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Witten effect in the three-form description of 6 vacua
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The 6 vacua of a gauge theory admit an equivalent formulation as vacua of a massless Chern-Simons
three-form, which originate from the topological susceptibility of the vacuum. This formulation provides a
framework in which the physical manifestations of the 6 angle, which are quantum in origin, can be
captured at the level of effective classical equations of motion. Within this framework, we derive the Witten
effect, demonstrating that in the background of a massless three-form, the magnetic monopole indeed
acquires an electric charge proportional to §. This result, in particular, provides evidence that instantons,
even when constrained by the Higgs effect, maintain a nonzero topological susceptibility of the vacuum.
In addition to the Witten effect, we numerically demonstrate that a magnetic monopole exhibits
polarizability when placed in a constant background electric field.
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I. INTRODUCTION

Within a medium characterized by a nonzero 0 angle,
monopoles acquire an electric charge proportional to this
angle. Witten analyzed this effect in an SU(2) gauge theory
with an adjoint matter field ¢ that spontaneously breaks
(“Higgses”) the gauge symmetry to U(1) [1]. There, the
Noether charge operator N associated with the unbroken
U(1) symmetry consists of the electric charge and an
additional term proportional to the € angle and the magnetic
charge:

1 0
NZ;Qe_S—;fQ m» (1)
where for the magnetic monopole Q,, = 4x/g, with g being
the coupling constant. Quantization of this Noether charge
leads to the modification of the Dirac-Schwinger-
Zwanziger condition for the electric charge:
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where n is an integer. Therefore, a magnetic monopole
in a € vacuum always carries a Witten electric charge
Qw = 0g/2n.

Notice that the Witten effect also appears classically
within the framework of axion electrodynamics, where the
electric charge is induced by the gradient of the axion
profile [2]. The monopole’s electric charge can also emerge
dynamically, for instance, when the monopole passes
through an axionic domain wall [3].

In the present paper, we shall adopt the following
approach to the Witten effect. First, the Witten effect
represents a manifestation of physically observable effects
of 0, which in a naive classical treatment would be
disregarded as an irrelevant boundary term. However, in
quantum theory @ is physical due to instantons [4,5].

We wish to formulate a description that allows capturing
their influence on the magnetic monopole at the level of
effective classical equations of the ’t Hooft—Polyakov
theory [6,7]. In this, we shall rely on a three-form
description of the @ vacua [8] originating from the topo-
logical susceptibility of the vacuum (TSV).

It is well known that physicality of the boundary term
0GG is directly linked with the existence of the TSV
correlator defined as'

FT(GG(x). GG(0)),_, = const # 0. (3)

'Notice that throughout this work we will use GG as anotation
for Tr(G,,G").
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Here, FT stands for the Fourier transform, and p is the four-
momentum. This long-range correlator mediates the physi-
cal effects of the boundary term.

In [8], it was shown that the TSV allows for a description
of the 6 vacua in terms of the vacua of a massless three-
form field residing in the Chern-Simons three-form of the
gauge theory. This formulation provides a framework that
allows capturing the physical effects of € in terms of
effective classical equations of motion.

In the present paper, we apply this method to the Witten
effect and show that in a three-form vacuum a magnetic
monopole indeed acquires an electric charge proportional
to 0. In particular, in a numerical computation, we insert a
’t Hooft—Polyakov monopole on top of a constant GG
background and, through numerical relaxation, we find that
the monopole obtains electric charge. Effectively, this
means that a monopole acquires electric charge in a vacuum
with a nonzero expectation value of GG.

On top of verifying that the three-form formulation
correctly captures the Witten effect, this result sheds useful
light on some profound questions in instanton physics. The
point is that in a theory with a magnetic monopole the
gauge SU(2) symmetry is Higgsed. Due to the Higgs
effect, the instantons become constrained [9,10].

Despite this, instantons are believed to continue generat-
ing the nonzero TSV, which keeps @ physical. A discussion of
this question within the electroweak theory can be found in
[11], whereas the three-form formulation of the electroweak
6 vacuum has been given in [12,13].

Due to the connection between the TSV and the physical
effects of 6, a recovery of the Witten effect from the three-
form formalism serves as independent evidence for the
TSV contribution from the constrained instantons.

II. THREE-FORM FORMULATION
OF THE 6 VACUA

Before implementing the Witten effect, we shall briefly
review the description of the 6 vacua of an SU(N) gauge
theory in the language of a massless three-form field
[8,12-18].

In order to explain the main idea, let us first consider the
simplest version of the theory of a free massless three-form
field C,qp:

1
L=-FE, 4
: 4)
where E = % gkvap 0,,C qp 1s the field strength (gp;23 = —1).
The theory exhibits the gauge redundancy under the shift of
the three-form by an exterior derivative of an arbitrary two-
form Q;:

Clzaﬂ - Ct/aﬂ + a[ﬂQaﬁ]’ (5)

Due to this gauge redundancy, the massless three-form
does not contain any propagating degree of freedom.

Nevertheless, it can provide very important long-range
correlations via its “electric” field. Indeed, the equation of
motion following from (4),

9,E =0, (6)

is solved by an arbitrary constant E = @A?, which, for
future convenience, we have parametrized as the product of
a dimensionless parameter € and the energy scale A.

Notice that in the above theory these constant values of
the field define different vacuum states. Although the
energies of these states are different, due to the absence
of any mobile charges with respect to C, the value of the
field E cannot be changed and thereby defines a super-
selection sector.

We can expand the theory about the given vacuum by
applying the field redefinition E — E + @A%. The 6 term
then appears in the Lagrangian

1
L= EE2 + OA’E, (7)

in the form of a total derivative, which can be rewritten as a
boundary term:

bognap ON
ARONE =2 [ dXF A dXY A dXOCpy. (8)
3+1 3! o

where in the last expression the integration is taken over the
2 4 1-dimensional world volume of the boundary with the
embedding coordinates X*.

