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Neutrino helicity oscillations in astrophysical environments:
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Neutrino rest mass enables left-handed states to “flip” to right-handed states and vice versa. In-medium
effects can enhance the probability for such spin flip. We demonstrate that a full many-body calculation of
this process in neutrino-dense environments can lead to spin-flip probabilities that exceed by orders of
magnitude those calculated with mean-field treatments. We study simple configurations with a few
neutrinos in well-defined momentum states, for which we show that the helicity conversion enhancement is
connected to many-body momentum exchange. Such an effect would therefore be missed in a calculation
that considers only forward processes. We speculate on the potential astrophysical implications of these
results and the range of applicability of our calculation and its limitations.
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I. INTRODUCTION

Neutrinos possess rest masses that are tiny compared to
those of the charged leptons and quarks in their respective
elementary particle families. Nevertheless, these minuscule
masses can have profound implications for the evolution of
the cosmos. In this work, we study one intriguing conse-
quence of neutrino rest mass: the possibility of in-medium
interconversion of neutrino left-handed and right-handed
states in astrophysical settings.

We preface our discussion by pointing out that neutrinos
play a central role in the dynamics, nucleosynthesis, and
observable signals of dense astrophysical environments
such as core-collapse supernovae and binary neutron star
mergers [1-5]. For example, 99% of the gravitational
binding energy released in the collapse of the core of a
massive star to a proto-neutron star, some 10% of the rest
mass of the core, is pumped into seas of neutrinos. On a
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timescale of seconds, ~10°% neutrinos, with an average
energy ~10 MeV, will diffuse out of the proto-neutron star
and stream through the envelope of the star. Charged-current
neutrino-nucleon processes, principally,

vo+n=p+e and D, +p=n+et, (1)
can be significant in transferring energy to the nascent core
bounce-generated shock wave and in setting the neutron-to-
proton ratio in any neutrino-heated outflow. That, in turn,
has implications for nucleosynthesis pathways such as the r-
process, a-process, and the vp-process [6—15].

Note that the reactions in Eq. (1), and their efficacy in
energy deposition and composition (isospin) determination,
are flavor specific and neutrino or antineutrino specific.
Standard model neutrinos come in three weak interaction
states, or flavors: v,, v,, v, with three corresponding
antineutrino states: 7, Uys Uy In vacuum, these flavor states
are related to the underlying mass eigenstates by a unitary
transformation, which is described by the Pontecorvo-Maki-
Nakagawa-Sakata matrix. The connection of neutrinos and
antineutrinos with the mass basis can be different because of
CP-violating phases: one for Dirac neutrinos and three for
Majorana neutrinos. The way neutrinos couple in the weak
interaction depends on their helicity, the projection of their
spin along their propagation direction. In the low momen-
tum transfer limit, left-handed neutrinos and right-handed
antineutrinos couple weakly, while right-handed neutrinos
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and left-handed antineutrinos do not. The phenomenon we
are interested in here, helicity conversion (which is also
dubbed “spin flip”), has different consequences depending
on the nature of neutrinos. Majorana neutrinos are those
where spin-flip is tantamount to interchanging a neutrino
and a corresponding antineutrino and vice versa, both
“active” states that interact via the weak interaction. Spin
flip for Dirac neutrinos creates states that do not interact
weakly. For Dirac neutrinos, conversion from a left-handed
active state to a right-handed state can populate a sterile
sector.

Because the flavor and helicity composition of the
neutrino field controls both energy deposition and lep-
ton-number transport, neutrino quantum evolution in dense
media is an essential part of the supernova problem. In
addition to vacuum and matter-induced neutrino flavor
transformation, neutrino—neutrino forward scattering gives
rise to nonlinear collective flavor evolution [16-21].
Most treatments of this problem use a mean-field or
quantum-kinetic framework, where the many-body state
is approximated by one-body density matrices evolving in
a self-consistent potential [22—28]. This approach has been
very successful, but it discards any many-body correla-
tions. In the flavor sector, exact many-body calculations
and related studies have shown that entanglement, finite-
number effects, and the structure of the interaction
Hamiltonian can lead to behavior that is not always
captured by mean-field approaches (see, e.g., [29-46]
and the reviews [47,48])—see also, however, [49-57]
for discussions of several caveats that merit careful
consideration in these situations. More recently, attention
has turned to the role of nonforward terms in the full
neutrino self-interaction Hamiltonian, which are absent
from the usual mean-field potential but can connect
distinct many-body momentum configurations [58,59].

Helicity conversion provides a closely related problem.
Since neutrinos have nonzero mass, helicity is not exactly
conserved for relativistic neutrinos. General quantum-
kinetic treatments have shown that helicity coherence is
sourced by terms proportional to m/E, (mass/energy) and
by anisotropies in the medium, including transverse matter
or neutrino currents [60—63]. Such effects are expected to
be small because of the (m/E,)? suppression of wrong-
helicity occupation, and usually require specific resonant
conditions to occur [61,64—67]. We note that neutrino-
antineutrino pair oscillations are not necessarily sup-
pressed by the neutrino mass, but their occurrence is
debated [68,69].

In the presence of magnetic fields, a nonzero neutrino
magnetic moment (which can be unrelated to the neutrino
mass in nonstandard models) can induce spin precession
[70-88]. However here again particularly large magnetic
fields or neutrino magnetic moments are typically neces-
sary to obtain a significant effect, with some exceptions.
Nevertheless, even small changes in the active, sterile, or

neutrino—antineutrino content could affect neutrino heat-
ing, lepton-number transport, the neutronization burst, or
the electron fraction of the ejecta. We also note that spin-
flip could lead to an observable difference between Dirac
and Majorana neutrino scattering on electrons [89,90].

In this work, we study neutrino helicity conversion from
a quantum many-body perspective. We consider a con-
trolled toy model consisting of a finite set of momentum
modes populated by one flavor of Dirac neutrinos of rest
mass m. By restricting to a single flavor and initially left-
handed neutrinos, we isolate helicity conversion from
ordinary flavor transformation and antineutrino dynamics.
We compare three descriptions of the same underlying
physics: a mean-field evolution for helicity density matri-
ces, an exact many-body evolution generated by a forward/
exchange “truncated” Hamiltonian, and an exact many-
body evolution generated by the full neutrino self-inter-
action Hamiltonian. The latter includes all momentum-
exchange terms allowed by momentum conservation, with
pairwise kinetic-energy conservation emerging dynami-
cally from the hierarchy between the kinetic and interaction
energy scales [58].

Our goal is not to provide a realistic supernova calcu-
lation, but to identify when and how many-body physics
beyond the mean field can modify helicity conversion. We
find that, in the one-flavor systems studied here, the
truncated many-body calculation agrees with the mean-
field result at small m/E,. By contrast, the full many-body
Hamiltonian opens additional momentum states through
non-forward scattering, creating new channels for left-to-
right conversion. In the finite systems explored below, this
can enhance the total right-handed occupation by orders of
magnitude, and in special symmetric configurations can
produce particularly large-amplitude coherent oscillations
of the helicity population.

This paper is organized as follows. In Sec. II, we derive
the Hamiltonian for a system of one-flavor Dirac neutrinos
at leading order in m/ E,, with technical details given in the
Appendix A. We then present the mean-field limit and
define the full and truncated many-body Hamiltonians used
in the numerical calculations. In Sec. III, we compare
mean-field, truncated many-body, and full many-body
evolution for several finite momentum configurations.
We introduce the setup for our calculations in Sec. IIT A,
with algorithmic details in the Appendix B. We discuss
generic many-body enhancement in Sec. III B. We connect
our results with transverse-current mean-field behavior in
Sec. III C. We study special large-conversion configura-
tions in Sec. III D. The scaling with m/E, is discussed in
the Appendix C. We summarize our findings and discuss
implications and future prospects in Sec. IV.

