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In a companion paper, we demonstrated that static axion field gradients sourced by dense nuclear matter
(axion hair) can dominate the near-field electrodynamics of old rotation-powered pulsars, leading to new
constraints on light QCD axions and on CP-violating axion-nucleon interactions. This article provides the
extended theoretical and numerical framework underlying those results. We begin by providing a detailed
description of the sourcing of axion hair from dense nuclear matter, computing self-consistent field profiles
for each interaction across the relevant parameter space. We then study the modification to the
electrodynamics induced in the polar gap region by these axion gradients; this is done at the analytic
level by studying the modification induced by axion field gradients on the effective discharge parameter
(computed in the force-free limit of the split monopole magnetic field configuration, and looking at leading
deviations from the force-free limit for dipolar field configurations), and numerically by developing
dedicated 1D particle-in-cell simulations which capture the leading order dynamical behavior near the star.
Our results demonstrate that axion hair serves to either enhance acceleration, or enhance screening, where
the relevant effect changes between the northern and southern hemispheres of the star, and between the field
lines which support out-flowing and return currents.
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I. INTRODUCTION

Pulsars provide some of the most extreme environments
in the Universe, characterized by superstrong electromag-
netic fields, strong gravity, and rapid rotation. These

conditions establish neutron stars as premier laboratories
for studying high-energy plasma physics and quantum
electrodynamics (QED) effects that are inaccessible in
terrestrial experiments.
There has been immense progress over the last few

decades in understanding how these objects radiate and
dissipate their energy into the surrounding medium.
Broadly speaking, the goal of these studies is to identify
self-consistent solutions for the electromagnetic fields, and
the charge and current distributions, across a wide range of
dynamical scales, ranging from the plasma scale (often on
the order of centimeters) to the scales well-beyond the light
cylinder (which can extend to thousands of stellar radii
away from the star). Particle-in-cell (PIC) simulations,
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capable of resolving both plasma production and the
plasma phase space distribution, have played a major role
in recent years in bridging the small-scale and large-scale
physics, and connecting dynamical processes with the
observed emission [see, e.g., [1,2], for reviews].
As progress in our understanding of these systems have

advanced, so too have the prospects for turning these
objects into laboratories for new fundamental physics.
Typically, one would expect that any new beyond the
Standard Model physics must interact with known particles
so feebly that, to leading order, one can treat their presence
and interactions as tiny perturbations operating on top of
the background dynamics. This assumption, however, is
not always valid. For example, axions (i.e. light pseudo-
scalars with a approximate shift symmetry) [3–5] couple to
electromagnetism [6], and can induce nontrivial modifica-
tions to the acceleration and pair production processes
operating in pulsar magnetospheres; in order for such
effects to be non-negligible, however, the axion field values
must be exceptionally large.
In a companion paper [7], we have demonstrated that

large axion field gradients (which we refer to as “axion
hair”) can be directly sourced from the dense nuclear matter
found in neutron stars.1 These gradients can be so large that
their contribution to Maxwells equations (in particular,
Gauss’ law) dominate over the leading order background
contribution; in effect, we have demonstrated this axion
hair serves to decouple near-field particle acceleration and
plasma production processes from the pulsar rotational
period, shifting the location of pulsar death in a manner
which is seemingly incompatible with the observed pulsar
population [7]. This work contains the details of the
modeling of the electrodynamic processes underpinning
those results. In particular, this article: presents a detailed
derivation of the axion field profiles sourced from the
neutron star, derives an analytic understanding of how
axion hair modifies the electrodynamics operating on the
open field line bundle near the surface of the star, and
develops dedicated 1D numerical particle-in-cell (PIC)
simulations capable of capturing pair discharge processes
in the presence of axion hair. These results lay the
foundation for the work in [7], which demonstrates how
modifications of pulsar electrodynamics can be used to
constrain the axion parameter space. The framework
described in this work, however, is more general and
can be extended to any static field configuration around
neutron stars.
This paper is organized as follows. In Sec. II we review

how dense nuclear matter alters the structure of the axion

potential, and derive self-consistent neutron-star structure
and the scalar-field solutions for the couplings and param-
eter space of interest. In Sec. III we derive a leading order
estimate for how pulsar electrodynamics operates in the
presence of axion hair, focusing specifically on how these
axion gradients modify acceleration in the open field lines
near the surface of the star. In Sec. IV we outline the
development of the 1D PIC simulations with external axion
gradients, and demonstrate how the formation of vacuum
gap and pair discharge is altered when such axion gradients
are present. We conclude in Sec. VI.

II. THE SOURCING OF AXION HAIR BY
NEUTRON STARS

We start by reviewing how light QCD axions are sourced
in nuclear matter, and derive the axion field profiles that we
will use throughout this work (and our companion paper).
Again, as already stressed in the Introduction, our frame-
work can be applied to different models producing static
field gradient around neutron stars.
We consider the axion, a pseudoscalar field a coupled to

gluons

L ⊃
1

2
ð∂aÞ2 þ g2s

32π2
a
fa

GG̃; ð1Þ

where fa the decay constant, gs the strong coupling, and
Gμν the gluon field strength. Below the QCD scale, the
axion obtains the potential [11,12]

VðaÞ ¼ −ϵm2
πf2π

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − zud sin2

�
a
2fa

�s
− 1

1
CA; ð2Þ

where zud ¼ 4mumd=ðmu þmdÞ2, and ϵ ≤ 1 is a parameter
to tune the axion lighter than naively expected. For
symmetry-based models producing lighter QCD axions
with ϵ < 1 see e.g. [13–18]. Although the mass of these
models is well described by Eq. (2), some of them differ in
their vacuum structure away from the origin, see Appendix,
Sec. II A. Similarly, a shift-symmetry breaking interaction
between axions and nucleons is generated,

L ⊃ σπNN̄N
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where σπN ≃ 50 MeV is the pion-nucleon sigma term. The
interaction in Eq. (3) can be interpreted as an axion-
dependent nucleon mass.
In a dense enough environment, with number density

n≡ hN̄γ0Ni, it can be energetically preferable for the axion
field to be displaced from its vacuum minimum. More
quantitatively, the main task in order to find the axion field

1It was also shown in [8–10], that large field gradients can be
sourced by the continued accumulation of gravitationally bound
axions sourced from small scale dynamical electromagnetic fields
operating in the polar caps of neutron stars. In this case, however,
the axion field gradients are expected to saturate when effect of
the axion becomes comparable to that of the background.
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profile is to solve the coupled equations of gravity (TOV
equations) and the static equation of motion of the scalar,

a00
�
1 −

2GM
r

�
þ 2

r
a0
�
1 −

GM
r

− 2πGr2ðε − pÞ
�

¼ ∂VðaÞ
∂a

þ ρs
∂mNðaÞ

∂a
; ð4aÞ

p0 ¼ −
GMε

r2

�
1þ p

ε

��
1 −

2GM
r

�
−1

×

�
1þ 4πr3

M

�
pþ ða0Þ2

2

�
1 −

2GM
r

���

− a0
�
∂Vða; ρsÞ

∂a
þ ρs

∂mNðaÞ
∂a

�
; ð4bÞ

M0 ¼ 4πr2
�
εþ 1

2

�
1 −

2GM
r

�
ða0Þ2

�
; ð4cÞ

wheremNðaÞ is the effective field-dependent nucleon mass,
i.e. the a-dependent prefactor of the N̄N term in the
Lagrangian, and we impose boundary conditions for the
axion satisfying limr→∞ aðr; tÞ ¼ 0 and a0ð0; tÞ ¼ 0.
The fact that there is no time dependence in the scalar
EOM comes from a separation of timescales: the axion
settles in its ground state quickly compared to the life-time
of the NS. To gain some intuition for sourcing, we show the
effective scalar potential, VðaÞ þ ρsmNðaÞ for a given ρs,
for both the light QCD axion in Fig. 1 and the linearly
coupled scalar in Fig. 2.
These equations must be supplemented with an equation

of state (EOS), which can, for example, be defined by the

energy density ϵ, pressure p, and scalar density ρs as
functions of number density ρ and a, ϵðρ; aÞ, pðρ; aÞ, and
ρsðρ; aÞ. Even without a sourced axion, the equation of
state at densities in neutron stars is unknown. We briefly
describe how the presence of a sourced axion modifies the
EOS by looking at the toy model of a free Fermi gas of
neutrons. With a sourced axion, the energy density and
pressure are given by

