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In this study, we conduct a thorough examination of the spectrum of the open confining string in 3 + 1
dimensions, commonly referred to as the open flux tube, across various gauge groups of SU(N,.). Our
primary objective is to explore its behavior as we approach the large-N, limit and the identification of
possible world-sheet axion states. Specifically, we undertake a detailed analysis of the associated spectrum
for N. = 3, 4, 5, 6. This marks the first systematic investigation of the open flux-tube spectrum within the
context of the large-N . limit. More specifically, we analyze the spectra of flux tubes that form between a
static quark-antiquark pair, considering a significant number of radial excitations and eight irreducible
representations characterized by the quantum numbers of angular momentum A, charge conjugation and
parity ncp, and the reflection symmetry e for A = 0. To this purpose we employ a diverse set of suitable
operators, an anisotropic action, and smearing techniques, and solve the generalized eigenvalue problem.
We compare our findings with predictions from the Nambu-Goto string model to assess potential tensions
indicative of novel phenomena such as the existence of axionlike state along the flux-tube world sheet.
Notably, we provide undoubted evidence of the existence of a massive axionlike particle with the same
mass as the corresponding axion extracted within the context of closed flux tube. This strengthens the

conjecture that the axion is a property of the world sheet of the QCD string.

DOI: 10.1103/2g74-q38h

I. INTRODUCTION

In the realm of confining gauge theories like SU(N.)
gluodynamics with N, colors, the energy of a gauge field
generated by color charges is compressed into flux tubes,
forming what are known as confining strings. Unravelling the
dynamics of the world sheet associated with these confining
strings stands as a pivotal endeavor in comprehending color
confinement. Despite considerable theoretical and lattice-
based efforts, this inquiry remains unresolved. Nevertheless,
progress has been made over the last decade, and concrete
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initiatives like the Simons Collaboration on Confinement and
QCD Strings [1] are investing significant effort into unrav-
elling this behavior.

Significant progress has been made over the past decade
in understanding the effective string-theoretical description
of the closed flux tube [2-5]. In particular, the dynamics of
the world sheet theory have been extracted from lattice data
in a model-independent manner. This involves conside-
ring a long and smooth flux tube, where the world
sheet dynamics are universal and governed by a low-
energy theory of translational Goldstone modes (phonons).
These dynamics are primarily described by the Nambu-
Goto action [6-8], supplemented by additional higher-
dimensional operators [9].

A standard method for calculating the excitation spectrum
of torelons involves a perturbative expansion in powers of
1/(R+/c), where o denotes the string tension [9,10] and R the
length of the string. This approach is effective for sufficiently
long flux tubes, as it neglects energy contributions from
phonon scattering processes. Consequently, it is expected to
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work well for string states with no phonon content or for
those containing a single phonon.

Recent advancements, however, propose that a thermo-
dynamic Bethe Ansatz (TBA) analysis, expanded in both
1/(R\/6) and the softness of phonons (i.e., p/\/0),
provides a more robust framework [11]. This approach
offers an effective string theory capable of capturing the
energy spectrum of the flux tube across its entire length,
ensuring greater accuracy even in regimes where traditional
methods fall short.

A thorough TBA analysis of lattice data on closed flux
tubes has unveiled a fascinatingly rich structure in world
sheet dynamics. This includes the discovery of multiple
stringlike states and a significant massive excitation com-
monly referred to as the “world sheet axion” [11,12]. These
insights highlight a complex interplay between the
Goldstone modes and additional degrees of freedom
present on the closed string world sheet. This intricate
dynamic has far-reaching implications, influencing both the
formulation of low-energy effective field theories and our
understanding of high-energy behavior in such systems.

The axion appears to emerge naturally as a feature of the
world sheet action of the bosonic string. This raises the
expectation that a similar property should manifest in the
spectrum of the open flux tube. Supporting evidence for
this can be found in earlier work [13] and more recent
studies [14], where signals of such an excitation seem to be
present. Specifically, states with masses corresponding to
the absolute ground state in the 2; representation are
observed, coupled with an additional constant mass term.

This observation prompts a critical question: are these
states intrinsic to the dynamics of the world sheet, or do they
result from couplings between the ground state and glue-
balls? Resolving this question requires computations in the
large-N . limit [15—17]. Within this framework, phenomena
like these are expected to be suppressed as nonplanar
contributions in the traditional large-N, simplification of
connected correlation functions. Such an analysis would
provide clearer insights into whether these excitations are a
fundamental feature of the world sheet dynamics or arise
from interactions with external degrees of freedom.

Building upon the work reported in [14], this study
represents the first-ever consistent lattice calculation of the
3 + 1 dimensional open flux-tube spectrum in the large-N..
limit. This marks a significant advancement by addressing
potential caveats that could lead to an underestimation of
the open-string spectrum.

Several improvements were implemented to ensure the
reliability and precision of the results. For instance,
anisotropic lattices were employed to improve the identi-
fication of mass plateaus, providing a more robust extrac-
tion of energy levels. Additionally, the fluctuations of the
topological charge were carefully controlled to minimize
systematic uncertainties by ensuring that topological freez-
ing [18-20] does not occur. A large basis of operators

[21,22] was used to solve the generalized eigenvalue
problem [23], ensuring a comprehensive exploration of
the spectrum. Furthermore, advanced techniques such as
smearing and multihit methods were utilized to enhance the
signal-to-noise ratio, allowing for more accurate measure-
ments of energy states.

These methodological refinements collectively establish
a solid foundation for the accurate determination of the
open flux-tube spectrum, providing new insights into the
dynamics of confining strings in the large-N . limit.

This article is organized as follows: First, we discuss the
expected theoretical predictions focusing on the Nambu-
Goto string as well as Lorentz invariant effective string
theories, followed by an explanation of the relevant
quantum numbers describing the open flux tube. Next,
we provide a brief discussion on the lattice calculation,
explaining how we obtain the flux-tube masses. Then we
investigate the topological charge properties of the simu-
lations demonstrating that our configuration ensembles are
ergodic. Finally, we present our results for the spectrum of
the open flux tube and conclude.