Now, the point of [8] is that the @ vacua of the ordinary
SU(N) gauge theory can be described as the above-
discussed three-form vacua in which the role of C is played
by the Chern-Simons three-form:

w) 2 2,

Cﬂm = PTI’ (W[},a,,Wa] - g lgW[”W,,Wa]> . (9)
It is clear that GG of the SU(N) theory represents an
invariant “electric” field strength E(") with respect to the

Chern-Simons three-form according to the definition below
Eq. (4):

Tr(G,,G") = A2 EW), (10)

with the SU(N) field strength G, =oJ,W,—-9d,W, -
iglW,.W,] and G* = 1% G ;. At the level of the above

identification, C") and EM") are composite operators,
which includes a massless three-form field. This can be
understood from the fact that the physicality of 8 implies a
nonvanishing TSV correlator:

FT(E(x)"), E(0)"),_, = const # 0. (11)
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This correlator is nonzero due to instantons. From here, it is
clear that the three-form CW) correlator contains a massless
pole

FT(C™)(x),C"(0)),_¢ %. (12)

Correspondingly, from the point of view of the vacuum
structure of the theory, CW) can be replaced by an
“elementary” three-form field C. Correspondingly, the
O-vacuum structure of the SU(N) gauge theory is fully
captured by a theory of a massless three-form C. This
effective description of the vacuum is exact, since high-
derivative operators obtained by integrating out heavy
modes vanish in the zero momentum limit [8].

In the full theory, the kinetic function of the three-form
represents a nonlinear algebraic function of the field
strength E:

L =K(E). (13)
The corresponding equation of motion,

IK(E)
0=y =0, (14)

has a solution with an arbitrary constant value 0KC(E) /JE =
OA? representing the 0 vacua. By integrating Eq. (14), one
gets E = Inv[K'|(6), where Inv[K'] denotes the inverse
function of 0KC(E)/dE.

Due to the periodicity of physics in 6, Inv[K'] must be a
periodic function. For example, in a dilute instanton gas
approximation, this function (in units of the scale A) has the
following form [8]:

K(E) = E arcsin(E) + V' 1 — E?, (15)
which correctly reproduces the V(6) « —cos(6) form of
the energy of the 6 vacuum.

For the purposes of the present work, we will restrict
ourselves to the bilinear form of the kinetic term in the
Lagrangian K(E) = 3 E?, which correctly reproduces the
physics of the € vacua for 0 < 1.

Before moving to the monopole case, let us demonstrate
how the three-form language captures physical effects of
the 6 term at the level of classical equations. The classic-
alization of the Chern-Simons three-form in the presence of
sources can be made transparent by following the analysis
of [14], where the effect of sourcing of an SU(N) Chern-
Simons three-form by a classical brane was studied. Let us
evaluate the (gauge-invariant) force mediated by the Chern-
Simons three-form field between the two conserved brane
sources represented by a conserved current J% (x):

Jr(x)cly) (16)

where 9,J%" (x) = 0. For example,

0X* 0X? axr
‘Ea C
o9& ogh og°

I (x) = g / &5 (x - X(8)) (17)

describes a current of a membrane with 2 4 1-dimensional
world-volume coordinates £4,a =0, 1, 2, and 3+ 1-
dimensional embedding coordinates X*, a =0, 1, 2, 3.
Here ¢ is a constant charge density, which we refer to as the
three-form charge of the membrane.

As discussed in [14] (see also [19,20]), the role of the
membrane, in particular, can be played by an axionlike
domain wall created by a pseudoscalar field a(x) with a
periodic potential, e.g., V(a) « (1 — cos(a)). Such a theory
allows a domain wall across which the field interpolates
between the two neighboring vacua, say 0 and 2z. The role
of the conserved brane current sourcing the three-form is
played by the topological current of the domain wall:
JPr(x) = qe*"0,a. Tt is easy to see that in an effective
theory at distances larger than the domain wall thickness
the topological current of the axion wall matches the brane
current (17).

For a 2-brane located at x; = L, the current is J%7 (x) =
qo(x3 — L)5<[)a575£]-

Now it is straightforward to see that the correlator (12)
evaluated between two parallel static membranes J; and J,
(with charges ¢; and ¢g,) located in the planes x3; = 0 and
x3 = L, respectively, asymptotically (L — oo) gives a long-
range linear potential:

V(L) / @7, (1)(C) (). CY ()12 (0) gy oL (18)

This potential obtained in a quantum theory is fully
matched by the energy of a classical three-form field
Coir « |x3]. The corresponding electric field E = d;Cy;»
is a solution of the classical equations of motion of a
massless three-form (14), which in the presence of the
brane sources becomes

0.E

M = ﬁgﬂaﬁy.]aﬁy()(f). (19)

For a single planar brane of charge ¢, located at x; = 0,
we have J%7 (x) = qé(x3)5gx5/135£]. The electric field E is
constant away from the brane. However, across it, E
experiences a jump given by AE « g. Correspondingly,
a probe membrane with a charge ¢, placed in the back-
ground three-form field produced by another source mem-
brane of charge ¢,, will experience a force perpendicular to
its surface and proportional to g;¢q,.
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Notice that the above force also represents the proof of
the gauge independence of the massless pole in
Eq. (12) [12].

Now we can apply the above understanding to the effect
of the 0 term on a probe membrane with charge ¢. First, as
in (8), we can rewrite the 0 term as the three-form field
sourced by the space-time boundary:

. OA2
/ d'x0Tr(G,,G") = — / dX* A dX¥ A dXCly.
341 31 o

(20)

This sourcing produces the space-filling constant electric
field E. This expectation value, which is quantum in origin,
from the point of view of a local observer, is a Lorentz
scalar and has no preferred direction.

Now, if we introduce a probe membrane, charged under
C, the field shall act on it nontrivially. The constant force
exerted on the probe brane is « gf. In other words, the
presence of the classical probe brane effectively classic-
alizes the effect of the 6 term via the three-form correlator
of the TSV. In particular, it creates a preferred direction
through the jump in E over the probe brane.

