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We present a new equation of state for QCD in which the temperature 7" and the three chemical potentials
for baryon number i, electric charge i, and strangeness g can be varied independently. This result is
based on a generalization of the T’ expansion scheme, thanks to which the diagonal uj extrapolation was
pushed up to a baryo-chemical potential ugz/T ~ 3.5 for the first time. This considerably extended the
coverage of the Taylor expansion, limited to up/T < 2.5-3. As a consequence, we are able to offer a
substantially larger coverage of the four-dimensional QCD phase diagram as well, compared to previously
available Taylor expansion results. Our findings are based on new continuum estimated lattice data on the

full set of second- and fourth-order fluctuations.
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I. INTRODUCTION

The description of the phases of strongly interacting
matter under different conditions is a major task of nuclear
physics that encompasses a vast amount of systems ranging
from the early Universe to the interior of compact objects
like neutron stars. It is customary to summarize this
knowledge into a phase diagram in the temperature T
and baryon chemical potential pp (or baryon density ng)
plane. Explorations of the phase diagram of QCD have
been carried out extensively by both theory and experiment
in the past decades. It is known that a low-temperature and
low-density hadron gas phase is separated from a high-
temperature quark gluon plasma phase. At exactly zero
density, the transition was shown to be an analytic cross-
over [1] at around T ~ 155-160 MeV [2-7]. At small
temperatures and densities of the order of nuclear saturation
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density, neutron star matter is expected to exist, although its
characterization is still ongoing. At even larger densities, a
rich phase structure is expected for QCD matter [8].

The thermodynamic properties of a system such as
strongly interacting matter are encapsulated in its equation
of state, which is an essential input for modeling and
effectively describing QCD matter. The equation of state
plays a crucial role for hydrodynamic simulations of heavy-
ion collisions and neutron star mergers, where it is
necessary to close the set of conservation equations to
be solved. The equation of state of QCD is known with
good precision at vanishing density from lattice QCD
[9-11]. Lattice simulations are the main first-principles
method to investigate the thermodynamics of QCD. They
amount to numerically calculate the path integral in the
Euclidean formulation by means of Monte Carlo methods.
Many of the established features of the phase diagram have
been determined via lattice simulations, like the crossover
nature of the transition and its pseudocritical temperature.
Because of the fermion sign problem, direct lattice simu-
lations at nonzero density are extremely costly and are
currently limited to small volumes [12—15]. Most results on
finite-density thermodynamics rely on extrapolations,
namely Taylor expansion or analytic continuation from
imaginary chemical potentials [7,16-26]. Both currently
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allow for an exploration of the phase diagram at small to
intermediate densities. For the equation of state, Taylor
expansions around yp = 0 up to next-to-next-to-next-to-
leading-order (N’LO) allow one to describe the regime
ug/T < 2.5-3 [27], though at higher densities they typi-
cally break down due to the presence of unphysical
behavior in some thermodynamic quantities. This is likely
due to the fact that the extrapolation is carried out at
constant temperature and is, thus, forced to cross the
transition line at some nonzero pp. Recently, an alternative
expansion has been developed [28,29] that implements the
extrapolation along lines of constant density, thus avoiding
crossing the transition. Such alternative scheme, also
dubbed T’ expansion scheme (TExS), allows for extrapo-
lations up to up/T < 3.5, with small uncertainties and
without unphysical behavior. It also shows better conver-
gence properties than Taylor expansions, due to a large
separation between the leading-order (LO) and next-to-
leading-order (NLO) expansion coefficients. Recently, in
Refs. [30,31] this scheme was compared to Taylor expan-
sions and Padé approximants in a number of models of
QCD matter, showing superior convergence properties
around and above the transition temperature at finite pp
and along the strangeness neutral trajectory, though not in
the hadronic phase. A comparison with direct lattice QCD
results at finite chemical potential from reweighting meth-
ods was presented in Ref. [15], showing substantial agree-
ment. Finally, the TExS was also used in Ref. [32] to
propose a new family of equations of state with a tunable
critical point from the 3D-Ising model at finite up,
extending the capabilities of a previous work based on
Taylor expansion [33].

Although it is customary to depict the phase diagram in
the 7 — up plane, it is actually a four-dimensional space,
where three chemical potentials can be varied, associated to
the conserved charges of QCD: baryon number B, electric
charge Q and strangeness S. Most commonly, results at
finite density are extrapolated either along the gy = ug = 0
direction or along the strangeness neutral line, defined by
ng =0 and ny = 0.4ng, to reproduce the experimental
setting of heavy-ion collision systems.

However, for realistic simulations of QCD matter, a
comprehensive description of the full 4D space T, g,
Hos Ms 1s necessary. It was shown in Ref. [34] that even in
LHC settings, where all densities vanish on average, local
fluctuations lead to a large range of chemical potentials to
be sampled by individual fluid cells.

In order to address the need for a 4D equation of state, in
Ref. [35] a Taylor expansion of the QCD pressure was
constructed, based on lattice QCD results at N, = 12 for
the susceptibilities [22], and in the continuum for the zero-
density equation of state [9]:

p(T»ﬂB’ﬂQ7ﬁS) 1 BQS Al AJ oA
= ;i!j!k!)(ij(’g (T)igipits. (1)
LJs

where fi; =4 (i = {B, 0, S}) and the coefficients are the
susceptibilities:

ai+j+k T4
Arm =200 )
Ofighiofts  pppgas=0

The lattice susceptibilities in Eq. (2) were merged with
results from the hadron resonance gas (HRG) model [36] to
cover the low-temperature range relevant for hydrodynamic
simulations. At high temperatures, the approach to the
Stefan-Boltzmann (SB) limit was imposed on each sus-
ceptibility. The resulting equation of state, expanded to
order O(u*) (i.e., i + j + k < 4), was made available in the
range T = 30-800 MeV, p; < 450 MeV. A similar con-
struction was presented in Refs. [37,38], based on suscep-
tibilities up to order O(u*) and some of order O(x°), from
Refs. [39-41], and the zero-density equation of state from
Ref. [42]. In both constructions, the 4D equation of state
showcases the same limitations in the range reliably
covered by the expansion.

In this work, we construct a new 4D equation of state for
QCD covering a broader range of densities accessible in
high-energy heavy-ion collisions, by generalizing the
expansion scheme of Ref. [28] to the case with three
independent chemical potentials. We base our construction
on continuum estimated susceptibilities obtained with the
4stout action on lattices with N, = 10, 12, 16, 20, 24 time
slices, with an aspect ratio LT = 4 except for the 643 x 24
lattice. This is the first equation of state of QCD in the 3D
space of chemical potentials to be based entirely on
continuum-estimated susceptibilities and providing an
estimate of the related uncertainties. Working with a large
volume, we can expect finite size effects to be small [43].
Details on the action used to obtain the susceptibilities and
its parametrization can be found in Ref. [44].

