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In this work, we extend the impulse approximation for the generalized parton distributions (GPDs) of a
spin-0 composite hadron with spin-1

2
constituents to manifestly incorporate the symmetries of the target

wave function. The method utilizes a light-front Wigner function representation instead of a spectral
density and a basis of Pauli matrices for the spin. It exploits the boost invariance of the light front and
rotational invariance in the rest frame to parametrize the Wigner density in terms of only 3 structures. In

addition to the isotropic term and a term describing L⃗ · S⃗ coupling previously observed for transverse

momentum dependent parton distributions (TMDs), we also identify a novel coupling ΔL⃗ · S⃗ to the angular
momentum transfer which is unique to the case of GPDs. We then apply the framework to a composite 4He
target with simple phenomenological models to identify qualitative experimental signatures of composite-
structure effects in light nuclei. The framework we have constructed here can be readily extended to
the case of generalized TMDs (GTMDs), while the phenomenological framework is applicable both to
analyses of light nucleus data and as training input for AI-assisted applications.

DOI: 10.1103/2qb8-scsf

I. INTRODUCTION

A central goal of hadronic physics is to understand the
composition of hadrons and nuclei in terms of their
constituents, and how the collective properties of the
composite parent arise, such as its mass, charge, and spin
[1–6]. In recent years, a major focus has been the study and
extraction of distributions which characterize the three-
dimensional (3D) spatial structure of the parton constitu-
ents of hadrons, known as hadron tomography [7–13]. Of
particular interest for this work are the generalized parton
distributions (GPDs) which may be extracted from exclu-
sive processes like deeply virtual Compton scattering
(DVCS). The GPDs characterize the dependence of the
hadronic matrix element on the momentum transfer Δμ

[14–16], which is in turn related to the spatial distribution
of probed partons through a Fourier transform. The result,
in principle, is hadron tomography: a visual representation
(image) of the partonic densities inside the hadron of
interest [17–21]. Extracting the GPDs of the nucleon are
of particular interest because GPD sum rules are one of the
only known ways to set constraints on the orbital angular

momentum of the nucleon [22,23]. Understanding from
first principles how the spin 1

2
of the nucleon is decomposed

in terms of its quark and gluon constituents is a decades-
long puzzle in the field [1,24–29], and the contribution
from orbital angular momentum remains the most elusive
to pin down.
Although GPDs are a promising tool for directly imaging

the spatial structure of hadrons, in practice they are very
difficult to extract from currently available exclusive
scattering data [23,30–35]. One major direction of empha-
sis is the utilization of modern AI and machine learning
techniques to assist in solving the GPD inverse problem;
significant steps in this direction have already been taken
by the EXCLAIM Collaboration [36–40] and others [41].
Current experimental data on GPDs comes primarily from
the Thomas Jefferson National Accelerator Facility (JLab)
and is limited in reach by the kinematics of the accelerator
[42–47]. However, the advent of the electron-ion collider
(EIC) around 2035 will present a wealth of new data on
exclusive scattering with the nucleon. That makes develop-
ments in GPD theory and phenomenology timely and
crucial to develop and test the methods on JLab data,
while preparing for future EIC data.
Notably, the EIC will perform high-precision imaging

not only of the nucleon, but also of composite nuclei
[48,49]. Compared to the nucleon, the partonic structure of
composite nuclei is little understood. For one-dimensional
parton distribution functions, nuclear effects can be para-
metrized through a parton distribution function (PDF)
ratio (the nuclear modification factor) to study the
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one-dimensional modulation of the nucleon structure in a
nuclear environment [50–55]. The EMC effect [48,56–58],
for instance, is a decades-long mystery reflecting the
modification of the nucleon’s partonic structure and
associated short-range correlations [9,59–62]. More dif-
ferential observables in composite nuclei, like transverse
momentum dependent parton distributions (TMDs) and
GPDs, carry much more information about the internal
hadronic structure. Whereas nuclear PDFs (one-
dimensional) effectively view the nucleus as a static
density of nucleons, observables like nuclear TMDs
are sensitive even to the internal orbital angular momen-
tum of the nucleons inside the nucleus [63]. Of course,
data on the three-dimensional partonic structure of nuclei
is even more limited than for the nucleon, but current
experiments like E12-17-012 using the ALERT detector
at JLab will provide insight into the GPDs of light nuclei
even before the arrival of the EIC [64,65].
With new data from JLab and the prospect of high-

precision tomographic data on the nucleon and nuclei on
the horizon from the EIC, there is a timely opportunity to
advance the theory of GPDs for composite hadronic targets.
The most natural and literal interpretation of this would be
to describe nuclear GPDs, such as light nuclei like 4He
studied in experiment E12-17-012 with ALERT. However,
composite models may also be appropriate for other
hadronic systems, even without the clear distinction
between nuclear and nucleon degrees of freedom. For
instance, one may investigate possible flavor asymmetries
in the quark sea in a nonperturbative “pion cloud” model
of the proton [66–69]. In any case, GPDs viewed through
the lens of the composite structure provide an excellent
phenomenological laboratory to study the effects of orbital
angular momentum and its coupling to spin—as we
demonstrate in this paper.
The main theoretical framework we employ here is the

impulse approximation (IA), as implemented on the light
front. The impulse approximation was originally developed
by Frankfurt and Strikman [70,71] and has been applied to
the study of nuclear GPDs by several groups [72–76] and to
4He in particular [77]. These approaches derive a master
formula in terms of an off-forward product of nuclear wave
functions, which is sometimes reexpressed as a spectral
density. In this work, we substantially extend this formal-
ism by transforming to a Wigner density representation and
making manifest the unbroken symmetries of the nuclear
wave function. In doing so, we obtain significant con-
straints on the form of the mixing between nuclear and
nucleon matrix elements and parametrize the fundamental
structures which can encode spin-orbit correlations in the
composite nucleus.
The rest of this paper is organized as follows. In Sec. II,

we present the theoretical derivation of the master formula
for GPDs of a spin-0 composite hadron in terms of the
GPDs of its spin-1

2
constituents. In Eq. (21) we decompose

the matrix elements of the composite hadron in terms of the
matrix elements of its constituents, together with their
Wigner density in the composite hadron. We employ a
Pauli matrix decomposition (26) for the spin degree of
freedom and impose explicit rotational, parity, and time
reversal invariance on the Wigner function, constraining its
parametrization with the help of the dictionary (30)
between the target rest frame and the boosted frame.
The result is the master formula (37) for the unpolarized
quark GPD of the composite target in terms of the spin-
dependent constituent GPDs and the parametrized Wigner
distribution. In the process, we identify a new type of
ΔL⃗ · S⃗ spin-orbit coupling (35) that contributes to
composite-hadron GPDs which did not arise for the
TMD case [63].
To illustrate the physical content of the master for-

mula (37), in Sec. III we consider a simple phenomeno-
logical model for composite 4He target, using the quark
target model as a perturbative input for the constituent
GPDs. While some aspects of the phenomenology are
unique to the quark target model, we identify multiple
generic signatures of composite-structure effects in the
GPDs. The resulting structure of the composite is a non-
trivial combination of the spatial Fourier transform of the
target Wigner density and longitudinal momentum smear-
ing. The presence of significant spin-orbit coupling in the
composite target leads to systematic changes in the GPD,
which we use to suggest possible experimental signatures
of spin-orbit coupling.
We conclude in Sec. IV by summarizing the general

versus model-specific features of our phenomenology and
surveying natural next steps. The methodology presented
here can be readily extended to other theoretical cases,
notably GTMDs, while the developed phenomenological
framework can be directly applied to experimental data on
light nuclei and also adapted as training data for the
EXCLAIM Collaboration’s AI-assisted phenomenology.
Additional calculations are presented in the Appendix B,
including the consistency check that the longitudinally
polarized quark GPD of a scalar target with composite
structure vanishes explicitly, and a master integral similar
to (37) for the distribution of transversely polarized quarks
in the scalar composite system.

II. THEORY OF COMPOSITE STRUCTURE FOR
QUARK GPDS OF A SCALAR TARGET

A. Momentum decomposition

The leading-twist quark GPDs in an unpolarized target
are parametrized from the matrix element

F½Γ�
q=ϕ ¼ 1

4π

Z
dr−eixP

þr−ðΓÞJI
× outhp0jψ̄Jð−r−=2Þψ Iðr−=2Þjpiin; ð1Þ
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where p and p0 are the initial (in) and final (out) momentum
of the target hadron, I, J are Dirac indices, and Γ is a
projection operator for the quark polarizations. The expres-
sion (1) is valid in the light-front gauge Aþ ¼ 0, whereas a
general gauge contains a Wilson line connecting the quark
fields. The longitudinal momentum fraction carried by the
struck quark is identified by x, the average momentum of
the target is given by P≡ ðpþ p0Þ=2, and the momentum
transfer is Δ ¼ p0 − p. Note that we are free to choose a
frame such that P⃗⊥ ¼ 0 without loss of generality. In the
matrix element (1), the quark field operators are separated
by a light-front displacement r− [78,79] but evaluated at

equal light-front time rþ ¼ 0 (as well as at r⃗⊥ ¼ 0). Here
we utilize light-front coordinates with the convention

v� ≡ 1ffiffiffi
2

p ðv0 � v3Þ: ð2Þ

Now suppose that the target hadron whose GPDs are
described by (1) is composite, with an intermediate
constituent degree of freedom. While the matrix element
(1) is nonperturbative, it can be decomposed in terms of a
complete set of Fock states corresponding to the free, on-
shell constituents

1̂ ¼
XZ
X

jXihXj ¼
X
n

1

Sn

Z
d2p1⊥dpþ

1

ð2πÞ32pþ
1

� � � d
2pn⊥dpþ

n

ð2πÞ32pþ
n
jp1 � � �pnihp1 � � �pnj; ð3Þ

where n denotes the number of constituent particles and Sn is a symmetry factor for identical particles. The sum also runs
over the types and polarizations of constituents (not explicitly shown for brevity).
First we decompose the in and out states using (3), which reduces the matrix element (1) to simpler amplitudes that can be

calculated in terms of the constituent degrees of freedom

outhp0jψ̄J

�
−r−

2

�
ψ I

�
r−

2

�
jpiin ¼

XZ
fX;Yg

outhp0jXioutouthXjψ̄Jð−r−=2Þψ Iðr−=2ÞjYiininhYjpiin: ð4Þ

Due to Lorentz invariance, the projection of the hadronic state jpiin onto the constituent Fock state jYiin must be
proportional to an overall momentum-conserving delta function,

inhYjpiin ≡ ð2πÞ32pþδ2
�X

i

p⃗Yi⊥ − p⃗⊥
�
δ

�X
i

pþ
Yi − pþ

�
Ψðfpþ

Yig; fp⃗Yi⊥gÞ; ð5Þ

with the amplitude Ψ that remains giving the multiparticle light-front wave function (LFWF) of the constituents within the
composite target. Moreover, unlike the instant-form wave function, Lorentz invariance of the amplitude (5) implies that the
LFWF is also boost invariant and Galilean invariant on the light front. As a result, the LFWF

Ψðfpþ
Yig; fp⃗Yi⊥gÞ ¼ Ψ

��
pþ
Yi

pþ

�
; fp⃗Yi⊥g

�
ð6Þ

depends only on the longitudinal momentum fractions xi ¼ pþ
i =p

þ and intrinsic transverse momenta p⃗i⊥ of the
constituents (as well as their polarizations). Detailed reviews can be found in Refs. [80–83].
Additionally, of the various constituent particles entering the Fock state matrix element hXjψ̄ð−r−=2Þψðr−=2ÞjYi, only a

subset of the particles will be connected to the hard-scattering vertex represented by the quark operators ψ̄ψ . The remaining
spectator particles are, by definition, disconnected from the amplitude and factor out of it

hXjψ̄Jð−r−=2Þψ Iðr−=2ÞjYi ¼ hfP0
ngjψ̄Jð−r−=2Þψ Iðr−=2ÞjfPngi × hX0jY 0i; ð7Þ

where we have introduced the notation in which we denote the subset of partons from the intermediate states fX; Yg which
are spectators as fX0; Y 0g, while the active constituents (connected to the hard scattering) are labeled fPn; P0

ng.
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Using Eqs. (5) and (7) in (4) gives

outhp0jψ̄J

�
−r−

2

�
ψ I

�
r−

2

�
jpiin ¼

XZ
fX;Yg

ð2πÞ32p0þδ2
�X

i

p⃗Xi⊥ − p⃗0⊥
�
δ

�X
i

pþ
Xi − p0þ

�
Ψ�ðX;p0Þ

× ð2πÞ32pþδ2
�X

j

p⃗Yj⊥ − p⃗⊥
�
δ

�X
j

pþ
Yj − pþ

�
ΨðY;pÞ

× hfP0
ngjψ̄Jð−r−=2Þψ Iðr−=2ÞjfPngihX0jY 0i: ð8Þ

The scattering matrix for the passive spectators among themselves, which is disconnected from the quark field operators,
again is proportional to an overall momentum-conserving delta function for the spectators

hX0jY 0i ¼ outhfðpX0 ; sX0 ÞgjjfðpY 0 ; sY 0 Þgiin
¼ ð2πÞ32Pþ

X0;totδ

�X
i

pþ
X0i −

X
i

pþ
Y 0i

�
δ2
�X

i

p⃗X0i⊥ −
X
i

p⃗Y 0i⊥
�
SfsX0 g
fsY0 gðfpX0 g; fpY 0 gÞ; ð9Þ

where Pþ
X0;tot is the total longitudinal momentum from the spectator states.

