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We present a new equation of state for QCD in which the temperature T and the three chemical potentials
for baryon number μB, electric charge μQ, and strangeness μS can be varied independently. This result is
based on a generalization of the T 0 expansion scheme, thanks to which the diagonal μB extrapolation was
pushed up to a baryo-chemical potential μB=T ∼ 3.5 for the first time. This considerably extended the
coverage of the Taylor expansion, limited to μB=T < 2.5–3. As a consequence, we are able to offer a
substantially larger coverage of the four-dimensional QCD phase diagram as well, compared to previously
available Taylor expansion results. Our findings are based on new continuum estimated lattice data on the
full set of second- and fourth-order fluctuations.
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I. INTRODUCTION

The description of the phases of strongly interacting
matter under different conditions is a major task of nuclear
physics that encompasses a vast amount of systems ranging
from the early Universe to the interior of compact objects
like neutron stars. It is customary to summarize this
knowledge into a phase diagram in the temperature T
and baryon chemical potential μB (or baryon density nB)
plane. Explorations of the phase diagram of QCD have
been carried out extensively by both theory and experiment
in the past decades. It is known that a low-temperature and
low-density hadron gas phase is separated from a high-
temperature quark gluon plasma phase. At exactly zero
density, the transition was shown to be an analytic cross-
over [1] at around T ≃ 155–160 MeV [2–7]. At small
temperatures and densities of the order of nuclear saturation

density, neutron star matter is expected to exist, although its
characterization is still ongoing. At even larger densities, a
rich phase structure is expected for QCD matter [8].
The thermodynamic properties of a system such as

strongly interacting matter are encapsulated in its equation
of state, which is an essential input for modeling and
effectively describing QCD matter. The equation of state
plays a crucial role for hydrodynamic simulations of heavy-
ion collisions and neutron star mergers, where it is
necessary to close the set of conservation equations to
be solved. The equation of state of QCD is known with
good precision at vanishing density from lattice QCD
[9–11]. Lattice simulations are the main first-principles
method to investigate the thermodynamics of QCD. They
amount to numerically calculate the path integral in the
Euclidean formulation by means of Monte Carlo methods.
Many of the established features of the phase diagram have
been determined via lattice simulations, like the crossover
nature of the transition and its pseudocritical temperature.
Because of the fermion sign problem, direct lattice simu-
lations at nonzero density are extremely costly and are
currently limited to small volumes [12–15]. Most results on
finite-density thermodynamics rely on extrapolations,
namely Taylor expansion or analytic continuation from
imaginary chemical potentials [7,16–26]. Both currently
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allow for an exploration of the phase diagram at small to
intermediate densities. For the equation of state, Taylor
expansions around μB ¼ 0 up to next-to-next-to-next-to-
leading-order (N3LO) allow one to describe the regime
μB=T ≤ 2.5–3 [27], though at higher densities they typi-
cally break down due to the presence of unphysical
behavior in some thermodynamic quantities. This is likely
due to the fact that the extrapolation is carried out at
constant temperature and is, thus, forced to cross the
transition line at some nonzero μB. Recently, an alternative
expansion has been developed [28,29] that implements the
extrapolation along lines of constant density, thus avoiding
crossing the transition. Such alternative scheme, also
dubbed T 0 expansion scheme (TExS), allows for extrapo-
lations up to μB=T ≤ 3.5, with small uncertainties and
without unphysical behavior. It also shows better conver-
gence properties than Taylor expansions, due to a large
separation between the leading-order (LO) and next-to-
leading-order (NLO) expansion coefficients. Recently, in
Refs. [30,31] this scheme was compared to Taylor expan-
sions and Padé approximants in a number of models of
QCD matter, showing superior convergence properties
around and above the transition temperature at finite μB
and along the strangeness neutral trajectory, though not in
the hadronic phase. A comparison with direct lattice QCD
results at finite chemical potential from reweighting meth-
ods was presented in Ref. [15], showing substantial agree-
ment. Finally, the TExS was also used in Ref. [32] to
propose a new family of equations of state with a tunable
critical point from the 3D-Ising model at finite μB,
extending the capabilities of a previous work based on
Taylor expansion [33].
Although it is customary to depict the phase diagram in

the T − μB plane, it is actually a four-dimensional space,
where three chemical potentials can be varied, associated to
the conserved charges of QCD: baryon number B, electric
charge Q and strangeness S. Most commonly, results at
finite density are extrapolated either along the μQ ¼ μS ¼ 0

direction or along the strangeness neutral line, defined by
nS ¼ 0 and nQ ¼ 0.4nB, to reproduce the experimental
setting of heavy-ion collision systems.
However, for realistic simulations of QCD matter, a

comprehensive description of the full 4D space T; μB;
μQ; μS is necessary. It was shown in Ref. [34] that even in
LHC settings, where all densities vanish on average, local
fluctuations lead to a large range of chemical potentials to
be sampled by individual fluid cells.
In order to address the need for a 4D equation of state, in