We go over the basics of the T’ expansion scheme and
formulate its generalization to any direction in the chemical
potential space in Sec. II. In Sec. III we present our results
for the continuum-estimated susceptibilities of order 2 and
4. We show results for the different thermodynamic
quantities in Sec. IV, together with a discussion on the
limits of applicability of our expansion, before presenting
our conclusions in Sec. V.

II. T"-EXPANSION SCHEME IN 4D

The idea behind the 77 expansion scheme introduced in
Refs. [28,29] is to take advantage of the fact that the
dependence of certain fluctuation observables on the
chemical potential yp largely amounts to a pz-dependent
temperature shift. In particular, it was noticed that the
normalized baryon density y%/fip at imaginary chemical
potential resembles the second baryon cumulant at ug = 0,
with a simple redefinition of the temperature. The expan-
sion scheme is defined rigorously as
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=x3(T'.0), (3)

T'(T.fip) = T(1 + x5 (it + - ). (4)

In Ref. [29], the scheme was applied to the strangeness
neutral setting, where nonzero values of u, and g are
introduced to ensure ng = 0 and ny = 0.4ng. These con-
ditions define a T-dependent trajectory in the 3D space of
chemical potentials for the expansion. Additionally, Eq. (3)
was modified by considering on both sides of the equation
quantities normalized by their own infinite temperature
limits:

fig)  F(T%,0)
= ROy ®)

F(T. jip
F(iip)

where the SB limits are indicated by barred quantities and
their argument is the chemical potential. The observable-
dependent effective temperature 7% reads

Ti(T. fig) = T(1 + o p(T)itg + ). (6)

Note that the 4,(T) coefficients in Eq. (6) are different
from the «,(T) coefficients in Eq. (4). In fact, the
expansions defined by Eqgs. (3) and (5) are essentially
two different physics-motivated rearrangements of the
Taylor expansion, and the coefficients «,(7) and 4,(7T)
are in direct correspondence with the Taylor coefficients
n(T). At LO one has [28,29] (we drop the superscript B, as
this applies in general)

.(”35 ”Q’ ﬂS)

»
P
A

A

Ho
Cartesian Coordinates

FIG. 1.
we can perform a 1D extrapolation in any direction.

fip = i cos(6)
fig = Asin(9) cos(p)
fis = Asin(9) sin(p)

A_ [ 2 2
fg H=7[Hp+ hg+ lg
0=

arccos (jiz/fi)

@ = sgn(jig)arccos <ﬁQ/1 /ﬁ2Q + ﬁ§> “ ’

where y is the T derivative of y, and the barred quantities
again indicate the SB limit values. By imposing the equality
on quantities normalized by their SB limit, the high-
temperature behavior is automatically encoded in the
SB-corrected expansion defined by Eq. (5). It was shown
that, in the case of baryon density, 5(7') and A5(T) start to
differ substantially around the transition temperature,
where the second term in A5(T) becomes relevant.

We define here a generalization of Eq. (3), whereby we
perform the expansion in an arbitrary direction in the 3D
space of chemical potentials. We use spherical coordinates
as shown in Fig. 1:

fig = ficq,
fo = [isgc,,
ﬂS = ﬂsé)s(p’ (9)

where s, = siny and ¢, = cosy and

= \/ﬂ%}+ﬂg +/ft§,
9:

arccos (5/4),
@ = sgn(fig) x arccos (/QQ/\ //Q2Q —I—ﬂ%) (10)

With this prescription, given any set of (fip, fip. fis), the
angles 6, ¢ are fixed and we are faced with a 1D
extrapolation in i along the specified direction. In analogy
with Eq. (5), we can define the generalized expansion:

0.0/~
lel)(:u) 0.,

XVO(T, fr) = 20) (1%¢(T,1),0), (1)
2
fs,
(4,0, 9)

Ho

Spherical Coordinates

The 3D space of chemical potentials in Cartesian ({15, fig, fts) (Ieft) and spherical (i, 8, ) (right) coordinates. With the latter,

054502-3



AHMED ABUALI et al.

PHYS. REV. D 112, 054502 (2025)

where X?"” and Xg"” are the generalized density and
second-order susceptibility along the direction specified
by the angles (6, ¢). As before, barred quantities refer to
SB limits, with their argument being the chemical potential.
The effective temperature is defined, in analogy with
Eq. (6), as

TO0(T, o) = T(L+ 257 (D)E2 + ), (12)
where the expansion coefficient /lg"”(T) now reads

1 0. _X_4'9’¢(O) 0.
o (X0 - g X)),

0.9 _
’12 (T) - X—Zg’(p(()) 2
(13)

There, XZ"” (T) is the generalized fourth-order susceptibility
along the direction specified by (6, ¢). Note that, when we
|

refer to quantities at i = 0, we drop the ji dependence to
alleviate the notation.

The quantities X'Z"”(T) generalize the susceptibilities
xn(T), as they are derivatives of the QCD pressure with
respect to the direction-dependent generalized chemical
potential fi:

anp/T4 0.

XH.(/) (T) g ,
n 6,u” o

(14)

where the derivative is a directional derivative along the
direction identified by the angles (6, ¢). The X5 at j = 0
are related to the susceptibilities ;(f;gs(T) by straightfor-
ward application of the chain rule:

XP9(T) = cqr®(T) + sgc q2(T) + sgs,3(T), (15)

X57(T) = 3B (T) + s3c2xS (T) + 3523 (T) + 2¢050¢,0 2 (T) + 2¢9505,0 55 (T) + 253,58, (7). (16)

0,
X3U(T) = chB(T) + sychrS(T) + shsird(T) + dcpsicinly

(T) + deosisp B5(T) + dsje, sy & (1)

s s
+dchsoe,rs (T) + 4chsgs,iy (T) + dsheys,sy (T) + 6chsiciuys (T) + 6chsgsux8s (T) + 6sgegsprsy (T)
+ IZCgszcws(%,)(?]st(T) + 12C9S(3)C€20S¢){182Q1S(T) + 1265S§C¢S¢Z§IQIS(T). (17)

Finally, the SB limit of the generalized density at finite fi,

X f""(/ﬁt), can be derived from the Taylor-expanded pressure
of Eq. (1) as

ﬁ3
6
where the SB limits at /i = 0 are calculated using Egs. (16)
and (17).

In this work, we carry out the expansion up to ﬂg"”(T),
namely at leading order, which however corresponds to
NLO in the Taylor expansion, including susceptibilities up
to order four. The procedure can be easily generalized to
higher orders, provided that higher-order susceptibilities
are available.

In practice, given a set fig, fiy, jLs at a certain temperature
T, we will go through the following steps:

(i) determine f, 0, @;

(i) construct A3*(T) from X2%(T), X97(T) using

Eq. (13); and
(iii) determine X?"”(T,ﬁ) using Eq. (11).