Of course, in the above example, we have introduced an
axionlike heavy field as a probe and restricted ourselves to
a bilinear kinetic function of the three-form. This is justified
for small values of @ and small charges g of the probe
brane. If the axion is introduced as a part of the full theory,
the additional consistency requirements on the charge ¢ as
well as on the axion potential shall be imposed.

The bottom line is that the three-form formulation of the
0-vacuum dynamics allows us to analyze the effect of the 8
term, which originates from quantum instanton effects, at
the level of the classical effective equations of motion.

III. SETTING THE FRAMEWORK FOR THE
NUMERICAL ANALYSIS

Equipped with the above knowledge, we proceed in the
following way. The 6 term has a physical manifestation due
to quantum effects generated by instantons. The description
in terms of a massless three-form allows us to account for
these effects at the level of the classical equations of motion
of the effective theory.

Hence, we can include the information about the
physicality of 0 into our Yang-Mills Lagrangian by con-
sidering the presence of the massless three-form. This can
be done explicitly by adding to the Lagrangian a constraint
via a Lagrange multiplier field X:

1 1 -
L£=-5Tr(G,G") + 5E2 - X(A’E - Tr(G,,G*")).
(21)

The above Lagrangian describes the simplest effective
theory that promotes the expectation value of GG, and thus

the 6 term, into an integration constant. Therefore, it
exactly captures the structure of the € vacuum. Since we
approximated K = %Ez, the correspondence is valid for
small 6. For larger values, one has to include the entire
kinetic function.

Notice that although we refer to the above effective
three-form Lagrangian as “classical,” of course its origin
is fully quantum, as it results from integrating out the
instanton effects.’

As shown in [8], the description of @ vacua by a theory of
a massless three-form is exact because all high-derivative
operators (i.e., operators including derivatives of E) vanish
in the zero-momentum limit and only the terms algebraic in
E are important.

The constraint, at the level of the classical effective
equations of motion, projects the composite Chern-Simons
three-form C") of the gauge field W, on a massless three-
form C. In particular, this gives the relation (10).
Integrating out the Lagrange multiplier then gives

| 92
X=—GG=0 .
A* 1672

(22)

This reproduces the standard knowledge that the value of
6 determines the vacuum expectation value (VEV) of GG.
Correspondingly, physics has to be periodic in both
quantities which can of course take continuous values.’

Notice that, for the purpose of the Witten effect, all we
need to know is that € is in one-to-one correspondence with
VEV of GG. The rest of the analysis is to show that on a
background with this VEV the monopole acquires a non-
zero electric charge matching Witten’s formula.

However, the VEV of GG requires some clarification. In
a Higgsed SU(2) theory, this expectation value originates
from constrained instantons, which at the same time are
responsible for a nonzero TSV. Therefore, although this
VEV can fully legitimately be described in terms of
solutions of the equations of motion of a massless three-
form, it is not directly factorizable in terms of classical
electric and magnetic fields of the low-energy U(1) theory.

Nevertheless, from the point of view of detecting the
Witten effect, it is legitimate to “manufacture” the VEV of
GG in terms of electric and magnetic fields of the U(1)
theory. However, this question is linked with the issue of
Poincaré invariance of the vacuum.

Let us consider it in more detail. We use the language of
the Abelian U(1) subgroup, with the Maxwellian field

*The effective three-form Lagrangian is classical in the same
sense as the chiral theory of pions, which represents an effective
low-energy description of the QCD vacuum obtained after
integrating out the quantum effects of the strong interaction.

Needless to say, this is fully consistent with the quantization
of the instanton winding number in Euclidean space, since the €
vacuum is not a vacuum with definite winding number n but their
continuous superposition |0) = >, ¢™|n).
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strength tensor F,, for which we define the electric field E
and the magnetic field B in the usual way.

As a representative of a classical background with
nonzero FF let us choose the configuration in which the
electric and magnetic fields are constant in space and time
and are equal E = B. Their absolute values are given by a

constant
[E[=[B|=V. (23)

Notice that in the absence of any mobile charges such a
state obeys the superselection rule and thereby represents a
legitimate vacuum state.

For definiteness, we can orient the fields in z direction,
E; = B; = 6;3V. The corresponding energy momentum
tensor is given by T, = diag(1,1,1,—1)V% Notice that
the configuration will give F qu W = —4V?and F Wk =0.

The above field configuration breaks the Poincaré
symmetry. Ordinarily, the invariant vacuum state would
be obtained by averaging over all group transformations
broken by the state. That is, in quantum theory, the state
(23) must be viewed as a coherent state |E,B) over
which the expectation values of quantum operators E
and B are given by (23). The invariant vacuum state is
obtained by averaging |E, B) over all possible Poincaré
transformations:

B, = / . EB) (24)
Poincaré

This state serves as a qualitative prototype of the invariant 8
vacuum viewed from the point of view of low-energy
electric and magnetic fields.

Of course, in the full SU(2) theory, the expectation value
of GG is generated by short-distance physics of constrained
instantons, which is not simply reducible to electric and
magnetic fields of the effective U(1) theory. However,
thinking of the € vacua |6),,, in terms of such configura-
tions provides a useful intuition for understanding the
Witten effect in the three-form language.

Now, the presence of a magnetic monopole on the above
background has two effects, which must be clearly separated.
First, the monopole “classicalizes” the state. The meaning of
this is that a classical configuration of the monopole affects
the Poincaré invariance of the quantum superposition by
creating a preferred frame of reference. In other words, it
gives a preference to certain states |E, B) which otherwise
would enter the superposition democratically.

Second, the monopole is going to experience the induced
charge in each state, regardless of the classicalization.
Although it is important not to confuse the two effects, they
go hand in hand.

Our analysis indicates that the induced electric charge
only depends on the value of GG. Since this quantity is the
same in all the states obtained by Poincaré transformations,

it appears that the Witten effect is insensitive to classic-
alization and can be considered independently.