Ref. [35] a Taylor expansion of the QCD pressure was
constructed, based on lattice QCD results at Nτ ¼ 12 for
the susceptibilities [22], and in the continuum for the zero-
density equation of state [9]:

pðT; μ̂B; μ̂Q; μ̂SÞ
T4

¼
X
i;j;k

1

i!j!k!
χBQSijk ðTÞμ̂iBμ̂jQμ̂kS; ð1Þ

where μ̂i ¼ μi
T (i ¼ fB;Q; Sg) and the coefficients are the

susceptibilities:

χBQSijk ðTÞ ¼ ∂
iþjþkðp=T4Þ
∂μ̂iBμ̂

j
Qμ̂

k
S

����
μ̂B;μ̂Q;μ̂S¼0

: ð2Þ

The lattice susceptibilities in Eq. (2) were merged with
results from the hadron resonance gas (HRG) model [36] to
cover the low-temperature range relevant for hydrodynamic
simulations. At high temperatures, the approach to the
Stefan-Boltzmann (SB) limit was imposed on each sus-
ceptibility. The resulting equation of state, expanded to
orderOðμ4Þ (i.e., iþ jþ k ≤ 4), was made available in the
range T ¼ 30–800 MeV, μk < 450 MeV. A similar con-
struction was presented in Refs. [37,38], based on suscep-
tibilities up to order Oðμ4Þ and some of order Oðμ6Þ, from
Refs. [39–41], and the zero-density equation of state from
Ref. [42]. In both constructions, the 4D equation of state
showcases the same limitations in the range reliably
covered by the expansion.
In this work, we construct a new 4D equation of state for

QCD covering a broader range of densities accessible in
high-energy heavy-ion collisions, by generalizing the
expansion scheme of Ref. [28] to the case with three
independent chemical potentials. We base our construction
on continuum estimated susceptibilities obtained with the
4stout action on lattices with Nτ ¼ 10, 12, 16, 20, 24 time
slices, with an aspect ratio LT ¼ 4 except for the 643 × 24
lattice. This is the first equation of state of QCD in the 3D
space of chemical potentials to be based entirely on
continuum-estimated susceptibilities and providing an
estimate of the related uncertainties. Working with a large
volume, we can expect finite size effects to be small [43].
Details on the action used to obtain the susceptibilities and
its parametrization can be found in Ref. [44].
We go over the basics of the T 0 expansion scheme and

formulate its generalization to any direction in the chemical
potential space in Sec. II. In Sec. III we present our results
for the continuum-estimated susceptibilities of order 2 and
4. We show results for the different thermodynamic
quantities in Sec. IV, together with a discussion on the
limits of applicability of our expansion, before presenting
our conclusions in Sec. V.

II. T0-EXPANSION SCHEME IN 4D

The idea behind the T 0 expansion scheme introduced in
Refs. [28,29] is to take advantage of the fact that the
dependence of certain fluctuation observables on the
chemical potential μB largely amounts to a μB-dependent
temperature shift. In particular, it was noticed that the
normalized baryon density χB1 =μ̂B at imaginary chemical
potential resembles the second baryon cumulant at μB ¼ 0,
with a simple redefinition of the temperature. The expan-
sion scheme is defined rigorously as
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nBðT; μ̂BÞ
μ̂B

¼ χB2 ðT 0; 0Þ; ð3Þ

with the redefined temperature

T 0ðT; μ̂BÞ ¼ Tð1þ κB2 ðTÞμ̂2B þ � � �Þ: ð4Þ

In Ref. [29], the scheme was applied to the strangeness
neutral setting, where nonzero values of μQ and μS are
introduced to ensure nS ¼ 0 and nQ ¼ 0.4nB. These con-
ditions define a T-dependent trajectory in the 3D space of
chemical potentials for the expansion. Additionally, Eq. (3)
was modified by considering on both sides of the equation
quantities normalized by their own infinite temperature
limits:

FðT; μ̂BÞ
F̄ðμ̂BÞ

¼ FðT 0
F; 0Þ

F̄ð0Þ ; ð5Þ

where the SB limits are indicated by barred quantities and
their argument is the chemical potential. The observable-
dependent effective temperature T 0

F reads

T 0
FðT; μ̂BÞ ¼ Tð1þ λ2;FðTÞμ̂2B þ � � �Þ: ð6Þ

Note that the λnðTÞ coefficients in Eq. (6) are different
from the κnðTÞ coefficients in Eq. (4). In fact, the
expansions defined by Eqs. (3) and (5) are essentially
two different physics-motivated rearrangements of the
Taylor expansion, and the coefficients κnðTÞ and λnðTÞ
are in direct correspondence with the Taylor coefficients
χnðTÞ. At LO one has [28,29] (we drop the superscript B, as
this applies in general)

κ2ðTÞ ¼
1

6Tχ02ðTÞ
χ4ðTÞ; ð7Þ

λ2ðTÞ ¼
1

6Tχ02ðTÞ
�
χ4ðTÞ −

χ4
χ2

χ2ðTÞ
�
; ð8Þ

where χ02 is the T derivative of χ2 and the barred quantities
again indicate the SB limit values. By imposing the equality
on quantities normalized by their SB limit, the high-
temperature behavior is automatically encoded in the
SB-corrected expansion defined by Eq. (5). It was shown
that, in the case of baryon density, κB2 ðTÞ and λB2 ðTÞ start to
differ substantially around the transition temperature,
where the second term in λB2 ðTÞ becomes relevant.
We define here a generalization of Eq. (3), whereby we

perform the expansion in an arbitrary direction in the 3D
space of chemical potentials. We use spherical coordinates
as shown in Fig. 1:

μ̂B ¼ μ̂cθ;

μ̂Q ¼ μ̂sθcφ;

μ̂S ¼ μ̂sθsφ; ð9Þ

where sγ ¼ sin γ and cγ ¼ cos γ and

μ̂ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ̂2B þ μ̂2Q þ μ̂2S

q
;

θ ¼ arccos ðμ̂B=μ̂Þ;
φ ¼ sgnðμ̂SÞ × arccos

�
μ̂Q=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ̂2Q þ μ̂2S

q �
: ð10Þ

With this prescription, given any set of ðμ̂B; μ̂Q; μ̂SÞ, the
angles θ, φ are fixed and we are faced with a 1D
extrapolation in μ̂ along the specified direction. In analogy
with Eq. (5), we can define the generalized expansion:

Xθ;φ
1 ðT; μ̂Þ ¼ X̄θ;φ

1 ðμ̂Þ
X̄θ;φ
2 ð0ÞX

θ;φ
2 ðT 0θ;φðT; μ̂Þ; 0Þ; ð11Þ

FIG. 1. The 3D space of chemical potentials in Cartesian (μ̂B; μ̂Q; μ̂S) (left) and spherical (μ̂; θ;φ) (right) coordinates. With the latter,
we can perform a 1D extrapolation in any direction.
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where Xθ;φ
1 and Xθ;φ

2 are the generalized density and
second-order susceptibility along the direction specified
by the angles ðθ;φÞ. As before, barred quantities refer to
SB limits, with their argument being the chemical potential.
The effective temperature is defined, in analogy with
Eq. (6), as

T 0θ;φðT; μ̂Þ ¼ Tð1þ λθ;φ2 ðTÞμ̂2 þ � � �Þ; ð12Þ

where the expansion coefficient λθ;φ2 ðTÞ now reads

λθ;φ2 ðTÞ ¼ 1

6TðXθ;φ
2 ðTÞÞ0

�
Xθ;φ
4 ðTÞ − X4

θ;φð0Þ
X2

θ;φð0ÞX
θ;φ
2 ðTÞ

�
:

ð13Þ

There, Xθ;φ
4 ðTÞ is the generalized fourth-order susceptibility

along the direction specified by ðθ;φÞ. Note that, when we

refer to quantities at μ̂ ¼ 0, we drop the μ̂ dependence to
alleviate the notation.
The quantities Xθ;φ

n ðTÞ generalize the susceptibilities
χnðTÞ, as they are derivatives of the QCD pressure with
respect to the direction-dependent generalized chemical
potential μ̂:

Xθ;φ
n ðTÞ ¼ ∂

np=T4

∂μ̂n

����
θ;φ

μ̂¼0

; ð14Þ

where the derivative is a directional derivative along the
direction identified by the angles ðθ;φÞ. The Xθ;φ

n at μ̂ ¼ 0

are related to the susceptibilities χBQS
ijk ðTÞ by straightfor-

ward application of the chain rule:

Xθ;φ
1 ðTÞ ¼ cθχB1 ðTÞ þ sθcφχ

Q
1 ðTÞ þ sθsφχS1ðTÞ; ð15Þ

Xθ;φ
2 ðTÞ ¼ c2θχ

B
2 ðTÞ þ s2θc

2
φχ

Q
2 ðTÞ þ s2θs

2
φχ

S
2ðTÞ þ 2cθsθcφχ

BQ
11 ðTÞ þ 2cθsθsφχBS11 ðTÞ þ 2s2θcφsφχ

QS
11 ðTÞ; ð16Þ

Xθ;φ
4 ðTÞ ¼ c4θχ

B
4 ðTÞ þ s4θc

4
φχ

Q
4 ðTÞ þ s4θs

4
φχ

S
4ðTÞ þ 4cθs3θc

3
φχ

BQ
13 ðTÞ þ 4cθs3θs

3
φχ

BS
13 ðTÞ þ 4s4θcφs

3
φχ

QS
13 ðTÞ

þ 4c3θsθcφχ
BQ
31 ðTÞ þ 4c3θsθsφχ

BS
31 ðTÞ þ 4s4θc

3
φsφχ

QS
31 ðTÞ þ 6c2θs

2
θc

2
φχ

BQ
22 ðTÞ þ 6c2θs

2
θs

2
φχ

BS
22 ðTÞ þ 6s4θc

2
φs2φχ

QS
22 ðTÞ

þ 12cθs3θcφs
2
φχ

BQS
112 ðTÞ þ 12cθs3θc

2
φsφχ

BQS
121 ðTÞ þ 12c2θs

2
θcφsφχ

BQS
211 ðTÞ: ð17Þ

Finally, the SB limit of the generalized density at finite μ̂,
X̄θ;φ
1 ðμ̂Þ, can be derived from the Taylor-expanded pressure