From X?’("(T, 1), together with the zero-density equation
of state, all thermodynamic quantities can be calculated, as
will be detailed in Sec. IV B.

X07(p) = pX57 + - X537, (18)

II1. SUSCEPTIBILITIES FROM THE LATTICE

The procedure we describe in this work is completely
determined by the conserved charge susceptibilities Xg%s of

order 2 and 4. We construct continuum estimates for all
these quantities, based on lattice results with N, = 10, 12,
16, 20, 24 time slices, as well as on HRG model results
[45]. The lattice results are obtained with the 4stout action
with physical quark masses, details on which can be found
in Ref. [44]. The lattices we employ have an aspect ratio
LT = 4, except for the 64° x 24 lattice.

The final susceptibilities are obtained by merging three
different regimes. For temperatures below the reach of
lattice simulations, namely 7' < 120 MeV, we calculate all
susceptibilities, as well as the T derivatives of the second-
order ones, in the ideal HRG model. For the high-
temperature regime (7 > 200 MeV), we perform a com-
bined fit to lattice data in 1/N? (linear) and 1/T"
(polynomial of order n =2, 3, 4 or 5). This way, we
enforce the approach to the Stefan-Boltzmann limit at
T — oo. Similarly, we perform a combined fit to the same
lattice data in 1/N?2 (linear) and T (cubic spline) in the
range 125 MeV < T < 600 MeV. This way, we can ensure
a proper overlap of the intermediate-7 results with both the
low- and high-7 regimes. The three results are then merged
with a subsequent spline fit, whereby the intermediate- and
high-T regimes are overlapped to ease the merging. For the
same reason, the HRG model results are included with a
fictitious 5%—-10% error.

Finally, the low-T data from the spline fit are replaced
by exact ideal HRG results, in order to avoid even

054502-4



NEW 4D LATTICE QCD EQUATION OF STATE: EXTENDED ...

PHYS. REV. D 112, 054502 (2025)

0.7 =
-
03 T. - _ - g 06 . po LI T
Crexfuz 225 - - et
2= Ne=10 i 0.5 ' ~
. Nt - £ ]
. 02 NT26 T o 0.4 ; 4
< N=24 =y < 03 . E
~ T/2 dy/dT mem : . 4
0.1 continuum EStImSté : | 0.2 ; B
SB limit —» 4
0.1 : ]
0 Il Il Il Il Il Il O Il Il Il Il Il Il Il 0 Il Il Il Il Il Il Il
100 200 300 400 500 600 700 800 100 200 300 400 500 600 700 800 100 200 300 400 500 600 700 800
T [MeV] T [MeV] T [MeV]
—> —
0.04 4 03 r I 1 0.3 e I g
gEe=t o
r’ ol

0.02 i £
s @ 02F 13 0.2 E
0.1 1 0.1 8

-0.02 4
Il Il Il Il Il Il Il O Il Il Il Il Il Il Il 0 Il Il Il Il Il Il Il
100 200 300 400 500 600 700 800 100 200 300 400 500 600 700 800 100 200 300 400 500 600 700 800

T[MeV]

T [MeV]

T [MeV]

FIG. 2. Continuum estimate of all second-order susceptibilities (orange), along with the corresponding 7 derivatives (blue). The latter
are multiplied by a factor 1/2 for ease of comparison. The Stefan-Boltzmann limits of the susceptibilities are indicated by the blue
arrows. The gray points show the finite-N, lattice data used to construct the estimate. The solid lines show the ideal HRG model

predictions.

very small deviations, which can combine into large
differences at the level of the determination of the A,
coefficients. This replacement is enforced at around
T ~ 100 MeV, after ensuring that the ideal HRG results
and the spline fit agree in the range 100 <7 <
120 MeV. The final result is then given directly by
the HRG model at low 7" and from the best-fit result for
larger values of the temperature. Note that the error
introduced to the exact HRG data in the low-7 regime is
taken to be the same relative error as the first point of the
spline fit over the combined HRG, intermediate- and
high-T lattice datasets.

In Appendix A, we list the temperature ranges used for
the high-T and intermediate-T7 fits to lattice data, the order
of the polynomial fits, the lattice sizes used and the
temperatures below which exact HRG results are included,
for each of the susceptibilities.

In Figs. 2 and 3 we show the continuum estimated results
for all susceptibilities of order 2 and 4. The T derivatives of
order 2 susceptibilities are also shown in Fig. 2. In all plots,
the lattice results at finite N, included in the fits are shown
in shades of gray, and the value of the SB limit is indicated
by an arrow on the right side of the plot. Although we show
all results up to a temperature 7 = 800 MeV, by enforcing
the correct Stefan-Boltzmann limit behavior we ensure that,
by construction, all susceptibilities are available also above
this value.

These susceptibilities are publicly accessible through [46].

IV. RESULTS

A. Expansion coefficients and limits of applicability

Once all susceptibilities of order 2 and 4 are fixed, our
construction is fully determined. The next step is to
construct the coefficient 4,(7) in Eq. (13).

By scanning through all possible directions in the 3D
space of (ug, po.ps), we observe a significant change in
the T dependence of this coefficient. For example, in the
u = pup direction considered in Ref. [29], 2B(T) is a
positive unimodal function of 7', which becomes consistent
with 0 around 7 ~ 350 MeV and remains so at higher
temperatures. However, in other directions A,(7) turns
negative, as shown in Fig. 4 (top panel) for the direction
where (0 = 45°, ¢ = 45°). We choose to show this direc-
tion because it includes all three chemical potentials, and
thus the results depend on all 21 susceptibilities shown in
Figs. 2 and 3. In order to limit the impact of numerical
effects, especially on quantities containing temperature
derivatives, we perform a very light smoothing of the
coefficients 1,(7), which we obtain by combining the
results of five different spline fits. It appears clearly in
Fig. 4 (top) that the effect is very mild.

Unlike what was done in Ref. [28] in the u = up
direction, it is currently not possible to test the validity
of the TExS in any direction (6, ¢), by checking up to
which i value the expansion computed at NLO agrees with
the LO expansion. This is because computing A4(7') in 4D
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FIG. 3. Continuum estimate of all fourth-order susceptibilities (orange). The Stefan-Boltzmann limits of the susceptibilities are
indicated by the arrows. The gray points show the finite-/N, lattice data used to construct the estimate. The solid lines show the ideal

HRG model predictions.

requires to have all mixed B, Q, S susceptibilities of order
2,4 and 6 (as well as some of their derivatives with respect
to T), which are not known with sufficient precision to
allow a meaningful analysis. Hence, we estimate the limits
of applicability of our expansion, based on physics

arguments, as follows. The generalized density X,(T) is
expected to be a monotonically increasing function for a
fixed value of ji, in the absence of a first-order phase
transition. As defined in Eq. (11), X,(7, 1) is constructed
from X,(7’,0), which is also a monotonically increasing
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FIG. 4. Top: temperature dependence of the A, coefficient
resulting from the susceptibilities shown in Figs. 2 and 3, along
with a slightly smoother version obtained as detailed in the text
(pink band). Bottom: the resulting 7’(T) for several values of ji
at (0 =45° ¢ = 45°).

function of 7’. Thus, we conclude that 7/(7) must be a
monotonically increasing function, and if it is not, our
expansion breaks down. This behavior is purely due to the
truncation of the expansion of 7/(7T') in terms of fi at LO.

