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Solving the classical equations of motion in general relativity recursively, we consider the metric of a
spatially localized and stationary source of matter. Having in mind a star of general composition, we
characterize it by means of its infinite set of mass and current multipoles. Specializing to de Donder gauge
we set up the recursive equations that produce the metric outside the star to any desired order in
perturbation theory, expanded both in Newton’s constant and in the order of multipoles. Up to second post-
Minkowskian order we express the result to any order in the multipole expansion in terms of generalized
(tensor) bubble integrals in momentum space and a corresponding simple expansion in inverse distances. In
a special corner of the space of multipoles we recover the Kerr black hole solution to the given order. By
tweaking just slightly the multipoles away from the Kerr limit the metric will describe stars that are
Kerr-like and yet are not black holes. A subtlety with respect to the gauge ambiguity of de Donder gauge is
also pointed out.
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I. INTRODUCTION

What is the space-time metric outside a star? It is an
elementary property of Newtonian gravity that a spherically
symmetric mass distribution leads to a gravitational poten-
tial that at any distance r from the center is equivalent to
that of a pointlike source of mass equal to the total mass
inside a sphere of that radius. In general relativity, an
analogous statement is Birkhoff’s theorem, which implies
that a spherically symmetric vacuum solution of the
Einstein equations is that of a Schwarzschild black hole,
i.e., as if sourced by a pointlike mass at the origin. But real
stars are not perfectly spherically symmetric, and it is thus
of both theoretical and experimental interest to determine
the effects of deviations from spherical symmetry. Again,
Newtonian gravity gives us a suitable tool with which to
analyze the issue: the multipole expansion of the mass
distribution. In this approach, the arbitrary mass distribu-
tion inside a given finite volume is parametrized by its
infinite sequence of multipole moments, with higher multi-
pole moments corresponding to weaker and weaker

contributions to the gravitational field at large distances
away from the star. The multipole expansion in that case is
simply that of an expansion in inverse powers of radius r.
In general relativity, the situation is more involved. We

can still consider a distribution of matter sources inside a
finite three-volume and ask for the gravitational metric
outside that finite volume. Intuition might tell us that at
very large distances the vacuum solution could simplify.
Should it perhaps approach that of a black hole, and if so,
how could this be borne out in detail? A multipole
expansion is again a suitable starting point, but there are
issues that should be confronted first. One concerns the
possibility of gravitational radiation. Even if the mass
distribution of the star is not perfectly axisymmetric but
deviates just slightly from this symmetry, we can consider
the metric as effectively time independent in an adiabatic
domain of timescales, where we can ignore the effect of
gravitational radiation. In this paper we refrain from going
into the technical details on how to define such an adiabatic
time interval during which it is sensible to ignore gravi-
tational radiation. Instead, we appeal to known astrophysi-
cal sources as well as associated astrophysical timescales
over which gravitational radiation remains negligible. This
may be so even though there can still be clear observational
signatures specific to Einstein’s general theory of relativity
and the deviations from Newtonian physics. As an example
we can have in mind our own Sun which definitely causes
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measurable general relativistic effects without measurable
gravitational radiation being one of them. These consid-
erations lead us to focus on the case of stationary matter
sources and corresponding time-independent space metric,
the vacuum solutions of the Einstein equations outside a
finite region of three-space which contain all the matter
sources. The study of metrics by means of the multipole
expansion in general relativity dates back to Geroch [1] and
Hansen [2] and, in particular, to the comprehensive treat-
ment of Thorne [3], who introduced the notion of asymp-
totically Cartesian and mass-centered coordinates. By
restricting ourselves to stationary sources, we allow for
uniform rotations. Such stationary matter distributions
inside a finite volume we will define to be our star. In a
particular limit, and as we will clarify below, we recover the
multipole expansion of a Kerr black hole.
The most important difference with a Newtonian multi-

pole problem is obviously the nonlinearity of general
relativity. In Newtonian gravity, the gravitational field
outside a star can be described by its infinite set of
multipole moments and, hence, by a simple expansion in
terms of powers of 1=r, each term corresponding to a given
multipole moment. The gravitational field outside a
Newtonian star is thus in immediate one-to-one correspon-
dence with the multipole moments, and we can conversely
read off each multipole moment as the coefficient of a given
1=rn falloff at infinity. It follows from solving the asso-
ciated Poisson equation, which is exact. In general rela-
tivity, the gravitational interactions imply that this is so only
at the linearized level. Beyond, the various moments that
characterize the mass distribution and currents of the
stationary sources are still in one-to-one correspondence
with the gravitational metric away from such a bounded
source, but this is filtered by the gravitational self-inter-
actions. The nth-order term of the expansion with falloff
1=rn will then, in the weak-field approximation, have an
additional infinite expansion in powers of Newton’s con-
stant G. This makes the multipole formalism of general
relativity a double expansion: in 1=rn and in powers of G.
It is customary to refer to this as a multipolar post-
Minkowskian expansion. Its use by far surpasses the
immediate goals of this paper, which is restricted to the
application to stationary space-times. Away from the sta-
tionary limit the multipole expansion is a crucial analytical
tool with which to describe gravitational radiation from
localized sources of matter, and there is a large and
impressive literature on the subject (see, e.g., [4–13] for
a partial list). Finding the gravitational metric of a compact
object such as a neutron star of course also has a long
history, dating back to the seminal work of Tolman,
Oppenheimer, and Volkoff [14,15]. The aim was initially
to find the gravitational metric outside a spherical source of
matter corresponding to a given equation of state. There is
also a large literature on the external gravitational field of
rotating stars and how to map from a given equation of state

onto a set of multipole moments of more general
distributions of matter with cylindrical symmetry; see,
e.g., Refs. [16–21].
We shall here revisit the multipole expansion of general

relativity in the light of the recursive approach of Ref. [22].
Briefly stated, this allows us to express in a compact
manner the iterative nature of the perturbative solution to
Einstein’s field equations, giving each new order in G in
terms of integrals over lower-order expressions. The
integrations arise due to the solutions of field equations
being most conveniently obtained by Fourier transforming
to momentum space. For the stationary space-times, we
consider in this paper those integrations that are over three-
dimensional space only, as in [22]. This considerably
simplifies computations, and the required integrals are
all of a simple kind that we label as generalized bubble
integrals (tensor integrals of rational form corresponding to
having massless propagators in quantum field theory
language). These bubble integrals arise simply when we
introduce the inverse Laplacian in momentum space, and
they are loop integrals only in that sense. At intermediate
stages, we need to regularize the integrals, and it is natural
to choose dimensional regularization, which is ideally
suited for this problem. One of the computational obstacles
in the early approach to the multipole expansion was indeed
the use of the more cumbersome Hadamard regularization,
which in addition requires nontrivial amendments beyond
the first leading orders (the use of dimensional regulariza-
tion for the multipole problem in general relativity was
advocated earlier in Refs. [23,24]). We note already here
the use of both terminology and tools from relativistic
quantum field theory. This paper is indeed one more step
toward reformulating analytical solutions to the Einstein
field equations by means of a recursive quantum field
theoretic technique. Great strides have already been made
based on the quantum field theoretical amplitude-based
approach [25–37]. It considers the scattering of pointlike
particles that interact only gravitationally. Extracting the
classical terms of such computations is a known procedure,
and the common lore in recent years has been that it is far
simpler to first consider the full quantum field theoretical
amplitude problem of the post-Minkowskian expansion,
and subsequently extract only the classical terms, than it is
to solve the classical equations of motion directly. We
challenge such a position in this paper by considering a
problem with no simple and immediate description in terms
of the scattering of pointlike massive particles. An alter-
native formulation preceding the iterative approach of
Ref. [22] that we also pursue here is the off-shell recursive
method of Refs. [38–40]. It contains similar iterative
structures originating in the perturbiner formalism, but it
also includes all quantum corrections and is thus closely
related to the full amplitude-based formalisms. One quan-
tum field theoretical approach that is much closer to our
perturbative setup is the worldline formalism for classical
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general relativity, which precisely selects the classical
pieces to each order in G [41–48]. These worldline
formulations can include dissipative effects due to
gravitational radiation as well and are, in fact, in one-to-
one correspondence [49] with the Kosower-Maybee-
O’Connell prescription for amplitudes [27] which also
includes dissipative backreaction from the gravitational
field.
The worldline formalisms are, however, still rooted in

pointlike descriptions of massive particles that interact
gravitationally. The link between the multipole expansion
and new effective couplings to the worldline action is part
of the program of describing extended objects in general
relativity through what is known as the gravitational
skeleton method, whereby the worldline becomes dressed
with higher-order couplings to the gravitational field [41].
Instead, we here proceed directly to the solution of the
classical equations of motion, now using to advantage the
recent progress in integration techniques from scattering
amplitude computations. This bypasses the need for effec-
tive field theory ideas, matching conditions, and other
mappings between the fundamental degrees of freedom of
classical Einstein gravity and those of the effective field
theory. Everything is determined by classical physics,
classical equations of motion, and the coupling constant
G. The only assumption needed is that a perturbative
expansion around flat Minkowski space is meaningful so
that the multipole expansion is applicable.
We choose the post-Minkowskian multipole expansion

of stationary matter sources to illustrate the advantages of
this recursive formalism. The resulting solution is algebraic
in nature, with the solution being provided by tensor
integrals of increasing rank. Inevitably, the actual solution
becomes of rapidly growing complexity with this rank.
Fourier transformation back to three-space yields a corre-
sponding complicated tensor structures of Cartesian coor-
dinates, and the expansion rapidly clogs up due to the
numerous different tensors that are allowed and which will
appear. Such is the perturbative multipole formalism since
each new order is of higher rank, and the nonlinear nature
of the field equations leads to a mixing of these tensor
structures at higher orders inG. It is also not our aim here to
provide detailed expressions to very high order in the post-
Minkowskian expansion because they are not by them-
selves particularly illuminating. We shall nevertheless
present what we believe is the first complete second-order
post-Minkowskian expression for stationary space-times
based on mass multipoles up to quadrupoles, and current
multipoles up to dipole order, in order to illustrate the
relative ease with which we obtain these results. Pushing
this to higher orders can be done straightforwardly. It has
been argued that such highly accurate multipole expansions
for celestial mechanics in our Solar System will soon be
required to match the observational accuracy of submi-
croarcsecond astrometry [13,50].