ε ¼ εψðmNðaÞ; ρÞ þ VðaÞ ð5aÞ

p ¼ pψðmNðaÞ; ρÞ − VðaÞ; ð5bÞ

with

εψðmNðaÞ; ρÞ ¼ 2

Z
kFðρÞ d3k

ð2πÞ3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

NðaÞ
q

; ð6aÞ

pψ ðmNðaÞ; ρÞ ¼
2

3

Z
kFðρÞ d3k

ð2πÞ3
k2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þm2
NðaÞ

p ; ð6bÞ

ρsðmNðaÞ; ρÞ ¼ ðεψ − 3pψÞ=mNðaÞ: ð6cÞ

This toy model neglects all interactions, and in the presence
of interactions the modifications of the EOS are more
subtle: In particular for light QCD axions, also the pion gets
lighter, thereby making the nuclear force more attractive.
Let us now focus on the scalar field profiles for

light QCD axions. The axion dependent nucleon mass is
given by

mNðaÞ ¼ mN þ σπN
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FIG. 1. Potential of the QCD axion in vacuum (blue) and at
nuclear density (red), for ϵ ¼ 1 (solid) and ϵ ¼ 0.05. For QCD
axions that have been tuned sufficiently light ϵ ≲Oð0.1Þ, the
presence of dense matter flips the potential and causes the axion
to settle at a=fa ¼ �π.

FIG. 2. Potential (in arbitrary units) of linearly coupled axion in
vacuum (blue) and at nuclear density (red).
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The task of solving the combined equations was performed
in Ref. [19], where NS were described by a degenerate free
Fermi gas coupled to gravity. More recently in Ref. [20] it
was studied in the limit where axion gradients are negli-
gible, including effects of nuclear interactions using rela-
tivistic mean field theory. Depending on the value of ϵ,
there are two types of solutions that one finds. In the case of
the free Fermi gas, for ϵ≲ 0.07, the axion is sourced all the
way to the end of the star. This is because the axion profile
has strong a backreaction on the star, and leads to a new
ground state of matter, where the axion is sourced and the
energy-per-particle is less than that of separated neutrons.
The star then ends abruptly with a minimal density where
the axion is still sourced. On the other hand, for ϵ≳ 0.07,
there is a phase transition from the sourced phase to the
unsourced phase inside the star. However, the axion field
cannot go to zero instantly, and there is some axion gradient
leaking outside of the star. This can be especially important
for large values of the axion decay constant. When
including interactions, the critical value of ϵ at which
the axion is sourced until the boundary of the star is
expected to increase. This comes from the fact that the pion
is lighter with the axion sourced, making nuclear inter-
actions more attractive. For the largest values, ϵ ≃ 1, it
remains a point of speculation if the axion gets sourced
inside NSs (see e.g. [21]), as calculability breaks down at
densities before the sourcing happens. To be conservative,
in this work we restrict ourselves to ϵ≲ 0.07, in which case
the axion is certainly sourced until the boundary of the star.
In this case the field configurations found in Ref. [19] are

well approximated by

aðrÞ ¼
(�πfa; if r < Rstar

�πfa
Rstar
r e−

ffiffiffiffiffi
ϵzud

p
mπfπ

2fa
ðr−RstarÞ; r > Rstar;

ð8Þ

where the characteristic length scale over which the axion
field decays is set by the inverse in-vacuum mass,

λ≡m−1
a ¼ 2faffiffiffiffiffiffiffiffiffi

ϵzud
p

mπfπ

≃ 16 cm

�
fa

1012 GeV

��
10−2

ϵ

�
1=2

: ð9Þ

In all our death line analysis we use the simplified field
profiles of Eq. (8) which fit the full numerical solutions
found in [19] well, up to Oð1Þ prefactors. In particular,
modifications to this form have a small impact on the
observables we study, and are subdominant with respect to
astrophysical uncertainties in NS population modeling.
Note that there are two qualitatively different regimes
depending on the axion mass (or equivalently wave-
lengths). For small axion masses the axion profile drops
as 1=r in the region of interest, while for larger axion
masses it drops exponentially fast. The transition between

the regimes is when the axion wavelength is of order of the
neutron star radius, λ ≃ RNS ≃ 10 km.
We now turn to the case of the linear interaction

L ⊃ −gNaN̄N; ð10Þ

with gN ≡ mN
fa

the linear scalar nucleon coupling. The linear
coupling is tightly constrained by fifth force experiments.
While the EOS of Eq. (6) still applies, the modifications
compared to the EOS without sourcing are small. Due to
the small coupling, the backreaction on the star is negli-
gible, see discussion in [19], and the TOV equations
decouple from the scalar field equation. In this case, to
find the scalar field profile, one can find the time-inde-
pendent solution of the scalar EOM in the high density
background. Here, the potential of the scalar field is more
sensitive to the shape of the density profile in the neutron
star, as the minimum appearing is continuously shifting
from ϕ ¼ 0. In order to compute the scalar field profiles we
consider a realistic neutron star density profile, in particular
we adopt the APR equation of state [22] and consider a NS
with mass 1M⊙. We also considered different accretion
histories on the NS crust, but our results are not sensitive to
these changes.
With a density profile at hand we can solve the time-

independent equation of motion for the field, which in
spherical coordinates reads

a00 þ 2

r
a0 ¼ m2

aaþ gNnN; ð11Þ

with boundary conditions limr→∞ aðr; tÞ ¼ 0 and
a0ð0; tÞ ¼ 0. While this equation can be solved using the
shooting method, it is most easily done by solving the time-
dependent EOM and adding a small friction term, such
that the field settles down in its ground state. In general,
outside the star, we expect a solution of the form
a ∝ Rstar

r e−maðr−RstarÞ. One can identify a few limits for this
equation of motion. For very small scalar field masses, the
scalar field is sensitive to the density in the entire star.
The prefactor of the scalar field solution is independent
of the axion mass, as it is set by the axion gradient; for
ma ≲ 10−11 eV the numerically found solution reads

a ≃ 1.5 × 1013 GeV

�
gN

10−23

�
Rstar

r
exp½−maðr − RstarÞ�:

ð12Þ

In the opposite limit, when the axion mass is large,
1=ma ≲ km, then the field starts to be very sensitive to the
very external part of the NS profile, when the density is
much smaller than in the inner few kilometers. The field
profile outside the star then drops more quickly and we find
that for ma ≳ 2 × 10−10 eV a better fit to the numeric
solution outside the star is
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a ≃ 1011 GeV
�

gN
10−23

��
2 × 10−10 eV

ma

�
2

×
Rc

r
exp½−maðr − RcÞ� ð13Þ

with Rc ≃ 10.5 km. We numerically verified this fit for
masses up to 10−9 eV, where the field value outside the star
is already quite small.
When the inverse of the scalar mass is comparable to the

size of the entire star, that is to say ma ∼OðfewÞ10−11–10−
10 eV, the solution is more sensitive to the density profile
of the star. We find that the solution outside the star is well
approximated by the analytical form

a ≃ 2.5 × 1011 GeV

�
gN

10−23

��
10−10 eV

ma

�
2

×
Rstar

r
exp½−maðr − RstarÞ�; ð14Þ

where Rstar ¼ 12 km and the numerical prefactor
have been fixed using the APR density profile. In Fig. 3,
we also explicitly show, for reference, the axion profiles
corresponding to the three different fitting formulas.
Furthermore, in Fig. 4, we show the numerical solution
(black solid line) and the analytical approximation for the
profile outside the star (black dashed line) for an axion
mass of 10−10; eV. A similarly good agreement is found for
the other fitting formulas we provide.
In all the field profiles, the coupling gN has been taken to

roughly saturate the bound from the weak equivalence
principle (WEP), where we used Fig. 1 of Ref. [23].

A. The special case of the ZN axion

So far we have focused on the minimal light QCD axion,
for which the vacuum potential has a unique minimum

(modulo the 2π periodicity) and finite-density effects inside
a neutron star can displace the field from that vacuum
value, sourcing a nonzero external gradient. However, it is
useful to briefly comment on models in which the axion
remains parametrically light because its potential is multi-
branched, as in the ZN axion constructions discussed in
Refs. [14,15]. In such scenarios the zero-density potential
contains a tower of local minima between a ¼ 0 and
a ¼ πfa, which we can label by k ¼ 1;…; ðN þ 1Þ=2.
At finite density, the ordering of these minima can change,
so that a metastable branch (k > 1) is energetically pre-
ferred over part of the stellar interior, leading to an internal
phase boundary where the field interpolates between
branches. Outside the star the profile is again controlled
by the radius at which the preferred minimum reverts to the
vacuum branch (set by the local nucleon density), so the
near-zone gradient entering the magnetospheric electrody-
namics is well captured by the sourcing estimates used in
the main text. A major difference compared to the case
of the potential of Eq. (2) is that for the ZN axion for
N < 33, the structure of the star is only significantly
modified at the densities around the phase transition, while
the outer layers of the star remain mostly unaltered, see also
[24]. Thus, the bounds derived there and in [20] are not
valid for the ZN model. However, this is only true in the
negligible gradient limit, and we will now work out the
position of the axion brane, and its effect on the envelope.
To estimate this, a simple energetics argument suffices. The
axion brane tension scales as

σ ≃
ffiffiffiffiffiffiffiffiffiffi
ϵðNÞp

mπfπ
N

fa; ð15Þ

and thus the energy required to change the position at
which the brane is located from R to Rþ ΔR is

ΔEσ ¼ 8πRσΔR ≃ 8π

ffiffiffi
ϵ

p
mπfπ
N

faRNSΔR: ð16Þ

FIG. 3. Axion profile for gN ¼ 10−23, and three different
massesma ¼ 10−12; 3 × 10−11; 2 × 10−10 eV, for the three differ-
ent fitting formulas in Eqs. (12)–(14).

FIG. 4. Axion profile for ma ¼ 10−10 eV, gN ¼ 10−23. The
black solid line is the full numerical solution, while the dashed
black line is the approximation in Eq. (14).
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This change in energy needs to be provided by the mass
change in nucleons, given by

ΔEN ≃ 4πR2
NSΔmNnΔR: ð17Þ

Equating both changes in energy gives us the density at
which the axion brane is located,

n ≃
2

ffiffiffi
ϵ

p
mπfπfa

ΔmNNRNS
∼ 1034 cm−3

�
fa

1013 GeV

� ffiffiffi
ϵ

p
N

ð18Þ

where we used

ΔmNða ¼ πÞ ¼ −σπN

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − zud sin2

�
π

2

�s
− 1

1
CA

≃ 33 MeV;

and we normalized to typical number densities in the
envelope region of neutron stars [25]. The axion brane
pushes nucleons to this density, and the star ends abruptly.
Thus if this density is of the order of envelope densities, the
backreaction on the envelope is large, and cooling bounds
in [24] should apply. As a naive estimate, we assume that if
this number density is larger than typical number densities
in the envelope, the backreaction on the envelope is large
enough such that the cooling bounds are actually valid.
Let us now comment on the bounds derived in our

companion paper. There are two scenarios, depending on
the values of fa and N. For small values of the brane
tension, it has negligible backreaction on the envelope. In
this case, the axion brane starts outside the envelope, and
thus the bound derived in this work is also valid for the ZN
case. On the other hand, for large values of the brane
tension, the brane starts well within the envelope. However,
it has a strong backreaction on the form of the envelope,
and in particular pushed nucleons inside. Even in this case,
an Oð1Þ fraction of the brane will be outside the envelope,
and thus our bounds are unaffected by this vacuum
structure (although, as mentioned in the main text, subtlties
nonetheless arise in the heavy axion limit). Since most of
the transition of axion from a ¼ πððN − 1Þ=2Þ toward zero
in any case lies outside of the star, the bounds derived in
this work coming from modifying the electrodynamics
outside the star, and not the structure of the star itself, apply
for all values of N where the axion is sourced inside the
star. Assuming a free fermi gas of nucleons for neutrons,
and trusting the description until nuclear density, we find
that for all N ≥ 3 sourcing happens inside NSs, and our
bound applies. If the vanilla QCD axion with N ¼ 1 is
sourced inside NSs is an open question, see e.g. [19–21].
However, in this case the vacuum structure is different from
the ZN case with N ≥ 3, and so is the backreaction on the
star. This will be discussed in the following.

III. PULSAR ELECTRODYNAMICS

Having derived the scalar profiles we will be using and
described the models of interest, we now start outlining the
conventional picture of pulsar electrodynamics and provid-
ing a brief analytic example to illustrate the effect of
axion hair.
For pulsars with a sufficient supply of charges (corre-

sponding to pulsars sufficiently far from the death line), the
magnetosphere should approach the so-called force-free
solution, which corresponds to the stable plasma configu-
ration in which charges experience no net force, i.e.

mn
dðγv⃗Þ
dt

¼ ρE⃗þ j⃗ × B⃗ ≃ 0: ð19Þ

This condition is equivalent to demanding E⃗ · B⃗ ¼ 0 together
with ∂tðE⃗ · B⃗Þ ¼ 0. In other words, charges (which are
confined to flow along magnetic field lines) have fully
screened the component of the electric field capable of
driving particle acceleration. Force-free electrodynamics
(FFE), however, cannot be a perfect description of the full
magnetosphere. From an observational perspective one can
conclude that acceleration (and therefore nonzero values of
E · B) must be present in order to generate radiation.
Nevertheless, deviations from the FFE regimemust be rather
limited, as even modest deviations in the near-field regime
become unstable to pair cascades which quickly redrive the
system toward the FFE limit; consequently, FFE dynamics
serve as a natural starting point for understanding the charge
distribution and current flows in pulsar magnetospheres.
In order to be concrete, let us begin with an illustrative

example. We will focus on the well-known case of Michel’s
split monopole [26] (note that this is one of the few
configurations that admits analytic solutions) which
describes an axi-symmetric aligned monopolar field con-
figuration with a sign flip about the equatorial plane (this
cannot represent the near-field magnetospheric geometry of
realistic pulsars, but is expected to be qualitatively similar
to the far-field configuration near, and beyond, the light
cylinder), i.e.

