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We demonstrate that the unitarity of quantum field theory, through the positivity of spectral densities,
underlies thermodynamic irreversibility for a subsystem separated by a horizon, in direct analogy with the
irreversibility of renormalization-group flows. To this end, we explicitly find the shear and bulk viscosities—
the entanglement viscosities—for thermal radiation in Rindler space using the universal spectral
representation. A direct consequence of the obtained general formulas is the relationship between the
acceleration-induced shear viscosity in flat space and the conformal quantum anomaly in curved space,
pointing to a possible novel probe of the conformal anomaly in systems with extreme acceleration.
Moreover, for conformal field theories, we explicitly show that globally entanglement viscosity saturates the
Kovtun-Son-Starinets bound.
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Introduction. The emergence of thermodynamic irrevers-
ibility from unitary microscopic equations is a fundamental
question [1]. A significant new element in this problem was
introduced by black hole physics. Indeed, an object falling
into a black hole cannot (or rather, can, but with a very low
probability) return from below the horizon. According to
modern concepts, this irreversibility is a fundamental mani-
festation of the thermodynamic one [2].
In this paper, we consider a simple example of a “flat-

space” black hole, described by the Rindler horizon of an
accelerated reference frame [2–4]. By studying viscosity of
the thermal radiation in the Rindler space, we directly
demonstrate that the unitarity of the total theory not only is
compatible with irreversibility in the subsystem, but in fact
determines the direction of its thermodynamic evolution
toward increasing entropy. This makes the situation analo-
gous to the irreversibility of renormalization group flows,
where unitarity also plays a key role [5–7].
The study of the deep relationship between viscosity and

black hole physics has a long history. A significant early
achievement was the membrane paradigm, where this
connection is most directly evident [8,9]. The development
of this concept in the context of the holographic approach
and string theory led to the remarkable prediction of the

existence of a fundamental bound on the ratio of the shear
viscosity η to the entropy density s [10], the so-called
Kovtun-Son-Starinets (KSS) bound

η

s
≥

1

4π
: ð1Þ

However, the viscosity of a black hole, or more precisely,
the membrane located above it, is a purely classical effect of
classical gravitational equations. An unexpected observa-
tion was that the thermal radiation of a black hole itself also
exhibits viscosity (as demonstrated using the Rindler
space), leading to the idea of “entanglement viscosity”
[11,12]. Indeed, given that entanglement leads to informa-
tion loss, and in hydrodynamics the increase in entropy is
associated with viscosity [13], one might expect that
entanglement should lead to viscosity even for systems
of free fields. The concept of entanglement viscosity also
finds an intriguing parallel with the irreversibility induced
by quantum measurement in emergent polarization phe-
nomena [14].
The main result of the present paper is a direct calculation

of the dissipative transport coefficients for Unruh radiation
within the framework of the linear response theory, using the
universal spectral representation [6,15]. As a result, we
explicitly express the shear η and bulk ζ viscosities of the
thermal radiation in the Rindler space for a wide class of field
theories (including theories with massive and interacting
fields in space of any dimension) in terms of the spin-0
cð0ÞðμÞ and spin-2 cð2ÞðμÞ spectral densities of the vacuum
correlator of two energy-momentum tensors
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ηðρÞ ¼ kdρ
Z

∞

0

dμ cð2ÞðμÞμ2K0ðμρÞ;

ζðρÞ ¼ 2kdρ
ðd − 1Þ2

Z
∞

0

dμ cð0ÞðμÞμ2K0ðμρÞ; ð2Þ

where the constant coefficient kd ¼ πd=2

ðdþ1Þ2d−1ΓðdÞΓðd=2Þ is

determined by the spacetime dimension d, and ρ is the
distance from the Rindler horizon. In two dimensions, only
the spectral density cð0ÞðμÞ exists, from which the monoto-
nous c function can be constructed [5,6].1