II. THE POST-MINKOWSKIAN MULTIPOLE
EXPANSION

From Newtonian gravity (or electrostatics) we are
familiar with the multipole expansion, typically expressed
in terms of spherical harmonics Ylmðθ;ϕÞ or associated
Legendre polynomials Pm

l ðcos θÞ. For our purposes, the
alternative formulation in terms of symmetric trace-free
(STF) tensors (see Ref. [3] for a clear exposition of the
properties of such STF tensors) is simpler to deal with. We
shall briefly review the relation between the two formula-
tions below. STF tensors arise very naturally when taking
Cartesian coordinate derivatives of 1=r and are thus very
naturally linked to a multipole expansion. In addition, such
STF tensors satisfy a number of beautiful relations that
simplify analytical expressions. As for spherical harmonics,
which are scalar functions on the sphere, STF tensors
appear because of their interpretation in terms of repre-
sentations of the rotation group in three dimensions. In
order to make the paper self-contained, we begin this
section with an overview of the relation between these two
formulations, and simultaneously, we introduce our choice
of variables, conventions, and notation. A number of very
useful relations among STF tensors are relegated to
Appendix A.
It is well known that a convenient choice for gravitational

perturbation theory is an expansion around flat space of the
gothic (or Landau-Lifshitz) tensor density

gμνðxμÞ≡ ffiffiffiffiffiffi
−g

p
gμν ¼ ημν − hμν; ð1Þ

which selects harmonic coordinates xμ by the gauge
condition ∂νðgμνÞ ¼ 0. Perturbation theory is set up by
expanding the deviation from Minkowski space as an
infinite series in G:

hμν ¼
X∞
n¼1

GnhμνðnÞ ð2Þ

and solving the equations of motion order by order in G.
Then each term hμνðnÞðt; x; y; zÞ of the series in harmonic
coordinates admits a finite multipolar expansion associated
with the Oð3Þ group of rotations of the spatial coordinates
[which leave invariant r≡ ððx1Þ2 þ ðx2Þ2 þ ðx3Þ2Þ12 and
t≡ x0], i.e.,

hμνðnÞðxμÞ ¼
X∞
l¼0

hμνðnÞ;Lðr; tÞn̂Lðθ;ϕÞ: ð3Þ

Using standard notation, L denotes a multi-index i1i2…il,
and thus nL ≔ ni1ni2…nil with ni ≡ xi=r (i ¼ 1, 2, 3). A
hat on Cartesian tensors indicates that we take the STF part.
Thus, n̂L denotes the STF part of nL and as an example
n̂ij ¼ ninj − δij=3. We refer to Appendix A for general
STF tensor expressions and useful relations among them.
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The sum appearing on the right-hand side of Eq. (3) is
equivalent to a finite expansion in spherical harmonics
Ym
l ðθ;ϕÞ as explained in detail in Ref. [3].
As mentioned in the Introduction, we define our star by a

stationary and spatially localized source of matter. The
resulting spacetime metric in the vacuum outside the star
will then be time independent. Such a definition includes
isolated and nonevolving compact bodies, such as non-
radiating stars and also black holes. Far from the spatially
localized sources, one can expand the metric in terms of
multipole moments in order to describe the gravitational
field generated by them. These multipole moments char-
acterize the spatial distribution of mass and currents in a
gauge-invariant (coordinate-invariant) way. At each order
in G, there is an infinite set of STF tensors representing
mass M and current S multipoles:

fML; SLg; L ¼ i1…il:

After solving the Einstein equations with these sources, the
multipoles thus determine the entire external field and they
are essential for precision modeling of gravitational inter-
actions. In the asymptotic zone of a stationary source, this
multipole expansion is time independent.
The time-independent mass and current multipoles are

defined by moments of the energy-momentum ten-
sor [8,13].
(1) Mass multipole moments.

ML ¼
Z

d3xðT00ðxÞ þ TiiðxÞÞx̂L; ð4Þ

where x̂L ≡ xhi1xi2…xili denotes the STF part of the
multi-index product and the angle brackets represent
the STF projection. Note that we should distinguish
x̂L and xL, which xL is the conventional tensor
product xL ¼ xi1xi2…xil .

(2) Current multipole moments.

SL ¼
Z

d3xxhL−1ϵiijkx
jT0kðxÞ; ð5Þ

where xL−1 ¼ xi1xi2…xil−1 .
We note that a classic paper describing the approximate
metric of a rotating stationary matter distribution is that of
Hartle and Thorne [16]. This predates the multipole
expansion literature and shows how to obtain an approxi-
mate metric for, for instance, a neutron star by a slowly
rotated Schwarzschild solution, truncated at leading terms.

III. THE RECURSIVE SOLUTION

Here we briefly review the iterative method that was used
to compute the Schwarzschild metric to all orders in
Ref. [22]. It boils down to systematizing the perturbative
solution to the Einstein equations of motion in de Donder

gauge based on the expansion of Eq. (2). We have already
provided the first step in the previous section. Restricting
ourselves to stationary solutions, we here consider time-
independent sources of matter that give rise to an energy-
momentum tensor TμνðxÞ which, as indicated, is only a
function of the spatial coordinates x. We have collected a
number of useful identities involving STF tensors and their
relation to Fourier-transformed variables in Appendix B.
Using results from there, and to leading order in G, the
equations of motion then reduce to Eq. (B16) and with the
multipole expanded solution of Eq. (B19).
It is convenient to introduce the Fourier transforms of hμν

which we call currents. Thus, corresponding to the expan-
sion of Eq. (2), we also introduce an ordered sum

JμνðkÞ ¼
X∞
n¼1

GnJμνðnÞðkÞ; ð6Þ

where

JμνðnÞðkÞ≡
Z
x
hμνðnÞðxÞe−ik·x: ð7Þ

For simplicity of notation we define JμνðnÞjk ≡ JμνðnÞðkÞ. Using
the terminology of Ref. [22] we call n the rank of the
expansion. For rank 1 we have linearized gravity, and the
currents are simply the Fourier transforms of Eq. (B19).
Higher-order terms derive from the gravitational self-
interactions that are included in the Einstein tensor.
Expanding the equations of motion order by order in G
and making use of the de Donder gauge condition, we
collect terms in the Landau-Lifshitz pseudotensor

τμνLL ¼
X∞
n¼1

Gnþ1τμνLLðnÞ: ð8Þ

Matching powers ofG this defines a hierarchy of equations.
The expansion of the Landau-Lifshitz pseudotensor starts at
one order higher than the expansion of hμν itself, and the
equations become recursive. Each new order of hμνðnÞ is given
in terms of combinations of previously computed terms of
up to and including those of rank (n − 1). The usefulness of
the currents of Eq. (6) derives simply from the need to solve
the Green function problem for the nth term, thus making it
convenient to first go into momentum space, perform the
needed convolutions, and then transform back to real space.
The intermediate step of Fourier-space convolutions is the
analog of loop integrations in the amplitude approach.
Beyond the first few orders, the expansion becomes
algebraically unwieldy. This problem can be solved by
introducing the auxiliary set of metric tensor variables
described in Ref. [22]. It bypasses at intermediate steps the
inversion of gμν through a doubling of metric variables by
the introduction of a new tensor density g̃μν which is only
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identified as the inverse of gμν (i.e., gμνg̃νρ ¼ δμρ) at the end.
Such a simplified method becomes essentially mandatory
to introduce at high orders in G but it is not needed
here.
For the 2PM calculations of this paper, we need only the

first nontrivial terms of the Landau-Lifshitz pseudotensor

τμνLLð1Þ. The Einstein equation at the 2PM order is

□hμνð2ÞðxÞ ¼ −τμνLLð1Þ; ð9Þ

where, if we denote h ¼ hρρ,

τμνLLð1Þ ¼ 2∂ρhσðμ∂σhρνÞ − 2∂ρðhσðμ∂νÞhρσÞ þ 2hρðμ□hνÞρ þ 1

2
∂
μhρσ∂νhρσ − ∂ρðhρσ∂σhμνÞ −

1

4
∂
μh∂νh

−
1

2
hμν□hþ ημν

�
1

8
∂
ρh∂ρhþ 1

4
h□hþ 1

4
∂
ρhστ∂ρhστ −

1

2
hρσ□hρσ þ

1

2
∂
τhρσ∂ρhτσ þ hρσ∂ρ∂τhστ

�
; ð10Þ

which we will use in the next section. We point out the
important fact that, from this stage and further toward
higher orders in G, all dynamics resides entirely in the
gravitational self-interactions of general relativity. The
higher-order terms are thus universal (invariant functions
of the particular values of the infinite set of multipole
moments that arise from the energy-momentum tensor) and
reflecting precisely how general relativity glues these
different multipole moments together based on the princi-
ple of general covariance.

IV. TRUNCATED MULTIPOLE EXPANSIONS

Having set up the recursive relations, we are now ready
to apply them to the multipole expansion. In contradis-
tinction to the Schwarzschild case [22] the recursion is now
double: both in order of multipoles and in order of G. The
recursion relations expand in powers of G, given what can
be viewed as initial data in terms of 1PMmultipoles. This is
analogous to the Schwarzschild solution, where the initial
condition is provided by a single pointlike matter source at
the origin. That Schwarzschild case corresponds to a time-
independent metric of nonvanishing h00, all other compo-
nents of h vanishing at that initial order. For the general
multipole expansion, the source is rather characterized by
an infinite set of physical parameters that describe the
Taylor expansion of the metric at the linearized level. In
practice, one will truncate at a given order in multipoles and
then generate the post-Minkowskian expansion in G based
on this finite number of initial values. This double
expansion rapidly clogs up due to the numerous different
tensor structures that result from the couplings between
different multipoles, together with spatial indices. In order
not to lose sight of the underlying simple recursive
structures in the post-Minkowskian expansion, it is there-
fore illustrative to begin with an example to 2PM order,
truncated to quadrupole mass multipole order and leading
current multipole order. As we shall see, this already
produces new results, and it will then become clear how
it generalizes to arbitrary orders.

A. Rank 1

We recall that we label the power n of the coupling
constant G as the rank. Rank 1 is what in quantum field
theory language would be labeled tree level, and hμνð1Þ is the
solution to the classical equations of motion to order G.
This is the starting point of the iteration and we have the
simple relation Eq. (B16) of linearized gravity. The
solutions (B19) of this equation give our initial conditions
for the recursion relations.
Hence, from (7) we get the rank-1 currents up to the

quadrupole moments

J00ð1Þjk ¼
Z
x

�
4M
r

þ 6Mab

r3
n̂ab

�
e−ik·x

¼ 16π

�
M
jkj2 −

Mabk̂
ab

2jkj2
�
;

J0ið1Þjk ¼
Z
x

�
−2ϵiabna

Sb

r2

�
e−ik·x

¼ iϵiab
8πSbka

jkj2 ; ð11Þ

and in addition J ij
ð1Þjk ¼ 0.