We estimate the range of validity of our expansion by
searching the value of ji above which we observe non-
monotonic behavior in 7'(T, i), i.e., where dT'/dT < 0. In
Fig. 4 (bottom panel) we show T'(7, i) in the direction
(0 = 45° ¢ = 45°) for different values of the chemical
potential. For each temperature, there is a minimum value
of f above which dT’/dT is negative: In this regime, our
extrapolation breaks down.

We summarize in Fig. 5 our estimates for the upper limits
of applicability of the TEXS in terms of ji obtained in this
way, showing results for values of the angles (6, )
obtained by scanning the solid angle in steps of z/4.
We note that the directions (0 =0°¢ =0°) (where
ft=jip) and (0 =45° ¢ =90°) (where ji, =0 and
fig = [lg) are not shown, as in these directions the expan-
sion does not break down for y < 1200 MeV. Although in
some directions the extrapolation breaks down below

500 T T 2
= 0=90°, ¢p=90°
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400 /1 06=90°, $=0°
— 0=45°, (pT=45°
_— U= 25
~ 300 |+
(0]
=
= 200 ——
100 - 1
0 | | | | |
0 200 400 600 800 1000
u [MeV]
FIG.5. Regions where our expansion breaks down according to

the criterion defined in the text, for different angle values.

i <2.5, the dimensionful chemical potentials we cover
are always above u ~ 400 MeV and in most cases consid-
erably larger. This means that, in general, the range our
extrapolation reaches is sufficient to cover the regime
probed by heavy-ion collisions.

B. Thermodynamics at finite chemical potential

Thermodynamic quantities at finite values of the chemical
potentials are obtained in perfect analogy to Refs. [28,29].
From here on, we drop the indexes that indicate the
dependence on the angles to make the notation lighter.
We also elect to work with dimensionless quantities; hence,
all thermodynamic functions are normalized by the corre-
sponding power of the temperature (e.g., p = p/T%,
§ = s/T?). Starting from the generalized density X, (T, ft)
of Eq. (11), the pressure is calculated via the integral:

P, PP I R
p(T,M):p(T,u=0)+A ap'’X,(T. i), (19)

and the other thermodynamic functions follow straightfor-
wardly. The integration constant p (7, i = 0) is the pressure
at vanishing chemical potential. Although a new determi-
nation with increased precision recently became available
[11], in this work we employ the results from Ref. [47], as they
provide a coverage up to 7 = 500 MeV, which is needed for
hydrodynamic simulations of heavy-ion collisions.
Starting from the pressure, the entropy is defined as

—aXy(T. p),  (20)

where in the last line we have rewritten the derivative at
constant y in terms of the derivative at constant /i, to which
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FIG. 6. Pressure along with entropy, energy, baryon, electric charge and strangeness densities as functions of the temperature for
increasing values of the chemical potential i, for (0 = 45°, ¢ = 45°). The solid lines show predictions from the HRG model.

0

we have access on the lattice. The energy density n 0[3
T i

follows as e op;

[laxrin. e
T .J0

e(T,p) =3(T,p) — p(T, ) + pX (T, ). (21) where the derivative is written from the chain rule as

The expressions for conserved charge densities 7; i _ o i 092 6402

(g, N, fig) are more involved and can be written as O 0 O %09 0 0’

(23)

054502-8



NEW 4D LATTICE QCD EQUATION OF STATE: EXTENDED ...

PHYS. REV. D 112, 054502 (2025)

Hence, the densities read

op 0 [h
AIZ—Ap:—A ﬂdﬁ/Xl(Tﬁ/)

o Ot Jo

iy oo (00 /,, L 0X (T )

=2Ix (T, — | ay — L

o)+ (5 [
d j ox, (T,

_'__A(p/ﬂdﬂ/ 1( /"t)>’ (24)
ot Jo o

where the expressions for the derivatives of the angles with
respect to the B, Q, S chemical potentials and the
derivatives of X, (T, i) with respect to the angles are given
in Appendixes B and C, respectively.

We present in Fig. 6, as an example, our results for the
thermodynamic quantities at different chemical potentials
u/T = 0-3.5 for the choice of angles (0 = 45°, p = 45°),
corresponding to a direction where pp/v/2 = Mo = Hs, the
same as in Fig. 4. We show results for pressure, entropy
density, and energy density, as well as baryon, electric
charge and strangeness number densities. All results are
compared to predictions from the ideal HRG model. Curves
corresponding to larger values of u/T stop at lower
temperatures because we limit the values of the dimen-
sionful chemical potentials to ug <670 MeV, ugy <
475 MeV and ug <475 MeV, which nonetheless cover
the range of interest for hydrodynamic simulations of
heavy-ion collisions. These ranges are well within the
range of applicability as shown in Fig. 5 for this choice of
angles.

We see that the TExS produces results that do not suffer
from apparent unphysical behavior, and the agreement with
HRG model predictions is excellent up to temperatures
around the QCD transition. As expected, deviations
between the HRG results and our extrapolation appear at
lower temperature when the chemical potential is increased,
signaling the bending of the transition in the QCD phase
diagram.

V. CONCLUSIONS

We presented a new method to compute the equation of
state of QCD in the full 3D space of B, Q, S chemical
potentials, generalizing a recently proposed procedure. Our
results are based on continuum-estimated susceptibilities of
order 2 and 4 obtained with the 4stout action on lattices
with N, = 10, 12, 16, 20, 24 time slices. Through a change
of coordinates, we constructed a procedure to carry out
only 1D extrapolations by varying the direction in the
chemical potential space along which they are performed.
We carried out the expansion to LO, which however
corresponds to NLO in a Taylor expansion, involving all
susceptibilities of order 4. Our results include the uncer-
tainties based on the continuum-estimated susceptibilities
and the zero-density equation of state, although they do not
include a complete systematic error analysis.

We provide the continuum-estimated susceptibilities in
the temperature range 7' = 30-800 MeV [46], covering the
whole regime of interest for nuclear collisions, but by
construction they encode the correct high-temperature limit
and can thus be trusted for higher temperatures, too.

In order to estimate the limit of applicability of the TExS at
LO, we performed an analysis of the effective temperature
T'(T) and mapped the regions where the extrapolation breaks
down. We found that, although limited in some specific
directions in the phase diagram, our method overall provides a
broader coverage in the chemical potentials compared to
existing constructions based on the Taylor expansion.

