
Path integral analysis of Schrödinger-type eigenvalue problems
in the complex plane: Establishing the relation between instantons

and resonant states

Björn Garbrecht 1,* and Nils Wagner 1,2,†

1Physik–Department T70, Technische Universität München,
James–Franck–Straße 1, D–85748 Garching, Germany

2Max–Planck–Institut für Physik (Werner–Heisenberg–Institut),
Boltzmannstraße 8, D–85748 Garching, Germany

(Received 1 January 2026; accepted 20 August 2026; published 7 October 2026)

Schrödinger-type eigenvalue problems are ubiquitous in theoretical physics, with quantum-mechanical
applications typically confined to cases for which the eigenfunctions are required to be normalizable on the
real axis. However, seeking the spectrum of resonant states for metastable potentials or comprehending
PT -symmetric scenarios requires the broader study of eigenvalue problems for which the boundary
conditions are provided in specific angular sectors of the complex plane. We generalize the conventional
path integral treatment to such nonstandard boundary value problems, allowing the extraction of spectral
information using functional methods. We find that the arising functional integrals are naturally defined on
a complexified integration contour, encapsulating the demanded sectorial boundary conditions of the
associated eigenvalue problem. The attained results are applied to the analysis of resonant ground-state
energies, through which we identify the previously elusive one-to-one correspondence between decay rates
derived from real-time quantum tunneling dynamics and those obtained via the Euclidean instanton
method.
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I. INTRODUCTION

Even almost a hundred years after the pioneering work of
Gamow [1], quantum tunneling still remains a topic of
considerable interest, bearing great significance in a pleth-
ora of physical phenomena. Originally tackled mostly
utilizing WKB techniques [1–4], the later rise of quantum
field theories demanded the use of more sophisticated tools,
as most traditional methods are faced with profound
challenges in such infinite-dimensional settings [5–7].
Since the early contributions of Langer [8,9], it was found
that a functional formulation, employing Euclidean path
integrals, enables an effective treatment of nonperturbative
aspects of field theories [10–13], being especially suited to
account for quantum-mechanical barrier penetration
[8,9,14–17]. The emerging instanton method, popularized
by the seminal work of Callan and Coleman [17], has since
then manifested itself to be the go-to method for studying

tunneling processes in QFT, particularly in the context of
false vacuum decay [18–23]. Although the formalism
successfully retrieves the expected result, conceptual issues
have remained, as the justification for associating the
computed quantity with the decay rate is not immediately
evident. Recent mathematical insights into the asymptotic
approximation of path integrals and their analytic continu-
ation, drawing on concepts of Picard-Lefschetz theory
[24–31], have therefore sparked renewed interest in clar-
ifying the correspondence between the Euclidean instanton
method and real-time tunneling computations, even within
purely quantum-mechanical settings [27,29,32–50].
Despite these efforts, it has not been conclusively demon-
strated that the procedure’s agreement with calculations
based on solutions to the Schrödinger equation is more than
a mere coincidence. In the present work, we restrict
ourselves entirely to such quantum-mechanical systems
in a single dimension; the field-theoretic context discussed
above serves solely as motivation and will not be invoked in
the derivation of our results. Nevertheless, the structure of
the argument suggests that it may be possible to extend and
to apply similar reasoning to the field-theoretic case,
although this lies beyond the scope of the present work.
The traditional instanton approach of extracting decay

rates is based on a semiclassical evaluation of the Euclidean
transition amplitude from the false vacuum back to itself at
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large times, capturing contributions from both the constant
false vacuum trajectory and a nontrivial configuration
known as the “bounce.” Since the fluctuation operator
pertaining to the bounce saddle admits a negative mode, the
associated steepest-descent thimble necessarily extends
into the complexified function space. To retain the desired
bounce contribution, one must therefore explain why the
functional integration contour passes into the complex
domain. While heuristically motivated with a formal
deformation of the potential, this procedure, going back
to Callan and Coleman, has yet to be placed on firm
mathematical footing. Our work contributes to a resolution
of this persistent conceptual shortcoming of the instanton
method by elucidating how the functional integration
contour, dictating the relevant saddle points contributing
to the path integral, is linked to the notion of resonant
states, thereby naturally encapsulating the Gamow-Siegert
boundary conditions essential for describing decay
dynamics. Starting directly from a boundary value problem
whose eigenvalues amount to the desired resonant energies
inside a metastable potential, we develop a generalized
path integral formula for which the integration contour is
naturally deformed according to the prescription proposed
by Callan and Coleman. The developed methods possess
yet broader applicability, accommodating general
Schrödinger-type eigenvalue problems with boundary con-
ditions specified in certain angular sectors of the complex
plane, as e.g.,pursued by the community surrounding
PT -symmetric quantum mechanics [51–57].
Our exposition is structured as follows: At the onset of

Sec. II, we first explain why resonant states, characterized
by outgoing Gamow-Siegert boundary conditions, consti-
tute the natural framework for analyzing decay processes,
thereby motivating the subsequent developments. In the
following Secs. II A and II B, we introduce how these
sought-after states can be captured as solutions to gener-
alized eigenvalue problems whose boundary conditions are
specified in angular sectors of the complex plane. To this
end, we briefly review some properties of solutions to
Schrödinger-type ordinary differential equations (ODEs)
featuring a polynomial potential, along with the arising
notion of Stokes sectors, in Sec. II A. We then wield the
introduced tools to relate resonant states to such boundary
value problems in Sec. II B, motivating this connection
through a simple example that hinges on analytic continu-
ation. In Sec. III, it is shown that one can associate a
(quantum-mechanical) propagator to the desired class of
eigenvalue problems by formally restricting the discussion
to a complex contour terminating in the specified regions of
subdominance of the eigenfunctions. Both the arising
spectral and path integral representations for the so-defined
propagator, computed respectively in Secs. III A and III B,
are found to naturally extend the conventional notions.
Equating both representations in Sec. III C, we arrive at the
pivotal master formulas (3.34) and (3.37) constituting the

central result of this work. In Sec. IV, we apply these
previously attained results to quantum tunneling. Briefly
reviewing the traditional potential-deformation argument
for justifying the instanton method in Sec. IVA, we
subsequently compile some of the open questions raised
by this approach in Sec. IV B. The following Sec. IV C then
formalizes the initial ideas by Callan and Coleman, thereby
elucidating most of the glaring questions posed previously.
Section Vaddresses earlier attempts of finding a one-to-one
correspondence between decay rate calculations hinging on
real-time computations of the probability loss inside the
false vacuum (FV) region and the instanton method. We
particularly devote Secs. VA and V B to a critical assess-
ment of the “direct method” introduced by Andreassen
et al. [36] and the “steadyon” interpretation proposed by
Steingasser and Kaiser [44], arguing that both prominent
attempts fall short of their proclaimed goal of providing a
first-principles account of the decay rate in terms of
functional integrals in order to illuminate the instanton
method. Section V C composes additional brief comments
on several other recent approaches that also have striven
toward a real-time understanding of instanton equivalents.
We conclude with a summary of our findings in Sec. VI.
Additional supplementary material and auxiliary compu-
tations, which would burden the main exposition with
excessive detail, are deferred to Appendixes A–D. In
anticipation of working primarily with complex variables,
we consistently denote the position variable by z through-
out most of this work. For a condensed presentation
focusing on the implications for instanton calculations in
the context of quantum tunneling, see the letter version of
this work [58].

II. MOTIVATION: EXTRACTING DECAY RATES
VIA RESONANT STATES

Serving as the motivation for all subsequent develop-
ments, we will briefly introduce the physical reasoning
behind the use of so-called resonant states when inves-
tigating problems related to quantum-mechanical barrier
penetration and their relation to eigenvalue problems in the
complex plane. For simplicity, let us restrict our view to
single-dimensional problems, with a typical potential
allowing for quantum tunneling depicted in the left panel
of Fig. 1.
The quantum-mechanical decay of a particle initially

confined to the FV region constitutes an inherently time-
dependent phenomenon rendering in-depth theoretical
studies solely by analytic means practically infeasible.
Although numerically solving the time-dependent
Schrödinger equation allows access to the full time evo-
lution for any given initial state, thereby providing precise
estimates for the desired survival probability PFVðTÞwithin
the FV region for arbitrary times, purely theoretical
endeavors are limited to certain regimes of the time
evolution [22,59–64]. In simple cases, the survival
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probability PFVðTÞ exhibits three distinct phases depending
on the timescales investigated, which is schematically
illustrated in the right panel of Fig. 1. For short times,
the evolution is dominated by the initial wave function
“sloshing” around inside the FV region, roughly ending
once the highly excited modes in the metastable FV region
have decayed and the FV ground state dominates [22].1

Additional deviations for small timescales arise from the
fact that unitarity of the quantum-mechanical time evolu-
tion disallows a linear behavior of the survival probability
at the onset of the decay, leading to the quantum Zeno effect
[62,64]. Once the system has settled into an approximate
eigenstate inside the FV region, the decay dynamics
becomes uniform, exhibiting the well-known exponential
behavior [61,64]. For very late times, the wave function
inside the FV region becomes sufficiently depleted such
that tunneling in the reverse direction becomes non-
negligible. Apart from such backreaction phenomena,
quantum interference effects would generally lead to the
probability decay asymptotically approaching a power-law
behavior for late times [59,64].2 Summarizing, only at
intermediate times does the decrease in probability of the
wave function inside the FV region closely follow an

exponential decay law, allowing for the introduction of a
well-defined decay rate Γ. This intermediate phase usually
lasts for an elongated period of time, which, together with
the uniformity of the decay during this time frame, allows
for a deeper analytic understanding.
One of the most significant insights attributed to Gamow

is the realization that when decay occurs sufficiently
slowly, the initially time-dependent problem can be effec-
tively approximated by a steady-state one, significantly
simplifying the analysis. During the previously introduced
intermediate time regime, the quantum state is seen to
possess a tiny, but practically constant flux directed toward
the TV region. This enables us to model the arising wave
function at these timescales, resembling an outgoing wave,
as a (quasi)stationary solution to the time-independent
Schrödinger equation. To this end, instead of demanding
the eigenfunctions of the Hamiltonian Ĥ to be normalizable
on R, one requires the resonant states to possess a purely
outward-directed flux in the spatial directions for which
tunneling is allowed [1,65]. These so-called (radiating)
Gamow-Siegert boundary conditions explicitly break the
Hermiticity of the Hamiltonian Ĥ due to the arising
boundary contributions when integrating by parts, leading
to complex energy eigenvalues. In the single-dimensional
case illustrated in Fig. 1, any stationary solution obeying
the time-independent Schrödinger equation ĤΨ ¼ EΨ
satisfies

ImðEÞ ¼ −
ℏ
2

�Z
FV

jΨðzÞj2dz
�

−1
Joutward; ð2:1Þ

indicating that the imaginary part of the so-found energy
eigenvalue is directly proportional to the (constant) flux
Joutward leaving the FV region, leading to the desired
exponential decay law with the associated rate given
by Γ ¼ −2 ImðEÞ=ℏ.

FIG. 1. Left: prototypical potential exhibiting decay from the false vacuum (FV) region toward the global minimum zTV, subsequently
referred to as the true vacuum (TV). The shaded barrier region is assumed to be sufficiently high (and broad) in order for the decay
dynamics to be slow compared to the oscillation periods in the FVand TV regions, constituting the natural timescales in such a potential.
Right: given an exemplary initial wave function ΨT¼0ðzÞ supported solely inside the FV basin, the schematic time dependence of the
survival probability PFVðTÞ ¼

R
FV jΨðz; TÞj2dz under the full time evolution is shown, albeit to a steeper potential and a simpler

Gaussian initial state; data taken from Andreassen et al. ([22], see Fig. 1). For sufficiently simple cases, one can distinguish three phases
of the evolution, with only the intermediate temporal regime closely following an exponential decay law.

1In the general case, the FV ground state prevails the longest,
dominating the intermediate time regime. However, initializing
the wave function in an approximate energy eigenstate of the FV
basin effectively bypasses the initial sloshing phase. The resulting
exponential decay behavior then directly probes the decay rate of
the prepared state, which may correspond either to the ground
state or to an excited state.

2Beware that this either requires the potential to become
asymptotically flat or an additional coupling to an external
system such that there exists a continuous energy band around
the true vacuum energy, leading to these effects arising from the
low-energy tail of the energy spectrum around ETV. In the
simplistic case depicted in Fig. 1, possessing a fully discretized
spectrum, the time evolution would instead be quasiperiodic, with
interference effects playing no considerable role.
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The above discussion will suffice for our needs to grasp
the broader context of why resonant states with outgoing
Gamow-Siegert boundary conditions are relevant when
computing physical decay rates; for a more in-depth
treatment of resonant states, consult e.g.,[66–69]. Before
returning to address how these outgoing boundary con-
ditions can be implemented concisely, let us briefly digress
into the more general theory of Schrödinger-type eigen-
value problems in Sec. II A, which will equip us with the
necessary tools to further illuminate the previously intro-
duced resonant states in the subsequent Sec. II B.

A. Schrödinger-type eigenvalue problems
in the complex plane

As with many mathematical problems, broadening the
overly restrictive real perspective to the complex domain
reveals a much richer structure. This approach turns out to
be equally valuable in our analysis of solutions to the time-
independent Schrödinger equation. For this purpose, let us
briefly review some exact statements on Schrödinger-type
ODEs of the form

�
−

d2

dz2
þ ℏ−2QðzÞ

�
ΨðzÞ ¼ 0; ð2:2Þ

with QðzÞ for now denoting a meromorphic function—we
will restrict our view to polynomial potentials momentarily.
For proofs and further in-depth analysis of the subsequent
statements, consult the literature on the exact WKB
method; see e.g., the lucid monograph by Kawai and
Takei [70] and the references therein.3 It is well known
that the two linearly independent solutions Ψ�ðzÞ of
Eq. (2.2) attain the asymptotic form

Ψ�ðzÞ∼exp

�
�1

ℏ

Z
z

z0

ffiffiffiffiffiffiffiffiffiffiffi
Qðz0Þ

p
dz0

�X∞
l¼0

Ψl;�ðzÞℏlþ1
2; ð2:3Þ

with the asymptotic series being Borel summable in disjoint
regions of the complex plane, failing precisely on so-called
Stokes curves, implicitly defined by

Im

�
1

ℏ

Z
z

zturn

ffiffiffiffiffiffiffiffiffiffiffi
Qðz0Þ

p
dz0

�
¼ 0: ð2:4Þ

Hereby, zturn denotes a turning point of QðzÞ, defined as a
zero of QðzÞ, satisfying QðzturnÞ ¼ 0. Our primary interest
moving forward will however lie in anti-Stokes curves,
which are similarly given by

Re

�
1

ℏ

Z
z

zturn

ffiffiffiffiffiffiffiffiffiffiffi
Qðz0Þ

p
dz0

�
¼ 0: ð2:5Þ

These partition the complex plane by delineating the strips
where the dominant behavior between the two independent
solutions Ψ� switches. Let us focus on the especially
illustrative case of QðzÞ ¼ P

n
l¼0 clz

l being a polynomial
of degree n with complex coefficients cl, which has been
extensively studied by Sibuya [76]. When backing away to
large magnitudes of the complex variable z, the anti-Stokes
curves partition the complex plane into nþ 2 wedge-
shaped regions dubbed Stokes sectors (also referred to
as Stokes wedges) defined by4

Sk ≔
�
z∈C∶

���� argðzÞ − 2πk
nþ 2

þ argðℏ−2cnÞ
nþ 2

���� < π

nþ 2

�
;

k∈Znþ2: ð2:6Þ

An illustration of an exemplary Stokes graph, defined as the
union of all Stokes curves, together with the important
division of the complex plane into Stokes sectors, is
provided in Fig. 2. To simplify the illustrations of the
relevant anti-Stokes curves in all subsequent figures, we
only show their asymptotic behavior, formally backing
away far enough such that the turning points virtually
cluster around the origin, as is illustrated in the right panel
of Fig. 2. The significance of the so-defined Stokes sectors
lies in the fact that one can prove the following assertions:

(i) Every nonconstant (and necessarily holomorphic)
solution ΨðzÞ of the ODE (2.2) with polynomial
QðzÞ either decays or grows exponentially in each
Stokes sector Sk for jzj → ∞, a behavior arising
from the exponential contribution in Eq. (2.3).
Members of the one-dimensional space of decaying
solutions in the Stokes sector Sk are said to be
subdominant in Sk, satisfyingΨðηzÞ → 0 for η → ∞
(η > 0) and arbitrary z∈ Sk.

(ii) In case a nonconstant solution asymptotically decays
in Sk, it necessarily grows in the adjacent wedges
Sk�1. The relation however does not hold the other
way around, as a solution exponentially blowing up
in Sk is not required to be subdominant in either Sk−1
or Skþ1. Intuitively, this suggests that the occurrence
of a solution being subdominant within multiple
sectors is quite rare, with the generic behavior
constituting exponential growth for jzj → ∞. This
realization subsequently leads to the important
observation stated below.

3Note that exact WKB methods have also been employed in
recent studies of resonances. For further discussion of this aspect,
see e.g., Refs. [71–75].

4The given angular sectors emerge when solving the defining
relation (2.5) asymptotically for jzj → ∞, for which one arrives at
the leading-order result Reðℏ−1c1=2n zðnþ2Þ=2Þ ¼ 0. Note that the
term Stokes sector is sometimes utilized to refer to the individual
regions of the complex plane separated by Stokes lines. Keep in
mind that this usage differs from the definition adopted here.
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(iii) Provided n ≥ 2, solutionsΨðzÞ of the ODE (2.2) that
are demanded to be subdominant in two nonadjacent
Stokes sectors Sþ and S− only exist for a discrete set
of choices of the constant term c0 of the polynomial
QðzÞ. To be more precise: The eigenvalue problem

�
−

d2

dz2
þ ℏ−2QðzÞ

�
ΨλðzÞ ¼ λΨλðzÞ;

ΨλðηzÞ⟶
η→∞ðη>0Þ

0 for z∈ S� ð2:7Þ

is well defined and possesses a discrete set of
simple5 eigenvalues fλlgl∈N0

whose moduli accu-
mulate at infinity [76–78].

This general characteristic allows for a unified approach to
various classes of eigenvalue problems, a small selection
being illustrated in Fig. 3. As displayed, depending on the
symmetry properties of the chosen regions of subdomi-
nance S�, this includes many regular Sturm-Liouville
problems defined on the real axis, along with a wide range
of PT -symmetric eigenvalue problems. For other notable
works and reviews employing the portrayed methods,
consult e.g., [54,55,79–83]. Having introduced the notion
of Stokes sectors and their importance for defining eigen-
value problems in the complex plane (considering poly-
nomial potentials), we can proceed by explaining the
connection between this machinery and the Gamow-
Siegert boundary conditions introduced previously. This
is most easily seen by providing a simple example hinging
on analytic continuation, setting the stage for a broader
understanding of the resonant states under investigation.

B. Resonant states as solutions to generalized
eigenvalue problems

We now wield the tools to make the notion of the
previously characterized resonant states possessing radia-
tive outgoing boundary conditions, more explicit. To this
end, we relate such solutions to the time-independent
Schrödinger equation to a proper eigenvalue problem in
the complex plane. These insights go back to the seminal
work by Bender and Wu on the anharmonic oscillator [79],
which were later generalized by Bender and Turbiner [80].6

It was noticed that analytic continuation in the highest-
order monomial coefficient cn goes hand in hand with a
rotation of the Stokes sectors S� in which one demands
subdominance, effectively changing the boundary condi-
tions of the pertaining eigenvalue problem. This is best seen
in the relevant case of interest for which a stable potential is
rendered unstable upon analytic continuation, allowing us
to view the resonant spectrum in the unstable potential as
the analytic continuation of the spectrum of bound states in
the associated stabilized potential. To see this explicitly, let
us investigate the eigenfunctions of the time-independent
Schrödinger equation

ĤðφÞΨðφÞ
l ðzÞ ¼

�
−
ℏ2

2m
d2

dz2
þ VðφÞðzÞ

�
ΨðφÞ

l ðzÞ

¼ EðφÞ
l ΨðφÞ

l ðzÞ ð2:8Þ

given the polynomial potential

FIG. 2. Left: Stokes graph for the polynomial QðzÞ ¼ ð ffiffiffi
3

p þ iÞz4 − ð2 − 3iÞz3 þ 5z2 − ð1 − 2iÞ together with the associated anti-
Stokes lines. Right: partitioning of the complex plane into the Stokes wedges Sk arising from the asymptotic behavior of the anti-Stokes
curves illustrated for the identical polynomial QðzÞ. The bounding circle represents complex infinity.

5This holds only for parameter values away from exceptional
points. At exceptional points two eigenvalues coalesce and share
a one-dimensional eigenspace.

6Similar ideas are utilized by the method of complex dilatation,
also dubbed complex scaling method, going back to works by
Aguilar and Combes [84], Balslev and Combes [85], Simon [86]
and Yaris et al. [87]; for dedicated reviews on this approach
consult e.g., [66,88,89] or the lucid textbook by Mariño [90].
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VðφÞðzÞ ¼ WðzÞ þ eiφjcnjzn: ð2:9Þ

HerebyWðxÞ shall denote a polynomial of order n − 1 with
purely real coefficients, whereas n constitutes a positive,
even integer.

(i) For φ ¼ 0, the potential is real and stable, such that
when demanding the eigenfunctions to be normal-
izable on the real axis, the boundary value problem
is of regular Sturm-Liouville type. This yields a

discretized set of real eigenenergies Eðφ¼0Þ
l , for

which the associated eigenfunctions Ψðφ¼0Þ
l ðzÞ de-

scribe confined bound states possessing a purely
decaying behavior for z → �∞.

(ii) With the sign of the highest-order monomial term
flipped for φ ¼ �π, the potential is rendered un-
stable and does not allow for normalizable eigen-
states on the real axis anymore; i.e.,it admits no
bound states. Instead, as illustrated in Fig. 4, the
analytic continuation is accompanied by a rotation

of the regions of subdominance SðφÞ� . While the

sought-after eigenfunctions Ψðφ¼�πÞ
l ðzÞ are expo-

nentially decaying when approaching complex infin-

ity from within the tilted Stokes wedges Sðφ¼�πÞ
� ,

when restricting our view to their asymptotic behav-
ior on R, one will find a purely oscillatory character

due to the sectors Sðφ¼�πÞ
� precisely bordering the

real axis. Consequently, the resulting eigenfunctions

Ψðφ¼�πÞ
l ðzÞ precisely capture the desired behavior

mandated by (anti)resonant states.
Let us make the statements provided in the previous item
explicit: One finds that an increaseΔφ of the argument φ of
the coefficient cn multiplying the highest monomial zn is

accompanied by a clockwise rotation of the Stokes sectors
by an angle Δφ=ðnþ 2Þ; see Eq. (2.6). With the real axis

dividing the initial regions of subdominance Sðφ¼0Þ
� with

width 2π=ðnþ 2Þ precisely in half, a full rotation by an
angle π makes it such that the real axis is not entailed in the

Stokes wedges Sðφ¼�πÞ
� anymore. Instead, the real axis lies

precisely on the boundary of the Stokes sectors defining the
eigenvalue problem, leading to a purely oscillatory behav-
ior of the eigenfunctions when viewing them as functions
on R. With the asymptotic behavior of the wave functions

inside the sectors SðφÞ� given by

ΨðφÞ
l ðzÞ ∼ exp

�
−
2eiφ=2

ffiffiffiffiffiffiffijcnj
p

ðnþ 2Þℏ ð�zÞnþ2
2

�
for jzj → ∞ and z∈ SðφÞ� ; ð2:10Þ

for φ → −π the behavior on the real axis is found to be

Ψðφ¼−πÞ
l ðzÞ ∼ exp

�
2i

ffiffiffiffiffiffiffijcnj
p

ðnþ 2Þℏ jzj
nþ2
2

�
for z → �∞: ð2:11Þ

It is apparent that these states describe a purely outgoing
wave in both spatial directions, which is easily seen when
computing the probability flux

JðzÞ ¼ ℏ
m
Im

�
Ψðφ¼−πÞ

l ðzÞ dΨ
ðφ¼−πÞ
l ðzÞ
dz

�

¼ �
ffiffiffiffiffiffiffijcnj

p
m

jzjn2 for z → �∞; ð2:12Þ

being positive (right-moving) for z → ∞ and negative (left-
moving) for z → −∞. Note that, throughout this work,

FIG. 3. Examples of different admissible eigenvalue problems admitting a purely discrete spectrum—the regions of subdominance S�
specifying the boundary conditions have been shaded. Left: a conventional eigenvalue problem that can be defined on the real axis,
being fully entailed in the Stokes sectors where the eigenfunctions are mandated to be subdominant. In that case, one encounters the
typical requirement of the eigenfunctions to be square-integrable on R. Center: example of a PT -symmetric problem, assuming the
condition VðzÞ ¼ V̄ð−zÞ has been met, for which subdominance is mandated in Stokes sectors that are symmetric under reflection along
the imaginary axis. Right: a more exotic eigenvalue problem.
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complex conjugation is denoted by an overhead bar. The
above realization retrospectively explains why Fig. 4 shows
a continuation to φ ¼ −π instead of φ ¼ π, as the opposite
rotation of the Stokes wedges would result in purely
incoming Gamow-Siegert boundary conditions, describing
antiresonant states. This way, depending on whether the
solutions decay in the Stokes sector just above or just below
the real axis, we obtain solutions possessing either purely
incoming or outgoing boundary conditions, being precisely
the two possibilities that arise when imposing Gamow-
Siegert boundary conditions.
A similar situation arises when the potential is

unbounded from below in only one spatial direction,
allowing tunneling exclusively in that direction, as depicted
in Fig. 5. While this situation cannot be accessed by
analytically continuing a globally stable potential, the
identical conclusions to the previous case can be drawn.
The real axis lies precisely on the boundary between two
Stokes wedges, for which the eigenfunctions will asymp-
totically have a purely oscillatory behavior when viewed as
functions on R. Demanding the eigenfunctions to be
subdominant either in the Stokes sectors above or below
the real axis consequently amounts to imposing either a
purely incoming or outgoing flux. Thus, the eigenfunctions

arising from solving the boundary value problems illus-
trated on the left and the right of Fig. 5 amount to
antiresonant or resonant states, respectively.