B. Rank 2

From Einstein equation at 2PM order (9), we first
consider the contributions to the time components h00ð2Þ
under the stationary condition and the harmonic gauge:

∇2h00ð2Þ ¼
7

8
∂ih00ð1Þ∂ih

00
ð1Þ þ

5

4
h00ð1Þ∂

2h00ð1Þ

−
1

2
∂ih

0j
ð1Þ∂ih

0j
ð1Þ −

3

2
∂ih

0j
ð1Þ∂jh

0i
ð1Þ − h0ið1Þ∂

2h0ið1Þ; ð12Þ

which by iteration gives us the currents. To help displaying
how the recursion works, we split up h00ð2Þ into two parts:

h00½a�ð2Þ , which depends only on h00ð1Þ, and h00½b�ð2Þ , which
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depends only on h0ið1Þ:

h00ð2Þ ¼ h00½a�ð2Þ þ h00½b�ð2Þ ; ð13Þ

where h00½a�ð2Þ and h00½b�ð2Þ satisfy

∇2h00½a�ð2Þ ¼ 7

8
∂ih00ð1Þ∂ih

00
ð1Þ þ

5

4
h00ð1Þ∂

2h00ð1Þ;

∇2h00½b�ð2Þ ¼ −
1

2
∂ih

0j
ð1Þ∂ih

0j
ð1Þ −

3

2
∂ih

0j
ð1Þ∂jh

0i
ð1Þ

− h0ið1Þ∂
2h0ið1Þ: ð14Þ

Let us consider first the iterative contributions from

J00½a�ð2Þj−k1 , which is associated with ∂
2h00½a�ð2Þ :

J00½a�ð2Þj−k1 ¼
1

jk1j2
Z
k2

�
5

4
jk2j2 −

7

8
k12 · k2

�
× J00ð1Þj−k12J

00
ð1Þjk2 : ð15Þ

Using the bubble integral formula in Eq. (C4), we have

1

π2
J00½a�ð2Þj−k ¼

14M2

jkj þ 7MabMabjkj3
40

þ 3M2
abk̂

abjkj
8

−
21MMabk̂

ab

4jkj þ 21MabMcd

256jkj k̂abcd: ð16Þ

We next find the contributions from the three terms
involving the h0ið1Þ components, viz., those arising from

the current multipoles. We label them by superscript [b]:

jk1j2J00½b�ð2Þj−k1 ¼
Z
k2

��
k12 · k2

2
− jk2j2

�
δij þ 3ki2k

j
12

2

�
× J0ið1Þj−k12J

0j
ð1Þjk2 : ð17Þ

Similarly, upon substitution of the corresponding 1PM
currents from (11), this gives

jk1j2J00½b�ð2Þj−k1 ¼
Z
k2

�
32π2k12 ·k2
jk2j2jk12j2

ðk2 ·k12jSj2−ðk12 ·SÞðk2 ·SÞÞ

−
96π2

jk2j2jk12j2
ðk2 ·ðk12×SÞÞ2

�
; ð18Þ

where k2 · ðk12 × SÞ ¼ ϵijkki2k
j
12S

k. Evaluating the integrals
we obtain

J00½b�ð2Þjk ¼
5π2jSj2jkj

3
−
7π2SiSj

4jkj k̂ij: ð19Þ

The total 2PM contribution is thus J00ð2Þjk ¼ J00½a�ð2Þjk þ J00½b�ð2Þjk
with the result

J00ð2Þjk ¼
14π2M2

jkj þ 7π2MabMabjkj3
40

þ 5π2jSj2jkj
3

þ 3π2

4

�
M2

abjkj2
2jkj −

7MMab

jkj −
7SaSb
3jkj

�
k̂ab

þ 21π2MabMcd

256jkj k̂abcd: ð20Þ

We next move on to find the currents for h0i to order G2.
From the equations of motion to this order,

∇2h0ið2Þ ¼
1

2
h0ið1Þ∂

2h00ð1Þ þ ∂jh0ið1Þ∂jh
00
ð1Þ − ∂ih

0j
ð1Þ∂jh

00
ð1Þ; ð21Þ

and the corresponding recursion is

J0ið2Þj−k1 ¼
1

jk1j2
Z
k2

��
1

2
jk2j2 − k12 · k2

�
δij þ ki12k

j
2

�
× J0jð1Þj−k12J

00
ð1Þjk2 ; ð22Þ

which for the currents gives

J0ið2Þj−k ¼ iπ2jkj
�
2Mϵijk
jkj2 −

ϵijlMlk

2
−
Milϵljk

8

�
Sjkk

þ ϵiabMcd

16jkj Sakbcd: ð23Þ

We finally turn to the hij components at 2PM order. While
not present at order G, these terms are generated by
iteration through the equations of motion:

∇2hijð2Þ ¼ ∂kh0ið1Þ∂kh
0j
ð1Þ − 2∂kh0ðið1Þ∂

jÞh0kð1Þ −
1

4
∂ih00ð1Þ∂jh

00
ð1Þ

þ ∂ih0kð1Þ∂jh
0k
ð1Þ þ

δij

8

�
∂kh00ð1Þ∂kh

00
ð1Þ − 4∂kh0lð1Þ∂kh

0l
ð1Þ

þ 4∂kh0lð1Þ∂lh
0k
ð1Þ þ 2h00ð1Þ∇2h00ð1Þ − 8h0kð1Þ∇2h0kð1Þ

�
:

ð24Þ

Deriving the recursion by taking the Fourier transform, we
get the corresponding currents by solving the recursion
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−π−2Jijð2Þjk ¼ M2Aij
1;1 þ

Mðk ·M · kÞ
16jkj Aij

5;7 þ
M
8jkjB

ij −
MMijjkj

8
−
ðk ·M · kÞ2
512jkj Aij

5;1 þ
ðk ·M · kÞ
128jkj Bij −

ðk ·M ·M · kÞ
128jkj−2 Aij

4;13
3

þ jkj
192

�
7

2
ðk ·M · kÞMij − 5ðM · kÞiðM · kÞj

�
þ ðM · kÞkl

192
Bijk −

5l2MabMab

768
Aij
1;1 −

l3

192
M2

ij

þ ðS × kÞiðS × kÞj
2jkj þ 2ðS · kÞ2

16
Aij
1;1

3

þ jSj2jkj2
16

Aij
11;3 þ

5

8

�
jkjSiSj − 2k · S

jkj kðiSjÞ
�
; ð25Þ

where k ·M · k ¼ kiMijkj, ðM · kÞi ¼ Mijkj and

Aij
α;β ¼

αki1k
j
1

k3
−
βδij

k
;

Bijk ¼ kjMik þ kiMjk; Bij ¼ Bijkkk: ð26Þ

C. Stationary gravitational metric at 2PM order

The iterative solution has provided us with all stationary
2PM currents that include mass multipoles and the leading
current multipole corresponding to angular momentum.
The only remaining task in order to extract the metric is to
Fourier transform back to space coordinates. Before listing
those expressions, we here provide a few details on how to
solve the required integrals. The same method used to
derive, e.g., Eq. (C6).
Using this, we can now provide the corresponding

expressions for the metric tensor:

h00ð2Þ ¼
7M2

r2
þ 21MMab

r4
n̂ab −

5jSj2
3r4

þ 7SaSb

r4
n̂ab

þ 63MabMcdn̂abcd

4r6
þ 9M2

abn̂
ab

r6
þ 21MabMab

10r6
ð27Þ

and

h0ið2Þ ¼
2MðS × nÞi

r3
þ 3S̃iaMbcn̂abc

2r5

−
19S̃iaðM · nÞa

10r5
þMijðS × nÞj

2r5
; ð28Þ

where M2
ab ¼ MacMcb and S̃ia ¼ ϵiabSb.

The hij components at order G2 are considerably more
lengthy. We decompose the term as

hijð2Þ ¼
1

r2
Hij

2 þ 1

r4
Hij

4 þ 1

r6
Hij

6 ð29Þ

and each component is

Hij
2 ¼ M2

�
n̂ij þ 1

3
δij

�
;

Hij
4 ¼ MMab

�
15

2
n̂ijab þ 11

7
δijn̂ab

�
−
12

7
MMaðin̂jÞa þ

�
9

2
n̂ijab −

13

7
δijn̂ab

�
SaSb − 2n̂abS̃iaS̃jb

þ 32

7
San̂ðia S

jÞ −
SiSj

15
− jSj2

�
20

7
n̂ij −

2

15
δij

�
;

Hij
6 ¼ MabMcd

�
75

4
n̂ijabcd þ 9δij

44
n̂abcd

�
−
6M2

ij

35
−
90

11
M2

abn̂
ijab þMabMab

�
11

70
δij −

25

84
n̂ij

�

−
5

21
M2ði

a n̂jÞb þ
18

11
MbcMaðin̂jÞabc þ

�
10

21
MabMij −

23

42
MaðiMjÞb þ 29

42
δijM2

ab

�
n̂ab: ð30Þ

We have checked that all these expressions match with the literature [9,12].
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V. REDUCTION TO THE KERR METRIC

As a further check on the expressions given above, we
can consider the black hole limit where our metric should
reduce to the Kerr metric in harmonic gauge [51,52]. This is
a degenerate corner of the general multipole expansion in
which the current multipoles and mass multipoles are not
independent but scale with one parameter, the reduced
angular momentum a ¼ J=M. We start by listing the
standard form of harmonic gauge hμν for the Kerr metric:

h00 ¼ 1þ R2½a2ð3M̄2 þ 4M̄Rþ R2Þ þ ðM̄ þ RÞ4�
a2 − M̄2 þ R2

þ a2z2

a2z2 þ R4
;

h0i ¼ −
2aM̄R2ðM̄ þ RÞϵij3xj

ða2z2 þ R4Þða2 − M̄2 þ R2Þ ;

hij ¼ M̄2R2

R4 þ a2z2
ζiζj; ð31Þ

where M̄ ¼ GM and the defining equation for R2 is

R2 ¼ r2 − a2
�
1 −

z2

R2

�
; ð32Þ

and r≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p
. In addition,

ζi ¼
�
Rxþ ay
R2 þ a2

;
−axþ Ry
R2 þ a2

;
z
R

�
: ð33Þ

We remind that we can read off the multipoles for Kerr by
expanding the terms of order G and a in powers of 1=r. As
mentioned earlier, there are indeed no contributions to hij at
order G, but there are terms in hij with both odd and even
powers of a at order G2 and higher. This will become an
important point when we make contact with our general
multipole expansion, as will be discussed below.
Indeed, an important point to mention is the following.