Now we combine the previous expressions to simplify the quark matrix element; the structure of the expansion is
illustrated in Fig. 1. Enforcing momentum conservation explicitly with the aid of the delta functions in (8) and (9) allows us
to decompose the quark matrix element as

outhp0jψ̄J

�
−r−

2

�
ψ I

�
r−

2

�
jpiin ¼

XZ
fPn;P0

ng

XZ
fX0;Y 0g

hfP0
ngjψ̄Jð−r−=2Þψ Iðr−=2ÞjfPngiSðX0; Y 0ÞΨ�ðX0; P0

n;p0ÞΨðY 0; Pn;pÞ

× ð2πÞ32Pþ
X0;totδ

2

�X
i

p⃗X0i⊥ −
X
i

p⃗Y 0i⊥
�
δ

�X
i

pþ
X0i −

X
i

pþ
Y 0i

�

× ð2πÞ32p0þδ2
�X

i

p⃗X0i⊥ þ
X
i

P⃗0
i − p⃗0⊥

�
δ

�X
i

pþ
X0i þ

X
i

P0þ
i − p0þ

�

× ð2πÞ32pþδ2
�X

j

p⃗Y 0j⊥ þ
X
j

P⃗j − p⃗⊥
�
δ

�X
j

pþ
Y 0j þ

Xn
j

Pþ
j − pþ

�

FIG. 1. Illustration of the decomposition (4). The overall quark GPD of the scalar composite target is decomposed into four distinct
components: the wave functions Ψ�;Ψ of the constituents, the scattering amplitude S of the spectators, and the quark matrix element of
the active (connected) constituents. In the mean-field approximation, only one active constituent is considered at a time.
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¼
XZ

fPn;P0
ng

hfP0
ngjψ̄Jð−r−=2Þψ Iðr−=2ÞjfPngi

× ð2πÞ32p0þδ2
�X

i

P⃗0
i −

X
j

P⃗j − Δ⃗⊥
�
δ

�X
i

P0þ
i −

X
j

Pþ
j − Δþ

�

×

� XZ
fX0;Y 0g

Ψ�ðX0; P0
n;p0ÞΨðY 0; Pn;pÞSðX0; Y 0Þ

× ð2πÞ32Pþ
X0;totδ

2

�X
i

p⃗X0i⊥ −
X
i

p⃗Y 0i⊥
�
δ

�X
i

pþ
X0i −

X
i

pþ
Y 0i

�

× ð2πÞ32pþδ2
�X

j

p⃗Y 0j⊥ þ
X
j

P⃗j − p⃗⊥
�
δ

�X
j

pþ
Y 0j þ

X
j

Pþ
j − pþ

��

¼ ð2πÞ3
XZ

fPn;P0
ng

pþ

Pþ

�
pþ −

P
jP

þ
j

Pþ

�
Ψ̃�ðfP0

ng;p0ÞΨ̃ðfPng;pÞ

× hfP0
ngjψ̄Jð−r−=2Þψ Iðr−=2ÞjfPngi

× ð2πÞ32p0þδ2
�X

i

P⃗0
i −

X
j

P⃗j − Δ⃗⊥
�
δ

�X
i

P0þ
i −

X
j

Pþ
j − Δþ

�
; ð10Þ

where we have defined the inclusive wave functions

Ψ̃�ðfPng;p0ÞΨ̃ðfP0
ng;pÞ≡ 1

2
ð2πÞ3

XZ
fX0;Y 0g

Ψ�ðX0; P0
n;p0ÞΨðY 0; Pn;pÞSðX0; Y 0Þ

× 2Pþδ2
�X

i

p⃗X0i⊥ −
X
i

p⃗Y 0i⊥
�
δ

�X
i

pþ
X0i −

X
i

pþ
Y 0i

�

× 2Pþδ2
�X

j

p⃗Y 0j⊥ þ
X
j

P⃗j − p⃗⊥
�
δ

�X
j

pþ
Y 0j þ

X
j

Pþ
j − pþ

�
ð11Þ

by integrating out the spectators. The constants have been chosen for later convenience.
In general Eq. (10) contains a sum over all numbers of active (connected) constituents. The sum is an expansion in the

number of correlated constituents within the composite hadron, with the simplest term being the case of one connected
constituent. Keeping only the one-particle term constitutes a mean field approximation which is referred to as the impulse
approximation (IA) [72–77]. In principle, the mean-field IA is just the first term of an infinite series expansion in the
correlated constituents, which we may formally write as

outhp0jψ̄J

�
−r−

2

�
ψ I

�
r−

2

�
jpiin ¼

1

2

X
ss0

Z
d2P1⊥dPþ

1

2Pþ
1

d2P0
1⊥dP0þ

1

ð2πÞ32P0þ
1

pþ

Pþ

�
pþ − Pþ

1

Pþ

�
Ψ̃�

s0 ðP0
1;p

0ÞΨ̃sðP1;pÞ

× hP0
1s

0jψ̄Jð−r−=2Þψ Iðr−=2ÞjP1sið2πÞ32p0þδ2ðP⃗0
1 − P⃗1 − Δ⃗⊥ÞδðP0þ

1 − Pþ
1 − ΔþÞ

þ correlations

¼ 1

2

X
ss0

Z
d2P1⊥dPþ

1

�
1

2Pþ
1

p0þ

Pþ
1 þ Δþ

pþ

Pþ
pþ − Pþ

1

Pþ

�
Ψ̃�

s0 ðP1 þ Δ;p0ÞΨ̃sðP1;pÞ

× hðP1 þ ΔÞs0jψ̄Jð−r−=2Þψ Iðr−=2ÞjP1si þ correlations ð12Þ

Here s, s0 denote the spin quantum numbers of the constituents. In the IA, a momentum conservation constraint immediately
follows directly from this single-constituent approximation
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P0
1 − P1 ¼ Δ ¼ p0 − p: ð13Þ

A mean field approximation can be a good description of a
variety of systems, such as heavy nuclei and perturbative
QCD in the large-Nc limit [84]. Depending on the system
and the observable, multiparticle correlations may be more
or less important.
Up through Eq. (12), the derivation of the IA convolution

formula is essentially the same as what has been shown
previously [72–77]. To go beyond this representation, we
need to transform the way the nuclear wave functions are
represented. Equation (12) contains, as a fundamental
ingredient, the product of two light-front wave functions
with different kinematic arguments. Such an off-forward
product can be powerfully and intuitively represented
through a Wigner transform. If we define the Fourier
transform of the momentum-space wave function as

Ψ̃sðkþ; k⃗⊥Þffiffiffiffiffiffiffiffi
2kþ

p ≡
Z

d2b⊥db−eþikþb−−ik⃗⊥·b⃗⊥Ψ̃sðb−; b⃗⊥Þ;

Ψ̃sðb−;b⃗⊥Þ¼
Z

d2k⊥dkþ
ð2πÞ3 e−ik

þb−þik⃗⊥·b⃗⊥ Ψ̃sðkþ; k⃗⊥Þffiffiffiffiffiffiffiffi
2kþ

p ; ð14Þ

so as to absorb the relativistic phase space normalization,
then the Wigner function, defined by

Ws0sðpþ; p⃗⊥;b−; b⃗⊥Þ

≡
Z

d2q⊥dqþ
ð2πÞ3 e−iq

þb−þiq⃗⊥·b⃗⊥
Ψ̃�

s0 ðp− 1
2
qÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðp− 1
2
qÞþ

q Ψ̃sðpþ 1
2
qÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðpþ 1
2
qÞþ

q
¼
Z

d2r⊥dr−eþipþr−−ip⃗⊥·r⃗⊥Ψ̃�
s0

�
b−

1

2
r

�
Ψ̃s

�
bþ1

2
r

�
ð15Þ

provides the fully quantum analog of the classical phase-
space distribution in position and momentum. Although the
uncertainty principle forbids simultaneously localizing a
wave function in both position and momentum space, the
Wigner function (15) circumvents that limitation at the level
of the wave function squared, by localizing only the average
position and momentum of the two wave functions. This
ability to interpret theWigner function semiclassicallymakes
it especially suitable for modeling, or for direct construction
from first-principles wave functions.With the definition (15),
the Wigner function is normalized to unity (assuming the
wave functions themselves are normalized to unity)

X
ss0

δss0
Z

d2p⊥dpþ

ð2πÞ3 d2b⊥db−Ws0sðp; bÞ ¼
X
s

Z
d2p⊥dpþ

ð2πÞ32pþ jΨ̃sðpÞj2 ¼
X
s

Z
d2b⊥db−jΨ̃sðbÞj2 ¼ 1: ð16Þ

Inverting the definition (15) allows us to express any off-forward product of wave functions in terms of the Wigner
function

Ψ̃�
s0 ðk0Þffiffiffiffiffiffiffiffiffi
2k0þ

p Ψ̃sðkÞffiffiffiffiffiffiffiffi
2kþ

p ¼
Z

d2b⊥db−eþiðk−k0Þþb−−iðk⃗−k⃗0Þ⊥·b⃗⊥Ws0s

�
1

2
ðkþ þ k0þÞ; 1

2
ðk⃗⊥ þ k⃗0⊥Þ; b−; b⃗⊥

�
: ð17Þ

Employing the Wigner transform (17) in (12) allows us to further rewrite the quark matrix element in a composite hadron as

outhp0jψ̄J

�
−r−

2

�
ψ I

�
r−

2

�
jpiin ¼

1

2

X
ss0

Z
d2P1⊥dPþ

1

Z
d2b⊥db−e−iΔ

þb−þiΔ⃗⊥·b⃗⊥
�

1ffiffiffiffiffiffi
Pþ
1

p p0þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pþ
1 þ Δþp pþ

Pþ
pþ − Pþ

1

Pþ

�

×Ws0s

�
P1 þ

1

2
Δ; b;P;Δ

�
hðP1 þ ΔÞs0jψ̄Jð−r−=2Þψ Iðr−=2ÞjP1si þ correlations: ð18Þ

Note that, because in this off-forward amplitude the two LFWF have composite parents with different momenta (p vs p0),
the Wigner function acquires an additional dependence beyond that shown in Eq. (15) on the parent momenta p, p0 (or
equivalently, P, Δ). Lastly, we define the average momentum PN ≔ ðP1 þ P0