of Eq. (1) as

X̄θ;φ
1 ðμ̂Þ ¼ μ̂X̄θ;φ

2 þ μ̂3

6
X̄θ;φ
4 ; ð18Þ

where the SB limits at μ̂ ¼ 0 are calculated using Eqs. (16)
and (17).
In this work, we carry out the expansion up to λθ;φ2 ðTÞ,

namely at leading order, which however corresponds to
NLO in the Taylor expansion, including susceptibilities up
to order four. The procedure can be easily generalized to
higher orders, provided that higher-order susceptibilities
are available.
In practice, given a set μ̂B; μ̂Q; μ̂S at a certain temperature

T, we will go through the following steps:
(i) determine μ̂; θ;φ;
(ii) construct λθ;φ2 ðTÞ from Xθ;φ

2 ðTÞ, Xθ;φ
4 ðTÞ using

Eq. (13); and
(iii) determine Xθ;φ

1 ðT; μ̂Þ using Eq. (11).
From Xθ;φ

1 ðT; μ̂Þ, together with the zero-density equation
of state, all thermodynamic quantities can be calculated, as
will be detailed in Sec. IV B.

III. SUSCEPTIBILITIES FROM THE LATTICE

The procedure we describe in this work is completely
determined by the conserved charge susceptibilities χBQS

ijk of

order 2 and 4. We construct continuum estimates for all
these quantities, based on lattice results with Nτ ¼ 10, 12,
16, 20, 24 time slices, as well as on HRG model results
[45]. The lattice results are obtained with the 4stout action
with physical quark masses, details on which can be found
in Ref. [44]. The lattices we employ have an aspect ratio
LT ¼ 4, except for the 643 × 24 lattice.
The final susceptibilities are obtained by merging three

different regimes. For temperatures below the reach of
lattice simulations, namely T ≤ 120 MeV, we calculate all
susceptibilities, as well as the T derivatives of the second-
order ones, in the ideal HRG model. For the high-
temperature regime (T > 200 MeV), we perform a com-
bined fit to lattice data in 1=N2

τ (linear) and 1=Tn

(polynomial of order n ¼ 2, 3, 4 or 5). This way, we
enforce the approach to the Stefan-Boltzmann limit at
T → ∞. Similarly, we perform a combined fit to the same
lattice data in 1=N2

τ (linear) and T (cubic spline) in the
range 125 MeV ≤ T ≤ 600 MeV. This way, we can ensure
a proper overlap of the intermediate-T results with both the
low- and high-T regimes. The three results are then merged
with a subsequent spline fit, whereby the intermediate- and
high-T regimes are overlapped to ease the merging. For the
same reason, the HRG model results are included with a
fictitious 5%–10% error.
Finally, the low-T data from the spline fit are replaced

by exact ideal HRG results, in order to avoid even
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very small deviations, which can combine into large
differences at the level of the determination of the λ2
coefficients. This replacement is enforced at around
T ∼ 100 MeV, after ensuring that the ideal HRG results
and the spline fit agree in the range 100 < T <
120 MeV. The final result is then given directly by
the HRG model at low T and from the best-fit result for
larger values of the temperature. Note that the error
introduced to the exact HRG data in the low-T regime is
taken to be the same relative error as the first point of the
spline fit over the combined HRG, intermediate- and
high-T lattice datasets.
In Appendix A, we list the temperature ranges used for

the high-T and intermediate-T fits to lattice data, the order
of the polynomial fits, the lattice sizes used and the
temperatures below which exact HRG results are included,
for each of the susceptibilities.
In Figs. 2 and 3 we show the continuum estimated results

for all susceptibilities of order 2 and 4. The T derivatives of
order 2 susceptibilities are also shown in Fig. 2. In all plots,
the lattice results at finite Nτ included in the fits are shown
in shades of gray, and the value of the SB limit is indicated
by an arrow on the right side of the plot. Although we show
all results up to a temperature T ¼ 800 MeV, by enforcing
the correct Stefan-Boltzmann limit behavior we ensure that,
by construction, all susceptibilities are available also above
this value.
These susceptibilities are publicly accessible through [46].

IV. RESULTS

A. Expansion coefficients and limits of applicability

Once all susceptibilities of order 2 and 4 are fixed, our
construction is fully determined. The next step is to
construct the coefficient λ2ðTÞ in Eq. (13).
By scanning through all possible directions in the 3D

space of ðμB; μQ; μSÞ, we observe a significant change in
the T dependence of this coefficient. For example, in the
μ ¼ μB direction considered in Ref. [29], λB2 ðTÞ is a
positive unimodal function of T, which becomes consistent
with 0 around T ∼ 350 MeV and remains so at higher
temperatures. However, in other directions λ2ðTÞ turns
negative, as shown in Fig. 4 (top panel) for the direction
where ðθ ¼ 45°;φ ¼ 45°Þ. We choose to show this direc-
tion because it includes all three chemical potentials, and
thus the results depend on all 21 susceptibilities shown in
Figs. 2 and 3. In order to limit the impact of numerical
effects, especially on quantities containing temperature
derivatives, we perform a very light smoothing of the
coefficients λ2ðTÞ, which we obtain by combining the
results of five different spline fits. It appears clearly in
Fig. 4 (top) that the effect is very mild.
Unlike what was done in Ref. [28] in the μ ¼ μB

direction, it is currently not possible to test the validity
of the TExS in any direction ðθ;φÞ, by checking up to
which μ̂ value the expansion computed at NLO agrees with
the LO expansion. This is because computing λ4ðTÞ in 4D