IV. HIGGSED SU(2) MODEL

We turn now to an SU(2) gauge theory with an adjoint
scalar field ¢p. We wish to study the influence of a nontrivial
GG background on a monopole. The Lagrangian of the
theory is given by

L —%Tr(Gﬂ,,G"”) +Tr((Dy) (D*9)) = V(). (25)

The covariant derivative is defined as usual by
D,¢p = 0,0 — ig|W,. ¢]. The field equations are

(D#G;w)a + geabc¢b<DD¢)c = 0’

)%
4
D,DFp)* +—— =0, 26
(D09 + 5 (26)
where the SU(2) components of the fields are defined by
W, = WiT" and ¢ = ¢“T“. The generators are normalized

by Tr(T,T,) = 8,,/2. The potential has the following
form:

Vy(g) =2 (Tr¢2 - %2> g (27)

The potential allows the existence of magnetic monopoles,
as it breaks the SU(2) gauge symmetry down to U(1).
The ’t Hooft-Polyakov magnetic monopole solution has
the form [6,7]

lra
a —___H ,
¥ = SHW
L 1
Wi :Eeaijﬁ(l - K(r)),
Wi =0, (28)

where H(r) and K(r) are profile functions that depend on
the parameter m;/m,, with the Higgs boson mass m,, =

v/2Av and the vector boson mass m, = gv.
In [6], 't Hooft found that the gauge-invariant electro-
magnetic field strength tensor can be written as

~ 1 ~ ~ ~
F/w = gbanv - ;eabcqba(Dﬂ(b)b(qub)c (29)

(see also [21,22]). Inserting ansatz (28) into (29) gives the
magnetic field

1 r—)ool r;
Bi = _Egiijjk_)gﬁ’ (30)

describing a magnetic monopole with charge ¢,, = 47/g.
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A background with a constant electric and magnetic field
in the z direction is given by

|E|z

Wg?;kground — pa 0 . (31)
[Blx

0

On top of this, we can set the magnetic monopole with
Wa.” _ Wg?li:kground + Wgznopole' (32)

This ansatz is not a solution to the static field equations;
however, it serves as a good initial configuration to find a
solution by numerical relaxation. Notice that by using
Dirichlet boundary conditions the constraint (10) stays
automatically satisfied at the boundary.

V. NUMERICAL DETAILS

For the relaxation, we used the iteration

flrtl) = %ZE[f(n)] + ), (33)

where f is the field being relaxed, ¢ is the lattice spacing,
and E[f] = 0 represents its static equation of motion. This
iterative procedure updates f(") by adding a correction
proportional to the residual error in satisfying E[f] = 0.
Once " converges such that E[f(")] = 0, the solution is
obtained. A more detailed explanation of this method can
be found in [23,24].

In our scenario, we relaxed W¢ and |¢p| = /¢p“¢p® while

keeping the direction of the scalar field ¢“ fixed throughout

the entire relaxation process. Consequently, 0,-(35“ and 012(35"
also remain unchanged.

For the computation, we used the programming language
PYTHON together with the NUMBA package [25], which
translates the PYTHON code into fast machine code and
provides a simple implementation to parallelize the code to
take advantage of multicore processors. We performed the
computation on a cubic lattice with 180° lattice points and a
lattice spacing of 0.5m;'. As a cross-check, we used for a
few cases a lattice spacing of 0.25m;!. Furthermore, we
tested different box sizes to assess potential boundary
effects. We found that these variations lead to negligible
changes in our results.

At each iteration step of the relaxation process, we
measured the electric charge within a finite region around
the center. Once the charge converged to a stable value
(relative change between iteration steps below 107°) we
terminated the relaxation. This occurred before 10.000
iteration steps. The total energy also converged after this
number of iterations. For cases with only an electric field in

the background, the total charge of the system is always
zero, and thus, we performed 10.000 iterations without
stopping the iteration process before. After relaxation, we
also verified that the Gauss constraint was satisfied.

VI. POLARIZABILITY OF THE MONOPOLE

The first step toward a constant GG background is to
consider a monopole in an electric field without a back-
ground magnetic field. Already there, we can observe
nonlinear effects, most prominently the polarizability of
the monopole.

We would like to emphasize that, since on such a
background GG = 0, the phenomenon is unrelated to the
Witten effect. However, the polarizability of the monopole
is interesting on its own right, regardless of our use of it as
an intermediate step in deriving the Witten effect. We are
not aware of an explicit discussion of the polarizability of a
’t Hooft—Polyakov magnetic monopole in a background
electric field in a pure bosonic theory. Therefore, we devote
a separate discussion to this effect.

One can understand this phenomenon in the particle
physics picture in which the monopole is viewed as a
composite object, a coherent bound state, of W and scalar
bosons [26,27]. The following features are shared with
generic topological solitons [28—30]. The constituents can
be split into two categories. The ones that predominantly
contribute to the energy have wavelengths comparable to
the size of the monopole core and are localized within it.
The constituents that are responsible for the topological
charge of the soliton, have infinite wavelengths as well as
infinite occupation numbers [28,30]. These shall be con-
sidered later. The polarizability of the monopole is mainly
due to the energy constituents, which have the following
properties.

The occupation number of gauge W bosons is given by
N, ~ 1/, and this matches the number of Goldstones,
which represent their longitudinal polarizations. The occu-
pation number of Higgs bosons (the radial mode) is
correspondingly given by the inverse Higgs coupling.

Of course, the constituent W and scalar bosons are off
shell as compared to their asymptotic counterparts, and
they are stabilized by the topological charge. Despite being
off shell, one can consistently talk about their character-
istics, such as the occupation number, the wavelength, and
the electric charge. Although the W and scalar bosons are
electrically charged, the occupation numbers of the oppo-
site charges in the ground state (assuming a & = 0 vacuum)
are equal. Due to this, the monopole is electrically neutral.
However, under the influence of an external electric field,
the oppositely charged bosons can separate and generate a
dipole moment.

The polarizability of the monopole is also evident from
the equations of motion. Taking the zero component of
the gauge field equation (26) and contracting it with ¢*
projects out the unbroken U(1) direction. The resulting
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Polarizability of the Magnetic Monopole

0.0008

0.0006 -

T ~ (my/my,) ™"
§ 0.0004j g
m °
L L]
0.0002 5
b L 'S
® o o o o o o o . LJ
L ~ const.
0.0000° t t : .
0 1 2 3 4
mp / my
FIG. 1. Polarizability of the monopole with respect to m,,/m,,.