1Þ=2 of the active constituent and change
variables from P1 ¼ PN − Δ

2
to PN . We also introduce the skewness ξ, constituent momentum fraction α, and partonic

momentum fractions x0; ξN with respect to the active constituent

ξ≡ −
Δþ

2Pþ ; α≡ Pþ
N

Pþ ; x0 ≡ xPþ

Pþ
N

¼ x
α
; ξN ≡ −

Δþ

2Pþ
N
¼ ξ

α
: ð19Þ
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Doing so gives

outhp0jψ̄J

�
−r−

2

�
ψ I

�
r−

2

�
jpiin ¼

1

2

X
ss0

Z
d2PN⊥dPþ

Nd
2b⊥db−e−iΔ

þb−þiΔ⃗⊥·b⃗⊥

×

0
B@ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Pþ
N − 1

2
Δþ

q Pþffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pþ
N þ 1

2
Δþ

q Pþ þ 1
2
Δþ

Pþ
Pþ − 1

2
Δþ

Pþ
Pþ −Pþ

N

Pþ

1
CA

×Ws0sðPN;b;P;ΔÞ
	�

PN þ 1

2
Δ
�
s0




ψ̄Jð−r−=2Þψ Iðr−=2Þ






�
PN −

1

2
Δ
�
s

�
þ correlations

¼ 1

2

X
ss0

Z
dαdðPþb−Þd2PN⊥d2b⊥e−iΔ

þb−þiΔ⃗⊥·b⃗⊥ 1− ξ2ffiffiffiffiffiffiffiffiffiffiffiffiffi
1− ξ2N

p 1− α

α
Ws0sðPN;bÞ

×

	�
PN þ 1

2
Δ
�
s0




ψ̄Jð−r−=2Þψ Iðr−=2Þ






�
PN −

1

2
Δ
�
s

�
þ correlations; ð20Þ

so that the GPD matrix element (1) becomes

F½Γ�
q=ϕðx; P;ΔÞ ¼

1

2

X
ss0

Z
dαdðPþb−Þd2PN⊥d2b⊥e−i½Δ

þb−−Δ⃗⊥·b⃗⊥� 1 − ξ2ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

p 1 − α

α
Ws0sðPN; b;P;ΔÞF½Γ�

q=N

�
x
α
; PN;Δ; s0s

�

þ correlations; ð21Þ

The momentum decomposition found in Eq. (21) is the first
major theoretical result of this work. What it describes
physically is the possibility to express the GPDs of an
unpolarized (spin-0) hadronic target in terms of more
fundamental GPDs constructed from the intermediate
constituents, weighted by the corresponding Wigner dis-
tribution of those constituents. The Wigner representation
(21) goes further than the wave function representation (12)
by reexpressing the (fully quantum) matrix element in a
semiclassical language. While the mean-field convolution
structure is the same as in previous work, the Wigner
representation (21) provides a systematic framework for
imposing symmetry constraints on the composite system.
The crucial achievement of the IA convolution (21) is

the separation of the ingredients which depend upon the
properties of the hard scattering process (such as DVCS)
which measures the GPD from the intrinsic properties of
the wave function of the composite hadron itself. We
emphasize that (21) holds for any spin constituents in a
spin 0 (or unpolarized) composite target. Mathematically,
the quark correlator (1) from which the GPDs are defined
has chosen the z-axis (light-front coordinates Pþ; r−) as a
special direction in the problem. The dependence on
this auxiliary axis, sometimes denoted nμ, reflects the
“memory” of the correlator about the hard-scattering
process (like DVCS) which measured it. That is, the hard
scattering process is a function of both the target momen-
tum pμ and the virtual photon momentum qμγ . The factori-
zation of the process into a hard vertex and a GPD matrix

element retains a dependence on the direction of nμ,
although not its kinematics. This dependence on the
auxiliary direction nμ breaks symmetries such as 3D
rotational invariance and time reversal invariance—even
if the underlying wave functions respect those symmetries.
The power of (21) is that we can cleanly separate

the parts of the process which depend on nμ—namely,

the constituent GPDs F½Γ�
q=N—from the parts which are

n-independent—namely the constituent Wigner function
Wðp; bÞ. SinceWðp; bÞ is independent of nμ (or the virtual
photon kinematics qμγ ), it is a function only of the
kinematics of the composite hadron and its constituents.
Its symmetry properties are most transparent in the rest
frame of the massive composite hadron, where it possesses
full 3D rotational symmetry and unbroken discrete sym-
metries of parity and time reversal.1

We note that there is an important subtlety regarding the
impact parameter bμ. The impact parameter b defines a
displacement from the center of light-front momentum and
does not transform as a proper four-vector [85,86]. It is
conceptually distinct from the displacement lμ from the
center of mass. Strictly speaking, it is the lμ dependence
which exhibits rotational symmetry when boosted to the

1That is not to say that the wave function itself is invariant
under all such symmetries; rather, various phases which accom-
pany the transformation of the wave function cancel in the
transformation of the Wigner density.
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rest frame, not bμ. Nevertheless, in the infinite-momentum
frame Pþ → ∞ in which the definition (1) holds,
bμ coincides with lμ, as discussed in Appendix A. All
formulas herein which relate to the three-dimensional
properties of b⃗ are strictly valid for l⃗. While we do not
distinguish between b and l in the main text, we carefully
explain the distinction in Appendix A.
Just as importantly, we intentionally constructed the

Wigner distribution out of the light-front wave functions (5)
to ensure that Wðp; bÞ is manifestly boost invariant. A
Wigner transform could be applied to any function, but
since the LFWF are functions only of boost-invariant
momentum fractions and not of pþ directly, the light-front
Wigner function (15) is a boost-invariant function of boost-
invariant quantities. That is,

Ws0sðPN; b;P;ΔÞ ¼ Ws0sðα; P⃗N⊥; Pþb−; b⃗⊥; ξ; Δ⃗⊥Þ: ð22Þ

We will later exploit this crucial property by equating the
Wigner function in the “lab frame” (with given p, p0 and
P⃗⊥ ≡ 0) to the rest frame of the composite hadron, where
P⃗≡ 0. Since these frames are connected by a pure boost
along the z axis, Wðp; bÞ is invariant

Ws0sðPN;b;P;ΔÞjlab frame ¼Ws0sðP⃗N; b⃗; Δ⃗Þjrest frame

¼Ws0sðα; P⃗N⊥;Pþb−; b⃗⊥; ξ; Δ⃗⊥Þ:
ð23Þ

The connection between WðPN; b;P;ΔÞ in the lab
frame and the rest frame is invaluable, because in
the rest frame, the Wigner function can be expanded
through its tensorial dependence on the three-vectors
P⃗N; b⃗; Δ⃗. Although the underlying symmetry between
the longitudinal and transverse directions is obscured
when measured in the lab frame in terms of pþ and p⃗⊥,
that symmetry is made manifest in the rest frame. The
boost-invariant LF Wigner distributions (15) make this
connection possible.

In practice, one can take the quark matrix element F½Γ�
q=N

for a known constituent and choose a model Wigner
distribution WðPN; b;P;ΔÞ for the overall structure of
the composite target, then use Eq. (21) to compute the

quark matrix element F½Γ�
q=ϕ for the composite target. To do

so, it is necessary to go a step further, in the spirit of result
found in [63], and transform the spin decomposition to
introduce the spin three-vector S⃗. We will do so for the
explicit case of spin-1

2
constituents. This will then allow for

a clear identification of the effects that polarized inter-
mediate states have in generating composite structure
through (21).

B. Spin decomposition: Spin-1=2 constituents

Now let us suppose that the constituents of the composite
hadron have spin 1=2 (or, equivalently, two helicity states).
To fully take advantage of the 3D symmetries in the rest
frame of the composite hadron, we need to make a similar
decomposition of its spin dependence in terms of the
vectors and tensors of 3D rotations. To bring out the 3D
structure of the spin dependence, we change to a Pauli
matrix decomposition for the Wigner distribution and the
quark GPDs

Ws0sðPN; b;P;ΔÞ
¼ WνðPN; b;P;ΔÞ½σν�s0s
≡Wunp½1�s0s − W⃗i

pol½σ⃗i�s0s; ð24aÞ

F½Γ�
q=Nðx0;PN;Δ; s0; sÞ
¼ F½Γ�

q;μðx0;PN;Δ; s0; sÞ½σμ�ss0
≡ F½Γ�

q;unp½1�ss0 − F⃗½Γ�;j
q;pol½σ⃗j�ss0

≡ A½Γ�ðx0;PN;ΔÞ½1�ss0 − B⃗½Γ�;j
⊥ ðx0;PN;ΔÞ½σj⊥�ss0

− C½Γ�ðx0;PN;ΔÞ½σ3�ss0 : ð24bÞ

The Pauli vector σ⃗ is the operator corresponding to the spin
three-vector S⃗, which multiplies the three-vector coeffi-
cients W⃗pol; F⃗q;pol. The vector direction of these functions
indicates the vector direction of the spin.
While it is always possible to perform a Pauli decom-

position for the eigenspinors of angular momentum
projected along any given axis, the interpretation is most
straightforward if the spinor polarizations σ denote spin
projections along the z axis. For this reason, we work
here with the particular spinors defined by Brodsky and
Lepage [81], which use spin projections Sþ along the
light-front xþ axis that correspond to z-projections in the
rest frame.
The functions that multiply the Pauli matrices in (24) are

the polarization coefficients of the expansion. Then it is
clear from the integrand in (21) and the expansion (24)
that with the help of the identity ðσμσνÞ ¼ 2δμν the spin
dependence decomposes as

1

2

X
s;s0

Ws
s0 ðP⃗; Δ⃗; P⃗N; b⃗Þ · F½Γ�

q=Nðx0;PN;Δ; s0; sÞ

¼ WunpF
½Γ�
q;unp þ W⃗pol · F⃗

½Γ�
q;pol: ð25Þ

The master integral for the scalar GPD (21) is now fully
understood in terms of two distinct contributions: a
polarized and unpolarized channel, which differently mani-
fest the underlying symmetries of the composite hadron
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F½Γ�
q=ϕ ¼ ð1 − ξ2Þ

Z
db−dPþ

Nffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

p �
1 − α

α

�Z
d2b⊥d2PN⊥e−i½b

−Δþ−b⃗⊥·Δ⃗⊥�
h
WunpF

½Γ�
q;unp þ W⃗pol · F⃗

½Γ�
q;pol

i
: ð26Þ

The structure of the integral (26) suggests for a simple way
to perform the integration: by evaluating the boost-invariant
Wigner distribution in the target rest frame and performing
angular averaging in three dimensions. However, it is not
yet clear whether spin-orbit coupling plays a nontrivial role
in composite structure or if the polarized term vanishes.
One must look deeper into the structure contained in each
of the polarization channels and specifically determine the

physics arising from the allowed structures in W⃗pol · F⃗
½Γ�
q;pol.

In principle, Eq. (26) is a reexpression of the IA con-
volution formula that could be equivalently written in terms
of a spectral density. But the Wigner representation (26)
provides a powerful and manifest way to impose the
constraints of rotational and discrete symmetries.

C. Parametrization of the Wigner distribution

Now, wewish to explicitly impose rotational and discrete
symmetries on the Wigner density. As emphasized pre-
viously, the key is the boost invariance of the Wigner
distribution (23) which allows us to evaluate it in the rest
frame, where its 3D properties are manifest. The transverse
directions are invariant under boosts, so the nontrivial
transformations occur to the z-components of the three-
vectors P⃗N , Δ⃗ and b⃗. To exploit the boost invariance of the
Wigner density, we simply need to express the rest-frame
variables in terms of boost-invariant quantities.
Before setting up the matching, we emphasize that, for

the case of GPDs, the initial and final momenta (p and p0)
of the target hadron are independently on-shell quantities,
but the average momentum P is not. Instead, the value
of Pþ in the rest frame of the target hadron (P⃗≡ 0) is
determined through the rest energy ðP0Þ and the light-front
energy ðP−Þ obtained from p and p0. Additionally, since
the light-front Fourier transform only includes components
b−; b⃗⊥, we may consider bþ ≡ 0 the remaining component
of the four-vector bμ. Then the starting point is the rest-
frame quantities

Pþ
RF ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
Δ⃗2⊥ þM2

2ð1 − ξ2Þ

s
and b− ≡ −

1ffiffiffi
2

p ðbzÞR:F:; ð27Þ

where we have defined

Λ2 ≡ 1

4
Δ⃗2⊥ þM2; λ2 ≡ 1

4
Δ⃗2⊥ þm2 ð28Þ

as the effective masses, which are shifted from the true
constituent mass m and composite target mass M due

to the off-forwardness Δ. The boost-invariant quantities
α; Pþb−; ξ can be expressed in either frame

α ¼ Pþ
N

Pþ ¼ ðP0
N þ PN;zÞRFffiffiffi

2
p

Pþ
RF

; ð29aÞ

Pþb− ¼ Pþ
RFb

−
RF; ð29bÞ

ξ ¼ −
Δþ

2Pþ ¼ −
ðΔ0 þ ΔzÞRF
2

ffiffiffi
2

p
Pþ
RF

; ð29cÞ

which can be solved to express the equivalent rest-frame
three-vectors for any scattering kinematics in terms of
boost-invariant quantities