Br ¼ B0

�
rNS
r

�
2

signðπ=2 − θÞ ð20Þ

Bθ ¼ 0 ð21Þ

Bϕ ¼ −Ωr sin θ Br: ð22Þ

In the FFE limit, the electric field can be determined
by setting the field to zero in the corotating reference
frame, and transforming back to the reference frame of the
pulsar, i.e. E⃗ ¼ −ðΩ⃗ × r⃗Þ × B⃗, which for the case of the
split monopole in Eq. (20) yields Er ¼ Eϕ ¼ 0; Eθ ¼
−Ωr sin θBr. The current density in the FFE limit can be
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derived either by combining Eq. (19) with Maxwells’
equations, or by deriving the necessary condition for E⃗ ·
B⃗ ¼ 0 and ∂tðE⃗ · B⃗Þ ¼ 0. Writing the current in terms of

the parallel and perpendicular components, j⃗ ¼ ðj⃗·B⃗Þ
jBj2 B⃗þ

ðj⃗ − ðj⃗·B⃗Þ
jBj2 B⃗Þ≡ jk B⃗

jBj þ j⃗⊥, one finds the FFE constraint

demands

jk ¼
1

B
½ð∇ × B⃗Þ · B⃗ − E⃗ · ð∇ × E⃗Þ�

j⃗⊥ ¼ −ðj⃗ × B⃗Þ × B⃗
B2

¼ ð∇ · E⃗ÞE⃗ × B⃗
B2

¼ ρðE⃗ × B⃗Þ
B2

: ð23Þ

Inserting the split monopole field configuration leads to a
current configuration (away from the equatorial plane,
where the sign flip yields a discontinuity) with an ampli-
tude jr ¼ −2Ω cos θBr ¼ ρGJ, where ρGJ ¼ ∇ · E⃗ is the
corotation charge density.
Thus far we have worked in the flat space limit. This

result can be generalized to include relativistic effects (see
e.g. [27,28]), where the metric outside the star r > rNS is
given by

ds2 ¼
�
1 −

2M
r

�
dt2 þ

�
1 −

2M
r

�
−1
dr2

þ r2½dθ2 þ sin2 θðdϕ −ΩZdtÞ2�: ð24Þ

Here, Ωz ≡ 2ÎΩ=r3 is the frame-drag frequency, with Î
being the moment of inertia. For the split monopole, the
ratio of the radial current to the GJ charge density is now
given by

jr
ρGJ

¼ ð1 − 2M
r Þ

ð1 − Ωz
Ω Þ

: ð25Þ

For acceptable values of M, rNS, and Î, one finds that
jr=ρGJ > 1 (in contrast to the flat space limit in which
jr=ρGJ ¼ 1).
A useful ratio for understanding the electrodynamics of

pair discharges is the so-called “discharge parameter” (see
e.g. [29], and also [10] for a discussion on how dense,
dynamic, axion field configurations can alter this behavior),
given by

α0 ≡ signðjrÞ
jj⃗ · b⃗j
ρGJ

≡ jk
ρGJ

; ð26Þ

where b⃗ is a unit vector along the B field. The importance
of this parameter emerges when considering the charge
distribution along a field line near the neutron star. It
determines whether the required current jk can be supplied
while also screening the local electric field: only for 0 ≤
α0 < 1 is this simultaneously achievable. For α0 ≥ 1, a

potential drop develops, leading to particle acceleration and
pair discharges.
Returning to the split monopole, we see that relativistic

corrections drive α0 > 1, implying that pair discharges
must appear. The split monopole is, however, somewhat
unphysical, as the nonzero divergence of the magnetic field
requires a current sheet to extend all the way to the stellar
surface. Force-free solutions with dipolar field configura-
tions must therefore be obtained numerically, and many
groups have presented consistent results over the years (see,
e.g., [30–33]). Dipolar fields differ fundamentally from
monopolar configurations in that a large fraction of the field
lines emerging from the stellar surface are closed, recon-
necting with the star at both ends. These closed field lines
do not carry any twist, ∇ × B⃗ ¼ 0, and thus support stable
configurations where there is no parallel current jk ¼ 0,
and with Ek ¼ 0. The open field lines originating in the
polar-cap region, however, share many qualitative similar-
ities with the split-monopole case. In particular, the dis-
charge parameter, α0, is of order unity, with relativistic
frame dragging producing an overall upward shift. Recall
that the distribution of parallel currents jk is set by the
global geometry of the magnetosphere—that is, by the
twist of the magnetic field lines near the light cylinder.
References [27,28] provide numerical fits to the spatial
distribution of the discharge parameter for dipolar con-
figurations, given by

jk
ρGJ

≃
1

1 −ΩZ=Ω

�
J0
	
2 arcsinðr=

ffiffiffiffiffi
ζ0

p
Þ



þ J1
	
2 arcsinðr=

ffiffiffiffiffi
ζ0

p
Þ


tan χ cosϕ

�
;

where J0;1 are Bessel functions,ΩZ=Ω ≃ 2C=5 captures the
Lense-Thirring effect (with compactness C ¼ 2M=RNS∼
0.5), ζ0 defines the size of the polar cap, r≡ r⊥=RNS gives
the distance from the center of the polar cap, and ϕ gives
the azimuthal angle around the magnetic polar axis, and χ
is the inclination angle between the rotational and magnetic
axes. The distribution of the discharge parameter in the
polar cap region of a dipolar magnetosphere for two
representative inclination angles is shown in Fig. 5. For
completeness, in Fig. 6 we show the shift in the discharge
parameter induced by axion hair.
Let us now return to the question of how a large, static,

axion field gradient modifies this picture. Let us start by
noting that Maxwell’s equations in the presence of axions
take the generalized form:

∇ · E⃗ ¼ ρ − gaγγB⃗ ·∇a; ð27Þ

∇ × B⃗ − ∂tE⃗ ¼ j⃗þ gaγγȧ B⃗ þ gaγγð∇a × E⃗Þ: ð28Þ

In the case of axion hair, one use spherical symmetry to
freely set ∂ta ≃ 0. We can then use these modified
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FIG. 5. Discharge parameter across the polar cap for a dipolar field with a misalignment angle χ ¼ 0° (left) and χ ¼ 60° (right),
obtained using the fitting formulas of [28] (computed in the force-free limit). We have set the color scheme to gray for values of the
discharge parameter between 0 ≤ α0 < 1 in order to emphasize that these field lines do not support discharges.