For m;, <m,, the polarizability decays approximately with
(my/m,)~", and for m;, = m,, it stays approximately constant.

equation can be rewritten as
0:(Gfi") = Gt (Dip)"- (34)

The left-hand side represents the divergence of the electric
field, implying that the right-hand side corresponds to the
charge density. Taking |B| =0 in the ansatz (32) and
inserting it into (34) gives

V.E =2[E| S K(r)?, (35)
r

which explicitly shows that the charge flips sign at z = 0.
Applying the relaxation method gives an electric dipole
field

3(p-f)i—p

Edipole — 3 ,

(36)

on top of the background. Our numerical analysis showed
that the dipole moment p is nonzero and is linearly
proportional to the background electric field, indicating
that the magnetic monopole is polarizable:

p| = P[E], (37)

where P is the polarizability of the magnetic monopole.

Using the numerical relaxation method described above,
we obtained an electric dipole field superimposed on the
background electric field. By comparing the numerical
results with the expected dipole field behavior in Eq. (36),
we determined the dipole moment. As expected, it is
linearly proportional to the background electric field.
The calculated polarizability for different m,,/m, is illus-
trated in Fig. 1.

For mj, <m,, the polarizability decreases with
(my,/m,)~'. Our lattice does not capture the long-range

electric field behavior for values m;,/m, < 0.2, because the
monopole core size approaches the lattice size. For
my, 2, m,, the polarizability stays approximately constant.

Our interpretation of the numerical results is the follow-
ing. We can approximate the dipole by two opposite
charges, ¢, separated by a distance d. The maximal
available charge g is given by N, g, where N, ~ 1/¢? is the
occupation number of W bosons. The maximal length 4 is
given by the largest of the two cores (Higgs versus gauge).
Notice that the occupation numbers of the W bosons must
be the same as the ones of the charged Higgs components
since the latter represent the longitudinal modes of the
massive W bosons. However, because the monopole back-
ground breaks Poincaré invariance and also partially
“restores” the SU(2) symmetry in the core, the spread
of the wave-function profiles for the W and Goldstone
bosons can differ. Correspondingly, in different regimes, d
is expected to be given by

% for m, <m,
d~<q (38)
m, for my, z m,.

At the same time, the value of the electric field is
bounded from above by the value |E,,| for which its
energy within the monopole core becomes equal to the
monopole mass, |E,.|>m;> =m,/g*. Notice that this
gives the bound on the electric field given by the
Schwinger threshold, |E .| = m?2/g. Therefore, the polar-
izability is

P

11 <
N, gd m2m for My < My
Ug ~ { v "h (39)

|Emax| % for my, 2 m,.

Our expectation from equation (39) is that P stays
constant for m; =2 m,. However, the precise monopole mass
is Mmonopole = f(mh/mv)mv/gz’ where f(mh/mv) is a
monotonically increasing function from f(m;/m,—0)=1
to f(my/m, - o)~ 1.787 [31]. Therefore, the occupa-
tion number of W bosons increases slightly with
N, ~ f(my/m,)/g*, which may explain the small increase
in the observed polarizability.

VII. WITTEN EFFECT

Now, in addition to the electric field background, we also
turn on a magnetic field, leading to a constant GG back-
ground. We set |E| = 0.05m2 and increased the magnetic
field by A|B| = 0.005m? steps. Numerically, we always
used the previously relaxed configuration, updated the
magnetic field background, and then applied the relaxation
again to obtain the new result.

At each step, we calculated the induced electric charge
Qyw by evaluating the electric flux through a cubic box with
edge length [ = 45m;' (half of the lattice size). Outside of
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FIG. 2. Witten electric charge with respect to GG for different
values of my,/m,. The electric charge is directly proportional to
GG as can be seen from the linear fit (gray lines).

the box, the electric field on top of the background already
decays as r~2, meaning that all the charge is within this
region. The results of this analysis are shown in Fig. 2.

We can observe that the electric charge is linearly
proportional to GG of the background. We numerically
analyzed various Poincaré-transformed configurations of
the background electric and magnetic fields. Our analysis
showed that the induced Witten electric charge remains
invariant under these transformations. This result is fully
consistent with the expectation that, with all other invar-
iants of the background vanishing, the induced charge
depends solely on GG.

As explained in Sec. II, this constant GG background can
be treated as a vacuum expectation value that can be related
to 6. Therefore, the appearance of the electric charge can be
interpreted as the Witten effect.

This phenomenon appears in the pure 't Hooft—Polyakov
model described in Sec. IV, since the information about the
0 vacuum is encoded in the VEV of GG, which represents
the field strength of a massless three-form field. Nonlinear
effects allow the background field to interact with the
magnetic monopole, leading to the Witten effect. This is in
contrast to the Dirac monopole of the U(1) theory, as we
will discuss in the Appendix.

Figure 3 shows the dependence of the Witten charge on
my,/m,. We found that the electric charge approaches a
constant value that is proportional to GG for my,/m, — .
This value is reached with an (m;/m,)~" behavior. The
maximal Witten charge occurs in the Bogomol’nyi-Prasad-
Sommerfield case m;/m, = 0.

The described parameter dependence of the Witten
charge must not create an impression that this charge
can violate Eq. (1). The point is that the relation (22)
between the expectation value of GG and the € term is
determined by the scale A, which, of course, depends on the
parameters of the theory nontrivially. In particular, this

Witten Electric Charge
0.20 T

. o Tr(G,,G")/m! = 0.001
015-°  ° TI"(G/WG”V>/mi = 0.002 |]
s [P\ o TY(G,,G"™)/m} = 0.003
é ol e | o el o Tv(GG"™)/my = 0.004 |
§ e ., . ° ° ° . . . s . .
005} © R S A . .
0.00 L
0 1 9 3 "
mh/mv
FIG. 3. Witten charge with respect to m,,/m, for different GG.