Within linear response theory, the positivity of viscos-
ities is associated with the fluctuation-dissipation theorem,
by which they are defined through a positive spectral
function2 describing fluctuations near equilibrium, see, for
example, [17]. Our derivation explicitly identifies the
microscopic origin of the spectral function positivity—
and hence of the viscosities that follow from it—in the
unitarity of the underlying QFT. Indeed, considering that
the unitarity of quantum field theory fixes the sign of the
spectral densities cð0ÞðμÞ; cð2ÞðμÞ ≥ 0, and the Bessel func-
tion is positive K0ðxÞ > 0 for x > 0, we instantly conclude
from (2), that unitarity provides the non-negativity of the
shear and bulk viscosity η, ζ ≥ 0. But the non-negativity of
the viscosities is precisely the reason ensuring the thermo-
dynamic irreversibility ∂μsμ ≥ 0, where sμ is the entropy
current [13]. Thus, we conclude that the unitarity of
quantum field theory fixes the direction of thermodynamic
evolution for a subsystem separated by a horizon.3 The
nontriviality of the obtained statement is emphasized, for
example, by the fact that in the spin 3=2 theory the
analogous entanglement viscosity turns out to be negative,
which is associated with the violation of unitarity [18].
Since the same positivity of the cð0ÞðμÞ function simul-

taneously determines (in 2 dimensions) the irreversibility of
the renormalization group flows [5–7], then in the example
under consideration both irreversibilities arise simultane-
ously and in a similar way [19].
We also show, considering a special case of conformal

field theory, that the “global” entanglement viscosity of the
Unruh radiation, integrated from a stretched horizon to
infinity, saturates the bound (1), which generalizes the
analysis of [11,12] to an arbitrary conformal field theory. At
the same time, we show that previously known results for
free massless fields with spins 0, 1=2, and 1 are exactly
reproduced from (2).
We use the system of units e ¼ ℏ ¼ c ¼ kB ¼ 1, and the

metric signature ðþ;−;−;−Þ.

Entanglement viscosity from spectral densities. Let us
calculate the viscosity of thermal radiation in the
d-dimensional Rindler space in the general case. We
assume that the temperature is equal to the Unruh temper-
ature, TU ¼ α=2π, where α is the absolute value of the
four-acceleration of the reference frame, that is, the system
is in the Minkowski vacuum state [20].
For T ¼ TU formulas (for example, for Green’s func-

tions) in Rindler space can be derived from their Minkowski
counterparts by an appropriate change of coordinates [21].
So, let us first consider the d-dimensional flat Minkowski
space, of which the Rindler space is a subsystem. In [6]
(see also [15]), a universal spectral representation for the
correlator of two energy-momentum tensors was intro-
duced, based on general symmetry considerations4

h0jT̂αβðxÞT̂ρσðx0Þj0iM
¼ Ad

ðd − 1Þ2
Z

∞

0

dμ cð0ÞðμÞΠð0Þ
αβ;ρσð∂0ÞGdðx − x0; μÞ

þ Ad

ðd − 1Þ2
Z

∞

0

dμ cð2ÞðμÞΠð2Þ
αβ;ρσð∂0ÞGdðx − x0; μÞ; ð3Þ

according to which all the differences between the theories
come down to different spectral densities cð0ÞðμÞ and cð2ÞðμÞ.
Here ∂0 ¼ ∂=∂x0, Ad ¼ Ωd−1

ðdþ1Þ2d−1, Ωd−1 ¼ 2πd=2

Γðd=2Þ, averaging is

performed over the Minkowski vacuum h0j…j0iM, and the
notations are introduced

Πð0Þ
αβ;ρσð∂0Þ ¼

1

ΓðdÞSαβSρσ;

Πð2Þ
αβ;ρσð∂0Þ ¼

d− 1

2Γðd− 1Þ
�
SαρSβσ þ SασSβρ −

2

d− 1
SαβSρσ

�
;

Sαβð∂0Þ ¼ ∂
0
α∂

0
β − ηαβ∂

02: ð4Þ

According to (4) the correlator is generally expressed
through a scalar massive propagator constructed as an
analytic continuation of the Euclidean propagator

Gdðx − x0; μÞ ¼ lim
ε→0þ

GE
d ðx − x0; μÞjt→itþε;

GE
d ðx − x0; μÞ ¼

Z
ddp
ð2πÞd

eipðx−x0Þ

p2 þ μ2
; ð5Þ

where the second formula uses the Euclidean signature
accordingly. The prescription with ε > 0 corresponds to
the transition to the Wightman function (without time
ordering).
The representation (3) is valid for a wide class of theories,

including theories with interactions and/or massive fields

1There are indications that the functioncð0ÞðμÞmaybe essential in
generalizing the c theorem above two dimensions [6,16].