As an example, we showed our results for the pressure,
entropy density, and energy density, as well as baryon
number, electric charge and strangeness densities, for
chemical potentials up to ji = 3.5 in the direction defined
by (6 = 45°, ¢ = 45°). We found that no unphysical behav-
ior is present in the range we cover, and predictions from the
HRG model are in excellent agreement with our expansion.

The code developed to obtain this equation of
state [48] has been integrated to the MUSES calculation
engine [49-51], to provide an open-access platform to
compute the equation of state of QCD while independently
varying all chemical potentials, in the temperature range
T = 30-500 MeV.

As our procedure is based upon a rigorous expansion
scheme, it is systematically improvable by including higher
orders in the susceptibilities pool. Should susceptibilities of
order 6 become available in the future, they can be readily
incorporated, which will likely result in an even wider
coverage of the phase diagram.

ACKNOWLEDGMENTS

This material is based upon work supported by the
National Science Foundation under Grants No. PHY-
2208724 and No. PHY-2116686, and within the framework
of the MUSES Collaboration, under Grant No. OAC-
2103680. This material is also based upon work supported
by the U.S. Department of Energy, Office of Science,
Office of Nuclear Physics, under Awards No. DE-
SC0022023 and No. DE-SC0025025, as well as by the
National Aeronautics and Space Agency (NASA) under
Award No. 8ONSSC24K0767. This work is also supported
by the state of North Rhine-Westphalia, Germany (MKW
NRW) under the funding code NW21-024-A. An award for
computer time was provided by the U.S. Department of
Energy’s (DOE) Innovative and Novel Computational
Impact on Theory and Experiment (INCITE) Program.
This research used resources from the Argonne Leadership
Computing Facility, a U.S. DOE Office of Science user
facility at Argonne National Laboratory, which is supported
by the Office of Science of the U.S. DOE under Contract
No. DE-AC02-06CH11357. The authors gratefully
acknowledge the Gauss Centre for Supercomputing
e.V.([52]) for funding this project by providing computing

054502-9



AHMED ABUALI et al.

PHYS. REV. D 112, 054502 (2025)

time on the GCS Supercomputers Juwels-Booster
at Juelich Supercomputer Centre and HAWK at
Hochstleistungsrechenzentrum  Stuttgart. This work is
also supported by the Hungarian National Research,
Development and Innovation Office under Project
No. FK 147164 and Grant No. NKKP Excellence 151482.

DATA AVAILABILITY

The data that support the findings of this article are
openly available [46].

TABLE 1.

APPENDIX A: CONSTRUCTION
OF THE CONTINUUM-ESTIMATED
SUSCEPTIBILITIES

We list in Table I the temperature ranges used for the
low-T and high-T fits to lattice data, the order of the
polynomial fits for the high-T part, the lattice sizes used
and the temperatures up to which exact HRG results are
included, for each of the susceptibilities. The second
column corresponds to the temperature range from HRG
data used in the final fit for each quantity.

Summary of the temperature ranges used in our fits, the order of the 1/7" polynomial fits used for the high-T lattice data,

the time slices used for lattice continuum estimates, and the temperature up to which actual HRG data are used for each susceptibility

employed in our construction.

T range [MeV]

Merging T with

HRG LQCD (spline) LQCD (1/17) Order of 1/T" fit N, slices used HRG data [MeV]
b 30-120 120-300 200-600 n=4 10, 12, 16 107
dy8/dT 30-120 120-300 200-600 n=4 10, 12, 16 98
;{29 30-120 120-220 210-600 n=4 16, 20, 24 100
dXQQ/dT 30-120 120-210 210-600 n=4 16, 20, 24 112
x 30-120 130-300 220-600 n=>5 12, 16, 20 123
dys/dT 30-120 130-300 220-600 n=>5 12, 16, 20 115
){le 30-120 120-210 210-600 n=4 10, 12, 16 92
d)(flg/dT 30-120 120-210 210-600 n=4 10, 12, 16 92
pais 30-120 120-210 210-600 n=4 10, 12, 16 113
dy®5/dT 30-120 120-210 210-600 n=4 10, 12, 16 107
Zlle 30-120 120-210 210-600 n=4 12, 16, 20 108
dy %S /dT 30-120 120-210 210-600 n=4 12, 16, 20 107
pe 30-120 120-300 200-600 n=73 10, 12, 16 116
){? 30-120 120-205 220-600 n=2 16, 20, 24 84
el 30-120 120-300 200-600 n=73 10, 12, 16 137
){ng 30-120 120-240 240-600 n=73 10, 12, 16, 20, 24 90
75 30-120 125-300 200-600 n=73 10, 12, 16 93
%ZQZS 30-120 120-300 230-600 n=73 10, 12, 16, 20, 24 90
){11?3Q 30-120 120-300 220-600 n=73 10, 12, 16, 20, 24 86
Vaii 30-120 120-300 230-600 n=73 10, 12, 16 83
;{%S 30-120 120-340 290-600 n=3 10, 12, 16, 20, 24 74
;{fIQ 30-120 130-300 245-600 n=2 10, 12, 16, 20, 24 110
55 30-120 120400 230-600 n=73 10, 12, 16 84
;{3913 30-120 120-300 200-600 n=73 10, 12, 16, 20, 24 91
;(;QIS 50-130 145-300 200-600 n=73 10, 12, 16, 20, 24 95
leegs 30-120 120-250 220-600 n=73 10, 12, 16, 20, 24 33
lengzS 30-120 120-360 220-600 n=73 10, 12, 16, 20, 24 94
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APPENDIX B: DERIVATIVES OF 0, ¢
ANGLES WITH RESPECT TO B, Q, S
CHEMICAL POTENTIALS

In order to compute the densities for conserved charges
B, Q and S defined in Eq. (24), we derive the two spherical
angles 0,¢ with respect to fig, flp and fig, using the
definitions from Eq. (10):

APPENDIX C: DERIVATIVES OF GENERALIZED
SUSCEPTIBILITIES AND 7" WITH
RESPECT TO 0, 9 ANGLES

We detail here the calculation of the angle deri-
vative of the generalized charge density X,(T,p),
needed in Eq. (24) to compute the B, Q, S densities, using
Eq. (11):

