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The parity-odd four-point function provides a unique probe of fundamental symmetries and potential
new physics in the large-scale structure of the Universe. We present measurements of the parity-odd four-
point function using the Dark Energy Spectroscopic Instrument (DESI) DR1 luminous red galaxy (LRG)
sample and assess its detection significance. Our analysis considers both auto- and cross-correlations, using
two complementary approaches to the covariance: (i) the full analytic covariance matrix applied to the
uncompressed data vector, and (ii) a compressed data vector combined with a hybrid covariance matrix
constructed from simulations and analytic estimates. When using the full analytic covariance matrix
without corrections, we observe apparent auto-correlation signals with significance up to 4σ. However, this
excess is also consistent with a mismatch between the statistical fluctuations estimated from the simulations
and those present in the real data. Our findings therefore suggest that the parity-odd signal in the current
DESI DR1 LRG sample is consistent with zero. We note, however, that the low completeness of this sample
may have a non-negligible impact on the detection sensitivity. Future data releases with improved
completeness will be crucial for further investigation.

DOI: 10.1103/2dmd-hyt1

I. INTRODUCTION

Parity violation on cosmological scales offers a unique
window into fundamental physics, with the potential to
reveal new aspects of inflationary dynamics, the properties
of dark energy and dark matter, and the mechanisms
underlying the matter-antimatter asymmetry in the
Universe. In recent years, various observational tests have
been applied to cosmological data to search for signatures
of parity violation [1–7]. These efforts motivate develop-
ments of theoretical models, data analysis methods, and
cosmological observables.
For scalar fields, the lowest-order correlation function that

is sensitive to parity violation is the four-point correlation
function (4PCF) in position space, or its Fourier-space
counterpart, the trispectrum. Under the assumption of stat-
istical isotropy, two-point correlation functions depend only
on the separation between points and are therefore necessarily
parity even. For three-point functions, while it is possible to
construct triple products of vectors, homogeneity and trans-
lational symmetry require the wave vector to be coplanar,

which causes such terms to vanish. Despite this, it is
possible to construct lower-order parity-sensitive statistics
by forming composite fields from scalar quantities [8–11],
or by considering correlators of cosmological observables
that are intrinsically higher-rank tensors in nature [12,13].
From this perspective, different cosmological probes and
parity-sensitive statistics offer complementary insights, as
they can be sensitive to distinct parity-violating mecha-
nisms and probe different physical regimes.
Reference [14] proposed using the 4PCF of galaxy

clustering as a probe of parity violation on cosmological
scales. Subsequent analyses [2,3] reported intriguing hints
of potential parity-violating signals. However, as discussed
in [2], a key challenge remains the accurate estimation of
the underlying statistical fluctuations, which can manifest
as discrepancies between the observed data and mock
catalogs [15]. This challenge is a combination of the likely
low-signal-noise of the parity violation signal, the high
dimensionality of the data vector, and the choice of model-
independent search.
Efforts to address these challenges have taken several

directions, including reducing the dimensionality of the data
vector with new estimators [9,11], incorporating theoretical
insights from specific parity-violating models or templates
[16–18], and developing simulations that enable forward
modeling and enable simulation-based studies [19–21].
In this work, we take a data-driven approach and focus

on the luminous red galaxy (LRG) sample from the Dark
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Energy Spectroscopic Instrument (DESI) survey [22–28].
In our companion paper [29], we analyzed the parity-even
4PCF using these data and here we will present the
measurement for the parity-odd component. The DESI
DR1 sample, with an average completeness of only about
50%, is notably more susceptible to observational sys-
tematics, particularly the effects of fiber assignment, the
procedure of assigning target galaxies to the observation
sequence, which inevitably leads to incompleteness,
especially during the early stage of the experiment.
That the signal-to-noise ratio associated with the parity-
odd 4PCF further is likely to be very small complicates
the analysis. Additionally, the limited volume of currently
available N-body simulations introduces challenges in
estimating the covariance matrix and increases the impact
of sample variance.
Here, we build upon the methods introduced in [2] by