II. STRINGS AND THE AXIONIC STRING ANSATZ
A. The Nambu-Goto string

A long flux tube can be effectively described as a low-
energy bosonic string. Its dynamics are governed by the
translational Goldstone bosons associated with the breaking
of ISO(1, D — 1), the Poincaré symmetry in D-dimensional
spacetime. This symmetry is spontaneously broken to the
subgroup 7SO(1,1) x O(D —2), corresponding to longi-
tudinal and transverse directions, respectively. As aresult, the
physics of the flux tube is most naturally expressed using an
action in terms of D world sheet scalar fields, X#, which
describe the embedding of the string’s two-dimensional
world sheet into the D-dimensional target spacetime.

The leading-order action, which characterizes the sim-
plest bosonic string model, is the Nambu-Goto action,

given by,
S:—O'/dzxw/—detha , (1)

where o is the string tension, and £, is the induced metric
on the string world sheet, also referred to as the first
fundamental form. The induced metric is defined as

hap = 0, X" 04X, (2)

where d,X* denotes the derivatives of the world sheet
embedding functions.

Quantizing the Polyakov action [24-27], which is
classically equivalent to the Nambu-Goto action, yields
the energy spectrum of an open relativistic string of length
R with fixed endpoints. The resulting spectrum is described
by the Arvis potential [28],
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where N defined in Eq. (9), not to be confused with the
number of colors N, is the principal quantum number
associated with the string’s vibrational modes, and D is the
dimension of spacetime. Since ENS(R) is commonly
referred to as the Arvis potential, we will adopt the notation
V(R) = ENS(R) throughout this manuscript.

This expression captures the relativistic corrections to
the string’s energy and demonstrates how the string tension
and quantum fluctuations combine to determine its behav-
ior at both classical and quantum levels. The factor
(D —2)/24 accounts for the contributions of the zero point
energies of the D — 2 transverse Goldstone bosons and
reflects the string’s quantum nature in D-dimensional
spacetime. Of course Weyl anomaly suggests that from
first sight Nambu-Goto energy prediction does not preserve
Lorentz invariance, thus, hindering a concrete interpreta-
tion for the confining flux-tube. The challenge of formulat-
ing a Lorentz-invariant description of the confining flux
tube has engaged physicists for over four decades.

B. Lorentz invariant effective string theories

Systematic methods for studying Lorentz-invariant effec-
tive string theory (EST), which describes the confining
string, were first developed by Liischer, Symanzik, and
Weisz in [29] using the static gauge, and by Polchinski
and Strominger in [30] using the conformal gauge. These
approaches yield predictions for the energy spectrum of
states as an expansion in 1/R+/a. Specifically, terms of order
O(1/RP?) arise from (p + 1)-derivative contributions to the
EST action, whose coefficients correspond to low energy
coefficients (LECs) that are initially unconstrained.
However, it was later discovered that these LECs are subject
to stringent constraints due to the nonlinear realization of
Lorentz symmetry [9,10,31]. As a result, certain terms in the
1/R expansion can be predicted without any free parameters.

Different formulations of effective string theory (EST) are
distinguished by the choice of gauge fixing applied to the
embedding coordinates on the world sheet. Two primary
approaches exist: the static gauge [9,10,29] and the con-
formal gauge [30,32,33] as mentioned in the previous
paragraph, both of which ultimately yield the same physical
predictions.

The Polchinski-Strominger approach formulates the
effective string theory in the conformal gauge, where the
dynamical degrees of freedom are represented by the D
embedding coordinates of the string world sheet. Within
this framework, the form of the effective action is con-
strained by the requirement that the total central charge
matches its critical value. It was demonstrated that this
condition uniquely fixes the four-derivative terms of the
effective action, compelling them to coincide with those
of the Nambu-Goto action. In contrast, the static-gauge

formulation takes a different perspective. Here, the gauge
choice fixes two of the world sheet coordinates, leaving
only the (D —2) transverse fluctuations as the physical
degrees of freedom. The gauge choice, however, renders
Poincaré invariance nonmanifest, necessitating a nonlinear
realization of the symmetry. Despite this, the resulting
effective theory maintains full Lorentz invariance when
expressed in terms of the transverse fields.

At the foundation of EST lies the leading-order area
term, which governs the large-string behavior and gives rise
to a linearly rising potential, expressed as E ~ oR. The next
contribution comes from the Gaussian action, responsible
for the well-known Liischer term, proportional to 1/R,
whose coefficient is universal and depends only on the
space-time dimension D,

Sest = oRT + g / dx0,X,;.0°X" + ... (4)

where X’ (i =1, ..., D —2) denote the transverse degrees
of freedom of the bosonic string. Higher-order corrections
emerge from terms with increasing numbers of derivatives,
ie.,

1

o[ (L a2 AByi2
+2/dx<8(aaX,.aX) 4(aax,.aﬂx)). (5)

The above four-derivative term introduces a correction
proportional to 1/R?, again featuring a universal coefficient
that depends on D. Extending this framework to six-
derivative terms [34,35], one finds that in D = 3, these
terms generate a universal correction proportional to 1/R>.
However, for general excited states in D = 4, the coefficient
of the O(1/R%) term is not universal, though notably, the
correction remains universal for the ground state.

Unlike the closed-flux-tube case, where one must
account for derivative terms arising from the dynamics
of the oscillating bosonic string, the open flux-tube case
requires considering boundary terms as well [34,35].

In summary, the energy spectrum for a long string
follows the expansion,

EN(®) = ValRya) + (27 (V- 222
_2££)3 (N_Dzzt 2>2
o (V)
o (@) ©
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The leading term, along with the terms proportional to
1/R\/o, 1/(R\/5), and the first term proportional to
1/(R/5)>, matches the expansion of Eq. (3) up to order
O(1/(R+/5)7), while the terms with coefficients b, and Cy
arise from boundary effects. Therefore, the Nambu-Goto
equation can be interpreted as a particular resummation of
tree-level terms in the 1/(R+/o) expansion. Therefore, the

energy of the open flux tube takes the following expression:
b3
EN(®) = EXO(R) + (2 V2 (B

D-2
(RVo)* \"" ™ 60>
7*\/o(D - 26) 1
o+ ()

48(R+/05)’
In the above expression, 1_72 is a universal coefficient that
does not depend on the excitation number N, whereas By
and Cy vary with N. In this work, we will attempt to extract
b, the subleading 1/R* term, for which By = 0 and B, = 4.