Throughout this paper, we use natural units in
which h =c=kg = 1.
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II. NEUTRINO EVOLUTION EQUATIONS

A. Hamiltonian and Schrodinger equation

1. Expression of the Hamiltonian

We focus here on the helicity transformation of a many-
body system of neutrinos, and do not consider the flavor
conversion more traditionally studied in the literature. We
therefore restrict our study to a single flavor of Dirac
neutrinos, with mass m. The Hamiltonian driving the
evolution of a system of such interacting neutrinos is given
by (see Appendix A 1 for notation and a rigorous deriva-
tion)

H = H() + HI/I/
_ / Ex0(x)(=iy - V + m)u(x)

+3§ Ex[p(x)r"Pv(X)|E(x)7Prr(x)].  (2)

where Gy =~ 1.166 x 10~'! MeV~2 is the Fermi constant.
We Fourier expand the fields on a discrete set of 3-momenta

nx
2
p:fﬂn with n=|n, | €25 (3)

n;

such that the energy scale is given by py = 2z/L, and the
“quantization volume” is V = L3. The fields are written

1 .
v(x) = —557= (an(P)uy(p)e®™
+ by (p)v(p)e™P), (4)
with the expressions of the helicity spinors defined in the
Appendix A, Sec. A 2. The above creation and annihilation

operators for left- and right-handed occupation obey the
nonzero anticommutation rules

{an(®), aj, ()} = {b4(0) b}, ()} = S Spp- (5)

Explicitly, the momentum delta-function is defined for
p= (2z/L)n and p’' = (2z/L)n’ as

5P’P/ - 5""”;5”}”_/"6”5"2' (6)

With these definitions, we can write the second quan-
tization version of the Hamiltonian in Eq. (2). The vacuum
component of this Hamiltonian is

Hy =Y Eya;(p)ay(p) + > _Eyb;(p)by(p).  (7)
p.h p.h

with E, = +/ p? + m?. For the interacting part of the
Hamiltonian, we see that the general expression of H,,
consists of 2* = 16 terms, one for each neutrino/antineu-
trino operator combination. In particular, the term involving
only neutrino operators is

1
Hl("/) - ﬂ25P1+P2-P3+P4g(1’ 3,2, 4)611&3612&4, (8)
1..4

where y = Gr/(vV2V),

(yy°Ppus)(iyy P uy) (9)

4 EPlEszl’sEm

9(1,3,2,4) =

and the indices i = 1, ...4 stand for both momentum p; and
helicity h;. Note that the Fierz identities give

9(1,3,2,4) = —g(1,4,2,3) = —¢(2,3,1,4).  (10)

In this work, we restrict ourselves for simplicity to
situations with only neutrinos. As a consequence, the

Hamiltonian is H = Hy + Hﬁll,), the total particle number
operator and the lepton number operator are identical:

N=L=) aj(pa(p). (11)
p.h

and the total momentum operator is

P = paj(p)a(p). (12)

One can easily verify that these operators correspond to
conserved quantities, since [H,N] = 0 and [H,P] = 0.

The Schrodinger equation describing the evolution of the
many-body quantum state |¥) is

d[¥(1))
dr

= H|¥(1)) = (Hy + HW)®(1)).  (13)

i
H is independent of time, so that the solution of (13) is

[¥(1)) = e="[¥(0)), (14)

and a simple approach to computing e~# can be obtained

by diagonalizing H.

2. Occupation numbers

In the following, we will be particularly interested in the
one-body observables describing the amount of right-
handed neutrinos. The generalized occupation numbers
are the combinations (az, (p’)ay(p)). The initial states we
will consider will be product states [¥(0)) = a’ ---a’ |0),
which are eigenvectors of N = L and P. These operators
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commute with H and therefore e'?, such that |¥(z)) is also
an eigenstate of N = L and P, with the same eigenvalues.
This leads to vanishing expectation values of the form
(¥(t)|a’a’|¥(t)) = (a'a’) = 0 (same for a combination
aa), and

(@} (9)ts(B)) = Gyt (p.1). (15)
where we introduce the momentum-diagonal part of the
one-body density matrices

p—-(p.1)

po-(p.1) 1e)

p—i(P.1) )

p+(ps1)

p(p.1) = (

For instance, the total occupation number of right-handed
neutrino states is Y, p, . (P, 1).

B. Lowest-order description of helicity conversion

The typical neutrino energies in astrophysical environ-
ments are of order MeV, while the active neutrino masses
are constrained below the eV scale. For instance, the
KATRIN experiment sets the bound m < 0.45eV at
90% confidence level based on precision spectroscopy of
the tritium f-decay [91]." Therefore, the mass effects are
controlled by a very small parameter 7z = m/p, < 1. We
will concentrate on the leading order effects in 7.

The leading contribution to the vacuum Hamiltonian H|,
is of zeroth order in 7,

Ho =" _pla’(p)a.(p) + a(p)a_(p)] + O(m?). (17)

Writing H,(,lp) in normal ordering and keeping only the
zeroth and first orders in 72, we have

H) ~ Hpppp +Hppoir + Higepp + O0m?),  (18)
with
Hpppp =—p Z 5p1+p2,p3+p4g(1—’3—12—74—)
Pi---P4

x al(py)al(py)a_(ps)a_(ps), (19)

Hippp = —2u Z 5p1+p2,p3+p4g(1+’3—’2—’4—)
Pi---P4
X al(pl)ai(pz)a_(p3)a_(p4), (20)

and

lTighter constraints (sometimes close to being incompatible
with lower bounds from oscillation experiments) are obtained in
cosmology, using cosmic microwave background and large-scale
structure measurements, although there are some tensions be-
tween datasets [92-96].

Hipopp = —2u Z 5p1+p2.p3+p49(1—73—’2—’4+)
Pi---Ps4

x al(pi)al(pa)a—(ps)a. (pa)- (21)

The interaction matrix elements are

g(1-.3_.2_,4_) = f*(P1. P2) f(P3. Pa),
m A A A A
914324 ) = 5 h(py. P2) [ (Ps. Pa).
P1

m A A A A
g(1.,3_,2_,4,) = —2—mf*(p1,pz)h(193,p4), (22)

where p = p/|p| is the unit vector in the direction of p, and
) [7) 0
s ——
. 0, 0
— ¢~i%q cos <7P> sin <?q>} ,
0 0
h(p.q) =2 {cos (%’) cos <3q>

| 0 0
+ e’(¢q_¢l)) sin (;) sin (?q)] , (24)

using the spherical coordinates for the momentum vectors,
with angles (6,.¢,). The expression of f, Eq. (23),
coincides with Eq. (17) in [58], as expected for the left-
left helicity part of the interaction Hamiltonian.

Of particular interest in the literature is the forward limit
(see Sec. II D), for which p; = p; =p and p, = ps = q.
In this case, the matrix elements read

(23)

g(1_1_2.2)=1-p-4, (25a)

g(1,.1.2.2 ) = %e—% [sin 0, cos 0,

— cos @, sin O, cos(dp, — )

— isin O sin(¢hp, — by )] (25b)

g(1_,1_,2_,2,) = %ei‘/’q [cos 6 sin 6,

— sin 6, cos 0, cos(¢p, — ¢q)

— isin @), sin(¢, — )] (25¢)
We recognize in Eq. (25a) the usual strength of the left-left
forward scattering [16]. We note that all these matrix
elements, in the forward limit, vanish if p = q.

C. Mean-field approximation

A common approach used in neutrino transport is the
mean-field approximation, where two-body (and higher
order) correlations are discarded. In other words, the system
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is completely described by one-body quantities, namely, the
one-body density matrix introduced in Egs. (15)—(16). The
evolution equation in this case can be obtained by applying
the Ehrenfest theorem and reads [24,62]

2D irp 1) pp. ), (26)

with the mean-field potential

I'__(p.1)

roo(p.1) @)

I (p.1) ) ’

”“”:( Co(pot)

where

D (P11 1) = 4p Z 91 1. 25,20 )pys (2. 1) (28)

P2.5.5’

Strictly speaking, there is also a term arising from the
vacuum Hamiltonian in Eq. (26), but it is proportional to the
identity matrix and therefore does not contribute to the
commutator. As can be seen in the expression in Eq. (28),
only a subset of all two-body processes contribute at the
mean-field level. Specifically, these are the “forward” and
“exchange” processes, where the pair of initial and final
momenta are identical: schematically, it corresponds to
interactions Up, +Vp, <> Vp, +1p,, and Up, tVp, <
Up, + Up,-

Before simplifying the mean-field equations for the case
we are interested in, we note that this is the lowest level
approximation in terms of multiparticle correlations—since
they are fully neglected. An order-by-order extension can
be obtained, for instance, in the BBGKY-like hierarchy
approach [24]. In particular, making the additional assump-
tions of molecular chaos and that of a clear separation of
scales between the duration of a scattering event and the
macroscopic timescales of evolution, one can obtain a
generalization of the Boltzmann equation with flavor
mixing, the so-called quantum kinetic equation (QKE)
[28] (see, e.g., [23,26] for other derivations). In this
framework, scattering processes other than the forward/
exchange ones appear, but the associated timescale is the
collision one, which is much larger than the Hamiltonian
evolution timescale that drives the many-body evolution.
This difference was recently studied for flavor conversion
in [59], and signals a conceptual disagreement between the
assumptions underlying QKE and many-body studies
[53,54]. Such considerations are outside the scope of this
work, and we do not implement here intermediate frame-
works between the mean-field and full many-body ones.