FIG. 2. Continuum estimate of all second-order susceptibilities (orange), along with the corresponding T derivatives (blue). The latter
are multiplied by a factor 1=2 for ease of comparison. The Stefan-Boltzmann limits of the susceptibilities are indicated by the blue
arrows. The gray points show the finite-Nτ lattice data used to construct the estimate. The solid lines show the ideal HRG model
predictions.

NEW 4D LATTICE QCD EQUATION OF STATE: EXTENDED … PHYS. REV. D 112, 054502 (2025)

054502-5



requires to have all mixed B, Q, S susceptibilities of order
2, 4 and 6 (as well as some of their derivatives with respect
to T), which are not known with sufficient precision to
allow a meaningful analysis. Hence, we estimate the limits
of applicability of our expansion, based on physics

arguments, as follows. The generalized density X1ðTÞ is
expected to be a monotonically increasing function for a
fixed value of μ̂, in the absence of a first-order phase
transition. As defined in Eq. (11), X1ðT; μ̂Þ is constructed
from X2ðT 0; 0Þ, which is also a monotonically increasing

FIG. 3. Continuum estimate of all fourth-order susceptibilities (orange). The Stefan-Boltzmann limits of the susceptibilities are
indicated by the arrows. The gray points show the finite-Nτ lattice data used to construct the estimate. The solid lines show the ideal
HRG model predictions.
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function of T 0. Thus, we conclude that T 0ðTÞ must be a
monotonically increasing function, and if it is not, our
expansion breaks down. This behavior is purely due to the
truncation of the expansion of T 0ðTÞ in terms of μ̂ at LO.
We estimate the range of validity of our expansion by

searching the value of μ̂ above which we observe non-
monotonic behavior in T 0ðT; μ̂Þ, i.e., where dT 0=dT < 0. In
Fig. 4 (bottom panel) we show T 0ðT; μ̂Þ in the direction
ðθ ¼ 45°;φ ¼ 45°Þ for different values of the chemical
potential. For each temperature, there is a minimum value
of μ̂ above which dT 0=dT is negative: In this regime, our
extrapolation breaks down.
We summarize in Fig. 5 our estimates for the upper limits

of applicability of the TExS in terms of μ̂ obtained in this
way, showing results for values of the angles ðθ;φÞ
obtained by scanning the solid angle in steps of π=4.
We note that the directions ðθ ¼ 0°;φ ¼ 0°Þ (where
μ̂ ¼ μ̂B) and ðθ ¼ 45°;φ ¼ 90°Þ (where μ̂Q ¼ 0 and
μ̂B ¼ μ̂S) are not shown, as in these directions the expan-
sion does not break down for μ ≤ 1200 MeV. Although in
some directions the extrapolation breaks down below

μ̂ ≤ 2.5, the dimensionful chemical potentials we cover
are always above μ ≃ 400 MeV and in most cases consid-
erably larger. This means that, in general, the range our
extrapolation reaches is sufficient to cover the regime
probed by heavy-ion collisions.

B. Thermodynamics at finite chemical potential

Thermodynamic quantities at finite values of the chemical
potentials are obtained in perfect analogy to Refs. [28,29].
From here on, we drop the indexes that indicate the
dependence on the angles to make the notation lighter.
We also elect to work with dimensionless quantities; hence,
all thermodynamic functions are normalized by the corre-
sponding power of the temperature (e.g., p̂ ¼ p=T4,
ŝ ¼ s=T3). Starting from the generalized density X1ðT; μ̂Þ
of Eq. (11), the pressure is calculated via the integral:

p̂ðT; μ̂Þ ¼ p̂ðT; μ̂ ¼ 0Þ þ
Z

μ̂

0

dμ̂0X1ðT; μ̂0Þ; ð19Þ

and the other thermodynamic functions follow straightfor-
wardly. The integration constant p̂ðT; μ̂ ¼ 0Þ is the pressure
at vanishing chemical potential. Although a new determi-
nation with increased precision recently became available
[11], in thisworkweemploy the results fromRef. [47], as they
provide a coverage up to T ¼ 500 MeV, which is needed for
hydrodynamic simulations of heavy-ion collisions.
Starting from the pressure, the entropy is defined as

ŝðT; μ̂Þ ¼ 4p̂ðT; μ̂Þ þ T
dp̂ðT; μ̂Þ

dT

����
μ

¼ 4p̂ðT; μ̂Þ þ T
dp̂
dT

����
μ̂

− μ̂X1ðT; μ̂Þ; ð20Þ

where in the last line we have rewritten the derivative at
constant μ in terms of the derivative at constant μ̂, to which

FIG. 4. Top: temperature dependence of the λ2 coefficient
resulting from the susceptibilities shown in Figs. 2 and 3, along
with a slightly smoother version obtained as detailed in the text
(pink band). Bottom: the resulting T 0ðTÞ for several values of μ̂
at ðθ ¼ 45°;φ ¼ 45°Þ.