ðPN;zÞR:F:≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Λ2

4ð1− ξ2Þ

s "
α−

�
1− ξ2

1− ðξ=αÞ2
�

×
ðP⃗N⊥þ 1

2
Δ⃗⊥Þ2− ð1− ξ=αÞðP⃗N⊥ · Δ⃗⊥Þþm2

αΛ2

#

ð30aÞ

ðΔzÞR:F: ≡ −2ξ

ffiffiffiffiffiffiffiffiffiffiffiffi
Λ2

1 − ξ2

s
ð30bÞ

ðbzÞR:F: ≡ −

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

Λ2

r
ðb−PþÞ: ð30cÞ

This dictionary allows us to interpret theWigner function in
any boosted frame in terms of its simpler properties in the
rest frame. Note also that the boosted quantities (30) differ
significantly from those found in the TMD results [63]. In
the TMD results, the rest-frame mass is not transformed as
in this work, since the momentum that defines the mass
(p0) in the TMD results is on-shell.
For parametrizing the rotational properties of the Wigner

function, we will need the scalar products of the various
three-vectors

b⃗2RF ¼ b⃗2⊥ þ 1 − ξ2

Λ2
ðb−PþÞ2 ð31aÞ

ðP⃗2
NÞRF ¼ P⃗2

N⊥ þ Λ2

4ð1 − ξ2Þ
�
α −

Ξ2

Λ2

�
2

ð31bÞ

ðP⃗N · b⃗Þ2RF¼ðb⃗⊥ · P⃗N⊥Þ2−ðb⃗⊥ · P⃗N⊥Þðb−PþÞ

×

�
α−

Ξ2

Λ2

�
þ1

4
ðb−PþÞ2

�
α−

Ξ2

Λ2

�
2

; ð31cÞ
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Additionally, there are three new rotational scalars
arising from the Δ phase-space

ðP⃗N · Δ⃗ÞRF ¼ Δ⃗⊥ · P⃗N⊥ −
ξ

1 − ξ2
½αΛ2 − Ξ2� ð32aÞ

ðΔ⃗ · b⃗Þ2RF¼ðΔ⃗⊥ · b⃗⊥Þ2þ4ξðb−PþÞðΔ⃗⊥ · b⃗⊥Þþ4ξ2ðb−PþÞ2
ð32bÞ

Δ⃗2
RF ¼ Δ⃗2⊥ þ 4Λ2

�
ξ2

1 − ξ2

�
; ð32cÞ

where

Ξ2 ≡ 1

α

�
1 − ξ2

1 − ξ2N

�h
P⃗2
N⊥ þ λ2 þ ξNðP⃗N⊥ · Δ⃗⊥Þ

i
: ð33Þ

The parametrization in the boosted frame takes nontrivial
dependence in terms of the available invariant quantities.
Equation (30) and the inner product invariants presented
above are nontrivial results, which lead to the second major
theoretical result of this work.
The Wigner functions in (26) are parametrized in

light-front coordinates in the lab frame, appropriate for a
high-energy scattering process like DVCS. However, mod-
eling in these coordinates is not an obvious task. The
natural steps are to start with a model Wigner distribution
WðΔ⃗; P⃗N; b⃗Þ defined in the rest frame, impose discrete or
continuous symmetries, and then change variables to boost-
invariant quantities that can be applied in the lab frame
using the dictionary (30).
In terms of the 3D vectors, the unpolarized part of

the Wigner distribution is a rotational scalar that can only
depend on scalar products of its arguments

Wunp

�
Δ⃗; P⃗N; b⃗



≡Wunp

�
b⃗2; Δ⃗2; P⃗2

N; ðΔ⃗ · P⃗NÞ; ðb⃗ · Δ⃗Þ;

× ðb⃗ · P⃗NÞ; Δ⃗ · ðb⃗ × P⃗NÞ


;

the arguments can only be constructed from invariant inner
products of the available three-vectors. Now, applying
discrete symmetries: parity and time reversal further
impose constraints on the structure of the Wigner function
and its decomposition. The unpolarized Wigner function
must be invariant under the discrete transformations
separately. Under parity transformations, spatial and
momentum coordinates flip sign: PWðp; sÞ → Wð−p; sÞ,
while for time reversal, momentum and spin flip sign:
T Wðp; sÞ → Wð−p;−sÞ. Hence, for the unpolarized func-
tion, the kinematic dependence is constrained

ω0≡Wunp

�
b⃗2;Δ⃗2;P⃗2

N;ðΔ⃗ · P⃗NÞ;ðb⃗ · Δ⃗Þ2;ðb⃗ · P⃗NÞ2


: ð34Þ

The spin (polarization) degree of freedom in the polar-
ized Wigner distribution contribution allows for a vectorial
decomposition from the available three-vectors,

W⃗i
polðΔ⃗; P⃗N; b⃗Þ ¼ ω1ðb⃗ × P⃗NÞi þ ω2ðb⃗ × Δ⃗Þi

þ ω3b⃗
i þ ω4P⃗

i
N þ ω5Δ⃗

i

þ ω6ðP⃗N × Δ⃗Þi þ ω7

�
b⃗ × ðP⃗N × Δ⃗Þ



i
:

The functions ωj are 3D rotational scalars and therefore are
constructed from the same arguments as Wunp in (34)

ωjðΔ⃗; P⃗N; b⃗Þ≡ωj

�
b⃗2; Δ⃗2; P⃗2

N; ðΔ⃗ · P⃗NÞ; ðb⃗ · Δ⃗Þ; ðb⃗ · P⃗NÞ


:

The (pseudo)vector W⃗i
pol is even under parity and odd under

time reversal. Then, imposing parity covariance for the
vectorial decomposition of W⃗i

pol sets ω3 ¼ ω4 ¼ ω5 ¼ 0

and ω7 ¼ 0. Lastly, time reversal forces the polarization
index to generate a sign flip that will cancel the sign flip
from S⃗, thereforeω6 ¼ 0. In turn, the arguments ðb⃗ · Δ⃗Þ and
ðb⃗ · P⃗NÞ can only appear in even powers, resulting in

W⃗i
pol ≡ ðb⃗ × P⃗NÞiω1 þ ðb⃗ × Δ⃗Þiω2 ≡ ω1L⃗

i
PN

þ ω2ðΔL⃗iÞ:
ð35Þ

The result for the spin decomposition for the Wigner
distribution, after imposing rotational and discrete P and T
symmetries, implies that the polarized contributions can
only come from a particular form of spin-orbit coupling
L⃗ · S⃗. This general statement has never been shown before
for GPDs in the impulse approximation; previous work that
stopped at the level of Eq. (12) before proceeding to
phenomenology did not impose these highly restrictive
symmetry constraints. An L⃗ · S⃗ spin-orbit correlation in the
Wigner representation of the type described by ω1 was
previously seen for the case of TMDs, but the correlation
described by ω2 is completely new. For GPDs, the angular
momentum transfer ΔL⃗ ¼ b⃗ × Δ⃗ to the target can also
couple to the constituent spin; this spin-orbit correlation
(i) vanishes in the forward limit where Δ ¼ 0 [63], (ii) does
not appear in previous IA implementations for nuclear
GPDs [72–77], and (iii) distinguishes the structure of off-
forward distributions from forward parton distributions.
This new coupling channel expands the phase space of
allowed structures in composite hadrons and increases the
complexity of the convolutions (21) or (26). This finding
is the third major theoretical result of this work: a new
channel of spin-orbit coupling through Δ⃗, unique to off-
forward processes, which allows for additional composite
structure.
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D. Unpolarized quark GPD in terms of Wigner distributions in an unpolarized nucleus

The leading-twist GPDs of unpolarized quarks in a spin-1
2
hadron are given by the parametrization

F½γþ�
q=Nðp0; s0;p; sÞ ¼ 1

2Pþ ūðp0; s0Þ
�
Hqγþ þ Eq iσ

þαΔα

2m

�
uðp; sÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

q �
Hqðx0; ξN; tÞ −

�
ξ2N

1 − ξ2N

�
Eqðx0; ξN; tÞ

�
½σ0�s;s0

− i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

p
2m

· ϵil⊥
�
Δ⃗i⊥ þ 2ξNP⃗

i
N⊥

1 − ξ2N

�
Eqðx0; ξN; tÞ

�
σ⃗l⊥

�
s;s0 ; ð36Þ

where we evaluated the Dirac matrix elements using the Brodsky-Lepage spinors (see Appendix B). Here, t≡ Δ2 and
Eq. (36) also provides a clear picture of the polarization channels available for the intermediate spin-1

2
states. Importantly, no

longitudinally polarized survives to contribute to Eq. (36); we have separately performed a consistency check verifying this
result, see Appendix B.
The master formula for the GPDs of an unpolarized quark in an unpolarized composite hadron is obtained by substituting

Eqs. (34), (35), and (36) into (26)

F½γþ�
q=ϕðx; ξ; tÞ ¼ ð1 − ξ2Þ

Z
db−dPþ

Nffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

p �
1 − α

α

�Z
d2b⊥d2PN⊥e−i½b

−Δþ−b⃗⊥·Δ⃗⊥�

×

�
ω0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

q �
Hqðx0; ξN; tÞ −

ξ2N
1 − ξ2N

Eqðx0; ξN; tÞ
�

þ iω1

2m
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

p �
ðbzÞR:F:

h
ðΔ⃗⊥ · P⃗N⊥Þ þ 2ξNP⃗

2
N⊥

i
− ðPN;zÞR:F:

h
ðΔ⃗⊥ · b⃗⊥Þ þ 2ξNðP⃗N⊥ · b⃗⊥Þ

i�
Eqðx0; ξN; tÞ

þ iω2

2m
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

p n
ðbzÞR:F:

h
Δ⃗2⊥ þ 2ξNðP⃗N⊥ · Δ⃗⊥Þ

i
− ðΔzÞR:F:

h
ðΔ⃗⊥ · b⃗⊥Þ þ 2ξNðP⃗N⊥ · b⃗⊥Þ

io
Eqðx0; ξN; tÞ

�
:

ð37Þ

We emphasize that the master formula (37), which makes
explicit the mixing channels allowed by symmetry, has
never been derived before and is a significant extension
beyond calculations that proceed directly from Eq. (12) to
phenomenology. While the L⃗ · S⃗ mixing channel described
by ω1 was previously observed in TMDs, the mixing of
GPD E with the ΔL⃗ · S⃗ correlation ω2 is completely new.
The main result in Eq. (37) is that the partonic structure

of the constituents, described by the GPDs Hq and Eq,
mixes with nontrivial aspects of the Wigner distribution the
constituents within the composite hadron. The angular
dependence for the unpolarized channel (arising from
the angle between b⃗⊥ and Δ⃗⊥) arises solely from the
Fourier transform of the Wigner density described by ω0. If
the ω0 has no angular dependence, then the Fourier
transform yields the Bessel function J0ðzÞ. On the other
hand, the structure of the polarized channel integrand
allows for nontrivial angular dependence, even in the case
of an isotropic Wigner distribution. In such a case, the
angular integral reduces to linear combinations of Bessel
functions of different orders. Similarly, the spatial

integration of the longitudinal spatial direction b−Pþ

results in nontrivial structures for both channels.
In the unpolarized channel the smearing of Hq and Eq

(for nonzero skewness) occurs due to the change of variable
of the momentum fraction in the definitions of the
composite GPD and due to its convolution with the
Wigner function. However, for the polarized channel, only
GPD Eq is present and is smeared, but the nontrivial factors
multiplying it result in complicated smearing which is
also connected to the structure of the Wigner function.
Skewness plays a clear role in the overall distribution.
Lastly, the integrand allows for a simple/systematic way of
identifying which terms drop out after performing angular
averaging. In general, it can be shown that the two
channels: unpolarized and polarized give nonzero contri-
butions after integrating (37). Similarly, the longitudinally
(Γ ¼ γþγ5) and transversely (Γ ¼ iσjþγ5) polarized quark
GPD in a scalar target are decomposed into constituent-
structure master integrals shown in Appendix B. The main
results in Appendix B are that the longitudinal polarization
distribution goes to zero (as expected), while the transverse
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distribution has a rich, nontrivial structure. For the scope
of this work, we only focus on the unpolarized quark
GPD (37) to demonstrate model calculations.
It is now instructive to compute the integral in Eq. (37) to

illustrate the steps that must be taken to fix the kinematics
arising from the choice of the Wigner distributions and
to show the versatility to easily change models. In practice,
a great deal of physics can be learned even for models
that are considered “simple,” or serve as a testing ground
for different predictions proposed in experiments. Overall,
Eq. (37) and the comparable results listed in Appendix B
are the fourth major theoretical result found in this work.

III. PHENOMENOLOGY: UNPOLARIZED q GPD
FROM UNPOLARIZED TARGET

Model calculations can be readily performed by choos-
ing a specified model for the Wigner distribution and the
constituent nucleon GPDs Hq and Eq. The Wigner dis-
tributions can either be computed directly from the first-
principles light-front wave functions in some microscopic
theory, or they can be modeled by exploiting their semi-
classical correspondence. Simple semiclassical models
for the Wigner function include uniform static spheres,
Gaussian distributions, and variations on the rigid rotator.
The modeling of the distributions Hq and Eq will depend

solely on the theory of interest. The list of options is
extensive, ranging from the simple quark-target to the
scalar-diquark (SDQ) model [79,87]. For demonstration
purposes, in this work we restrict ourselves to the simplest
assumptions: a spherical static distribution and Hq and Eq

from the quark target model. This is sufficient to show
how a calculation of the scalar target GPD is performed
through (37) and to illustrate the general features arising
from model assumptions.

