ηψs

Þ; Δφs
¼ 1

2
ðD − 2þ ηφs

Þ: ð46Þ

At the special transition, the surface coupling c is a
relevant parameter. Physically, this means that a small
deviation of c from its fixed-point value (c ¼ 0 within the
MS scheme) grows under the RG flow. This relevance
corresponds to the surface composite operator φ2

s being
relevant, i.e. its scaling dimension satisfies Δφ2

s
< D − 1.

The flow of c defines the crossover exponent Φ, which
characterizes how the system crosses over from the special
transition to the ordinary surface transition. Near the special
transition point m ¼ c ¼ 0, all observables—such as the
free energy, correlation functions, or response functions
depend on the scaling combination cm−2Φ. In terms of the
anomalous dimension given by Eq. (35) the dimension of
the surface composite operator φ2

s and the crossover
exponent can be written as

Δφ2
s
¼ D − 2þ ηφ2

s
; Φ ¼ ν½1 − ηφ2

s
ðλ�; g�Þ�: ð47Þ

The scaling dimensions of the fermion composite operators
in the bulk and on the boundary are given by

ΔOl
¼ D − 1þ ηOl

; ðl ≥ 2Þ: ð48Þ

In the bulk, the composite operator O2 ¼ ψψ is a descend-
ant of the operator φ, so that their scaling dimensions are
related by [56]

Δψ̄ψ ¼ 2þ Δφ: ð49Þ

As we will see below this is not the case for the
composite operator ðψ̄ψÞs on the boundary, its scaling
dimension cannot be related to that of φs. We will show
that the boundary operator O3 ¼ ðψ̄ψÞs is irrelevant at
the non-TRI FPs, i.e. Δðψ̄ψÞs > D − 1, while the boundary
operator O4 ¼ ðψ̄γSψÞs is relevant at the TRI FPs, i.e.
Δðψ̄γSψÞs < D − 1. This is consistent with the RG flows
depicted in Fig. 1.

V. RENORMALIZATION IN THE BULK
TO ONE-LOOP ORDER

In this section, we outline the known results on the
renormalization of the GNY model in the bulk to one-loop
order with proper normalization, which we need to study
the boundary criticality. The bulk renormalization constants
to one-loop order are given by [54]

Zψ ¼ 1 − g2
1

ε
; ð50Þ

Zφ ¼ 1 − Ng2
1

ε
; ð51Þ

m̊2 ¼ m2

�
1þ ðNg2 þ λÞ 1

ε

�
; ð52Þ

̊g2 ¼ 2mε

KD
g2
�
1þ ðN þ 6Þg2 1

ε

�
; ð53Þ

̊λ ¼ 2mε

KD

�
λþ ð3λ2 þ 2Nλg2 − 12Ng4Þ 1

ε

�
; ð54Þ

where we defineN ¼ Ñtr 1 andD ¼ 4 − ε. Using Eqs. (53)
and (54) we derive the corresponding β functions defined
by Eq. (32), which read to one loop order

βg2ðg2; λÞ ¼ −εg2 þ ðN þ 6Þg4; ð55Þ

βλðg2; λÞ ¼ −ελþ 3λ2 þ 2Nλg2 − 12Ng4: ð56Þ

These β functions have three FPs: (i) the Gaussian FP
(g� ¼ λ� ¼ 0) with eigenvalues ð−ε;−εÞ of the stability
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matrix (34), indicating instability in both directions; (ii) the
Ising FP (g� ¼ 0; λ� ¼ ε

3
) with eigenvalues ð−ε; εÞ, which is

unstable along one direction; and (iii) the GNY FP with

g�2 ¼ ε

N þ 6
; λ� ¼ YðNÞ − N þ 6

6ðN þ 6Þ ε; ð57Þ

where we have introduced the shorthand notation

YðNÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2 þ 132N þ 36

p
: ð58Þ

The corresponding eigenvalues are ðε; YðNÞ
Nþ6

εÞ and thus, the
GNY FP is IR stable for D < 4. Using Eqs. (50)–(52), we
calculate the bulk scaling functions (35) as