00 - 'a2Q +ﬂ§ . So
oy @R oX\(T.R) _ 9 [Xi(p)
00 gy cee, Q. 0Q [ Xz(T’(T,M),O)}
o 2 2 2 B P )‘(A T.(h
Wy e THs :E[ ;_(W] X,(17,0) + 218 g4 1,77, 0)
a0 fpfis CoSy 2 2
e~ Ia — X,00X, (1) — X, (1) 0o X
diig e ﬂé-i—,u% i _ 4200 1(#)}_{ ; 1(#)0g 2X2(T’,O)
2
op SN
= X ﬂ Iy
o 5 GaXa(T'0) + X4 (T".0)00T'(T.1)
R 2
o¢ ___ M _ _Se (C1)
T R A T
o it c
e AQ—QQ =2, (B1)
Hs  Ho tHs  HSe ot ;
and the derivatives of 7" with respect to angles read
0T (T. ) = Ti*dgh>
2
/,{ — — — — - — — — —
G ELAL (X5 (X2 Xy — X2X4) 00X + X500 X2 X0 Xy + X527 00X — X5(00XuXs + X400X5))]  (C2)
2

with 09 =50 |T

used for convenience, where Q = @, ¢. The derivatives of X,, X,, of their SB limits and of X (f) with

respect to 6 and @ follow straightforwardly from Eqgs. (15)—(17).
At last, we derive the expressions for the derivatives of X, 4(T) with respect to the angles 6, ¢ entering Eq. (C2), based on

Egs. (16) and (17):

0X
8—92 = —2cysex5 + 2C0S903;)(2Q + 2¢ps950x5 + 2(co® — Sez)c(p)(?lg + 2(co® — 5o%)s 2% + 4CF)S9C(/)S(/7)(1Q1S7 (C3)
X,
% = —2s92c¢s¢)(2Q + 2sach,s¢)(§ - 209s9s,/,)(le + ZCBSQC[/,)(?IS + 2s92(c(/,2 - sq,z))(,QlS, (C4)
0X
604 —degsaxl + degsye M4 + degsysyrs +4(3cgsg — sp)ey zp)(n +4(3¢5s5 = s8)spx T3
16C¢9S9 q;)(13 + 4(66 3C956) ga)(al + 4(0(9 3C959) (p)(31 + 16(79% (p)(31
+ 12(c}sg — cosp)c2 (/,)(22 + 24cgsecési)(g2s +12(c}sg — cosp)s X
+ 12(3C9s0 - 53) iﬂ(flgzs + 12(30939 4) q;)(fz%s + 24(0*9s9 - 0952) (p)(gﬁs’ (Cs)
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X,

o0 —4s ¢;(4 + 4s9

- 4c§,s9s¢)(3BlQ +4chsge, x50 +4sh(cy

BOS

+ 12sg(cg,sq, - Cwsgz))fzz + 12c‘gs9(2€¢s¢ - Srp))(llz

B
38 = 12¢53¢25,012 + 12¢455¢,

2B 42,22 _ 41,08
soxts +4sg(3cgsg, —sq,))(%

- 3czs2))(g1 - 12ces9c,ﬂs¢)(22 + 12c9s9 (/,)(22

+ 12¢4s5(c)

BOS

2%%))(121 +12C959< _Sq;))(nglS- (Co)

[1] Y. Aoki, G. Endrodi, Z. Fodor, S. D. Katz, and K. K. Szabo,
The order of the quantum chromodynamics transition
predicted by the standard model of particle physics, Nature
(London) 443, 675 (2006).

[2] Y. Aoki, Z. Fodor, S.D. Katz, and K. K. Szabo, The QCD
transition temperature: Results with physical masses in the
continuum limit, Phys. Lett. B 643, 46 (2006).

[3] Y. Aoki, S. Borsanyi, S. Durr, Z. Fodor, S. D. Katz, S. Krieg,
and K. K. Szabo, The QCD transition temperature: Results
with physical masses in the continuum limit II., J. High
Energy Phys. 06 (2009) 088.

[4] S. Borsanyi, Z. Fodor, C. Hoelbling, S. D. Katz, S. Krieg, C.
Ratti, and K. K. Szabo (Wuppertal-Budapest Collaboration),
Is there still any 7. mystery in lattice QCD? Results with
physical masses in the continuum limit III, J. High Energy
Phys. 09 (2010) 073.

[5] A. Bazavov et al., The chiral and deconfinement aspects of
the QCD transition, Phys. Rev. D 85, 054503 (2012).

[6] A. Bazavov et al. (HotQCD Collaboration), Chiral cross-
over in QCD at zero and non-zero chemical potentials, Phys.
Lett. B 795, 15 (2019).

[7]1 S. Borsanyi, Z. Fodor, J. N. Guenther, R. Kara, S. D. Katz, P.
Parotto, A. Pasztor, C. Ratti, and K.K. Szabo, QCD
crossover at finite chemical potential from lattice simula-
tions, Phys. Rev. Lett. 125, 052001 (2020).

[8] M. G. Alford, A. Schmitt, K. Rajagopal, and T. Schifer,
Color superconductivity in dense quark matter, Rev. Mod.
Phys. 80, 1455 (2008).

[9] S. Borsanyi, Z. Fodor, S. Katz, S. Krieg, C. Ratti, and K.
Szabo, Freeze-out parameters: Lattice meets experiment,
Phys. Rev. Lett. 111, 062005 (2013).

[10] A. Bazavov et al. (HotQCD Collaboration), Equation of
state in (2 + 1)-flavor QCD, Phys. Rev. D 90, 094503
(2014).

[11] S. Borsanyi, Z. Fodor, J. N. Guenther, P. Parotto, A. Pasztor,
C. Ratti, V. Vovchenko, and C.H. Wong, Lattice QCD
constraints on the critical point from an improved precision
equation of state, arXiv:2502.10267.

[12] A. Alexandru, M. Faber, 1. Horvath, and K.-F. Liu, Lattice
QCD at finite density via a new canonical approach, Phys.
Rev. D 72, 114513 (2005).

[13] A.Li, A. Alexandru, K.-F. Liu, and X. Meng, Finite density
phase transition of QCD with N, =4 and N, =2 using
canonical ensemble method, Phys. Rev. D 82, 054502
(2010).

[14] S. Borsanyi, Z. Fodor, M. Giordano, S. D. Katz, D. Nogradi,
A. Pasztor, and C. H. Wong, Lattice simulations of the QCD
chiral transition at real baryon density, Phys. Rev. D 105,
L051506 (2022).

[15] S. Borsanyi, Z. Fodor, M. Giordano, J. N. Guenther, S.D.
Katz, A. Pasztor, and C. H. Wong, Equation of state of a hot-
and-dense quark gluon plasma: Lattice simulations at real
uB vs extrapolations, Phys. Rev. D 107, L091503 (2023).

[16] P. de Forcrand and O. Philipsen, The QCD phase diagram
for small densities from imaginary chemical potential, Nucl.
Phys. B642, 290 (2002).

[17] M. D’Elia and M.-P. Lombardo, Finite density QCD via
imaginary chemical potential, Phys. Rev. D 67, 014505
(2003).

[18] C. Bonati, M. D’Elia, M. Mariti, M. Mesiti, F. Negro, and F.
Sanfilippo, Curvature of the chiral pseudocritical line in
QCD: Continuum extrapolated results, Phys. Rev. D 92,
054503 (2015).