III. QUANTUM MECHANICS
ON A GENERALIZED CONTOUR

As we have clarified in the previous section, the resonant
ground-state energy—determining the sought-after decay
rate—can be attained by solving a generalized eigenvalue
problem in the complex plane, for which the eigenfunctions
are demanded to be subdominant in two nonadjacent
Stokes sectors. In order to efficiently capture the desired
spectral information, it proves useful to introduce the
notion of a propagator associated with the eigenvalue
problem at hand, which one can ultimately express in
terms of a functional integral. This feat can be achieved
utilizing mostly standard tools from quantum mechanics
with remarkably little adjustments. While the subsequently
shown techniques could potentially be extended to more
general Sturm-Liouville problems, let us for now stay in the
realm of quantum mechanics and suppose our boundary
value problem assumes the usual form of a time-indepen-
dent Schrödinger equation

FIG. 4. Process of analytic continuation of the eigenvalue problem (2.8) given the exemplary quartic potential VðφÞðzÞ ¼ 6eiφz4 þ
z3 þ 3z2 from φ ¼ 0 to φ ¼ −π, rendering the initially stable potential unstable in the process. Whereas the boundary value problem
associated with Vðφ¼0ÞðzÞ can be defined on the real axis and admits purely real energy eigenvalues, the analytically continued

eigenvalue problem obeys strictly oscillatory boundary conditions on R due to the Stokes sectors SðφÞ� rotating counterclockwise for
decreasing φ. The schematically depicted bound states in the stable potential turn into the desired resonant states upon analytic
continuation.
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�
−
ℏ2

2m
d2

dz2
þ VðzÞ|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

Original Hamiltonian Ĥ

− El

�
ΨlðzÞ ¼ 0;

ΨlðηzÞ⟶
η→∞

0 for z∈ S�: ð3:1Þ

Keeping the discussion in line with our previous consid-
erations, let us demand the potential VðzÞ to be a poly-
nomial with arbitrary complex coefficients. As before, we
denote the two nonadjacent Stokes sectors in which the
eigenfunctions ΨlðzÞ are (asymptotically) demanded to
exponentially decay by S�. Let us emphasize that the
following derivation is entirely general and holds for any
arbitrary choice of (nonadjacent) Stokes sectors S� used to
define the eigenvalue problem.While the final result clearly
depends on this choice, both the structure and validity of
the derivation itself remain unchanged.
The first step in attributing a (quantum-mechanical)

propagator to the generalized eigenvalue problem (3.1) is
to restrict our view to a real, one-dimensional subspace of
the complex plane, serving as the confining space for the
propagation of our quantum particle. To analyze the
problem along a single dimension, we choose an arbitrary
smooth contour Γ ⊂ C asymptotically starting and ending
inside the Stokes wedges S� as illustrated in Fig. 6.
The contour is the image of the smooth function γðsÞ,
with positions on Γ parametrized by the real coordinate s.7

A proper parametrization furthermore demands γ0ðsÞ ≠ 0,

whereas the requirements of Γ ending asymptotically
in the particular Stokes sectors S� can be represented as
∃ sþ ∈Rþ such that ∀ s > sþ∶ γðsÞ∈ Sþ and ∃ s− ∈R−

such that ∀ s < s−∶γðsÞ∈ S−. Even though we will later
constrain the admissible contours Γ further, let us for now
proceed under the premise that any such choice is equally

FIG. 5. Illustration of the behavior of an odd-degree polynomial, with the example shown being a cubic potential with real coefficients.
Once more, in the spatial direction for which barrier penetration effects are relevant, the real axis resides at the boundary of two Stokes
sectors. Depending on whether to instate incoming or outgoing Gamow-Siegert boundary conditions, the eigenvalue problem is defined
in the sector below or above the real axis.

FIG. 6. Exemplary choice of the complex contour Γ para-
metrized through the smooth surjection γð•Þ∶R → Γ, asymptoti-
cally terminating in the two nonadjacent Stokes wedges S�
chosen for the definition of the generic Schrödinger-type eigen-
value problem (3.1). Any such contour allows us to define the
propagator Kγðsi; sf;TÞ representing the probability of a quan-
tum-mechanical point particle initially located at γðsiÞ to be found
at γðsfÞ after time T when evolving under the influence of the
original Hamiltonian Ĥ, assuming the particles motion is fully
constrained to the contour Γ.

7Note that γð•Þ is not necessarily defined over the entire
complex plane, it suffices for the function to solely be defined on
the contour Γ.
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valid. Note that the presented idea of mapping non-
Hermitian eigenvalue problems to the real line by choosing
a complex contour is not novel and has been applied by
Mostafazadeh; see e.g.,[91] or his review on pseudo-
Hermitian quantum mechanics [92].
The introduction of a contour Γ allows us to transform

the initially complex eigenvalue problem (3.1) to one
defined on the real axis, as the ODE can be cast into the
form�
−
ℏ2

2m
1

γ0ðsÞ
d
ds

�
1

γ0ðsÞ
d
ds

�
þ V½γðsÞ�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Effective Hamiltonian Ĥγ onΓ

− El

�
|{z}Ψl½γðsÞ�
≕ψlðsÞ

¼ 0:

ð3:2Þ

Here, we introduced the effective Hamiltonian Ĥγ as well
as the “contour-constrained” wave function ψlðsÞ. By

construction of Γ, we have Ψl½γðsÞ� ⟶
s→�∞

0, thus enforcing

ψlðsÞ ⟶
s→�∞

0; i.e.,we know the functions ψlðsÞ to decay at
s-spatial infinity. We have thus recast the eigenvalue
problem into the conventional form familiar from standard
quantum mechanics—defined on the real axis, with nor-
malizable eigenfunctions ψlðsÞ vanishing at the bounda-
ries. At this point, we therefore may temporarily forget
about the existence of the contour Γ and treat the spectral
problem as if it would be formulated on R, with the crucial
information being encapsulated in the transformed
Hamiltonian Ĥγ, which, for Γ ≠ R, generally ceases to
be Hermitian independent of the chosen scalar product for
the underlying function space L2ðRÞ.8 To proceed, we
select a convenient scalar product, for which we will
deliberately pick the conventional inner product defined
through

hϕjψi ≔
Z

∞

−∞
ϕðsÞψðsÞds: ð3:3Þ

Let us clearly state that the foregoing scalar product once
more constitutes a choice. While we could in principle
introduce an additional real weight function μðsÞ, the
subsequent results are seen to be practically independent
of this arbitrary choice, which is briefly discussed in
Appendix B. It proves to be most convenient to work with
the standard scalar product (3.3), thereby preserving

Hermiticity of the momentum operator p̂γ ≔ −iℏd=ds,
being canonically conjugate to the position operator x̂γ
on the contour. As in traditional quantum mechanics,
we can define a complete set of position and momentum
eigenstates denoted by jsi and jpi respectively.
Given the standard scalar product (3.3) on Γ, these states
satisfy the usual identities x̂γjsi ¼ sjsi, p̂γjpi ¼ pjpi,
hsjs0i ¼ δðs − s0Þ, hpjp0i ¼ 2πℏδðp − p0Þ, hsjpi ¼ eips=ℏ

as well as the two completeness relations

1 ¼
Z

∞

−∞
jsihsjds ¼ 1

2πℏ

Z
∞

−∞
jpihpjdp: ð3:4Þ

Note that the given relations have to be altered accordingly
in case a weight function μðsÞ is introduced into the
definition of the scalar product; see Appendix B.
Having established the foregoing, one can introduce a
slightly modified definition of the quantum-mechanical
propagator as

Kγ;θðsi; sf ;TÞ ≔
1

γ0ðsiÞ
	
sf

���� exp


−
ie−iθĤγT

ℏ

�����si
�

ð3:5Þ

characterizing the transition amplitude of a point particle
propagating from si to sf in a given time interval T. With
the potential VðzÞ assumed to be time independent, the
propagator only depends on the total time difference T. The
additional factor γ0ðsiÞ−1 is introduced solely for conven-
ience, as will become clear in due course. For generality, we
introduced the Wick-rotation angle θ∈ ð0; π=2�, interpolat-
ing between the usual real-time propagator attained in the
limit θ → 0þ, and the Euclidean one obeying θ∈ π=2.9 The
broader applicability of the resulting formulas outweighs
the minor notational overhead suffered by introducing this
additional angular parameter. Similar to conventional
quantum mechanics, we will find that the so-defined
propagator (3.5) can be expressed via a spectral represen-
tation as well as a generalized path integral. Equating both
expressions allows us to infer vital information about the
spectrum of the theory using purely functional techniques.
Going forward, let us first deal with the easily attainable
spectral representation in Sec. III A before delving into the
path integral derivation portrayed in Sec. III B.

A. Spectral representation

Recall that the spectral representation in ordinary quan-
tum mechanics is trivially attained by inserting a resolution
of unity in terms of the complete set of eigenstates jψli to
the given Hamiltonian Ĥγ. However, the usual construction
crucially relies on the fact that the Hamiltonian is

8While in the previous discussion of resonant states, Hermi-
ticity of Ĥ was violated due to the Gamow-Siegert boundary
conditions yielding additional boundary terms when integrating
by parts, in the present case Hermiticity would be explicitly
violated by Ĥγ itself due to γðsÞ being manifestly complex. In
case γðsÞ is real but nonlinear, Hermiticity would be restored by
choosing the measure of the L2ðR; μÞ-norm accordingly as
μðsÞ ¼ γ0ðsÞ.

9In general, θ is not constrained to the interval ð0; π=2� but can
be chosen in the full range ð−π; π�, as long as convergence of all
expressions is controlled. In certain scenarios, this additional
freedom is even required.
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Hermitian, which Ĥγ generally does not satisfy. Instead, simple integration by parts yields the relation

hϕjĤγψi ¼ −
ℏ2

2m

Z
∞

−∞
ϕðsÞ 1

γ0ðsÞ
d
ds

�
1

γ0ðsÞ
d
ds

�
ψðsÞdsþ

Z
∞

−∞
ϕðsÞV½γðsÞ�ψðsÞds

¼ −
ℏ2

2m

Z
∞

−∞
ψðsÞ d

ds

�
1

γ0ðsÞ
d
ds

�
1

γ0ðsÞϕðsÞ
��

dsþ
Z

∞

−∞
ψðsÞV½γðsÞ�ϕðsÞds

¼ hĤ†
γϕjψi ¼ hψ jĤ†

γϕi; ð3:6Þ

with all boundary terms vanishing under the assumption of
the wave functions ϕðsÞ and ψðsÞ decaying at s-spatial
infinity, allowing us to read off the Hermitian conjugate as

Ĥ†
γ ¼ −

ℏ2

2m
d
ds

�
1

γ0ðsÞ
d
ds

1

γ0ðsÞ

�
þ V½γðsÞ�: ð3:7Þ

The vital difference to the standard Hermitian case is that
the eigenfunctions ψlðsÞ of Ĥγ are not orthogonal with
respect to the prescribed scalar product (3.3). An appro-
priate resolution of the identity thus requires the use of a so-
called biorthogonal basis [93–96]; a modern review on the
topic has been provided by Brody [97]. The eigenfunctions
ψlðsÞ of Ĥγ are thereby supplemented by a second
set of eigenfunctions ϕlðsÞ of the Hermitian adjoint Ĥ†

γ ,
satisfying

ĤγψlðsÞ ¼ El; Ĥ†
γϕlðsÞ ¼ El: ð3:8Þ

Assuming the spectrum possesses no degeneracies, it can
be shown that the two bases fψlð•Þgl∈N0 and fϕlð•Þgl∈N0

are mutually orthogonal, satisfying hϕljψmi ∝ δlm. This in
turn allows us to establish the desired resolution of the
identity as10

1 ¼
X∞
l¼0

jψlihϕlj
hϕljψli

: ð3:9Þ

The important realization in the present case is the fact that
the two sets of eigenfunctions are related, with the dual
eigenfunctions ϕlðsÞ satisfying

ϕlðsÞ ¼ γ0ðsÞψlðsÞ; ð3:10Þ

which can be verified by plugging the ansatz (3.10) into the
eigenvalue relation (3.8), explicitly using the form of Ĥγ

and Ĥ†
γ given in Eqs. (3.2) and (3.7) respectively. Inserting

the resolution of unity (3.9) into the definition (3.5) of the
propagator Kγ;θðsi; sf ;TÞ on the contour Γ, we arrive at the
simple result

Kγ;θðsi; sf ;TÞ ¼
1

γ0ðsiÞ
X∞
l¼0

	
sf

���� exp


−
ie−iθĤγT

ℏ

�����ψl

� hϕljsii
hϕljψli

¼ 1

γ0ðsiÞ
X∞
l¼0

ϕlðsiÞψlðsfÞ
hϕljψli

exp



−
ie−iθElT

ℏ

�

¼
X∞
l¼0

Ψl½γðsiÞ�Ψl½γðsfÞ�
�Z

Γ
ΨlðzÞ2dz

�
−1

exp



−
ie−iθElT

ℏ

�
: ð3:11Þ

In the last line, we expressed the contour-constrained eigenfunctions ψlðsÞ in terms of the holomorphic solutionsΨlðzÞ to the
initial eigenvalue problem (3.1) in the complex plane, while using relation (3.10) to express ϕlðsÞ in terms of ψlðsÞ.
Additionally, we utilized the important fact that the normalization hϕljψli can be represented as the complex contour integral

hϕljψli ¼
Z

∞

−∞
ϕlðsÞψlðsÞds ¼

Z
∞

−∞
γ0ðsÞψlðsÞ2ds ¼

Z
∞

−∞
γ0ðsÞΨl½γðsÞ�2ds ¼

Z
Γ
ΨlðzÞ2dz; ð3:12Þ

10Beware that these considerations only rigorously apply to finite-dimensional Hilbert spaces [97]. Expecting no mathematical
atrocities to hide in the present case, we will proceed without the proper foundation backing up this otherwise straightforward
generalization.
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again making explicit use of the relation between
the biorthogonal basis functions as expressed in
Eq. (3.10).11 We find that the propagator (3.11) depends
solely on the end points γðsi;fÞ in the complex plane,
retrospectively showing why it was convenient to
introduce an additional factor γ0ðsiÞ−1 in the initial
definition (3.5) of the propagator, neutralizing the
otherwise leftover factor γ0ðsiÞ entering through the
conversion of ϕlðsiÞ into ψlðsiÞ. All remaining γ-
dependence has been absorbed into the normalization
factor (3.12), for which the contour Γ can be freely
deformed without altering the value of the complex
contour integral, provided Γ ends in the desired regions
of subdominance of the holomorphic eigenfunctions
ΨlðzÞ. This concludes the derivation of the spectral
representation, which was found to be virtually inde-
pendent of the chosen contour Γ and its parametrization.
Even though the absence of any complex conjugation in
the final representation (3.12) of the propagator seems
to contradict the usual quantum-mechanical case, note
that this is indeed not the case. In case one deals with a
real, confining, Hermitian Hamiltonian Ĥ, allowing for
the definition of the eigenvalue problem on the real axis,
i.e.,enabling the choice Γ ¼ R, the eigenfunctions can
be chosen to be entirely real; thus the emerging complex
conjugation in the usual formula can be dropped. All
other representations of the eigenfunctions can only
differ by an overall (global) phase, which drops out
of the propagator once the normalization is performed
accordingly.12

As a brief final note, one should keep in mind
that the given spectral representation (3.11) is only well
defined as long as the sum converges, effectively
restricting the admissible values of θ. Given the asymptotic
growth of the polynomial potential VðzÞ ∼ cnzn for
jzj → ∞, the argument of the eigenvalues asymptotically
approaches

argðElÞ⟶l→∞
ϑ∞ ≔

2π

nþ 2

�
nþ 2

2
− ðkþ þ k−Þ

�

þ 2 argðcnÞ
nþ 2

mod 2π: ð3:13Þ

In this context, we indexed the two Stokes sectors in which
we demanded the eigenfunctions to be subdominant
by k�; i.e.,we identified S�≕ Sk� utilizing the defining
relation (2.6).13 The discussion on how to arrive at this
result, together with the full leading-order behavior (D22)
of the eigenvalues El for l → ∞, is provided in
Appendix D, hinging on earlier works by Sibuya [76]
and Shin [82,98]. Demanding convergence of the sum
(3.11) subsequently requires

argðie−iθElÞ ⟶l→∞ π

2
− θ þ ϑ∞ ∈



−
π

2
;
π

2

�
⇒ θ∈



ϑ∞; π þ ϑ∞

�
; ð3:14Þ

in turn constraining the admissible choices of θ.
In the desired case of describing resonant states encoding
false vacuum decay, one obtains kþ þ k− ¼ ðnþ 3Þ=2
(odd n) or kþ þ k− ¼ ðnþ 4Þ=2 (even n) together
with cn ∈R, such that the argument ϑ∞ is negative.
Note that this is consistent with expectations, as the
resonant eigenenergies possess a negative imaginary part.
Thus, the choice of θ∈ ð0; π=2� is fully unconstrained,
which would not be the case if we were interested in
antiresonant states.

B. Path integral representation

With the spectral representation (3.11) of the
propagator Kγ;θðsi; sf ;TÞ under sufficient control, let us
turn our focus toward its associated path integral counter-
part. As usual, the path integral derivation hinges on
inserting a sequence of identity resolutions, expressed in
terms of position and momentum operators (3.4), into
the time evolution operator, after which an appropriate
continuum limit is taken. Representing the effective
Hamiltonian (3.2) in terms of the canonical operators x̂γ
and p̂γ ¼ −iℏd=ds yields

Ĥγ ¼ Hγðx̂γ; p̂γÞ

¼ 1

2m
1

γ0ðx̂γÞ2
p̂2
γ þ

iℏ
2m

γ00ðx̂γÞ
γ0ðx̂γÞ3

p̂γ þ V½γðx̂γÞ�: ð3:15Þ

Throughout the work, we adopt the convention that pure
operators are indicated with overhead wedges, while
functions of operators are left unadorned. We furthermore
made the deliberate choice to normal order all operators,
meaning momentum operators are commuted to the right—
a notion also referred to as standard ordering [99]. The
arising discretized path integral thus employs the so-called

11Note that the emerging contour integral is nonvanishing
everywhere aside from exceptional points, since zeros of the
given wave function normalization (3.12) in the complex cou-
pling plane correspond to Bender-Wu branch points where level
crossings occur; see e.g.,the seminal work by the eponymous
authors [79].

12This also clarifies that the quantum-mechanical propagator in
case of time-independent potentials VðzÞ is indeed a manifestly
analytic quantity in all its parameters, which is not immediately
evident given the usual discussion still involving complex
conjugation.

13Note that in the ordinary self-adjoint case, for which all cl
are real and the eigenvalue problem is defined on the real axis
(thus n being even), one arrives at k− ¼ �ðnþ 2Þ=2 and kþ ¼ 0,
thus indeed recovering the correct result of the eigenvalues being
(asymptotically) real.
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postpoint discretization scheme.14 Splitting the analytically continued time evolution operator entailed in the propagator
(3.5) intoN equal parts and inserting full sets of position eigenstates, one arrives at the intermediate discretized path integral
representation

Kγ;θðsi; sf ;TÞ ¼
1

γ0ðsiÞ
lim
N→∞

Z
∞

−∞

YN−1

k¼1

dsk

�YN
l¼1

	
sl

���� exp


−
ie−iθT
Nℏ

Ĥγ

�����sl−1
��

s0¼si
sN¼sf

¼ 1

γ0ðsiÞ
lim
N→∞

Z
∞

−∞

YN−1

k¼1

dsk

�YN
l¼1

½γ0ðsl−1ÞKγ;θðsl−1; sl;T=NÞ�
�

s0¼si
sN¼sf

¼ lim
N→∞

Z
∞

−∞

YN−1

k¼1

½γ0ðskÞdsk�
�YN

l¼1

Kγ;θðsl−1; sl;T=NÞ
�

s0¼si
sN¼sf

: ð3:16Þ

Accounting for the additional term γ0ðsiÞ−1 instated
in the original definition (3.5) of Kγ;θ, the intermediate
propagators are similarly dressed with inverse weight
factors. In the last line, we simply redistributed these
additional weight factors in a convenient way. The
upcoming crucial step is the study of the short-time
propagator Kγ;θðsl−1; sl;T=NÞ requiring some subtle
trickery to arrive at the correct result. As it is rather
instructive, we choose to provide two different derivations
of the desired result, hinging on techniques reviewed in
Appendix A. In the present section, we will simply
apply these methods, referring the inclined reader to
the associated Appendix chapter for a more in-depth
discussion.

1. First option: Naïve propagator evaluation
and use of substitution rules

Following conventional path integral derivations, one
inserts a set of momentum eigenstates (3.4) into the short-
time propagator Kγ;θðsl−1; sl;T=NÞ and naïvely evaluates
the emerging expression as if the infinitesimal time
evolution operator would already be normal ordered.
This procedure is usually justified in either of two
ways:

(i) For Hamiltonians with split position and momentum
dependence, one utilizes a standard Suzuki-Trotter
decomposition [100,101] to insert the position and
momentum resolutions between the split exponential
pieces, leading to the fact that all arising matrix
elements can be evaluated trivially. The overall
effect of this trick is then precisely that of using
(3.16) with the quirk that the infinitesimal time

evolution operators entailed in the short-time propa-
gators readily possess a fixed ordering. However, in
the present case, with the presence of position-
dependent kinetic terms, this strategy does not
suffice.

(ii) A straightforward but mathematically misguided
way of obtaining the leading-order behavior of
the propagator for short times is to naïvely expand
the exponential time evolution operator to order
T=N, after which the matrix element can be
evaluated easily. As a final step, one reexponentiates
the attained result, leading to conventional
expressions for the propagator. A more sophisticated
study would however reveal that the dropped terms
yield non-negligible contributions, thus at first
glance invalidating this approach. However,
when using the initially erroneous result for the
short-time propagator in the full discretized path
integral (3.16), the correct macroscopic result
miraculously emerges [99]. The rather subtle dis-
cussion required to arrive at this conclusion is
presented in Appendix A, utilizing the operator-
ordering approach conceptualized by Graham
[102,103].15

We conclude that the second option allows us to treat the
current case as if the infinitesimal time evolution operators
are indeed normal ordered, leading to correct results once
the continuum limit has been taken. Symbolizing equiv-
alence up to contributions that vanish when taking the
continuum limit N → ∞ with ≐, a notion introduced by
DeWitt [105], one arrives at the relation

14It is crucial to point out that this ordering choice does not
influence the final result, as the initial Hamiltonian Ĥγ is fully
specified. While a different ordering prescription leads to altered
intermediate expressions, utilizing the appropriate substitution
rules discussed in Appendix A 3 restores uniqueness in the
continuum limit N → ∞; see e.g.,[99] and references therein.

15Beware that the results presented in Appendix A constitute
well-established knowledge, with some of the necessary tech-
niques having been developed by DeWitt as early as the 1950s
[104,105]; other notable early works include [99,106–112].
Despite these results being well known in communities dealing
with stochastic calculus or path integrals on curved manifolds, we
include the procedure to arrive at these findings to keep the work
fully self-contained.
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Kγ;θðsl−1; sl;T=NÞ ≐ 1

γ0ðsl−1Þ
Z

∞

−∞

dpl

2πℏ

�
sl
��∶ exp�− ie−iθT

Nℏ
Hγðx̂γ; p̂γÞ

�
∶
��pl

�hpljsl−1i

¼ 1

γ0ðsl−1Þ
Z

∞

−∞

dpl

2πℏ
exp

�
−
ie−iθT
Nℏ

Hγðsl; plÞ
�
hsljplihpljsl−1i

¼ 1

γ0ðsl−1Þ
exp

�
−
ie−iθT
Nℏ

V½γðslÞ�
�

×
Z

∞

−∞

dpl

2πℏ
exp

�
iplðsl − sl−1Þ

ℏ
−
ie−iθT
Nℏ

�
1

2m
p2
l

γ0ðslÞ2
þ iℏpl

2m
γ00ðslÞ
γ0ðslÞ3

��

¼ 1

γ0ðsl−1Þ
�
mNγ0ðslÞ2
2πℏie−iθT

�1
2

× exp

�
ieiθmNγ0ðslÞ2

2ℏT

�
sl − sl−1 −

ie−iθTℏγ00ðslÞ
2mNγ0ðslÞ3

�
2

−
ie−iθT
Nℏ

V½γðslÞ�
�
: ð3:17Þ

In the first line, we denoted normal ordering of the operator
with colons. Note that convergence of the Gaussian integral
in question requires

Re

�
ie−iθ

γ0ðslÞ2
�
>0⇒ arg½γ0ðslÞ2�∈ð−θ;π−θÞ; ð3:18Þ

which retrospectively constrains the admissible choices of
the contour Γ by restricting its slope at each point. The
illustrated example contour depicted in Fig. 6 would
certainly violate this condition due to the entailed loop.
We will comment on the implications of this restriction in
Appendix C, arguing that in the relevant cases one can
indeed always find a representative Γ to enforce the
necessary condition (3.18) to be met. For the time being,
let us assume Γ has been chosen accordingly for all
integrals to properly converge. The provided short-time
propagator (3.17) in its current form is ill-suited for taking
the continuum limit N → ∞, as a naïve limiting procedure
would arrive at erroneous results. Thus, let us first massage
the given expression (3.17) by utilizing two techniques that
were also heavily employed in Appendix A to justify the
naïve evaluation of the matrix elements entailed in the
discretized propagator (3.16):

(i) For all short-time propagators (3.17) entering ex-
pression (3.16), each appearance of ðΔslÞ2 scales
like a contribution of order Δt, where we introduced
the abbreviations Δsl ≔ sl − sl−1 and Δt ≔ T=N.
This allows us to conveniently expand the exponen-
tial, neglecting terms that would yield overall con-
tributions of order Δt3=2 and higher, as those would
vanish when subsequently taking the continuum
limit N → ∞ of the discretized path integral.