ηψðg2; λÞ ¼ g2; ηφðg2; λÞ ¼ Ng2; ð59Þ

ηmðg2; λÞ ¼ −Ng2 − λ; ð60Þ

which yield the bulk critical exponents at the GNY FP to
one-loop order,

ηψ ¼ ε

N þ 6
; ηφ ¼ Nε

N þ 6
;

1

ν
¼ 2 −

YðNÞ þ 5N þ 6

6ðN þ 6Þ ε: ð61Þ

In the following section, we turn to the renormalization of
the fermion and boson operators at the boundary for both
the special and ordinary transitions.

VI. SPECIAL AND ORDINARY TRANSITIONS
TO ONE-LOOP ORDER

While the renormalization of the boundary fermion
can be treated on the same footing for both the special
and ordinary transitions, the renormalization of the boun-
dary boson requires distinct treatments in each case.

A. Boundary fermion renormalization at the special
and ordinary transitions

The renormalization of the boundary fermion field can
be carried out in the same manner for both the special and
ordinary transitions. To determine the renormalization
constant Zψ s

for the boundary fermions, we consider the

two-point Green function G̊ð0;2;0;0;0Þðp⃗Þ evaluated at the
boundary (z ¼ 0). At one-loop order, its bare value can be
represented diagrammatically as

ð62Þ

where the solid lines with arrows represent the fermion
propagator (21), with σ ¼ −1 corresponding to the

non-TRI BCs and σ ¼ þ1 to the TRI BCs, while the
dashed lines denote the boson propagator (25), which
satisfies either the Neumann BC (χ ¼ þ1) at the special
transition or the Dirichlet BC (χ ¼ −1) at the ordinary
transition. Evaluating the diagrams in Eq. (62) using
dimensional regularization and retaining only the pole
contributions in ε ¼ 4 −D, we arrive at

G̊ð0;2;0;0;0Þðp⃗Þ ¼ ð1 − γdM̌σÞ
−i=p
2p

�
1þ Kd

2
m−ε ð2þ χÞσ

4ε
̊g2

þ Kd

2
m−ε ð1þ σÞ

8ε
N ̊g2

�
: ð63Þ

Note that the last diagram in Eq. (62), which corresponds
to the last line in Eq. (63), vanishes at the non-TRI FP with
σ ¼ −1. Within the MS scheme, the renormalization
condition reads

Z−1
ψs
G̊ð0;2;0;0;0Þðp⃗; m̊; ̊g; ̊λÞ ¼ finite; ð64Þ

where the bare quantities m̊, ̊g, and ̊λ are expressed in terms
of the renormalized parameters m, g, and λ according to
Eqs. (52)–(54). Taking into account that, to lowest order in
ε, Kd ¼ 4KD þOðεÞ, we obtain

Zψ s
¼ 1þ

�
ð2þ χÞσ þ N

σ þ 1

2

�
g2

ε
þOðg4; λ2; g2λÞ:

ð65Þ

Substituting Eq. (65) into Eq. (35) yields the scaling
function

ηψs
ðg2; λÞ ¼ −

�
ð2þ χÞσ þ N

σ þ 1

2

�
g2 ð66Þ

to one-loop order. Evaluating Eq. (66) at the FP (57) gives
the surface critical exponent and the scaling dimension of
the boundary fermion,

ηψk ¼ −
�
ð2þ χÞσ þ N

σ þ 1

2

�
ε

N þ 6
; ð67Þ

Δψ s
¼ 3

2
−
ðσ þ 3ÞN þ 2ð2þ χÞσ þ 12

4ðN þ 6Þ ε; ð68Þ

for the TRI (σ ¼ þ1) and non-TRI (σ ¼ −1) special
(χ ¼ þ1) and ordinary (χ ¼ −1) transitions. Note that the
scaling dimensions of the boundary fermion for the TRI BC
(σ ¼ þ1) are consistent with those reported in Ref. [64].