C. The string quantum numbers

To achieve a comprehensive understanding of the spec-
trum of the open flux tube, it is essential to extract the
energy levels of all states that can be constructed from all
possible combinations of phonon operators acting on the
vacuum. In practice, this requires projecting onto all states
that transform according to the relevant quantum numbers
associated with the symmetries of the system.

The energy states of the open flux-tube can be classified
irreducibly using three key quantum numbers. These
symmetries are illustrated schematically in Fig. 1 and
described in detail below:

(1) Angular momentum projection (A): The first sym-
metry corresponds to the projection of angular mo-
mentum J onto the charge axis, represented by J - R,
where R is the unit vector along the charge axis. This
projection is denoted by A. It is conventional to use
Greek letters to label these states, with X, IT, A, @, ...
correspondingto A = 0, 1,2, 3, ..., respectively. This
notation is inspired by the irreducible representations
of the dihedral group commonly used in molecular
symmetry classifications [36].

—_CoP = g/u

\q

z
A— S IL,A,

P, =+

FIG. 1. Symmetries describing irreducibly the energy states of
the flux tube.

(2) Charge conjugation and parity (7cp): The second
symmetry involves the combination of charge con-
jugation (C) and spatial inversion (P) about the
midpoint between the quark and the antiquark. This
combined operation, denoted as CoP, has eigenval-
ues #cp, which are labeled as g or u, corresponding
to +1 (even) or —1 (odd) eigenvalues, respectively.

(3) Reflection symmetry for X states (¢): For X states
(A = 0), an additional quantum number ¢ is defined,
representing the eigenvalue of the reflection operator
with respect to any plane containing the charge axis.
These eigenvalues are labeled as + for even and — for
odd reflection symmetry. It is important to note that
for states with A > 1, the reflection symmetry does
not affect the energy of the gluonic excitations.
Instead, such reflections merely change the handed-
ness of the state, as indicated by the sign of J - R.

Based on these symmetries, the states of the open flux tube
are categorized and denoted as X, . DI Il 0, 11,, A,
A,, and so on. This systematic classification provides a
detailed framework for analyzing the spectrum of open flux
tubes and the associated gluonic excitations.

D. Quantum numbers and phonons

As expected, the phononic content along the fluctuating
string results in stationary states, which can be expressed in
terms of normal modes using the D — 2 transverse dis-
placement fields X'. These modes carry relative momenta
ma for positive integer m, where @ = z/R.

We define right-(+) and left-(—) circularly polarized
ladder operators aj,, .» which, for simplicity, we refer to as
“phonons.” The string states can then be constructed as
linear combinations of eigenmodes, expressed as,

[Se]

()" (ajy-)"-)[0). (8)

m=1

where |0) denotes the ground state of the string, and n,,+
and n,,- are occupation numbers taking values 0, 1,2, ....
The eigenvalues of the principal quantum number N, the
angular momentum quantum number A, and parity #cp can
be determined using the following expressions:

N = im(n,,ﬁ + 1), (9)

m=1

[]s

A=|

(I’lm+ - nm_) > (10)

1

m

nep = (=Y. (11)

In Table I, we classify the flux-tube states based on their
energy and the symmetries governing the open flux tube.
For each combination of excitation level and molecular
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TABLE I. Low-lying string states for an open string with fixed
ends expressed in terms of right-handed (+) and left-handed (—)
circularly polarized phonons, following the notation in Ref. [37].
We note that the number of prime symbols appearing as super-
scripts in the notation of the irreducible representations indicates
the excitation level.

Excitation =~ Symmetry State
N=0 z; |0)
N=1 I, a!.[0) al-|0)
N=2 ! “I+0-HO>
1, al.[0) a;-10)
A, (aj.)?[0) (aj-)?10)
N=3 = (al,a} +aj-a].)|0)
z, (a}.a}- —aj-a}.)|0)
I, a}.|0) al-10)
I, (a2} 10)  al.(a])0)
Ay aL a; |0) al-aj-|0)
P (a}.)’[0) (aj-)*10)
N=4 ) aj.dj-|0)
" (a1)*(a}-)?0)
5™ (aj.al- +aj-aj.)|0)
Z (aj.ai- —aj-ai.)|0)
11 a,.|0) a;-|0)
I (a}-a3-|0) (a}-)*aj. |0)
"y aparanl0)  alai-al0)
A% a} a; |0) a? a; |0)
Ay (a3.)?[0) (ab-)?0)
Ay (a}:)*a;-|0) aj. (aj-)’(0)
@, (a:)?a3.10) (a}-)*a3-10)
L, (aj.)*0) (a-)*10)

symmetry, we provide the associated string states. As
evident from the Table, multifold degeneracies emerge
as energy levels increase.

E. The axionic string Ansatz (ASA)

In the case of closed flux tubes, the universal predictions
of the TBA have been shown to accurately describe a large
sector of confining string excitations. This has been
confirmed with high precision in both D =4 and D =3
dimensions [3,4,38,39]. However, at shorter string lengths
R, most states exhibit increasing deviations from these
predictions, indicating the influence of nonuniversal
corrections. TBA analysis has allowed for the determina-
tion of the first nontrivial Wilson coefficient for D =3
confining strings [40,41]. Interestingly, some D = 4 states
including the ground state with quantum numbers 0™~
show significant deviations from universal TBA predictions
even at relatively large R, suggesting the presence of an

additional massive excitation on the string world sheet,
commonly referred to as the “string axion” [11,40].