[19] M. D’Elia, G. Gagliardi, and F. Sanfilippo, Higher order
quark number fluctuations via imaginary chemical poten-
tials in Ny = 2 + 1 QCD, Phys. Rev. D 95, 094503 (2017).

[20] J. Gunther, R. Bellwied, S. Borsanyi, Z. Fodor, S. D. Katz,
A. Pasztor, and C. Ratti, The QCD equation of state at finite
density from analytical continuation, EPJ Web Conf. 137,
07008 (2017).

[21] C. Bonati, M. D’Elia, F. Negro, F. S anfilippo, and K.
Zambello, Curvature of the pseudocritical line in QCD:
Taylor expansion matches analytic continuation, Phys. Rev.
D 98, 054510 (2018).

[22] S. Borsanyi, Z. Fodor, J. N. Guenther, S.K. Katz, K. K.
Szabo, A. Pasztor, I. Portillo, and C. Ratti, Higher order
fluctuations and correlations of conserved charges from
lattice QCD, J. High Energy Phys. 10 (2018) 205.

[23] R. Bellwied, S. Borsanyi, Z. Fodor, J. Guenther, S. D. Katz,
C. Ratti, and K. K. Szabo, The QCD phase diagram from
analytic continuation, Phys. Lett. B 751, 559 (2015).

[24] D. Bollweg, F. Karsch, S. Mukherjee, and C. Schmidt,
Higher order cumulants of net baryon-number distributions
at n on-zero up, Nucl. Phys. A1005, 121835 (2021).

[25] D. Bollweg, J. Goswami, O. Kaczmarek, S. Karsch, F. and
Mukherjee, P. Petreczky, C. Schmidt, and P. Scior (HotQCD
Collaboration), Taylor expansions and Padé approximants
for cumulants of con served charge fluctuations at non-
vanishing chemical potentials, Phys. Rev. D 105, 074511
(2022).

054502-12


https://doi.org/10.1038/nature05120
https://doi.org/10.1038/nature05120
https://doi.org/10.1016/j.physletb.2006.10.021
https://doi.org/10.1088/1126-6708/2009/06/088
https://doi.org/10.1088/1126-6708/2009/06/088
https://doi.org/10.1007/JHEP09(2010)073
https://doi.org/10.1007/JHEP09(2010)073
https://doi.org/10.1103/PhysRevD.85.054503
https://doi.org/10.1016/j.physletb.2019.05.013
https://doi.org/10.1016/j.physletb.2019.05.013
https://doi.org/10.1103/PhysRevLett.125.052001
https://doi.org/10.1103/RevModPhys.80.1455
https://doi.org/10.1103/RevModPhys.80.1455
https://doi.org/10.1103/PhysRevLett.111.062005
https://doi.org/10.1103/PhysRevD.90.094503
https://doi.org/10.1103/PhysRevD.90.094503
https://arXiv.org/abs/2502.10267
https://doi.org/10.1103/PhysRevD.72.114513
https://doi.org/10.1103/PhysRevD.72.114513
https://doi.org/10.1103/PhysRevD.82.054502
https://doi.org/10.1103/PhysRevD.82.054502
https://doi.org/10.1103/PhysRevD.105.L051506
https://doi.org/10.1103/PhysRevD.105.L051506
https://doi.org/10.1103/PhysRevD.107.L091503
https://doi.org/10.1016/S0550-3213(02)00626-0
https://doi.org/10.1016/S0550-3213(02)00626-0
https://doi.org/10.1103/PhysRevD.67.014505
https://doi.org/10.1103/PhysRevD.67.014505
https://doi.org/10.1103/PhysRevD.92.054503
https://doi.org/10.1103/PhysRevD.92.054503
https://doi.org/10.1103/PhysRevD.95.094503
https://doi.org/10.1051/epjconf/201713707008
https://doi.org/10.1051/epjconf/201713707008
https://doi.org/10.1103/PhysRevD.98.054510
https://doi.org/10.1103/PhysRevD.98.054510
https://doi.org/10.1007/JHEP10(2018)205
https://doi.org/10.1016/j.physletb.2015.11.011
https://doi.org/10.1016/j.nuclphysa.2020.121835
https://doi.org/10.1103/PhysRevD.105.074511
https://doi.org/10.1103/PhysRevD.105.074511

NEW 4D LATTICE QCD EQUATION OF STATE: EXTENDED ...

PHYS. REV. D 112, 054502 (2025)

[26] H.T. Ding, O. Kaczmarek, F. Karsch, P. Petreczky, M.
Sarkar, C. Schmidt, and S. Sharma, Curvature of the chiral
phase transition line from the magnetic equation of state of
(2 + 1)-flavor QCD, Phys. Rev. D 109, 114516 (2024).

[27] D. Bollweg, D. A. Clarke, J. Goswami, O. Kaczmarek, F.
Karsch, S. Mukherjee, P. Petreczky, C. Schmidt, and S.
Sharma (HotQCD Collaboration), Equation of state and
speed of sound of (24 I)-flavor QCD in strangeness-
neutral matter at nonvanishing net baryon-number density,
Phys. Rev. D 108, 014510 (2023).

[28] S. Borsanyi, Z. Fodor, J. N. Guenther, R. Kara, S. D. Katz, P.
Parotto, A. Pasztor, C. Ratti, and K. K. Szabd, Lattice QCD
equation of state at finite chemical potential from an
alternative expansion scheme, Phys. Rev. Lett. 126,
232001 (2021).

[29] S. Borsanyi, J. N. Guenther, R. Kara, Z. Fodor, P. Parotto, A.
Pasztor, C. Ratti, and K. K. Szabo, Resummed lattice QCD
equation of state at finite baryon density: Strangeness
neutrality and beyond, Phys. Rev. D 105, 114504 (2022).

[30] R. Wen, S. Yin, and W.-j. Fu, Estimates on the convergence
of expansions at finite baryon chemical potentials, Phys.
Rev. D 110, 016008 (2024).

[31] M. Kahangirwe, I. Gonzalez, J. A. Muiioz, C. Ratti, and V.
Vovchenko, Convergence properties of 7’ expansion
scheme: Hadron resonance gas and cluster expansion
model, Phys. Rev. D 111, 094034 (2025).

[32] M. Kahangirwe, S. A. Bass, E. Bratkovskaya, J. Jahan, P.
Moreau, P. Parotto, D. Price, C. Ratti, O. Soloveva, and M.
Stephanov, Finite density QCD equation of state: Critical
point and lattice-based 7’ expansion, Phys. Rev. D 109,
094046 (2024).

[33] P. Parotto, M. Bluhm, D. Mroczek, M. Nahrgang, J.
Noronha-Hostler, K. Rajagopal, C. Ratti, T. Schifer, and
M. Stephanov, QCD equation of state matched to lattice data
and exhibiting a critical point singularity, Phys. Rev. C 101,
034901 (2020).