B. Boundary boson renormalization at
the special transition

In this section, we discuss the renormalization of the
boundary boson field at the special transition. To determine
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the renormalization constant Zϕs
for the boundary scalar

field, we consider the two-point Green’s function
G̊ð0;0;0;2;0Þðp⃗Þ, which satisfies the Neumann BC at z ¼ 0.
At one-loop order, its bare value can be represented
diagrammatically as

ð69Þ

where the solid lines with arrows represent the fermion
propagator (21), and the dashed lines denote the boson
propagator (25), which satisfies the Neumann BC (χ ¼ þ1)
at the special transition. The diagrams in Eq. (69) corre-
spond to the one-loop corrections to the boundary boson
two-point function at zero momentum, p⃗ ¼ 0. Evaluating
these diagrams within dimensional regularization and
retaining only the pole contributions in ε ¼ 4 −D, we
obtain

G̊ð0;0;0;2;0Þðp⃗ ¼ 0Þ ¼ 1

m̊

�
1þ Kdm−ε

16ε

× ð3̊λþ Nð2σ þ 1Þ̊g2Þ
�
; ð70Þ

where the first term 1=m̊ corresponds to the tree-level
diagram, and the second term represents the leading-order
quantum corrections due to both the quartic boson inter-
action ̊λ and the Yukawa coupling ̊g. The renormalization
condition for G̊ð0;0;0;2;0Þ within the MS scheme reads

Z−1
φs
G̊ð0;0;0;2;0Þðp⃗ ¼ 0; m̊; ̊g; ̊λÞ ¼ finite; ð71Þ

where all bare parameters must be expressed in terms of the
renormalized ones according to Eqs. (52)–(54). This
procedure leads to

Zφs
¼ 1þ λ

ε
þ N

ε
σg2 þOðg4; λ2; g2λÞ: ð72Þ

The scaling function ηφs
defined in Eq. (35) is given to one-

loop order by

ηφs
¼ −λ − Nσg2: ð73Þ

Thus, the boundary critical exponent for the scalar field (42)
at the special transition is given by

ηφk ¼ −
ðYðNÞ þ ð6σ − 1ÞN þ 6Þε

6ðN þ 6Þ ; ð74Þ

and the boundary boson dimension is

Δφs
¼ 1 −

ðYðNÞ þ ð6σ þ 5ÞN þ 42Þε
12ðN þ 6Þ ; ð75Þ

whose value in the TRI BC case (σ ¼ þ1) is in agreement
with the results of Ref. [64].

C. Boundary boson renormalization at
the ordinary transition

The ordinary transition is described by the scalar boson
field, which satisfies the Dirichlet BC (24), obtained from
Eq. (18) in the limit c ¼ c�ord ¼ ∞. In this case, the boson
field vanishes at the boundary. To extract the scaling
behavior near the boundary, we therefore consider the
renormalization of the operator ∂zϕ̊ðr⃗; zÞjz¼0þ following
Eq. (31). For this purpose, we define the function

G̊2ðp⃗Þ ¼
∂
2

∂z∂z0
G̊ð0;0;0;2;0Þðp; z; z0Þ

���
z¼0;z0¼0

: ð76Þ

At one-loop order, its bare value can be expressed dia-
grammatically as

ð77Þ

where the solid lines with arrows stand for the fermion
propagator (21), the dashed lines represent the boson
propagator (25) with χ ¼ −1 satisfying the Dirichlet BC,
and the bold ticks denote derivatives with respect to z. The
diagrams in Eq. (77) yield

G̊2ðp⃗¼ 0Þ ¼ −m̊
�
1þKdm−ε

16ε
ð2λ̊−Nð2σþ 1Þg̊2Þ

�
: ð78Þ

The renormalization condition (31) in the MS scheme can
be rewritten in terms of the two-point function (76) as

Z−1
∂φs

G̊2ðp⃗ ¼ 0; m̊; ̊g; ̊λÞ ¼ finite; ð79Þ

where the bare parameters m̊, ̊g, and ̊λ have been expressed
in terms of the renormalized parameters m, g, and λ
according to Eqs. (52)–(54). We derive the renormalization
constant from Eq. (79),