A. Uniform static sphere—Distribution

For demonstration purposes, it is assumed that the
Wigner distribution factorizes in terms of spatial and
momentum dependent functions,

ω0ðb⃗; P⃗N; Δ⃗Þ≡ ρðb⃗ÞζðP⃗N; Δ⃗Þ: ð38Þ

Polarized distributions are defined as ωi ≡ βiω0 where βi is
a polarization coefficient that fixes the amount of L⃗ · S⃗
coupling in (37). In this model, we ignore possible Δ⃗
dependence and we choose a static spherical distribution
for the spatial and average momentum dependence, inde-
pendently. This is determined by constraining the phase-
space through a hard cutoff (step function)

ω0ðP⃗N; b⃗Þ ¼R:F:A0θðR − jb⃗jÞθðPmax
N − jP⃗N jÞ

∴ ω0ðP⃗N⊥; b⃗⊥;PN;z; bzÞ ¼R:F:A0θðR − jb⃗⊥jÞθðPmax
N − jP⃗N⊥jÞθ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − jb⃗⊥j2

q
− jbzj

�
θ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pmax 2
N − jP⃗N⊥j2

q
− jPN;zj

�
:

∴ ω0ðP⃗N⊥; b⃗⊥;Pþb−; αÞ ¼ A0θðR − jb⃗⊥jÞθðPmax
N − jP⃗N⊥jÞθ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pmax 2
N − jP⃗N⊥j2

q
−
ΛðΔ⊥Þ

2





α −
P⃗2
N⊥ þ λ2ðΔ⊥Þ
αΛ2ðΔ⊥Þ






�

× θ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − jb⃗⊥j2

q
−




 Pþb−

ΛðΔ⊥Þ





�
: ð39Þ

Starting with a model in the rest frame and then converting
to boost-invariant coordinates results in a model which is
simultaneously boost invariant and under 3D rotational and
discrete symmetries. In contrast, if one were to proceed
directly from the light-front wave function representation
(12) to phenomenology, it would be almost impossible to
choose reasonable wave functions which respect the
symmetries of the nucleus. The Wigner representation
makes those constraints explicit and systematic. Here A0

is the normalized coefficient and Pmax
N is the maximum

momentum carried by the active constituent nucleon. In
going from the first to the last line in Eq. (39) a substitution
of variables was made; from the Cartesian to the boosted
light-front coordinates. The normalization A0 is fixed by
Eq. (16) through the unpolarized coefficient, resulting in

A0 ¼
1

ð4
3
πR3Þð4

3
πPmax 3

N Þ ;

which is the inverse value of the space and momentum
volume defined by the step functions. The value of A0 in
turn defines part of the overall value of the polarized
distribution since ωi ¼ βiω0.
There is no similar normalization condition that fixes the

amount of polarization that may occur. The only constraint
present is a positivity condition on the number of up versus
down polarized constituents. If the condition is

W↑;↓ ¼ Wunp �
1

2
Wpol ≥ 0;
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then the absolute value of the polarized Wigner function
must be less than or equal to twice the unpolarized
contribution. This leads to a constraint on the overall
polarization coefficient βðP⃗N; b⃗Þ≡WpolðP⃗N; b⃗Þ=
WunpðP⃗N; b⃗Þ, which is the ratio of polarized to unpolarized
Wigner densities at any point in phase space. It then follows
that þ2 ≥ βðP⃗N; b⃗Þ ≥ −2, but it is noted that in general β
fixes the individual β1 and β2 which appear for the two
cases of spin-orbit coupling in ω1 and ω2, as seen from
Eq. (35). For models that consider only one βi at a time, this
reduces to jβ1ðP⃗N;b⃗Þb⃗× P⃗N j≤2 and jβ2ðP⃗N; b⃗Þb⃗ × Δ⃗j ≤ 2,
and since, e.g., jb⃗ × P⃗N j ≤ jb⃗jjP⃗N j ≤ RPmax

N , we can ensure
that β1 and β2 are restricted to the physical range as long as

β1 ≤
2

RPmax
N

; ð40aÞ

β2 ≤
2

R
ffiffiffiffiffi
−t

p : ð40bÞ

These bounds (40) are sufficient to ensure that the positivity
constraint is satisfied; they could potentially be relaxed

slightly while still satisfying the positivity bound. Also
interestingly is the positivity bound on ΔL⃗ · S⃗ coupling β2,
which is dependent on the momentum transfer t ¼ Δ2,
leading to a weak (no bound) at small or zero t, but a
restrictive bound on β2 at large t. All constraints imposed
by the Wigner distribution (39) are fully understood and
Eq. (37) can be simplified.
The unpolarized struck quark GPD in a scalar target (37)

decomposes into two polarization channel contributions
and greatly simplify in the zero-skewness limit. In the
uniform static sphere model (39), the angular dependence
found in the spatial phase-space integrand in (37) factors
from the momentum-space dependence. Resulting in a
function that characterizes the smearing of the nucleon
GPDs times a different function that dictates the amplitude
profile along the Δ⃗⊥ axis. The unpolarized channel
amplitude is given by

F½γþ�;unp
q=ϕ ¼A0½πR3�½πðPmax

N Þ3�×ΦunpðjΔ⃗⊥jÞ×Iunpðx; jΔ⃗⊥jÞ;
ð41Þ

where the respective functions are defined as

ΦunpðjΔ⃗⊥jÞ≡ 2

R3

Z
R

0

db⊥b⊥J0ðb⊥Δ⊥Þ
Z

Λ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2−jb⃗⊥j2

p

−Λ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2−jb⃗⊥j2

p dðb−PþÞ ¼ 4Λ
jΔ⃗⊥j3R3

h
sinðjΔ⃗⊥jRÞ − jΔ⃗⊥jR cosðjΔ⃗⊥jRÞ

i

Iunpðx; jΔ⃗⊥jÞ≡ 2

ðPmax
N Þ3

Z
Pmax
N

0

dPN⊥PN⊥
Z

αmax

αmin

dα

�
1 − α

α

�
Hq

�
x
α
; 0;−Δ⃗2⊥

�
:

The limits of integration are determined through the cutoff imposed by the step function from the spherical model. Similarly,
for the polarized channel

F½γþ�;pol
q=ϕ ¼ A0½πR3�½πðPmax

N Þ3� ×ΦpolðjΔ⃗⊥jÞ × Ipolðx; jΔ⃗⊥jÞ; ð42Þ

and with its corresponding functions defined as:

ΦpolðjΔ⃗⊥jÞ≡ −
2

R3

Z
R

0

db⊥b2⊥Δ⊥J1ðb⊥Δ⊥Þ
Z

Λ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2−jb⃗⊥j2

p

−Λ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2−jb⃗⊥j2

p dðb−PþÞ

¼ 4Λ
jΔ⃗⊥j3R3

½3RjΔ⃗⊥j cosðRjΔ⃗⊥jÞ þ ðR2jΔ⃗⊥j2 − 3Þ sinðRjΔ⃗⊥jÞ�

Ipolðx; jΔ⃗⊥jÞ≡ 2

Pmax 3
N

Z
Pmax
N

0

dPN⊥PN⊥
Z

αmax

αmin

dα

�
1 − α

α

�
Eq

�
x
α
; 0;−Δ⃗2⊥

�
×

�
β1

Λ
4mα

�
α2 −

P⃗2
N⊥ þ λ2

Λ2

��
:

Here αmin and αmax are functions of P⃗N⊥ and Δ⃗⊥ fixed by solving for α in Eq. (39) [see Eq. (45)]. In practice, if Hq and Eq

have a simple analytical form, then I can be calculated in closed form. However, even for simple theories the GPDs are
defined through complicated integrals, so numerical calculations are performed. Solving for a model will allow a better
understanding of the features arising from the integrals in (37).
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1. Helium-4 target (N=4He)

A natural selection for a composite target to choose as
a scalar particle is Helium-4 and its physical parameters
fix the boundaries in (41) and (42). The constituents of
Helium-4 are nucleons (N), which have spin-1

2
and serve as

the intermediate constituent-target particle. The form of the
momentum distribution in the model (39), proportional to
θðPmax

N − jP⃗N jÞ, is characteristic of the zero-temperature
filling of states up to a Fermi momentum kF ¼ Pmax

N . For
simplicity, the internal dimensions of He-4 are modeled
after a “particle in a box,” with a maximum length of
R ≈ 1.7 fm. Then from the uncertainty principle we take
Pmax
N ¼ ℏc=R ≈ 0.12 GeV, but a more realistic estimate of

the Fermi momentum of 4He would be larger. Lastly, the
mass of a nucleon (m) is taken to be equal to 1.0 GeV and
the Helium-4 mass M is approximated to be 4.0 GeV. The

physical parameters then fix the boundary value of the
polarization coefficient β1 ≤ 9.8 ½GeV · fm�−1, and for the
rest of the calculations β1 ≡ 1 ½GeV · fm�−1. The last piece
of the calculation is to choose a model for GPDsHq and Eq

that reasonably models the composite structure and that
will allow a simple interpretation of how the composite
structure influences/modifies the overall distribution (GPD)
of the scalar target hadron (Helium-4).

2. Quark target model (composite picture):
GPD Hq and Eq

The chosen model is for a quark target, which is obtained
from the QCD Lagrangian in perturbative theory. The
integrals defining the GPDs Hq and Eq to first order in
expansion Oðg2Þ are taken from [79] which hold for
0 < x < 1,

Hqðx; 0;−Δ⃗2⊥Þ ¼
4g2

3ð2πÞ3ð1 − xÞ
Z

d2k⊥
ð1þ x2Þ½k⃗2⊥ − 1

4
ð1 − xÞ2Δ⃗2⊥� þ ð1 − xÞ4m2

Dðx; Δ⃗⊥; k⃗⊥Þ
ð43aÞ

Eqðx; 0;−Δ⃗2⊥Þ ¼
8g2xð1 − xÞ2

3ð2πÞ3
Z

d2k⊥
m2

Dðx; Δ⃗⊥; k⃗⊥Þ
ð43bÞ

with the (infrared) regularized denominator given by

Dðx; Δ⃗⊥; k⃗⊥Þ ¼
��

k⃗⊥ −
1

2
ð1 − xÞΔ⃗⊥

�
2

þ ð1 − xÞ2m2

���
k⃗⊥ þ 1

2
ð1 − xÞΔ⃗⊥

�
2

þ ð1 − xÞ2m2

�
: ð44Þ

The use of the quark target model GPDs 43 corresponds to
modeling the nucleons as single quarks. Again, the idea
here to demonstrate how the modeling works for (37); for
more realistic phenomenology, other models such as the
SDQ Lagrangian can be used. In order to compute (43), the
masses are appropriately replaced for those of the target
nucleon and g2 is taken to equal unity. The integrals are
numerically calculated to illustrate the general properties of
the distributions, which are found in Fig. 2.