(ii) So-called substitution rules allow us to replace
certain expressions in each infinitesimal propagator
by alternative terms while leaving the full path
integral expression (3.16) invariant, as the arising

differences only enter higher-order terms that
vanish when taking the continuum limit [99,113].
While these substitution rules nontrivially modify
the short-time propagators, the integrations
over the intermediate positions sk effectively cancel
the arising differences to the desired order. In the
present case, the required substitution rules take the
form

ðΔslÞ2 ≐ 2ie−iθℏ½2mγ0ðslÞ2�−1Δt; ð3:19aÞ

Δt−1ðΔslÞ3 ≐ 6ie−iθℏ½2mγ0ðslÞ2�−1Δsl; ð3:19bÞ

Δt−2ðΔslÞ4 ≐ −12e−2iθℏ2½2mγ0ðslÞ2�−2Δt; ð3:19cÞ

Δt−3ðΔslÞ6 ≐ −120ie−3iθℏ3½2mγ0ðslÞ2�−3Δt;
ð3:19dÞ

where we reinstated the appropriate powers
of ℏ when compared to expression (A22). Their
derivation for the most general Hamiltonian (A1)
quadratic in the momentum p̂ can be found in
Appendix A 3. As before, ≐ indicates equivalence
in the path integral sense, stating that both sides of
the equality yield identical results when appro-
priately applied to the infinite-dimensional
integral (3.16).16

Strategically expanding some of the undesirable terms, the
infinitesimal propagator (3.17) can be expressed as

16Note that these substitution rules need to be instated solely
“outside” of exponentials, as otherwise the odd-powered sub-
stitution rule (3.19b) inherits additional contributions.
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Kγ;θðsl−1; sl;ΔtÞ ≐
γ0ðslÞ
γ0ðsl−1Þ



2πℏie−iθΔt

m

�
−1
2

exp

�
ieiθm
2ℏΔt

½γ0ðslÞΔsl�2 −
ie−iθΔt

ℏ
V½γðslÞ�

�

×

�
1þ γ00ðslÞΔsl

2γ0ðslÞ
þ γ00ðslÞ2ðΔslÞ2

8γ0ðslÞ2
−
ie−iθℏγ00ðslÞ2Δt

8mγ0ðslÞ4
�
; ð3:20Þ

where, as introduced previously, we set Δsl ¼ sl − sl−1 and Δt ¼ T=N to make contact with the notation employed in
Appendix A 3. At last, we naïvely factored the complex square root prefactor while setting ½γ0ðslÞ2�1=2 ¼ γ0ðslÞ.17 Using the
substitution rule (3.19a), one finds that the two γ00ðslÞ2 contributions entering Eq. (3.20) fully cancel; thus they are dropped
in all subsequent expressions. Expanding the fraction γ0ðslÞ=γ0ðsl−1Þ to order ðΔslÞ2 then grants the intermediate result

Kγ;θðsl−1; sl;ΔtÞ ≐


2πℏie−iθΔt

m

�
−1
2

exp

�
ieiθm
2ℏΔt

½γ0ðslÞΔsl�2 −
ie−iθΔt

ℏ
V½γðslÞ�

�

×

�
1þ 3γ00ðslÞ

2γ0ðslÞ
Δsl þ

3γ00ðslÞ2 − γ0ðslÞγ000ðslÞ
2γ0ðslÞ2

ðΔslÞ2
�
: ð3:21Þ

At this stage, it would not be too obvious how to manipulate the expression to reduce it to its eventual canonical form. Let us
therefore present the final result directly, which ultimately takes the form

Kγ;θðsl−1; sl;ΔtÞ ≐


2πℏie−iθΔt

m

�
−1
2

exp

�
ieiθm
2ℏΔt

½γðslÞ − γðsl−1Þ�2 −
ie−iθΔt

ℏ
V½γðslÞ�

�
: ð3:22Þ

We will now show retrospectively that the right-hand side of Eq. (3.22) indeed matches the previous result (3.21) after
instating the appropriate substitution rules (3.19). At first, one utilizes the expansion

½γðslÞ − γðsl−1Þ�2 ¼ ½γ0ðslÞΔsl�2 − γ0ðslÞγ00ðslÞðΔslÞ3 þ
3γ00ðslÞ2 þ 4γ0ðslÞγ000ðslÞ

12
ðΔslÞ4 þO½ðΔslÞ4�; ð3:23Þ

with which the required equality (in the path integral sense) takes the form

exp

�
ieiθm
2ℏΔt

½γ0ðslÞ−γ0ðsl−1Þ�2
�
≐
�
1−

ieiθm
2ℏΔt

γ0ðslÞγ00ðslÞðΔslÞ3−
e2iθm2

8ℏ2Δt2
γ0ðslÞ2γ00ðslÞ2ðΔslÞ6

þ ieiθm
2ℏΔt

3γ00ðslÞ2þ4γ0ðslÞγ000ðslÞ
12

ðΔslÞ4
�
exp

�
ieiθm
2ℏΔt

½γ0ðslÞΔsl�2
�

≐
?
�
1þ3γ00ðslÞ

2γ0ðslÞ
Δslþ

3γ00ðslÞ2−γ0ðslÞγ000ðslÞ
2γ0ðslÞ2

ðΔslÞ2
�
exp

�
ieiθm
2ℏΔt

½γ0ðslÞΔsl�2
�
: ð3:24Þ

At this point the substitution rules (3.19) enter the game again. Combining (3.19c) and (3.19d) with (3.19a), we can infer the
replacements

Δt−2ðΔslÞ4 ≐
3ie−iθℏ
mγ0ðslÞ2

ðΔslÞ2; Δt−3ðΔslÞ6 ≐ −
15e−2iθℏ2

m2γ0ðslÞ4
ðΔslÞ2: ð3:25Þ

Together with the default substitution rule (3.19b), one indeed finds that the last equality of expression (3.24) holds,
concluding our (first) derivation of the short-time propagator (3.22).18

17Let us ignore additional factors of −1 that emerge in case the contour runs “backward,” i.e.,Re½γ0ðslÞ� < 0. While for rather exotic
eigenvalue problems, for which both relevant Stokes sectors S� are entirely contained in the same half plane defined by the imaginary
axis, such issues cannot be avoided, in the sought-after cases such pathological situations do not occur. In the special cases for
which these considerations become relevant, one could argue that the additional factors can be absorbed in the path integral measure,
eventually dropping out when computing ratios.

18Expansion (3.23) has to be instated with great care, as the substitution rules (3.19) only apply in case the exponent of the exponential
piece multiplying the terms one wants to substitute away is precisely given by ieiθmγ0ðsÞ2Δs2=ð2ℏΔtÞ. In case one would argue the other
way around, expanding γ0ðsÞΔs around γðsÞ − γðs − ΔsÞ, the new exponent ieiθm½γðsÞ − γðs − ΔsÞ�2=ð2ℏΔtÞ would lead to altered
substitution rules. A naïve application of the former ones (3.19) then fails to recover the correct result.
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2. Second option: Starting directly with the “correct” short-time propagator

A slightly simpler way of attaining the identical result (3.22) emerges when we utilize the complete expression (A16) for
the infinitesimal propagator obtained in Appendix A 2, allowing us to bypass the use of substitution rules altogether.
Inserting the coefficient functions entering the nonstandard Hamiltonian (3.15) into Eqs. (A16)–(A18), the infinitesimal
propagator takes the form

Kγ;θðsl−1; sl;ΔtÞ≐
1

γ0ðsl−1Þ
�

mγ0ðslÞ2
2πℏie−iθΔt

�1
2

exp

�
ieiθm
2ℏΔt

½γ0ðslÞΔsl�2 −
ie−iθΔt

ℏ
V½γðslÞ�

�

×

�
1 −

γ00ðslÞ
γ0ðslÞ

Δsl þ
γ000ðslÞ
2γ0ðslÞ

ðΔslÞ2 −
ieiθm
2ℏΔt

γ0ðslÞγ00ðslÞðΔslÞ3

þ ieiθm
2ℏΔt

15γ00ðslÞ2 þ 4γ0ðslÞγ000ðslÞ
12

ðΔslÞ4 −
e2iθm2

8ℏ2Δt2
γ0ðslÞ2γ00ðslÞ2ðΔslÞ6

�
; ð3:26Þ

where for convenience we already exponentiated the F1;0 term, solely entailing the potential contribution; all other terms
entering F1;0 fully cancel. Once more, mind the additional factor γðsl−1Þ−1 in definition (3.5) of the propagator on the
contour Γ, which is absent in the derivation provided in Appendix A 2. Notice that we can factor the ðΔslÞj terms into
j ¼ 1, 2 and j ¼ 3, 4, 6 contributions (beware of the cross term), yielding

Kγ;θðsl−1; sl;ΔtÞ ≐
γ0ðslÞ
γ0ðsl−1Þ



2πℏie−iθΔt

m

�
−1
2

exp

�
ieiθm
2ℏΔt

½γ0ðslÞΔsl�2 −
ie−iθΔt

ℏ
V½γðslÞ�

�

×

�
1 −

γ00ðslÞ
γ0ðslÞ

Δsl þ
γ000ðslÞ
2γ0ðslÞ

ðΔslÞ2
��

1 −
ieiθm
2ℏΔt

γ0ðslÞγ00ðslÞðΔslÞ3

−
e2iθm2

8ℏ2Δt2
γ0ðslÞ2γ00ðslÞ2ðΔslÞ6 þ

ieiθm
2ℏΔt

3γ00ðslÞ2 þ 4γ0ðslÞγ000ðslÞ
12

ðΔslÞ4
�
; ð3:27Þ

where we once more naïvely applied ½γ0ðslÞ2�1=2 ¼ γ0ðslÞ. One can now utilize the relation

γ0ðslÞ
γ0ðsl−1Þ

�
1 −

γ00ðslÞ
γ0ðslÞ

Δsl þ
γ000ðslÞ
2γ0ðslÞ

ðΔslÞ2
�

¼ 1þO½ðΔslÞ3�; ð3:28Þ

together with the previous expansion (3.23), which in its exponential form was provided in Eq. (3.24). Together, one once
more arrives at relation (3.22), constituting the reduced final result.

3. Continuum limit and further obstructions to the functional integral

With the short-time propagator given in its canonical form (3.22), we can proceed by taking the continuum limit N → ∞.
Inserting the result into the previous relation (3.16) yields the discretized path integral

Kγ;θðsi; sf ;TÞ ¼ lim
N→∞



2πℏie−iθΔt

m

�
−N

2

Z
∞

−∞

YN−1

k¼1

½γ0ðskÞdsk� exp

XN

l¼1

�
ieiθm
2ℏΔt

½γðslÞ − γðsl−1Þ�2 −
ie−iθΔt

ℏ
V½γðslÞ�

��
Δt¼T=N
s0¼si
sN¼sf

¼ lim
N→∞



2πℏie−iθΔt

m

�
−N

2

Z
Γ

YN−1

k¼1

dzk exp



ieiθ

ℏ

XN
l¼1

Δt
�
m
2



zl − zl−1

Δt

�
2

− e−2iθVðzlÞ
��

Δt¼T=N
z0¼γðsiÞ
zN¼γðsf Þ

: ð3:29Þ

The crucial step is to notice that all intermediate sk-integrals could be expressed as complex contour integrals ranging over
Γ. We especially recover the feature that the expression for the propagator is independent of the chosen contour Γ and its
parametrization γ, depending solely on the end points γðsi;fÞ in the complex plane. Recall that the identical observation was
previously made for the spectral representation (3.11), constituting an important consistency check. Remarkably, the
discretized expression (3.29) coincides exactly with the ordinary result, with the sole exception of the intermediate position
integrals ranging over Γ instead of R. This, in particular, enables us to take the continuum limit N → ∞ straightforwardly,
using the standard procedure of inferring the replacements
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zl ⟶
N→∞

zðtÞ;
XN
l¼1

Δt ⟶
N→∞

Z
T

0

dt;

zl−zl−1
Δt

⟶
N→∞

żðtÞ;


2πℏie−iθΔt

m

�
−N

2
YN−1

k¼1

dzk ⟶
N→∞

Dθ⟦z⟧:

ð3:30Þ

The formally θ-dependent path integral measure is sub-
sequently denoted by Dθ⟦z⟧, where we chose to highlight
functional relations by double square brackets. Gathering
the results, we finally arrive at the desired path integral
representation of the analytically continued propagator
given by

Kγ;θðsi;sf ;TÞ¼
Z zð0Þ¼γðsiÞ

zðTÞ¼γðsf Þ

Cð½0;T�;ΓÞ
Dθ⟦z⟧

×exp

�
ieiθ

ℏ

Z
T

0

�
m
2
żðtÞ2−e−2iθVðzðtÞÞ

�
dt

�
:

ð3:31Þ

The functional integral ranges over all continuous functions
mapping from the time interval ½0; T� into the target space
Γ, for which we denote the underlying function space by
Cð½0; T�;ΓÞ, subject to the standard Dirichlet boundary
conditions at both end points. It is rather striking that, apart
from the functional integration contour, there are virtually
no changes to the path integral representation of the
(partially) Wick-rotated propagator when comparing to a
scenario for which the original eigenvalue problem (3.1) is
defined on the real line. The information which Stokes
wedges S� are chosen to define the underlying eigenvalue
problem is entirely contained in the integration contour,
with the action of the theory being independent of Γ.
In order for the path integral derivation to go through

unobstructed, we especially require the individual
zk-integrals to be convergent, bestowing yet another con-
straint on the contour Γ upon us. Once more assuming VðzÞ
to be a polynomial of order n ≥ 3, the contour Γ is required
to asymptotically end in regions for which one has

Re½ie−iθℏ−1VðzÞ�⟶jzj→∞
Re½ie−iθℏ−1cnzn� > 0: ð3:32Þ

This condition again provides us with wedge-shaped
regions in the complex plane given by

Sk≔
�
z∈C∶

����argðzÞ−2πk
n

þargðℏ−1cnÞ
n

þπ−2θ

2n

����< π

2n

�
;

with k∈Zn; ð3:33Þ

in which Γ is required to terminate asymptotically. While
there were nþ 2 Stokes sectors Sk, out of which one
chooses S� defining the boundary value problem at hand,

there are an additional n narrower sectors Sk that further
constrain the contour. Note that the sectors Sk are suffi-
ciently abundant for there to always exist an overlap with
both Sþ and S−, guaranteeing S� ∩ ðS0 ∪ … ∪ SnÞ to not
be empty, enabling the path integral procedure for arbitrary
polynomial potentials. Other implications on the contour Γ
are briefly discussed in Appendix C.

C. Combining the different representations:
Master formulas

We are now fit to collect our results. Given the
Schrödinger-type eigenvalue problem (3.1) with a poly-
nomial potential VðzÞ, with the holomorphic eigenfunc-
tions ΨlðzÞ demanded to decay exponentially in two no-
adjacent Stokes sectors S�, one arrives at the exact equality

Z zð0Þ¼zi
zðTÞ¼zf

Cð½0;T�;ΓÞ
Dθ⟦z⟧exp



iSθ⟦z⟧

ℏ

�

¼
X∞
l¼0

exp



−
ie−iθElT

ℏ

�
ΨlðziÞΨlðzfÞ

�Z
Γ
ΨlðzÞ2dz

�
−1
;

ð3:34Þ

holding true as long as both sides of the equation are well
defined. In the above relation, Γ is an arbitrary complex
contour encompassing zi;f , asymptotically ending in the
two angular sectors S� ∩ ðS0 ∪ … ∪ SnÞ of the complex
plane. The portrayed expression (3.34) directly emerges
from equating (3.11) and (3.31), simplifying the appear-
ances of γðsi;fÞ by zi;f. We furthermore defined the
analytically continued action functional

Sθ⟦z⟧ ≔ eiθ
Z

T

0

�
m
2
żðtÞ2 − e−2iθVðzðtÞÞ

�
dt: ð3:35Þ

In similar fashion, we can obtain the trace of the analytically
continued time evolution operator Ûγ;θ on Γ by formally
setting zi ¼ zf in the above relation (3.34) and subsequently
integrating over Γ. This can be seen by inferring

ZθðTÞ ≔ tr

�
exp



−
ie−iθĤγT

ℏ

��

¼
Z

∞

−∞

�
s
�� exp
− ie−iθĤγT

ℏ

���s� ds
¼

Z
∞

−∞
Kγ;θðs; s;TÞγ0ðsÞ ds; ð3:36Þ

then utilizing the fact that the propagatorKγ;θðs; s;TÞ solely
depends on γðsÞ; thus the remaining end-point integral can
once more be represented as a contour integral. This leads to
another significant relation of the form
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ZθðTÞ ¼
Z

zð0Þ¼zðTÞ

Cð½0;T�;ΓÞ
Dθ⟦z⟧ exp



iSθ⟦z⟧

ℏ

�

¼
X∞
l¼0

exp



−
ie−iθElT

ℏ

�
: ð3:37Þ

This equality naturally generalizes the usual notion of the
partition function given by a path integral over periodic field
configurations.19 As the propagator constitutes the primary
building block for all other quantities commonly encoun-
tered in standard quantummechanics, such as the resolvent,
these can be derived in a similar manner utilizing the result
(3.34). Note that the previously encountered freedom of
choosing the contourΓ now resides in the ability to smoothly
deform the half-dimensional integration contour Cð½0; T�;ΓÞ
within the infinite-dimensional, complexified function
space Cð½0; T�;CÞ≕ CCð½0; T�Þ, provided the deformation
respects the prescribed regions of convergence at the contour
boundaries.

IV. APPLING THE IDEAS TO QUANTUM
TUNNELING

With the key results of this work encapsulated in
Eqs. (3.34) and (3.37) now firmly established, we return
to the original motivation of investigating quantum tunnel-
ing. Our previous endeavors will directly culminate in the
sought-after relation between the real-time picture of
quantum-mechanical decay and the ordinary instanton
method. To this end, let us briefly recall the usual heuristic
argument brought forward when justifying the instanton
method, which subsequently will be brought onto firm
ground utilizing the previous results.

A. Recap of the traditional argument:
Potential-deformation method

As originally introduced by Callan and Coleman in their
seminal work on the instanton method [17], the potential-
deformation argument has been the staple explanation of
the functional treatment until the introduction of the direct
method by Andreassen et al. [36], which will be addressed
in Sec. VA. Following the traditional argument, the key
quantity under consideration is the Euclidean FV-to-FV
transition amplitude for late times, from which Callan and
Coleman formally extract the ground-state decay rate by
projecting onto the ground-state energy via

Γ0 ¼ 2 lim
T→∞

Im
�
T−1 log

�
KEðzFV; zFV;TÞ

��
: ð4:1Þ

In all subsequent chapters, we adopt the standard con-
vention of denoting the Euclidean propagator by
KE ≕Kπ=2, while the real-time propagator is expressed
without an index, i.e.,K≕K0. Working with an unbounded
potential as shown in the right panel of Fig. 7, Callan and
Coleman argue that the deformation of a globally stable
potential into an unstable one results in a distortion of the
functional integration contour past the emerging nontrivial
bounce saddle point zbounceðtÞ shown schematically in the
lower right panel of Fig. 7. In this manner, the propagator
acquires an imaginary part due to traversing half of the
steepest-descent thimble Jbounce emanating from zbounceðtÞ,
resulting in the desired decay rate when invoking the
appropriate weight factor of 1=2 multiplying the bounce
contribution. The illustrated deformation argument is
regularly accompanied by a single-dimensional toy exam-
ple exhibiting the conjectured behavior of the path integral
analog, usually in the form of the simple quartic integral

ZEðgÞ≔
Z
Cg

exp

�
−
1

ℏ



gz4

4
þz2

2

��
dz; with Cg>0¼R;

ð4:2Þ

see e.g.,the lucid treatments [22,90,114]. Similar to our
previous discussion of the analytic continuation of eigen-
value problems as introduced in Sec. II B, the analytic
continuation of the “partition function” ZEðgÞ from pos-
itive to negative values of g is accompanied by a rotation of
the integration contour Cg in the complexified z-plane; see
Fig. 8. Performing a steepest-descent decomposition of the
integration contour for positive and negative values of the
coupling constant g subsequently reveals an identical
distortion to that conjectured by Callan and Coleman for
the path integral case. Whereas for positive values of the
coupling g, the steepest-descent contour J 0 from the
(global) minimum z0 coincides with the real axis, for
negative g the contour Cg ≡ J 0 picks up contributions from
all three saddles z0 and z�, as the system is “on a Stokes
line.”20 The two additional saddle points z�, constituting
local minima of the full exponent when viewing the
situation on the real line, mimic the role of the bounce
in the previous distortion argument illustrated in Fig. 7.
Even though the prescribed procedure is successful in
reproducing the correct result for the ground-state decay
rate Γ0 given arbitrary potentials, the heuristic contour-
deformation argument possesses several unresolved
issues which require further understanding to close the
immanent gaps.

19It should be noted that similar identities were utilized in the
study of PT -symmetric eigenvalue problems; see e.g.,[53,56].
However, these studies proposed the desired form of the partition
function (3.37) on heuristic grounds, without deriving the given
representation from first principles.

20Formally meaning that the imaginary part of the exponent
evaluated at multiple saddle points coincides, resulting in a
degeneracy/merging of several steepest-descent/-ascent curves.
In other words, the gradient flow connects at least one pair of
critical points of the exponent.

PATH INTEGRAL ANALYSIS OF SCHRÖDINGER-TYPE … PHYS. REV. D 114, 085002 (2026)

085002-17



B. Pending questions regarding
the conventional explanation

While we will ultimately find the previously introduced
computation scheme to be entirely correct, the portrayed
argument is yet incomplete, leaving several conceptual
questions unaddressed:

(i) Why exactly does the functional integration contour
have to be deformed as shown in Fig. 7? While the
single-dimensional toy example mimics the desired
behavior, it is yet to be shown that the infinite-
dimensional functional case follows suit. Callan
and Coleman moreover acknowledge that there is
the ambiguity to deform the potential in the conjugate
manner, leading to a deformation of the integration
contour into the lower complex half plane. Conse-
quently, the imaginary part of the propagator acquires
the opposite sign, which in turn affects the sign of the
projected ground-state energy.How is theprescription
of the sign, encapsulating the physical scenario of the
probability current either leaving or entering the FV
region, imprinted in the deformation process?

(ii) How is the illustrated procedure and the emerging
complex ground-state energy related to the notion of
resonant states utilized for practically all other decay

rate calculations? Despite matching results, a direct
connection between e.g.,WKB computations of the
decay rate and the functional instanton method has
remained obscure. Does the equivalence between
results based on solutions to the Schrödinger equa-
tion and the instanton method hold to all orders, even
nonperturbatively, or do these approaches only agree
up to some fixed order?

(iii) How does one treat the case for which the tunneling
potential takes the formas illustrated in the left panel of
Fig. 1, i.e.,when the potential is not globally unstable,
but rather possesses a true vacuum state? In that case,
one necessarily encounters an additional saddle point
dubbed the “shot” [22,115], see Fig. 9, resulting in the
projection onto the global ground state instead of the
metastable onewhen studying the late timebehavior of
the Euclidean propagator. Only once the steepest-
descent thimble associated with the shot saddle is
dismissed does one end upwith the correct result. How
does this prescription of dropping such saddle points
arise from first principles?

(iv) What makes the false vacuum point zFV special
when it serves as both the initial and final point of
the Euclidean propagator? How does the contour

FIG. 7. Schematic illustration of the potential-deformation approach by Callan and Coleman [17]. In case the false vacuum zFV is
stabilized, as shown in the left panel, the sole critical trajectory starting and ending at the (then global) minimum zFV for T → ∞ is the
trivial FV trajectory zFVðtÞ ¼ zFV. The associated steepest-descent thimble J FV in the complexified function space CCð½0; T�Þ then
simply coincides with the real function space Cð½0; T�Þ. Once the potential is deformed to be unbounded, allowing for quantum tunneling
to occur, one finds an additional saddle point in guise of the classical bounce trajectory zbounceðtÞ satisfying both the equation of motion
as well as the demanded Dirichlet boundary conditions. By heuristic arguments, Callan and Coleman argue that the functional
integration contour of the emerging path integral has to be distorted into the complex domain in order to render the resulting negative
mode integration arising from the bounce saddle convergent, capturing the crucial factor of 1=2 multiplying the imaginary bounce
contribution in the process. This is schematically portrayed in the lower right panel, restricting our view to the single representative
dimension along which the FV trajectory and the bounce are connected by the gradient flow.
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deformation argument change in case one chooses
different end points for the propagator when pro-
jecting onto the ground state?

All of these questions can be effectively addressed by
invoking the previous developments into path integrals
associated with generalized eigenvalue problems in the
complex plane, along with the fact that the desired resonant
energies are directly linked to such nontrivial boundary
value problems as seen in Sec. II B.