Z∂φs
¼ 1þ λ

ε
−
N
ε
σg2 þOðg4; λ2; g2λÞ: ð80Þ

The corresponding scaling function (35) to one loop order is

η∂φs
ðλ; gÞ ¼ −λþ Nσg2: ð81Þ

The boundary critical exponent for the boson field at the
ordinary transition defined by (43) then reads
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ηφk ¼ 2 −
ðYðNÞ − ð6σ þ 1ÞN þ 6Þε

6ðN þ 6Þ ; ð82Þ

and the scaling dimension of the boundary boson at the
ordinary transition is

Δφs
¼ 2 −

ðYðNÞ − ð6σ − 5ÞN þ 42Þε
12ðN þ 6Þ ; ð83Þ

whose value for the TRI BC (σ ¼ þ1) is in agreement
with Ref. [64].

VII. RENORMALIZATION OF THE COMPOSITE
OPERATORS

A. Renormalization of composite operator ðψ̄ψÞs
at non-TRI surface transitions

In the bulk, the composite operator ðψ̄ψÞ is a descendant
of the bosonic operator φ, so their scaling dimensions are
related by Eq. (49). We now show that this relation does not
hold for the corresponding boundary operators ðψ̄ψÞs and φs.
It is straightforward to verify that inserting the boundary
composite operator ðψ̄ψÞs into Green’s functions leads to
their vanishing in the case of TRI BCs for fermions, similar
to the case where the insertion of the boundary operator φs
into Green’s functions vanishes under Dirichlet BCs for
bosons. Here, we restrict ourselves to the case of non-TRI
BCs (22) with σ ¼ −1.
To find the renormalization constant Zðψ̄ψÞs , we consider

the two-point Green function G̊ð0;0;0;2;3Þðp⃗Þ with an insertion
of one boundary composite operator ðψ̄ψÞs. To one-loop
order, its bare value can be written diagrammatically as,

ð84Þ

where the wavy lines denote the ðψ̄ψÞs insertions.
Evaluation of the diagrams in Eq. (84) yields

δð0ÞG̊ð0;0;0;2;3Þðp⃗ ¼ 0Þ ¼ −
1

2
ð1 − γdM̌σÞ

�
1 −

Kd

2

×
m−ε

ε
̊g2
�
2þ χ þ N

2

��
: ð85Þ

The renormalization condition within the MS scheme reads

Z−1
ψ s
Z−1
ðψ̄ψÞs G̊

ð0;0;0;2;3Þðp⃗ ¼ 0; m̊; ̊g; ̊λÞ ¼ finite; ð86Þ

where all bare parameters have to be expressed in terms of
the renormalized ones according to Eqs. (52)–(54). This
leads to

Zðψ̄ψÞs ¼ 1 − ð3ð2þ χÞ þ 2NÞ g
2

ε
þOðg4; λ2; g2λÞ: ð87Þ

Using Eq. (48) we obtain the scaling dimension of the
boundary fermion composite operator

Δðψ̄ψÞs ¼ 3þ N þ 3χ

N þ 6
ε; ð88Þ

which cannot be expressed as a simple linear function of
the scaling dimension Δφs

given by Eqs. (75) and (83)
for χ ¼ �1, similarly to Eq. (49). Moreover, since
Δðψ̄ψÞs > D − 1, the boundary operator ðψ̄ψÞs is irrelevant
at both the non-TRI special and ordinary FPs, implying that
these FPs are stable. This conclusion is consistent with the
RG flows shown in Fig. 1.