FIG. 6. Value of discharge parameter for an aligned force-free dipole without an axion gradient (left), with an axion charge density
ρa=ρGJ ¼ −103 (center), and with ρa=ρGJ ¼ 103 (right). Top panel corresponds to χ ¼ 0°, bottom panel corresponds to χ ¼ 60°.
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equations to generalize the result of Eq. (23); the result is
the following:

jk ¼ jstdk −
1

B
½gB⃗ · ð∇a × E⃗Þ� ð29Þ

j⃗⊥ ¼ jstd⊥ þ ðgB⃗ ·∇aÞE⃗ × B⃗
B2

: ð30Þ

Let us note that this result could have been read directly
from the modified form of Ampère’s law. Similarly, the
modification to ρGJ can be directly inferred by transforming
Gauss’ law to the corotating reference frame—this pro-
cedure yields ∇ · E⃗ ¼ ρ − ρGJ − gaγγB⃗ ·∇a, implying one
can introduce a redefinition of the GJ charge density as
ρeffGJ ≃ ρGJ þ gaγγB⃗ · ∇a. One can immediately see that the
modification of the current density is of higher order, since
jEj ≪ jBj within the light cylinder (while at large distances
the axion field is exponentially suppressed2)—this makes
clear that the dominant effect of the axion configuration is a
direct modification of the potential drop near the stellar
surface.
In case of the split monopole, the leading order con-

tribution from the axion gradient to the discharge parameter
can be computed analytically; in the near-field regime,
rΩ ≪ 1, and away from the equatorial plane, one finds (in
the flat space limit)

α0 ≃
2Ω

2Ω − sec θgaγγ∂ra
: ð31Þ

In the limit where the axion field gradient dominates
(gaγγ∂ra ≫ 2Ω cos θ), we see that α0 → �ϵ, with ϵ > 0.
Here, the relative sign depends on whether one is in the
upper or lower hemisphere—this asymmetry, discussed in
the main text, is shown more clearly for an aligned dipolar
field configuration in Fig. 7. In one of the poles, the axion-
induced modification yields α0 < 0, enabling particle
acceleration and subsequent pair discharges. At the oppo-
site pole, screening remains efficient, and particles are not
accelerated. The assumption, however, that the axion field
gradient is dominant, is a local statement—∂ra scales as
e−marð1þmarÞ=r2, and thus will necessarily become
subdominant at some radii r > rNS. Thus, one expects
α0 along a field line to asymptote to the standard scenario as
one moves away from the surface. We show this evolution
along a field line for a specific example in Fig. 8. Here, the
standard scenario of a pair-producing field line is shown in

black, while the solid and dashed curves show the evolution
of the discharge parameter along a field line for different
axion masses (differentiated by color) and for two different
polar regions (solid vs dashed). Pair production does not
occur for 0 ≤ α0 < 1, or if the transition to α0 > 1 occurs at
sufficiently large radii, since the magnetic field will be
significantly weakened in this region. For large axion
masses, this transition must occur near the stellar surface
since the axion field value is exponentially damped at r≳
m−1

a ∼ 20 mð10−8 eV=maÞ (note that since jρaj can be
much larger than jρGJj, one may require as many as
Oð10Þ − e folds of suppression before this transition
occurs), while for very light axions this transition may
only occur very far from the star itself. This latter point is
particularly interesting, since the appearance of a gap at
very large radial distances does not necessarily imply pair
production, since the magnetic field in far-field region is
significantly smaller, and thus requires higher energy
primary photons.
Equation (31) applies only to the split monopole,

however the impact of a static axion configuration in a
dipolar (or, e.g., quadrudipolar) magnetosphere is similar—
the axion-induced modification to the current density will

FIG. 7. Side view of aligned pulsar, with polar caps highlighted
in yellow (their sizes have been enlarged in order to make them
visible). Magnetic field lines are shown with thin black lines. Null
surfaces, corresponding to surfaces with ρGJ ¼ 0 (corresponding
to the boundaries which separate positively and negatively
charged regions), are shown with dashed red lines (In the example
shown, we have assumed B⃗ · Ω⃗ > 0, corresponding to an aligned
magnetic field and rotational axis. One could alternatively
consider an antialigned system, and the characteristic charge
densities would flip.). The parity asymmetry of the axion
contribution in Gauss’ law is highlighted with the blue
dashed line.

2For axion masses ma ≲ 10−15 eV, the exponential suppres-
sion sets in beyond the light cylinder, and one might wonder
whether such light axions could induce a non-negligible modi-
fication to the current density. The short answer is no: the axion
field also carries a ðRNS=rÞ prefactor, ensuring that its contribu-
tion becomes negligible at large distances.
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be heavily suppressed relative to the modification to ρGJ
(this follows merely from jEj ≪ jBj), with large axion field
gradients serving to amplify the potential drop, and driving

α0 → 0� across the open field lines. As discussed in the
main text, one important subtlety arises from the fact that
one must consider pair discharges on field lines supporting
both out-flowing, α0 > 0, and return, α0 < 0, currents. The
geometry in this case is slightly more subtle; for compari-
son, we show in Fig. 9 where pair discharges typically
occur for active pulsars without axions (left), and for slowly
rotating pulsars with axions (right). Here, in the northern
pole, axion effects activate pair discharge along field lines
with out-flowing current α0 > 0, but do not affect field
lines supporting return current, α0 < 0; conversely, in the
southern pole, pair discharge is not sustained on field lines
with out-flowing current, but is activated on field lines with
return current (note also that the pair discharge region in the
return current has been shifted closer to the stellar surface,
illustrating that the axion-induced voltage drop is needed to
ignite pair cascades). More generally, the presence of axion
hair modifies the near-field electrodynamics in a variety of
different ways, including:

(i) there will be an intrinsic asymmetry in how pair
discharges operate in the northern and southern polar
cap regions, which could be searched for using
interpulse pulsars;

(ii) closed field lines will host an amplified charge
density, although only near the surface of the star
(regions which are difficult to probe directly)

(iii) there will likely be a modification to the luminosity
and spectrum of radio emission produced in these
systems as a result of the modified electric poten-
tial. Here, one can estimate the characteristic radio
luminosity generated from the discharge process as
roughly L ∼ ðĒ sin αÞ2ðηr2pcÞ=ð4πÞ [34], where Ē is
the average electric field, α is the typical angle
between the background magnetic field and wave
propagation, and η characterizes the fraction of
pair producing field lines. The frequency spectrum
is instead set by the characteristic plasma fre-
quency, which is intrinsically related to the scale
of ρGJ. The axion modifies Ē, ρGJ, and η in a
nontrivial way, and thus is likely to impact the
radio flux.

Unfortunately, some of these effects are observationally
difficult to test, while others are still lacking firm theoretical
calculations which would be necessary in order to differ-
entiate standard physics from exotic. In the future, it may be
interesting to return and investigate these more subtle
signatures.

A. A comment on the continuity equation

In the proceeding derivation, we argued that the correc-
tion from the axion to the current density was a higher order
effect that could be neglected at leading order. Here, we
briefly digress to show that this hierarchy is consistent with
charge continuity, and thereby does not introduce any
conceptual problems in our approach.