FIG. 5. Regions where our expansion breaks down according to
the criterion defined in the text, for different angle values.
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we have access on the lattice. The energy density
follows as

ϵ̂ðT; μ̂Þ ¼ ŝðT; μ̂Þ − p̂ðT; μ̂Þ þ μ̂X1ðT; μ̂Þ: ð21Þ

The expressions for conserved charge densities n̂i
(n̂B; n̂Q; n̂S) are more involved and can be written as

n̂i ¼
∂p̂
∂μ̂i

����
T
¼ ∂

∂μ̂i

����
T

Z
μ̂

0

dμ̂0X1ðT; μ̂0Þ; ð22Þ

where the derivative is written from the chain rule as

∂

∂μ̂i
¼ ∂μ̂

∂μ̂i

∂

∂μ̂
þ ∂θ

∂μ̂i

∂

∂θ
þ ∂φ

∂μ̂i

∂

∂φ
: ð23Þ

FIG. 6. Pressure along with entropy, energy, baryon, electric charge and strangeness densities as functions of the temperature for
increasing values of the chemical potential μ̂, for (θ ¼ 45°, φ ¼ 45°). The solid lines show predictions from the HRG model.
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Hence, the densities read

n̂i ¼
∂p̂
∂μ̂i

¼ ∂

∂μ̂i

Z
μ̂

0

dμ̂0X1ðT; μ̂0Þ

¼ μ̂i
μ̂
X1ðT; μ̂Þ þ

�
∂θ

∂μ̂i

Z
μ̂

0

dμ̂0
∂X1ðT; μ̂0Þ

∂θ

þ ∂φ

∂μ̂i

Z
μ̂

0

dμ̂0
∂X1ðT; μ̂0Þ

∂φ

�
; ð24Þ

where the expressions for the derivatives of the angles with
respect to the B, Q, S chemical potentials and the
derivatives of X1ðT; μ̂Þ with respect to the angles are given
in Appendixes B and C, respectively.
We present in Fig. 6, as an example, our results for the

thermodynamic quantities at different chemical potentials
μ=T ¼ 0–3.5 for the choice of angles ðθ ¼ 45°;φ ¼ 45°Þ,
corresponding to a direction where μB=

ffiffiffi
2

p ¼ μQ ¼ μS, the
same as in Fig. 4. We show results for pressure, entropy
density, and energy density, as well as baryon, electric
charge and strangeness number densities. All results are
compared to predictions from the ideal HRGmodel. Curves
corresponding to larger values of μ=T stop at lower
temperatures because we limit the values of the dimen-
sionful chemical potentials to μB ≤ 670 MeV, μQ ≤
475 MeV and μS ≤ 475 MeV, which nonetheless cover
the range of interest for hydrodynamic simulations of
heavy-ion collisions. These ranges are well within the
range of applicability as shown in Fig. 5 for this choice of
angles.
We see that the TExS produces results that do not suffer

from apparent unphysical behavior, and the agreement with
HRG model predictions is excellent up to temperatures
around the QCD transition. As expected, deviations
between the HRG results and our extrapolation appear at
lower temperature when the chemical potential is increased,
signaling the bending of the transition in the QCD phase
diagram.

V. CONCLUSIONS

We presented a new method to compute the equation of
state of QCD in the full 3D space of B, Q, S chemical
potentials, generalizing a recently proposed procedure. Our
results are based on continuum-estimated susceptibilities of
order 2 and 4 obtained with the 4stout action on lattices
with Nτ ¼ 10, 12, 16, 20, 24 time slices. Through a change
of coordinates, we constructed a procedure to carry out
only 1D extrapolations by varying the direction in the
chemical potential space along which they are performed.
We carried out the expansion to LO, which however
corresponds to NLO in a Taylor expansion, involving all
susceptibilities of order 4. Our results include the uncer-
tainties based on the continuum-estimated susceptibilities
and the zero-density equation of state, although they do not
include a complete systematic error analysis.