B. Renormalization of composite operator ðψ̄γSψÞs
at TRI surface transitions

It is straightforward to verify that inserting the boundary
composite operator ðψ̄γSψÞs into Green’s functions leads to
their vanishing in the case of non-TRI BC for fermions.
Here we consider only TRI BC (22) with σ ¼ þ1. To find
the renormalization constant Zðψ̄γSψÞs we consider the two-
point Green’s function G̊ð0;0;0;2;4Þðp⃗Þ with an insertion of
one boundary composite operator ðψ̄γSψÞs. To one-loop
order its bare value can be written diagrammatically as in
Eq. (84) with the difference that the wavy lines denote the
ðψ̄γSψÞs insertions. Evaluation of the diagrams in Eq. (84)
yields

δð0ÞG̊ð0;0;0;2;4Þðp⃗ ¼ 0Þ ¼ 1

2
ð1 − γdM̌σÞγS

�
1þ Kd

2

×
m−ε

ε
̊g2
�
2þ χ þ N

2

��
: ð89Þ

The renormalization condition within the MS scheme reads

Z−1
ψs
Z−1
ðψ̄γSψÞs G̊

ð0;0;0;2;4Þðp⃗ ¼ 0; m̊; ̊g; ̊λÞ ¼ finite; ð90Þ

where all bare parameters are expressed in terms of
the corresponding renormalized ones, as prescribed by
Eqs. (52)–(54). Then the condition (90) gives

Zðψ̄γSψÞs ¼ 1þ ð3ð2þ χÞ þ NÞ g
2

ε
þOðg4; λ2; g2λÞ: ð91Þ

The scaling dimension of the boundary composite operator
ðψ̄γSψÞs, as given by Eq. (48), reads at one-loop order

Δðψ̄γSψÞs ¼ 3 −
2ðN þ 6Þ þ 3χ

N þ 6
ε: ð92Þ

Since Δðψ̄γSψÞs < D − 1, the boundary operator ðψ̄γSψÞs is
relevant at the TRI ordinary and special FPs, in agreement
with the RG flows shown in Fig. 1.
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C. Bosonic crossover exponent at the special transitions

In this section, we consider the renormalization of the
boundary parameter c at the special transition. The param-
eter c appears in the boundary part of the action as a
coupling to the operator φ2

s, and hence its renormalization is
directly related to the renormalization of the composite
boundary operator φ2

s.
To determine the corresponding renormalization con-

stant Zφ2
s
, we consider the two-point Green’s function

G̊ð0;0;0;2;2Þðp⃗Þ with an insertion of one boundary composite
operator φ2

s. To one-loop order, its bare value can be written
diagrammatically as,

ð93Þ

where the solid lines with arrows represent the fermion
propagator (21), the dashed lines correspond to the boson
propagator (25) satisfying at the special transition the
Neumann BC (χ ¼ þ1), and the wavy lines indicate the
insertions of the composite operator φ2

s. The diagrams in
Eq. (93) then yield,

δð0ÞG̊ð0;0;0;2;2Þðp⃗ ¼ 0Þ ¼ 1

m̊2

�
1þ Kdm−ε

8ε

× ð̊λþ Nð2σ þ 1Þ̊g2Þ
�
: ð94Þ

The renormalization condition within the MS scheme reads

Z−1
φs
Z−1
φ2
s
G̊ð0;0;0;2;2Þðp⃗ ¼ 0; m̊; ̊g; ̊λÞ ¼ finite; ð95Þ

where all bare parameters are expressed in terms of the
renormalized ones according to Eqs. (52)–(54). This
leads to

Zφ2
s
¼ 1 −

λ

ε
þ N

ε
σg2 þOðg4; λ2; g2λÞ: ð96Þ

The scaling function (35) to one loop order is

ηφ2
s
¼ λ − Nσg2: ð97Þ

Evaluating the scaling function (97) at the GNY FP (57)
we get the critical exponent

ηφ2
s
¼ ðYðNÞ − ð6σ þ 1ÞN þ 6Þε

6ðN þ 6Þ : ð98Þ

The crossover exponent is related to ηφ2
s
by (47) and

reads

Φ ¼ 1

2
−
ðYðNÞ − ð12σ þ 7ÞN þ 6Þε

24ðN þ 6Þ : ð99Þ

The scaling dimension of the boundary boson composite
operator φ2

s is then given by

Δφ2
s
¼ 2þ ðYðNÞ − ð6σ þ 7ÞN − 30Þε

6ðN þ 6Þ : ð100Þ

VIII. PSEUDOSCALAR YUKAWA MODEL

A model closely related to the GNY model is the
pseudoscalar Yukawa (pY) model, in which fermions ψ
interact with a pseudoscalar boson ϕ through a Yukawa-
type coupling of the form igφψ̄γSψ . The Euclidean action
of the pY model can be written as