FIG. 8. Discharge parameter, α0, as a function of distance l
along a field line (defined such that l → 0 corresponds to the
magnetic field footprint on the stellar surface), for a field line
carrying out-flowing current (in the absence of axion), α0 > 0.
Results are shown for a surface magnetic field value
B0 ¼ 1012 G, a rotational frequency P ¼ 2 s, an alignment angle
χ ¼ 20°, a neutron star mass and radius MNS ¼ 1.4M⊙ and
rNS ¼ 11 km, and a magnetic field footprint situated at an angle
θm ¼ 0.1 × θpc with respect to the magnetic axis, where θpc is the
angle defining the boundary of the polar cap. In the standard
scenario (i.e. the limit in which gaγγ ¼ 0, shown with a thick
black line), α0 > 1 at the stellar surface on both magnetic poles,
implying an unscreened electric field will appear and pair
production will ensue. When an axion is included, an asymmetry
is induced between the two poles, and α0 is driven to 0� near the
surface. For the pole with α0 < 0 (dot-dashed), a null surface
forms close to the star. Close to the star, the current-carrying
charges are unable to screen the electric field, and pair production
will ensue. In the opposite pole (solid, colored), the axion
enhances the GJ charge density, leading to a dense cloud flowing
at nonrelativistic velocities that efficiently screens the electric
field. This screening remains effective until l ≳m−1

a , beyond
which the axion gradient becomes exponentially suppressed and
particle acceleration can occur, as in the axion-free case. Note that
in this regime the accelerating potential is comparable to that
without axions, and thus pair production is not triggered in old
pulsars located below the death line. Should α0 transition above
unity when the magnetic field is still strong, pair production will
take place (in this case, at a displaced distance from the stellar
surface); for sufficiently light axion masses, however, this
transition takes place far away from the star, where the magnetic
field is weak, which would not allow pair production. The region
where e� pair production no longer takes place is roughly
highlighted in gray [for the large radial region, we estimate this
threshold by defining a new “effective surface magnetic field”
BðrÞ, and identifying the radial distance for which ṖðBðrÞÞ
becomes equivalent to the standard death line in Fig. 1 of the
companion paper [7] ].
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Let us start by taking the divergence of the Ampère-
Maxwell law, Eq. (28). Here, one obtains

∂tð∇ · E⃗þ gaγγB⃗ · ∇aÞ ¼ −∇ · j⃗; ð32Þ
where we used the vector identities ∇·ðE⃗×∇aÞ¼
ð∇aÞ·ð∇×E⃗Þ−E⃗·ð∇×∇aÞ, ∇×ð∇aÞ¼0, and ∇ · B⃗ ¼ 0.
Then, using Gauss’s law, Eq. (32) simply reproduces the
continuity equation, ∂tρþ∇ · j⃗ ¼ 0. It is important to note
that the continuity equation is only preserved in this form
when time variations in both the axion field and the
magnetic field are included (prematurely dropping ∂ta
would have lead to a modified continuity equation). In
developing our numerical simulations of the pair discharge
process (described in detail in the following section), we
only modify Gauss’s law by introducing the axion-induced
charge density, leaving Ampère’s law unchanged—let us
emphasize that this leads to a minor inconsistency which
amounts to neglecting corrections of orderOðE=BÞ ≲ 10−5

in Ampère’s law (and the continuity equation).

IV. PARTICLE-IN-CELL SIMULATIONS OF PAIR
DISCHARGE

Having outlined in the proceeding section the funda-
mental physics determining how and when pair discharge

occurs, we now demonstrate the pair discharge process
using kinetic particle-in-cell simulations, and how it is
modified in the presence of axion hair.
We perform 1D time-dependent simulations using the

code Tristan v2 [36], largely following the setup outlined
in [37].
The surface of the neutron star is covered by a thin

gravitationally supported atmosphere which serves to
provide a reservoir of charged particles. As in Ref. [37],
we simulate the atmosphere by placing a thermal plasma
layer on the left edge of the simulation domain, which has a
spatial Boltzmann distribution n ¼ npeak expð−x=hÞ, where
npeak ¼ 10nGJ, and h is the gravitational scale height. Non-
neutral plasma is initialized across the active domain to
ensure that Gauss’s law in the corotating reference frame,
which acts as a constraint equation, is satisfied consistently
with the initialization E ¼ 0. These conditions imply that

ρinit ¼ ρGJ þ ρa; ð33Þ

where we adopt corotation charge density profile
ρGJ ¼ ρ0GJð1þ 0.8x=LÞ, which contains a nonzero gradient
in order to imitate the spatial dependence induced by the
Lense-Thirring effect. We additionally include a dense
neutral plasma with density ne ≈ 10ρGJ=e. These initial

FIG. 9. Rough illustration of near-field pair producing regions (here, we do not discuss pair production occurring in the outer
magnetosphere—see [35] for amore general discussion). Left: for a standardpulsar, pair production occurs near the star in the region hosting
super-GJ currents (red), and along return currents (α0 < 0) at distances on the order OðRNSÞ away from the star (blue). Right: for an old
pulsar (located below the conventional death line on theP-Ṗdiagram)with axionhair, onedoesnot expect pair production in the out-flowing
current zone in the southern pole, and in the northern pole’s return current region. Meanwhile, pair production in the northern pole’s out-
flowing current and in the southern pole’s return-current regions, which would otherwise be absent in such old pulsars, is triggered by the
axion-induced voltage.Note that pair production in the return-current region shifts closer to the stellar surface.Wehaveverified using global
PICmagnetospheric simulations that suppressing pair production at only one pole does not alter the global magnetospheric structure, since
active pair production in the southern pole’s return current ensures the formation of the current sheet and global current closure.
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conditions are intended to mimic the plasma state left
behind by a previous discharge episode. All charges are
initialized with nonrelativistic velocities. The baseline
charge density, ρ0GJ, is fixed such that the corresponding
skin depth is resolved by a few numerical cells.
We adopt an axion charge density profile ρa ¼

Na expð−maxÞ, where we take the norm to be Na¼ξρ0GJ.
In practice, we perform three simulations, taking ξ ¼
þ10;−10, and 0, and we fix ma ¼ 5 × 10−3 in units of
the inverse grid spacing.
The electromagnetic fields are decomposed into the sum

of the FFE solution and a deviation, i.e. B⃗ ¼ B⃗FFE þ δB⃗,
E⃗¼E⃗FFEþδE⃗, where B⃗FFE¼B⃗0þB⃗ϕ and E⃗FFE ¼ −Ω⃗ × r⃗×

B⃗0. Here, B⃗0 is the background dipolar magnetic field, the
magnetospheric current is determined as j⃗mag ¼ ∇ × B⃗ϕ,
the fields then satisfy3

∂tδE⃗ ¼ ∇ × δB⃗ − ðj⃗ − j⃗magÞ ð34Þ

∂tδB⃗ ¼ −∇ × δE⃗ ð35Þ

∇ · δE⃗ ¼ ρ − ρGJ: ð36Þ

In 1D, the first two equations reduce to one evolution
equation, ∂tðδEkÞ ¼ −jk þ jmag, and the final equation
serves as a constraint equation. For simulations of out-
flowing current, we fix jmag ¼ 2ρGJ, and for those of the
return current, we adopt jmag ¼ −2ρGJ.
In the simulations, we set B0=BQ ¼ 1 (note that this

choice is somewhat arbitrary, as is merely chosen to ensure
that the gap collapse process occurs on scales smaller than
the box size, for rescaled parameters), we fix the Lorentz
factor achievable through acceleration in the vacuum
electric field, γPC ¼ 3.2 × 107,4 set the Lorentz factor at
the radiation reaction limit γrad ¼ 8 × 105 (i.e., the Lorentz
factor where acceleration by the vacuum electric field,
ρGJrPC, is balanced by radiative losses), and fix the
parameter γemit ¼ 104, which sets the Lorentz factor of
the particle that emits a curvature-radiation photon whose
characteristic energy is equal to me. The scales of these
parameters have been reduced to ease the calculation, but
the hierarchy of energy scales γpc ≫ γrad ≫ γemit has been
maintained. Additional details on the parameter and the
simulation setup can be found in Ref. [37].
In our fiducial analyses, we initialize a one-dimensional