1. Simplifications of the mean-field potential

The solution to the mean-field equation is formally

p(p.1) = U(p.1)p(p.0)U'(p. 1), (29)

with

Ulp, 1) = T exp <—i /) ’dfr(p,r)>, (30)

where 7 denotes a time ordering operator. As a conse-
quence of these expressions, if a momentum bin p is not
initially occupied, its density matrix remains p(p, 7) = 0 for
all times.

Similarly to our description of the many-body
Hamiltonian in Sec. II B, we want to write the mean-field
equation up to leading order (in the helicity conversion
terms). The orders of the matrix elements of I'(p, ¢) in 71z are
determined by the ¢ factor and the density matrix in
Eq. (28). The density matrix elements py; (p,?) can be
expanded in non-negative integer powers of 771, so the lowest
order dependence of I" on 7z can be bounded by the g factor.
This shows that we have atleast T_, = O(/') and T =
O(m?) from the expressions in Egs. (25a)—(25¢). Since the
mean-field potential is itself dependent on the density
matrix, we need to self-consistently determine the order
of each entry. If neutrinos are strictly massless, only the I"__
entry survives and the mean-field equation for any p
becomes

ig(p__ p_+) :< 0 F__p_+) (31)
dt\pie piy/m=0\-T__p,_ 0

With an initial condition where p_, and p, _are O att = 0,
they remain so at all times. In the massive neutrino case, the
lowest order in 77 for the elements p__ (p, ) and p, _(p, ?) is
therefore at least /i'.

Let only momenta p; with [/ =1,...,N, initially be
occupied. The lowest order expansion of I'(p;, 7) then reads

N

T (pt) =4S (1= pp_(prt), (32)
=1

I (p;,t) =T%_(p;1)

m ... i
=2u—ei(pip+ipjy)
Dj

=

P

pip——(pi. 1), (33)
1

-
I

m ., N
=2u— e”/'f(pj,(/, - lpj,(v‘)
Pj

P

: (P x Di)p——(pi 1),
=1

I (p;.1) =0, (34)
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where we introduce the spherical coordinates for
p; = p;(sinf;cos ¢;,sinf;sin¢;,cosd;), and the unit
vectors orthogonal to p; are

Pjo = (cosf;cose;, cosb;sing; —sinb;),

Pjp = (—sing; cos¢;,0). (35)
The expressions in Egs. (32)—(34) are in perfect agreement
with the more general equations derived in Ref. [62].
Specifically, our results correspond to a limited case of their
Eqgs. (113)—(1 18),2 written for one flavor, without a matter
contribution and noting that, in our configurations where
there is no initial p_, # 0, an additional contribution to I"__
included in Ref. [62] would be of order O(i?). Our mean-
field potential expressions are also in perfect agreement
with, e.g., Ref. [60], specifically their Egs. (26)—(28)
written for one mass generation and with only neutrinos
in the medium.

The lowest order /m dependence of p, ,(p,?) is deter-
mined by solving Eq. (26) with Eqs. (32)-(34). The
evolution of the element p, . is given by

Each term on the right is at least of the order /M2, so

pot(p,1) — poy(p,0) is also at least O(in?).

2. Two-dimensional systems

In Sec. III, we will focus on two-dimensional systems
with p, = 0, such that 6, = /2 for all p. It is then possible
to simplify Eq. (33) as

N,

m. i :

I (p)) = 2#;% 71y " sin(¢hy — ¢;)p——(p1)
J =1

N.”
m A A A N
= 2/4; (=bjy+iPjs) Z (bj % P1).p—(P1),
J =1
(37)

the second expression being more convenient to use on a
Cartesian grid of momenta. Here we have omitted the time
variable for brevity.

D. Full and truncated Hamiltonians

Of all the momentum pairs satisfying the conservation
conditions p; +p, = Pps +Ps, a special category is

2To make the connection explicit, we recall that in our
expressions y = G /(\/Ev); for one flavor the trace terms in
Ref. [62] simply double the result; and the complex vector e
appearing in their Eq. (114) reads g, + ig.

forward/exchange scattering, for which p; =p3 or
P: = p4- These are the only processes known to contribute
at the mean-field level (leading order in Gr). Because of
this, most studies on many-body effects on flavor oscil-
lations have also restricted the two-body Hamiltonian to
these forward/exchange combinations.
Doing the same thing in the spin-flip case, the “truncated
Hamiltonian™ reads
(1.fwd) _

Hy™™ " = —p Z (910190204 1 Op1.0,0p2.p3)

I,....4

x g(1,3,2,4)a|a}azay. (38)
Note that, if p; = p4, the forward scattering factor is
Op,.p;0p,.p,» Dut there is no double counting with the above
expression since the ¢ factor is zero (see Sec. Il B).

We emphasize that, although the truncated many-body
and mean-field approaches include the same forward/
exchange processes, the former allows for multiparticle
correlations beyond the one-body level, while they are
explicitly neglected in the latter. In the flavor conversion
case, this leads to significant differences in the evolution of
one-body observables [47,48]. For helicity conversion, we
show in the next section (see in particular Sec. III B) that
because of the smallness of 71, the many-body effects are
actually negligible for our setup in the truncated case,
contrary to the full Hamiltonian case.

III. SPIN OSCILLATIONS: MEAN-FIELD
VS MANY-BODY

We now proceed to explore the features of neutrino
evolution in the different setups introduced before: mean-
field, truncated many-body, and full many-body.
Specifically, we will be particularly interested in the
number of “wrong helicity” neutrino states that become
occupied over time.

A. Setup and pairwise kinetic energy conservation

1. Momentum configuration
For computational purposes, we introduce some dimen-
sionless quantities: time will be measured in units of
to = p~'; and the unit of energy is p, = 27/L. We define

~
ll

) (39)

S~

and recall that n = p/ p, is a vector of integers; see Eq. (3).
In order to use realistic values, we take py~ 1 MeV. The
“quantization volume” is then

2 3
V = L3 = <_ﬂ) ~ (]2 X 10_12 m)3’ (40)
Po
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and the unit of time is 7y = v/2V/Gr ~ 20 ns. The authors
of Ref. [58] use a temperature and associated equilibrium
density to set their values of p, and V, but the results are
similar.

The Schrodinger equation can now be written in terms of
dimensionless operators:

AP _ (a1, 1 ) ). (41)

with

—Po > Inl(a (p) + af (p)a_(p)),

P pon

A = i D, )

2. Kinetic energy conservation

In the interaction Hamiltonian (8), the only conservation
law that explicitly appears is that of spatial momentum
P1 + P> = P3 + Ps. There is no a priori pairwise kinetic
energy conservation, |p;|+ [p2| = [p3| + [P4]- Such an
additional conservation law appears in the forward limit,
where it is a simple consequence of the equality of
incoming and outgoing momenta. It also appears in the
QKE collision term [23,26,28], because overall energy
conservation before and after a collision reduces to kinetic
energy conservation, since in the molecular chaos approxi-
mation incoming and outgoing particles are free and
uncorrelated. For the full many-body problem evolution,
as described in Eq. (13), it was shown in Ref. [58] that
kinetic energy is conserved, but dynamically. This is a
consequence of the hierarchy between the kinetic and two-
body terms, which in our notations reads pg/u > 1.
Specifically, for the values quoted above, we have
po/u ~ 1013, This hierarchy leads to a separation in the
two-body Hamiltonian between “blocks” of given value of
Ip| + |q|, and the off-diagonal, kinetic energy nonconser-
vation driving terms are negligible. We formalize this
argument below using time-dependent perturbation theory.

Because of the hierarchy between the one-body and two-
body terms, we write the quantum state at a given time as a
superposition of the eigenstates of the “unperturbed
Hamiltonian” H, that is

=2_enln)e

where |n) are the eigenstates of H,, with Hy|n) = E,|n),
and the coefficients ¢, (r) are time-dependent because
of the “perturbation” H,,. Those eigenstates are of the
form |n) = [];cp a'(p;)[0), with the eigenvalue E, =
>iep, [Pil- We write P, to denote the set of momenta
occupied in the eigenstate |n). Given our choice of initial

(43)

state [¥(0)) = |k) = [];ep, a'(p;)]0), the first-order result
for coefficients ¢, () is [97]

4 P /
en(t) 8, — i(n|HLY|K) / dt e=i(E=En)r
0

=S4 —i Y (n[HIK)

K|E,—E;

(n|HL) k)

-E, (e_l (EEn)t _1>' (44)

4
Ey
k|E,#E;

Recall that the time will be measured in units of 7, = u~', u

being the typical scale of coefficients (n|H % |k). The terms
for which E,, = E; then give an order 1 contribution, while
the terms for which E, # E; are suppressed by a factor
« p/po < 1. In other words, the sectors of different E,,, that
is, of different total kinetic energy, are not dynamically
connected.