SpY ¼
Z

ddr
Z

∞

0

dz

�X̃N
a¼1

ψ̄aðxÞ½=∂þ igγSφðxÞ�ψaðxÞ

þ 1

2
ð∇φðxÞÞ2 þ 1

2
m2φ2ðxÞ þ λ

4!
φ4ðxÞ

	
: ð101Þ

In the absence of the mass term ψ̄ψ the pY model (101) has
the same renormalization constants as the GNY model (2).
Indeed after the chiral rotation

ψ → e−iπγS=4ψ ;

ψ̄ → ψ̄e−iπγS=4 ð102Þ
the action (101) becomes identical to the action (2).
However, this does not hold for the pY model defined in
semi-infinite space as

S ¼ SpY þ SB; ð103Þ
which was studied recently in the condensed matter
context [66]. Indeed, the boundary term SB given by
Eq. (3) is not invariant under the chiral rotation (102), in a
manner analogous to the fermion mass term. Under this
rotation, the matrix M̌ appearing in the boundary term (3)
transforms as

M̌ → e−iπγS=4M̌e−iπγS=4: ð104Þ

For example, the matrices M̌ corresponding to the TRI
and non-TRI FPs exchange under transformation (104) as
follows:

M̌ ¼ �1 → M̌ ¼ ∓iγS; ð105Þ

M̌ ¼ �iγS → M̌ ¼ �1: ð106Þ
This explains the observed differences in the boundary
critical exponents between the models studied in [64,65]
and in [66].
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IX. CONCLUSIONS

In this work we studied the semi-infinite GNY model,
describing Dirac fermions coupled to a real scalar bosonic
field via a Yukawa interaction. We considered general Robin
BCs for the bosons, parametrized by a boundary enhance-
ment parameter c, together with the most general fermionic
BCs compatible with unitarity, conformal invariance, and
charge-conjugation symmetry. The latter are parametrized by
an angle ϕ, with the special values ϕ ¼ � π

2
corresponding to

TRI BCs.
We study the RG flows of the model in the ðc;ϕÞ plane,

shown in Fig. 1, and identify six distinct universality classes
of surface critical behavior, corresponding to the ordinary,
special, and extraordinary transitions, each of which can be
either TRI or non-TRI. The TRI FPs are unstable with
respect to TRI-breaking perturbations in the BCs. The
resulting phase diagram is presented in Fig. 2. Note that
in the case of graphene, TRI here does not refer to physical
TRI that exchanges the valleys, but to the intravalley TRI,
which is preserved only when the reflection off the boundary
mixes the two valleys without introducing a phase shift.
Using a perturbative RG analysis in D ¼ 4 − ε dimen-

sions, we computed the critical exponents and the scaling
dimensions of bosonic and fermionic composite operators to
one-loop order at the TRI and non-TRI ordinary and special
transitions, corresponding to Dirichlet and Neumann BCs in
the bosonic sector.
We further examined the transformation of the boundary

theory under chiral rotations and clarified why the semi-
infinite pY model is not equivalent to the GNY model at
the boundary, despite their equivalence in the bulk. This
distinction accounts for the differences between the boun-
dary critical exponents obtained here and those reported in
Refs. [64–66].
Our results offer a systematic classification of surface

criticality in fermion-boson theories and establish a basis
for future higher-loop studies and applications to systems
with emergent Dirac fermions.
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APPENDIX A: DIRAC MATRICES IN D= d + 1
SPACETIME DIMENSIONS

We now construct inductively an explicit representation
of the Euclidean Clifford algebra using Hermitian unitary
matrices. In a space of even dimensionD, the minimal rank
of these matrices is 2D=2. In D ¼ 2 dimensions we define