2We are talking at this place about the usual spectral func-
tion [17], not to be confused with spectral densities cð0ÞðμÞ
and cð2ÞðμÞ, introduced below.

3We are only talking about small deviations from equilibrium,
see the discussion in [1].

4In [6] Euclidean case was considered, and we analytically
continue the spectral representation to non-Euclidean Minkowski
spacetime [22].
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and with different spins. The unitarity condition for a quan-
tum field theory in Minkowski space leads to the non-
negativity condition for these spectral densities

cð0ÞðμÞ ≥ 0; cð2ÞðμÞ ≥ 0: ð6Þ

Let us now proceed directly to the calculation of
viscosity in the Rindler space. Transport coefficients can
be found using the Kubo formulas [23–26]. In particular,
for the shear viscosity in space with some metric gμν

5

ηðx0Þ ¼ Im lim
ω→0þ

iffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g00ðx0Þ

p
ω

Z
∞

−∞
dt θðt − t0Þ

· eiωðt−t0Þ
Z
V
dd−1x

ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞ

p
h½T̂12ðxÞ; T̂12ðx0Þ�i; ð7Þ

and a similar formula for bulk viscosity

ζðx0Þ ¼ 1

ðd − 1Þ2 Im lim
ω→0þ

iffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g00ðx0Þ

p
ω

Z
∞

−∞
dt θðt − t0Þ

· eiωðt−t0Þ
Z
V
dd−1x

ffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞ

p
h½T̂α

αðxÞ; T̂σ
σðx0Þ�i; ð8Þ

where T̂12 is the off-diagonal spatial component of the
energy-momentum tensor, and V is the space volume of the
system.
We are essentially interested in the viscosity of the

Minkowski vacuum. And as with the Unruh effect [3], a
key role is played by whether we are considering an inertial
or accelerated observer. In the former case, due to trans-
lational invariance, the viscosity does not depend on the
coordinates and is determined by the infrared behavior of
the spectral densities, in particular, it turns out to be equal to
zero for massive free fields (a more detailed discussion of
this issue is beyond the scope of this Letter).
However, the result changes dramatically if we move

from Minkowski coordinates ðt; x1; x2;…; xd−2; xd−1Þ to
an accelerated observer and Rindler coordinates
ðτ; x1; x2;…; xd−2; ρÞ with a metric of the form

ds2 ¼ ρ2dτ2 − ðdx1Þ2 − � � � − ðdxd−2Þ2 − dρ2; ð9Þ

where we assume that the acceleration occurs along the
xd−1 axis and the Rindler coordinates are related to
the Minkowski coordinates by the familiar formulas
t ¼ ρ sinh τ, xd−1 ¼ ρ cosh τ. The Rindler coordinates (9)
cover only a part of the Minkowski space, the right Rindler
wedge, and the hypersurface ρ ¼ 0 corresponds to the
event horizon. Unlike the case with Minkowski space,

translational invariance is violated by the introduction of
the horizon—the fields live in the region ρ > 0.
Let us start with the shear viscosity and consider the

coordinates x1 and x2 as transverse coordinates in the
Kubo formula (7) [the result does not depend on which
pair of coordinates is chosen from ðx1;…; xd−2Þ]. We will
use the fact that the Green functions in the Rindler space
for T ¼ TU are expressed in terms of the usual vacuum
Green functions in Minkowski space up to a change of
coordinates [21]. Thus, to calculate the viscosity in the
Rindler space, we can use the representation (4), simply
by switching to Rindler coordinates.
Taking into account the translational invariance with

respect to the coordinates x1;…; xd−2, it can be shown that
η is expressed only through cð2ÞðμÞ, and in Πð2Þ only the
contribution with the square of the d’Alembertian remains.
Using the equation for the Wightman function [27]
□Gdðx − x0Þ ¼ −μ2Gdðx − x0Þ and the descent method
[28], we can also immediately integrate over the transverse
coordinates