The electric charge approaches a constant value for large m;, with
a (m;,/m,)”" behavior (gray lines).

dependence emerges through the parameter dependence of
the contribution of constrained instantons.

For a fixed value of GG, the m,,/m,-dependent Witten
electric charge can be understood as follows. Within the
monopole, W bosons interact both via the gauge and the
scalar forces. For m;, <« m,, the Higgs-mediated inter-
actions are present everywhere within the monopole’s
gauge core, allowing more W bosons to be bound together
and thus the electric charge can be very large. In contrast,
for my, > m,, the Higgs interactions are strongly sup-
pressed, leaving the gauge interactions to dominate. Since
these gauge interactions maintain the same order strength
for fixed m,,, the number of bound W bosons approaches a
constant value. Correspondingly, so does the electric
charge.4

In our numerical analysis, we observed that in the limit
of small Higgs boson masses, the Witten charge is not
strictly linearly proportional to GG. Instead, the charge
increases slightly more strongly than a purely linear
dependence would suggest. This is due to the fact that
our analysis is valid only for small values of @, which was
reflected in the choice of /C(E) as bilinear. This reproduces
correctly the @ dependence of GG « 6 for a small argu-
ment, which is of course linear. However, for larger values
of 0, one has to take the full nonlinear X which makes GG
nonlinear in #. For example, in the dilute instanton gas
approximation, it has the form (15) which gives
GG  sin(@). Therefore, for the Witten electric charge
we expect an arcsin(GG)-like behavior for larger values
of GG. A more detailed analysis of these higher-order
effects is beyond the scope of our work.

“The same argument can be applied to the maximal electric
charge of a Julia-Zee dyon [32].
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VIII. EXPECTED EFFECTS OF VIRTUAL
MONOPOLES

The three-form TSV correlator picture also answers the
question of why we do not see an “inverse Witten effect”
for the electric charges. In other words, it provides a particle
physics explanation for why the electric quanta do not
acquire small magnetic charges in a § vacuum.

Of course, this question may be viewed as groundless,
since in the weakly coupled theory there is a fundamental
asymmetry between magnetic and electric charges. For
instance, the electric field strength that would match the
strength of the magnetic one of the monopole reaches
the electric Schwinger threshold. At the same time, the
magnetic field is way below the one required for a would-
be magnetic Schwinger effect. Despite these obvious
differences, it is useful to understand things from other
perspectives.

Unlike the electrically charged elementary particles, the
magnetic charges are represented either by infinitely heavy
and singular objects [as in the case of the Dirac monopole
in the U(1) theory] or as solitons with topological charge
[as in the case of the 't Hooft—Polyakov monopole in the
SU(2) theory].

From the point of view of the elementary quanta, any
topological soliton, and in particular the "t Hooft—Polyakov
monopole, represents a coherent state with a divergent
occupation number toward the infinite wavelength of the
constituents [28,30]. As already discussed, in this picture, a
monopole represents a composite object of elementary
constituents that can be split into two categories: those that
determine the mass and those that determine the topological
charge.

The energy constituents of the soliton have characteristic
wavelengths given by the size of the core, and their
occupation number is given by the inverse coupling. In
contrast, the constituents responsible for the topological
charge of the soliton have divergent occupation numbers
toward the infinite wavelengths [28,30]. That is, the
topological charge of a soliton maps to the singularity in
the coherent state parameter in the infrared wavelengths.
An explicit Becchi-Rouet-Stora-Tyutin invariant construc-
tion of such coherent states can be found in [30].

Notice that the infinite occupation number of the
constituents explains the stability of the topological soliton,
since the decay into a topologically trivial vacuum state
would require an infinite shift in the occupation number,
which has zero probability. In short, the topological
solitons are composites with an infinite number of infrared
elementary constituents.

This fundamental difference between the monopoles and
elementary quanta is the main reason why monopoles can
classicalize the GG background, whereas particles cannot.

Nevertheless, the knowledge of the Witten effect can
suggest the presence of certain magnetic effects among
the elementary particles. To see this, let us think of a

dyon
/\

~—o —

FIG. 4. A background electric field (for example, coming from
an electric dipole) can polarize the vacuum through virtual dyon-
antidyon pairs of electric charge +6g and magnetic charge +¢!.

monopole-antimonopole pair separated by some finite
distance L. This system carries zero topological charge.
Correspondingly, viewed as a coherent state, such a
configuration does not contain an infinite occupation
number of IR quanta. The occupation number shall diverge
only for L — oo. Due to the Witten effect, such a magnetic
dipole must produce an electric dipole.

Let us now compare this system with a pair of elemen-
tary quanta of opposite electric charges separated by a
distance L, creating a dipole moment p,. At finite dis-
tances, L > m; !, both systems contain a finite occupation
number of quanta. The number of quanta in magnetic

L but it is still finite.
We do expect that in such a case a magnetic dipole behavior
must be exhibited also by the pair of electric charges. Of
course, the effect must be exponentially suppressed.

Indeed, there exists such a candidate vacuum polariza-
tion effect coming from the exchange of virtual dyon-
antidyon pairs among the elementary charges (see Fig. 4).
We shall not evaluate this contribution explicitly, but the
expected suppression can be estimated from the following
simple argument. The production of an intermediate
(virtual) multiparticle state is suppressed by [33]

monopoles is much larger, N ~

_ ml;L)2

(mur?
e Nme 7, (40)

where ¢ is a numerical factor. Thus, we have the following
picture: Although an isolated elementary particle carries no
magnetic charge, the pair of particles separated at a finite
distance carries a magnetic dipole with the dipole moment

(myL)?

Pm ~ 9g2pee_c < . (41)

This effect is exponentially suppressed, modulo the coef-
ficient, which we did not compute. However, on physical
grounds, it is expected to be nonzero. Notice that in
extended theories in which the monopole can exhibit a
near-maximal microstate degeneracy [27], the effect can be
exponentially enhanced by a degeneracy factor [33]. This
can lead to new nonperturbative effects that shall not be
discussed here.
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IX. THE EFFECT OF FERMIONS

In this paper, we have analyzed a model without
fermions. However, in this section, we wish to briefly
discuss how the possible presence of fermions affects
the story.