The full Kerr solution provides one compact vacuum
solution to Einstein equation outside a suitable source with
spin. From that closed-form solution one cannot identify
the combinations of different multipole moments that are
behind the compact expression for the metric. Analyzing
how the Kerr metric builds up perturbatively, order by order
in G and spin a, we can obtain that map. This will allow us
to trace precisely which multipole moments contribute to
given orders of the Kerr metric expansion. Such an analysis
has not been carried out before.
We now need to identify the Kerr mass and current

multipoles. An axisymmetric source such as that of a Kerr
black hole with a chosen symmetry axis si implies
invariance under only the subgroup SOð2Þs ⊂ SOð3Þ of
rotations about si. Since rank-l STF tensors form irreduc-
ible SOð3Þ representations, imposing invariance under this

axial SOð2Þ selects a one-dimensional invariant subspace
within it. In such a case, the only rotationally invariant STF
direction is that of the symmetry axis (the spin s axis).
Therefore, at each l, the multipole tensor must be

proportional to the unique axis-aligned STF tensor built
solely from the unit axis vector:

ML ¼ alŝL: ð34Þ

One can find the detailed proof of this statement from
symmetry in Appendix D. This implies, if we choose the
symmetry axis to be in the 3 direction, the only independent
component is the all-z one M33…3, while any component
carrying an x or y index is excluded by the symmetry (and
the remaining diagonal pieces are fixed by the trace-free
condition).
By expanding (31) at the OðGÞ,

h00ð1Þ ¼
X∞
l¼0

4ð−1ÞlMa2l

r2lþ1
P2lðn̂ · ŝÞ; n̂ · ŝ ¼ z

r
;

¼ 4
X∞
l¼0

ð−1ÞlMa2l

r2lþ1

ð4l − 1Þ!!
2l!

n̂LŝL; ð35Þ

where, in the last step, we employed the identity in
Eq. (B21) with L ¼ i1;…; i2l.
We now compare with the general form in Eq. (B22) and,

by matching coefficients, find

ML ¼ ð−1ÞlMa2lŝL: ð36Þ

Therefore,

odd∶ M2lþ1 ¼ 0;

even∶M2l ¼ Mð−1Þla2l: ð37Þ

The Kerr current multipole expressions can be read off
similarly. In summary, the Kerr multipoles corresponding
to an axisymmetric rank-l STF tensor aligned with the spin
axis s can be grouped together in the complex combination
[1,2]

Ml ≡Ml þ iSl; Ml ¼ MðiaÞl; ð38Þ

corresponding to

ML ¼ ð−1Þla2lMŝL; SaL ¼ ð−1ÞlMa2lþ1ŝaL: ð39Þ

Let si be the unit spin direction of Kerr, chosen along the 3
direction: si ≡ δi3. We then have for the current dipole and
the mass monopole and quadrupoles:
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Sa ¼ Maδa3 ¼ ð0; 0;MaÞ;

Mab ¼ −Ma2ŝab ¼ −Ma2
�
sasb −

1

3
δab

�
: ð40Þ

With the symmetry axis aligned with the z axis, we thus
have for the mass quadrupole

Mzz ¼ −
2

3
Ma2; Mxx ¼ Myy ¼ þ 1

3
Ma2:

We begin with a comparison between h00 of our multi-
pole expansion and h00 of the Kerr metric. Since we have
kept mass multipoles up to and including quadrupoles but
only the leading current multipole (spin), and since we now
expand in the common parameter a, we need some care.
Through iterations, we can recover all terms of order a2

[arising from combinations of mass monopole-quadrupole
(MMab) or current dipole-dipole (SaSb)] and we can also
recover all terms of order a4 arising from mass quadrupole-
quadrupole (MabMcd). But there are also potentially
iterative terms coming from mass monopole-hexadepole
(MMabcd) and current dipole-octupole (SaSbcd) combina-
tions. Those pieces we have not computed for the 2PM
order. One could imagine also terms of order a4 from

further combinations like SaSbScd, etc., but such contribu-
tions cannot arise at order G2 since this is the first iteration
in G that hence links only two multipoles.
Because we have truncated our multipole expansion at

mass quadrupole and current dipole order, we do not have
all the pieces that contribute to order a4 for h00 at 2PM
order. It turns out, however, that we have more information
available than what can be read off from the “exact” form of
the Kerr metric in Eq. (31). This follows from the analysis
of [53], which shows how to build up the Kerr metric from
the perturbative expansions in both g and a, given a (1PM)
source for a Kerr black hole. In detail, this can be done by
attaching “charges” Q½n� to all multipoles so that Q½0�
multiplies the mass monopole andQ½2� multiplies the mass
quadrupole (and in general all Q½n� for n even multiply the
mass multipoles). Likewise, Q½1� multiplies the current
dipole, and in general Q½n� multiplies the current multi-
poles for n odd. This way of identifying how different
multipole combinations build the Kerr metric (31) from a
Kerr source gives us the possibility to check our 2PM
computations for all components of hμν up to order a4. We
list all of the components for reference in Appendix E. For
instance, for the case at hand, the expansion of the 2PM
Kerr metric h002PM truncated at Oða4Þ is given by [53]

M−2h00ð2ÞjOða4Þ ¼
7Q½0�2
r2

þ 7ðr2 − 3z2Þ
r6

Q½0�Q½2�− ð4r2 − 7z2Þ
r6

Q½1�2 þ 7ðr2 − 3z2Þ2
4r10

Q½2�2 − ð4r4 − 33r2z2 þ 35z4Þ
r10

Q½1�Q½3�

þ 7ð3r4 − 30r2z2 þ 35z4Þ
4r10

Q½0�Q½4�: ð41Þ

We are now ready to compare this with the general
multipole expansions of Eq. (27) by substituting values
for mass and current multipoles for the Kerr black hole
given in Eq. (39). We recover the Kerr metric for the
specific choice

Q½l� ¼ al: ð42Þ

The coefficients to the various combinations of theseQ’s in
this expansion of the metric correspond one to one with the
corresponding combinations of multipole moments. They
show how the Kerr metric builds up perturbatively by
combining those different multipoles through the recursion.
Collecting the results up to quadrupole moments

h00ð2ÞjQuad, we have

h00ð2ÞjQuad ¼
M2

r2

�
7þ a2ð3 − 14n23Þ

r2
þ a4ð1 − 3n23Þ2

4r4

�
; ð43Þ

with n3 ¼ z
r. We can now clearly see how our general

expansion reduces to the Kerr values through the match to
the first four coefficients given in Eq. (41) after substitution

of the identification (42). In greater generality, assigning
these Q labels at the 1PM source level of the Kerr metric
allows us to identify and extract different multipole
coefficients in the metric at any higher PM order and
higher multipole orders.
We now turn to a similar check on our h0i expressions at

2PM order. At leading order in a only the current dipole
and mass monopole, i.e., MSa, contribute. From (28) we
immediately obtain at order a:

h0ið2Þ ¼ −2Mϵij3S3
nj
r3

¼ −2Ma
ϵij3xj
r3

: ð44Þ

Moving on to order a3 (only odd orders of a can appear due
to parity) we can have combinations MabSc, MSabc, and
MMabc. Of these, we can only check the terms arising from
quadrupole-dipole contributions.
Then we can write

h0ið2Þ ¼ M2aϵiabnaSb
�
−

2

r3
−

a2

2r5
ð3n23 þ 1Þ

�
: ð45Þ
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Comparing with the component expressions for the Kerr
metric at 2PM order listed in Appendix E, we find a perfect
match to order a3 from our general multipole expansion.
We finally turn to a comparison of our hij expressions in

the Kerr limit. At 2PM order we can potentially get terms of
order a (from combinations MSa), order a2 (from combi-
nations SaSb and MMab), order a3 (from combinations

SaMbc and MSabc), and order a4 (from combinations
MabMcd, MMabcd, MabcSd, and MSabcd). Of these, we
are not comparing with any terms involving Mabc, Mabcd,
Sabc or Sabcd. We now check which of the remaining kinds
of combinations will appear in our iterative solution.
As we have chosen the spin axis, si to be in the 3

direction (si ≡ δi3), we have

hijð2Þ ¼
M2

r2
ninj þM2a2

r4
½ð5n23 − 11Þninj − 2vivj þ 8n3sðinjÞ − 3sisj þ 3ð1 − n23Þδij�

þ 3M2a4

4r6

�
ð1 − 18n23 þ 25n43Þninj þ 2

�
n23 −

1

3

�
sisj þ 8ðn3 − 2n33ÞsðinjÞ þ 2n23ð1 − n23Þδij

�
; ð46Þ

where vi ¼ ϵia3na.
This matches with the Kerr metric at mass quadrupole-

quadrupole order Oða4Þ, as listed in Appendix E.
We thus find agreement with the Kerr metric in the Kerr

limit of multipoles in Eq. (39) for all terms we have
computed at 2PM order. There are two ways in which to
view these confirmations of results. The first is to see this as
only a consistency check on two similar computations: the
perturbative solution based on the Kerr source of Ref. [53]
(which is based on the same iterative formalism) and our
more general multipole expansion here. These two calcu-
lations should clearly agree in the Kerr limit. Another way
to consider it is to think beyond the Kerr black hole and
view the deformations from the Kerr metric as representing
interesting compact astrophysical objects whose metrics
can resemble Kerr black holes to as high a degree of
accuracy as we wish. This second viewpoint highlights the
interesting scenario that a compact star can seem arbitrarily
similar to a Kerr black hole, and yet it will not be a black
hole. Approaching the star from a far distance, all multi-
poles may appear to be those of the Kerr metric, except for a
few multipoles that are slightly different. Then there will be
no horizons, and the star will reveal its true identity only
very close to the would-be horizons. The existence of such
a black hole mimicker should not be ruled out by
fundamental principles in general relativity. Neither should
it be ruled out by astrophysical production mechanisms that
would force the stellar evolution to end at a Kerr black hole
if sufficiently close to it in terms of multipoles. It would not
seem to involve careful tuning to realize such an astro-
physical compact object. Examples of external metrics of
rotating compact objects that differ by arbitrarily small
amounts from those of Kerr black holes have been
considered in, e.g., Refs. [54,55]. It is worth stressing that
a way to distinguish spinning black holes from mimickers
in gravitational wave signals would be to extract individual
multipole moments from the data. Although impossible in
the near future, and very difficult in the long run, this would
provide a quantifiable measure of the degree of confidence

one has in assigning the identities of genuine black hole
solutions to the binary systems. The idea put forth in this
paper is that for stationary sources one can compute the full
multipole expansion beyond linearized gravity to in prin-
ciple arbitrarily high order in G and, thus, be able to
identify not only potential deviations from black hole
metrics in the data, but also pinpoint precisely which
combinations of multipole moments will be impacted by
such potential deviations. In practice, the distinction
between black holes and very compact astrophysical
objects may be almost immaterial from the point of view
of gravitational wave physics but, of course, of major
importance for astrophysics.
Computing the Kerr metric perturbatively from scatter-

ing amplitudes and worldline formalisms is a different line
of attack which assigns spin to a pointlike object either at
small quantized levels or for spins of classical magnitudes
through effective couplings to curvature terms [56–68]. In
the amplitude-based approach this is achieved through the
addition of nonminimal couplings to higher-spin fields, and
an approach similar in spirit is taken in the worldline
formalisms. The link between these two constructions is
through the higher-derivative nonminimal couplings, which
again map to the set of multipoles of the present paper.