γðD¼2Þ
j ¼ σjþ1; j ¼ 0; 1; 2; ðA1Þ

where σj, j ¼ 1, 2, 3 are the Pauli matrices and γðD¼2Þ
2 ≡

γðD¼2Þ
S is the additional Dirac matrix which in D ¼ 4 is
known as the “fifth” matrix γ5. In even D dimensions we
define the gamma matrices recursively by

γðDÞ
0 ¼ −σ1 ⊗ 12D=2−1 ; ðA2Þ

γðDÞ
j ¼ σ2 ⊗ γðD−2Þ

j−1 ; j ¼ 1;…; D − 1; ðA3Þ

γðDÞ
S ¼ γðDÞ

D ¼ −i−D=2γðDÞ
0 …γðDÞ

D−1; ðA4Þ

where 1D is the unity matrix of rank D.
In the space of an odd dimension D, the minimal rank of

the Dirac matrices is 2½D=2�. However, in order to fulfill
certain discrete symmetries and to relate the model under
consideration to condensed-matter systems such as gra-
phene, instead of using the irreducible representation of the
Clifford algebra, we construct a representation of higher
rank, namely 2½D=2�þ1, as

γðDÞ
j ¼ γðDþ1Þ

j ; j ¼ 0;…; D − 1; ðA5Þ

γðDÞ
S ¼ γðDÞ

D ¼ γðDþ1Þ
Dþ1 : ðA6Þ

In all dimensions the gamma matrices satisfy the anti-
commutation relation

fγðDÞ
i ; γðDÞ

j g ¼ 2δij; i; j ¼ 0;…; D − 1; ðA7Þ

and γðDÞ
S anticommutes with all γðDÞ

i .
The corresponding alpha and beta Dirac matrices are

given by

αðDÞ
j ¼ iγðDÞ

0 γðDÞ
j ; j ¼ 1;…; D − 1; ðA8Þ
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βðDÞ ¼ γðDÞ
0 : ðA9Þ

In what follows, we will omit the superscript (D).
In D ¼ 4 the above definition gives (the alternative form

of) the chiral (Weyl) representation of the Dirac matrices

γ0 ¼ −τ1 ⊗ σ0; γj ¼ τ2 ⊗ σj; ðA10Þ

where τj and σj are two sets of the usual Pauli matrices, τ0
and σ0 are the 2 by 2 unity matrix. The “fifth” Dirac matrix

γS ¼ γ0γ1γ2γ3 ¼ τ3 ⊗ σ0 ðA11Þ

anticommutes with other Dirac γ matrices. The correspond-
ing alpha and beta matrices are

αj ¼ τ3 ⊗ σj; β ¼ −τ1 ⊗ σ0: ðA12Þ

In the D ¼ 3 case corresponding to graphene, the
matrices γ0, γ1, γ2, γS, α1, α2, and β are still given by
Eqs. (A10)–(A12), where τi act in the space of valleys K
and K0 and σj act in the space of sublattices A and B.

APPENDIX B: DISCRETE SYMMETRIES OF THE
DIRAC HAMILTONIAN WITH BOUNDARY

CONDITIONS

1. Charge-conjugation symmetry

In the condensed matter context the charge-conjugation
symmetry corresponds to the particle-hole symmetry. In
terms of the Hamiltonian it can be written as an antiunitary
operator

Ĉ ¼ UCK̂; ðB1Þ

where K̂ is the operator of complex conjugation andUC is a
unitary matrix in the spinor space satisfying the following
relations

UCα
�
jU

−1
C ¼ αj; UCβ

�U−1
C ¼ −β; ðB2Þ

and, in the presence of a boundary, also

UCM�U−1
C ¼ M; UCM̃�U−1

C ¼ −M̃; ðB3Þ

so that

ĈĤ0Ĉ
−1 ¼ −Ĥ0: ðB4Þ

In terms of the Euclidean action the charge conjugation
symmetry is the invariance of the action with respect to the
transformation

ψ → Cψ̄T; ψ̄ → −ψTC−1; ðB5Þ

where the matrix C anticommutes with γ0 and satisfies

CγTj C
−1 ¼ −γj; ðB6Þ

and related to the matrix UC by

UC ¼ Cγ0: ðB7Þ
For even D the matrix C can be chosen as

CðDÞ ¼ iðγSÞD=2
YD

evenj¼0

γj; ðB8Þ

while for odd D it is given by CðDÞ ¼ CðDþ1Þ. In the
representation (A10) and (A11) it reads

UC ¼ −iτ2 ⊗ σ2; C ¼ τ3 ⊗ σ2 ðB9Þ
in both D ¼ 4 and D ¼ 3 [71].