As a consequence, we can explicitly enforce pairwise
kinetic energy conservation in the interaction Hamiltonian,
which has no impact on the dynamics but dramatically
reduces the size of the Hilbert space, by removing unnec-
essary basis states that would never be dynamically
explored:

3 >
Hyy —H 5P1+Pz P3+P45‘PI‘HP2| P3|+ P4

.....

x g(1,3,2,4)dlasasa,. (45)

With this two-body Hamiltonian, and for the initial states
we consider, the quantum state is at all times an eigenstate
of the vacuum Hamiltonian H,. Therefore, the vacuum
Hamiltonian has no effect on the dynamics, but simply sets
a global phase. We keep it for completeness, noting that it
would still be relevant if more flavors were included.

3. Resolution strategy

In the next section, we will compare the results obtained
for the mean-field [Eq. (26)], as well as the truncated and
the full many-body calculations [Eq. (41)].

We always consider pure Hartree-Fock states as initial
conditions:

¥(0) = [¥) = ] ai,(:)]0). (46)

ieS,

with S the set of initially occupied one-body states. This
corresponds to the initial density matrices

G- O\
ps0) = (7 ) IS,
ig+

=0 otherwise. (47)
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For the mean-field case, if the initially occupied momen-
tum modes are py, ..., Py, there are N, equations of the

form (26) to be solved. The N, density matrices are
converted to a 4N, x 1 vector

p——(pis 1)
~ Py (Pis1)
Rep_, (pi.7)
Imp_, (p:.7)

We use the Scipy routine solve ivp to solve the system

of 4 X N, equations written for the components of p.
For the many-body case, we adapted the code from

Ref. [58], following the exact same strategy. We first

determine, for a given initial state, the set of available

states by applying H ,(,IJ with increasing integer powers, to

|¥y), until no new states are explored (see Appendix B).
This provides a basis for the Hilbert space in the form
k> Where each |v,,) is a pure Hartree-Fock state
as in Eq. (46). We then have a basis in which we
diagonalize the Hamiltonian H,

H|Ay) = Aala), (49)
obtaining the eigenstates |4,) as a function of the basis
states |v5). The quantum state at time 7 is then

P(@) =D (AP(0)e™"|2,).

a

(50)

We are particularly interested in the number of right-handed
neutrinos for a given momentum mode, p. .. While this is
directly a variable in the mean-field case, in the many-body
case it is obtained from the quantum state (50) as

pis(p.7) = (¥(D)a] (p)a (p)|¥(7)
= raa®) + D _rap(p)e’ T, (51)

a a#p

with

rap(P) = (Wol4a) (45| ¥0) (Aela’ (B)a (p)|25)-

Note that Eq. (51) yields a real number, since the (a, ) and
(f, @) contributions are complex conjugates and these are
summed.

Formally, it would be possible to extend our framework
to mixed many-body states, for which the full N-body
density matrix could be represented as a classical admixture

(52)

of multiple many-body pure states, ie., D =
>_; P;|'¥) ;(?];. Here, each |¥), is a many-body pure state,
and the P;’s are classical probabilities adding up to unity.
The evolution of the system would then be described by a
Liouville-von Neumann equation with the same many-body
Hamiltonian that appears in our Schrodinger equation. The
one-body observables in this case could be obtained as,
e.g., pis(p.7) = Tr[D(7)a’, (p)a. (p)]. Such computations
would require some structural changes in our numerical
code, and we leave such considerations for future work.

B. Enhancement of helicity conversion
by many-body effects

In the following, we will restrict ourselves to a
two-dimensional grid of momenta:

n={(n.n);n,n,€Z} with 0<|n.|,|[n,|<np. (53)

There is no grid point at n = (0, 0) because all neutrinos are
moving ultrarelativistically. The selection of values for n,,,,
depends on which momentum modes are initially occupied.
One example, with the detailed numerical implementation
of the construction and diagonalization of the Hamiltonian,
is outlined in the Appendix B. Furthermore, the initial state
will always be composed of left-handed neutrinos only, i.e.,
in Eq. (46) all h; = —. This choice of initial state could
mimic the realistic population hierarchy in a supernovalike
environment, e.g., at the neutronization pulse where we
would expect a small population of right-handed neutrinos.

In this section, we describe two randomly picked test
cases, which highlight our main result: many-body effects
significantly boost left-to-right helicity conversion, pro-
vided the full Hamiltonian is utilized.

We first consider three left-handed neutrinos in the
momentum bins (1,—-2), (1, 1), and (-1, 1). The evolution
of the total right-handed occupation number, » , p. . (p), is
shown as a function of time in Fig. 1 for a value of the
dimensionless mass parameter /7 = 107>, This is larger than
a realistic value (7 < 1077), but we use it to avoid
numerical problems in the resolution of the mean-field
differential equation (which would require extremely small
solver tolerances). We can thus illustrate the main features
of spin-flip in the different cases we consider, confidently so
given the extrapolation of the results to other values of 7
shown in Fig. 2. In that figure, we represent the maximum
value of the total right-handed occupation number, which is
a measure of the maximum spin-flip effect in our calcu-
lations. This quantity scales as o 72 in all models, as
expected in the mean-field case [see discussion around
Eq. (36)], but also in the many-body case as explained in the
Appendix C. For visualization purposes, the momentum
grid with the initially occupied states is displayed in the
bottom right of Figs. 1 and 2.
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FIG. 1. Evolution of the total occupation number of right-

handed neutrino states on the two-dimensional momentum grid
with n,,. = 2, modeled by the mean-field (solid green), trun-
cated many-body (dash-dotted orange) and exact many-body
(dashed purple) equations, for /i = 107>. The initial configura-
tion, shown in the lower right corner, has three left-handed
(blue downarrow) neutrinos with momenta nz = (1,-2),
n;; = (—1, 1), and n;; = (1, 1)

The amplitude of the total right-handed population in
the exact many-body calculation is about 10-times larger
than in the other two models. Figure 2 shows that this 10x
enhancement is independent of /M. We attribute this
difference to the “opening” of new momentum states by
the nonforward terms in the full Hamiltonian, which
enables more left-to-right conversion channels. Further-
more, the mean-field and truncated many-body calcula-
tions are indistinguishable, an intriguing feature compared
with the study of flavor oscillations, which usually show
differences between two such calculations (see, e.g.,
[31-34]). We claim that this identicalness is a consequence
of the specific form of the interaction Hamiltonian, with
only one flavor present, and of the smallness of /7. Indeed,
we first note that the left-handed occupation number is
almost unchanged (the difference scaling as 7i?). As a
consequence, the quantum state at all times is essentially
an eigenvector of the occupation number operators
a’(p;)a_(p;), which can, up to a correction />, be
replaced by the identity I if i € S, and O otherwise. Since
the truncated interaction Hamiltonian (38) is precisely
made of products of such 0perators,3 it effectively reduces
to a one-body term composed of a’-(q)a(q) combina-
tions. For a Hamiltonian made of one-body operators, the

This would not be true anymore had we considered more than
one flavor of neutrino. In that case, we would generally see
differences between the forward many-body and mean-field
calculations, as in the standard flavor oscillation literature.

10-5 1 X Mean-field ”
®  Many-body (truncated)
-6 ]
10 ®  Many-body (full) .
10774
= x
& 108
T |
< 10 AP
AL » o o o o
—10 ]
5 10 . b .
= 1071y :
x %,
1(]712 3 o o o o
|
10-13 ]
- o e b e
10-¢ 10 104 103 102
m

FIG. 2. Maximum total right-handed occupation number (for
7 <100), starting from the same configuration as in Fig. 1. We
compare the results for the mean-field (green crosses), truncated
many-body (orange dots), and full many-body (purple squares)
calculations, for different values of the dimensionless mass
parameter 7 = m/p,. The dashed lines correspond to the o
m? scaling of the left-to-right helicity conversion rate.

mean-field approximation is exact, which justifies the
identity of the mean-field and truncated many-body
results. We have numerically checked that using unphys-
ical, O(1) values for 7, breaks this degeneracy between
the mean-field and truncated calculation results, but in the
interest of brevity we do not show it here. In what follows,
we will not show the redundant results of mean-field
calculations. Note that the above argument breaks down
for the full Hamiltonian case, since the nonforward/
exchange terms cannot be written as products of number
operators for a given momentum.