A. Gauge redundancy

We finally point out an important caveat with respect to
the matching of our general multipole expansion with that
of the Kerr metric in the Kerr limit. While we find
agreement to the 2PM order with the specific combinations
of multipole moments described above, there are also terms
in the expansion of Eq. (31) that we cannot reproduce, and
we should explain why. As an illustration, consider terms
proportional to a at the 2PM contributions to hij. If we
expand Eq. (31) to that order, we find the term

h12ð2Þ ¼
M2a
r5

ðy2 − x2Þ; ð47Þ
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which can only arise from a combination of mass monopole
and current dipole, MSa. However, as can be seen from
(24), a term of that kind will not be generated by our
recursion. This apparent inconsistency of our recursive
method is resolved once it is realized that the exact de
Donder gauge Kerr metric of Eq. (31) is only one particular
form of the Kerr metric in de Donder gauge, an issue
explained very clearly in Ref. [69] for the case of the
Schwarzschild black hole. Because the harmonicity con-
dition on coordinates is preserved under a shift of those
coordinates by any harmonic function, we have the free-
dom to add such a 2PM residual gauge vector ξi:

xi → xi þ ξi; ð48Þ

where□ξi ¼ 0. The gothic hij’s do not transform as tensors
under such an infinitesimal transformation but rather

hij → hij − ∂
iξj − ∂

jξi þ ηij∂kξ
k: ð49Þ

If we choose

ξi ¼ −M2aϵij3
xj

3r3
; i; j∈ f1; 2g; ð50Þ

which indeed obeys □ξi ¼ 0, then h12 transforms as

h12ð2Þ → h12ð2Þ −
M2a
r5

ðy2 − x2Þ; ð51Þ

and it thus cancels the order-a term of Eq. (47). This
phenomenon was noticed in Ref. [53] and it shows that the
standard form of the Kerr metric in harmonic gauge
Eq. (31), which nicely presents a compact nonperturbative
version of the harmonic-gauge Kerr metric, achieves the
compact closed-form expression by including terms that
can be removed by a coordinate change while still retaining
the harmonic gauge.
In fact, this gauge redundancy persists to infinite order in

a. Although we do not need it here, we note that the
corresponding 2PM gauge vector to all orders in a is most
conveniently expressed in terms of the variable R, and it
reads

ξi ¼ M2

2a2

�
Ra

R2 þ a2
þ tan−1

�
R
a

�
−
π

2

�
ϵij3xj; ð52Þ

with the relation between R and r as given in Eq. (32). The
existence of this gauge vector implies that at 2PM order all
terms with odd powers of a are gauge artifacts within the de
Donder gauge. Indeed, our recursive solution does not
generate such terms.

VI. GENERALIZATION TO HIGHER
MULTIPOLES

We finally show how the above iteration generalizes to
any number of multipoles. Since the OðG2Þ equations of
motion are unchanged, the recursion relations are unaltered,
but the currents that enter these relations will include more
terms. Correspondingly, new convolution integrals will
arise. They are fortunately all of what can be called
generalized bubble integrals, the nature of which follows
from the fact that we are solving the massless equations of
motion for the metric fluctuations. The 2PM solution for
the metric involving an arbitrary number of higher multi-
poles can be given entirely in terms of these generalized
bubble integrals. Here we outline the solution for h00 to
order G2 and including all orders in the multipoles.
We begin by writing the 1PM current multipole expan-

sion for h00 from Eq. (B22):

J00ð1Þjk ¼ 4
X∞
l¼0

ð−1Þ2lð2l − 1Þ!!
l!

ML

Z
x

n̂L
rlþ1

e−ik·x: ð53Þ

A useful consequence of ML being an STF tensor is
that its contraction with any other tensor TL satisfies
MLTL ¼ MLT̂L, where T̂L denotes the STF projection of
TL. This means that we can switch freely between hatted k̂
and unhatted k variables in the above expression for the 1PM
current:

J00ð1Þj�k ¼ 16π
X∞
l¼0

ð�iÞl
l!

MLk̂
L

jkj2 : ð54Þ

Momentum space expressions for the current multipole
components follow analogously.With the help of the Fourier
transform formula Eq. (C6), the 1PM current corresponding
h01ð1Þ can be derived from Eq. (B22):

J0ið1Þj�k ¼ 16π
X∞
l¼0

ð�iÞll
ðlþ 1Þ! ϵiab

SbL−1k̂
aL−1

jkj2 ; ð55Þ

together with Jijð1Þj�k ¼ 0.

A. Iterations for rank-2 currents

The recursive equations ofmotion forh00 to orderG2 have
already been given in Eq. (12). As in Sec. IV, we divide up
the corresponding 2PM currents according to an additional
index a and b that tracks contributions from the mass and
current multipoles separately. Then from Eq. (15) we get the
2PM current from iterated mass multipole pieces:
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J00½a�ð2Þj−k1 ¼
ð16πÞ2
jk1j2

X∞
l;l0¼0

ð−1Þlilþl0MLML0

l!l0!

×
Z
k2

�
−
7

8
k12 · k2 þ

5

4
jk2j2

�
kL12k

L0
2

jk12j2jk2j2
; ð56Þ

where L and L0 are multi-indices and wewrite ke2k
L0
2 ¼ keL

0
2 .

Considering multinomial expansion for the term kL12,

ðk1 þ k2ÞL ¼
Xl

q¼0

�
l
q

�
kL−Q1 kQ2 ; ð57Þ

where jQj ¼ q. Working implicitly in dimensional regu-
larization which removes all scale-free integrals, we get

J00½a�ð2Þj−k1 ¼
ð16πÞ2
jk1j2

X∞
l;l0¼0

Xl

q¼0

7ð−1Þlþ1ilþl0

8l0!q!ðl − qÞ! I
½a�
k1;q

; ð58Þ

where

I½a�k1;q
≡ keP1 MPQML0IeL0Q

k1
; L ¼ PQ; ð59Þ

and

IeL0Q
k1

¼
Z
k2

keL
0Q

2

jk12j2jk2j2
¼

Xbn2c
r¼0

Cn;rT
eL0Q
rjk1 jk1j2r−1: ð60Þ

Here Cn;r and TeL0Q
rjk1 are defined in (C4). Substituting these

into I½a�k1;q
, we have

I½a�k1;q
¼ keP1 MPQML0

Xbn2c
r¼0

Cn;rT
eL0Q
rjk1 jk1j2r−1: ð61Þ

The remaining task is to evaluate

kePMPQML0TeL0Q
rjk : ð62Þ

At this stage the STF property is crucial. Since the mass
multipolesML0 andML are STF individually, anyKronecker
delta in TeL0Q

rjk1 that contracts two indices within L0, or two
indices within L ¼ PQ, gives zero. Hence the only non-
vanishing contractions are of two types: first, Kronecker
deltas connecting one index in L0 with one index in Q;
second, one delta involving the distinguished index e,
contracting e with one index in L0 or in Q.
To be specific, let s denote the number of Kronecker

deltas in TeL0Q
rjk that are contracted with the mass multipoles.

Type I represents the case where all r Kronecker deltas are
contracted with M, such that r ¼ s. In type II, s of the
Kronecker deltas are contracted with the multipole, while

the single remaining delta is contracted with MPQ or ML0,
and r ¼ sþ 1. Denoting the set of these contracted multi-
indices by S, where jSj ¼ s, the respective types can be
written as

type I∶ δi1j1…δisjsMi1…isAMj1…jsB ¼ MSAMSB;

type IIa∶ δee
0
δi1j1…δisjsMe0i1…isAMj1…jsB ¼ MeSAMSB;

type IIb∶ δee
0
δi1j1…δisjsMi1…isAMe0j1…jsB ¼ MSAMeSB;

ð63Þ

where we decomposed the multi-indices according to

type I∶ L0 ¼ SA; Q ¼ SR;

L ¼ PQ ¼ SB; B ¼ PR;

type IIa∶ L0 ¼ eSA; Q ¼ SR;

L ¼ PQ ¼ SB; B ¼ PR;

type IIb∶ L0 ¼ SA; Q ¼ eSR;

L ¼ PQ ¼ eSB; B ¼ PR; ð64Þ

Contracting with all the remaining k vectors, every
surviving term reduces to the common tensor structure
MSAkAMSBkB by symmetry.
We now proceed to evaluate the contractions explicitly,

first considering type I. In this case all s deltas in TN
rjk must

connect L0 with Q. After contraction with the external
factors kekP, one obtains

kePTeL0Q
sjk ML0MPQ ¼ N1jkj2MSAkAMSBkB;

N1 ¼
�
l0

s

��
q
s

�
s! ¼ l0!q!

s!ðl0 − sÞ!ðq − sÞ! :

ð65Þ

We next consider type II. Besides the s contractions
between L0 and Q, there must be one additional
Kronecker delta involving the index e. For type IIa case,
the number of such terms is

N2 ¼
l0!q!

s!ðl0 − s − 1Þ!ðq − sÞ! ¼ ðl0 − sÞN1: ð66Þ

For type IIb case, the number of those terms is

N20 ¼
l0!q!

s!ðl0 − sÞ!ðq − s − 1Þ! ¼ ðq − sÞN1: ð67Þ

Combining these two results, we have
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kakPTaL0Q
sþ1jkML0MPQ

¼ ½N2 þ N20 �MSAkAMSBkB

¼ ðl0 þ q − 2sÞN1MSAkAMSBkB: ð68Þ

Finally, combining (65) and (68), we find

I½a�k;q ¼ ð−1Þn
Xminðl0;qÞ

s¼0

N1½Cn;s þ ðl0 þ q − 2sÞCn;sþ1�

× jkj2sþ1MSAkAMSBkB: ð69Þ

Evaluating Cn;s þ ðl0 þ q − 2sÞCn;sþ1, we obtain

Cn;s þ ðl0 þ q− 2sÞCn;sþ1 ¼
ð−1ÞsΓðl0 þ q− sþ 1

2
Þ

2sþ4
ffiffiffi
π

p
Γðl0 þ qþ 1Þ : ð70Þ

It follows that I½a�k;q is given by

I½a�k;q ¼
Xminðl0;qÞ

s¼0

C½a�
n;sjkj2sþ1MSAkAMSBkB;

C½a�
n;s ¼ ð−1Þnþsl0!q!