We provide the continuum-estimated susceptibilities in
the temperature range T ¼ 30–800 MeV [46], covering the
whole regime of interest for nuclear collisions, but by
construction they encode the correct high-temperature limit
and can thus be trusted for higher temperatures, too.
In order to estimate the limit of applicability of the TExS at

LO, we performed an analysis of the effective temperature
T 0ðTÞ andmapped the regionswhere the extrapolation breaks
down. We found that, although limited in some specific
directions in thephase diagram, ourmethodoverall provides a
broader coverage in the chemical potentials compared to
existing constructions based on the Taylor expansion.
As an example, we showed our results for the pressure,

entropy density, and energy density, as well as baryon
number, electric charge and strangeness densities, for
chemical potentials up to μ̂ ¼ 3.5 in the direction defined
by ðθ ¼ 45°;φ ¼ 45°Þ. We found that no unphysical behav-
ior is present in the range we cover, and predictions from the
HRG model are in excellent agreement with our expansion.
The code developed to obtain this equation of

state [48] has been integrated to the MUSES calculation
engine [49–51], to provide an open-access platform to
compute the equation of state of QCD while independently
varying all chemical potentials, in the temperature range
T ¼ 30–500 MeV.
As our procedure is based upon a rigorous expansion

scheme, it is systematically improvable by including higher
orders in the susceptibilities pool. Should susceptibilities of
order 6 become available in the future, they can be readily
incorporated, which will likely result in an even wider
coverage of the phase diagram.
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APPENDIX A: CONSTRUCTION
OF THE CONTINUUM-ESTIMATED

SUSCEPTIBILITIES

We list in Table I the temperature ranges used for the
low-T and high-T fits to lattice data, the order of the
polynomial fits for the high-T part, the lattice sizes used
and the temperatures up to which exact HRG results are
included, for each of the susceptibilities. The second
column corresponds to the temperature range from HRG
data used in the final fit for each quantity.

TABLE I. Summary of the temperature ranges used in our fits, the order of the 1=Tn polynomial fits used for the high-T lattice data,
the time slices used for lattice continuum estimates, and the temperature up to which actual HRG data are used for each susceptibility
employed in our construction.

T range [MeV]

HRG LQCD (spline) LQCD (1=Tn) Order of 1=Tn fit Nτ slices used
Merging T with
HRG data [MeV]

χB2 30–120 120–300 200–600 n ¼ 4 10, 12, 16 107

dχB2 =dT 30–120 120–300 200–600 n ¼ 4 10, 12, 16 98

χQ2 30–120 120–220 210–600 n ¼ 4 16, 20, 24 100

dχQ2 =dT 30–120 120–210 210–600 n ¼ 4 16, 20, 24 112

χS2 30–120 130–300 220–600 n ¼ 5 12, 16, 20 123

dχS2=dT 30–120 130–300 220–600 n ¼ 5 12, 16, 20 115

χBQ11 30–120 120–210 210–600 n ¼ 4 10, 12, 16 92

dχBQ11 =dT 30–120 120–210 210–600 n ¼ 4 10, 12, 16 92

χBS11 30–120 120–210 210–600 n ¼ 4 10, 12, 16 113

dχBS11 =dT 30–120 120–210 210–600 n ¼ 4 10, 12, 16 107

χQS
11

30–120 120–210 210–600 n ¼ 4 12, 16, 20 108

dχQS
11 =dT 30–120 120–210 210–600 n ¼ 4 12, 16, 20 107

χB4 30–120 120–300 200–600 n ¼ 3 10, 12, 16 116

χQ4 30–120 120–205 220–600 n ¼ 2 16, 20, 24 84

χS4 30–120 120–300 200–600 n ¼ 3 10, 12, 16 137

χBQ22 30–120 120–240 240–600 n ¼ 3 10, 12, 16, 20, 24 90

χBS22 30–120 125–300 200–600 n ¼ 3 10, 12, 16 93

χQS
22

30–120 120–300 230–600 n ¼ 3 10, 12, 16, 20, 24 90

χBQ13 30–120 120–300 220–600 n ¼ 3 10, 12, 16, 20, 24 86

χBS13 30–120 120–300 230–600 n ¼ 3 10, 12, 16 83

χQS
13

30–120 120–340 290–600 n ¼ 3 10, 12, 16, 20, 24 74

χBQ31 30–120 130–300 245–600 n ¼ 2 10, 12, 16, 20, 24 110

χBS31 30–120 120–400 230–600 n ¼ 3 10, 12, 16 84

χQS
31

30–120 120–300 200–600 n ¼ 3 10, 12, 16, 20, 24 91

χBQS
211

50–130 145–300 200–600 n ¼ 3 10, 12, 16, 20, 24 95

χBQS
121

30–120 120–250 220–600 n ¼ 3 10, 12, 16, 20, 24 83

χBQS
112

30–120 120–360 220–600 n ¼ 3 10, 12, 16, 20, 24 94
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APPENDIX B: DERIVATIVES OF θ; φ
ANGLES WITH RESPECT TO B, Q, S

CHEMICAL POTENTIALS

In order to compute the densities for conserved charges
B, Q and S defined in Eq. (24), we derive the two spherical
angles θ;φ with respect to μ̂B, μ̂Q and μ̂S, using the
definitions from Eq. (10):

∂θ

∂μ̂B
¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ̂2Q þ μ̂2S

q
μ̂2

¼ −
sθ
μ̂
;

∂θ

∂μ̂Q
¼ μ̂Bμ̂Q

μ̂2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ̂2Q þ μ̂2S

q ¼ cθcφ
μ̂

;

∂θ

∂μ̂S
¼ μ̂Bμ̂S

μ̂2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ̂2Q þ μ̂2S

q ¼ cθsφ
μ̂

;

∂φ

∂μ̂B
¼ 0;