implementing further calibration and correction for both
the mocks and the data. We conduct a range of tests to
quantify the detection significance and consistently find
results consistent with zero. Unlike [30], we do not
observe any significant discrepancies among the different
methods used to assess the detection significance. We find
that neglecting the relevant calibrations and corrections
can lead to biased results.
The paper is structured as follows: in Sec. II we provide

an overview of the DESI DR1, the LRG sample, the
simulations, and the evaluation of systematics, particularly
those arising from sample incompleteness in the first-year
data of the five-year survey program. In Sec. III we discuss
the methodology used in this paper. In Sec. IV we discuss
the detection significance for the DR1 result. Finally, we
conclude in Sec. V. In the Appendix, we present a series of
robustness tests, as well as normalization definitions, and
the correlation in the mocks.
Our Fourier transform convention is f̃ðkÞ ¼R
d3xe−ik·xfðxÞ and fðxÞ ¼ R

k e
ik·xf̃ðkÞ, where

R
k ≡R

d3k=ð2πÞ3.

II. DESI DR1 LRG SAMPLE AND THE 4PCF
MEASUREMENT

A. Brief overview of the LRG sample

The DESI LRG sample is selected from two steps,
including an imaging stage for target selection and a
spectroscopic stage for redshift measurement [31–34].
For the imaging selection, most details can be found in
[35] and in our companion paper [29]. In the spectroscopic
stage, each target is assigned a fiber that directs its light to
one of the DESI spectrographs. The FIBERASSIGN algorithm
allocates fibers to targets listed in the merged-target-ledger
(MTL) file [36]. Fiber assignment introduces two limita-
tions: each fiber covers only a small patrol area, so dense
regions may contain more targets than available fibers, and
closely spaced targets cannot both be observed due to “fiber

collisions.” Because of the high density of targets, only
about 20% objects in the focal plane can be obtained in
each exposure. These effects cause incompleteness early in
the survey, which is reduced as multiple passes over the
surveyed region accumulate over the five-year program.
The completeness, the distribution of the number density

nðzÞ, and the fiber assignment effect motivate the sample
selection in this paper. For the analysis in this paper, we use
the default clustering catalog covering the redshift range
0.4 < z < 1.1. To account for variations in completeness
and redshift evolution, we further divide the LRG sample
into three subregions. In the northern galactic cap (NGC),
we focus on areas with higher completeness and define two
subregions: NGC-1, with angular cuts in right ascension
(RA) and declination (DEC) of 110 < RA < 260,
−10 < DEC < 8, and a redshift range of 0.4 < z < 0.8;
and NGC-2, defined by 180< RA< 260, 30<DEC< 40,
with the same redshift limits. For the southern galactic
cap (SGC), we define a single subregion, SGC-3, applying
only the redshift cut 0.4 < z < 0.8, as completeness is
relatively uniform in comparison to the NGC, and this
choice preserves statistical constraining power. Figure 1
shows the DESI survey footprint, with colors indicating
the number of tiles as a proxy of relative completeness.
The geometric selections, galaxy counts, and correspond-
ing volumes for all regions are listed in Table I [37].

B. Measurement of the parity-odd four-point
correlation functions

The parity-odd scalar observables incorporate a pseu-
doscalar, which is essential to isolating the parity informa-
tion. Spherical harmonics are the natural choice when
analyzing the angular dependence of the four-point func-
tion, as they provide a particularly suitable basis for such
decompositions. Given the cosmological principle, which
asserts the statistical isotropy of the universe, it is advanta-
geous to decompose physical quantities into a basis that
has rotational symmetry. Each set of spherical harmonics
spans a ð2lþ 1Þ-dimensional vector space, and the tensor
product of multiple such spaces can be decomposed into a
direct sum of irreducible representations characterized by
total angular momentum L, with jli − ljj ≤ L ≤ li þ lj.
Of particular interest is the singlet state (L ¼ 0), which is
rotationally invariant. Moreover, each spherical harmonic
transforms under parity operation as

P̂½Ylm� → ð−1ÞlYlm; ð1Þ

which naturally separates the parity-even and -odd
information.
In practice, we are interested in the coefficient of the

four-point correlation function, which has six degrees of
freedom with three angular momenta and three radial
variables.
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We define the isotropic functions Pl1l2l3ðr̂1; r̂2; r̂3Þ of
three arguments by [39]