spatial domain that resolves L ¼ 3.2 × 104 cells,

corresponding to a resolution of 16,000 times the GJ skin
depth dGJe . This box size is not always sufficient, however,
and can influence the gap dynamics for larger gaps, or for
gaps opening in the center of the domain; in these cases, we
extend the box size to L ¼ 5.6 × 104 or L ¼ 6.4 × 104 cells
(at fixed skin depth), depending on the simulation of
interest, to ensure reliable results.
We start by performing three simulations which illustrate

the impact of axion hair on a field line with active pair
discharge. Among these simulations is one with ξ ¼ 0
(corresponding to no axion), one with ξ ¼ 10 (correspond-
ing to an axion-induced electric field with the same sign at
the stellar surface) and one with ξ ¼ −10 (corresponding to
an axion-induced electric field with the opposite sign at the
stellar surface). Fixed-time snapshots showing the growth
and collapse of Ek, as well as the e� and γ distributions, are
shown in Figs. 10 and 11; here, each column corresponds to
a fixed ξ, with ξ ¼ 0 being on the left, ξ ¼ −10 being in the
center, and ξ ¼ 10 being on the right. We also include
Fig. 12, which shows the 2-dimensional evolution of ðEkÞ2
as a function of spatial and temporal coordinates, clearly
illustrating the damped oscillations and the quasiperiodicity
of the gap collapse process (here, we have truncated small
values of Ek in order to cut-out excess noise, and plotted
using a log-scale color scheme in order to highlight the
damped oscillations). In the absence of an axion gradient,
particles are accelerated near the surface, reach high
Lorentz factors > γemit, emit pair producing gamma rays,
the gap collapses, and the process repeats. For ξ ¼ −10,
particles are not accelerated right at the surface, but rather
remain nonrelativistic until ρa begins to fall; here, a gap
forms, but it is displaced by a distance δx ∼m−1

a . After pair
production and gap collapse, one can see the phase space
distribution of newly formed pairs differs significantly from
the standard scenario—namely the charges flowing back to
the surface are not purely e−, but instead also contain a high
density of slowly moving eþ. For ξ ¼ 10, the gap once
again appears displaced from the stellar surface, showing a
reduced amplitude but larger spatial extent (corresponding
to similar voltage drops). Note that the larger displacement
in the appearance of the gap observed in this simulation is
due to the spatial dependence of ρGJ, whose absolute value
increases with distance from the stellar surface.
Figure 10 illustrates that while the presence of axion hair

modifies the pair discharge process around active neutron
stars, it nevertheless proceeds despite these changes in
dynamics. In order to illustrate the effect highlighted in this
work, namely the decoupling of pair production from the
rotational frequency of the pulsar, we now alter the
simulations performed in Fig. 10 by reducing the rotation-
ally induced electric field while maintaining the amplitude
of the axion-induced electric field. In order to avoid
increases in computational cost, we achieve this by reduc-
ing the characteristic plasma skin depth by a factor of two,
corresponding to a factor of four in the rotational frequency,

3Note that these equations support two stationary solutions: the
force-free solution (δE⃗ ¼ δB⃗ ¼ 0), and an untwisted inactive
solution with j ¼ 0, δB ¼ −Bϕ [37].

4This factor is typically of the order of γPC ∼ 0.5ðrpc=dGJe Þ2,
where rpc and dGJe are the polar cap size and the GJ skin depth,
correspondingly, and, thus, effectively amounts to a rescaling of
the polar cap.
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FIG. 10. Evolution of Ek (in normalized units) computed using particle-in-cell simulations. Left column is computed without axions,
center column with ρa=ρGJ ¼ −10, and right column with ρa=ρGJ ¼ 10. Each row corresponds to a fixed time snapshot, and the full
evolution tracks the opening, collapse, and dynamical damping of the gap. Avertical dashed line has been placed at the position x where
jρaðxÞj ¼ jρGJðxÞj, taking jρaðx ¼ 0Þj ¼ 10jρGJðx ¼ 0Þj. Note that the simulations in the right panel have been performed with a larger
box size in order to avoid spurious effects arising when the gap is not sufficiently isolated from the boundary. The snapshots in the left
panel correspond to time step: 4500, 9500, 13000, 17500, 22000, 50000; in the center panel to time step: 6000, 11000, 12500, 17500,
20500, 38000; and in the right panel to time step: 88500, 99500, 103500, 108500, 135000, 144000.
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while increasing ξ by a factor of four. Our expectation is
that the ξ ¼ 0 case leads to a slower particle acceleration,
and a more spatially extended gap, while the ξ ¼ −40 case

yields a much more compact gap (with more efficient
acceleration), once again manifesting near r ∼m−1

a .
Snapshots of the evolution of the electric field and phase

FIG. 11. Same as Fig. 10, but showing the evolution of the e− (orange dots), eþ (green) and γ (blue) phase space distributions. Time
snapshots correspond to the same moments as shown in Fig. 10.
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space are shown in Figs. 13 and 14, which confirm the
calculations and arguments laid out here, and in the main
part of the text. Note that we have also verified that the
axion-induced voltage drop cannot be screened in one of
the polar caps. We show this by turning off pair production
in the simulations and identifying the steady state solutions
(which, along one pole, always involve amplified voltage
drops). In future work it would be interesting to determine
whether there exist secondary, more subtle, observables
induced by the axion cloud, e.g. on the spectrum, ampli-
tude, or polarization of the signal itself. We leave such
endeavors to future work.
Finally, before continuing, we briefly comment on the

case of the return current. As discussed in the companion
paper, active pair production along the outward flowing
current is not sufficient by itself to ensure the pulsar
remains active, one must also ensure that plasma can be
efficiently supplied by the return current (otherwise the
global configuration will untwist, invalidating the
assumption of using the force-free current densities).
We had also argued [7] that particle production should be
easily sustainable along the return current in the near-
field regime (by the axion potential drop) for
sgnðρaÞ ¼ sgnðρGJÞ. In order to illustrate this explicitly,
we perform an additional simulation, taking jk ¼ −2ρGJ,
and adopt a strong axion field, setting jρaðx ¼ 0Þj ¼
800jρGJðx ¼ 0Þj (this choice enables the axion-potential
drop to over-power the far-field drop, the latter occurring
on the right-edge of the simulation domain). In order to
consider the regime in which the conventional gap on the
return field lines, at distances comparable to the stellar
radius, is not capable of igniting pair production, we
further forbid photon production near the right-most
boundary x ≥ 0.85 × L and remove the gradient of ρGJ.
We adopt an axion mass of ma ¼ 0.001 (in normalized

units). The resulting evolution of Ek and the particle
phase space is shown in Fig. 15. Here, one can see that the
return current can easily be sustained by pair discharges
operating at the near-field null surface, indicating the
intuition outlined in the above is indeed valid.
For the sake of completeness, we also illustrate the

steady state achieved by the return current with sgnðρaÞ ¼
−sgnðρGJÞ, in which a stable plasma configuration screens
the axion-induced field (here, particles only experience
the rotationally induced voltage drop, implying pair pro-
duction only occurs for sufficiently rapidly rotating stars).
We do this by explicitly forbidding pair production,
and looking at late-time distribution of particles and
electric fields in the system. The particle phase space
and voltage drop is illustrated for ρa ¼ 0, ρa ¼ −10ρGJ,
and ρa ¼ 10ρGJ, in Fig. 16.