This suggests the existence of an additional term in the
world sheet action that governs the leading-order inter-
actions between the world sheet axion and the transverse
Goldstone modes. The corresponding action is given by,

Sy = / d*oV/'~h (—;(a¢)2—;m2¢2

+ % h“ﬁeﬂbllpaat””aﬁtﬂpqﬁ) ’ (12)

where ¢ represents the pseudoscalar world sheet axion, and

= ;"_ihaaxm,}xv is the extrinsic curvature of the world
sheet. The axion mass m can be determined from
Monte Carlo simulations of the 4D SU(N,.) Yang-Mills
confining flux-tube spectrum using TBA analysis, yielding
values of m = 1.82(2) for SU(3), m = 1.65(2) for SU(5),
and m = 1.65(2) for SU(6) [5].

III. LATTICE QCD METHODOLOGY

In this Section, we outline the lattice QCD framework
used in our calculations.

A. Our lattice framework
to study the flux-tube spectrum

In this work, we focus on the large-distance behavior of the
excited spectrum, deliberately avoiding short-distance
effects. To achieve this, we employ the Wilson action
discretized on anisotropic lattices [ 13], which is expressed as,

Switson = (é Z Ws,x’ + §ZW‘Y,I> ’ (13)

x,5>s" X,

where # = 2N./g* is the inverse coupling constant and &
represents the bare anisotropy factor, defined as the ratio of the
spatial to temporal lattice spacings (a,/a, ). Furthermore, with
s, s we denote spatial links in different directions. Here, W
represents the spatial plaquettes, and W , the spatial-temporal
plaquettes. By using an anisotropic action, we achieve finer
lattice spacing in the temporal direction while maintaining a
coarser spacing in spatial directions. This results in more data
points for the effective mass plot along the time direction and
enables the study of larger intercharge distances. For inves-
tigations at short distances see for instance [42—45].

In this work, we use the publicly available code introduced
in Ref. [46] to generate SU(N,.) lattice QCD pure gauge
configurations. This code is developed using CUDA com-
puter language to run on Graphics Processing Units. The
parameters of each configuration ensemble produced are
listed in Table II. The selected lattice parameters ensure that
the measurements are free from finite volume effects [14]. To
ensure ergodicity, we examine the topological charge and its

094517-5
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TABLE II.

Details of the ensembles generated using the anisotropic Wilson action. &, is the renormalized anisotropy factor, computed

using the method described in Ref. [47]. All ensembles have undergone 100 times multihit smearing in the temporal direction and APE

smearing (a = 0.3, n, = 20) in the spatial directions.

Ensemble N, p & &, Lattice ag\/c an/c (Plaquette) 74\ #config
Wi, 3 5.9 2 2.1735 243 % 48 0.3049(17) 0.1403(8) 0.595665(6) 0.4239(4) 1000
Wyo 4 10.7 2 2.1825 243 x 48 0.3493(9) 0.1601(4) 0.571288(5) 0.4232(6) 1000
Ws., 5 17.2 2 2.1830 243 % 48 0.3006(5) 0.1377(2) 0.575065(4) 0.4021(5) 1000
Weor 6 24.9 2 2.1850 243 x 48 0.3107(15) 0.1422(7) 0.568885(3) 0.3943(6) 1000
W4 3 5.7 4 4.5385 243 % 96 0.4024(16) 0.0887(4) 0.617109(6) 0.4395(1) 1000
Wya 4 10.4 4 4.5663 243 x 96 0.4445(3) 0.0973(1) 0.599735(5) 0.4477(7) 1000
Ws.4 5 16.5 4 4.5766 243 x 96 0.4484(1) 0.0980(0) 0.593900(4) 0.4415(10) 1000
Wea 6 24.0 4 4.5811 243 x 96 0.4333(2) 0.0946(0) 0.592902(4) 0.4434(10) 1000

evolution. The topological aspects of the calculation are
presented in Sec. III C.

As discussed in the previous paragraph, maintaining a
coarse lattice spacing requires increasing the resolution
along the temporal extent. To achieve this, we consider two
values of the spatial lattice spacing for each choice of the
number of colors: a,/6 ~ 0.4 with a bare anisotropy of
& =4, and ag+/o ~ 0.3 with a bare anisotropy of ¢ = 2. The
value of /3 is expected to scale approximately as ~N2, and
its specific values have been chosen based on the results of
Ref. [48]. Since a significant tuning effort would be
necessary to have exactly identical lattice spacings for
all different N, the matching between our different spatial
lattice spacings remains approximate.

To compute the lattice spacing, we fit the Cornell
potential to the ground state X,

B

where N, is the spatial separation. Notice a fit with the
Nambu-Goto potential would force us to go to quite large
distances to avoid the effect of the tachyon in Eq. (3). Since
we present our data in string tension units, the lattice
spacings are given by,

¢

as\/g =V c¢,, £ >

an/o = (15)

where &, is the renormalized anisotropy. Besides, the
constant of the Coulomb term is,

a = _Bgr (16)

and we checked that if we fit in an interval with large values
of N, >4, a is compatible with the Liischer constant
—n/12. For the dataset presented in the paper, we use the
results for the SU(N) string tensions fitted in wider
intervals, to have smaller error bars and good y2/dof.

The renormalized anisotropy factor &, was perturbatively
computed at one-loop order by Ref. [47], extending
Ref. [49] and using the finite volume effective action for
SU(N.) gauge theories in the background of a zero-
momentum gauge field. An alternative approach consists
of computing nonperturbatively the ratio of the spatial-
temporal and spatial-spatial Wilson loops. This was used in
Ref. [50] at short distances for the SU(3) case and in
Ref. [51] at longer distances (with the string tensions) for
the U(1) gauge theory. Reference [52] verified the agree-
ment of the two approaches for SU(3) within discrepancies
of less than 3%. Since we are interested in SU(N,), we
utilize the results of Ref. [47], leaving for future studies the
direct computation on the lattice of the SU(N ) renormal-
ized anisotropies.