C. Shedding light on Callan and Coleman’s functional
contour prescription

With all the key pieces of the puzzle provided in Secs. II
and III C, in place, we are now fit to assemble them into the
complete picture. To this end, let us investigate the rather
generic situation depicted in Fig. 1 (or similarly in the left
panel of Fig. 10), for which the globally stable potential
VðstableÞðzÞ admits both a metastable FV region together
with a global minimum zTV. Prior to detailing the simple
procedure that ultimately gives rise to the desired contour
deformation prescription proposed by Callan and Coleman
[17], we offer a few additional remarks:

(i) For clarity of exposition, let us assume that quantum
tunneling is only viable in a single spatial direction;
all subsequent arguments directly carry over to the
case for which a trapped particle is allowed to tunnel
into both directions.

(ii) The frequently studied scenario for which the
potential is unbounded from below at the outset
proves simpler than the more intricate present case
involving an additional TV region. Due to the
absence of a global minimum, the first step in the
ensuing analysis can essentially be bypassed.

(iii) Despite our previous endeavors being mostly con-
fined to polynomial potentials, it entails no loss of
generality to apply the provided results to non-
polynomial potentials, as we can effectively approxi-
mate the relevant potential region to arbitrary
accuracy using high-order polynomials.21

(iv) For all subsequent developments, we will initially
ignore the role of multi-instantons, instead focusing

FIG. 8. Illustration of the analytic continuation of the single-dimensional integral ZEðgÞ from g ¼ 1 to g ¼ −1 along argðgÞ < 0. The
saddle points z0;� as well as their associated steepest-ascent (blue, K0;�) and -descent (red, J 0;�) contours are shown for four different
values of argðgÞ, together with the tilted integration contour Cg ¼ e−i argðgÞ=4R. We lift the degeneracy of the steepest-ascent/-descent
contours in the case g∈R by instating an infinitesimal imaginary part to g. While for argðgÞ ¼ 0 the integration contour coincides with
the real line, in the limit argðgÞ → −π the integral receives an imaginary contribution from the saddle points z� constituting the
equivalent to bounces in the infinite-dimensional setting. Following Callan and Coleman, this identification comprises the explanation
of the contour deformation shown in Fig. 7.

21This subliminally assumes the barrier region to have a finite
extent, i.e.,for the potential to not be asymptotically flat with
limz→∞ VðzÞ ¼ VðzFVÞ, which potentially spells trouble [115].
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on the schematic structure of the functional contour
deformation within the single-instanton approxima-
tion. A more sophisticated analysis of the full
thimble structure, including multibounces, is left
to future work.

Paralleling the discussion contained in our previous work
[47], let us formally distinguish between the global energy

eigenvalues EðglobalÞ
l and the sought-after resonant energies

EðresonantÞ
l , formerly dubbed El

ðlocalÞ. Utilizing relation
(3.11) for the ordinary case of defining the eigenvalue
problem on the real axis given a globally stable potential,
the Euclidean FV-to-FV propagator in the full potential
VðstableÞðzÞ attains the form

KðglobalÞ
E ðzFV; zFV;TÞ

¼
X∞
l¼0

exp

�
−
EðglobalÞ
l T
ℏ

�

×ΨðglobalÞ
l ðzFVÞ2

�Z
∞

−∞
ΨðglobalÞ

l ðzÞ2dz
�

−1
; ð4:3Þ

allowing us to project out the (global) ground-state energy
using the late time limit

EðglobalÞ
0 ¼ −ℏ lim

T→∞

�
T−1 log

�
KðglobalÞ

E ðzFV; zFV;TÞ
��
: ð4:4Þ

As realized by Patrascioiu [115] and rediscovered by
Andreassen et al. [22], when studying the relevant critical
trajectories of the arising path integral, one generally finds
the three important motions depicted in Fig. 9—the trivial

FV motion, “bounce” and “shot.”22 As illustrated in the
right panel of Fig. 10, the (greatly simplified) thimble
decomposition of the original integration contour thereby
attains the schematic form

Cð½0; T�Þ≡ J FV þ J bounce þ J shot: ð4:5Þ
With the imaginary contribution arising from the bounce
saddle being fully offset by the overlap of the relevant
steepest-descent thimbles J FV, J bounce, and J shot,

23 the

emerging result for the global ground-state energy EðglobalÞ
0

is indeed fully real, reading

EðglobalÞ
0 ¼ −ℏ lim

T→∞

�
T−1 log

�
KðFVÞ

E ðzFV; zFV;TÞ

þ KðshotÞ
E ðzFV; zFV;TÞ

��
: ð4:6Þ

The superscript on the propagators in this case highlights
the classical solution about which the functional integral is
expanded when performing a semiclassical evaluation. For
large times T, the shot dominates relation (4.6), effectively
probing the TV region of the potential. Indeed, regardless

FIG. 9. Depiction of the relevant (real) classical trajectories emerging when investigating the Euclidean propagator

KðglobalÞ
E ðzFV; zFV;TÞ for large T, given a potential possessing both a metastable FV as well as a TV region. Whereas the shot directly

probes the properties of the global minimum of the potential VðstableÞðzÞ, the constant FV trajectory and the bounce are associated with
properties of the FV region.

22In case the potential is asymptotically flat, the shotlike
solution will look slightly different. Note that this case was
originally studied by Patrascioiu [115], dubbing that particular
third motion the “slide.”

23Note that this is perfectly in line with the expected behavior
known from (real) single-dimensional Laplace-type integrals, for
which the only contributions arise from theminimaof the exponent in
the integration domain. Contributions frommaxima of the exponent,
despite constituting critical points, can be safely neglected due to the
overlap of the steepest-descent contours in question.
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of the end points zi;f , one will always find a shotlike
solution, which, in the limit T → ∞, converges pointwise
to the constant TV trajectory, thereby ensuring the accuracy
of equality (4.4) for arbitrary choices of zi;f .
To access the sought-after resonant energiesEðresonantÞ

l , we
desire to adjust the initial eigenvalue problem granting

EðglobalÞ
l by imposing outgoing Gamow-Siegert boundary

conditions toward the TV region. Building upon the insights
arising from our previous discussion in Sec. II B, we find
that a deformation of the stable potential VðstableÞðzÞ into an
unbounded one, as shown in Fig. 11,will yield an eigenvalue
problem posed in a Stokes wedge bordering the positive real
axis, thereby naturally enforcing purely outgoing boundary
conditions. By instating this potential deformation only past
the classical escape point zescape, thus leaving the barrier
region fully invariant, the prescribed eigenvalue problem
involving the new, unbounded potential VðunstableÞðzÞ pre-
cisely encodes the desired intermediate quasibound states in
the original potential VðstableÞðzÞ. The procedure for
extracting the desired resonant ground-state energy

EðresonantÞ
0 then mirrors that used previously for the global

ground state EðglobalÞ
0 . Once more utilizing the spectral

representation (4.3), albeit with the replacements
ðglobalÞ ↦ ðresonantÞ and

R
∞
−∞ ↦

R
Γ, the sought-after

eigenvalue EðresonantÞ
0 is projected out via

EðresonantÞ
0 ¼ −ℏ lim

T→∞

�
T−1 log

�
KðresonantÞ

E ðzFV; zFV;TÞ
��
:

ð4:7Þ

As for the global eigenenergies, this step essentially hinges
on the fact that, among the tower of resonant energies

EðresonantÞ
l , the resonant ground state EðresonantÞ

0 possesses the

smallest real part. Relative to the previous discussion
surrounding Eq. (4.4), two main differences emerge:

(i) The potential entering the Euclidean path integral
entailed in Eq. (4.7) is now the deformed potential
VðunstableÞðzÞ. Crucially, due to the lack of a global
minimum, the shot solution is naturally absent from
the discussion, constituting no critical trajectory
anymore. The relevant remaining saddle points are
thus the trivial FV motion as well as the bounce. It is
worth noting that, with the barrier region unchanged,
the bounce solution remains unchanged as well.

(ii) The arising functional integral is defined on the
complexified contour Cð½0; T�;ΓðresonantÞÞ instead of
Cð½0; T�Þ. Hereby, ΓðresonantÞ once more constitutes a
contour that asymptotically terminates in the angular
regions S� ∩ ðS0 ∪ … ∪ SnÞ, as illustrated in the
central panel of Fig. 12.

The absence of the shot goes hand in hand with the fact that
the real function space Cð½0; T�Þ ceases to be an admissible
integration cycle for the (resonant) Euclidean FV-to-FV propa-
gator, which is schematically depicted in the right panel of
Fig. 12. Instead,we are led to believe that the proper integration
contour Cð½0; T�;ΓÞ asymptotically terminates in the identical
region of convergence as the bounce thimble J bounce.

24 This
way, the (naïve) thimble decomposition takes the form

FIG. 10. Schematic structure of the relevant steepest-descent thimbles in the complexified function space CCð½0; T�Þ arising in the

study of the propagator KðglobalÞ
E ðzFV; zFV;TÞ for the (globally) stable potential VðstableÞðzÞ shown on the left. The degeneracy of the

thimbles, due to the three saddle points zFVðtÞ, zbounceðtÞ and zshotðtÞ being connected by the gradient flow, has been lifted for better
comprehension. With the eigenvalue problem defined on the real line, the integration contour of the associated path integral is simply the
underlying real function space Cð½0; T�Þ, which can be decomposed as a sum of the three contours J FV, J bounce and J shot. The shaded
light gray regions illustrate the Stokes wedges S� defining the eigenvalue problem, whereas the dark gray wedges depict the regions of
convergence of the functional integral, practically imprinting the angular sectors S0 ∪ S1 ∪ … ∪ Sn.

24We emphasize that this merely constitutes a well-motivated
conjecture, as a full thimble decomposition in the infinite-dimen-
sional, complexified function spaceCCð½0; T�Þ is yet far out of reach.
Determining the relevant intersection numbers between the original
integration contour Cð½0; T�;ΓðresonantÞÞ and the infinite number of
steepest-ascent thimblesKcrit remains the subject of active research.
To date, explicit determinations are largely limited to special
integrable cases or numerical case-by-case studies [30,31]. How-
ever, given this recent progress, one can hope that the full thimble
decomposition will be accessible in the not-too-distant future.
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Cð½0; T�;ΓðresonantÞÞ≡ J FV þ J bounce; ð4:8Þ

consequently resulting in the well-known relation

EðresonantÞ
0 ¼ −ℏ lim

T→∞

�
T−1 log

�
KðFVÞ

E ðzFV; zFV;TÞ

þ 1

2
KðbounceÞ

E ðzFV; zFV;TÞ
��

: ð4:9Þ

As illustrated in the right panel of Fig. 12, the factor 1=2
arises from the remaining overlap between both J FV and
J bounce thimbles, which are still degenerate. It is immanent
that this simple argument formalizes the prescription put
forward by Callan and Coleman, previously resting on

heuristic arguments.We especially see that, in case the original
potential under investigation is unbounded to start with, the
instated potential deformation from VðstableÞðzÞ to VðunstableÞðzÞ
can be waived, while in the predominant case the resonant
energy can be attained by formally dropping the steepest-
descent thimble J shot from the evaluation of the propagator

KðglobalÞ
E . It is worth noting that similar reasoning applies to

alternative computational approaches, for instance those that
extract the decay rate from the Euclidean partition function
(3.37). Additionally, the given explanation can now be
employed to address the previously posed questions stated in
Sec. IVB.

(i) The first three questions have effectively been
addressed in the preceding paragraphs. As shown,

FIG. 12. Expected structure of the steepest-descent thimbles for the deformed, unstable potential VðunstableÞðzÞ. The emerging
eigenvalue problem is defined in tilted Stokes wedges bordering the real axis in all asymptotic regions into which the particle can tunnel.
Consequently, the functional integration contour is similarly distorted into the upper complex half plane, arising from the fact that the
hatched overlap between the lightly shaded regions of subdominance S� defining the eigenvalue problem and the dark gray regions of
convergence of the discretized functional integral exclude the real function space Cð½0; T�Þ to be an admissible integration cycle.
Accordingly, the correct complexified integration contour Cð½0; T�;ΓðresonantÞÞ only receives contributions from J FV and J bounce due to
the shot solution being absent, which is schematically depicted on the right. Beware that the shown thimble decomposition is an
oversimplified representation, intended to convey the basic idea while omitting the true complexity of the infinite-dimensional setting.

FIG. 11. Schematic procedure on how to compute the resonant spectrum in the metastable FV region of an otherwise stabilized
potential VðstableÞðzÞ. One initially deforms the original potential past the classical escape point zescape to be unbounded from below,
rendering the potential unstable in the process. The emerging eigenvalue problem associated with the unstable potential VðunstableÞðzÞ,
defined in a Stokes sector that only touches the real axis in the half plane where the deformation was instated, yields the sought-after
Gamow-Siegert states that describe the desired long-lived quasibound states in the original potential VðstableÞðzÞ.
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the (Euclidean) instanton method explicitly extracts
the resonant ground-state energy, elucidating why
the usual decay rate computations based on semi-
classical solutions to the Schrödinger equation
precisely match those of the instanton procedure.
Meanwhile, the functional contour prescription by
Callan and Coleman precisely encodes the desired
outgoing Gamow-Siegert boundary conditions,
whereas a distortion of the integration contour into
the negative complex half plane, resulting in the
opposite imaginary part for the energy eigenvalues,
is related to incoming boundary conditions, i.e.,
antiresonant states. Starting from a globally stable
potential VðstableÞðzÞ, shotlike solutions turn out to be
naturally absent from the discussion surrounding
decay rates, as the extraction of (anti)resonant
energies explicitly demands an unbounded potential

in order to encapsulate the radiating boundary
conditions. After instating a formal potential defor-
mation VðstableÞðzÞ ↦ VðunstableÞðzÞ required to access
the sought-after spectral information, the previously
dominating shotlike solutions are no longer present.
Due to the requirement of leaving the relevant
metastable FV region as well as the barrier invariant,
the aforementioned deformation can for all practical
purposes be waived, as simply computing the
bounce solution in the original, globally stable
potential VðstableÞðzÞ suffices.25

(ii) To examine the distinguishing features of the
choices zi ¼ zf ¼ zFV and θ ¼ π=2, let us formulate
the most general version of the previously stated
relations (4.4) and (4.7). Fully spelled out, one
arrives at the two equalities

EðglobalÞ
0 ¼ ieiθℏ lim

T→∞

�
1

T
log


Z zð0Þ¼zi
zðTÞ¼zf

Cð½0;T�Þ
Dθ⟦z⟧ exp

�
ieiθ

ℏ

Z
T

0

�
m
2
żðtÞ2 − e−2iθVðstableÞðzðtÞÞ

�
dt

���
; ð4:10aÞ

EðresonantÞ
0 ¼ ieiθℏ lim

T→∞

�
1

T
log


Z zð0Þ¼zi
zðTÞ¼zf

Cð½0;T�;ΓðresonantÞÞ
Dθ⟦z⟧ exp

�
ieiθ

ℏ

Z
T

0

�
m
2
żðtÞ2 − e−2iθVðunstableÞðzðtÞÞ

�
dt

���
: ð4:10bÞ

While the above relations (4.10a) and (4.10b) are
universally valid for arbitrary zi;f ∈C and θ∈ ð0; π=2�,
a convenient evaluation is feasible onlywhen imposing
specific values for these free parameters. Compared to
other picks, the choice θ ¼ π=2 and zi ¼ zf ¼ zFV
exhibits the unique feature that all relevant critical
trajectories are real-valued. Even though differing real
choices of the end points zi;f inside the FV region also
result in real critical trajectories, the arising motions
would possess less symmetry, unnecessarily compli-
cating a proper evaluation.
While it is certainly convenient to work with real

critical trajectories, the traditional procedure offers a
far more significant advantage:We never have to make
the potential deformation VðstableÞðzÞ ↦ VðunstableÞðzÞ
explicit. Due to the real bounce motion probing the
potential solely up to the classical escape point zescape,
the distinction between the original bounded potential
and the deformed, unstable one is irrelevant. This is
vital, as a semiclassical evaluation generally mandates
the incorporation of complex critical trajectories,
which latently requires the potential to be a holomor-
phic function. However, if one demands the potential
deformation to leave the potential fully invariant over
an extended region of the real axis, then the two
potentials VðstableÞðzÞ and VðunstableÞðzÞ cannot be
simultaneously analytic, as their difference vanishes
on a strip along the real line. Therefore, in most

situations, a proper semiclassical analysis is only
viable for one of the two functional integrals. By
working in Euclidean signature and fixing the end
points zi;f conveniently, one bypasses this issue with-
out the requirement to explicitly address it. Lastly, it
seems indispensable for the relevant thimbles (in the
predominant Euclidean case J FV and J bounce) to be
degenerate, i.e.,for the system to be located on a Stokes
line. This way, the overlap of the steepest-descent
thimbles ensures that both the real and imaginary part

of the desired quantity EðresonantÞ
0 respectively are fully

encoded by two separate thimbles. Otherwise, signifi-
cant imaginary contributions may be obscured, hidden
in the exponentially suppressed tails of thimbleswhose
dominant real parts overshadow the nonperturbatively
small imaginary components. Again, this vital feature
does not occur generically and requires finely tuned
parameters to emerge.

25Utilizing a semiclassical evaluation scheme for the functional
integrals at play, in the formal limit ℏ → 0þ, all relevant
contributions necessarily arise from an infinitesimal neighbor-
hood around the relevant saddle points. Therefore, the computed
decay rate is, to all orders in a perturbative expansion in ℏ,
independent of how the potential deformation is instated pre-
cisely. However, there will arise nonperturbative corrections
depending on how exactly the potential is deformed. Hence,
there exists a natural ambiguity on how the desired decay rate is
defined, which would similarly emerge for other semiclassical
computation schemes, e.g.,for WKB procedures.
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In summary, the traditional instanton approach in-
volves a considerable degree of subtlety, as only very
specific choices for θ and zi;f lead to a broadly
applicable result. It is remarkable that Callan and
Coleman were able to arrive at this prescription with
the tools available at the time.

Beware that, while the preceding discussion clarifies the
connection between resonant states and the instanton
method, there remains the open question on how to rigorously
establish the full thimble decomposition of the generalized
contour Cð½0; T�;ΓðresonantÞÞ in the complexified function

space CCð½0; T�Þ. Such a feat however requires major
advances in Picard-Lefschetz theory. Current methods
remain limited to numerical, case-by-case analyses [31]
and simple integrable models [30], though this already
marks a substantial achievement. As a brief final remark,
we note that the results presented here also shed light on
why our previous work [47] correctly recovered the
expressions for excited-state decay rates. In this context,
we emphasize that what was actually computed in that
work was not the previously stated relation (3.3) found
within [47], but rather the slightly altered, exact projection

EðresonantÞ
l ¼ ieiθℏ

T
log

�Z
Γðres:Þ

dzi

Z
Γðres:Þ

dzfΨ
ðres:Þ
l ðziÞΨðres:Þ

l ðzfÞKðres:Þ
θ ðzi; zf ;TÞ

�

¼ ieiθℏ
T

log

�Z
Cð½0;T�;Γðres:ÞÞ

Dθ⟦z⟧Ψ
ðres:Þ
l ½zð0Þ�Ψðres:Þ

l ½zðTÞ� exp


iSθ⟦z⟧

ℏ

��
; ð4:11Þ

assuming the wave functions to be properly normalized to
unity on ΓðresonantÞ. For brevity, we have abbreviated most
occurrences of the superscript “(resonant)” in the preceding
expression to “(res.).” Since the resonant wave functions

ΨðresonantÞ
l ðzÞ, to leading order in ℏ, have their dominant

support near zFV, the formerly instated normalized uniform
WKB solution precisely captured the required leading-
order behavior to faithfully compute (4.11).26 The natural
absence of all shotlike contributions implicitly took care of
both the potential deformation and the functional contour
distortion, which was not yet explicitly accounted for in our
previous treatment.

V. ASSESSMENT OF EARLIER ATTEMPTS
TO UNRAVEL THE INSTANTON METHOD

Recent years have seen a surge of interest centered
around studying tunneling from a real-time perspective,
with the goal to relate the arising results to the traditional
instanton method. The most promising result to date is the
direct method proposed by Andreassen et al. [36], claiming
to provide the long-sought connection between real-time
dynamics and instanton calculus. In Sec. VA, we will argue
that their argument involves a notable oversight and several
gaps that merit closer examination, effectively stripping the
procedure of its expressive power. The following Sec. V B
critically examines the work by Steingasser and Kaiser [44]
regarding their “steadyon” picture of real-time tunneling.
At last, we compile some shorter comments on other recent

results, that, in our view, also fall short of providing a clear
one-to-one correspondence between real-time dynamics
and instanton results in Sec. V C.

A. Limitations of the direct method
by Andreassen et al.

We devote this subsection to the direct method of
obtaining the ground-state decay rate introduced by
Andreassen et al. [36], as it similarly arose as an attempt
to address some of the questions posed by the traditional
instanton method discussed in Sec. IV B. Instead of
relying on the computation of the imaginary part to the
resonant ground-state energy, the procedure attempts to
directly capture the survival probability PFVðTÞ of the
particle to be located inside the FV region after some time
T has elapsed. This is achieved by studying the real-time
evolution of a δ-peak initially located at zFV and sub-
sequently performing a formal analytic continuation to
Euclidean time, intricately manipulating the arising
objects. We will find that their method unfortunately falls
short of achieving the desired task, as several technical
concerns in their derivation spoil the overall argument. To
this end, let us briefly review the procedure, adapting their
notation to our conventions, thereby allowing us to
address some intermediate steps that appear to warrant
further explanation as they arise. When referencing
equations, we will refer to the extended write-up of
their method provided in Ref. [22], which includes
clarifying steps which were omitted in their original
exposition [36].
As we briefly discussed in Sec. II, the decay rate

is only well defined for intermediate times Tsloshing ≪
T ≪ Tbackreaction, for which the FV probability

PFVðTÞ ¼
Z
FV

jΨðz; TÞj2dz ð5:1Þ

26Note that the reality of the uniform WKB approximation in
the relevant domain ensured the complex conjugation in our
former relation (3.3), provided in [47], to drop out, which
was vital to arrive at the correct result, since the proper
formulation (4.11) prominently does not entail any complex
conjugation.
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faithfully exhibits the simple exponential behavior
PFVðTÞ ∝ e−Γ0T , with Γ0 constituting the desired ground-
state decay rate. The two timescales Tsloshing ≈ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m=V00ðzFVÞ

p
and Tbackreaction respectively capture the

approximate duration of wave function oscillations inside
the FV region as well as the scale at which backreaction and
other nonlinear effects become non-negligible. Assuming
the initial wave function ΨT¼0ðzÞ, solely supported inside
the FV region, to be generic, the condition Tsloshing ≪ T
guarantees that the FV ground state dominates the behavior
of the survival probability PFVðTÞ in the given time
window.27 Instead of the depletion of probability in the
FV region, one can similarly investigate the probability
growth in the true vacuum region, letting Andreassen et al.
to arrive at the simple relation

Γ0 ¼ lim
T=Tbackreaction→0
T=Tsloshing→∞

�
1

PFVðTÞ
dPTVðTÞ

dT

�
: ð5:2Þ

While they generalize to the case of potentially having
multiple regions R for the particle to tunnel into, breaking
up the spatial integral contained in PTVðTÞ further and thus
defining the partial decay widths ΓR, let us concentrate on
the case of investigating the total width. Choosing the
initial wave function to be ΨT¼0ðzÞ ¼ δðz − zFVÞ, thereby

removing the additional convolution integrals when
expressing the time evolution using the real-time propa-
gator Kðzi; zf ;TÞ, one arrives at the two relations28

PFVðTÞ ¼
Z
FV

jKðzFV; z;TÞj2dz;

PTVðTÞ ¼
Z
TV

jKðzFV; z;TÞj2dz: ð5:3Þ

Andreassen et al. now massage the expression for the
escape probability PTVðTÞ by utilizing the fact that the
arising propagators can be represented as a sum over
trajectories that start at zFV and eventually are required
to leave the FV region, as the end-point integral over z only
includes the TV region. Due to continuity and the fact that
we deal with purely real paths here, any trajectory zðtÞ
contributing to the propagator is required to traverse the
classical escape point zescape that splits the FV from the TV
region at some intermediate time 0 < t⋆ ≤ T. Since there
could potentially be multiple crossings, one takes t⋆ to be
the time of the first traversal, thereby defining the func-
tional tescape⟦z⟧ that assigns the time t⋆ of the first traversal
of zescape to any path zðtÞ. This allows Andreassen et al. to
split the full propagator appearing in Eq. (5.3) using

KðzFV; z;TÞ ¼
Z

T

0

�Z
zðTÞ¼z

zð0Þ¼zFV

D⟦z⟧ exp



iS⟦z⟧
ℏ

�
δðtescape⟦z⟧ − t⋆Þ

�
dt⋆

¼
Z

T

0

K̃ðzFV; zescape; t⋆ÞKðzescape; z;T − t⋆Þdt⋆; ð5:4Þ

defining the modified propagator K̃ as the formal path integral expression

K̃ðzFV; zescape; t⋆Þ ¼
Z

zðt⋆Þ¼zescape

zð0Þ¼zFV

D⟦z⟧ exp



iS⟦z⟧
ℏ

�
δðtescape⟦z⟧ − t⋆Þ: ð5:5Þ

We see that the modified propagator only ranges over paths hitting zescape precisely at t⋆ for the first time, such that the split
(5.4) is unambiguous. In Sec. V B, this restriction on the paths contributing to K̃ will be referred to as the “crossing
condition.” Apart from the fact that one should regulate the δ-distribution entailed in K̃ to make the expression well defined,
this intermediate result is still exact. One thus arrives at the equality

PTVðTÞ ¼
Z

T

0

dt⋆1

Z
T

0

dt⋆2 K̃ðzFV; zescape; t⋆1 ÞK̃ðzFV; zescape; t⋆2 Þ
�Z

TV
dzKðzescape; z;T − t⋆1 ÞKðzescape; z;T − t⋆2 Þ

�
; ð5:6Þ

27Again, note that when preparing very specific initial wave functions that closely resemble a purely excited state in the FV region (if
it were stabilized), the exponential decay will similarly be primarily governed by that particular excited-state decay rate instead of the
ground-state decay rate.