[34] C. Plumberg et al., Conservation of B, S, and Q charges in
relativistic viscous hydrodynamics solved with smoothed
particle hydrodynamics, Phys. Rev. C 111, 044905 (2025).

[35] J. Noronha-Hostler, P. Parotto, C. Ratti, and J. M. Stafford,
Lattice-based equation of state at finite baryon number,
electric charge and strangeness chemical potentials, Phys.
Rev. C 100, 064910 (2019).

[36] R. Dashen, S.-K. Ma, and H.J. Bernstein, S matrix
formulation of statistical mechanics, Phys. Rev. 187, 345
(1969).

[37] A. Monnai, B. Schenke, and C. Shen, Equation of state at
finite densities for QCD matter in nuclear collisions, Phys.
Rev. C 100, 024907 (2019).

[38] A. Monnai, G. Pihan, B. Schenke, and C. Shen, Four-
dimensional QCD equation of state with multiple chemical
potentials, Phys. Rev. C 110, 044905 (2024).

[39] A. Bazavov et al. (HotQCD Collaboration), Fluctuations and
Correlations of net baryon number, electric charge, and
strangeness: A comparison of lattice QCD results with the
hadron resonance gas model, Phys. Rev. D 86, 034509 (2012).

[40] H.T. Ding, S. Mukherjee, H. Ohno, P. Petreczky, and H. P.
Schadler, Diagonal and off-diagonal quark number suscep-
tibilities at high temperatures, Phys. Rev. D 92, 074043
(2015).

[41] A.Bazavov et al., The QCD equation of state to O(u$) from
lattice QCD, Phys. Rev. D 95, 054504 (2017).

[42] A. Bazavov et al. (HotQCD Collaboration), Equation of
state in (2 + 1)-flavor QCD, Phys. Rev. D 90, 094503
(2014).

[43] S. Borsényi, Z. Fodor, J. N. Guenther, R. Kara, P. Parotto, A.
Pésztor, L. Pirelli, and C. H. Wong, Chiral versus deconfine-
ment properties of the QCD crossover: Differences in the
volume and chemical potential dependence from the lattice,
Phys. Rev. D 111, 014506 (2025).

[44] R. Bellwied, S. Borsanyi, Z. Fodor, S. D. Katz, A. Pasztor,
C. Ratti, and K. K. Szabo, Fluctuations and correlations in
high temperature QCD, Phys. Rev. D 92, 114505 (2015).

[45] P. Alba et al., Constraining the hadronic spectrum through
QCD thermodynamics on the lattice, Phys. Rev. D 96,
034517 (2017).

[46] J. Jahan and P. Parotto, Continuum-estimated lattice sus-
ceptibilites of order 2 and 4, 10.5281/zenodo.16749145
(2025).

[47] S. Borsanyi, Z. Fodor, C. Hoelbling, S.D. Katz, S. Krieg,
and K. K. Szabo, Full result for the QCD equation of state
with 2 + 1 flavors, Phys. Lett. B 730, 99 (2014).

[48] J. Jahan, A. Abuali, M. Kahangirwe, P. Parotto, C. Ratti, and
H. Shah, 4D T’ expansion scheme (4D-TExS) equation of
state module, 10.5281/zenodo.16749256 (2025).

[49] MUSES Project Web site, https://musesframework.io/
(2024).

[50] T. A. Manning, MUSES Calculation Engine, 10.5281/zen-
0do0.14721911 (2025).

[51] M. Reinke Pelicer et al., Building neutron stars with the
MUSES calculation engine, Phys. Rev. D 111, 103037
(2025).

[52] www.gauss-centre.eu

054502-13


https://doi.org/10.1103/PhysRevD.109.114516
https://doi.org/10.1103/PhysRevD.108.014510
https://doi.org/10.1103/PhysRevLett.126.232001
https://doi.org/10.1103/PhysRevLett.126.232001
https://doi.org/10.1103/PhysRevD.105.114504
https://doi.org/10.1103/PhysRevD.110.016008
https://doi.org/10.1103/PhysRevD.110.016008
https://doi.org/10.1103/PhysRevD.111.094034
https://doi.org/10.1103/PhysRevD.109.094046
https://doi.org/10.1103/PhysRevD.109.094046
https://doi.org/10.1103/PhysRevC.101.034901
https://doi.org/10.1103/PhysRevC.101.034901
https://doi.org/10.1103/PhysRevC.111.044905
https://doi.org/10.1103/PhysRevC.100.064910
https://doi.org/10.1103/PhysRevC.100.064910
https://doi.org/10.1103/PhysRev.187.345
https://doi.org/10.1103/PhysRev.187.345
https://doi.org/10.1103/PhysRevC.100.024907
https://doi.org/10.1103/PhysRevC.100.024907
https://doi.org/10.1103/PhysRevC.110.044905
https://doi.org/10.1103/PhysRevD.86.034509
https://doi.org/10.1103/PhysRevD.92.074043
https://doi.org/10.1103/PhysRevD.92.074043
https://doi.org/10.1103/PhysRevD.95.054504
https://doi.org/10.1103/PhysRevD.90.094503
https://doi.org/10.1103/PhysRevD.90.094503
https://doi.org/10.1103/PhysRevD.111.014506
https://doi.org/10.1103/PhysRevD.92.114505
https://doi.org/10.1103/PhysRevD.96.034517
https://doi.org/10.1103/PhysRevD.96.034517
https://doi.org/10.5281/zenodo.16749145
https://doi.org/10.5281/zenodo.16749145
https://doi.org/10.1016/j.physletb.2014.01.007
https://doi.org/10.5281/zenodo.16749256
https://musesframework.io/
https://musesframework.io/
https://doi.org/10.5281/zenodo.14721911
https://doi.org/10.5281/zenodo.14721911
https://doi.org/10.1103/PhysRevD.111.103037
https://doi.org/10.1103/PhysRevD.111.103037
https:\www.gauss-centre.eu
https:\www.gauss-centre.eu
https:\www.gauss-centre.eu

	New 4D lattice QCD equation of state: Extended density coverage from a generalized T&prime; expansion
	I. INTRODUCTION
	II. T&prime;-EXPANSION SCHEME IN 4D
	III. SUSCEPTIBILITIES FROM THE LATTICE
	IV. RESULTS
	A. Expansion coefficients and limits of applicability
	B. Thermodynamics at finite chemical potential

	V. CONCLUSIONS
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: CONSTRUCTION OF THE CONTINUUM-ESTIMATED SUSCEPTIBILITIES
	APPENDIX B: DERIVATIVES OF &theta;,φ ANGLES WITH RESPECT TO B, Q, S CHEMICAL POTENTIALS
	APPENDIX C: DERIVATIVES OF GENERALIZED SUSCEPTIBILITIES AND T&prime; WITH RESPECT TO &theta;,φ ANGLES
	References