R∞
−∞ dd−2x. As a result, we obtain

ηðρ0Þ ¼ kdρ0
Z

dμμ4cð2ÞðμÞ Im lim
ω→0þ

i
ω

Z
∞

0

dτ eiωτ

·
Z

∞

0

dρ
ρ

2π

�
K0

�
μ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ ρ02 − 2ρρ0 coshðτ− iεÞ

q �

− ðτ→ −τÞ
�
; ð10Þ

where in the formula under the root is the standard
expression for the square of the interval in Rindler
coordinates.
Our main goal now is to find the integral (10). In the case

of conformal field theory cð2ÞðμÞ ∼ μn, which would allow
us to immediately find the integral over μ, after which the
calculation is reduced to finding the residues in the integral
over τ, following [11,12]. We, however, will be interested in
the case of the most general field theory, and we will retain
the integral over μ, considering cð2ÞðμÞ and cð0ÞðμÞ to be
arbitrary functions. Then in (10) we need to find the
imaginary part of the integral of a special function with
nontrivial argument and a cut in the complex plane. To the
best of our knowledge, there is no general algorithm in the
literature for finding such integrals.
However, it turns out that the calculations are magi-

cally simplified if we use an integral representation of the
form [29,30]

1

2π
K0

�
μ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ ρ02 − 2ρρ0 coshðτ − iεÞ

q �

¼ 1

π2

Z
∞

0

dλKiλðμρÞKiλðμρ0Þ coshðπλ − iλðτ − iεÞÞ: ð11Þ

Then the dependence on ρ, ρ0, and τ is factorized. The
integral over ρ is taken analytically according to the
formula [29]

5Note that Kubo formulas are often written in the literature
without the factor

ffiffiffiffiffiffi
g00

p
, since the case g00 ¼ 1 is often

considered.
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Z
∞

0

dρ ρKiλðμρÞ ¼
πλ

2μ2 sinhðπλ=2Þ ; ð12Þ

and the integral over τ contains frequency parts of delta
function [27]

δ�ðαÞ ¼
1

2π

Z
∞

0

dτe�iατ ¼ 1

2
δðαÞ � i

2π
P
1

α
: ð13Þ

The principal value parts P drop out of (10), since we are
interested in the imaginary part of the correlator. As a
result, we obtain

η ¼ kdρ0

4
lim
ω→0þ

1

ω

Z
∞

0

dμ cð2ÞðμÞμ2
Z

∞

0

dλ
λKiλðμρ0Þ
sinhðπλ=2Þ

· feπλδðω − λÞ þ e−πλδðωþ λÞ − eπλδðωþ λÞ
− e−πλδðω − λÞg: ð14Þ

Considering that the limit is taken from above ω → 0þ,
the second and third terms in the braces in (14) give zero.
The integral over λ is removed by delta functions, after
which the limit ω → 0þ is taken. As a result, we obtain
the first of the formulas (2)

ηðρÞ ¼ kdρ
Z

∞

0

dμ cð2ÞðμÞμ2K0ðμρÞ: ð15Þ

The calculation of bulk viscosity ζ is similar. cð2ÞðμÞ does
not contribute in this case, since Πð2Þ

α
α
;β
β ¼ 0.

We emphasize that the obtained formulas (2) are not
restricted to conformal field theory being universal and valid
for any theory for which the spectral representation (3) is
valid, including nonconformal theories with mass and
interaction. For example, the viscosity for a free massive
Dirac field (a nonconformal theory) can be easily calcu-
lated using (2) with the known spectral densities from [6],
as demonstrated in the accompanying paper [31].6

Furthermore, the general formulas (2) lead to a new
relation for the shear viscosity to entropy density ratio,
which is valid beyond the conformal limit [31].

Discussion and applications.