28Beware that choosing the initial wave function in the present form requires a regulator, as the false vacuum probability at time 0
would be divergent due to integrating the squared Dirac distribution, yielding PFVðT ¼ 0Þ ¼ δð0Þ. We will ignore this fact and assume
the divergence has been properly cured, as only ratios will eventually enter the expression for the decay rate, for which any initial
normalization will drop out.
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again representing complex conjugation with an overhead bar. Andreassen et al. now state that, in the limit
T=Tbackreaction → 0, one can employ the simplificationZ

TV
dzKðzescape; z;T − t⋆2 ÞKðzescape; z;T − t⋆1 Þ ¼

Z
TV

dz
�
zescape

��U†ðT − t⋆2 Þ
��z��z��UðT − t⋆1 Þ

��zescape�
¼ hzescapejUðt⋆2 − TÞ

�Z
TV

dzjzihzj
�
UðT − t⋆1 Þ

��zescape�
≈
? hzescapejUðt⋆2 − t⋆1 Þjzescapei ¼ Kðzescape; zescape; t⋆2 − t⋆1 Þ: ð5:7Þ

They argue that replacing the projector
R
FV dzjzihzj by R∞

−∞ dzjzihzj ¼ 1 onlymodifies the expression by exponentially small
terms of order Γ0 itself, which they deem justified due to contributions for which z lies inside the FV region being associated
with back-tunneling events. To us, it is by nomeans clear that this approximation goes through unobstructed, as we deal with
oscillatory real-time propagators instead of Euclidean ones, for which the presumed exponential suppression cannot be
argued easily.29 Additionally, there could arise non-negligible contributions from the region close to zescape, for which the
suppression factor (even in the Euclidean case) would presumably be small. Since it seems hard to provide a precise error
estimate for the above simplification, we see the necessity to revisit this step, as this result is also utilized by works building
upon the direct method; see e.g.,[43,44]. As the above simplification will however not be our primary concern, let us assume
the approximation to be well justified, proceeding with their derivation, having arrived at the relation

PTVðTÞ ≈
Z

T

0

dt⋆1

Z
T

0

dt⋆2 K̃ðzFV; zescape; t⋆1 ÞK̃ðzFV; zescape; t⋆2 ÞKðzescape; zescape; t⋆2 − t⋆1 Þ: ð5:8Þ

One can now cleverly split the integration region into the two parts t⋆1 − t⋆2 > 0 and t⋆1 − t⋆2 ≤ 0, after which one can employ
the two relations Z

T

0

dt⋆2

Z
T

t⋆
2

dt⋆1 ¼
Z

T

0

dt⋆1

Z
t⋆
1

0

dt⋆2 and Kðzf ; zi; tÞ ¼ Kðzi; zf ;−tÞ: ð5:9Þ

This lets us arrive at their intermediate result

PTVðTÞ ≈
Z

T

0

dt⋆1

Z
t⋆
1

0

dt⋆2 K̃ðzFV; zescape; t⋆1 ÞK̃ðzFV; zescape; t⋆2 ÞKðzescape; zescape; t⋆1 − t⋆2 Þ

þ
Z

T

0

dt⋆2

Z
t⋆
2

0

dt⋆1 K̃ðzFV; zescape; t⋆1 ÞK̃ðzFV; zescape; t⋆2 ÞKðzescape; zescape; t⋆2 − t⋆1 Þ

¼
Z

T

0

dt⋆K̃ðzFV; zescape; t⋆ÞKðzFV; zescape; t⋆Þ þ K̃ðzFV; zescape; t⋆ÞKðzFV; zescape; t⋆Þ; ð5:10Þ

where one utilizes the previous definition (5.4) of themodified propagator to get rid of the inner t⋆-integration.Differentiating
the given expression, one arrives at the desired approximation

dPTVðTÞ
dT

≈ 2Re

��Z
zðTÞ¼zescape

zð0Þ¼zFV

D⟦z⟧ exp



iS⟦z⟧
ℏ

�
δðtescape⟦z⟧ − TÞ

��Z
zðTÞ¼zescape

zð0Þ¼zFV

D⟦z⟧ exp



iS⟦z⟧
ℏ

���
: ð5:11Þ

To make contact with conventional instanton calculus, Andreassen et al. seek to reexpress the real-time path integrals via
Euclidean pendants, requiring an analytic continuation. Assuming the propagatorKðzi; zf ;TÞ to be entire inT, they utilize the
two formal relations

Kðzi; zf ;TÞ ¼
�
Kðzi; zf ;−iT Þ� T >0

T ¼iT
¼ �

KEðzi; zf ; T Þ� T >0
T ¼iT

; ð5:12aÞ

Kðzi; zf ;TÞ ¼ Kðzf ; zi;−TÞ ¼
�
Kðzf ; zi;−iT 0Þ� T 0>0

T 0¼−iT
¼ �

KEðzf ; zi; T 0Þ� T 0>0
T 0¼−iT

; ð5:12bÞ

29Also note that in the usual instanton method, one has to acknowledge contributions of back-and-forth tunneling events in the form
of multi-instantons due to zero-mode enhancements; thus it is unclear if such configurations can be neglected in this real-time approach.
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which, up to an additional phase factor η� arising from the
δ-distribution, also hold for the modified propagator K̃. The
above relations (5.12) should be understood as follows: One
desires to evaluate the real-time propagator given a positive
time interval T ∈Rþ. To achieve this, one formally sets
T ¼ −iT , thereby expressing the real-time propagator in
terms of its Euclidean pendant involving the (initially
imaginary) time variable T ¼ iT. Since the functional
integral associated with the Euclidean propagator is only
amenable to calculation given real, positive values of T , one
carries out the evaluation under that condition. Assuming
analyticity of the resulting function in T then justifies
extending the attained relation to complex T . Therefore,

only after the Euclidean propagator has been computed for
positive real T , does one substitute back T ¼ iT to recover
the desired real-time result.30 Hereby, one formally Wick
rotates the propagator and its conjugated counterpart in
opposite directions, which subsequently enables us to
combine the product of propagators without the requirement
to introduce a proper Keldysh contour. Note that we will
meticulously keep track of T and T 0, as they are related to T
in conjugateways—a lack of this distinction is ultimately the
principal gap in the derivation provided byAndreassen et al.
Utilizing time translation invariance in the first path integral
while employing relations (5.12) for bothK and K̃, we arrive
at the intermediate result

dPTVðTÞ
dT

≈ 2Re

��Z
zð0Þ¼zescape

zð−TÞ¼zFV

D⟦z⟧ exp



iS⟦z⟧
ℏ

�
δðtescape⟦z⟧Þ

��Z
zðTÞ¼zescape

zð0Þ¼zFV

D⟦z⟧ exp



iS⟦z⟧
ℏ

���

¼ 2Re

��Z
zð0Þ¼zescape

zð−T Þ¼zFV

DE⟦z⟧ exp



−
SE⟦z⟧
ℏ

�
ηþδðτescape⟦z⟧Þ

��Z
zðT 0Þ¼zFV

zð0Þ¼zescape

DE⟦z⟧ exp



−
SE⟦z⟧
ℏ

���
T ;T 0>0
T ¼þiT
T 0¼−iT

¼ 2Re

�
ηþ

Z
zðT 0Þ¼zFV

zð−T Þ¼zFV

DE⟦z⟧ exp



−
SE⟦z⟧
ℏ

�
δðτescape⟦z⟧Þ

�
T ;T 0>0
T ¼þiT
T 0¼−iT

: ð5:13Þ

Note that we omitted the factor of i inside the argument of the δ-distribution when passing from tescape⟦z⟧ to iτescape⟦z⟧,
as it has been taken care of by the overall phase factor ηþ. In the last line, we also conveniently combined both functional
integrals.31 The additional phase ηþ entering the expression can be obtained from investigating a single-dimensional toy integral
mimicking the structure of the path integral. Given α∈R� and real-valued functions SðzÞ and tðzÞ, one arrives at the formal
equality Z �

AeiαSðzÞ þ Āe−iαSðzÞ
�
δ½αtðzÞ�dz ¼ AeiαSðz⋆Þ þ Āe−iαSðz⋆Þ

jαt0ðz⋆Þj

¼! 1

jαt0ðz⋆Þj
�

η−A
−isignðαÞ e

iαSðz⋆Þ þ ηþĀ
isignðαÞ e

−iαSðz⋆Þ
�

¼ 1

jt0ðz⋆Þj
�
η−A
r

e−rSðz⋆Þ þ ηþĀ
s

e−sSðz⋆Þ
�

r¼−iα
s¼þiα

¼
�Z

η−Ae−rSðzÞδ½rtðzÞ� þ ηþĀe−sSðzÞδ½stðzÞ�dz
�

r;s>0
r¼−iα
s¼þiα

; ð5:14Þ

where z⋆ is assumed to be the sole point in the domain for which tðz⋆Þ ¼ 0 holds. As before, we utilized the prescription put
forward when discussing Eq. (5.12). The original integral, involving real α, is reexpressed using the new parameters�iα. The
arising integrations are then performed as if these combinations �iα would be real and positive, after which one analytically
continues the result to their actual values. Consequently, we see that η� ¼ �isignðαÞ yields the desired equality between the
expressions, which is then naïvely extended to the path integral case. Note that for the single integral at hand, we would not
require the introduction of two different variables r and s, as one could get away with a single one, yielding
relation (4.15) provided in Ref. [22], taking the form

30Beware that this step requires knowledge of the full analytic form of the function KEðzi; zf ; T Þ for T > 0, demanding access to the
exact result of the functional integral. This presents a notable limitation of the provided procedure, as will be discussed toward the end of
this section.

31This merging only works due to the explicit demand of all paths to traverse precisely the point zescape at τ ¼ 0, otherwise one would
require an additional integral over the starting-/end-point position to combine the two path integrals into a single one (hinging on an
insertion of unity in terms of position eigenstates).
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Re

�Z
AeiαSðzÞδ½αtðzÞ�dz

�

¼ −signðαÞ Im
�Z

Ae−rSðzÞδ½rtðzÞ�dz
�

r>0
r¼−iα

: ð5:15Þ

Inserting ηþ ¼ i into our previous intermediate result (5.13)
grants us the representation32

dPTVðTÞ
dT

≈ −2 Im
�Z

zðT 0Þ¼zFV

zð−T Þ¼zFV

DE⟦z⟧

× exp



−
SE⟦z⟧
ℏ

�
δðτ⋆⟦z⟧Þ

�
T ;T 0>0
T ¼þiT
T 0¼−iT

: ð5:16Þ

At this point, our result deviates considerably from the
one portrayed by Andreassen et al., as there are still two
different variables T and T 0 at play, both of which
cannot be trivially equated. Comparing to their expres-
sion (4.16), they appear to have set T ¼ T 0, continuing
both variables back to real time via T ¼ iT, which is
however not permitted. The fact that for a single integral
one can get away with one variable, as illustrated in
their Eq. (4.15), does not transfer to the relevant case of
a product of two path integrals which respectively
require a Wick rotation in opposite direction. Owing
to this sign discrepancy, the procedure loses its ex-
pressive power, as one would have to solve a Euclidean
path integral for two arbitrary positive timescales T ; T 0,
after which one would have to analytically continue the
individual parameters in conjugate ways. Due to time
translation invariance explicitly broken by the entailed
δ-contribution, this will likely be a sophisticated
endeavor, as will become clear shortly. Before giving
some concluding remarks on their evaluation of the
encountered expressions, let us mention some further
concerns about their remaining steps, which we also feel
need to be addressed:

(i) While they claim that the numerator PFVðTÞ can be
manipulated in the identical manner, this is not too
obvious due to the missing time derivative. A naïve
attempt to recover their result would amount to
rewriting

PFVðTÞ ¼
Z
FV

��KðzFV; z;TÞ
��2dz

¼
Z
FV

�
zFV

��U†ðTÞ��z��z��UðTÞ��zFV�dz
¼ �

zFV
��Uð−TÞ

�Z
FV

dzjzihzj
�
UðTÞ��zFV�

≈ hzFVjUð−TÞUðTÞ��zFV�
¼ hzFVjzFVi ¼ δð0Þ ¼ PFVð0Þ; ð5:17Þ

once more inferring that we can complete the sub-
space projector to a resolution of unity, with con-
tributions arising from z in the TV region assumed to
be exponentially suppressed. However, this approxi-
mation essentially kills all interesting dynamics in
the present case. Nevertheless, the above step seems
to be precisely the approach they took, as it results in

PFVð0Þ¼
Z

∞

−∞
KðzFV;z;TÞKðzFV;z;TÞdz

¼
Z

∞

−∞
KðzFV;z;TÞKðz;zFV;−TÞdz

¼
�Z

∞

−∞
KEðzFV;z;T ÞKEðz;zFV;T 0Þdz

�
T ;T 0>0
T ¼þiT
T 0¼−iT

¼
�Z

zðT 0Þ¼zFV

zð−T Þ¼zFV

DE⟦z⟧exp


−
SE⟦z⟧
ℏ

��
T ;T 0>0
T ¼þiT
T 0¼−iT

;

ð5:18Þ

granting their result modulo the ostensible sign error
from equating T and T 0. The above result is simply
a consequence of the elementary relation
KEðzi; zf ; 0Þ ¼ δðzi − zfÞ and the fact that the arising
propagator solely depends on T þ T 0 ¼ 0. While it
is indeed reasonable to assume that the survival
probability PFVðTÞ remains constant at leading
order, the extent to which the given approximation
trivializes PFVðTÞ highlights the uncertainty as to
whether the similar simplification could previously
be applied to PTVðTÞ, or whether doing so would
likewise render it trivial.

(ii) Their Eq. (4.19) in exposition [22] is incorrect, as the
Dirichlet boundary conditions of the path integral
explicitly break time translation invariance, render-
ing Eτ τ dependent. Usually, this would not be a
problem, as the underlying time translation sym-
metry is fully restored in the limit of large T.
However, for finite T, the absence of the exact
symmetry is encoded in exponentially small correc-
tion terms of the form e−T . In the present case, these
contributions read e−T ; e−T

0
and become purely

oscillatory upon analytic continuation back to real
time; thus they cannot be dropped trivially. The

32Note that Andreassen et al. take the absolute value of the
provided expression, arguing there to be a sign ambiguity arising
from a branch cut, which they state has to be fixed by physical
considerations. While this step is not completely clear to us, it
does not interfere with any arguments of the remaining part of the
section. However, a first-principles derivation should leave no
sign ambiguity, as has been seen in Sec. IV C, where the demand
of outgoing Gamow-Siegert boundary conditions provides the
desired sign prescription.
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identical issue arises from the fact that Andreassen
et al. redefine T ↦ T=2 to bring the total time
interval length back to T. Again, this step is highly
nontrivial in light that the otherwise exponentially
small contributions in T ; T 0 turn oscillatory under
the Wick rotation back to real time.

The second item reveals a last notable concern with their
approach. Glossing over the previously stated uncertainty
in their argument of supplementing the projectors onto the
FV and TV subspaces to a resolution of unity, their
derivation can be faithfully reproduced until one arrives
at the final expression

Γ0 ≈ −2 lim
T→∞

Im

(R zðT 0Þ¼zFV
zð−T Þ¼zFV

DE⟦z⟧ expð− SE⟦z⟧
ℏ Þδðτ⋆⟦z⟧ÞR zðT 0Þ¼zFV

zð−T Þ¼zFV
DE⟦z⟧ expð− SE⟦z⟧

ℏ Þ

)
T ;T 0>0
T ¼þiT
T 0¼−iT

: ð5:19Þ

However, these Euclidean path integrals cannot be evalu-
ated the same way one would go about in usual instanton
calculus, hinging crucially on the limit T → ∞ to project
onto the ground state. In the present case, the finite-time
path integrals have to be evaluated exactly, as only after the
Wick rotation back to real time has been instated do we
infer the late-time limit T → ∞. Exponentially small
contributions of the form e−T or e−T

0
that one would

traditionally ignore from the get-go cannot be dropped in
the present case. This renders a convenient evaluation
practically infeasible, even in the semiclassical limit
ℏ → 0þ. Andreassen et al. sidestep this intricate discussion
and simply drop all terms vanishing in the limit T → ∞
before analytically continuing, which is not permitted
without strong supplementary justification.
While the presented approach uses some very clever

techniques that could come in handy for other questions, in
its current state it falls short in providing an alternative way
of understanding the instanton method. Researchers that
desire to implement the direct method should proceed with
caution, ensuring that the previously identified gaps are
thoroughly addressed beforehand.

B. Critical perspective on the steadyon picture
by Steingasser and Kaiser

Another approach has been proposed by Steingasser and
Kaiser [44], building upon the ansatz employed by the
previously discussed direct method, essentially starting
with Eq. (5.11). They instate the slight generalization of
utilizing an initial state of the form ΨT¼0ðzÞ ¼ δðz − ziÞ,
for which zi not necessarily agrees with zFV, adjusting the
boundary conditions of the functional integrals and the
crossing condition accordingly.33 Their overall goal con-
sists in computing the excited-state decay rate pertaining to
energy E ¼ VðziÞ solely from the time evolution of the
provided initial state, which in itself constitutes a premise
that would need a proof and appears at odds with the
picture of tunneling reviewed in Sec. II. The key issue is

that the given choice for the initial wave function
ΨT¼0ðzÞ ¼ δðz − ziÞ appears ill-suited for capturing
the desired excited-state decay rate. Referencing our
previous discussion provided at the onset of Sec. II, it is
of utmost importance to minimize the sloshing of the initial
state within the FV region at the beginning of its evolution.
This is required to ensure the prompt onset of the uniform
decay phase; otherwise, the rapidly decaying excited state
of interest will no longer dominate the time evolution at the
intermediate times under investigation, with the FV ground
state instead governing the decay dynamics. A more
appropriate approach would thus involve initializing with
a state that closely resembles an energy eigenstate within
the FV basin, essentially skipping the undesirable sloshing
phase.34 In contrast, the peaked initial state employed by
Steingasser and Kaiser, being inherently far from a qua-
sistationary resonance state, prolongs the sloshing phase to
such an extent that, by the onset of uniform decay, the FV
ground state will already dominate the system’s evolution.
The authors try to circumvent this problem by clarifying
that, despite eventually taking the limit T → ∞, their
intention is not to wait for the state to approximately
equilibrate. Instead, they conjecture that the desired
exponential decay dynamics can identically be captured
during the brief temporal periods for which the highly
oscillatory state inside the FV region reaches its highest
point when approaching the barrier. It is however
expected that the underlying complex transient dynamics,
dominated by reflections and interference phenomena
rather than simple exponential decay, make it virtually
impossible to extract the sought-after pure decay rate
during these short-time intervals. Thus, their central
assumption that this particular time evolution allows for
capturing of the excited-state decay rate is open to
doubt. Glossing over this issue, we turn to their evaluation
of the arising real-time path integrals, which, as

33As stated previously, the δ-distribution should be appropri-
ately regularized in order for the FV probability to be normal-
izable at T ¼ 0.

34Recent works by Lin et al. [48,49] have addressed this issue
by explicitly initializing the time evolution with approximate
resonant states as suggested by the considerations outlined above.
However, we have not yet examined these papers in sufficient
detail to subject them to close scrutiny here, and therefore refrain
from commenting on them.
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we shall see, falls somewhat short in providing all the
technical steps needed to convincingly support their sub-
sequent claims.
Let us focus on the arising points of concern regarding

the numerator

dPTVðTÞ
dT

≈2Re

��Z
zðTÞ¼zs

zð0Þ¼zi

D⟦z⟧exp



iS⟦z⟧
ℏ

�
δðts⟦z⟧−TÞ

�

×

�Z
zðTÞ¼zs

zð0Þ¼zi

D⟦z⟧exp



iS⟦z⟧
ℏ

���
; ð5:20Þ

the subsequent discussion of the normalization factor
PFVðTÞ would give rise to similar questions. In order to
compute expression (5.20), one desires to find the leading-
order semiclassical approximation of the two propagators
Kðzi; zs;TÞ and K̃ðzi; zs;TÞ, with zs denoting the classical
escape point to energy E ¼ VðziÞ. In their work, the authors
assert that the traditional propagator and its tilded variant
involving an additional functional δ possess the identical
dominant stationary trajectory, thereby implicitly treating
both path integrals as the same object. Let us temporarily
set this aspect aside, addressing why a semiclassical
evaluation of K̃ is significantly more involved compared
to that of the already demanding real-time propagator K
only further down the section. Instead, we first focus on
their evaluation of the standard propagator Kðzi; zs;TÞ,
which already poses several questions. Given Dirichlet
boundary conditions, one generally finds a countably
infinite set of (complex) critical trajectories satisfying both
the Euler-Lagrange equation of motion together with the
demanded boundary conditions. Which of those saddle
points ultimately contribute to a real-time path integral has
remained an open question to this day due to the compli-
cated thimble structure in the complexified function space,
constituting an extremely intricate subject as shown by
earlier studies; see e.g.,Tanizaki and Koike [27]. Despite
this inherent complexity, Steingasser and Kaiser make the
assertion that, among the infinite set of critical trajectories,
the relevant classical motion is given by what they
dub the steadyon (or the drag when investigating the
normalization factor). This configuration essentially con-
stitutes a purely periodic trajectory inside the FV basin
with classical energy VðziÞ, whose time argument has
been Wick rotated by an infinitesimal amount ϵ as
t ↦ e−iϵt.35 The arising trajectory is seen to eventually
cross into the TV region after a time of order 1=ϵ, passing
close to the classical turning point zs. Our main difficulty
with this solution is the fact that, for general times T, the

steadyon does not satisfy the correct Dirichlet boundary
conditions of the path integral in question.36 While
acknowledging this fact, Steingasser and Kaiser promote
this imprecise assessment of the critical trajectory of the
path integral into an inherent feature of their calculation
scheme, stating that the desired quantity (5.20) can only be
computed for specific, discrete times T, which they justify
with the oscillation of the initial state inside the FV basin.
To meet the required end-point boundary condition at least
approximately, they relate their regulator ϵ to the length of
the time interval T, arguing that “ϵ is not an entirely free
parameter,” while stating that “for general physical times,
no exact solution exists” [44]. This assertion is incorrect;
instead, a more precise statement would be that for general
times T and fixed regulator ϵ, computing and classifying
the infinite set of complex solutions to the equations of
motion satisfying both boundary conditions proves to be a
rather formidable task. Rather than finding the critical
trajectories of the path integral in question directly, the
authors insist on the existence of a specific class of
solutions, retrospectively adjusting the parameters T and
ϵ in order for the desired steadyon solution to constitute an
approximate saddle point.37 This practice gives rise to
another potential concern, as regardless of the size of the
time interval T, the regulator ϵ must be taken to zero in
order to recover the desired real-time propagator.
Accordingly, one should not consider the double scaling
limit T → ∞, ϵ → 0 with ϵT ¼ const:, as the limit ϵ → 0
must instead be taken strictly before the limit T → ∞. The
authors acknowledge the fact that instating a finite ϵ
inevitably “implies a finite error,” asserting that their
limiting procedure adequately takes care of any undesirable
artifacts. However, since combinations of the form ϵT yield
nonvanishing contributions that ought to be absent from the
correct result, thereby potentially compromising it, this
aspect calls for further clarification. Given the reasons
discussed above, we question whether the steadyon tra-
jectory truly represents the classical configuration that
dominates the real-time propagator. This doubt is further

35This regulator is required for this nontrivial solution to even
show up, as in the strict limit ϵ → 0, the solution becomes a trivial
oscillatory motion inside the FV basin, thus never coming close
to the desired end point zs. Due to the limit ϵ → 0 being singular,
the introduction of the regulator is indeed justified.

36Obtaining the critical trajectories faithfully requires the two
complex integration constants in guise of the classical energy of
the trajectory and a temporal offset, arising from integrating the
second-order EOM, to be fixed by the two Dirichlet boundary
conditions. While Steingasser and Kaiser determine the time
translation parameter from the condition zsteadyonð0Þ ¼ zi, they
simply fix the classical energy of the trajectory to match the
energy of the decaying state. Therefore, the second boundary
condition zsteadyonðTÞ ¼ zs is generally not satisfied.

37Their construction of “nonperiodic steadyons” follows a
similar argument. Instead of working with a fixed time interval T,
they fine-tune T and ϵ such that a solution starting with an
imaginary velocity żsteadyonð0Þ∈ iR closes in on zs at time T.
When comparing the action of these configurations in their
Fig. 13, they therefore compare trajectories living either on
different time intervals T or possess a different regularization
parameter ϵ. Hence, we argue that no useful information can be
gained from comparing these motions.
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compounded when considering the steadyon motion as the
dominant saddle point for the modified propagator K̃. To
this end, note that the introduced δ-functional with its
entailed crossing condition is only a sensible object when
evaluated on real trajectories.38 In the present case, a
semiclassical evaluation however requires the incorpora-
tion of complex trajectories via Picard-Lefschetz theory,
for which the crossing condition is ill-defined. The
important question of which complex paths are to be
included in the functional integration and which ones are
not is left unaddressed in their work; solely a side remark
states that they constrain their steadyon solution to a single
period due to the entailed crossing condition. This is
insufficient to address this vital point. Since the condition
of only receiving contributions from paths that reach zs at
time T for the first time is a nontrivial deformation
of the functional integral in the real function space for
which the condition applies, its impact of weighting the
contributions arising from complex trajectories remains
obscure.
While the steadyon trajectories discussed by

Steingasser and Kaiser are indeed interesting configura-
tions to study, the substantial gaps in their treatment leave
it unclear how these classical motions relate to the desired
real-time decay dynamics of the provided peaked initial
state. Whereas the numerical recovery of the sought-after
exponential WKB factor constitutes a promising step, the
absence of a treatment of the fluctuation determinant—
together with the previously identified ambiguities—
makes it difficult to regard the method as a complete
first-principles derivation of the excited-state tunneling
rate. It would be valuable to see whether their approach
can analytically reproduce the known results, including
their next-to-leading-order contributions, within the same
set of principles.