Specifically, the expression for
anisotropy factor &, is given by

the normalized

fr(NC’£7ﬂ>

= LEmWe o/ (1)

where,
A2

9—N. N2—4
n (N, &) = 5‘n1(2,§)+ ‘5 n(3.¢). (18)

The function 7, (N, £) is determined by the cases of SU(2)
and SU(3) and these are provided with a very high
precision in Table 1 of Ref. [47]. In Table III we show
the values related to our work. Interestingly, in the case of
the Wilson action, these functions are approximately linear

TABLE III.  Values of (N, &) from Ref. [47], used as input in
Eq. (18), to compute the renormalized anisotropy &, in Table II.

Group N I3 71 (&, N) Wilson
SU(2) 2 2 0.18006435
SU(2) 2 4 0.26388176
SU(3) 3 2 0.51182234
SU(3) 3 4 0.76739428
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@
q

(a) Staples used for the construction of spatial Wilson lines
in order to project onto flux-tube states described by E:{,
IT,, and Ay.

(b) Staples used for the construction of spatial Wilson lines
in order to project onto flux-tube states described by £ .

* o --
: ’f’/2 %
l x ‘
% Co(r+1)/2
; e >0 --O
q q

(c) Staples used for the construction of spatial Wilson lines
in order to project onto flux-tube states described by .7,
Iy, and A,.

(d) Staples used for the construction of spatial Wilson lines
in order to project onto flux-tube states described by X, .

FIG. 2. Operators are built using the staples above based on the
prescription described in Ref. [14]. Once assembled to irreduc-
ibly project onto a particular symmetry, the operators are used on
the fly during the simulation to compute the entries of the Wilson
correlation matrix (see Fig. 3).

in 1/&. We consider the cases of £ =2 and & = 4 and the
respective one-loop renormalized anisotropies are pre-
sented in Table IL.

The operators are constructed using smeared links.
Specifically, we apply APE [53,54] smearing to spatial
links, while temporal links are smeared using the multihit
technique [55,56].

We use linear combinations of the staples shown in Fig. 2
consisting of rotations around the principal axis and
reflections over the two parity planes to compute the
Wilson correlation matrix for each irreducible representa-
tion of the flux tube.

ol
J
-~
Tt(n,t) e tlo T(n+rfi,t)
r
[N ———
¢ Oi g

FIG. 3. Closed loop corresponding to the entry C; ;(r, t) of the
Wilson correlation matrix.

B. Extracting the effective mass

To compute the spectrum of the flux tube, we first
construct the Wilson correlation matrix, C(r, t). The entry
C; j(r.t) of this matrix represents the expectation value of
space-time closed loops (see Fig. 3), where the spatial
segments are replaced by operators O; and O; that share the
same symmetry as the flux-tube of interest.

The jackknife method is used to estimate the statistical
errors of the computed quantities.

Next, we compute the generalized eigenvalues 4,
[23,57-59] of the Wilson correlation matrix by solving

C(r,t)v, = A,(r, t)C(r, to)0,, (19)

where we set ¢, = 0. This yields a set of time-dependent
eigenvalues A,(¢) for each r, which we then arrange in
ascending order, with n indicating their rank in the order-
ing. The effective mass is then obtained as the plateau
observed in

A (1, 1)

E, =In————.
N TN

(20)

In practice, finding a clear plateau is not always possible
because larger values of r and ¢ introduce significant noise.
As aresult, the plateau may either not exist or be unreliable.

By closely examining In %

smooth for small values of ¢, but contributions from excited
states still persist.

For simplicity, let us consider how the Wilson loop is
related to the energy of the states,

we observe that the plot is

(W(r,1)) = iAne‘Enm’, (21)
n=0

where we assume that £, are ordered in ascending values.
We aim to determine E,,. To eliminate a degree of freedom,
it is common to consider

W(r,t) g 1+Ae BBy

_ JE (9
W(r,t—|—1) ¢ 1+Ale—(El—Eo)(1+l)+_'_ ( )
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FIG. 4. Effective mass determination using fits to Eq. (24). The fitted curve is shown as a solid line, while the dotted line represents the
extrapolation of the fit. The width of the shaded band indicates the uncertainty in the effective mass. The middle and left panels illustrate
cases where the signal-to-noise ratio is large, and the plateau is not present. In contrast, the right panel shows a case where a plateau is

clearly identified, and the result is consistent with a fit to Eq. (24).

Typically, the energy values are extracted from the plateau
in the effective mass plot for large 7, where the higher-order
exponential terms become negligible. The effective energy
plateau value is defined as,

. W(r, 1)
Eo(r, t) = }LI(I)IO lnm .

(23)
For cases where the plateau is absent or unreliable, we
retain only the first or second exponential term in Eq. (22)
and fit the ansatz

W(r, 1) 1+ A e
0 Fy4ln— 1
"Wt~ 0 g + AjedEHD)

(24)
This approach requires at least four data points to fit the
ansatz. In Fig. 4, we illustrate how this method works. In
the last plot of Fig. 4, we compare this method with the
effective mass plateau on an ensemble where such a
comparison is feasible, finding consistent results between
the two approaches. Our primary goal of course, is to
identify the plateau; however, when no plateau is found, we
extract the potential using Eq. (24). This situation com-
monly occurs in the effective mass plots of more excited
states, where no clear signal is visible.

C. Topological charge and critical slowing down

The topological charge QO of a gauge field is formally
defined in the continuum as the four-dimensional Euclidean
integral of the topological density across space-time. Its
expression is given by,

1

C=52

d*x€,,,Tr[Gu (x)Gpo (x)]. (25)
where G, (x) is the field strength tensor, €,,,, is the Levi-

Civita symbol in four dimensions, and Tr denotes the trace
over color indices.

On the lattice, any discretization method for the topo-
logical charge density that accurately reproduces the
continuum expression in the limit of vanishing lattice
spacing can be used. In this work, we employ the
Clover representation [60] for the topological charge
density.