2sþ4
ffiffiffi
π

p
s!ðl0 − sÞ!ðq − sÞ!

Γðn − s − 1
2
Þ

ΓðnÞ ; ð71Þ

where n ¼ l0 þ qþ 1. Substituting the results into (58), we
obtain

J00½a�ð2Þj−k1 ¼
ð16πÞ2
jk1j2

X∞
l;l0¼0

7ð−1Þlþ1ilþl0

8l!l0!

Xl

q¼0

�
l
q

�

×
Xminðl0;qÞ

s¼0

C½a�
n;sjk1j2sþ1MSAkA1MSBkB1 : ð72Þ

Equation (58) provides us with the full 2PM contribution
from all mass multipoles in terms of a generalized (tensor)
bubble integral. We now turn to those coming from current
multipoles. We read off the corresponding 2PM pieces for
h00ð2Þ from Eq. (12), giving us the corresponding momentum

space integral

J00½b�ð2Þj−k1 ¼
1

jk1j2
Z
k2

�
k1 · k2 − jk2j2

2
J0ið1Þj−k12J

0i
ð1Þjk2

þ 3

2
ki2k

j
12J

0i
ð1Þj−k12J

0j
ð1Þjk2

�
: ð73Þ

As initial conditions, we have the 1PM currents

J0ið1Þj�k ¼ 16π
X∞
l¼1

lð�iÞl ½S̃ × k�L−1i

ðlþ 1Þ!jkj2 ; ð74Þ

where

½S̃ × k�L−1i ≡ ϵiabSbL−1kaL−1: ð75Þ

Using the derivative acting on the exponentials and
removing the scaleless integral,

J00½b�ð2Þj−k1 ¼
ð16πÞ2
jk1j2

X∞
l;l0¼1

ð−1Þlilþl0 ll0

ðlþ 1Þ!ðl0 þ 1Þ! I
½b�
k1
; ð76Þ

where

I½b�k1
¼

Z
k2

ðk1 · k2δij þ 3ki2k
j
12Þ½S̃ × k12�L−1i ½S̃ × k2�L0−1

j

2jk12j2jk2j2
:

ð77Þ

Using the following identity:

ki2½S̃ × k12Þ�L−1i ¼ −ki1½S̃ × k12�L−1i ;

kj12½S̃ × k2�L0−1
j ¼ kj1½S̃ × k2�L0−1

j ; ð78Þ

we can reduce the integral into

I½b�k1
¼
Z
k2

ðk1 · k2δij − 3ki1k
j
1Þ½S̃× k12�L−1i ½S̃× k2�L0−1

j

2jk2j2jk12j2
: ð79Þ

Using the binomial expansion (57), we have

kaðL−1Þ12 ¼
Xl−1
p¼0

�
l − 1

p

�
ðkaP1 kQ2 þ kP1 k

aQ
2 Þ; ð80Þ

where L − 1 ¼ PQ, jPj ¼ p and jQj ¼ l − 1 − p. Now,

I½b�k can be decomposed into two parts:

I½b�k ¼ 1

2

Xl−1
p¼0

�
l − 1

p

��
faNð1ÞI

aN
k þ fabNð2Þ IabN

k

�
; ð81Þ

where IN
k is defined in (C4),

faNð1Þ ¼ ð−1Þnþ1ðkðajkbYbjNÞ
ii − 3kikjYðaNÞ

ij Þ;
fabNð2Þ ¼ ð−1Þnþ2kðaYbNÞ

ii ; ð82Þ

and YaN
ij is a multiplication of two spin multipoles:

YaN
ij ≡ YaQcðL0−1Þ

ij ¼ kPϵiabϵjcdSbPQSdðL0−1Þ: ð83Þ

Note that the parentheses on the right-hand side in (82)
imply the total symmetrization of a and all the multi-
indices of N for the first line and total symmetrization of a,
b and all the multi-indices ofN for the second line. Thus we
now want evaluate faNð1Þ and f

abN
ð2Þ by eliminating TN

r . Let us

consider an arbitrary symmetric tensor XN and its
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contraction with the TN
rjk:

XNTN
rjk ¼

n!
ð2rÞ!ðn − 2rÞ! ðTr

rXÞQkQ; ð84Þ

where N ¼ i1i2…i2rQ and

ðTrrXÞQ ≡ Xa1a1…ararQ ð85Þ

is an r-fold reduced trace in the form shown. The full
contraction between XN and IN

k is thus given by

XNIN
k ¼

Xbn=2c
r¼0

C½b�
n;rjkj2r−1ðTrrXÞQkQ; ð86Þ

where

C½b�
n;r ¼ ð−1Þr Γðn − rþ 1

2
Þ

2rþ3
ffiffiffi
π

p ð2rÞ!ðn − 2rÞ! : ð87Þ

Then I½b�k becomes

I½b�k ¼ 1

2

Xl−1
p¼0

�
l − 1

p

��Xbnþ1
2
c

r¼0

C½b�
nþ1;r

jkj1−2r ðTr
rfð1ÞÞQkQ

þ
Xbn2þ1c

r0¼0

C½b�
nþ2;r0

jkj1−2r0 ðTr
r0fð2ÞÞQ0kQ

0
�
: ð88Þ

Hence, by combining terms, we have total J00ð2Þj−k as the
sum of the two contributions:

J00ð2Þj−k ¼ J00½a�ð2Þj−k þ J00½b�ð2Þj−k

¼ ð16πÞ2
jkj2

X∞
l;l0¼0

7ð−1Þlþ1ilþl0

8l!l0!

Xl

q¼0

�
l
q

� Xminðl0;qÞ

s¼0

C½a�
n;sjkj2sþ1MSAkAMSBkB

þ ð16πÞ2
2jkj2

X∞
l;l0¼1

ð−1Þlilþl0ll0

ðlþ 1Þ!ðl0 þ 1Þ!
Xl−1
p¼0

�
l − 1

p

��Xbnþ1
2
c

r¼0

C½b�
nþ1;r

jkj1−2r ðTr
rfð1ÞÞAkA þ

Xbn2þ1c

r0¼0

C½b�
nþ2;r0

jkj1−2r0 ðTr
r0fð2ÞÞBkB

�
: ð89Þ

This rather formidable expression gives the current J00ð2Þj−k
at second post-Minkowskian order and including all mass
and current multipoles. We have checked this general
formula by truncating the expansion at to l ¼ l0 ¼ 2 for

J½a�ð2Þj−k and l ¼ l0 ¼ 1 for J½b�ð2Þj−k. This reproduces correctly
the result of Eq. (20).
Having obtained the full current J00ð2Þj−k at 2PM order, the

metric components h00ð2Þ can be straightforwardly obtained

by extracting the powers of jkj and k components from the
above results, collecting them, and applying the Fourier
transform formula in (C6).

VII. CONCLUSION

Extending the recursive method of Ref. [22], we have set
up the iterative equations that allow us to compute the
gravitational metric of spatially localized and stationary
sources to high order in G. For a pointlike source, the
method allows for a computation to all orders in the
coupling G, for which the Schwarzschild metric is recov-
ered for the given gauge in the full domain of convergence
of the perturbatively expanded solution. For a black hole
with spin, which is sourced by a more complicated energy-
momentum tensor, the iterative solution becomes more
cumbersome but it can again be arranged to essentially
yield the metric to any desired orders in G and spin a.

Applying the same approach to a more general spatially
localized matter source, as done in this paper, shows the
versatility of such an iterative scheme that is based entirely
on the classical equations of motion without reference to
the effective field theory of pointlike massive sources.
The general multipole expansion can be expressed in

terms of an infinite series of mass multipoles and current
multipoles. In the Landau-Lifshitz formalism and with the
de Donder gauge condition that we impose on hμν, the
leading-order multipole expansion yields order-G contri-
butions to h00 and h0i but none for hij. The latter only builds
up at order G2 (and recursively at higher orders) through
combinations of the lower-order terms from h00 and h0i. In
a highly degenerate corner of the space of multipoles, we
recover the Kerr metric in harmonic coordinates to the
given order. Interestingly, the gauge ambiguity that remains
even in the chosen harmonic gauge [69] shows up already
in the current-current contributions to hij at order G2 where
our iterative scheme reproduces the exact Kerr metric only
up to terms that can be removed by a coordinate shift
consistent with the chosen gauge.
After displaying the general iterative equations fromwhich

we can push the general multipole computation to as high
orders we wish, we have truncated explicit 2PM results at
mass quadrupole order and leading current multipole order
simply because higher-order terms become analytically quite
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unwieldy on account of the numerous different tensor
structures that arise in the chosen coordinates. Although
the subject of our paper obviously is far from new, we have
tried to convey that our computational methods are. By
Fourier transforming from metrics to currents the iterative
structure that is built into theEinstein equation in perturbation
theory become much simplified, and all involved integrals
become analytically doable. This is where we can capitalize
on all the recent developments in post-Minkowskian pertur-
bation theory based on amplitude or worldline methods. In
fact, for the multipole expansion considered here the required
integrals in momentum space (loops in the language of
quantum field theory) remain exceedingly simple in com-
parison with the integrals encountered in the two-body
problem. The origin of this simplicity is easily identified:
all pertinent integrals correspond to what in quantum field
theory would be considered tensor integrals of massless
propagators, i.e., generalized tensor bubble integrals. An
interesting question that goes beyond computation of the
gravitational metric of the compact object is how tidal
deformations (and hence also Love numbers) can be linked
to the multipole expansion, thus providing physical and
measurable consequences of the expansion. Looking further
ahead would be the extension of the iterative setup to the
nonstationary case with, in particular, applications to the
bound two-body problem in general relativity.
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APPENDIX A: USEFUL STF TENSOR
IDENTITIES

In this appendix, we collect some useful relations among
STF tensors. For a general rank-p tensor Ai1…ip, the STF
projection can be written as [3,6,8]

Âi1…ip ¼
Xbp2c
k¼0

αp;kδ
ði1i2…δi2k−1i2kSi2kþ1…ipÞj1j1…jkjk ; ðA1Þ

where Si1…ip ¼ Aði1…ipÞ is the fully symmetrized A tensor.
The kth term in the sum has k pairs of indices contracted
with Kronecker deltas as indicated, and the coefficients αk
are given by

αp;k ¼
ð−1Þkp!ð2p − 2k − 1Þ!!
ð2p − 1Þ!!ð2kÞ!!ðp − 2kÞ! :

k-fold trace. For a fully symmetric rank-p tensor Si1…ip,
one can define a k-fold trace (Trk) by contracting k
independent pairs of indices:

ðTrkSÞi2kþ1…ip ≡ δi1i2…δi2k−1i2kS
i1…i2ki2kþ1…ip : ðA2Þ

Each trace contracts two indices, so a k-fold trace
removes 2k indices and reduces the rank from p to
p − 2k, with 0 ≤ k ≤ bp

2
c.