C. Compilation of other approaches

Let us finally address some other recent works that were
undertaken in the direction of uncovering the intricacies of
the instanton method in relation to real-time computations.
Given the vast existing literature, the following list is not
intended to be exhaustive.

(i) Early works regarding the topic of instantons in real
time, as those by Cherman and Ünsal [34] or Ai et al.
[29], have concentrated on the “real-time” equivalent
of bounce motions arising from an analytic continu-
ation of the Euclidean instanton solution. However,
the label real time in that context merely reflects the
choice θ ¼ 0 in the earlier formulation (4.10b) of the
traditional instanton method, and should not be
interpreted too literally. Therefore, although it for-
mally involves the evaluation of Lorentzian path

integrals, the procedure raised the same unresolved
questions about the choice of integration contour as
the Euclidean instanton method.

(ii) Bender and Hook [32] focused on classical motions
in metastable potentials possessing a complex en-
ergy E, relating the trajectories arising in the formal
limit ImðEÞ → 0 to the FV and TV probability of
(global) eigenstates of the system. Constituting only
a quantitative result, the deeper connection between
the different quantities at play has remained
obscure.

(iii) The works by Tanizaki and Koike [27] and Feld-
brugge et al. [46] pursued a slightly different moti-
vation, emphasizing the formal structure of real-time
path integrals and the characterization of contributing
(complexified) saddle points, rather than their con-
nection to Euclidean instanton solutions. Thus, these
studies are rooted more in the understanding of
Picard-Lefschetz theory than in questions concerning
the instanton method itself.

(iv) Another notable attempt by Turok [33] has focused
on studying the real-time evolution of the wave
function by utilizing the relation

ΨðzT; TÞ ¼
Z

∞

−∞
ΨT¼0ðz0ÞKðz0; zT ;TÞdz0: ð5:21Þ

Obtaining the critical trajectory that stationarizes
both the real-time propagator as well as the
end-point integral over z0 in the dual limit
T → ∞, zT → ∞ resulted in the correct exponential
suppression factor of the wave function far outside
the FV region. While certainly constituting a big
step in the right direction, it is not yet clear how this
result connects to the decay of the survival proba-
bility PFVðTÞ for increasing T, which requires the
evaluation of yet another end-point integration over
zT . Additionally, one would need to keep the time
interval T variable in order to study the rate of
change, turning the full problem into a formidable
task. Strides in this direction have been made using
numerical tools; see e.g.,[41].

(v) Blum and Rosner [42] studied critical trajectories
of the real-time propagator KðzFV; z;TÞ with
z ≥ zescape. Due to assuming the classical energy
E of the relevant motion to be small, to leading
order in E, they simply arrive at the Wick-rotated
versions of time-translated bounce motions dis-
cussed in Refs. [29,34].39 Due to their finite energy,
these solutions are regular; however their relation to
the time evolution of PFVðTÞ was not clarified.
Similar to Turok’s work, there is a sophisticated

38Note that the treatment by Andreassen et al. [36] never
suffered this issue as their critical paths were fully real.

39Note that the case z > zescape arises from an imaginary time
translation.
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discussion missing on how these ideas influence
the derivation of the full survival probability
PFVðTÞ and ultimately the decay rate Γ0, as solely
investigating the propagator or the wave function
only provides a partial picture. Additionally, the
previously shared objection to the naïve evaluation
of such a real-time propagator given in Sec. V B
applies similarly to the present case. While select-
ing a critical trajectory that reproduces the desired
exponential suppression factor may seem effective,
doing so without a rigorous justification offers
little clarification of the theoretical basis of the
instanton method.

(vi) A recent work by Harada et al. [116] reexamines the
common free energy method for obtaining decay
rates at finite (inverse) temperature β, claiming that
nonperiodic shot solutions constitute relevant saddle
points in the semiclassical evaluation of the partition
function. They state that the associated functional
integral solely runs over paths zðtÞ possessing
periodic end points zð0Þ ¼ zðℏβÞ, which however
does not rule out paths which are nonperiodic in
their velocity, i.e.,satisfy żð0Þ ≠ żðℏβÞ. Under this
premise, they argue that classical, nonperiodic shot-
like solutions also constitute critical points of the
partition function, which had been dismissed in
previous considerations. While their initial statement
regarding periodicity is clearly correct, their drawn
conclusion that shotlike solutions constitute admis-
sible critical points of the functional is not. When
carefully deriving the Euler-Lagrange equation in
the present case, the required integration by parts
spawns additional boundary terms. Demanding sta-
tionarity of the functional in question not only
requires the typical equation of motion to be
fulfilled, but also the emerging boundary terms to
vanish, leading to a so-called transversality condi-
tion arising from the fact that the end points are not
fixed [117]. In the desired case of periodic boundary
conditions zð0Þ ¼ zðℏβÞ, this supplementary con-
straint on the critical trajectory zcritðtÞ takes the
simple form żcritð0Þ ¼ żcritðℏβÞ; see e.g the lucid
statement surrounding Eq. (2.16) in Ref. [118],
ruling out relevant contributions from nonperiodic
shotlike solutions. Instead, the only relevant real
critical configurations of the partition function are
the trivial solutions zFVðtÞ ¼ zFV and zTVðtÞ ¼ zTV
as well as fully periodic bounce motions. Thus, the
traditional procedure of ignoring nonconstant,
shotlike trajectories has always been the correct
approach.
Yet another criticism concerns their comparison

of the zero-temperature decay rate results arising
from the free energy method to the associated
WKB result for the ground-state decay rate. The
next-to-leading-order (NLO) WKB result provided

by them is incorrect, as it arises by wrongfully
utilizing linear turning point formulas when match-
ing the WKB solutions around the quadratic FV
turning point zFV.

40 Further clarifications on this
misconception for the similar case of quantum-
mechanical level splittings have been provided by
Garg [119]. Indeed, a correct treatment would find
the decay rate results arising from Callan and
Coleman’s instanton method and WKB to fully
agree; see e.g.,Appendix A of our previous work
[47] and references therein. Similarly, the free
energy method also provides the correct ground-
state decay rate in the limit β → ∞, which their
computation cannot recover.

Despite these shortcomings, it is worth noting
that in a follow-up paper [120], Yin correctly
conjectures the connection between the instanton
method and Gamow-Siegert boundary conditions.

We conclude by briefly mentioning additional noteworthy
works that touch on related aspects, albeit with less direct
relevance to the traditional instanton method, which are
thus not discussed in detail. An early paper by Lapedes
and Mottola [118] investigated the extraction of resonant
energy states using functional techniques, strongly
emphasizing the relevant outgoing Gamow-Siegert boun-
dary conditions in the process. The authors similarly
deform the initial metastable potential to pronounce this
feature of resonant states, subsequently picking only a
subset of critical trajectories for inclusion in their path
integral calculation. While this work yields an alternative
procedure to compute decay rates, to the best of our
knowledge, it does not relate the different existing
procedures in an illuminating way. Other works by e.g.,
Carlitz and Nicole [121] or Weiss and Haeffner [122] have
focused on deforming the T-integration contour when
dealing with the integral kernel of the quantum-mechani-
cal resolvent, i.e.,the Fourier-transformed real-time propa-
gator, providing yet another alternative for arriving at the
sought-after decay rates. Once more, the procedure’s
relation to other methods is unclear. McLaughlin [123]
generalized the conventional path integral treatment from
a purely Wick-rotated time contour to arbitrary temporal
contours, utilizing the emerging functional integrals to
compute barrier penetration rates. Despite following a
rather similar idea to our work by generalizing the
conventional path integral formulations in quantum
mechanics to more demanding situations, his work again
seems to have relatively little overlap with the ordinary
instanton method.

40Note that their provided representation of the NLO WKB
decay rate is taken from Andreassen et al. [22]. However,
Andreassen et al. themselves explicitly acknowledge the incom-
pleteness of this result directly below the expression—a caveat
that was apparently overlooked by Harada et al.
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VI. CONCLUSION

In this work, we have provided a detailed account, within
one-dimensional quantum mechanics, of how the tradi-
tional instanton method, as formulated by Callan and
Coleman [17], relates to the pivotal concept of resonant
states. These long-lived quasibound states mimic the
approximate real-time behavior of a wave function during
the intermediate temporal regime in which the quantum-
mechanical decay remains uniform enough to be mean-
ingfully studied. As such, they form the backbone of
virtually all decay rate calculations employing the tradi-
tional wave function picture. Their characteristic outgoing
Gamow-Siegert boundary conditions are imprinted in the
fact that the associated eigenvalue problem is not defined
on the real axis, but rather in angular sectors of the complex
plane, bordering the real line in all spatial directions for
which barrier penetration effects are relevant. To efficiently
address this broader class of boundary conditions, we have
extended the standard notion of the quantum-mechanical
propagator to encompass such generalized eigenvalue
problems, leading to the universally applicable master
formulas (3.34) and (3.37).
Straightforwardly applying these fundamental relations

to the case of determining the sought-after resonant ground-
state energy, the functional contour deformation prescribed
by Callan and Coleman arises naturally from the fact that
when dealing with unbounded potentials admitting
resonant states, the real function space Cð½0; T�Þ is not an
admissible integration cycle. Instead, the proper contour
Cð½0; T�;ΓðresonantÞÞ is intrinsically distorted into the upper
complex half plane, thereby picking up the vital imaginary
contributions from the critical bounce saddle. In caseswhere
the original potential features a global minimum alongside
the metastable FV region, we have shown that shotlike
solutions are indeed excluded from the decay rate calcu-
lation, a consequence of the requirement to destabilize the
potential before being able to extract the desired resonant
eigenenergies. The provided explanation offers new insight
into the inner workings of the instanton method, contrib-
uting to a more precise understanding of this approach that
has traditionally relied on heuristic arguments. As we have
argued in Sec. V, prior attempts to elucidate the instanton
procedure have fallen short of providing a compelling
explanation. In contrast, our approach offers a clear and
coherent account of the method. However, despite these
conceptual advancements, a rigorous construction of the
full thimble decomposition of the generalized contour
Cð½0; T�;ΓðresonantÞÞ in the complexified function space
CCð½0; T�Þ remains an open problem. This particularly
involves the question of how multibounce configurations

enter the naïve thimble decomposition illustrated in Fig. 12.
Therefore, any such decomposition, while well motivated,
can at present only be regarded as conjectural. We hope that
ongoing advances in Picard-Lefschetz theorywill ultimately
shed light on this pending issue, as recent progress offers
grounds for optimism [30,31].
Apart from the provided insights into the instanton

method, the developed techniques could offer a deeper
understanding of other areas of theoretical physics relying
on generalized Schrödinger-type eigenvalue problems.
One particularly promising application of the framework
is its natural treatment of PT -symmetric eigenvalue prob-
lems, enabling the extraction of spectral information using
purely functional methods. We anticipate that this riveting
direction will be fruitfully explored in future work.
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APPENDIX A: SPECIALIZED (NICHE) PATH
INTEGRAL TECHNIQUES

This Appendix revisits lesser-known but indispensable
details in the derivation of the path integral representation,
which bear material consequences when dealing with
nonstandard Hamiltonians, such as the one portrayed in
Eq, (3.15). Whereas the subsequently presented techniques
can be treated as peripheral for the vast majority of cases,
they are crucial in the theory of stochastic calculus
[99,106,107,112] and for path integrals on curved mani-
folds [105,108,110,111], for which the arising caveats have
been studied extensively. Identical techniques are required
for discussing point canonical transformations in path
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integrals; see e.g.,[104,109]. Since most high-energy phys-
icists presumably have had relatively little contact with
these methods, we will provide a rather detailed analysis in
order for the work to be self-contained.
When dealing with nonstandard Hamiltonians possess-

ing kinetic terms with explicit position dependence, both
the derivation of the intermediate discretized path integral
as well as attaining its associated continuum limit are more
elaborate than it might appear at first glance. For brevity, let
us focus on the desired single-dimensional case, for which
we want to obtain the path integral representation of the
(partially Wick-rotated) amplitude hxf jÛθðTÞjxii. In the
section at hand, we abbreviate the analytically continued
time evolution operator by ÛθðtÞ ≔ e−ie

−iθĤt, while deviat-
ing from the main body of text in the use of the real position
variable x. We will subsequently examine the most general
case involving a Hamiltonian that is quadratic in the
momenta41

Ĥ ¼ Hðx̂; p̂Þ ¼ fðx̂Þp̂2 þ gðx̂Þp̂þ hðx̂Þ; ðA1Þ

assuming the largely arbitrary functions f, g and h to be real-
valued. All subsequent notions can be easily generalized to
encompass complex coefficient functions, solely requiring
convergence of the arising integrals. As usual, the path
integral derivation hinges on the position and momentum
completeness relations (3.4). Inserting sets of position
eigenstates into a time-sliced version of the time evolution
operator, one arrives at the intermediate expression

Kθðxi;xf ;TÞ≔hxf jÛθðTÞjxii

¼ lim
N→∞

Z
∞

−∞

YN−1

k¼1

dxk

�YN
l¼1

Kθðxl−1;xl;ΔtÞ
�

Δt¼T=N
x0¼xi
xN¼xf

:

ðA2Þ

Note that we do not dress the propagator with addi-
tional factors here as was done in the main body of text;
see Eq. (3.5). The arising infinitesimal propagators
hxjÛθðΔtÞjx − Δxi (defining Δt ≔ T=N > 0) then consti-
tute the starting point for the path integral treatment. To this
end, let us proceed by studying the behavior of the
infinitesimal propagators in the limit Δt → 0þ, initially
by using a very naïve approximation scheme outlined in
Appendix A 1. Afterward, we will confirm that a rigorous
derivation indeed reproduces the identical result obtained
by the previously portrayed flawed argument, spanning
Appendixes A 2–A 4. Keeping notational clutter at bay, we
chose to set ℏ ¼ 1 throughout the given section.

1. Naïve derivation of the infinitesimal propagator

A frequently portrayed method to arrive at the leading-
order expression of the infinitesimal propagator is to expand
the exponential time evolution operator to leading order in
Δt, followed by evaluating the leftover matrix element and
reexponentiating the expression. Inserting a full set of
momentum eigenstates, this would amount to

Kθðx − Δx; x;ΔtÞ ¼
Z

∞

−∞

dp
2π

�
x
�� exp�−ie−iθΔtHðx̂; p̂Þ���p�hp��x − Δxi

¼
Z

∞

−∞

dp
2π

�
x
��1 − ie−iθΔtHðx̂; p̂Þ þOðΔt2Þ��p�hpjx − Δxi

¼
Z

∞

−∞

dp
2π

�
1 − ie−iθΔtHðx; pÞ þOðΔt2Þ� expðipΔxÞ

¼
Z

∞

−∞

dp
2π

�
exp

�
−ie−iθΔtHðx; pÞ þ ipΔx

�þOðΔt2Þ�: ðA3Þ

While this expansion is correct up to the given point, it is incorrect to infer that theOðΔt2Þ terms entering the integrand also
yield overall contributions to order Δt2 after performing the leftover momentum integral, essentially failing due to the fact
that the momentum operator is unbounded. In the following Appendix A 2 wewill see that the momentum scale from which
the dominant contributions of the integral arise is p ∼ Δt−1=2; thus p itself possesses a nontrivial Δt-counting. Ignoring this
caveat for now, a naïve approximation then drops all OðΔt2Þ already at the level of the integrand, thus concluding with the
(over)simplified result

Kðnä iveÞ
θ ðx − Δx; x;ΔtÞ ¼ �

4πie−iθfðxÞΔt�−1
2 exp

�
ieiθΔt
4fðxÞ

�
Δx
Δt

− e−iθgðxÞ
�
2

− ie−iθΔthðxÞ
�
þOðΔt2Þ; ðA4Þ

41As introduced in the main body of text, we highlight operators like the Hamiltonian Ĥ with hats, whereas for functions of operators
as e.g.,Hðx̂; p̂Þ the hat is waived for the function itself.
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where we inserted the generic Hamiltonian (A1). While
the instated simplification is not admissible per se, leading
to an erroneous short-time propagator, when inserting
the approximation (A4) into relation (A2), the limit
N → ∞ takes care of the initially flawed terms, resulting
in correct expressions for the full, macroscopic propagator
Kθðxi; xf ;TÞ. The subsequent Appendixes A 2–A 4 detail
how this miraculous result emerges from a rigorous
derivation.

2. Rigorous derivation of the infinitesimal
propagator

Whereas in the conventional quantum-mechanical case
fðxÞ ¼ const: and gðxÞ ¼ 0, the previous simplification
(A4) can be justified by invoking a Trotter decomposition
[100] to split the kinetic and potential terms into two
separate exponential pieces, allowing for a trivial evalu-
ation, the general Hamiltonian (A1) with its position-
dependent kinetic terms demands a more sophisticated
approach. An elegant method of studying the infinitesimal
propagator to any desired order is provided by the Δt1=2-
scaling method conceptualized by Graham [102,103]; for
further expositions of the method see e.g.,[111,112].
Given a Hamiltonian Hðx̂; p̂Þ quadratic in the momenta,
the broken line path entering the discretized path integral
obeys the Brownian motionlike scaling relation Δx2 ∼ Δt,
which was already pointed out by Feynman in his seminal
work introducing path integration [124]. To see this, one
exploits the fact that after performing the Gaussian
momentum integrals, one ends up with terms of the
schematic form eie

iθΔtðΔx=ΔtÞ2 , whose dominant contribu-
tions to the intermediate position integrals arise when
the exponent is of order unity.42 When splitting the
initial amplitude into N ≫ 1 short-time propagators
Kθðx − Δx; x;ΔtÞ, one needs to compute the individual
pieces up to order Δx2 ∼ Δt ∼ 1=N, with terms of sub-
leading order vanishing when subsequently taking the
continuum limit N → ∞.

Once more, the first step consists in inserting a full
set of momentum eigenstates such that each infinitesi-
mal propagator takes the form portrayed in the first line
of Eq. (A3), which we now want to expand in powers of
Δt ≪ 1 properly. With the Hamiltonian being quadratic
in p, the emerging Gaussian momentum integral
receives its dominant contributions from the parametric
region p ∼ Δt−1=2, such that it is convenient to rescale
both the momentum operator p̂ as well as p itself by
this characteristic scale [102,103]. This makes the
scaling manifest and renders the contributing momenta
to be of order unity, allowing for an illuminating power
counting. Denoting the rescaled momentum by k and the
associated rescaled momentum operator by k̂, we arrive
at the expression

Kθðx−Δx;x;ΔtÞ

¼Δt−1
2

Z
∞

−∞

dk
2π

hxjexp½−ie−iθHresðx̂; k̂Þ�
��k�reshkjx−Δxires;

ðA5Þ

defining the rescaled Hamiltonian Ĥres as

Ĥres ¼ Hresðx̂; k̂Þ ¼ fðx̂Þk̂2 þ Δt12gðx̂Þk̂þ Δthðx̂Þ: ðA6Þ

Beware that the new momentum operator k̂ satisfies the
altered commutation relation ½x̂; k̂� ¼ iΔt1=2, leading to
the relevant equality hxjkires ¼ eiΔt

−1=2kx. We are now fit
to expand the exponential operator in Δt, keeping only
the terms up to linear order. Since each commutator
introduces additional factors of Δt1=2, this expansion
naturally truncates, granting us the ability to approxi-
mate the arising integral (A5) accordingly. Utilizing the
definition of the operator exponential as a power series,
the overarching goal consists in obtaining the first
orders in the normal ordered expansion of each mono-
mial written in the form

ðĤresÞn ¼
�
Hresðx̂; k̂Þ

�
n ≕Hð0Þ

n ðx̂; k̂Þ þ Δt12Hð1Þ
n ðx̂; k̂Þ þ ΔtHð2Þ

n ðx̂; k̂Þ þO


Δt32

�
: ðA7Þ

In order to determine the exact form of the operators Ĥð0;1;2Þ
n , one introduces recurrence relations between these operators

and their pendants to lower n. In a final step, we resum each order of the exponential series to obtain a convenient normal
ordered expression for the rescaled time evolution operator Ûθ;res ≔ e−ie

−iθĤres to the desired order. As explained, let us start

by finding recurrence relations between the different coefficients. We can relate the operators Ĥð0;1;2Þ
n to Ĥð0;1;2Þ

n−1 by utilizing
the equality

42The identical argument applies to the conventional real-time case, leading to the purely oscillatory behavior eiΔtðΔx=ΔtÞ2. Invoking
the method of stationary phase again reveals that the dominant contributions arise from the integration region for which the characteristic
size relation Δx2 ∼ Δt holds.
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ðĤresÞn ¼ ĤresðĤresÞn−1 ≐ Ĥð0Þ
n þ Δt12Ĥð1Þ

n þ ΔtĤð2Þ
n

≐
�
fðx̂Þk̂2 þ Δt12gðx̂Þk̂þ Δthðx̂Þ��Ĥð0Þ

n−1 þ Δt12Ĥð1Þ
n−1 þ ΔtĤð2Þ

n−1
�

≐ fðx̂Þ�k̂2; Ĥð0Þ
n−1

�þ Δt12gðx̂Þ�k̂; Ĥð0Þ
n−1

�þ Δt12fðx̂Þ�k̂2; Ĥð1Þ
n−1

�
þ fðx̂ÞĤð0Þ

n−1k̂
2 þ Δt12gðx̂ÞĤð0Þ

n−1k̂þ Δt12fðx̂ÞĤð1Þ
n−1k̂

2

þ Δthðx̂ÞĤð0Þ
n−1 þ Δtgðx̂ÞĤð1Þ

n−1k̂þ Δtfðx̂ÞĤð2Þ
n−1k̂

2; ðA8Þ

readily dropping all terms of order Δt3=2, for which we
adopt DeWitt’s notation of labeling equality in the
path integral sense with the symbol ≐ [105].43 Note that
we also ignored the terms proportional to Δt which entail
an additional commutator, as each commutator constitutes
at least a factor of Δt1=2. The remaining commutators can
be computed by utilizing the commutation relations

h
k̂; Oðx̂; k̂Þ

i
¼ −iΔt12

∂

∂x̂
Oðx̂; k̂Þ; ðA9aÞ

h
k̂2;Oðx̂; k̂Þ

i
¼−2iΔt12

∂

∂x̂
Oðx̂; k̂Þk̂−Δt

∂
2

∂x̂2
Oðx̂; k̂Þ; ðA9bÞ

with the terms readily brought into normal order, assuming
the initial operator Ô to be normal ordered itself. Collecting
the terms contributing to each order leads to the desired
recurrence relations

Ĥð0Þ
n ¼ fðx̂ÞĤð0Þ

n−1k̂
2; ðA10aÞ

Ĥð1Þ
n ¼ fðx̂ÞĤð1Þ

n−1k̂
2 þ gðx̂ÞĤð0Þ

n−1k̂ − 2ifðx̂Þ ∂Ĥ
ð0Þ
n−1
∂x̂

k̂;

ðA10bÞ

Ĥð2Þ
n ¼ fðx̂ÞĤð2Þ

n−1k̂
2 þ gðx̂ÞĤð1Þ

n−1k̂þ hðx̂ÞĤð0Þ
n−1

− fðx̂Þ ∂
2Ĥð0Þ

n−1
∂x̂2

− igðx̂Þ ∂Ĥ
ð0Þ
n−1
∂x̂

− 2ifðx̂Þ ∂Ĥ
ð1Þ
n−1
∂x̂

k̂;

ðA10cÞ

which can be solved consecutively, using the initial values

Ĥð0Þ
0 ¼ 1; Ĥð1Þ

0 ¼ 0 and Ĥð2Þ
0 ¼ 0. After some cumbersome

algebra, one arrives at the final results

Ĥð0Þ
n ¼ fðx̂Þnk̂2n; ðA11aÞ

Ĥð1Þ
n ¼ nfðx̂Þn−1�gðx̂Þ − ðn − 1Þif0ðx̂Þ�k̂2n−1; ðA11bÞ

Ĥð2Þ
n ¼ nfðx̂Þn−2

�
fðx̂Þhðx̂Þ þ ðn − 1Þ

2

�
gðx̂Þ2 − ð2n − 3Þif0ðx̂Þgðx̂Þ

−
4n − 5

3
fðx̂Þf00ðx̂Þ − ðn − 1Þðn − 2Þf0ðx̂Þ2 − 2ifðx̂Þg0ðx̂Þ

��
k̂2n−2; ðA11cÞ

which are easily verified by plugging the solutions back into the recurrence relation. At this point we may resum the
expressions, with the full (analytically continued) time evolution operator Ûθ;res represented as a power series. Once more
skipping the fairly straightforward algebra, one obtains the desired result

Ûð0Þ
θ;res ≔

X∞
n¼0

ð−ie−iθÞn
n!

Ĥð0Þ
n ¼ ∶ exp

�
−ie−iθfðx̂Þk̂2�∶; ðA12Þ

Ûð1Þ
θ;res ≔

X∞
n¼0

ð−ie−iθÞn
n!