In a Monte Carlo sequence of SU(N .) lattice gauge fields,
the rate at which the topological charge Q changes decreases
significantly as the lattice spacing a(f3) approaches zero at
fixed N, or as N, increases while keeping a(ff) constant.
This phenomenon is known as critical slowing down. This
rapid suppression of topological transitions raises important
concerns about whether the generated gauge field configu-
rations provide sufficient sampling across different topo-
logical sectors. In this work, we present a concise
examination of the degree to which topological freezing
influences our calculations and its potential implications for
the reliability of our results. Consequently, the evaluation of
the topological charge is utilized primarily as a test of the
ergodicity of our simulations, rather than as a comprehensive
study of its topological properties.

The extraction of the topological charge Q out of a Monte-
Carlo produced gauge field is complicated by the existence of
ultraviolet (UV) fluctuations in the gauge fields. These
fluctuations obscure the topological structure of the field
configuration, making direct extraction of Q challenging. To
address this issue, a smoothing procedure must be applied to
suppress these UV divergences while preserving the essential
topological features of the gauge fields.

In our investigation, we adopt the APE smearing tech-
nique, which is both straightforward to implement and
effective at reducing UV noise. APE smearing iteratively
averages the gauge links to suppress high-momentum
modes, thereby smoothing the gauge field. It is worth noting
that at leading order, the topological content obtained
through APE smearing is equivalent to other widely used
smoothing methods such as cooling, Stout smearing, and
gradient flow, as demonstrated through gauge-field expan-
sions. This equivalence has also been verified numerically in
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FIG. 5.

SU(3) [60] gauge theories and can be generalized for
N, > 3; the agreement of the results of the topological
susceptibility with well-known established results directs to
this equivalence. A detailed analysis of the topological
quantities in anisotropic lattices for large N, is underway.

Among these methods, gradient flow stands out for its
well-established renormalizability properties, which ensure
that the smoothing process does not introduce significant
distortions to the physical content of the gauge field.
However, implementing gradient flow is computationally
more complex compared to APE smearing, especially for
higher-dimensional gauge groups (N. > 3) or in simula-
tions requiring large computational resources.

In summary, while gradient flow offers a theoretically
robust framework for smoothing, APE smearing provides a
practical alternative with sufficient accuracy for most
applications, particularly when computational simplicity
and efficiency are prioritized.

In Fig. 5, we present the evolution of the topological
charge for both SU(3) and SU(6). The SU(6) case repre-
sents our most extreme scenario, where severe topological
freezing effects are expected. As seen in Fig. 5, the
topological charge fluctuates adequately for both N, =3
and N. = 6, indicating that our simulations remain ergodic.

SU(3),&0 = 4, as+/o = 0.4024(16), ar/o = 0.0887(4)

60
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History of the topological charge for the ensembles produced for N. = 3 and N_. = 6 for both anisotropies.

While the charge evolution for SU(6) exhibits less frequent
changes, it does not compromise the diversity of sampled
configurations across different topological charge sectors.
Notably, we observe no signs of critical slowing down,
which may be attributed to the chosen anisotropy. We also
note that for larger values of N, we observed severe slowing
down, which is why our calculations were limited up
to SU(6).

A natural question arises: how many smearing steps
should be performed before quoting the topological
charge? This can be addressed in two ways. One approach
is to fix the number of smearing steps to match the
corresponding gradient flow time, #, [60]. Alternatively,
one can continue performing smearing until the topological
susceptibility reaches a plateau, indicating that UV noise
has been successfully removed while preserving the critical
topological content of the configurations. In this study, we
adopted the latter approach. Table II presents our computed
values of the topological susceptibility. Comparing our
values of the topological susceptibility with those reported
in Ref. [19], which pertain to isotropic lattices, we find that
they fall within the same bulk range. As a reference, an
indicative value for the continuum limit of pure SU(3)
gauge theory is y'/*/\/c = 0.4246(36).
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A detailed analysis of the topological properties of
anisotropic lattices in the large-N, limit is highly compel-
ling. The enlarged lattice volume may enhance the system’s
ergodicity, making the study particularly promising. Work
in this direction is currently ongoing.

IV. RESULTS ON THE SPECTRUM
OF THE OPEN FLUX TUBE

In this Section, we present our results for the spectra
obtained for N, = 3 to N, = 6, across the eight irreducible
representations: X1, X, X, X, I1, IT,, A , and A, for
both values of the bare anisotropy. Due to the richness of
the spectral data, we choose to display the results in separate
plots for each irreducible representation, allowing for clearer
comparisons. The spectra are shown in Figs. 6-9, corre-
sponding to N, =3, 4, 5, and 6, respectively. Each plot
includes data for both values of the bare anisotropy, 2 and 4.
We emphasize once again that a higher anisotropy corre-
sponds to a coarser lattice. For each N ., we choose to present
results at two different lattice spacings to examine whether
the spectrum’s behavior changes as we approach the con-
tinuum limit. Therefore, rather than attempting a continuum
extrapolation, we perform a straightforward comparison to
investigate the qualitative structure of the spectrum.

As explained in several sections throughout this manu-
script, the primary focus of this work is the extraction and
comparison of the spectra with the Nambu-Goto string
prediction, specifically the Arvis potential at different exci-
tation levels, as a means to investigate potential axion
signatures. In addition, we aim to explore whether the
spectrum exhibits any alterations as we approach the large-
N, limit.

A. The ground and first excited states

We begin the investigation with the absolute ground state
that corresponds to the X irreducible representation. The
ground state can be interpreted as the vacuum state |0), with
no phonon operators acting on it, implying that no
scattering processes occur along the string’s world sheet.
Thus, we expect the spectrum to be well approached by the
Nambu-Goto model up to boundary terms setting in at
order of 1/(R+/c)*. We present results for the £/ in all the
plots appearing in Figs. 6-9, mainly for comparison
purposes for higher excitation levels. Indeed, the X
ground state is closely approximated by the Arvis potential,
expanded just up to the Coulomb order O(1/(R+\/0)) to
remove the tachyonic divergence at short distances.
Deviations of the leading order O(1/(R+/5)*), as derived
in [9], are expected to appear for finite values of N, [61] as
well as in large-N. studies [62], since these are N,
independent. However, the focus of this work is not on
subleading corrections in each state’s energy but rather on
comparing the spectra with the Nambu-Goto string to
investigate potential massive excitation signatures or effects

of order O(1/(R+/5)?). For simplicity, we will henceforth
refer to such massive excitations as “axions,” in light of recent
findings related to the closed flux tube [5]. States containing
axionic degrees of freedom are expected to behave as the
ground state plus a constant massive excitation.