1. Explicit STF projections up to rank 4

a. Rank 1 (p= 1)

Âi ¼ Si ¼ Ai: ðA3Þ

b. Rank 2 (p = 2)

Âij ¼ Sij −
1

3
δijSaa: ðA4Þ

c. Rank 3 (p= 3)

Âijk ¼ Sijk −
1

5
ðδijSaak þ δikSaaj þ δjkSaaiÞ: ðA5Þ

d. Rank 4 (p = 4)

Âijkl ¼ Sijkl −
1

7
ðδijSaakl þ δikSaajl þ δilSaajk

þ δjkSaail þ δjlSaaik þ δklSaaijÞ

þ 1

35
ðδijδkl þ δikδjl þ δilδjkÞSaabb ðA6Þ

with repeated indices summed over.

2. Scalar products and STF tensors

The two alternative descriptions of multipoles in terms of
either spherical harmonics or STF tensors are a change of
basis, and we can go back and forth between them. This is
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all clearly explained in Ref. [3] and we shall just summarize
a few main points here. Let

Hl ≡ fAi1…ilsymmetric and trace-free inR3g

be a set of rank-lSTF tensors. This space carries an
irreducible representation of SOð3Þ of dimension

dimHl ¼ 2lþ 1;

equivalent to the usual spin-l representation spanned by the
spherical harmonics fYlmglm¼−l.
According to the Legendre polynomial addition theorem,

Plðcos θÞ can be written in terms of spherical harmonics

Plðcos θÞ ¼
4π

2lþ 1

Xl

m¼−l
Ylmðθ1;ϕ1ÞY�

lmðθ2;ϕ2Þ; ðA7Þ

where cos θ ¼ cos θ1 cos θ2 þ sin θ1 sin θ2 cosðϕ1 − ϕ2Þ.
These spherical harmonics can be written in terms of the
STF tensor basis as follows [3,70]:

Ylmðθ1;ϕ1Þ ¼ YL
lmn̂

Lðθ1;ϕ1Þ; ðA8Þ

where the coefficients YL
lm are independent of the coor-

dinates of the sphere and L is again a multi-index so that
YL
lm ¼ Yi1;…iL

lm . The Cartesian tensors n̂L are irreducible
representations of the tensors and very useful for the
analysis. An important property of these tensors is that
they generate harmonic functions. Indeed, the solid har-
monics rln̂L satisfy the flat-space Laplace equation

∇2ðrln̂LÞ ¼ 0; ðA9Þ

which makes them the natural cartesian analog of the
spherical harmonics. The scalar harmonics are orthogonal
and satisfy the identity

Ylm�
L Ylm0

L ¼ ð2lþ 1Þ!!
4πl!

δmm0 : ðA10Þ

Using this the above relation in Eq. (A8) can be written as

Xl

m¼−l
Ylmðθ1;ϕ1ÞY�

lmðθ2;ϕ2Þ

¼ n̂Lðθ1;ϕ1Þ
Xl

m¼−l
YL
lmY

�
lmðθ2;ϕ2Þ

¼ ð2lþ 1Þ!!
4πl!

n̂Lðθ1;ϕ1Þn̂0Lðθ2;ϕ2Þ: ðA11Þ

Hence, (A7) can be written as

Plðcos θÞ ¼
ð2l − 1Þ!!

l!
n̂Lðθ1;ϕ1Þn̂0Lðθ2;ϕ2Þ: ðA12Þ

These identities can be used to replace angular functions in
multipole expansions with STF tensor structures, and they
are essential when converting expressions into the
STF basis.

APPENDIX B: FOURIER TRANSFORMS AND
STF TENSORS

The STF tensor formalism beautifully translates into
momentum space through Fourier transforms. This is
essential for our computations below, and we shall there-
fore spell it out in some detail. To start, consider the first
relevant Fourier transform, corresponding to the monopole
term 1=r,

I ≡
Z

d3x
e−ik·x

r
¼ 4π

jkj2 : ðB1Þ

All Fourier transforms are defined consistently as

f̃ðkÞ ¼
Z
x
e−ik·xfðxÞ; fðxÞ ¼

Z
k
eik·xf̃ðkÞ; ðB2Þ

where

Z
x
≡
Z

d3x;
Z
k
≡
Z

d3k
ð2πÞ3 ; ðB3Þ

so that standard Fourier pairs such as

Z
d3x

e−ik·x

r
¼ 4π

jkj2 ;
Z

d3k
ð2πÞ3

eik·x

jkj2 ¼ 1

4πr
ðB4Þ

are consistent The integral extends over all of three-space,
including the origin at r ¼ 0. Intuitively, when we seek
solutions to the Einstein equations far away from the matter
sources with the center of mass at the origin of coordinates,
we would not expect to be concerned with the point r ¼ 0.
Yet, by first Fourier transforming (and subsequently taking
the inverse Fourier transform back to real space), we do
encounter this spurious point. We therefore need to handle
it with care and also provide expressions for ∂Lð1=rÞ, where
∂L ¼ ∂i1…∂il for L ¼ i1…il, that are not restricted to
r > 0. As a starting point, consider

∂a∂b
1

r
¼ −

4π

3
δabδðxÞ þ 1

r3

�
3xaxb

r2
− δab

�
; ðB5Þ

where the first term is required for consistency with the
point-source Poisson equation

∂
2
1

r
¼ −4πδðxÞ: ðB6Þ
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Hence, in terms of the Fourier integral

∂ab
1

r
¼ ∂ab

Z
k
eik·x

4π

jkj2 ¼ −
4π

3
δabδðxÞ þ 3

r3
n̂ab; ðB7Þ

which implies

Z
k
eik·x4π

�
kakb

jkj2 −
1

3
δab

�
¼ −

3

r3
n̂ab ðB8Þ

and hence

Z
k
eik·x

4πk̂ab

jkj2 ¼ −
3

r3
n̂ab; ðB9Þ

where

n̂ab ≡ xhaxbi

r2
¼ 1

r2

�
xaxb −

1

3
r2δab

�
;

k̂ab ≡ kakb −
1

3
jkj2δab: ðB10Þ

This can be generalized to Fourier transforms with a multi-
index L derivative

Z
k

∂Lðeik·xÞ
jkj2 ¼ ∂L

�
1

4πr

�
; ðB11Þ

which in turn can be used to compute Fourier transforms of
tensor integrals. We shall return to this below. We note that
we can absorb the local δ-function terms by redefining the
derivative tensors on the left-hand side by subtracting the
contribution at r ¼ 0:

b∂ab 1r ¼ 1

r3

�
3xaxb

r2
− δab

�
¼ 3

r3
n̂ab; ðB12Þ

where b∂ab can be interpreted as a definition of the second-
rank STF derivative operators

b∂ab ≡ ∂a∂b −
1

3
δab∂2: ðB13Þ

In particular, this impliesZ
x
e−ik·x

1

r3
n̂ab ¼ −

4π

3jkj2 k̂
ab; ðB14Þ

so that the STF property is being preserved under Fourier
transformations, as it should.
In general, the Fourier transform F in d dimensions

commutes with SOðdÞ rotations, i.e., R½F ½f�� ¼ F ½R½f��
for any R∈ SOðdÞ, and therefore preserves the irreducible
representations of SOðdÞ. Since STF tensors form irreduc-
ible representations of SOðdÞ, the Fourier transform of any

STF tensor must itself remain an STF tensor. This fact
greatly constrains the structure of the result: the d-dimen-
sional Fourier transform of x̂L=jxjn, where x is a d-
dimensional position vector, must take the form k̂L ·
fðjkjÞ for some scalar function f. The explicit form of f
can be determined by employing the Schwinger para-
metrization together with the d-dimensional Gaussian
integral formula as

Z
ddxe−ik·x

x̂L

rm
¼ π

d
2Γðd−mþ2l

2
Þ

il2m−d−lΓðm
2
Þ

k̂L

jkjd−mþ2l : ðB15Þ

The corresponding d-dimensional Fourier transform of an
arbitrary tensor field without the STF projection is given in
Appendix C 2.
For stationary sources, the Einstein equations of motion

at the linearized level reduce to

∇2hμνð1ÞðxÞ ¼ −16πTμνðxÞ; ðB16Þ

which in Cartesian coordinates is solved by

hμνð1ÞðxÞ ¼ 4

Z
d3x0

Tμνðx0Þ
jx − x0j : ðB17Þ

Here, we assume that the source is spatially confined to a
bounded region jx0j < r0 for some given r0 so Tμνðx0Þ ¼ 0
for jx0j > r0. Exterior to the source the solution thus admits
a standard multipole expansion for r ¼ jxj > jx0j based on
Taylor expanding:

1

jx − x0j ¼
X∞
l¼0

ð−1Þl
l!

x0L∂L

�
1

r

�
: ðB18Þ

The expansion simplifies considerably since by assumption
all multipole moments are time independent. To leading
order, ignoring gravitational self-interactions, and using the
definition of multipoles given in Sec. II, the solution takes
the form of (using a notation in which multi-index
aL − 1 ¼ ai2…il)

h00ð1ÞðxÞ ¼ 4
X∞
l¼0

ð−1Þl
l!

∂L
ML

r
;

h0ið1ÞðxÞ ¼ 4
X∞
l¼1

lð−1Þl
ðlþ 1Þ! ϵiab∂aL−1

SbL−1
r

;

hijð1ÞðxÞ ¼ 0; ðB19Þ

in what is known as the canonical basis. Note that the
contraction between x0L and ∂Lð1=rÞ in Eq. (B18) satisfies

x0L∂L
1

r
¼ x̂0L∂L

1

r
ðB20Þ
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due to the identity

∂L
1

r
¼ ð−1Þl ð2l − 1Þ!!

rlþ1
n̂L; L ¼ i1;…il: ðB21Þ

From this relation, one can systematically construct the
STF tensor products x̂L in the definitions of the mass and
current multipole moments, (4) and (5) from (B17) and
(B18). These terms are all of first order in G, as also
indicated by the subscript. There is no mass dipole termMa
in the expansion due to the conventional choice of frame
with origin at the center of mass.
For all orders in terms of mass multipole, we can write

the expansion

h00ð1Þ ¼ 4
X∞
l¼0

ð2l − 1Þ!!
l!

n̂LML

rlþ1
;

h0ið1Þ ¼ 4
X∞
l¼1

lð2l − 1Þ!!
ðlþ 1Þ! ϵiab

n̂aðL−1ÞSbðL−1Þ
rlþ1

: ðB22Þ

Truncating up to the mass quadrupole term l ¼ 0, 2, we
have

h00ð1Þjl¼0;2 ¼
4M
r

þ 6Mab

r3
n̂ab: ðB23Þ

Including only the leading spin term, the dipole (l ¼ 1), we
have

h0ið1Þjl¼1 ¼ −2ϵiabna
Sb

r2
; ðB24Þ

together with hijð1Þ ¼ 0. If we are interested in a truncation at

this order in the 1PM multipole expansion, the terms of
Eqs. (B23) and (B24) will serve as initial conditions for our
recursion relations that will generate the higher-order
corrections in G involving just these three multipoles.