V. CONSIDERATION ON ENERGETICS

A natural question to ask at this point is: what is actually
responsible for supplying the additional energy used to
accelerate the primary particles? The axion gradient is
being supported by the shift in the new ground state of
nuclear matter, but itself is static in time, sitting at the
minimum of its potential. In that sense, it cannot be either
the shift in the nuclear energy density, nor the axion field,
which supplies the energy, as both quantities are sitting a
fixed equilibrium state. It is also clear that it is not the
magnetic field which contributes to the energy drain—the
magnetic field is being sourced by currents internal to the
star, and the discussion of particle acceleration can be had
without any discussion about the micro-physical energy
dissipation mechanisms which may alter these currents. We
are therefore left with only one possibility: it must be that
the axion is indirectly siphoning rotational energy, and

FIG. 12. Spatiotemporal evolution of the amplitude of ðEk=E0Þ2 (truncated at a threshold near ∼10−8 to remove small scale noise, and
plotted with a log-scale color scheme) for the default run in Fig. 10 (left) the antialigned axion gradient (center), and the aligned axion
gradient (right). X- and y-axes denote spatial and temporal coordinates, respectively (note the right panel has a longer timescale and
spatial scale as the gap size and periodicity is notably larger). This image provides an alternate view of how the gap collapse operates,
clearly illustrating the evolution in the damped oscillations and the quasiperiodicity of the collapse process. In Figs. 10 and 11, we show
only one full discharge cycle and the beginning of the following cycle; this figure shows that the system is in an oscillating steady state
with all discharges having similar behavior.
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using this to drive the acceleration. Let us provide intuitive
arguments below for why this must be the case.
Perhaps the easiest way to see that this acceleration is

inherently tied to the rotational energy of the star is to notice
that the rate at which energy is transferred from the

axion-induced electric field to the plasma is given by
∂tE ∼ 2πρr2pcΔV, where ΔV is the pair production-limited
voltage drop (which in the standard scenario is positively
correlated with the magnetic field and the rotational fre-
quency of the pulsar). When axion hair is present, the size of

FIG. 13. Same as Fig. 10, but for the rotational frequency of the star reduced by a factor of four, while keeping the axion amplitude
fixed. A vertical dashed line has been placed at the position x where jρaðxÞj ¼ jρGJðxÞj, taking jρaðx ¼ 0Þj ¼ 40jρGJðx ¼ 0Þj. Note the
extended x-axis in the right panel. The snapshots in the left panel correspond to time step: 12000, 33500, 42000, 56000, 78000; in the
center panel to time step: 7500, 18500, 27500, 40500, 55000; and in the right panel to time step: 111500, 123000, 127000, 136500,
139000.
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the voltage drop remains comparable (this follows from the
fact that it is limited in size by the onset of pair production),
but the functional dependence is altered such that it now
depends on the axion field profile and the magnetic field.
Nevertheless, r2pc ∝ Ω, and thus in the limit where the
neutron star stops rotating, the energy transfer goes to zero.

There is another way in which this can be easily seen. A
plasma filled magnetosphere induces a larger spin-down
rate than a vacuum dipole. We have argued the effect of
axion hair is to continue to replenish the supply of plasma
to the magnetosphere when the rotationally induced electric
field can no longer do so. Since this effect naturally comes

FIG. 14. Same as Fig. 11, but for the rotational frequency of the star reduced by a factor of four, while keeping the axion amplitude
fixed.
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with an enhanced loss of rotational energy, it seems clear
that it is the rotational energy which is indirectly respon-
sible for the production itself.
This can also be inferred by looking at the solution for

a nonrotating star. Here, one can understand that there
exists a stable electrostatic solution in which free charges

are lifted from the surface of the star, and placed
in a configuration which directly cancels the axion
induced electric field, implying there are no energy
losses in this limit. As before, one sees that it is the
rotation itself which prevents stable screening configu-
rations of charges.

FIG. 15. Same as Figs. 10 and 11, but showing the evolution of the electric field (left) and phase space (right) for the return current
simulation, in which the axion induces pair production near the stellar surface. Here, one can see that the gap opens both at the right edge
of the box (as expected for a return current simulation) and at a distance r ∼m−1

a . Pair discharges close to the star eventually lead to full
screening of the gap at larger distances. Simulations correspond to time steps: 143500, 155500, 162000, 197000, 216500.
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Given that the axion is directly sourcing an electric field,
another natural question which arises at this point is
whether one can neglect the energy cost associated with
producing the electric field in the calculation of the
sourcing of the axion field gradient. In general, one could
imagine that this could perturb the axion potential in such a
way so as to shift its minimum back toward the vacuum
expectation. Here, we demonstrate explicitly that this is not
he case, and that neglecting the electromagnetic energy is
clearly a valid approximation for all systems.
In order to determinewhether the presence of themagnetic

field alters the formation of the cloud, we can compute the
characteristic energy density being stored in the axion
induced electric fields, and compare this directly with the
energy stored in the axion gradient. Taking the neutron star in
vacuum, we can estimate the ratio of the energy densities as

EEM

E∇a
∼
R
dVjEaxj2R
dVð∇aÞ2 ð37Þ

where Eax is the axion induced electric field, which can be
inferred from Gauss’s law. Using a rough estimator of
Eax ∼ gaγaðrÞB0ðrNS=rÞ3r̂, and integrating only for r ≥
RNS (this is done to avoid unphysical divergences at the
origin arising from the adopted fitting formulas, and matter
effects inside the star), we obtain a ratio of

EEM=E∇a∼B2
0R
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2
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∼8×10−12
�

B0

1012G

�
2
�

RNS

12 km

�
2
�
1015GeV

fa

�
2

;

ð38Þ

in the ma → 0 limit, and

EEM=E∇a ∼ B2
0α
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; ð39Þ

in thema → ∞ limit. Evaluating for typical parameters tends
to yield values in the ball park of EEM=E∇a ∼Oð10−16Þ,
although for magnetar magnetic field strengths we note that
this could be as large as EEM=E∇a ∼Oð10−8Þ. While the
precise value depends on the properties of the neutron star
and the location in parameter space, we find that this energy
density is always sufficiently small that it can be neglected.

VI. SUMMARY

This work described all the machinery needed to
quantify how axion hair modifies particle acceleration
and pair discharge in the inner magnetosphere of rota-
tion-powered pulsars. The companion paper [7] uses these
ingredients to construct death-valley curves for axion
benchmarks, confront them with the observed pulsar
distribution in the P-Ṗ plane, and derive constraints on
light QCD axions and on linearly coupled (monopole–
dipole) axions. Population synthesis and the associated
statistical treatment are presented in the Appendixes of the
companion paper, and are not repeated here so as to keep
the focus of this article on the modeling and simulation
infrastructure.

FIG. 16. Simulation of return current in which pair production is turned off: without axion (left), ξ ¼ −10 (center), and ξ ¼ 10 (right).
For ξ < 0, one can see that the axion-induced electric field at distances below the new null surface can be fully screened while
supporting the magnetospheric current (the residual trapped e− population near the stellar surface is expected to vanish at later times,
while the electric field will remain fully screened), while for ξ > 0 the voltage drop is substantially enhanced.
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In future work, it would be valuable to extend the PIC
simulations described here to include dynamical fields and
investigate their impact on nonlinear regimes, which are
analytically intractable [10]. Results from these simulations
will be presented in a forthcoming publication.
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