From quantum-field unitarity to thermal irreversibility:
Thus, the entanglement viscosity is precisely determined by
the spectral densities cð0ÞðμÞ and cð2ÞðμÞ, according to
formulas (2). Moreover, the number of independent vis-
cosity coefficients in hydrodynamics (shear and bulk),
which is determined by the symmetries of the fluid (macro-
scopic), exactly corresponds to the number of independent
spectral densities, determined by the symmetries of the
Minkowski vacuum (microscopic). Thus, formulas (2)

illustrate the relationship between these two types of
symmetries.
The key point is that the modified Bessel functions are

positiveK0ðxÞ > 0 for x > 0. And the functions cð0ÞðμÞ and
cð2ÞðμÞ themselves are positive (6), as a consequence of the
unitarity of the total theory in Minkowski spacetime. On the
other hand, the positivity of the viscosities is a well-known
consequence of the second law of thermodynamics [13].
Thus, thermodynamic irreversibility in the case under
consideration for a subsystem separated by a horizon is
a direct consequence of the unitarity of quantum field
theory in Minkowski space.

Viscosity and entropy from the conformal anomaly: In
this Subsection we demonstrate that the derived shear
viscosity is a novel type of anomalous transport phenome-
non, governed by the conformal anomaly. We will restrict
ourselves to the case of four dimensions. The correspond-
ing quantum anomaly has the form [32,33]7

hT̂μ
μi ¼ a

�
−H þ 2

3
□R

�
− bE4 þ c□R; ð16Þ

where a, b, c are numerical coefficients, H is the square of
the Weyl tensor, and E4 is the Euler density. In the case of
a conformal field theory, the spectral densities have the
form [6]

cð0ÞðμÞ ∼ μ2δðμÞ; cð2ÞðμÞ ¼ 3CT

4
μ; ð17Þ

where CT is the conformal central charge encoding the
number of degrees of freedom. For example, a theory with
ns free scalars, nf Dirac fermions, and nv vector fields has
CT ¼ 1

3π4
ðns þ 6nf þ 12nvÞ. On the other hand, con-

formal symmetry fixes the relationship between CT and
the factor a in the conformal anomaly (16) [6,34]

CT ¼ 640

π2
a: ð18Þ

Substituting (17) into (2), using (18) and also recalling that
the distance to the horizon is related to the acceleration
magnitude ρ ¼ 1=α, we obtain the relationship between the
conformal anomaly and the entanglement viscosity in the
conformal field theory case

η ¼ 8aα3; ζ ¼ 0: ð19Þ

A similar relationship between viscosity and the
central charge was discussed within the holographic
approach [35–37].

6The remaining integral over μ can be evaluated analytically in
terms of Meijer’s G functions, or expanded in powers of the mass.

7We denote the anomaly coefficients according to [33], but in
the signature ðþ;−;−;−Þ.
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Formula (19), which is a direct consequence of (2), is
confirmed by direct calculation of the entanglement viscosity
for free massless fields with spins 0, 1=2, and 1 [11,12].
Thus, the conformal quantum anomaly, an effect in curved
space, determines the transport effect in flat space in an
accelerated medium. This places this effect on a par with
other anomalous transport effects, such as chiral magnetic
and chiral vortical effects [38–40] and kinematic vortical
effects [41,42], and raises the interesting question of whether
the conformal anomaly, via the entanglement viscosity,
could provide a non-negligible contribution to dissipative
phenomena in heavy-ion collisions, particularly at the early
stages, when acceleration is expected to be maximal [43].
Interestingly, it is also possible to demonstrate a relation-

ship between entropy density and conformal anomaly.
There are many approaches to calculating the entanglement
entropy [28,44]. In particular, within relativistic spin
hydrodynamics it is associated with the derivative of
pressure at constant acceleration [45]

s ¼ ∂pðT; αÞ
∂T

����
α

: ð20Þ

On the other hand, the energy-momentum tensor of an
accelerated medium at finite temperature, within conformal
field theory, is related to the conformal anomaly (16) via
Eq. (4.2) from [33]. Using the corresponding linear
relations and (20), we obtain that only the anomaly
coefficient a contributes to the entropy density

sðT ¼ TU; αÞ ¼
32πa
3

α3: ð21Þ

Viscosity to entropy density ratio: A natural question that
arises when considering shear viscosity is the relationship
with the KSS bound (1). To establish the relation to the
KSS bound, we introduce a stretched horizon at a distance
lc from the true horizon. This regularizes the integrals over
ρ from below.
We will consider a special case of conformal field theory