We consider in Fig. 3 a second example, where the initial
state resembles an asymmetric “beamlike” configuration,
with 4 neutrinos close to the +X direction, and 2 neutrinos
close to the —x direction. The top panel is similar to Fig. 1,
but in log scale to make visible both the full and truncated
many-body results. Compared to the previous example,
there is an even larger, 10° enhancement of the left-to-right
conversion by the exact many-body model. The bottom
panel of Fig. 3 shows, similarly to Fig. 2, the 7> scaling of
the right-handed maximal population, and the 7z-indepen-
dent enhancement by the full-Hamiltonian’s many-body
effects.

This initial configuration once again allows for more
final momentum states to be accessed by nonforward
scatterings. On the other hand, if the initial configuration
is such that, for a given momentum grid, there are very few
differences between the accessible one-body states via the
truncated and full Hamiltonians, then the left-to-right
conversion enhancement will vanish. Numerically speak-
ing, if the number of basis states {[vy)},—;
discussion before Eq. (49)] is much larger in the full
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FIG. 3. Same as Figs. 1 and 2 for a different initial configu-

ration (the mean-field results, identical to the truncated many-
body ones, are not shown). The enhancement of helicity con-
version in the full many-body case is even larger in this case.

many-body case than in the truncated case, the increased
conversion is more likely. This picture is confirmed in the
next subsection by employing a controlled test case.

C. Transverse current and helicity conversion

At the mean-field level, the expressions (32)—(34) show
that the potential responsible for helicity conversion
(I'_y « p x g) is maximal for neutrinos propagating in
transverse directions. This is a well-known result in the
mean-field literature: a transverse (neutrino or matter)
current is needed to build-up helicity coherence (see,
e.g., [25,62-64,60]).

This can be understood classically, as a potential (or
force) transverse to the particle’s propagation and spin
direction will produce a torque and cause the spin to
precess. In order to verify that we have the same phenom-
enology in our neutrino gas system, and how it changes in
the full many-body treatment, we consider the configura-
tion shown on Fig. 4.

Py

FIG. 4. Initial configurations considered for the calculations in
Sec. III C. There are initially 5 occupied momentum states with
left-handed neutrinos: 4 in the bottom right corner, on or close to
the direction (+1,—1), and a fifth one that will change from
calculation to calculation. This fifth momentum state, denoted p’,
is located in the blue band, and has coordinates (n} €
[-2,2], ny = 2).

The system is composed of a majority of neutrinos
traveling around the ¢p = —45° direction, and an additional
neutrino with p; > 0. We will dub this latter neutrino the
“test” neutrino p’ = pon’, since we will focus on the
helicity transformation in that momentum bin. That trans-
formation will stem from the interaction of the test neutrino
with the other “background” neutrinos. We emphasize that
all neutrinos are actually equivalent in this closed five-body
quantum system, but we first focus on one to highlight the
mechanisms of spin flip. We will consider five different
initial configurations, where p’, varies from —2p to +2py,
which allows us to probe different angles between the
direction of propagation of this test neutrino, and the
direction of the background neutrino flux.

1. Mean-field behavior

Let us focus on the density matrix describing the p’
momentum bin, first in the mean-field scenario.

We can make several simplifying assumptions: given the
very small amount of helicity transformation (suppressed
by /m?), we can take p__ to be constant in time, equal to 1
for initially occupied momentum states, and O otherwise.
As a consequence, the mean-field potentials at leading
order, Egs. (32)—(34), are also constant in time.

The left-right component of the mean-field equation (26)
reads

dp_
l.P+_

ar = F__p_+ - P——F—+v (54)

where we omit the momentum argument in all quantities.
The solution, considering p_,(r =0) =0 and the con-
stancy of the different quantities, reads

063016-10



NEUTRINO HELICITY OSCILLATIONS IN ASTROPHYSICAL ...

PHYS. REV. D 114, 063016 (2026)

r

p-i(1) = r;:/)-—(l — e, (55)

Turning now to the right-right component of the mean-field
equation, we have

.dp .
! d§+ =Ty p —T_ipyo=2iImI,_p_y). (56)
Note that by trace conservation, p__ = —p,,, but the

former is negligible compared to p__(0) =1, but not
negligible compared to the latter. Inserting the expression
(55), and using ', _I'_, =|I'_,|*> and T__€R, we can
solve for

2

~*1[1 = cos(T__1)]. (57)

In particular, since p__ ~ 1, the maximum value of p , (7)
is 4]T_, /T__|?. If we now focus on the test momentum p’,
the ratio of Egs. (37) and (32) gives

‘ Ty Im [Xpsysin(ép — ¢p)p—(p)|
T 29" 21 = cos(gp = dp)lo——(p)]
_1Im| sin(Ag)
>3 | T cos(ag)| (58)

where we considered that the four background neutrinos,
for which p__ ~1, are roughly in the same direction
(+1,—1), and A¢ € [n/2,n] is the angle between this
direction and the direction of p’. We finally get the
prediction for the maximum amount of helicity conversion
in the test momentum bin as a function of its direction:

maxp., . (p', 1)~ (;) ’ cot? <A7¢> . (59)

As expected from the “transverse potential” picture, this
quantity is maximal for A¢ = /2, and vanishes
for A¢ = m.

We show the maximum occupation number of the right-
helicity state for the test momentum in the top panel of
Fig. 5, comparing results obtained in many-body calcu-
lations with the truncated or full Hamiltonians. The
truncated Hamiltonian results agree perfectly with the
mean-field prediction (59), as expected from the general
agreement between mean-field and forward many-body
results shown in Sec. IIB. This confirms that our
simulation reproduces the known behavior of spin trans-
formation obtained in other mean-field studies. The full
Hamiltonian result is very similar, with a slightly reduced
amount of right-handedness. However, when looking at the
total right-handed helicity population (bottom panel of
Fig. 5), we recover the enhancement of spin conversion
discussed previously.

FO - co?(ag/2) *
® Truncated Hamiltonian /I
~ i . . /
S 0.8 -+ Full Hamiltonian K
g |\Q< //
N~— ,l
~~ 0.6 1 ab
ey /
> A
+ 0.4 7 e
+ /
U //
éﬁ s
0.2 1 7
/”’-
0.0 { ===~ 4
il -
/7~ 1
=0 *
~_ 1 +
< 1 +
4
ES + .
d 10 3
W= ]
N *
g
°
1071 ERC )
T T T T T
-2 -1 0 1 2
g
FIG. 5. Top: maximum right-handed helicity occupation num-

ber in the test momentum bin, in many-body calculations with the
forward (orange dots) and full (purple crosses) Hamiltonians, for
the different initial configurations shown on Fig. 4. The occu-
pation number is normalized by (m/|p’|)?, which is different for
each calculation. The green dashed line is the mean-field
prediction in Eq. (59), in perfect agreement with the truncated
Hamiltonian calculation. Bottom: maximum fotal right-handed
helicity occupation number, showing the enhancement of helicity
conversion when using the full many-body Hamiltonian. We use
the same normalization factor as in the top panel.

2. Accessible momentum states and helicity conversion

This example sheds light on the mechanisms behind the
increased spin flip observed when using the full
Hamiltonian. We have argued previously that, since the
general Hamiltonian allows for the population of new
momentum states, these extra possibilities create new
conversion channels and hence, more right-handed neu-
trinos. This can be checked concretely on the examples
in Fig. 4.

In particular, we see in the bottom panel of Fig. 5 that we
generally have an enhancement of spin conversion, except
in the n’ = (2,2) case. We compare this scenario with the
n’ = (—1,2) case in Figs. 6 and 7.

Figure 6 shows that several other momentum bins are
being occupied through the action of the full Hamiltonian
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FIG. 6. Time evolution of the occupation numbers for the initial configuration shown in Fig. 4, with n’ = (=1, 2). Each panel is
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ever occupied. The initially occupied momentum bins are highlighted by thicker panel edges. The dashed (solid) lines show the results
obtained with the truncated (full) Hamiltonian, with blue tones for the left-helicity and orange tones for the right-helicity quantities.

H,,. For instance, starting from the initial configuration, the
following energy and momentum conserving processes are
possible (we describe the momenta by their integer coor-

dinates in units of py):
) (G) =G G) @
N ,

2 )_ -2/ _ -2/, 2)+
increasing the average occupation number of right-handed
states. The same exchange is possible between left-helicity
states only, which leads to the high occupation of the bins
(—=1,-2)_ and (2,2)_. The same argument applies to
occupy the (3, 2) state.

We also note that there are three momentum bins where a
small population of left-handed state appears: (-2, 1),
(=2,-2), and (2, 1). For example, the first momentum
bin gets populated via the process

(2).(5),= (), (0) @

where one of the first three helicities must be +, which
explains the very small amplitude of this process. The same

momentum exchange with all left helicities (h =h' =
K’ = —) is forbidden by Pauli blocking, since in the initial
configuration these three momentum bins are occupied by a
left-handed neutrino. Overall, the extra-accessible momen-
tum states allow for more helicity conversion than in the
forward case.