∂φ

∂μ̂Q
¼ −

μ̂S
μ̂2Q þ μ̂2S

¼ −
sφ
μ̂sθ

;

∂φ

∂μ̂S
¼ μ̂Q

μ̂2Q þ μ̂2S
¼ cφ

μ̂sθ
: ðB1Þ

APPENDIX C: DERIVATIVES OF GENERALIZED
SUSCEPTIBILITIES AND T0 WITH

RESPECT TO θ;φ ANGLES

We detail here the calculation of the angle deri-
vative of the generalized charge density X1ðT; μ̂Þ,
needed in Eq. (24) to compute the B, Q, S densities, using
Eq. (11):

∂X1ðT; μ̂0Þ
∂Ω

¼ ∂

∂Ω

�
X̄1ðμ̂Þ
X̄2

X2ðT 0ðT; μ̂Þ;0Þ
	

¼ ∂

∂Ω

�
X̄1ðμ̂Þ
X̄2

	
X2ðT 0;0Þ þ X̄1ðμ̂Þ

X̄2

∂Ω½X2ðT 0;0Þ�

¼ X̄2∂ΩX̄1ðμ̂Þ− X̄1ðμ̂Þ∂ΩX̄2

X̄2
2

X2ðT 0;0Þ

þ X̄1ðμ̂Þ
X̄2ð0Þ

ð∂ΩX2ðT 0;0Þ þX0
2ðT 0;0Þ∂ΩT 0ðT; μ̂ÞÞ;

ðC1Þ

and the derivatives of T 0 with respect to angles read

∂ΩT 0ðT; μ̂Þ ¼ Tμ̂2∂Ωλ2

¼ μ̂2

6X̄2
2ðX0

2Þ2
½X̄2ðX2X̄4 − X̄2X4Þ∂ΩX0

2 þ X0
2ð∂ΩX̄2X2X̄4 þ X̄2

2
∂ΩX4 − X̄2ð∂ΩX̄4X2 þ X̄4∂ΩX2ÞÞ� ðC2Þ

with ∂Ω ≡ ∂

∂Ω jT;μ̂ used for convenience, where Ω ¼ θ;φ. The derivatives of X2, X4, of their SB limits and of X̄1ðμ̂Þ with
respect to θ and φ follow straightforwardly from Eqs. (15)–(17).
At last, we derive the expressions for the derivatives of X2=4ðTÞwith respect to the angles θ;φ entering Eq. (C2), based on

Eqs. (16) and (17):

∂X2

∂θ
¼ −2cθsθχB2 þ 2cθsθc2φχ

Q
2 þ 2cθsθs2φχS2 þ 2ðcθ2 − sθ2ÞcφχBQ11 þ 2ðcθ2 − sθ2ÞsφχBS11 þ 4cθsθcφsφχ

QS
11 ; ðC3Þ

∂X2

∂φ
¼ −2sθ2cφsφχ

Q
2 þ 2sθ2cφsφχS2 − 2cθsθsφχ

BQ
11 þ 2cθsθcφχBS11 þ 2sθ2ðcφ2 − sφ2ÞχQS

11 ; ðC4Þ

∂X4

∂θ
¼ −4c3θsθχB4 þ 4cθs3θc

4
φχ

Q
4 þ 4cθs3θs

4
φχ

S
4 þ 4ð3c2θs2θ − s4θÞc3φχBQ13 þ 4ð3c2θs2θ − s4θÞs3φχBS13

þ 16cθs3θcφs
3
φχ

QS
13 þ 4ðc4θ − 3c2θs

2
θÞcφχBQ31 þ 4ðc4θ − 3c2θs

2
θÞsφχBS31 þ 16cθs3θc

3
φsφχ

QS
31

þ 12ðc3θsθ − cθs3θÞc2φχBQ22 þ 24cθs3θc
2
φs2φχ

QS
22 þ 12ðc3θsθ − cθs3θÞs2φχBS22

þ 12ð3c2θs2θ − s4θÞcφs2φχBQS
112 þ 12ð3c2θs2θ − s4θÞc2φsφχBQS

121 þ 24ðc3θsθ − cθs3θÞcφsφχBQS
211 ; ðC5Þ
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∂X4

∂φ
¼ −4s4θc3φsφχ

Q
4 þ 4s4θcφs

3
φχ

S
4 − 12cθs3θc

2
φsφχ

BQ
13 þ 12cθs3θcφs

2
φχ

BS
13 þ 4s4θð3c2φs2φ − s4φÞχQS

13

− 4c3θsθsφχ
BQ
31 þ 4c3θsθcφχ

BS
31 þ 4s4θðc4φ − 3c2φs2φÞχQS

31 − 12c2θs
2
θcφsφχ

BQ
22 þ 12c2θs

2
θcφsφχ

BS
22

þ 12s4θðc3φsφ − cφs3φÞχQS
22 þ 12cθs3θð2c2φsφ − s3φÞχBQS

112 þ 12cθs3θðc3φ − 2cφs2φÞχBQS
121 þ 12c2θs

2
θðc2φ − s2φÞχBQS

211 : ðC6Þ
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