Using the quark target model, the GPDsHq and Eq show

different behaviors for the dependence x and Δ⃗⊥, as
illustrated in Fig. 2. There is an increase in amplitude as
x approaches one, but it diverges for the case of Hq. This
can be seen from the overall x dependent factors in (43) and
from the denominator for small asymptotics. This is a
reflection coming from the construction of the quark target
model, where the initial valence quark at zeroth order in
perturbation theory introduces a delta function centered at

FIG. 2. Constituent GPDs Hq (left) and Eq (right) in the quark-target model defined by (43) for 0 < x < 1.
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x ¼ 1. Hence, the rapid growth of the amplitude as x → 1 is
unique to the QTM. However, qualitatively similar features
of a valence quark distribution in a hadron are displayed
here. Those, for instance, would tend to peak around
x ≈ 1=3, rather than x → 1. The power-law dependence
of momentum transfer demonstrated in Hq ∼ Δ⃗−2⊥ and

Eq ∼ Δ⃗−4⊥ is a reflection of their perturbative (point like)

structure. These models extend to large Δ⃗⊥ because they
have pointlike structure at short distances. It would be
expected for this Δ⃗⊥ dependence to be greatly shortened
(i.e., for a Gaussian or exponential distribution instead of a
delta function as an initial condition) in a constituent of
finite size. With these features displayed, understanding
how the GPDs in (41) and (42) are transformed is essential
in shaping the entire picture of (37).
The integration of Iunp and Ipol in (41) and (42),

respectively, leads to the smearing of Hq and Eq in the
longitudinal momentum fraction dependent parameter. One
thing to note here is that the integration limits for the α
integration changed to max ½αmin; x� for the lower limit and
min ½αmax; 1� for the upper limit. This is a direct result of the
longitudinal momentum fraction constraint on the domain
arising from the properties of GPDs. The smearing is
illustrated in Fig. 3, where Iunp and Ipol are plotted. Many
features are illustrated; for one, the smeared GPD Eq falls

off faster with Δ⃗⊥ arising from the different decomposition
momentum fraction structure and its numerator algebra. For
large x the distribution goes to zero for some maximum
value associated with a fixed Δ⃗⊥ value. This is a feature of
the phase space boundary x < 1 of the constituent GPDs

being transformed to x0 ¼ x=α < 1, which imposes a
cutoff at a maximum value of the momentum fraction
xmax ¼ αmaxðΔÞ. The maximum value of x is illustrated by
the red line superimposed on Fig. 3 and the boundary
values of α are fixed by Eq. (39); which help determine the
x-dependent features of the distribution. This results in
αmin ≤ α ≤ αmax, which allows for x=αmax ≤ x=α ≤ x=αmin,
and makes it clear that the fraction x0 ¼ x=αwill exceed the
phase space boundary for at least part of the α integration
range when x falls between αmin or αmax. At x ¼ αmin the
GPD first begins to become sensitive to the phase space
boundary at x0 ¼ 1; at x ¼ αmax all of the allowed phase
space has been extinguished. This leads to the characteri-
zation of two distinct features in Fig. 3, a critical x-value
where the amplitude begins to go to zero (xc) and the
maximum value of x where the amplitude equals to zero
(xmax). The Δ dependent momentum fractions are then
given by

xmax ¼ αmax ¼
Pmax
N þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pmax 2
N þ λ2

p
Λ

ð45aÞ

xc ¼ αmin ¼
−Pmax

N þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pmax 2
N þ λ2

p
Λ

ð45bÞ

Δx≡ xmax − xc ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pmax 2
N þ λ2

Λ2

r
; ð45cÞ

where the quantityΔx, denoting the amount of longitudinal
momentum smearing, is a signature of composite-structure
effects that is directly sensitive to the Fermi momentum
ðPmax

N Þ. In the QTM this manifests in the dramatic peaks

FIG. 3. The smearing of GPDs Hq (left) and Eq (right) found in I corresponding to (41) and (42), respectively. The red contour
represents the maximum value of x for a given Δ⃗⊥; above this the distribution is zero. The blue contour represents the critical value of x,
where the smeared distribution begins to go get cut off.
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seen in Fig. 3 due to the product of a rapidly increasing
valence quark GPD Hqðx0Þ, smeared across the kinematic
boundary x0 ¼ x=α < 1 across the finite range of α. Other
models may not have the strong peak at x → 1 that the
QTM has, but any notable features of the constituent GPDs
will in general be smeared over the longitudinal width Δx
given in (45).
The other important feature of the unpolarized quark

GPD in the composite structure picture (for the model in
question) is the factorization of angular dependence (Θ)
from the momentum smearing, I . As discussed in Sec. II D
and illustrated by the dependence Θ in (41) and (42) for the
static sphere model, the angular dependence factors in both
channels and the distributions are given by the integral of
some factor times a Bessel function. The angular depend-
ence is shown in Fig. 4, where it is clear that the
unpolarized channel results in an enhancement and the
polarized channel in a reduction in the overall amplitude, at
small jΔ⃗⊥j. The angular dependence multiplies the smear-
ing function, which then dictates the modulations along the
momentum difference axis. Again, this is a feature that is
partially assigned by the uniform static sphere model.

One of the general characteristics resulting from the
momentum cutoff, which fixes the α-range associated with
the target, is the structure (Δ⃗⊥ parametrization) imposed on
the α values and the determination of xmax and xc as found
in Eq. (45). In general, valence distributions peak at large x
and fall-off with increasing Δ, which helps with the overall
description of Hq and Eq. Other features that are specific
include: the amplitude peak of the GPDs in the QTM as
x → 1, the very long range in Δ and the identification of no
enhancement at small x. However, it is beyond the scope of
this paper to consider a bunch of models at once, but clearly
it will be important to explore different choices of model
assumptions that will lead to the classification of distinct
versus general features.
Now, combining the distinct features allows for an

understanding of the overall distribution (37) for the chosen
models. The results are illustrated in Fig. 5 showing two
distinct cases of how the L⃗ · S⃗ coupling term affects the
overall GPD. The image on the left in Fig. 5 is the
unpolarized quark GPD for Helium-4 with a nucleon
composite structure in the uniform static sphere and
QTM. In this model Eq ≪ Hq so the influence of the
polarized channel (spin-orbit coupling) is not obvious.
The general characteristics of the distribution follow from
the previous discussions. We can more clearly see the
role/influence of spin-orbit coupling in the overall GPD
amplitude if we artificially change the scale of Eq to make it
the same order of magnitude as Hq: Eq ∼OðHqÞ. The
result is illustrated by the image on the right of Fig. 5,
which is the total result (37) in the QTM with Eq ∼Hq and

large L⃗ · S⃗ coupling (β1 ≈ 10). The profile of the amplitude
is a direct result of the angular dependence shown in Fig. 4.
An interference of the unpolarized and polarized channel is
identified in Fig. 5 determined by the oscillations of the
angular profiles displayed in Fig. 4. These results are a clear
indication/identification of the role composite structure
plays through spin-orbit coupling in the overall/parent

FIG. 5. The GPD for an unpolarized struck quark in a scalar (ϕ), 4He target, is displayed (left) in the composite structure
decomposition. The figure on the right displays the effects/role of spin-orbit coupling which is only apparent when Eq ∼OðHqÞ.

FIG. 4. The angular dependence of (41) and (42) is displayed,
which is obtained by integrating over the spatial impact parameter
phase-space.
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scalar GPD. Part of the overall structure displayed in Fig. 5
are general and other distinct resulting from the model in
question. The key results found are that the structure in the
TMD case is also present here but expanded due to the extra
momentum transfer variable found in the GPD, not present
in the TMD case [63].

IV. SUMMARY AND CONCLUSIONS

The study of composite structure in GPDs encompasses
rich structures that are fundamental to the description of
hadrons. In this work, we have generalized the impulse
approximation (IA) for GPDs of composite hadrons to a
Wigner representation and explicitly enforced the unbroken
rotational and discrete symmetries of the nucleus. The
result is a set of master integrals in terms of the Wigner
distribution which go far beyond previous results at the
level of the wave functions and severely constrain the
mixing channels that contribute to composite structure. An
immediate and novel consequence is the nonvanishing
contribution of GPD E from polarized intermediate states
to the GPDs of an unpolarized composite hadron. We show
that the polarized contribution manifests itself in the form
of spin-orbit coupling, as in the case of TMDs [63], but
we further identify a novel coupling ðΔL⃗ · S⃗Þ arising from
the coupling of spin to the angular momentum transfer,
which is not present in the case of TMDs. Lastly, we
derived the dictionary between the boost-invariant kin-
ematics appropriate for GPDs and the rest-frame kin-
ematics which exhibit manifest rotational symmetry,
finding nontrivial complications due to the off-forward
GPD kinematics. The rich physics of composite structure
effects in GPDs is different from but complementary to
the physics of composite structure in TMDs, which
suggests high potential for application to GTMDs in
the future. The physical picture of composite structure is
also not limited only to nuclei, but can also serve as a
guide to understanding the role of intermediate degrees of
freedom in other hadronic systems.
To illustrate the physical content of our master formulas,

we have also presented an illustrative phenomenological
study of composite structure effects on the quark GPDs of
a 4He nucleus. We apply the master integral (37) to a static
spherical sphere model of the Wigner distribution (39)
and use a quark target model (43) for the constituent
GPDs. Although this first exploratory effort is simple, it
nonetheless reveals general characteristics of composite
structure effects including Fermi motion and spin-orbit
coupling and is of direct relevance to DVCS on light
nuclei which is being studied in experiments such as E12-
17-012 at JLab [64,65]. The versatility of the master
integrals and their suitability for semiclassical modeling
make them a natural starting point for phenomenology for
such experiments. Equally important, the results found in
this paper will help expand the model space for GPDs in

the AI-assisted analysis pipeline developed by the
EXCLAIM Collaboration.
In the future, it will be instructive to analyze the impact

of composite structure on various observables and con-
straints related to the GPDs. For example, GPDs reduce to
PDFs in the forward limit, where the effect of the master
formula (37) is reduced to a single smearing effect in x.
For another, x integrals of the GPDs make connection
with hadronic form factors, and a third interesting
consideration is the interaction between composite struc-
ture and the polynomiality constraint [78,88]. By general-
izing the impulse approximation for composite nuclei and
demonstrating its potential for phenomenology, this work
constitutes an important step forward in the development
and application of the theory of composite structure to
hadronic physics.
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APPENDIX A: DEFINITIONS OF THE
RELATIVISTIC CENTERS

Herein we summarize the discussion of various choices
of the “center” of a relativistic system as presented by
C. Lorcé [85,86]. In general, when the system has a
polarization, there can be a subtle frame-dependent dis-
tortion of this “center.” In the case case at hand, we are
interested in a scalar composite target (4He), so a priori one
need not worry that the center of 4He has been distorted by
relativistic effects. But in the future, we plan to apply this
formalism even to polarized composite systems, where
consideration of such distortions does become important.
Moreover, even in the case of 4He, the question of how to
interpret the “position” of the polarized constituents is
distorted by observer-dependent effects arising from their
spin. The purpose of this appendix is to discuss those shifts,
why they do not distort the calculation presented in the text,
and how to interpret the “dictionary” (30) from infinite-
momentum frame to rest frame.
Consider the center of energy of a system, defined as the

average position xμ, weighted by the timelike component of
the energy-momentum tensor T00ðxÞ
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Rμ
E ≡ 1

p0

Z
d3xxμT00ðxÞ; ðA1Þ

where p0 ¼ R
d3xT00 is the total energy of the system. In

the rest frame where p⃗ ¼ 0, RE corresponds to the non-
relativistic center of mass R�

Rμ
� ≡ Rμ

E if p⃗ ¼ 0 ðrest frameÞ: ðA2Þ

A related but subtly different quantity is the center of light-
front momentum, defined analogously as the average
position xμ, weighted by the light-front component
TþþðxÞ of the energy-momentum tensor

Rμ
LF ≡ 1

pþ

Z
d2x⊥dx−xμTþþðxÞ; ðA3Þ

where pþ ¼ R
d2x⊥dx−TþþðxÞ is the total light-front

momentum of the system.
As carefully discussed in [85,86], the centroids Rμ

E; R
μ
LF

do not transform as proper Lorentz four-vectors due to the
nontrivial factor of p0 or pþ that appears in the denom-
inator. As a result, in a general frame, RE, RLF, and R� do
not coincide. In a polarized system, the center of energy Rμ

E
is distorted from the rest-frame center Rμ

� by a shift which is
transverse to both the Pauli-Lubanski pseudovector W⃗ (i.e.,
the angular momentum vector) and the system’s momen-
tum p⃗. As written in Eq. (19) in [86], the distortion of the
center of (instant-form) energy is

R⃗E − R⃗� ¼
p⃗ × W⃗
p0m2

: ðA4Þ

In the rest frame, R⃗E coincides with R⃗�, and for an
unpolarized system (W⃗ ¼ 0) the two always coincide.
But for a polarized system W⃗ ≠ 0 and a moving frame
p⃗ ≠ 0, the center of energy is distorted by a transverse shift
relative to the nonrelativistic center R⃗�. Importantly, this
finite shift persists even in the ultrarelativistic limit (infinite
momentum frame) p⃗ ¼ p0n⃗, p0 → ∞.
Likewise, the center of light-front momentum Rμ

LF in
general is distorted from the position Rμ

�, but in a different
way. As written in Eq. (129) of [85], the distortion of the
center of light-front momentum is

Rμ
LF − Rμ

� ¼ −
εμαβþWαpβ

m2pþ : ðA5Þ

Again, there is a shift transverse to the polarization W⃗, but
interestingly here the kinematic dependence is reversed.
In the ultrarelativistic limit (infinite momentum frame)
pþ → ∞, the shift goes to zero; note that pþ cannot enter
the numerator due to the Levi-Civita tensor εμαβþ. Thus Rμ

LF

coincides with Rμ
� in the infinite momentum frame, whereas

in the rest frame pþ ¼ p− ¼ m=
ffiffiffi
2

p
; p⃗⊥ ¼ 0 the shift

remains finite.
As carefully discussed in Appendix B of [85], when one

starts with light-front wave functions ψðkþ; k⃗⊥Þ and per-
forms a Fourier transform to define a conjugate impact
parameter b0; b⃗⊥,