Ĥð1Þ
n ¼ −ie−iθ∶

�
gðx̂Þk̂ − e−iθfðx̂Þf0ðx̂Þk̂3� exp�−ie−iθfðx̂Þk̂2�∶; ðA13Þ

43Since the higher-order contributions in Δt will eventually drop out when taking the continuum limit, both sides can be truncated at
the given order, leaving the emerging discretized path integral invariant. The symbol ≐ hereby symbolizes equality after having taken the
respective continuum limit N → ∞ (Δt → 0þ), manifesting the subleading terms to drop out.
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Ûð2Þ
θ;res ≔

X∞
n¼0

ð−ie−iθÞn
n!

Ĥð2Þ
n

¼ −ie−iθ∶
�
hðx̂Þ − ie−iθ

2
gðx̂Þ2k̂2 − e−iθ

2
f0ðx̂Þgðx̂Þ½1 − 2ie−iθfðx̂Þk̂2�k̂2

− e−iθfðx̂Þg0ðx̂Þk̂2 þ ie−iθ

6
fðx̂Þf00ðx̂Þ½3 − 4ie−iθfðx̂Þk̂2�k̂2

þ e−2iθ

2
fðx̂Þf0ðx̂Þ2½2 − ie−iθfðx̂Þk̂2�k̂4

�
exp½−ie−iθfðx̂Þk̂2�∶: ðA14Þ

Note that we constructed the operators Ĥð0;1;2Þ
n such that they are readily in normal order; thus the same applies to the time

evolution operators Ûð0;1;2Þ
θ;res indicated by colons. We are now fit to perform the Gaussian momentum integral explicitly,

arriving at the full expression for the propagator to the desired order. Up to irrelevant contributions, we obtain

Kθðx − Δx; x;ΔtÞ ≐ Δt−1
2

Z
∞

−∞

dk
2π

�
x
��Uð0Þ

θ;resðx̂; k̂Þ þ Δt12Uð1Þ
θ;resðx̂; k̂Þ

þ ΔtUð2Þ
θ;resðx̂; k̂Þ

��k�reshkjx − Δxires
¼ Δt−1

2

Z
∞

−∞

dk
2π

�
Uð0Þ

θ;resðx; kÞ þ Δt12Uð1Þ
θ;resðx; kÞ þ ΔtUð2Þ

θ;resðx; kÞ
�
exp



ikΔx
Δt12

�
; ðA15Þ

where we recall Δx ∼ Δt1=2, rendering the combination in the exponent to be of order unity. With the UðiÞ
θ;resðx; kÞ being

independent of Δt, this retrospectively makes it apparent why the expansion up to the portrayed order suffices. Recall that

the normal ordering procedure ensured that the matrix element involving the evolution operators Ûð0;1;2Þ
θ;res could be evaluated

trivially. Performing the leftover momentum integral, the propagator takes the schematic form,

Kθðx − Δx; x;ΔtÞ ¼ ½4πie−iθfðxÞΔt�−1
2 exp

�
ieiθΔx2

4fðxÞΔt
�X∞

i;j¼0
j≤2i

Fi;jðxÞΔti


Δx
Δt

�
j
; ðA16Þ

where the coefficient functions to the desired order are given by

F0;0ðxÞ ¼ 1; Fi;2iðxÞ ¼ 0 for i ≥ 1; ðA17aÞ

F1;1ðxÞ ¼
3f0ðxÞ − 2igðxÞ

4fðxÞ ; F2;3ðxÞ ¼
ieiθf0ðxÞ
8fðxÞ2 ; Fi;2i−1ðxÞ ¼ 0 for i ≥ 3; ðA17bÞ

and

F1;0ðxÞ ¼ ie−iθ
�
4fðxÞf00ðxÞ − 3f0ðxÞ2 − 8ifðxÞg0ðxÞ þ 8if0ðxÞgðxÞ þ 4gðxÞ2

16fðxÞ − hðxÞ
�
;

F2;2ðxÞ ¼
−12fðxÞf00ðxÞ þ 21f0ðxÞ2 þ 8ifðxÞg0ðxÞ − 20if0ðxÞgðxÞ − 4gðxÞ2

32fðxÞ2 ;

F3;4ðxÞ ¼ −ieiθ
�
8fðxÞf00ðxÞ − 33f0ðxÞ2 þ 12if0ðxÞgðxÞ

192fðxÞ3
�
;

F4;6ðxÞ ¼ −
e2iθf0ðxÞ2
128fðxÞ4 ; Fi;2i−2ðxÞ ¼ 0 for i ≥ 5: ðA18Þ

All terms with j ≤ 2i − 3 can be neglected, as their overall order is at least OðΔt3=2Þ, thus dropping out when taking the
continuum limit N → ∞ (Δt → 0). It is immanent that the provided result is yet too complicated to be put to practical use.
Notably, it does not at all resemble the naïve result (A4), which instead would amount to
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Fðna{::veÞ
0;0 ðxÞ ¼ 1; Fðna{::veÞ

1;1 ðxÞ ¼ −
igðxÞ
2fðxÞ ; ðA19aÞ

Fðna{::veÞ
1;0 ðxÞ ¼ ie−iθ

�
gðxÞ2
4fðxÞ − hðxÞ

�
; Fðna{::veÞ

2;2 ðxÞ ¼ −
gðxÞ2
8fðxÞ2 ; ðA19bÞ

with Fðna{::veÞ
i;2i−j ðxÞ ¼ 0 for i ≥ jþ 1 and j∈ f1; 2; 3g. In that result, all contributions involving derivatives of f and g are

completely absent. Fortunately, one can invoke simplifications to the full result (A16)–(A18), greatly shrinking the size of
the arising terms by utilizing so-called substitution rules; see e.g.,[99,113,125].

3. Substitution rules

After having preformed the daunting expansion procedure, we found the full propagator given by

Kθðxi; xf ;TÞ ¼ lim
N→∞

Z
∞

−∞

YN−1

k¼1

dxk

�YN
l¼1

exp

�
ieiθðΔxlÞ2
4fðxlÞΔt

�X∞
j¼0

GjðxlÞðΔxlÞj
�

Δt¼T=N
x0¼xi
xN¼xf

; ðA20Þ

with each infinitesimal propagator taking the schematic
form provided in Eq. (A16), replacing Δx with the short-
hand Δxl ≔ xl − xl−1. We also abbreviated the combina-
tion

GjðxlÞ ≔ ½4πie−iθfðxlÞΔt�−1
2

X∞
i¼⌈j=2⌉

Δti−jFi;jðxlÞ; ðA21Þ

making the resulting expressions more bearable for further
manipulation, as for all subsequent arguments solely the
Δxl-dependence will be of relevance. While in the formal
continuum limit N → ∞, quantities such as Δt → dt;
Δxl → ẋðtlÞdt and Δx2l=Δt → ẋðtlÞ2dt can be straightfor-
wardly converted (if considerable care is taken), the
remaining combinations Δti−jðΔxlÞj multiplying the Fi;j

terms do not possess a comparably simple equivalent. This
is where so-called substitution rules come into play, as they
allow us to infer the replacements

ðΔxlÞ2 ≐ 2ie−iθfðxlÞΔt; ðA22aÞ

Δt−1ðΔxlÞ3 ≐ 6ie−iθfðxlÞΔxl; ðA22bÞ

Δt−1ðΔxlÞ4 ≐ −12e−2iθfðxlÞ2Δt; ðA22cÞ

Δt−2ðΔxlÞ6 ≐ −120ie−3iθfðxlÞ3Δt; ðA22dÞ

which when instated do not alter the value of the total
discretized path integral, as the deviations only enter
higher-order corrections that eventually drop out in the
continuum limit N → ∞. The general idea behind these
substitution rules (A22) is strikingly straightforward, as it
simply boils down to performing Gaussian integrations. As
stated in the onset of Appendix A 2, notice that the leftover
integrations over the intermediate position variables xk
receive their dominant contributions from the parametric

region for which ðΔxlÞ2 ≲ Δt, since contributions outside
this parametric range are exponentially suppressed in the
limit Δt → 0þ.44 Expanding the nonexponential piece
GjðxlÞ around Δxl ¼ 0 and consistently truncating the
expansion at order Δt ∼ ðΔxlÞ2, one finds that one can
substitute higher-order terms in Δxl by lower-order pend-
ants as specified in Eq. (A22), leaving the value of the
integrals intact to the desired order.
Before making the stated notions explicit for the high-

dimensional integral (A20), let us briefly show how this
pans out in case of a single-dimensional Laplace-type
integral. Given an arbitrary smooth function f that does
not depend on the small parameterΔt, in the limitΔt → 0þ,
one finds the asymptotic relations

I2nðΔtÞ ¼ ð4πΔtÞ−1
2

Z
∞

−∞
dðΔxÞfðΔxÞ exp



−
Δx2

4Δt

�
Δx2n

Δtn

∼
ð2nÞ!
n!

fð0Þ þ ð2nþ 2Þ!
2ðnþ 1Þ! f

00ð0ÞΔtþOðΔt2Þ;

ðA23Þ
ð2nÞ!
n!

I0ðΔtÞ¼ð4πΔtÞ−1
2
ð2nÞ!
n!

Z
∞

−∞
dðΔxÞfðΔxÞexp



−
Δx2

4Δt

�

∼
ð2nÞ!
n!

fð0Þþð2nÞ!
n!

f00ð0ÞΔtþOðΔt2Þ:
ðA24Þ

Thus, in case one is solely interested in the leading-order
behavior, one can simply replace the factor Δx2nΔt−n

44Beware that for all expressions to be well defined, we require
Re½ie−iθfðxlÞ−1� < 0, which we assume to be met at all times. In
the real-time case θ ¼ 0, for which the real part vanishes, the
argument would similarly proceed by invoking the method of
stationary phase (whereas for general θ, the argument hinges on
the method of steepest descent).
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inside the original Laplace integral I2n by ð2nÞ!=n! without
altering the result to the desired order. This furthermore
assumes the function f not to vanish at the origin, which is
subliminally assumed in the following.45

While the argument proceeds in the identical manner for
the discretized path integral (A20), the explicit reasoning
will be slightly cluttered by the additional notational
overhead. The previous definition of Gj as introduced in
Eq. (A21) constituted a first step in keeping the expressions
at bay. The most lucid way to obtain the correct substitution
rules (A22) is to change the integration variables from fxlg
to fΔxlg, l∈ 1;…; N − 1, invoking the relations

xl ¼ xN −
XN

k¼lþ1

Δxk: ðA25Þ

The transformation bestows a Jacobian factor of ð−1ÞN−1

upon us, which will be irrelevant for all subsequent argu-
ments.46 Note that while we could have instead transformed
the coordinates via the seemingly simpler relation

xl ¼ x0 þ
Xl
k¼1

Δxk; ðA26Þ

this would grant additional complications downstream due
to our initial choice of using a postpoint discretization
scheme. We will find that the parametrization (A25) is
favored in our case as it renders the factor fðxkÞ indepen-
dent of Δxk, greatly simplifying the subsequent treatment.
Similarly, in case we would have chosen a prepoint
discretization scheme, the transformation (A26) would
have been preferential due to making fðxk−1Þ manifestly
Δxk-independent. While we for now stick to the trans-
formation (A25), we will later briefly comment on the what
would have changed if we employed the alternative para-
metrization (A26) in the present case, as we feel the arising
difficulties and their resolution to be instructive.
Enforcing the coordinate change (A25) and solely

focusing on the ðΔxkÞj-contributions to a single
Δxk-integral, one requires to compute the Gaussian integral

I j ≔
Z

∞

−∞
dðΔxkÞGjðΔxkÞ exp

�
ieiθðΔxkÞ2
4fðxkÞΔt

�
ðΔxkÞj; ðA27Þ

where all the complexity is hidden in the newly defined
function

GjðΔxkÞ¼GjðxkÞ
YN
l¼1
l≠k

�
exp

�
ieiθðΔxlÞ2
4fðxlÞΔt

�X∞
i¼0

GiðxlÞðΔxlÞi
�
;

ðA28Þ

leaving the dependence on Δxl≠k and Δt in both I j and Gj

implicit. Beware that the functions fðxkÞ and GjðxkÞ now
implicitly depend on all Δxl>k, which is to be understood.
Importantly, as stated previously, fðxkÞ inside the exponent
of Eq. (A27) is independent of Δxk; thus, we can treat the
integral on the identical footing as the single-dimensional
example (A23). While the auxiliary function Gj still entails
a nontrivial Δt-behavior, this is of no concern here as it is
always regulated by contributions involving Δx2 ∼ Δt.47

The leading-order behavior of the integral in question is
then found to be

I j ∼

8>><
>>:

Γ
�
jþ1
2

�
½4ie−iθfðxkÞΔt�

jþ1
2 GjðΔxk ¼ 0Þ; j even;

Γ
�
jþ2
2

�
½4ie−iθfðxkÞΔt�

jþ2
2

∂GjðΔxkÞ
∂ðΔxkÞ

���
Δxk¼0

; j odd;

ðA29Þ

receiving corrections of order Δt and higher, as only even
powers in Δxk survive the Gaussian integration. Since for
all j ≥ 2 terms that we want to substitute away, the leading-
order behavior is sufficient to capture the individual
Δxk-integral to order Δt, we can infer the replacements

ðΔxkÞj ≐

8>><
>>:

Γ
�
jþ1
2

�
Γ
�
1
2

�
−1½4ie−iθfðxkÞΔt�

j
2; j even;

Γ
�
jþ2
2

�
Γ
�
3
2

�
−1½4ie−iθfðxkÞΔt�

j−1
2 Δxk; j odd;

ðA30Þ

leaving (A27) invariant to leading order. This then directly
leads to the substitution rules quoted earlier; see Eq. (A22).
Let us take a slight detour to explain what would have

happened in case we would have utilized the coordinate
transformation (A26), making the term fðxkÞ inside
the exponent Δxk-dependent. In that case, the leading-
order behavior of the integral would change, both in the
even and odd j case. For even j, one would obtain the
relation

I j ∼ Γ


jþ 1

2

�
½4ie−iθfðxk−1ÞΔt�

jþ1
2 GjðΔxk ¼ 0Þ; ðA31Þ45Note thatfð0Þ ≠ 0 is a generic behavior being violated only on a

set of vanishing Lebesgue measure in case one deals with a
multidimensional integral as is the case for the discretized path
integral (A20). Therefore we can always assume this condition to
be met.

46The coordinate transformation has the sole use of making
the to-be-determined substitution rules most apparent. After
instating them, one would transform back to the previous
coordinate basis fxlg.

47One could clarify the argument even more by rescaling
all integration variables Δxk by the common scaling factor Δt1=2,
as was previously done for the momentum integral (A5). This
would once more manifest the parametric region from which the
integrals receive their dominant contributions. We will waive this
step as it would introduce yet another layer of notational clutter.
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being identical to the one previously found with the
exception that f is evaluated at xk−1 instead of xk since
to leading order, Δxk is set to 0 inside the expression fðxkÞ.
The substitution rule for even j would change accordingly,
being given by

ðΔxkÞj ≐ Γ


jþ 1

2

�
Γ


1

2

�
−1
½4ie−iθfðxk−1ÞΔt�

j
2; ðA32Þ

which is however identical to the previously found expression
(A30)due tofðxkÞ andfðxk−1Þ differingonly at orderΔxk. For
the even j terms, these corrections are negligible, as their
overall contributions to the infinitesimal propagator (A16) are
already of order Δt. The odd j case is more involved, as one
now also needs to expand the function fðxkÞ inside the
exponent aroundΔxk ¼ 0. Assuming odd j, the leading-order
behavior of I j is given by

I j ∼
Z

∞

−∞
dðΔxkÞ

�
G0
jð0Þ −

ieiθf0ðxk−1ÞðΔxkÞ2
4fðxk−1Þ2Δt

Gjð0Þ
�
exp

�
ieiθðΔxkÞ2
4fðxk−1ÞΔt

�
ðΔxkÞjþ1

¼ ½4ie−iθfðxk−1ÞΔt�
jþ2
2 Γ



jþ 2

2

��
G0
jð0Þ þ

jþ 2

2

f0ðxk−1Þ
fðxk−1Þ

Gjð0Þ
�
; ðA33Þ

receiving contributions not only from G0
jð0Þ, but also inheriting derivative terms involving f0, which were previously absent

in relation (A29). Once more, these solely arise due to the fact that now fðxkÞ depends nontrivially on Δxk. Utilizing the
educated ansatz

ðΔxkÞj ≐ χjðxkÞΔt
j−1
2 Δxk ðA34Þ

for the desired substitution rule, with χjðxkÞ constituting a to-be-determined function, the integral would receive the
leading-order contribution

I j;subst: ∼ Δt
j−1
2

Z
∞

−∞
dðΔxkÞ

�
χjðxk−1ÞG0

jð0Þ þ χ0jðxk−1ÞGjð0Þ −
ieiθf0ðxk−1ÞðΔxkÞ2

4fðxk−1Þ2Δt
χjðxk−1ÞGjð0Þ

�
exp

�
ieiθðΔxkÞ2
4fðxk−1ÞΔt

�
ðΔxkÞ2

¼ Δt
j−1
2 ½4ie−iθfðxk−1ÞΔt�32Γ



3

2

��
χjðxk−1ÞG0

jð0Þ þ χ0jðxk−1ÞGjð0Þ þ
3

2

f0ðxk−1Þ
fðxk−1Þ

χjðxk−1ÞGjð0Þ
�
; ðA35Þ

where now also χjðxkÞ needed to be expanded around
Δxk ¼ 0. Demanding equality between both expressions
(A33) and (A35) precisely yields

χjðxk−1Þ ¼ Γ


jþ 2

2

�
Γ


3

2

�
−1
½4ie−iθfðxk−1Þ�

j−1
2 ; ðA36Þ

once more leading to the correct substitution rule (A30) due
to χj entering the previous ansatz (A34) being evaluated at
xk. While this secondary derivation demanded additional

care, it applies more broadly to the case of a general
α-prescription for evaluating the infinitesimal propagators
at αxk þ ð1 − αÞxk−1 instead of committing to a pre- or
postpoint discretization scheme.

4. Collecting the results

We are now able to heavily simplify the previous result.
Instating the substitution rules (A22), the previously
obtained short-time propagator takes the form

Kθðx−Δx;x;ΔtÞ¼ ½4πie−iθfðxÞΔt�−1
2 exp

�
ieiθΔx2

4fðxÞΔt
��

1þF1;1ðxÞΔxþF1;0ðxÞΔtþF2;2ðxÞΔx2þF2;3ðxÞ
Δx3

Δt

þF3;4ðxÞ
Δx4

Δt
þF4;6ðxÞ

Δx6

Δt2
þO



Δt32

��
≐ ½…��1þ �

F1;1ðxÞþ6ie−iθfðxÞF2;3ðxÞ
�
ΔxþFðna{::veÞ

2;2 Δx2þ �
F1;0ðxÞþ2ie−iθfðxÞ
F2;2ðxÞ−Fðna{::veÞ

2;2 ðxÞ�
−12e−2iθfðxÞ2F3;4ðxÞ−120ie−3iθfðxÞ3F4;6ðxÞ

�
Δt

�
¼ ½…��1þFðna{::veÞ

1;1 ðxÞΔxþFðna{::veÞ
1;0 ðxÞΔtþFðna{::veÞ

2;2 Δx2
�

¼Kðna{::veÞ
θ ðx−Δx;x;ΔtÞ; ðA37Þ
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utilizing the previously determined coefficient functions
Fi;jðxÞ as portrayed in Eqs. (A17) and (A18). One finds that
the square bracketed combinations perfectly conspire such
that all derivative contributions involving f0ðxÞ; f00ðxÞ and
g0ðxÞ drop out, leaving us with the naïve propagator (A4)
computed at the onset of the Appendix. Concluding, one
finds that while the infinitesimal propagators do not
coincide, for our purposes of utilizing them inside the
discretized path integral expressions, all deviations only
enter higher-order terms that vanish when taking the
continuum limit N → ∞.

APPENDIX B: INDEPENDENCE OF THE
CHOSEN SCALAR PRODUCT

There arises the question why we utilized the standard
scalar product for the derivation of both the path integral as
well as the spectral representation of the propagator. As we
will explicitly show, this deliberate choice is fully arbitrary,
with the standard scalar product constituting the simplest
admissible option. Even though the propagator of the
so-defined theory will depend on this aforementioned
choice, the dependence is trivial and does not interfere
with any of the drawn conclusions.
Assuming the contour Γ together with its parametrization

γðsÞ has been provided, let us define the general μ-scalar
product via

hψ jϕiμ ≔
Z

∞

−∞
μðsÞψðsÞϕðsÞds; ðB1Þ

with μðsÞ > 0 constituting an arbitrary, smooth, real-valued
weight function. Before studying in detail how this altered
notion influences the position and momentum complete-
ness relations required for the later path integral derivation,

let us first investigate the spectral representation. To render
all subsequent expressions most convenient, we again
modify the definition of the conventional propagator by
introducing an additional factor μðsiÞ, setting

Kγ;μ;θðsi; sf ;TÞ ≔
μðsiÞ
γ0ðsiÞ

	
sf

���� exp


−
ie−iθĤγT

ℏ

�����si
�

μ

:

ðB2Þ

1. Spectral representation

While the effective Hamiltonian Ĥγ on the complex
contour Γ is still given by

Ĥγ ¼ −
ℏ2

2m
1

γ0ðsÞ
d
ds

�
1

γ0ðsÞ
d
ds

�
þ V½γðsÞ�; ðB3Þ

the Hermitian conjugate changes in case μðsÞ is a non-
constant function. A simple computation analogous to the
one presented in Eq. (3.6) concludes with

Ĥ†
γ ¼ −

ℏ2

2m
1

μðsÞ
d
ds

�
1

γ0ðsÞ
d
ds

μðsÞ
γ0ðsÞ

�
þ V½γðsÞ�: ðB4Þ

This in turn alters the relation between the elements of the
biorthogonal basis associated with the Hamiltonian, which
instead of Eq. (3.10) now satisfy

ϕlðsÞ ¼
γ0ðsÞψlðsÞ

μðsÞ : ðB5Þ

Inserting the resolution of unity (3.9) using the biorthog-
onal eigenfunctions grants the identity

Kγ;μ;θðsi; sf ;TÞ ¼
μðsiÞ
γ0ðsiÞ

X∞
l¼0

ϕlðsiÞψlðsfÞ
hϕljψliμ

exp



−
ie−iθElT

ℏ

�

¼ μðsiÞ
γ0ðsiÞ

γ0ðsiÞ
μðsiÞ

X∞
l¼0

ψlðsiÞψlðsfÞ
�Z

∞

−∞
μðsÞ γ

0ðsÞ
μðsÞ ψlðsÞ2ds

�
−1

exp



−
ie−iθElT

ℏ

�
¼ Kγ;μ¼1;θðsi; sf ;TÞ: ðB6Þ

Note that we still defined the position representation of the
wave function via ψðsÞ ¼ hsjψiμ, absorbing additional
factors of μðsÞ in the normalization of the position
eigenstates.48 The above result (B6) shows that in the

spectral representation, additional factors of μðsÞ
enter trivially, canceling in the relevant normalization
factor. By introducing the additional factor μðsiÞ in the
definition (B2) of the propagator, Kγ;μ;θ is indeed
found to be independent of the choice of μ. Note that
the trace of the analytically continued time evolution
operator involves one additional position integral,
bestowing an additional weight factor μðsÞ upon us, thus
leaving the previously obtained spectral representation
(3.37) intact.

48We could have similarly chosen to set ψðsÞ ¼ ffiffiffiffiffiffiffiffiffi
μðsÞp hsjψiμ,

effectively redefining the position eigenstates jsi ↦ ffiffiffiffiffiffiffiffiffi
μðsÞp jsi.