The outcome depends on the structure (the symmetry
properties) of the fermionic mass terms and their Yukawa
couplings. We can split the theories into two general
categories, depending on whether the fermion mass terms
and Yukawa couplings are invariant under any global chiral
U(1) symmetry anomalous under the SU(2) gauge group.

We first consider the case in which such a chiral U(1)
symmetry is present. In particular, the case of massless
fermions automatically fits this category.

For example, let us add to the field content the two
SU(2) doublets of left-handed Weyl fermions, y, and v,
where @ = 1, 2 is the SU(2) spinor index. We assume that
no mass terms or Yukawa couplings are present. In such a
case, there exists an anomalous U(1) chiral symmetry,
W, > e®y,, wl — ey, where k is an arbitrary phase.
The corresponding chiral current J¥ = yyty + @'y 'y’
exhibits the anomalous divergence:

0,J* x GG. (42)

It is well known that in this situation the € term becomes
unphysical. This can be seen in three different ways.

First, @ can be rotated away via the chiral U(1)
transformation.

Second, the existence of fermionic zero modes in the
instanton background, in accordance with the Atiyah-
Singer index theorem [34], kills the transitions.

Third, the fermionic ’t Hooft determinant y/ay/’ﬂe“ﬂ
condenses and its phase cancels the 0 term and correspond-
ingly nullifies the VEV of GG [12,13]. Notice that the
condensation of the ’t Hooft determinant takes place
regardless of the Higgs phase, since the Higgsing does
not affect the fermionic zero mode structure of the con-
strained instantons.

Although each of the three arguments above unambig-
uously indicates that in the presence of chiral fermions
6 is unphysical, the three also go hand in hand.
Correspondingly, the presence of chiral fermions nullifies
the expectation value of GG. Simultaneously, the Witten
effect is eliminated.

This situation persists even if the fermions transforming
under the anomalous chiral symmetry are massive, as long
as their masses and Yukawa couplings are compatible with
the anomalous chiral symmetry [12,13]. For example, we
can introduce a fermion triplet, w* (a = 1, 2, 3), trans-
forming in the adjoint representation of SU(2), and a
singlet fermion y with the following Yukawa coupling:

gy, (43)

where 4 is a coupling constant. The VEV of the ¢ field,
(¢*) = 5"'v, gives the mass m,, = Av to a single compo-
nent, a = 1, of the y* fermion, pairing it up with the
singled fermion yw. These two Weyl fermions form a
massive Dirac fermion. However, this mass is fully
compatible with the anomalous chiral U(1) symmetry,
l//a = eiKl//a7W — eiKl//.

As in the previous example with the massless fermions,
the corresponding current J* = yy*y* + wy*y exhibits
the anomalous divergence (42). This renders 8 unphysical
and at the same time eliminates the Witten effect.

Of course, this goes hand in hand with the existence of
the fermionic zero modes in the instanton background with
full accordance with the Atiyah-Singer index theorem.
Both effects imply the nonzero VEV of the 't Hooft
determinant and vanishing of the VEV of GG [12,13].

In summary, in the presence of fermions (regardless of
their mass) transforming under an anomalous chiral sym-
metry, the Witten effect is absent due to the unphysicality of
0. The fact that the chiral fermions simultaneously kill the
VEV of GG provides a direct supporting evidence for our
approach to the Witten effect.

The story changes when the fermion mass term explicitly
breaks the anomalous chiral symmetry. In such a case, 6
remains physical and correspondingly the VEV of GG is
nonzero.

Again, this outcome is consistent with the index theo-
rem. Indeed, for chiral-symmetry-violating fermion
masses, the instanton background supports no fermionic
zero modes. That is, unlike the case of massive fermions
with chiral symmetry, the fermionic spectrum in the
instanton background is gapped. Therefore, the fermions
can be integrated out and the asymptotic IR theory contains
no fermions that could affect the boundary conditions at
infinity. Correspondingly, the Witten effect persists as in
the case without fermions. Of course, if fermions are much
lighter than the scale of the TSV, a partial screening of the 8
term can take place, but the effect remains nonzero. The
detailed analysis of the screening of 6 and of GG as well as
the evaluation of the VEV of the 't Hooft determinant for
massive fermions can be found in [12,13].

The connection between the VEV of GG and the physical
0 in the case of explicitly broken chiral symmetry by mass
terms is somewhat similar to ordinary QCD. There, too, the
quarks cannot screen the VEV of GG, since their masses are
incompatible with the anomalous chiral symmetry.
Correspondingly, for 8 # 0, the QCD vacuum supports a
nonzero GG. Of course, due to confinement, the story with
monopoles is much more involved, as they do not exist as
classical solitons.

X. CONCLUSION

In this work, we studied the Witten effect in the three-form
description of @ vacua. In this picture, the 8 vacua represent
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vacua with different VEVs of GG. Correspondingly, the
Witten effect is obtained as the influence of this background
on the magnetic monopole.

Using numerical relaxation, we observed that the mag-
netic monopole in the presence of nonzero GG indeed
acquires an electric charge as predicted by Witten [1]. The
quantum nature of the effect is captured by the nonzero
VEV of GG, which originates from instantons that are
responsible for the TSV in the SU(2) theory.

As a by-product of our analysis, we found that a
’t Hooft—Polyakov magnetic monopole undergoes polari-
zation in the presence of a constant electric field. This effect
can be understood as the separation of constituent W
bosons of opposite charges within the monopole’s core.
Our numerical results match the behavior obtained from the
picture of a monopole as a composite coherent state of
gauge and scalar bosons.

We also suggested that, due to virtual dyon-antidyon
pairs, separated charged particles are expected to acquire a
magnetic dipole moment proportional to the electric one
and 6 [see Eq. (41)].

We also discussed how the presence of fermions
influences the Witten effect. In particular, we showed that,
based on the standard knowledge of instanton physics, the
outcome is fully compatible with the presented three-form
approach. Namely, the fermions transforming under the
anomalous chiral symmetry (regardless of their masses),
which make 6 unphysical, simultaneously nullify the VEV
of GG as well as eliminate the Witten effect.