2. Time reversal invariance for Dirac spin

In the Hamiltonian formalism, time-reversal is imple-
mented by an antiunitary operator

T̂ ¼ UTK̂; ðB10Þ

where K̂ is the operator of complex conjugation andUT is a
unitary matrix in the spinor space satisfying the following
relations

UTα
�
jU

−1
T ¼ −αj; UTβ

�U−1
T ¼ β: ðB11Þ

For the system with a boundary to satisfy time-reversal
invariance, the boundary matrix M̃ should satisfy the same
relation as the β matrix,

UTM̃�U−1
T ¼ M̃; i:e:; UTM�U−1

T ¼ M; ðB12Þ

ensuring that the Hamiltonian (7) commutes with T̂ ,

T̂ Ĥ0T̂
−1 ¼ Ĥ0: ðB13Þ

For even D the matrix UT can be chosen as

UðDÞ
T ¼ iðγSÞD=2

YD−1

oddj¼1

γj; ðB14Þ

while for odd D it is given by UðDÞ
T ¼ UðDþ1Þ

T . In the
representation (A10) and (A11) it reads

UT ¼ τ0 ⊗ σ2 ðB15Þ
in bothD ¼ 4 andD ¼ 3. It is easy to see that only the first
term in the matrix (14) satisfies the condition (B12), and we
conclude that the TRI is preserved only when ϕ ¼ �π=2.
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3. Time reversal invariance in disordered graphene

In the case of graphene (D ¼ 3), σj correspond not to
the spin of the electrons but to the A=B sublattices. The
physical time-reversal operator for graphene (the operator
T0 in Sec. VI.G in Ref. [13]) is given by [3]

T̂ ðgÞ ¼ UðgÞ
T K̂; UðgÞ

T ¼ τ1 ⊗ σ1; ðB16Þ

and it involves the exchange of the valleys K and K0. The
matrix UðgÞ

T satisfies

UðgÞ
T α�1;2

h
UðgÞ

T

i
−1 ¼ −α1;2; UðgÞ

T β�
h
UðgÞ

T

i
−1 ¼ β; ðB17Þ

so the Hamiltonian for clean graphene without a boundary
[Eq. (7) with d ¼ 2 and M̃ ¼ 0] is time-reversal invariant.
For the kind of boundaries considered in this paper the
matrix M̃ in Eq. (14) satisfies the same relation as the β

matrix, UðgÞ
T M̃�½UðgÞ

T �−1 ¼ M̃, for any value of the angle ϕ.

On the other hand, the operator T̂ in graphene represents
an effective intravalley time-reversal symmetry. This sym-
metry protects the structure of each Dirac cone rather than
strictly preserving the valley index. The intravalley time-
reversal symmetry is satisfied either in the absence of
intervalley scattering, corresponding to terms proportional
to τ0 and τ3 (as in zigzaglike boundaries), or when
intervalley scattering is present, as in armchairlike boun-
daries, but does not introduce a relative phase shift between
the valleys. The latter case corresponds to a scattering
matrix M̃ containing τ1 but not τ2. The τ2 term is imaginary
and shifts the phase by π=2, while for an arbitrary M̃ with
ϕ ≠ �π=2, the phase shift is proportional to ϕ. Note that
zigzaglike boundaries host zero-energy edge modes, which
complicate the low-energy field theory description. These
modes are not considered in the present work, and we
therefore restrict ourselves to armchairlike boundaries,
where the effective value of ϕ can be controlled, for
example by tuning the sample width [78].
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