This is different in the configuration of Fig. 7. In addition
to the initially occupied momentum bins, there is only one
other that can be populated, namely, (3, 2). Furthermore,
the only process populating that bin is

) () =) () @

where one of h, i/ or I” is a right helicity, for the same
reason as in Eq. (61). Since this is the only difference with
the forward case, it leads to a negligible variation of the
total number of right-handed neutrinos, see Fig. 5.

D. Large spin-conversion configuration

In addition to the general many-body enhancement of
spin conversion observed in the various previous examples,
there are specific configurations which lead to an even
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FIG.7. Same as Fig. 6, but with the fifth initial momentum state
= (2,2). The momentum bins with p, < 0 are never occupied
and therefore not shown here.

starker enhancement. They correspond to situations where
the total number of right-handed neutrinos appears to
evolve with time as a cosinelike function with large
amplitude and/or period. This is illustrated in the following
subsections; see, in particular, Figs. 8 and 11.

In order to shed light on this behavior, we sum Eq. (51)
over momentum modes to get

Zp++(p’ ZRaa + ZR(I/}B i }Lﬂ (63)
P

atp

with
Raﬁ = Zr(zﬂ(p) (64)
p

If there are two integers u and v, in {1, ..., k} with y # v
such that R, and R,,, are much bigger than the other R on
the right-hand side of Eq. (63), the equation can be
approximated as

ZPH—(P’;)
P

3 R+ 2|Ryu |08 [(4,~ 4,)F+ p,0). (63)

where R,, = |R,,|e"w. The initial state has no right-
handed neutrinos, and »_, p, . (p,7) cannot be negative.
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FIG. 8. Evolution of the total occupation number of right-
handed states for various values of the mass parameter, for the
initial configuration shown in the bottom right corner. All these
results correspond to full many-body calculations. The frequency
of the oscillations scales linearly with 72, while the maximum
amplitude is, for this specific case, always 1/2.

.. . 4 .
These conditions impose” ¢, = 7, so we can write

- Ay — A, .
S malRylsine (M5 27). (o9
P

In the following, we will see two examples where the
evolution can be described by Eq. (66), with two different
features. First, in Figs. 8-10, the amplitude |R,,|
independent of 72, while the frequency o« 4, — 4, scales
linearly with 772. In the examples of Fig. 11, the amplitude is
proportional to >, while the frequency is mass
independent.

To be more explicit, we can expand |R,, | in non-negative

powers of 7. For every a = 1, ..., k, one has

(Hy+ mBH ) (A + |y + ...)
= A9 + a0+ Oy mADy ), (67)

with HO = HO + HLL—»LL and ﬁ’lH/ = I:ILL—>LR + FILR—»LL-
At lowest order 7°, we can write

=~

Hol2Yy = 20128

= (wla o). (68)

=1

The basis vectors |v,),...,|v;) have the same kinetic

given by H, is the same for
k. Therefore, if two eigenvalues of the full

energy, so the part of /15,0)
ala=1,...,

“There is no right-handed neutrino initially, such that
Y op Pt 2R, {cos [(4, = 4)T+ ¢, ] —cosg,,}.  This is
non-negative for all 7 only if cos ¢, = —1.
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FIG. 9. Maximum total right-handed occupation number (for
7 <2 x 10*), for the configuration shown in Fig. 8. The truncated
many-body (and mean-field, not shown since identical) right-
handed populations follow the /> dependence (dashed line),
when the full many-body calculation shows a periodic equipar-
tition, as evidenced in Fig. 8.

problem have a difference 4, — 1, of order Y, its value

comes from H;;_;;. We would thus expect, in that case,
oscillations with a frequency of order unity in units of 7.
Nevertheless, as we will see in the following, geometrical
effects can lead to a frequency about a thousand times
smaller. Finally, we note that |R,, | and 4, — 4, cannot both
be of order i’ simultaneously, as this would mean that
massless neutrinos can change helicity.

1. Full equipartition case

We first identify an “extreme” case where the amplitude
IR,,| appearing in Eq. (66) is of order m". The total
occupation number of right-handed states for the full
many-body calculations is shown in Fig. 8, where we
compare this quantity for different values of the mass
parameter. The amplitude of the large oscillations is
independent of /1 and is equal to 0.5, while the frequency
is linear in /M (with, for instance, a doubling of the
frequency between the orange and green lines). For the
truncated many-body (and mean-field) calculations, there
are no such large oscillations and we recover the usual
behavior, as shown in Fig. 9.

We note that if we looked at the full many-body
evolution for small times, we would still interpret the
helicity conversion as scaling as %, as can be seen
expanding Eq. (66) at small times® (with the difference
of eigenvalues being of order 71, as evidenced by the
frequency dependence in Fig. 8). For a realistic value

We then recover the general statement of Appendix C, which
predicts a right-handed population o 7%, since the derivation
only applies a priori for m7 < 1.

1.0

(0,2) 1,2)

0.5 1t 1 r .

00 1 1 1

1)

1.0 T T
) _ | WW
0.0 L

0 10000 0 10000 0 10000
t t t

1.0

— — (full)
+ (full)

Occupation number

FIG. 10. Same as Fig. 7, but for the peculiar configuration
discussed in Figs. 8 and 9. The results are shown for
M =15x10"*. We only display the panels where order unity
occupation numbers are reached; there are also « m? left-handed
populations in the bins (£2,—1).

/i < 1077, the time to reach maximum conversion would be
7> 107 ~200 ms (since, in our problem, the timescale is
to ~ 20 ns). This large duration needed for macroscopic
spin conversion remains close to the dynamical timescales
of a supernova environment, suggesting that such phenom-
ena are not totally impossible. In addition, other spin
conversion drivers (transverse matter currents, magnetic
field) could further enhance the possibility of left-to-right
helicity conversion.

The particularly large helicity conversion observed here
is a feature of one specific momentum bin, namely,
n = (0,1). This is illustrated in Fig. 10, where we use
the same plotting convention as in Figs. 6 and 7 in order to
easily visualize the occupation numbers for each momen-
tum. The left-handed populations of the initially occupied
bins (1, 0) and (—1,—2) get quickly shared with the bins
(=1,0) and (2,—1), with an amplitude modulated by the
low-frequency behavior in the bin (0, 1). We have found
that, because of the symmetries of this configuration, the
initial state is projected on a specific combination of
eigenvectors of the full Hamiltonian, for which the occu-
pation numbers in one specific momentum bin undergo
large oscillations. This conclusion appears to be general: in
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FIG. 11. Evolution of the total occupation number of right-

handed states for various values of the mass parameter for the
configurations shown in the bottom right corners. Solid (dashed)
lines correspond to full (truncated) many-body calculations.

all large-conversion configurations we have encountered,
we have observed the same concentration of this large
conversion to one momentum bin.

2. Mass-independent frequency case

In Fig. 11, we show two cases, with respectively 4 and 6
neutrinos, where it is now the frequency of oscillations that
is mass independent, but the amplitude of conversion scales
as m”. To highlight these two points, we use a logarith-
mic scale.

Both the full and truncated Hamiltonian many-body
calculations show the /> dependence of Y~ p, (p.7), but
the full Hamiltonian increases left-to-right conversion by 5
(slightly more than 4) orders of magnitude for the top (resp.
bottom) configuration. The low-frequency oscillations of
the amplitude, which are associated with these large spin
flips, as before, are only a feature of the full Hamiltonian
calculation (they correspond to the “humps” seen in
Fig. 11). These results emphasize the diversity of situations

for which the generic enhancement shown in Sec. III B can
be augmented by several orders of magnitude for specific
configurations.

IV. SUMMARY AND DISCUSSION

In this work, we leverage recent developments on the
study of collective neutrino flavor oscillations to tackle the
question of neutrino helicity conversion from a quantum
many-body perspective. Several mean-field treatments in
the literature have shown that such spin-flip behaviors
should generally be negligible (e.g., [61,66]), as expected
given the standard (mass/energy)? suppression of helicity
conversion. Nevertheless, significant differences with
mean-field results that stem from many-body entanglement
have been found in various setups for neutrino flavor
conversion [47]. This intriguing finding motivates the
present study of helicity conversion.

We use a toy model consisting of a limited two-dimen-
sional grid of modes in momentum space, with only one
generation of Dirac neutrinos of mass m. This allows us to
ignore flavor oscillations and the presence of antineutrinos,
such that the conversion we are interested in is between v,
and vy states.