As an auxiliary exercise (see the Appendix), we also
analyzed the case of a Dirac monopole in the U(1) theory,
which represents the low-energy limit of the ’t Hooft—
Polyakov model. However, for a fully transparent three-
form description of the Witten effect, the UV completion of
the U(1) theory into SU(2) is required, because the vacua
are made physical by SU(2) instantons.
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APPENDIX: WITTEN EFFECT IN U(1) THEORY

In this appendix, we study the effects of the 8 term on a
Dirac magnetic monopole of the U(1) theory. From first
glance, this may sound irrelevant, since naively in the U(1)
theory, the € term is unphysical due to the lack of the
topological structure of the vacuum. However, the physi-
cality of @ hides in UV completion, which is described by
the embedding of U(1) into an SU(2)-Higgsed theory at
some high-energy scale. Such an embedding resolves the
Dirac monopole of the U(1) theory as the ’t Hooft—
Polyakov monopole of the SU(2) theory.

The U(1) theory is obtained as the limit in which the
masses of gauge and Higgs bosons are taken to infinity. In
this limit, the theory becomes U(1) and at the same time the
’t Hooft—Polyakov monopole becomes a Dirac monopole.
On the other hand, the Witten charge is independent of the
scale of the SU(2) theory. Thus, somehow the effect must
survive in U(1) theory with the Dirac monopole.

The above implies that a low-energy observer of the
U(1) theory must be able to discover the Witten effect (at
least qualitatively) under the knowledge of certain features
of the UV theory that are able to penetrate into the IR
theory of U(1).

Such knowledge can come through the VEV of the dual
field strength or, equivalently, the knowledge that the
Chern-Simons projects on a massless three-form.

Let us consider a U(1) theory including the boundary
term into the Maxwell Lagrangian

1 1.
L= = FuF" + 0F, F" (A1)

4"
and evaluate the theory on the background of a Dirac
monopole.

As it is well known, the Dirac monopole comes with a
singularity price. First, the monopole is singular at the
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origin. Second, the vector potential A, is not continuously
defined on any sphere surrounding the monopole. For
example, we can choose the following gauge in the
spherical coordinates:

1 —cos(9)
Ay =qn———" Ag=A,=0, A2
¢ qm I"Sil’l(19) 3 r ( )
corresponding to a radial magnetic field,
r
Bron = qm F , (A3)

with the magnetic charge ¢,,. In this gauge, there is a
singularity in the form of a Dirac string coinciding with the
negative z axis.

Likewise, in the Wu-Yang representation [35], there is a
discontinuity between the vector potentials defined in the
upper and lower hemispheres:

1 + cos(9)

1 —cos(9)
AV = AL = —
@m rsin(9)

o = m rsin(9) ¢ (A4)
In both representations of the monopole, the requirement of
unphysicality of the corresponding irregularities of the
vector potentials leads to Dirac’s charge quantization
condition. Of course, singularities are resolved by the
UV completion of the theory into SU(2), which imposes
the charge quantization at the fundamental level.

The Witten effect can be guessed by a low-energy
observer using a certain knowledge of this UV completion.
Namely, it suffices to know that UV physics promotes the
VEV of FF into an integration constant. This is equivalent
to having a massless three-form. Using this information, the
Witten effect can be observed as it was done in the case
of SU(2).

The effective Lagrangian can be taken as

1 -
L=- ZFWF”” + A*IC(FF/AY). (AS)
The equations of motion are
0,F" =20,(K'(FF/A*)F*). (A6)

The theory has a continuum of vacuum solutions with equal
electric and magnetic fields E,,. = B,,.. The correspond-
ing vector potential can be chosen as

A = -V : (A7)

S 8 O N~

which gives E}* = BJ* = §,;V. We have FF = —4V? =
A2E, while all other invariants are zero. As usual, in

quantum theory, these classical fields should be viewed
as expectation values of the corresponding operators over a
coherent state |E, B).

In a theory without massless fermions, such configura-
tions mark different superselection sectors which can be
parametrized by

0 = 2K'(FF/A*). (A8)

Of course, as already discussed, the true Poincaré-
invariant vacuum states |@),,, represent superpositions of
the states |E, B), obtained by summing over all possible
rotations and Lorentz boosts, as in Eq. (24). Obviously, the
VEV of FF (and thus of ) is the same in all Poincaré-
transformed states. Therefore, the invariant vacua (24) can
be parametrized by FF (or 6).

In the vacuum |0);,, the fields are highly entangled.
However, since the important quantity controlling the
Witten effect is the VEV of FF, we can analyze the effect
for a single member |E,B) of the superposition (24),
assuming that in the Poincaré-averaged vacuum |6);,, it
remains unchanged.

Hence, we can place the Dirac monopole on top of such a
background. Then, we can show that it sources the electric
flux through an asymptotic sphere (r — o0) enclosing the

monopole. For a static configuration, the time component
of Eq. (A6) is

0,E; = 20;(K'(FF/A*)B;). (A9)
Again, we assume that there exists UV physics that
consistently resolves the singularity at the origin without
jeopardizing the validity of the surface integral.

Then, sufficiently far away from the monopole the fields
can be split into the vacuum and monopole components
asE=E, .+ E.,, and B=B,,. + B,,.- Applying the
Gauss law, we represent this as an integral over a boundary
sphere at r — oo. Taking into account that, for large r,
Bron = qr/r° and E o, — ¢,r/r?, and correspondingly
2K'(FF/A*) - 0+ O(1/7?), we obtain

qe = 04, (A10)
This reproduces the Witten effect. That is, under the above
assumptions, we have observed that on the background
with nonzero FF, the monopole becomes a dyon, which
can be parametrized as

qe

I—cos(9) ..
Adyon 71 ~Ym Sicno(;) sin ¢
==

1—cos(9) (Al 1)

dm sin(6)
0

cos ¢

with g, given by Eq. (A10).
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