While this prescription would be advantageous for defining the
associated canonical momentum operators, it is instructive to take
the shown route.
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2. Path integral representation

The key difference in attaining the path integral repre-
sentation, given the nontrivial measure μðsÞ compared to
using the standard scalar product (3.3), are the altered
completeness relations for position and momentum eigen-
states. Demanding the position eigenstates to still satisfy
x̂jsi ¼ sjsi as well as the (position-space) wave function to
be given by ψðsÞ ¼ hsjψiμ yields the position completeness
relation

1 ¼
Z

∞

−∞
μðsÞjsihsjds: ðB7Þ

This effectively also changes the normalization of the
position eigenstates to hsjs0iμ ¼ μðsÞ−1δðs − s0Þ. The
momentum operator is more problematic, as p̂γ ¼ −iℏd=ds
is not Hermitian with respect to the μ-scalar product (B1),
requiring us to introduce

p̂γ;μ¼−iℏμðsÞ−1
2
d
ds

μðsÞ12; satisfying hψ jp̂γ;μϕi¼hp̂γ;μψ jϕi:
ðB8Þ

Note that the commutator relation between x̂γ and p̂γ;μ is
identical to the usual one, satisfying ½x̂γ; p̂γ;μ� ¼ iℏ; however
the projection between position and momentum eigenstates
changes to

hsjpiμ ¼ μðsÞ−1
2eips=ℏ: ðB9Þ

This difference arises due to the momentum eigenstates
being required to satisfy the conventional relation
p̂γ;μjpi ¼ pjpi, however utilizing the altered Hermitian
momentum operator (B8). The momentum completeness
relation then stays intact, reading

1 ¼ 1

2πℏ

Z
∞

−∞
jpihpjdp: ðB10Þ

Representing the Hamiltonian (B3) in terms of the canonical
operators x̂γ and p̂γ;μ leads to

Ĥγ;μ¼
1

2m
1

γ0ðx̂γÞ2
μðx̂γÞ12p̂2

γ;μμðx̂γÞ−1
2þ iℏ

2m

γ00ðx̂γÞ
γ0ðx̂γÞ3

μðx̂γÞ12p̂γ;μμðx̂γÞ−1
2þV½γðx̂γÞ�

¼ 1

2m
1

γ0ðx̂γÞ2
�
p̂2
γ;μ−2iℏμðx̂γÞ−1

2

dμðx̂γÞ12
dx̂γ

p̂γ;μ−ℏ2μðx̂γÞ−1
2

d2μðx̂γÞ12
dx̂2γ

�
þ iℏ
2m

γ00ðx̂γÞ
γ0ðx̂γÞ3

�
p̂γ;μ−iℏμðx̂γÞ−1

2

dμðx̂γÞ12
dx̂γ

�
þV½γðx̂γÞ�

¼ 1

2m
1

γ0ðx̂γÞ2
p̂2
γ;μþ

iℏ
2m

1

γ0ðx̂γÞ2
�
γ00ðx̂γÞ
γ0ðx̂γÞ

þμ0ðx̂γÞ
μðx̂γÞ

�
p̂γ;μ−

ℏ2

2m
1

γ0ðx̂γÞ2
�
3μ0ðx̂γÞ2−2μðx̂γÞμ00ðx̂γÞ

4μðx̂γÞ2
þγ00ðx̂γÞ
γ0ðx̂γÞ

μ0ðx̂γÞ
2μðx̂γÞ

�
þV½γðx̂γÞ�:

ðB11Þ
Inserting this Hamiltonian into the full results (A16)–(A18) for the infinitesimal propagator and remembering the additional
factors entering through the altered projection relation (B9) yields

Kγ;μ;θðs − Δs; s;ΔtÞ ≐ μðsÞ−1
2μðs − ΔsÞ−1

2|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Factors from hsjpiμ
and hpjs − Δsiμ

μðs − ΔsÞ
γ0ðs − ΔsÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}

Factors due to the definition of Kγ;μ;θ

ðB12Þ

×

�
mγ0ðsÞ2

2πℏie−iθΔt

�1
2

exp

�
ieiθm
2ℏΔt

½γ0ðsÞΔs�2 − ie−iθΔt
ℏ

V½γðsÞ�
�

×

�
1 −

γ00ðsÞ
γ0ðsÞ Δsþ

γ000ðsÞ
2γ0ðsÞ ðΔsÞ

2 −
ieiθm
2ℏΔt

γ0ðslÞγ00ðsÞðΔsÞ3

þ ieiθm
2ℏΔt

15γ00ðsÞ2 þ 4γ0ðsÞγ000ðsÞ
12

ðΔsÞ4 − e2iθm2

8ℏ2Δt2
γ0ðsÞ2γ00ðsÞ2ðΔsÞ6

�

×

�
1þ μ0ðsÞ

2μðsÞΔsþ
3μ0ðsÞ2 − 2μðsÞμ00ðsÞ

8μðsÞ2 ðΔsÞ2
�
; ðB13Þ

already factoring the result accordingly while dropping subleading terms inΔt ∼ Δx2. Note that the first four lines are, up to
the additional μðsÞ factors, virtually identical to the previous result (3.26) for μðsÞ ¼ 1, whereas the second factor reduces to
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�
μðsÞ

μðs − ΔsÞ
�1

2 ¼ 1þ μ0ðsÞ
2μðsÞΔsþ

3μ0ðsÞ2 − 2μðsÞμ00ðsÞ
8μðsÞ2 ðΔsÞ2 þO½ðΔsÞ3�; ðB14Þ

with higher-order corrections vanishing when taking the continuum limit N → ∞ of the discretized path integral. Thus, we
indeed obtain the short-time propagator as

Kγ;μ;θðs − Δs; s;ΔtÞ ¼ Kγ;μ¼1;θðs − Δs; s;ΔtÞ; ðB15Þ

with all factors of μ canceling fully. The same can be seen when investigating the complete propagator, satisfying

Kγ;μ;θðsi; sf ;TÞ ¼
μðsiÞ
γ0ðsiÞ

lim
N→∞

Z
∞

−∞

YN−1

k¼1

½μðskÞdsk�
�YN

l¼1

	
sl

���� exp
�
−
ie−iθT
Nℏ

Ĥγ;μ

�����sl−1
��

s0¼si
sN¼sf

¼ μðsiÞ
γ0ðsiÞ

lim
N→∞

Z
∞

−∞

YN−1

k¼1

½μðskÞdsk�
�YN

l¼1

�
γ0ðsl−1Þ
μðsl−1Þ

Kγ;μ;θðsl−1; sl;T=NÞ
��

s0¼si
sN¼sf

¼ lim
N→∞

Z
∞

−∞

YN−1

k¼1

½γ0ðskÞdsk�
�YN

l¼1

Kγ;μ¼1;θðsl−1; sl;T=NÞ
�

s0¼si
sN¼sf

¼ Kγ;μ¼1;θðsi; sf ;TÞ: ðB16Þ

All N − 1 factors of μðskÞ emerging from the additional
measure entailed in the completeness relations for the
intermediate sk-integrals together with the sole overall
μðsiÞ factor cancel against the N factors μðsl−1Þ−1 emerg-
ing from the intermediate matrix elements. This digression
explicitly demonstrates the earlier assertion that the choice
of the measure μðsÞ is completely arbitrary, as all options
eventually lead to identical final results (3.34) and (3.37).

APPENDIX C: CONSTRAINTS ON ADMISSIBLE
CONTOURS Γ

Whereas the derivation of the spectral representation
(3.11) was mathematically well defined without inquiring
further information on the contour Γ apart from the demand
of Γ to terminate in the Stokes sectors S� for which the
eigenfunctions ΨlðzÞ are subdominant, the path integral
derivation puts two additional restrictions on the contour Γ.
We will briefly discuss these supplementary constraints and
argue that the desired requirements can always be met in
case θ is chosen accordingly. Let us first consider the local
constraint on the contour, which has to be met at each
individual point, while subsequently turning to the more
interesting global restriction, asserting in which angular
sector the contour is required to terminate.

1. Local restriction

In order for the Gaussian momentum integrals (3.17) to
be well defined, we previously arrived at the local property

arg½γ0ðsÞ2�∈ ð−θ; π − θÞ ∀ s∈R; ðC1Þ

demanding that the slope of the contour Γ at each point has
to lie in the range specified above. This constraint can be
cast into a very natural form by demanding the contour to
locally be contained in a tilted light cone, illustratively
shown in Fig. 13 for three values of the Wick-rotation angle
θ. While this condition prohibits the presence of loops or
sharp U-turns in the contour Γ conceptualized for the path
integral derivation, let us see that up to violating the
condition at a singular point, the existence of a contour
Γ satisfying (C1) is guaranteed.49 Assume we desire to
construct a contour Γ that satisfies

lim
s→−∞

arg½γðsÞ� ¼ ϑ− and lim
s→∞

arg½γðsÞ� ¼ ϑþ ðC2Þ

for arbitrary, fixed angles ϑ� ∈ ð−π; π�. We can then ask for
which angles θ, if any, an admissible contour Γ exists such
that condition (C1) can be met. Excluding pathological
cases for which the phase of γ0ðsÞ is strongly oscillatory for
large jsj, relation (C2) implies

lim
s→−∞

arg½γ0ðsÞ�≡ ϑ− þ π mod 2π as well as

lim
s→∞

arg½γ0ðsÞ� ¼ ϑþ: ðC3Þ

49Note that for the entire path integral derivation to go through,
we only require one representative Γ for which the local property
is mandated to hold. Once one arrives at the discretized
expression (3.29), one can indeed freely deform Γ, with the
local restriction (C1) becoming irrelevant, as previously disal-
lowed choices of Γ become admissible.
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Note that the contour is set to asymptotically emerge from
the angle ϑ−, thus inheriting an additional phase π due to
the direction of traversal. Since γðsÞ is assumed to be
smooth, by the intermediate value theorem the slope of any
such contour Γ then necessarily sweeps through all angles
lying in between ϑ− þ π and ϑþ. This effectively means
that θ has to be chosen such that both angles ϑ� lie inside
the extended light cone emanating from the origin, albeit
we have to add that ϑþ and ϑ− are required to lie in opposite
halves of this “global” light cone, as depicted in the left
panel of Fig. 14, otherwise a sharp U-turn would be
immanent. In the case jϑþ − ϑ−j > π=2, there always
exists a nonempty angular sector of selectable θ enabling
the desired construction of an admissible contour Γ.
However, problems will arise in the complementary case
jϑþ − ϑ−j ≤ π=2, as one can then only arrange for both ϑ�
to be contained in a single half cone, necessarily entailing a
violation of the condition (C1) in some region. As shown in
the right panel of Fig. 14, this region can be made
arbitrarily small by shrinking the necessary U-turn further
and further, to the point where the condition is only violated
at a single point. When taking this point as a discretization
point for the broken line path entering the discretized path

integral, the violation is virtually absent and all steps go
through unobstructed. Since the prescribed limiting pro-
cedure of pinching the contour clashes with the continuum
limit N → ∞, for which the whole U-turn is fully resolved
no matter how narrow it is, the above reasoning only
provides an ad hoc argument to reason that the construction
should in principle apply equally to the case in which one
desires to connect Stokes sectors that lie completely within
one 90° sector.
Note that in all cases at hand, the local constraint (C1)

will restrict the choices of θ. While the provided dis-
cussion cannot rule out arising difficulties for the case
when the eigenvalue problem is defined in Stokes sectors
that are fully contained within a 90° sector of the complex
plane, we conjecture that the initial path integral deriva-
tion can be rigorously extended to circumvent the local
constraint (C1), at the presumed cost of rendering the
illustrated derivation more laborious. To this end, the
techniques introduced by McLaughlin [123]—namely
being able to freely deform the time contour when
performing the path integral derivation—might come in
handy. A more thorough analysis is left open for further
consideration.

FIG. 13. Depiction of the local restriction on the contour Γ from demanding the intermediate momentum integrals (3.17) to be well
defined. The constraint (C1) is equivalent to requiring the slope of the contour to always be contained in a tilted light cone. The situation
is shown for three different angles θ, with the cone rotating clockwise by θ=2 for increasing θ.

FIG. 14. Illustration of the arising situation when trying to connect the asymptotic angular regions ϑ� by a contour Γ respecting the
local constraint (C1). Left: for jϑþ − ϑ−j > π=2, this feat is easily achieved by rotating the global light cone such that ϑþ and ϑ− lie in
opposite half cones. Right: situation for which jϑþ − ϑ−j < π=2. In that case, one chooses both ϑ� to lie inside the identical half cone,
then pinches the contour such that the violation of (C1) only appears at a single point.
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2. Global restriction

The global restriction of Γ terminating in S� ∩ ðS0 ∪
… ∪ SnÞ provides a simpler set of constraints; however
there arises one very interesting edge case that could yield
interesting relations. As stated previously in Sec. III C,
there always exists a nonempty overlap between each
Stokes sector S� defined through (2.6) and the union of
all Sk, given by (3.33). This is simply a consequence of the
Stokes sectors having angular width 2π=ðnþ 2Þ, whereas
the gap between the sectors Sk and Sk�1 only covers a
range π=n. Thus, provided n > 2, there is always the
required overlap, as illustratively shown in Fig. 15.
Consequently, the global constraints yield no additional

restriction on θ or other parameters in our theory; their only
feature is to narrow the angular sectors in which Γ is
required to terminate.
However, an interesting case emerges once the overlap of

either Sþ or S− with S0 ∪ … ∪ Sn results in not one, but
two disjoint angular sectors, as shown in Fig. 16. In that
case, the choices ΓA and ΓB as shown in the right panel of
Fig. 16 yield inequivalent functional integrals, as both
contours end in different regions of convergence of the path
integral. Consequently, the path integral defined on the
integration cycle Cð½0; T�;ΓAÞ − Cð½0; T�;ΓBÞ necessarily
vanishes, which may yield interesting insights into the
evaluation of functional integrals. A detailed investigation

FIG. 15. Exemplary case of the combined constraints inflicted by demanding the contour Γ to asymptotically end inside the Stokes
sectors S� as well as Sk. Left: usual Stokes sector picture portraying the wedges Sk, with the eigenvalue problem defined in the two
highlighted sectors S�. Center: illustration of the sectors Sk constraining the contour Γ further, required by the demand that the
discretized position-space path integral expression is well defined. Right: synthesis of both figures, with only the hatched overlap region
being admissible for Γ to end in. Whereas Γ ¼ R constitutes an admissible contour if one solely demands convergence inside S�, the
combined constraint disallows the real axis to be an admissible contour for the derivation of the path integral.

FIG. 16. Case in which one of the Stokes wedges S� (shaded blue regions) has nonvanishing overlap with two distinct sectors Sk
(shaded red regions), thus giving rise to disjoint sectors in which one end of Γ can be chosen to terminate, yielding seemingly
inequivalent functional integrals. However, due to the underlying eigenvalue problem being identical, the path integrals over ΓA and ΓB
have to fully agree. This way, the composite functional integration cycle is fully trivialized.
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of this phenomenon is beyond the scope of this work and is
left for future research.

APPENDIX D: LARGE-ORDER BEHAVIOR
OF THE EIGENVALUES ASSOCIATED

WITH A SECOND-ORDER ODE
WITH POLYNOMIAL COEFFICIENT

To study the range of validity of the spectral representa-
tion (3.11), we require the large-order behavior of the
eigenvalues El for l → ∞. Since we know the magnitude
of the eigenvalues to be unbounded, strictly speaking we
would only require information about argðElÞ for our
purposes; however let us state the complete result, as the
remaining subject-relevant literature limits itself to present-
ing special cases.50 As before, we are interested in solutions
to the ODE�

−
ℏ2

2m
d2

dz2
þ
Xn
k¼1

ckzk − El

�
ΨlðzÞ ¼ 0; ðD1Þ

demanding the eigenfunctions ΨlðzÞ to decay in the two
Stokes sectors S�. Recalling the previous definition of the
Stokes sectors provided in Eq. (2.6), both sectors are
subsequently characterized by their indices k�; i.e.,
we define Sþ ≕ Skþ and S−≕ Sk− . Let us initially bring
the eigenvalue problem into a canonical form by inferring
the coordinate transformation

z ↦



ℏ2

2mcn

�
− 1
nþ2

z; ðD2Þ

while defining

λ≔−
2m
ℏ2



ℏ2

2mcn

� 2
nþ2

E; ak≔
2m
ℏ2



ℏ2

2mcn

�kþ2
nþ2

ck; ðD3Þ

granting the rescaled ODE

�
−

d2

dz2
þ zn þ

Xn−1
k¼1

akzk þ λl

�
Ψ̃lðzÞ ¼ 0: ðD4Þ

This rescaling brings the initial ODE (D1) into the
canonical form studied by Sibuya [76], with subsequent
treatments by Shin [82,98] adopting Sibuya’s notation. The
simplified ODE (D4) possesses the new Stokes wedges

S̃k ≔
�
z∈C∶

���� argðzÞ − 2πk
nþ 2

���� < π

nþ 2

�
; ðD5Þ

where the indices match the previous definition (2.6); thus
the eigenfunctions Ψ̃lðzÞ are still demanded to be sub-
dominant in S̃k� . Following Sibuya, we define the auxiliary
quantities

a ≔ ða1; a2;…; an−1Þ∈Cn−1 and ω ≔ exp



2πi
nþ 2

�
;

ðD6Þ

as well as the transformed vector

ak ≔ ðω−ka1;ω−2ka2;…;ω−ðn−1Þkan−1Þ; k∈Z: ðD7Þ

The unique entire function that solves the canonical ODE
(D4) for a generic constant term λwhile being subdominant
in the Stokes sector S̃0 shall be denoted by fðz; a; λÞ.
Utilizing a simple scaling argument, Sibuya then shows that
the function

fkðz;a;λÞ≔fðω−kz;ak;ω−nkλÞ¼fðω−kz;ak;ω2kλÞ ðD8Þ

identically solves the ODE, however being subdominant in
the Stokes sector S̃k. In the second equality we utilized
ωnþ2 ¼ 1, which will also be heavily used subsequently.
Having constructed solutions that are subdominant in the
different Stokes sectors, finding the eigenvalues λl of our
eigenvalue problem associated with the two wedges S̃k�
amounts to finding the zeros of the Wronskian

Wkþ;k−ða; λÞ ≔ fkþðz; a; λÞ
∂fk−ðz; a; λÞ

∂z

−
∂fkþðz; a; λÞ

∂z
fk−ðz; a; λÞ: ðD9Þ

In case λ is an eigenvalue, the two solutions fkþ and fk− are
linearly dependent, leading to the Wronskian vanishing.
Utilizing the previous scaling property (D8) of the fk, one
additionally has the useful relation

Wkþþj;k−þjða; λÞ ¼ ω−jWkþ;k−ðaj;ω2jλÞ: ðD10Þ

Thus, finding the zeros of Wkþ;k−ða; λÞ is identical to
finding the zeros of Wkþ−k−;0ðak− ;ω2k−λÞ. With these
preliminary considerations out of the way, one desires to
study the behavior of the Wronskian Wk;0ða; λÞ for large
magnitudes of λ, allowing us to infer the sector from which
zeros can emerge in the limit jλj → ∞.

1. Zeros of the Wronskian Wk;0ða; λÞ for large jλj
Since Sibuya provided complete results only for the

case W2;0, we will primarily exploit the insights by Shin
on the behavior of Wk;0 for k ≥ 3 and n ≥ 3 ([98] see
Theorems 4.1 and 4.2). Let us first assert that for large

50Shin’s work [98] addresses a sufficiently broad class of cases
to allow the general case to be deduced with relative ease.
However, we chose to adopt a middle ground by drawing on some
of Shin’s results without directly appealing to the full conclusion
right away.
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magnitudes of the eigenvalues, their argument argðλlÞ
converges toward a specific value argðλ∞Þ; i.e.,for any
ε > 0 there should be only finitely many eigenvalues for
which j argðλlÞ − argðλ∞Þj > ε. Thus the eigenvalues
condense onto a single ray in the complex plane.51

Furthermore, the leading-order result for the eigenvalues
in the limit l → ∞ does not depend on a, which only enters

next-to-leading corrections due to the Voros symbols
entering the quantization condition being dominated by
the highest monomial power (and certainly the value of λ).
This allows us to set a ¼ 0 for our purposes, simplifying
the intermediate expressions.52 Utilizing Theorem 4.1
in Ref. [98], one finds that for 2 ≤ k < bn=2c þ 1, the
Wronskian Wk;0 admits the asymptotic expansion

Wk;0ð0; λÞ ¼ −W0;kð0; λÞ ¼ −ω−1W−1;k−1ð0;ω2λÞ
¼ −2ω−1ω

2−ðk−1Þ
2

þn
4

�
1þOð1Þ� exp�Kðω−2ω2λÞ12þ1

n − Kðω2ðk−2Þω2λÞ12þ1
n
�

− 2ω−1ω
2−ðk−1Þ

2
þn

4

�
1þOð1Þ� exp�Kðω2ðk−1Þω2λÞ12þ1

n − Kðω2λÞ12þ1
n
�
; ðD11Þ

which is valid for jλj → ∞ in the narrow sector

−
2ðk − 2Þπ
nþ 2

− δ ≤ argðω2λÞ ≤ −
2ðk − 2Þπ
nþ 2

þ δ

⇔ −
2kπ
nþ 2

− δ ≤ argðλÞ ≤ −
2kπ
nþ 2

þ δ: ðD12Þ

Hereby, δ > 0 is an arbitrarily small positive number, while
we furthermore defined the auxiliary constant

K ≔
Z

∞

0

� ffiffiffiffiffiffiffiffiffiffiffiffi
tn þ 1

p
− t

n
2

�
dt

¼ Γð1nÞΓð12 − 1
nÞ

ðnþ 2Þ ffiffiffi
π

p ¼
ffiffiffi
π

p
2 cosðπnÞ

Γð1þ 1
nÞ

Γð3
2
þ 1

nÞ
: ðD13Þ

As can be checked explicitly, the Wronskian Wk;0ð0; λÞ
indeed possesses zeros in that particular strip, whose
leading-order behavior can be obtained by solving

exp
n
KðωkλÞ12þ1

n

�
ω−kðnþ2Þ

2n − ω
ðk−2Þðnþ2Þ

2n

�
− KðωkλÞ12þ1

nω
nþ2
n

�
ω

ðk−2Þðnþ2Þ
2n − ω−kðnþ2Þ

2n

�
þOð1Þ

o
¼ −1:

ðD14Þ

Rearranging the terms suitably, one arrives at the quantiza-
tion condition

Kðω−kλlÞnþ2
2n

�
ω

nþ2
2n þ ω−nþ2

2n

�h
ω

ðk−1Þðnþ2Þ
2n − ω−ðk−1Þðnþ2Þ

2n

i
þOð1Þ

¼ ð2lþ 1Þiπ ðD15Þ

with l∈Z. Representing the bracketed terms as sine and
cosine, one arrives at the desired result

λl ⟶
l→∞

ω−k
� ð2lþ 1Þπ
4 cosðπnÞ sinððk−1Þπn ÞK

� 2n
nþ2½1þOð1Þ�: ðD16Þ

Given n ≥ 3 and k ≥ 2, for non-negative l ≥ 0 the brack-
eted expression is positive, such that one indeed finds these
zeros of the Wronskian Wk;0ð0; λÞ to lie in the correct
angular sector (D12), for which the above derivation was
valid. Negative l are prohibited by the fact that the so-
found λl would lie outside the range of applicability of
Eq. (D11). As we asserted previously, there should not be a
second ray where zeros of the Wronskian accumulate; thus
the given solutions indeed capture all zeros with suffi-
ciently large magnitude. Note that while relation (D16)
looks slightly different from Eq. (29.12) in Sibuya’s work
[76], they are identical upon using trigonometric identities.
While our previous considerations applied to

2 ≤ k < bn=2c þ 1, we also require the case of even n
with k ¼ n=2þ 1. This special case was similarly
considered by Shin in Theorem 4.2, asserting that the
Wronskian in that case admits the expansion

Wn
2
þ1;0ð0; λÞ ¼ −W0;n

2
þ1ð0; λÞ ¼ −ω−1W−1;n

2
ð0;ω2λÞ

¼ 2ω−1ω2þn
2

�
1þOð1Þ� exp�−2Kðω2λÞ12þ1

n
�þ 2ω−1ω2þn

2

�
1þOð1Þ� exp�−2Kðωn−2ω2λÞ12þ1

n
�
; ðD17Þ

51We will not prove this conjectured as it would require a more in-depth discussion of the Wronskian. To this end, note that the
WronskianWkþ−k−;0 constitutes an entire function of finite order 0 < 1

2
þ 1

n < 1 (for the relevant case n ≥ 3), whose zeros fulfill certain
regularity conditions provided that its associated indicator attains its minimum in a single direction [126]. Since this discussion holds
limited relevance to the overall paper, we will refrain from exploring it further, rather leaving this open problem unaddressed.

52One does indeed not need to infer this simplification, as it would pop out of an explicit computation retaining variable a. However,
let us shorten the discussion by instating this simplification.
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being valid in the angular sector

−π þ 4π

nþ 2
− δ ≤ argðω2λÞ ≤ −π þ 4π

nþ 2
þ δ ⇔ −π − δ ≤ argðλÞ ≤ −π þ δ: ðD18Þ

Repeating the identical procedure as above leads to the
condition

exp
�
2Kðωn

2
þ1λÞnþ2

2n
�ðω1−n

2Þnþ2
2n − ðωn

2
−1Þnþ2

2n
�þOð1Þ� ¼ −1;

ðD19Þ

such that the zeros are found to possess the asymptotic
behavior

λl ¼ −
� ð2lþ 1Þπ
4 sinðπ

2
− π

nÞK
� 2n

nþ2½1þOð1Þ�: ðD20Þ

For non-negative l, the solutions toWn=2þ1;0ð0; λÞ again lie
in the correct sector (D18) for the derivation to be valid,
thus constitute the generic behavior of all zeros with large
magnitude. Note that the previous result (D16) simply

extends to the present case, as the use of sinðπ=2 − π=nÞ ¼
cosðπ=nÞ proves the equality between (D16) and (D20).

2. Extracting the generic large-order behavior
of the eigenvalues El

Knowing the zeros of the Wronskian Wk;0 allows us to
infer the eigenvalues λl of our (rescaled) eigenvalue
problem (D4), as we formerly argued that the eigenvalues
are simply the zeros of Wkþ−k−;0ðak− ;ω2k−λÞ. Take note of
the important fact that we can always label two (non-
adjacent) Stokes sectors Sk� such that the difference
kþ − k− fulfills 2 ≤ kþ − k− ≤ bn=2c þ 1. Except for the
case kþ − k− ¼ bn=2c þ 1 this assignment is unambigu-
ous, fully fixing both kþ and k−. Simply invoking the
previous results (D16) and (D20) yields

λl ¼ ω−ðkþþk−Þ
� ffiffiffi

π
p

Γð3
2
þ 1

nÞ
sinðπðkþ−k−−1Þn ÞΓð1þ 1

nÞ



lþ 1

2

�� 2n
nþ2½1þOð1Þ�; ðD21Þ

where we additionally utilized expression (D13) for the constant K. The given expression (D21) generalizes the leading-
order result stated by Shin in his Theorem 1.4. Lastly, we recover the original eigenvalues by inverting relation (D3),
arriving at the final result53

El ∼
ℏ2

2m



2mcn
ℏ2

� 2
nþ2

exp

�
2iπ
nþ 2



nþ 2

2
− kþ − k−

��� ffiffiffi
π

p
Γð3

2
þ 1

nÞðlþ 1
2
Þ

sinðπðkþ−k−−1Þn ÞΓð1þ 1
nÞ

� 2n
nþ2

: ðD22Þ
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