in four dimensions. One could start from the calculation
given in the first part of the current paper, introducing
regularization into the integral (12). However, it is useful to
follow a slightly different approach and take the integral
over μ in (3) from the very beginning. After that we come to
the well-known expression8

h0jT̂μνðxÞT̂αβðx0Þj0iM ¼ CTIμν;αβ

½ðx − x0Þ2 − iεðx0 − x00Þ�4 ; ð22Þ

where Iμν;αβ is the inversion tensor [15,46]. The subsequent
steps are similar to the procedure, described in [11,12] up to

the common coefficient in the correlator hT̂ðxÞT̂ðx0Þ. As a
result, we obtain

ηðρÞ ¼
CTπ

2ρ½ρ4 þ 4ρ2l2c − 5l4c − 4l2cð2ρ2 þ l2cÞ ln ρ
lc
�

80ðρ2 − l2cÞ4
:

ð23Þ

In the limit lc → 0 (23) exactly corresponds to (19), as it
should be. Also, substituting the values of CT for scalar,
vector, and Dirac massless fields, (23) exactly corresponds to
the results of [11,12]. Thus, the local viscosity for conformal
theories always has the form (23) up to a common
coefficient. In dimensions d ≠ 4, the form of (23) changes,
but remains universal for the fixed d.
Let us now consider the “global” viscosity, integrat-

ing (23) above the stretched horizon

ηglob ¼
Z

∞

lc

ηðρÞdρ ¼ CTπ
2

480l2c
: ð24Þ

We assume that the local entropy does not depend on lc.
Then, the global entropy, we obtain from (21) and (18)

sglob ¼
Z

∞

lc

sðρÞdρ ¼ CTπ
3

120l2c
: ð25Þ

The ratio of (24) and (25) saturates the KSS bound

ηglob
sglob

¼ 1

4π
: ð26Þ

Thus, we have generalized the result of [11,12] to the case
of arbitrary conformal field theory.
Finally, an intriguing conclusion can be drawn by con-

sidering the ratio of “local” quantities (19) and (21). One can
see that this ratio equals 3=4π, not 1=4π. In the accompany-
ing paper [31], we show that this is not accidental and
reflects the general relationship with the speed of sound cs

η

s
¼ 1

4πc2s
; ð27Þ

which does not depend explicitly on the parameters of the
Rindler space, hinting at its possible greater universality, and
looks intriguing when compared with the lattice data (for
more details see [31]).

Conclusion. We explicitly expressed the shear and bulk
viscosities of Unruh radiation in terms of the spectral
densities cð2ÞðμÞ and cð0ÞðμÞ, and have shown that the
unitarity in Minkowski space guarantees thermodynamic
irreversibility in Rindler space via the positivity of the
viscosities. This simultaneously establishes a deep relation-
ship between thermodynamic irreversibility and the8We also analytically continue it to the non-Euclidean space.
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irreversibility of renormalization group flows, as both
originate in the same way from the unitarity of the under-
lying QFT. The obtained formulas are universal and valid
for a wide class of theories, including nonconformal ones,
and make it easy, knowing the spectral densities, to find the
corresponding entanglement viscosities. Moreover, since
the near-horizon geometry of a black hole is locally
Rindler, our results should apply universally in the near-
horizon limit.
In the conformal field theory limit, we have demon-

strated the relationship between the shear viscosity and the
conformal gravitational anomaly. Thus, “entanglement
viscosity” is a novel dissipative type of anomalous trans-
port phenomenon, being an effect akin to a “Cheshire cat’s
grin,” since a curved space phenomenon manifests itself in
flat space. Since phenomenological models predict extreme
accelerations in heavy-ion collisions [43,47,48], this vis-
cosity could have interesting experimental implications.

We further demonstrate that the integrated viscosity and
entropy saturate the KSS bound, thus generalizing earlier
predictions. Thereby the Unruh radiation is an example of a
fluid with minimal viscosity. Moreover, we find that the
local viscosity is described by a universal function for any
conformal field theory in a fixed number of dimensions.
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