We compare different frameworks for neutrino evolution:
the mean-field approximation and the direct solution of the
N-body Schrodinger equation, the latter being carried out
with two different Hamiltonians. First, following long-
standing practices in the flavor literature, we consider a
truncated Hamiltonian where only the forward and
exchange terms (which are the only ones contributing at
the mean-field level) are retained; we then also consider the
“full” Hamiltonian where all momentum exchange pos-
sibilities are included (following the work of Ref. [58] for
flavor conversion). All expressions are derived, at leading
order in the nonzero mass contribution, in Sec. II. For
realistic environments, the kinetic energy of neutrinos is
orders of magnitude larger than the strength of the two-body
interaction term, which explains why kinetic energy is
dynamically conserved, allowing for a further simplification
of the Hamiltonian. This argument was first laid out in [58],
and we revisit it using the time-dependent perturbation
theory in Sec. IIT A.

For various initial momentum configurations of several
left-handed neutrinos, we compare the total occupation
number of right-handed neutrino states as a function of time
for the different calculation frameworks. There is a sys-
tematic enhancement of left-to-right helicity conversion
when many-body effects facilitated by the full Hamiltonian
are included. This is the main result of this study. We
attribute this effect to the additional one-particle states that
are made available by the momentum-exchanging part of
the full Hamiltonian. These extra states allow for an
increased spin-flip probability.
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Contrary to the case of neutrino flavor conversion, there
are no differences between the results of mean-field and
truncated Hamiltonian many-body spin-flip calculations.
This is a consequence of the smallness of the parameter
m/ po, with p, = O(MeV), the typical neutrino energy (see
Fig. 2 and associated discussion). Our mean-field results
are consistent with the need for a transverse potential to
seed helicity conversion, as evidenced by the exploratory
calculations described in Sec. III C.

The helicity conversion enhancement associated with the
full Hamiltonian is generally several orders of magnitude:
one order of magnitude in Fig. 2; more than two in Fig. 3;
even four and five in the examples of Fig. 11. These latter
configurations correspond to cases where the total right-
handed occupation number displays large oscillations, as
discussed in Sec. III D. We have even identified a particu-
larly symmetric configuration which leads to periodic
equipartition of the left- and right-handed populations in
one momentum bin (see Figs. 8—10), noting, however, that
the frequency of the large oscillations is then proportional
to the ratio m/ py.

Although the many simplifications of our toy model
may lead to the particularly large spin-flip probability
discussed in Sec. IIID, the fact that mean-field (and
truncated many-body) calculations significantly under-
estimate this probability compared to full many-body
calculations is a generic conclusion of our work.
Several steps would need to be taken to assess the specific
consequences of this mechanism in a supernova environ-
ment, including, for instance, a larger number of neutrinos,
3 mass generations, and antineutrinos. If the spin-flip
enhancement carries over to the case of Majorana neu-
trinos, this would lead to interesting observable signatures,
as the process would effectively correspond to a neutrino
— antineutrino conversion.

That might be visible, for instance, in the neutronization
burst of a supernova. That burst would have prodigious
luminosity for roughly ~10 ms. We also would expect the
v, flux in the burst to exceed the fluxes of other neutrino
and antineutrino types by roughly an order of magnitude.
Flavor transformation in the envelope in the normal mass
hierarchy will convert some of the v,s to other flavors.
However, absent large scale spin-flip of Majorana v,s, we
would not expect significant numbers of v,s to appear.
That is intriguing. Should an anomalously large 7, flux
from a Galactic core-collapse event be observed in a
terrestrial detector, there would be speculation about
spin-flip. This might arise from medium effects, including
the many-body enhancement evidenced in this work, or
from a large neutrino magnetic moment as mentioned in
the introduction.

However, our toy model, while suggestive of significant
many-body enhancement to spin flip, has obvious and
significant limitations as outlined above. Nevertheless, note
that only neutrinos are present in our model, while matter

effects or interactions with external magnetic fields might
contribute further. These other spin-flip causes were usually
considered as the dominant sources of helicity conversion
(e.g., [64,66,73]). We conjecture that many-body neutrino
effects, in conjunction with these standard mechanisms,
might further increase the spin-flip probability.

Finally, the particular setup we considered, with neu-
trinos in well-defined momentum states, has been criticized
in the context of flavor conversion since it would lead to too
many interactions (and therefore quantum correlations and
entanglement) compared to the standard quantum kinetic
approach [53,54], which builds upon a separation of scales
not satisfied here. The same arguments apply in the case of
helicity conversion. Extensions of this work towards more
realistic wave packet [98] descriptions, or intermediate
approaches between the mean-field and many-body limits
(e.g.,[55,57,99,100]), could be pursued in the future. Given
the stakes for compact object physics, and given the
intriguing many-body enhancement found here, we con-
clude that further exploration of neutrino spin flip is
warranted.
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APPENDIX A: QUANTIZED DIRAC FIELD
AND WEAK INTERACTIONS

1. Neutrino Hamiltonian

We start by rigorously deriving the expression of the
neutrino Hamiltonian. The goal is to provide a self-
contained bridge between the four-fermion Lagrangian,
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the interaction-picture field expansion in a finite volume,
and the operator structures that appear in the spin/helicity-
resolved Hamiltonians used in our numerical many-body
and mean-field calculations. As in the main text, we work
with a single Dirac neutrino species of mass m interacting
via the Standard-Model neutral-current (V-A) four-fermion
operator in the low-energy limit. We use the met-
ric i, = diag(+, -, —, —).
The effective Lagrangian density is

. Gr ,_ _
L =iy, — m)y — 7% Fr°PLy)(Fr.PLy),  (Al)

where P, = (1 —y>)/2 is the left-handed chiral projector.
y is the Dirac spinor for the neutrino of mass m. The
quantum Heisenberg-picture Hamiltonian H"(¢) can be
obtained by using the canonical quantization procedure
(see, e.g., [101,102]).

The canonical Hamiltonian at time ¢ is obtained from

H(r) = / (i + m,0pt = L), (A2)

with conjugate momenta z,, = dL/dyr and z,,+ = 0L/ oyr'.
Canonical quantization promotes the fields to operators and
imposes equal-time anticommutation relations. In the

Heisenberg picture we introduce the field operators
VH(x) and o7 (x) which satisfy

[ x0T (x 1)) = 8,80 (x - X),
P (x.0).(x 1)} = 0,
{Z/HZ<X, 1), I/HZ(X/, 1)} =0.
Here, a,b €{1,2, 3,4} label the Dirac spinor components.
Replacing the Dirac spinors y(x) and y'(x) by the field
operators v(x) and v¥7(x) in the canonical Hamiltonian

gives the Heisenberg-picture Hamiltonian H(7).°
It is convenient to split

(A3)

HY (1) = HE (1) + HIL(@), (A4)
where HY is the free Dirac Hamiltonian and H contains
the four-fermion interaction. In what follows, the
Schrodinger-picture Hamiltonian is H = H(0).

We define the interaction-picture field by evolving the
Heisenberg field with the free Hamiltonian,

U (x) _ eng(O)’l/H(X, O)e—ng’(O)z_ (AS)

®In standard cases such as the closed neutrino system we study
here, the Hamiltonian is not explicitly time dependent and
HH(t) = H?(0) at all times (as can be seen applying the
Heisenberg equation). We keep the discussion here more general,
so that it can be adapted to other cases as well.

H{! (1) is the vacuum part of H”(z). By construction, 2/ (x)
satisfies the free Dirac equation,

(iy?0, = m)v!(x) = 0,

and we use E, = \/p? + m? with p = [p|.
The interaction-picture field can be expanded as

(A6)

up(p)e 7

Z\/ZV—E

+ b, (p)va(p)e™], (A7)
where p* = (E,,p), ¥ = (t,x). The label i = 4 denotes
helicity, i.e., eigenvalues of X - p where £ = ¢y (equiv-
alently of 6 - p on the two-component spinors used below).
The operators a,(p) and b,,(p) annihilate a neutrino and an
antineutrino with momentum p and helicity A, respectively.

The nonvanishing anticommutation relations of the
creation and annihilation operators are

{an(p). af,(p")} = {bu(D). by (')} =SSy (A8)
In the discrete box normalization,
2 2
(Spp/ = 5nxn;5nyn;.6nzn’z ’ p= fn’ p/= fn,' (A9)

Together with the spinor completeness/orthonormality
relations in the Appendix A2, Eq. (A7) reproduces the
equal-time field anticommutators in Eq. (A3).

Finally, the Schrodinger-picture field operator at ¢ = 0 is
given as

v(x) =

matching the expansion (4) in the main text. The interaction
Hamiltonian in the Schrodinger picture follows directly
from the four-fermion term in £,

M (x,0) = 1/ (x.0), (A10)

Hmt—T Exp(x)y"PLy(x)][D(x)y, Pry(x)].