The first excited state in the spectra corresponds to the
ground state of the I, representation, shown in orange in
the plots in Figs. 6-9. In each case, it appears in the third
row from the top and second column. Notably, it shows
little sensitivity to finite lattice spacing effects, suggesting
that the observed behavior reflects continuum physics. This
state matches the Arvis prediction with N =1 to good
accuracy, indicating that it carries a single phonon with one
unit of momentum. This is expected, given that scattering
processes along the world sheet are absent in this case. In
terms of phonon creation and annihilation operators, this

state is described by a’.|0) [37].

For the first two energy levels, where Nambu-Goto
predictions provide a good description and no phonon
interactions occur along the world sheet, we may be able to
observe effects arising from boundary terms—provided the
numerical accuracy is sufficient to resolve them. We begin
by analyzing deviations from the Nambu-Goto model at
order O(1/(R\/5)*), as derived in [9], Eq. (7), and
anticipated in large-N . studies [62].

To this end, we fit our zero-phonon and one-phonon
potentials—corresponding to the ground states of the X
and II, channels, respectively—with the Nambu-Goto
expression plus the additional boundary contributions
predicted by effective string theory. We note that By =0
and B; = 4 for the X and IT, ground states, respectively.

In the case of the Zj channel, deviations from Nambu-
Goto are negligible, and due to the limits of our numerical
precision, the coefficient b, could not be extracted with
meaningful accuracy. Consequently, the most promising
candidate for identifying such deviations is the first excited
Arvis state, corresponding to the I1, channel. In Fig. 10, we
present the fits for this case. As the fit results indicate, the
extracted value of b, is close to zero, and within our current
precision, we are unable to claim a statistically significant
deviation from the Nambu-Goto model.

A definitive detection of such deviations would require
an exponentially larger statistical sample, which could be
achieved through the use of multilevel algorithms.
However, such an investigation lies beyond the scope of
the present work.

Calculations of b, have been performed in D =2 + 1
dimensions for various gauge groups, including Z,, U(1),
and SU(N.) with N. = 2,3, ...,6 [63-70]. However, due
to the considerable numerical effort, an unambiguous
determination in D =3 + 1 dimensions remains absent
from the literature.

B. The N =2 excited states

We now turn our attention to the study of higher excited
states of the open flux tube. A general observation is that
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FIG. 6. Spectrum for SU(3) and the eight irreducible representations Zf“, . DI Ik I0,, I1,, Ay, and A, as these appear above each
individual plot. Polygonal shapes in each figure denote the results obtained from the simulation with £ = 4, while circle markers indicate
those for £ = 2. N is the quantum number as this appears in Eq. (3) and defined in Eq. (9), and A is the radial excitation number. The
dashed lines represent the Nambu-Goto predictions, with energy levels corresponding to the value of N, indicated by the matching colors
in the legend on the right.
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FIG. 10. Searching for effective string theory parameters in the 1/R* term of the ground state of the I, spectrum, for our different

anisotropies and lattice spacings.

deviations from the Nambu-Goto predictions become more
pronounced as the energy increases.

The next relevant string excitation corresponds to N = 2.
We expect to encounter such states in the following
irreducible representations: as the first excited state of
Zg+, and as the ground states of I, and A,. This expectation
is indeed confirmed by our spectrum. Moreover, we
observe that these states exhibit only small deviations from
the Nambu-Goto predictions. We can confidently state that
these three states are purely stringlike, with no indications
of axionic contributions in the spectrum.

C. The N =3, N =4 excited states and the axion

We now turn to the next string excitation corresponding
to N =3. According to Table I, this energy level is
expected to be sixfold degenerate. The first irreducible
representation in which we expect to encounter such a state
is 7. Indeed, we observe a state in this channel that shows
minor deviations from the Nambu-Goto prediction, thereby
confirming its stringlike nature.

Next, we examine the first excited state in the II,
representation. This state exhibits good agreement with
the Arvis potential, with only small deviations. According
to Table I, we would expect to find another energy level near
the N = 3 string prediction, manifesting as the second
excited state in the 1, representation. Instead, we find that
the next excitation aligns more closely with the N =5
prediction from the Arvis potential, which is somewhat
surprising. Of course, we must bear in mind that this is a
variational calculation, and the current operator basis may
lack the necessary features to project effectively onto the
expected state. Nevertheless, the low-lying spectrum in the
I1, representation appears to be composed exclusively of
stringlike states.

Turning now to the A, irreducible representation, we
observe that its ground state is also in good agreement with
the Arvis potential, again with minor deviations indicative
of stringlike behavior.

Finally, we consider the X, representation, which carries
the same quantum numbers as the axion in the closed flux-
tube spectrum. Surprisingly, not only the ground state but
the entire spectrum in this channel deviate significantly
from the Nambu-Goto prediction. These states resemble
ground states with an additional constant mass term, as
illustrated in the plots shown in the second column and
second row of Figs. 6-9. As N, increases, these states
exhibit negligible dependence on lattice artifacts, and the
qualitative features of the spectrum remain unchanged. This
behavior suggests that the deviation is a genuine large-N,.
effect, reflecting an intrinsic property of the world-sheet
theory.

We now turn to the N = 4 excitation level, which is
expected to be 12-fold degenerate. As shown in Figs. 6-9, the
states in all accessible irreducible representations appear to
exhibit stringlike behavior, with the notable exception of the
%, channel. In this representation, the ground state shows
significant deviations from the Nambu-Goto prediction,
while the first excited state appears to align with the
ground-state level of the Arvis potential rather than its first
excitation. This behavior suggests the presence of nonstring-
like features in the X spectrum. This behavior remains
unaltered as we move to the large-N,. limit.