ψðb−; b⃗⊥Þ ¼
Z

dkþ

2π

d2k⊥
ð2πÞ2 e

−ik·bψ̃ðkþ; k⃗⊥Þ: ðA6Þ

the origin of bμ corresponds to the center of light-front
energy Rμ

LF. Hence, the impact parameter bμ as we discuss it
in the text corresponds to the displacement of a point xμ

relative to Rμ
LF:

bμ ¼ xμ − Rμ
LF; ðA7Þ

as illustrated in Fig. 6.
Given that GPDs are defined through collinear factori-

zation with asymptotic kinematics ðQ2 → ∞Þ, the matrix
element (1) should be interpreted as being given in the
infinite momentum frame. That is, a GPD is effectively
being “observed” by a virtual photon moving toward it at
the speed of light. So when we introduce the LFWF and
Wigner distributions along with a Fourier transform to
impact parameter space (14), we may distinguish two
different interpretations

bμ ≡ xμ − Rμ
LF;

lμ ≡ xμ − Rμ
�;

bμ ¼ lμ − ðRμ
LF − Rμ

�Þ: ðA8Þ

In the IMF as given, bμ ¼ lμ, but we should take caution in
interpreting these quantities in the target rest frame.
As drawn in Figs. 7–8, in the IMF in which GPDs are

defined, the impact parameter bμ defined by Fourier
transforming the LFWF exactly corresponds to lμ, the
displacement relative to the nonrelativistic center R�. But
bμ ¼ xμ − Rμ

LF is not a proper four-vector, while lμ ¼
xμ − Rμ

� is. Therefore, when we form “boost-invariant

FIG. 6. Definition of the impact parameter b as the Fourier
transform of a wave function.
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products” like pþb− and interpret them in the rest frame, as
in the dictionary 30, what we are really doing is making
statements about pþl−, e.g.,

Pþb− ¼IMF
Pþl− ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffi
Λ2

1 − ξ2

s
ðlzÞRF: ðA9Þ

The l⃗ constructed this way gives the three-dimensional
displacement vector from the center of mass—not the

displacement vector from the distorted center of light-front
momentum.
That is, properly evaluating the Fourier transformed

impact parameter bμ in the rest frame gives xμ − Rμ
LF,

which is the displacement relative to the distorted center.
Due to the distortion, the Wigner distribution would not
have manifest 3D rotational symmetry about the center of
light-front momentum, as a function of the properly
boosted b⃗RF

W ≠ Wðb⃗2Þ: ðA10Þ

But the rest-frame Wigner distribution does have manifest
3D rotational symmetry about the center of mass, as a
function of the undistorted position vector l

W ¼ Wðl⃗2Þ: ðA11Þ

So the dictionary 30 should not be read as the result of
explicitly boosting the noncovariant position bμ which
includes the distortion of the canonical reference point Rμ

LF.

Rather, it translates the 3D properties of l⃗ to the impact
parameter b⃗, which only holds for matrix elements evalu-
ated in the infinite momentum frame.
As a final comment, if one considers the distortion of the

canonical center (A5) for the daughter particles with
kμ ∝ pμ, then the shift for both parent and daughter
particles vanishes in the IMF, as long as the longitudinal
momentum fraction x is not too small. In the simultaneous
limit x → 0; pþ → ∞, it may be possible to have a finite
shift in the center of the soft daughter particle, even if the
shift in the parent is zero due to the IMF. That is, at small
enough x, the parent can be in the IMF while the daughter
is not. This delicate limit x → 0; pþ → ∞ is outside the
usual collinear factorization approach, which assumes a
single hard scale Q ∼ pþ → ∞, while x is assumed to
be Oð1Þ. This interesting limit can be considered further
in future work.

APPENDIX B: POLARIZED QUARK GPDS IN UNPOLARIZED TARGET

1. Polarized quark GPDs in a spin-12 target

The longitudinally polarized quark GPD in spin-1
2
target is defined as

F½γþγ5�
q=q ðp; λ;p0; λ0Þ ¼ 1

2Pþ ūðp0; λ0Þ
�
H̃qðx; ξ; tÞγþγ5 þ Ẽqðx; ξ; tÞ

γ5Δþ

2m

�
uðp; λÞ; ðB1Þ

and for a transversely polarized quark GPD in spin-1=2 target

F½iσjþγ5�
q=q ðp; λ;p0; λ0Þ ¼ −

iϵij⊥
2Pþ ūðp0; λ0Þ

�
HT

qiσþi þ H̃q
T
PþΔi − ΔþPi

m2
þ Eq

T
γþΔi − Δþγi

2m
þ Ẽq

T
γþPi − Pþγi

m

�
uðp; λÞ: ðB2Þ

FIG. 7. Comparisons of the center of momentum and mass for
the instant-form formalism (IFF) and light-front formalism
(LFF). Importantly, note that the centers coincide in the rest
frame for the IFF but in the infinite-momentum frame for the LFF.

FIG. 8. Illustration of the impact parameter b⃗with respect to the
true four-vector l⃗ defined from the center of mass.
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2. Spinor products and Pauli decomposition

Using the Brodsky and Lepage [81] spinor convention one gets

ūðp0ÞγþuðpÞ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
p0þpþp

½σ0�λλ0 ðB3aÞ

ūðp0ÞuðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
p0þpþp �

m

�
1

pþ þ 1

p0þ

�
½σ0�λλ0 − iϵij⊥

�
p⃗i⊥
pþ −

p⃗0i⊥
p0þ

�
½σj⊥�λλ0

�
ðB3bÞ

ūðp0; λ0Þγþγ5uðp; λÞ ¼ −2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
p0þpþp

½σ3�λλ0 ðB3cÞ

ūðp0; λ0Þγ5uðp; λÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
p0þpþp �

−m
Δþ

pþp0þ ½σ3�λ0λ þ
�
p⃗i⊥
pþ −

p⃗0i⊥
p0þ

�
½σ⃗i⊥�λ0λ

�
ðB3dÞ

ūðp0; λ0Þiσþiuðp; λÞ ¼ −2i
ffiffiffiffiffiffiffiffiffiffiffiffiffi
pþp0þp

ϵij⊥½σ⃗j⊥�λ0λ ðB3eÞ

ūðp0; λ0Þγi⊥uðp; λÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
pþp0þp ��

p⃗i⊥
pþ þ p⃗0i⊥

p0þ

�
½σ0�λ0λ þ iϵil⊥

��
m
pþ −

m
p0þ

�
½σ⃗l⊥�λ0λ þ

�
p⃗l⊥
pþ þ p⃗0l⊥

p0þ

�
½σ3�λ0λ

��
: ðB3fÞ

3. Master integrals

In the composite system/picture, the polarized quark GPDs in an unpolarized target are given in terms of the intermediate
constituent GPDs, by following similar steps in going from (26) to (37). Here we present the results for the longitudinally
polarized quark distribution in an unpolarized hadron target,

F½γþγ5�
q=ϕ ¼ ð1 − ξ2Þ

Z
db−dPþ

Nffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

p �
1 − α

α

�Z
d2b⊥d2PN⊥e−i½b

−Δþ−b⃗⊥·Δ⃗⊥�

×

�
ω1

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

q �
H̃qðx0; ξN; tÞ þ Ẽqðx0; ξN; tÞ

ξ2N
1 − ξ2N

�
ðb⃗⊥ × P⃗N⊥Þ

− ðbzÞR:F:
ξN

2m
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

p ðP⃗N⊥ × Δ⃗⊥ÞẼqðx0; ξN; tÞ

− ðPN;zÞR:F:
ξN

2m
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

p ½ðΔ⃗⊥ × b⃗⊥Þ þ 2ξNðP⃗N⊥ × b⃗⊥Þ�Ẽqðx0; ξN; tÞ
�

þ ω2

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

q �
H̃qðx0; ξN; tÞ þ Ẽqðx0; ξN; tÞ

ξ2N
1 − ξ2N

�
ðb⃗⊥ × Δ⃗⊥Þ

− ðbzÞR:F:
ξN

2m
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

p 2ξNðΔ⃗⊥ × P⃗N⊥ÞẼqðx0; ξN; tÞ

− ðΔzÞR:F:
ξN

2m
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

p h
ðΔ⃗⊥ × b⃗⊥Þ þ 2ξNðP⃗N⊥ × b⃗⊥Þ

i
Ẽqðx0; ξN; tÞ

��

¼ 0:

The result is equal to zero since every term is proportional to a 2D cross product involving P⃗N⊥ or b⃗⊥ linearly, then the
angular averaging over these directions cancel due to the parametrization of ωj.
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Lastly, for a transversely polarized quark in an unpolarized target, Γ ¼ iσjþγ5, we similarly obtain the master integral in
terms of constituent spin-1

2
GPDs. The expression is simplest in the zero-skewness limit,

F½iσjþγ5�
q=ϕ ¼ξ→0

Z
db−dPþ

N

�
1 − α

α

�Z
d2b⊥d2PN⊥eþiΔ⃗⊥·b⃗⊥

�
ω0

�
−iϵij⊥

1

2m

�
2H̃q

TΔ⃗
i⊥ þ ðEq

TΔ⃗
i⊥ þ 2Ẽq

TP⃗
i
N⊥Þ − 2Ẽq

TP⃗
i
N⊥

��

þ ω1

�
1

m
Ẽq
Tðb⃗⊥ × P⃗N⊥ÞP⃗j

N⊥ −
�
Hq

Tϵ
ji
⊥P⃗

i
N⊥ −

H̃q
T

2m2

h
Δ⃗2⊥ϵji⊥P⃗

i
N⊥ − ðΔ⃗⊥ × P⃗N⊥ÞΔ⃗j

⊥
i�

ðbzÞR:F:

þ
�
Hq

Tϵ
ji
⊥b⃗

i
⊥ −

H̃q
T

2m2

h
Δ⃗2⊥ϵji⊥b⃗

i
⊥ − ðΔ⃗⊥ × b⃗⊥ÞΔ⃗j

⊥
i�

ðPN;zÞR:F:
�

þ ω2

�
1

m
Ẽq
Tðb⃗⊥ × Δ⃗⊥ÞP⃗j

N⊥ −
�
Hq

T −
H̃q

T

2m2
Δ⃗2⊥

�
ϵji⊥Δ⃗

i⊥ðbzÞR:F:
��

: ðB4Þ

For general kinematics, the full result is

F½iσjþγ5�
q=ϕ ¼ ð1 − ξ2Þ

Z
db−dPþ

Nffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

p �
1 − α

α

�Z
d2b⊥d2PN⊥e−i½b

−Δþ−b⃗⊥·Δ⃗⊥�

×

�
ω0ð−iÞϵij⊥

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

p
2m

�
2H̃q

T

�
Δ⃗i⊥ þ 2ξNP⃗

i
N⊥

1 − ξ2N

�
þ
�
Eq
TΔ⃗

i⊥ þ 2Ẽq
TP⃗

i
N⊥



þ ðξNEq

T − Ẽq
TÞ
�
2P⃗i

N⊥ þ ξNΔ⃗
i⊥

1 − ξ2N

��

þ
�
ω1

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

p
2m

�
−ξNE

q
T þ Ẽq

T


�2P⃗j
N⊥ þ ξNΔ⃗

j
⊥

1 − ξ2N

�
ðb⃗⊥ × P⃗N⊥Þ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

p
2

�
2Hq

Tϵ
ji
⊥P⃗

i
N⊥ −

H̃q
T

ð1 − ξ2NÞm2

h�
Δ⃗⊥ þ 2ξNP⃗N⊥



2
ϵji⊥P⃗

i
N⊥ −

�
Δ⃗⊥ × P⃗N⊥


�
2ξNP⃗

j
N⊥ þ Δ⃗j

⊥

i

þ ðξNEq
T − Ẽq

TÞ
�

2ξN
1 − ξ2N

�
ϵji⊥P⃗

i
N⊥

�
ðbzÞR:F: þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

p
2

�
2Hq

Tϵ
ji
⊥b⃗

i
⊥ −

H̃q
T

ð1 − ξ2NÞm2

h�
Δ⃗⊥ þ 2ξNP⃗N⊥



2
ϵji⊥b⃗

i
⊥

−
h
ðΔ⃗⊥ × b⃗⊥Þ þ 2ξNðP⃗N⊥ × b⃗⊥Þ

i�
2ξNP⃗

j
N⊥ þ Δ⃗j

⊥

i

þ
�
ξNE

q
T − Ẽq

T


� 2ξN
1 − ξ2N

�
ϵji⊥b⃗

i
⊥
�
ðPN;zÞR:F:

�

þ ω2

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

p
2m

�
−ξNE

q
T þ Ẽq

T


�2P⃗j
N⊥ þ ξNΔ⃗

j
⊥

1 − ξ2N

�
ðb⃗⊥ × Δ⃗⊥Þ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

p
2

�
2Hq

Tϵ
ji
⊥Δ⃗

i⊥ −
H̃q

T

ð1 − ξ2NÞm2

h
ðΔ⃗⊥ þ 2ξNP⃗N⊥Þ2ϵji⊥Δ⃗i⊥ − 2ξNðP⃗N⊥ × Δ⃗⊥Þ

�
2ξNP⃗

j
N⊥ þ Δ⃗j

⊥

i

þ ðξNEq
T − Ẽq

TÞ
�

2ξN
1 − ξ2N

�
ϵji⊥Δ⃗

i⊥
�
ðbzÞR:F: þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2N

p
2

�
2Hq

Tϵ
ji
⊥b⃗

i
⊥ −

H̃q
T

ð1 − ξ2NÞm2

h
ðΔ⃗⊥ þ 2ξNP⃗N⊥Þ2ϵji⊥b⃗i⊥

−
h
ðΔ⃗⊥ × b⃗⊥Þ þ 2ξNðP⃗N⊥ × b⃗⊥Þ

i
ð2ξNP⃗j

N⊥ þ Δ⃗j
⊥Þ
i
þ
�
ξNE

q
T − Ẽq

T


� 2ξN
1 − ξ2N

�
ϵji⊥b⃗

i
⊥
�
ðΔzÞR:F:

���
: ðB5Þ

The structure found here allows for the different intermediate channels to be enhanced with the structure associated with the
internal degrees of freedom of the composite particles. A future exercise is then to apply different models to Eq. (B5) and to
obtain/understand the accessible features.
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[47] R. Dupré et al. (CLAS Collaboration), Measurement of
deeply virtual Compton scattering off helium-4 with clas at
Jefferson Lab, Phys. Rev. C 104, 025203 (2021).

[48] A. Accardi et al., Electron ion collider: The next QCD
frontier—understanding the glue that binds us all, Eur. Phys.
J. A 52, 268 (2016).

[49] R. Abdul Khalek et al., Science requirements and detector
concepts for the electron-ion collider: EIC yellow report,
Nucl. Phys. A1026, 122447 (2022).

[50] K. J. Eskola, H. Paukkunen, and C. A. Salgado, EPS09—a
new generation of NLO and LO nuclear parton distribution
functions, J. High Energy Phys. 04 (2009) 065.

[51] D. de Florian, R. Sassot, P. Zurita, and M. Stratmann, Global
analysis of nuclear parton distributions, Phys. Rev. D 85,
074028 (2012).

[52] K. Kovarik et al., NCTEQ15: Global analysis of nuclear
parton distributions with uncertainties in the CTEQ frame-
work, Phys. Rev. D 93, 085037 (2016).

[53] K. J. Eskola, P. Paakkinen, H. Paukkunen, and C. A.
Salgado, EPPS16: Nuclear parton distributions with LHC
data, Eur. Phys. J. C 77, 163 (2017).

[54] R. Abdul Khalek, J. J. Ethier, J. Rojo, and G. van Weelden,
NNNPDF2.0: Quark flavor separation in nuclei from LHC
data, J. High Energy Phys. 09 (2020) 183.

[55] M. Klasen and H. Paukkunen, Nuclear parton distribution
functions after the first decade of LHC data, Annu. Rev.
Nucl. Part. Sci. 74, 49 (2024).

[56] J. J. Aubert et al., The ratio of the nucleon structure
functions fn2 for iron and deuterium, Phys. Lett. 123B,
275 (1983).

[57] M. Arneodo, Nuclear effects in structure functions, Phys.
Rep. 240, 301 (1994).

[58] D. F. Geesaman, K. Saito, and A.W. Thomas, The nuclear
EMC effect, Annu. Rev. Nucl. Part. Sci. 45, 337 (1995).

[59] M.M. Sargsian, The EMC effect and short-range correla-
tions, AIP Conf. Proc. 1560, 480 (2013).

[60] B. Schmookler et al., Modified structure of protons and
neutrons in correlated pairs, Nature (London) 566, 354
(2019).

[61] E. P. Segarra, A. Schmidt, D.W. Higinbotham, D.W.
Higinbotham, G. A. Miller, E. Piasetzky, A. Schmidt, M.
Strikman, L. B. Weinstein, and O. Hen, Short-range corre-
lations and the EMC effect in deuterium and 3He, Phys. Rev.
Res. 3, 023240 (2021).

[62] J. Arrington, N. Fomin, and A. Schmidt, Progress in under-
standing short-range structure in nuclei: An experimental
perspective, Annu. Rev. Nucl. Part. Sci. 72, 307 (2022).

[63] Y. V. Kovchegov and M. D. Sievert, Calculating TMDs of a
large nucleus: Quasi-classical approximation and quantum
evolution, Nucl. Phys. B903, 164 (2016).

[64] G. Charles, Alert: A low energy recoil detector, Inspire Note
(2015), https://inspirehep.net/files/7a9362b348e6e8ee
16fd3592aeab1e6a.

[65] W. R. Armstrong et al., Alert run group proposal, Technical
Report No. PR12-16-011, Jefferson Lab, 2016, https://www
.jlab.org/exp_prog/proposals/16/PR12-16-011.pdf.

[66] T. Shigetani, K. Suzuki, and H. Toki, Off-shell pion
structure function and flavor asymmetry in the nucleon
sea, arXiv:hep-ph/9512305.

[67] F. G. Cao and A. I. Signal, Nonperturbative structure of the
polarized nucleon sea, Phys. Rev. D 68, 074002 (2003).

[68] Z. He and B.-Q. Wang, Sivers distribution functions of sea
quarks in a proton with the chiral Lagrangian, Phys. Rev. D
100, 074032 (2019).

[69] X. Luan and Z. Lu, Sivers function of sea quarks in the light-
cone model, Phys. Lett. B 833, 137299 (2022).

[70] L. L. Frankfurt and M. I. Strikman, High-energy phenom-
ena, short range nuclear structure and QCD, Phys. Rep. 76,
215 (1981).

[71] L. L. Frankfurt and M. I. Strikman, Hard nuclear processes
and microscopic nuclear structure, Phys. Rep. 160, 235
(1988).

[72] V. Guzey and M. Strikman, Deeply virtual Compton
scattering on spinless nuclear targets in the impulse approxi-
mation, Phys. Rev. C 68, 015204 (2003).

[73] S. Scopetta, Generalized parton distributions of 3He, Phys.
Rev. C 70, 015205 (2004).

[74] S. Scopetta, Conventional nuclear eects on generalized
parton distributions of trinucleons, Phys. Rev. C 79,
025227 (2009).

[75] S. Fucini, S. Scopetta, and M. Viviani, Incoherent deeply
virtual Compton scattering off 4He, Phys. Rev. C 102,
065205 (2020).

[76] W. Cosyn and B. Pire, Transversity generalized parton
distribution for the deuteron, Phys. Rev. D 98, 074020
(2018).

[77] S. Liuti and S. K. Taneja, Microscopic description of deeply
virtual Compton scattering off spin-0 nuclei, Phys. Rev. C
72, 032201 (2005).

[78] M. Diehl, Generalized parton distributions, Phys. Rep. 388,
41 (2003).

[79] S. Meißner, A. Metz, and K. Goeke, Relations between
generalized and transverse momentum dependent parton
distributions, Phys. Rev. D 76, 034002 (2007).

PROBING COMPOSITE STRUCTURE AND SPIN-ORBIT … PHYS. REV. D 113, 114014 (2026)

114014-23

https://arXiv.org/abs/2504.13289
https://doi.org/10.1016/j.cpc.2025.109552
https://doi.org/10.1016/j.cpc.2025.109552
https://doi.org/10.1103/PhysRevLett.87.182002
https://doi.org/10.1103/PhysRevLett.97.262002
https://doi.org/10.1103/PhysRevLett.97.262002
https://doi.org/10.1103/PhysRevLett.130.211902
https://doi.org/10.1103/PhysRevLett.130.211902
https://doi.org/10.1103/PhysRevLett.119.202004
https://doi.org/10.1103/PhysRevLett.119.202004
https://doi.org/10.1103/PhysRevLett.123.032502
https://doi.org/10.1103/PhysRevC.104.025203
https://doi.org/10.1140/epja/i2016-16268-9
https://doi.org/10.1140/epja/i2016-16268-9
https://doi.org/10.1016/j.nuclphysa.2022.122447
https://doi.org/10.1088/1126-6708/2009/04/065
https://doi.org/10.1103/PhysRevD.85.074028
https://doi.org/10.1103/PhysRevD.85.074028
https://doi.org/10.1103/PhysRevD.93.085037
https://doi.org/10.1140/epjc/s10052-017-4725-9
https://doi.org/10.1007/JHEP09(2020)183
https://doi.org/10.1146/annurev-nucl-102122-022747
https://doi.org/10.1146/annurev-nucl-102122-022747
https://doi.org/10.1016/0370-2693(83)90437-9
https://doi.org/10.1016/0370-2693(83)90437-9
https://doi.org/10.1016/0370-1573(94)90048-5
https://doi.org/10.1016/0370-1573(94)90048-5
https://doi.org/10.1146/annurev.ns.45.120195.002005
https://doi.org/10.1038/s41586-019-0925-9
https://doi.org/10.1038/s41586-019-0925-9
https://doi.org/10.1103/PhysRevResearch.3.023240
https://doi.org/10.1103/PhysRevResearch.3.023240
https://doi.org/10.1146/annurev-nucl-102020-022253
https://doi.org/10.1016/j.nuclphysb.2015.12.008
https://inspirehep.net/files/7a9362b348e6e8ee16fd3592aeab1e6a
https://inspirehep.net/files/7a9362b348e6e8ee16fd3592aeab1e6a
https://inspirehep.net/files/7a9362b348e6e8ee16fd3592aeab1e6a
https://www.jlab.org/exp_prog/proposals/16/PR12-16-011.pdf
https://www.jlab.org/exp_prog/proposals/16/PR12-16-011.pdf
https://www.jlab.org/exp_prog/proposals/16/PR12-16-011.pdf
https://www.jlab.org/exp_prog/proposals/16/PR12-16-011.pdf
https://arXiv.org/abs/hep-ph/9512305
https://doi.org/10.1103/PhysRevD.68.074002
https://doi.org/10.1103/PhysRevD.100.074032
https://doi.org/10.1103/PhysRevD.100.074032
https://doi.org/10.1016/j.physletb.2022.137299
https://doi.org/10.1016/0370-1573(81)90129-0
https://doi.org/10.1016/0370-1573(81)90129-0
https://doi.org/10.1016/0370-1573(88)90179-2
https://doi.org/10.1016/0370-1573(88)90179-2
https://doi.org/10.1103/PhysRevC.68.015204
https://doi.org/10.1103/PhysRevC.70.015205
https://doi.org/10.1103/PhysRevC.70.015205
https://doi.org/10.1103/PhysRevC.79.025207
https://doi.org/10.1103/PhysRevC.79.025207
https://doi.org/10.1103/PhysRevC.102.065205
https://doi.org/10.1103/PhysRevC.102.065205
https://doi.org/10.1103/PhysRevD.98.074020
https://doi.org/10.1103/PhysRevD.98.074020
https://doi.org/10.1103/PhysRevC.72.032201
https://doi.org/10.1103/PhysRevC.72.032201
https://doi.org/10.1016/j.physrep.2003.08.002
https://doi.org/10.1016/j.physrep.2003.08.002
https://doi.org/10.1103/PhysRevD.76.034002


[80] Y. V. Kovchegov and E. Levin, Quantum Chromodynamics
at High Energy (Oxford University Press, New York, 2013),
Vol. 33, 10.1017/9781009291446.

[81] G. P. Lepage and S. J. Brodsky, Exclusive processes in
perturbative quantum chromodynamics, Phys. Rev. D 22,
2157 (1980).

[82] S. J. Brodsky, H.-C. Pauli, and S. S. Pinsky, Quantum
chromodynamics and other field theories on the light cone,
Phys. Rep. 301, 299 (1998).

[83] S. Weinberg, The Quantum Theory of Fields. Vol. 1:
Foundations (Cambridge University Press, Cambridge,
England, 2005), 10.1017/CBO9781139644167.

[84] G. Hooft, A planar diagram theory for strong interactions,
Nucl. Phys. B72, 461 (1974).
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