Inserting the mode expansion of v(x) yields a
quartic operator expressed in terms of a,a’,b,b’ and
spinor  bilinears of the form @, (py)y*PLuy, (p2),
iy, (P1)7"PLvy,(p2), etc. The spatial integral produces
momentum conservation,

(A1)

/d3xei(p1+pz—p3—p4)~x =V ipapsips- (Al2)

Equation (A12) implies that the interaction couples
momentum modes only in combinations that preserve
total momentum. In the main text we specialize to
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neutrinos (discarding antineutrino operators) as a con-
trolled simplification and retain the relevant terms at the
desired order in m/E for helicity conversion. The explicit
helicity kernels appearing in the reduced Hamiltonians are
built from the spinor bilinears above and are evaluated with
the conventions given below in the Appendix A 2.

2. Spinor conventions
a. Gamma matrices and two-component helicity spinors

We use the chiral/Weyl representation of the Dirac
matrices,

0 <O ]Iz> < 0 0')
V= ’ Y= ’
]I2 0 - 0

. -I, 0
=i’y = ( )

Al3
0 1, (A13)

where 6 = (6}, 0,, 03) is the vector of Pauli matrices, and
I, is the 2 x 2 identity.

For any momentum direction p = p/p, the two-compo-
nent helicity eigenspinors &,(p) are the eigenvectors of

G- p,

h==1.

(6 D)&n(p) = h&u(p), (Al14)

Writing p in spherical angles (6,.¢), one convenient
choice is (this is the same convention as [60])

. cos %" . —e i singz—"
= ", &)= 0 -
e s1n7p cos -+

2
(A15)

These satisfy & (p)&,(p) = 8y and the completeness
relation 7, &,(P)¢;(P) =1L.

b. Dirac spinors and normalization

Introducing

m
r = , E, = 24 m?, Al6
(p) E,+p p=1\/P (Al6)

such that r(p) ~m/(2p) in the ultrarelativistic limit, and
using the conventions (A 15), the positive-energy (neutrino)
helicity spinors are

The negative-energy (antineutrino) helicity spinors are
taken as

()
“@‘%+%%mmﬂ

v@bﬂ?7(ﬁ§®) (A18)

With these conventions the usual orthonormality relations
hold,

”Z(P)“h’(l’) = 2E,6pp
v}, (0) v (P) = 2EpSy.
w,(p)vw (p) = 0,
ity (p)uy (P) = 2mdyy
ou(P)vi () = —2méyy, (A19)
along with the completeness relations
Zuh(p)ﬁh(p) = IS +m,
h
> ou()ou(p) = p—m (A20)

These identities ensure that the field expansion (A7) is
consistent with the equal-time anticommutation relations.

APPENDIX B: ALGORITHM DETAILS

In this Appendix, we explain in detail our numerical
construction of the many-body neutrino Hamiltonian,
which follows the strategy of [58], adapted for helicity
conversion with only one flavor.

To make things explicit, we consider the momentum grid
represented in Fig. 12 as an example—it corresponds to
Nmax = 2 in Eq. (53). There are 24 momentum modes (we
exclude the zero-momentum mode) labeled in an increasing
order of n, and ny, for instance,

n, = (-2,-2),
ns =(-2,-1),

n, = (2, —2),

ny; = (2,2) (Bl)
Since each momentum mode can be associated with two
helicities, there are 48 one-particle states. For any momen-
tum mode n; of [ =0,...,23, the left-handed state is
represented by the integer 2/ and the right-handed one
by 2/ 4 1. Some one-particle states are thus

7Although we do not consider antineutrinos in this work, we
include these definitions for completeness.
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FIG. 12. Example of momentum grid with a maximum quan-
tization index n,,, = 2. The numbering of the momentum states
1=0, ..., 410, (nya + 1) — 1 is shown in bold black, while the
even (odd) numbering of the one-body helicity states is shown in
blue (red) for left-handed (right-handed) states.

0-(5) =), ().
10<»<j>_, 27«>(§>+, 47«><§)+. (B2)

Therefore, the set of discrete creation operators is

ay =al(pon)),  ay, =d.(pon)  (B3)
for [ =
creation operators a} (p) for the eigenstates |n) of Hy, we

take the following convention;

.,23. To avoid the ambiguity of ordering the

. N
lit,.oesiy) = a; ...a; |0), (B4)
forOSil < ... <1NS47
The dimensionless Hamiltonian (42) is
Po 47 )
=223 " Imilafa;, (B5)
H 0
:—42 Z g(f.i, f,i ’afaf,aa/
i'f'=1i<i’,f<f
X 5n;+n71,n}»+n7;5\n7|+|nﬂ\.ln}|+\n7/\’ <B6)

where we wrote 7= |i/2] for conciseness. The restrictions

i<iandf < f forH S,) follow from the definition in (B4)
and are responsible for the prefactor 4.

In order to diagonalize the Hamiltonian, we need to
construct its matrix representation on a given basis. If the
initial state has N neutrinos, a complete basis for the
problem consists of the states (B4). However, not all N-
particle states are “accessible” from a given |¥), because of
energy and momentum conservation. For each initial state,
we thus construct the minimal basis of N-particle states.

To do so, we first create a table of all possible two-body
i) - ) which conserve energy and
momentum, and for which g(f, i, f’,i') # 0. For an initial

state |¥y) of the form (B4), the action of I:I,Ei)|‘l’0> is to
replace any two integers among i; to iy with a couple
(f, f') from the scattering table previously constructed. We
thus obtain a set of vectors of the form (B4) that we call S.

We then apply H l(,i) to each vector in Sy, which induces a set
S,. After multiple iterations, no new vector appears in S
(i.e., there is an integer m such that S,, CU;_, S;). The set
of vectors in U;_,, S; are the basis states |vy), ..., [v;). We
can thus represent A as a k x k matrix on this basis, and
diagonalize it.

APPENDIX C: SCALING « > OF THE
RIGHT-HANDED POPULATION

We can justify the fact that 3, p. ., (p) in?, observed
in the main text (e.g., Figs. 2 and 3), by using perturbation
theory. We have already used a similar argument to justify
pairwise kinetic energy conservation in Sec. III A 2, and we
consider now the “unperturbed Hamiltonian” H +
H;, ;. and the perturbation H,; ., p+H g1 =
H;; . g, With the perturbation parameter /i < 1.

The unperturbed Hamiltonian conserves the number of
right-handed neutrinos in every momentum,

[a} (K)a (k), Hy+ Hypp] = 0.
Since they commute, the Hamiltonian and the right-handed
number operators can be simultaneously diagonalized:

(C1)

(HO + I:ILL_>LL)|/1,np,nq, > = /1|)“’ np,nq, >
a (K)a,( Ny .o) = prTlgs )

with n, €{0, 1} the right-handed occupation number of
each momentum bin. We consider initial states of the form

(€2)

[¥(0)) = aT—(‘ll)---ai(QL)ai(Pl)--'GZ(PR)|O>~ (C3)
The wave function in (41) can be written
¥@D) = > iy (DeH Ay ng, ), (C4)

A g,

and the right-handed neutrino occupation number for
momentum p is
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pi+(P.7) = pyy(p,0)
= Z (|Cl,1,nq,...<;)|2 - |C/1,1,nq,...(0)|2)-

Angs...

(C5)

We can write at first order in the perturbation H,; ..,z

.dc/l,n Mg Ty
R/
X</an’nqa-“‘I:‘ILL(—)LR'/I/’n;)’n:]’"'>' (C6)

Since ||H;; . 1r|| = O(in) [see Egs. (20)—(21)], this expan-
sion is valid for m7 < 1. We then distinguish between
two cases.

For c,l,np,nqw(O) = 0, integration of (C6) gives
(7) ~ O(m), (C7)

C
Aol ...

and that gives a o /? contribution to (C5).

For nonvanishing ¢;,, ,,...(0), only the other nonvan-
ishing ¢ ., ....(0) # O contribute on the right side of (C6).
Given the initial state (C3), the coefficients which don’t
vanish initially, c¢;,, .. (0) = (4. np, ng, ...[¥(0)) #0,
are such that n, = 1 for k € {py,...,pr} and 0 otherwise.
The sum in (C6) is thus restricted to a subspace of fixed
right-handed occupation numbers... but the perturbation
H; ;1 precisely changes those numbers by one unit.
Therefore, the right-hand side of (C6) vanishes, and the
variation of Canpng.... is of second order in perturbation
theory. Namely,

(C8)

C/LnPan,...G) ~ Cl,np,nqn..(o) =+ 0(,,712)

In that case, the contribution to p, , (p,7) — p, . (p.0) is
also O(in?).
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