APPENDIX C: INTEGRALS

In this appendix, we provide explicit evaluations of the
generalized tensor bubble and Fourier integrals required for
the main text.

1. Tensor bubble integrals

We define an arbitrary d-dimensional tensor bubble
integral by

BðdÞ;i1…in
n1;n2 ðlÞ ¼

Z
ddk
ð2πÞd

ki1ki2…kin

jkjn1 jl − kjn2 : ðC1Þ

This integral can be evaluated explicitly to give

BðdÞ;i1…in
n1;n2 ðlÞ ¼

Xbn=2c
r¼0

Cd;n;r
n1;n2

Ti1…in
rjl

jljn12−d−2r ; ðC2Þ

where n12 ¼ n1 þ n2 and

Cd;n;r
n1;n2 ¼

Γðn12−d
2

− rÞΓðn − rþ d−n1
2
ÞΓðrþ d−n2

2
Þ

ð4πÞd22rΓðn1
2
ÞΓðn2

2
ÞΓðnþ d − n12

2
Þ ;

Ti1…in
rjl ¼ n!δði1i2…δi2r−1i2rli2rþ1…linÞ

ð2rÞ!ðn − 2rÞ! : ðC3Þ

For the special case of d ¼ 3 and n1 ¼ n2 ¼ 2, we define

I i1i2…in
l ¼ Bð3Þ;i1…in

2;2 ðlÞ. Its explicit form is

I i1i2…in
l ¼

Z
d3k
ð2πÞ3

ki1ki2…kin

jkj2jl − kj2

¼
Xbn=2c
r¼0

Cn;rT
i1i2…in
rjl jlj2r−1; ðC4Þ

where

Cn;r ¼
ð−1ÞrΓðn − rþ 1

2
Þ

2rþ3
ffiffiffi
π

p
n!

ðC5Þ

and Ti1i2���in
rjl is as defined in Eq. (C3).

2. Fourier transforms of tensor integrands

We now consider the Fourier transform in d dimensions:

Z
ddk
ð2πÞd

ki1…kim

jkjn eik·x¼
Xbm=2c

q¼0

im−2r Γðd−nþ2m−2r
2

Þ
2n−mþrπ

d
2Γðn

2
Þ
Ti1…im
r ðxÞ

rd−nþ2m−2r ;

ðC6Þ

where

Ti1…im
r ðxÞ ¼ m!δði1i2…δi2r−1i2rxi2rþ1…ximÞ

ð2rÞ!ðm − 2rÞ! : ðC7Þ

Interestingly, this coincides with the definition TN
rjl in

Eq. (C3) if we replace x by l, and N ¼ i1…im. The tensor
structure is thus identical to that of the bubble integrals.

APPENDIX D: AXISYMMETRIC STATIONARY
SOURCE

Consider the general definition of mass multipoles given
in Eq. (4) for the case of a source with symmetry axis
chosen as the z axis so that the multipoles ML are rank-l
STF tensors invariant under the SO(2) subgroup of z-axis
rotations. In the far zone, the gravitational field is a scalar
function on the sphere (angular dependence). Recall the

DAMGAARD, LEE, LEE, and RAHNUMA PHYS. REV. D 114, 064040 (2026)

064040-18



linear gravitational field generated by ML in Eq. (B19):

h00ð1ÞðxÞ ¼
X∞
l¼0

4

rlþ1

ð2l − 1Þ!!
l!

MLn̂L: ðD1Þ

Let us define Φlðn̂Þ as

h00ð1ÞðxÞ ¼
X∞
l¼0

1

rlþ1
Φlðn̂Þ: ðD2Þ

Φlðn̂Þ can be written in terms of the spherical harmonics.
Imposing axisymmetry Φlðθ;ϕÞ ¼ ΦlðθÞ and using the
orthonormality of the spherical harmonics, we can show
that

Φlðθ;ϕÞ ¼ 4al

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4π

2lþ 1

r
Yl0ðθ;ϕÞ ¼ 4alPlðcos θÞ; ðD3Þ

where al is a number determined by ML. A standard
identity shown in Eq. (A12) relates Legendre polynomials
to STF products as

Plðcos θÞ ¼
ð2l − 1Þ!!

l!
n̂LŝL; cos θ ¼ n̂ · ŝ: ðD4Þ

Thus,

MLn̂L ¼ aln̂LŝL: ðD5Þ

As ML are rank-l STF tensors and recalling that STF
tensors are nothing but alternative descriptions of the
spherical harmonics, we can show that any angular
dependence in ML should be solely possessed by ŝL:

ML ¼ alŝL: ðD6Þ

For an axisymmetric stationary source, each STF rank-l
multipole ML is fully characterized by a single number al.
Therefore, for each l the axisymmetric subspace is one-
dimensional.
To illustrate, for the choice of spin axis ŝi ¼ δi3 the l ¼ 4

STF tensor can explicitly be written in terms ofM3333 using
the STF identity given in Eq. (A6). If one imposes
axisymmetry: Mijkl ¼ a4ŝijkl, then using si ¼ ð0; 0; 1Þ,
we compute the independent components.

1. All-3 component

ŝ3333 ¼ 1 −
6

7
þ 3

35
¼ 8

35
; ðD7Þ

M3333 ¼ a4
8

35
⇒ a4 ¼

35

8
M3333: ðD8Þ

2. Mixed components

ŝ1133 ¼ ŝ2233 ¼ 0 −
1

7
þ 1

35
¼ −

4

35
;

M1133 ¼ M2233 ¼ a4

�
−

4

35

�
¼ −

1

2
M3333: ðD9Þ

3. Pure transverse components

ŝ1111 ¼ ŝ2222 ¼
3

35
;

M1111 ¼ M2222 ¼ a4
3

35
¼ 3

8
M3333: ðD10Þ

4. Mixed transverse component

ŝ1122 ¼
1

35
; M1122 ¼ a4

1

35
¼ 1

8
M3333: ðD11Þ

5. Mixed odd component

ML being a Cartesian tensor invariant under rotations
about the z axis implies

Mi1…il ¼ 0; ðD12Þ

whenever the number of indices ik ∈ fx; yg is odd. That
means

M1233 ¼ −M1233 ⇒ M1233 ¼ 0: ðD13Þ

All remaining components follow from symmetry, index
permutations, and tracelessness, Miikl ¼ 0; for all k; l
(e.g., M1313 ¼ M1133, etc.). Thus, for l ¼ 4, the single
component M3333 completely determines the axisymmetric
STF tensor.

APPENDIX E: 2PM KERR METRIC FROM
MULTIPOLES

In this section, we list the nontrivial components of the
Kerr metric at 2PM order with expansion truncated at
Oða4Þ. Our notation follows that of the main text where we
introduced labels Q½n� to indicate the origin of the different
terms of the Kerr metric based on the multipole expansion.
We list the 2PM-accurate components of the Kerr metric

up to order a4 as expressed in terms of the multipole labels
Q½n�. For a concise expression, we introduce xa ¼ fx; yg
and x̃a ¼ fy; xg, where a, b ¼ 1, 2.
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(i) Diagonal components hiið2ÞjOða4Þ.

M−2haað2ÞjOða4Þ ¼
x2a
r4

Q½0�2 þ x2að2r2 − 15z2Þ þ r2x̃2a
2r8

Q½0�Q½2� − x2að2r2 − 9z2Þ − r2x̃2a
2r8

Q½1�2

þ
�
3

4r6
−
x̃2a þ 59z2

r8
þ 7ð4z4 þ 3x̃2az2Þ

2r10
þ 105x2az4

4r12

�
Q½0�Q½4�

−
�
3

2r6
−
4x̃2a þ 47z2

2r8
þ 2ð11z4 þ 12x̃2az2Þ

r10
þ 35x2az4

r12

�
Q½1�Q½3�

þ
�
3x2a
r8

þ 3z2ðx̃2a − 8x2aÞ
2r10

þ 75x2az4

4r12

�
Q½2�2;

M−2h33ð2ÞjOða4Þ ¼
z2

r4
Q½0�2 − ðr4 − 12r2z2 þ 15z4Þ

2r8
Q½0�Q½2� − ðr4 − 8r2z2 þ 9z4Þ

2r8
Q½1�2

−
1

4r12
ð2r6 − 45r4z2 þ 140r2z4 − 105z6ÞQ½0�Q½4�

þ 1

r12
ðr6 − 18r4z2 þ 50r2z4 − 35z6ÞQ½1�Q½3�

−
1

4r12
ð2r6 − 39r4z4 þ 108r2z4 − 75z6ÞQ½2�2:

(ii) Off-fiagonal components ðhijð2Þjði≠jÞOða4ÞÞ.

M−2h12ð2ÞjOða4Þ ¼
xy
r12

½4r8Q½0�2 þ 2r4ðr2 − 15z2ÞQ½0�Q½2� − 6r4ðr2 − 3z2ÞQ½1�2 þ 4ðr4 − 42r2z2 þ 105z4ÞQ½0�Q½4�
− 4ð2r4 − 24r2z2 þ 35z4ÞQ½1�Q½3� þ 3ðr4 − 18rzz2 þ 25z4ÞQ½2�2�;

M−2ha3ð2ÞjOða4Þ ¼ ½4r8Q½0�2 þ 2ð7r2 − 15z2Þr4Q½0�Q½2� − 2ð5r2 − 9z2Þr4Q½1�2 þ ð17r4 − 98r2z2 þ 105z4ÞQ½0�Q½4�
− 4ð7r4 − 36r2z2 þ 35z4ÞQ½1�Q½3� þ 3ð5r4 − 26r2z2 þ 25z4ÞQ½2�2� xaz

4r12
:

(iii) Current components ðh0ið2ÞjOða3ÞÞ.

M−2h0að2ÞjOða3Þ ¼ ½3ðr2 − 5z2ÞQ½0�Q½3� þ ðr2 þ 3z2ÞQ½1�Q½2�� εabx
b

2r8
:
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