The observed behavior is consistent with expectations
for a massive excitation coupled to the string. In Fig. 11, we
illustrate how we extract the axion mass for N, = 3,4, 5, 6.
Specifically, we determine a constant mass shift relative to
the absolute ground state of the X channel in the large-
distance limit (R — oo0). To this end, we subtract the
absolute ground state energy from the energy level of
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FIG. 11. In the above plots we subtract the ground state potential to find evidence for massive resonances, for different gauge groups
SU(N.) as well as for the two irreducible representations X; and X,. We define AV%’Z’! =V = Vg and Vy_: — V. while the indices

are as follows: N, is the number of colors, & is the bare anisotropy, and A is the radial excitation number.

interest and plot the resulting mass shift as a function of R
to identify a plateau.

We find evidence of a state with axionlike characteristics
in the X, spectrum, and three such states in the X
spectrum. However, the third excited state in the X
channel (with 1 = 2) does not exhibit a clear plateau at
the largest value of N, suggesting that it may be subject to
significant systematic effects due to its large mass.

Nevertheless, for the remaining states, the presence of
well-defined plateaus supports the interpretation of con-
stant-mass excitations propagating along the world sheet of
the flux tube.

As discussed above, when comparing the plots for the X
and X;, channels across different values of the number of
colors, we observe that the masses of the corresponding
resonances show only a weak dependence on N,.. However,
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FIG. 12. Comparing axion’s masses for different ensembles and their extrapolations as a function of 1/N2.

this can be quantified, and we confirm that the resonance
masses tend toward finite values in the large-N . limit. This
behavior can be captured through a large-N,. expansion.

To this end, we perform extrapolations in 1/N? for the
ground state of the X" channel, and for both the ground and
first excited states of the X, channel. The precision of the
third excited state in X; is insufficient for meaningful
statistical analysis. These extrapolations are carried out
separately for each value of the anisotropy, under the
assumption that the lattice spacings (in units of the string
tension) are approximately equivalent. A fluctuation of
order ag+/c ~ 0.05 is present but has no significant impact
on the extrapolations.

In Fig. 12, we show the large-N, extrapolations of the
three well-defined axionlike masses, plotted as functions of
1/N?. Note that we observe slightly different masses for the
two ensembles used for each N, which differ in anisotropy
£, coupling f, and lattice spacing a.

The extrapolated axion masses we obtain are:

(i) Mygion/+/o =2.058(61) and 2.065(15) for & =2
and 4, respectively, and for the lightest X state
with 4 = 0.

Maxion/ /o = 1.721(46) and 1.694(34) for & =2
and 4, respectively, and for the lightest X; state
with 4 = 0.

Maxion/ /o = 3.054(293) for £ =2 and the first
excited state X, state with 1 = 1.

Moreover, the lightest axion mass is consistent with the
value observed in the closed flux-tube spectrum [2-5].
Intuitively, we expect these two states to carry similar
quantum numbers. Although the open and closed flux-tube
configurations differ in their characterization, one can argue
that the X;, quantum numbers, defined by A = 0, CoP = —,
and € = —, are equivalent to the closed flux-tube assign-
ment J = 0, PH = —, and P| = —, corresponding to 07~.

(i)

(iii)

Specifically, the quoted value reported in those works is
Maxion/ /o = 1.65(2) for both SU(5) and SU(6).

V. CONCLUSION

In this study, we have conducted a comprehensive
analysis of the open flux-tube spectrum in the large-
N, limit.

Specifically, we extracted the spectra for SU(3), SU(4),
SU(5), and SU(6) gauge theories, each at two different
anisotropies and, thus, different lattice spacings.

Our results exhibit minimal finite lattice spacing effects
and good convergence in the N extrapolation, indicating
that the observed physics closely approximates both the
large-N . and continuum limits.

In addition, we examined the ergodicity properties of the
generated ensembles by monitoring the topological charge
histories on anisotropic lattices. Up to N. = 6, our simu-
lations show evidence of ergodic behavior.

Our findings reveal that most of the states in the flux-
tube spectra at large color-source separations can be well
described by the Nambu-Goto string model, which leads to
the Arvis potential, with minimal deviations. Within our
framework, designed for the study of long flux tubes, the
O(1/(R+/5)*) correction expected from the boundary
terms in the effective string theories does not show up
with significance.

However, several states for the irreducible representa-
tions X, and X; exhibit substantial deviations from
Nambu-Goto behavior, showing characteristics of massive
excitations. These states persist even after extrapolation to
the large-N, limit. Notably, the lightest of these massive
modes, referred to as “axions,” has a mass that matches the
corresponding excitation observed in the closed flux-tube
spectrum.
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This study rules out the interpretation of these axions as
glueballs coupled to the flux tube, as they persist in the
large-N . limit, whereas hadron-hadron interactions are
expected to vanish in this limit [15-17].

The microscopic nature of these world sheet axions, and
their relation to QCD, remain unclear. They may originate
from the phonon-phonon resonances that could be con-
nected to the existence of a number of pseudoscalar fields
on the world sheet of the bosonic string. At this end we
stress the need for the development of a TBA analysis [5]
for the open flux tube in the same manner this has been
worked out for the case of the closed flux tube. Another
natural question arises: how many massive excitation fields,
or axions, are present on the world sheet of the flux-tube
string? This could be answered within the context of a TBA
analysis.

Interestingly, we observe that in the large-N,. limit, the
constituent components of hadrons—whether quarks [71] or
gluons [19,48]—persist, as glueball and meson masses tend
toward finite values. This supports the possibility that the
axion could be interpreted as a constituent gluon.
Alternatively, it may be evidence for a longitudinal wave [72].

Several promising directions for future work include a
more detailed study of the flux tube at shorter distances, the
implemention of a nonperturbative determination of the
anisotropy factor, an extraction of the spectrum of flux
tubes in higher representations with N-ality k (k strings
[73,74]), a more refined characterization of the axion states

using a broader operator basis, a systematic investigation of
the topological effects in the spectrum, and an exploration
of the flux-tube spectra at finite temperatures.

The supporting data and codes for this article are
available from Zenodo [75].
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