Pl1l2l3ðr̂1; r̂2; r̂3Þ ¼
X

m1m2m3

ð−1Þl1þl2þl3

�
l1 l2 l3

m1 m2 m3

�

× Yl1m1
ðr̂1ÞYl2m2

ðr̂2ÞYl3m3
ðr̂3Þ; ð2Þ

where r̂1; r̂2, and r̂3 are unit vectors in the directions
of r1, r2, and r3. The isotropic functions are complete
and orthonormal: hPΛ0 jPΛi ¼ δkΛ0Λ, with δkΛ0Λ being the
Kronecker delta and the collection of angular momenta
Λ≡ fl1;l2;l3g. Here the angular differential is normal-
ized so

R
dr̂ ¼ 4π. The four-point correlation function can

be factorized into a radially dependent part and an angle-
dependent part:

ζðr1; r2; r3Þ¼
X
l1l2l3

ζl1l2l3ðr1; r2; r3ÞPl1l2l3ðr̂1; r̂2; r̂3Þ: ð3Þ

Since the angular basis functions are constructed from
products of spherical harmonics and possess interchange
symmetry among their arguments, the basis is overcom-
plete if all permutations are included. To avoid this over-
completeness, we impose an ordering convention and
restrict to configurations satisfying r1 < r2 < r3. The
ordering convention uniquely defines the correspondence
between each angular momentum index li and its asso-
ciated radial bin ri.
Thus ζl1l2l3ðr1; r2; r3Þ is defined only for r1 < r2 < r3.

It follows that

ζl1l2l3ðr1; r2; r3Þ

¼
Z

dr̂1 dr̂2 dr̂3 ζðr1; r2; r3ÞP�
l1l2l3

ðr̂1; r̂2; r̂3Þ; ð4Þ

where li, for i ¼ 1; 2; 3 are the “angular momenta”
associated with the three direction vectors ri, and star
denotes a complex conjugate. The sum l1 þ l2 þ l3

determines the parity of the component: if the sum is even,

FIG. 1. Footprint of DESI DR1 LRG. The color map shows the number of targets sharing the same unique identifier, which combines
the tile ID and fiber location. This quantity is closely correlated with the sample completeness: higher values of NTILE indicate higher
completeness. For this paper, we specifically studied two regions, the NGC1 and NGC2, which have the highest numbers of targets
sharing the same identifier (also see Table I).

TABLE I. Statistics for the full DR1 LRG sample and subsamples under different geometric selections. Here we include the number of
galaxies Ng, the number density n̄g, and fiducial volume Vfid. The number density and fiducial volume are obtained from fitting the
analytic covariance matrix to the EZMOCKS. The effective volume Veff is computed from the trace of the product of the inverse of the
analytic covariance corresponding to the full NGC and the covariance for the sky patch of interest (c.f. Sec. III). The difference between
Vfid and Veff arises from variations in number density. The effective volume for ABACUS Vabcs

eff , in the presence of the volume replication
effect, is derived from the ratio between the analytic covariance and the ABACUS-FFA (fast fiber assignment).

Region Selection Ngal n̄g½h−1 Mpc�−3 Vfid½h−1 Gpc�3 Veff ½h−1 Gpc�3 Vabcs
eff ½h−1 Gpc�3

Full-NGC 0.4 < z < 1.1 1,476,135 2.0 × 10−4 3.24 3.24 2.76
NGC-1 110<RA< 260, −10<DEC< 8,

0.4 < z < 0.8
434,054 3.1 × 10−4 0.64 1.13 0.97

NGC-2 180<RA< 260, 30<DEC< 40,
0.4 < z < 0.8

119,034 2.7 × 10−4 0.14 0.22 0.20

Full-SGC 0.4 < z < 1.1 662,492 1.3 × 10−4 1.91 0.96 0.88
SGC-3 0.4 < z < 0.8 398,089 1.6 × 10−4 0.82 0.59 0.54
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its parity is even, and similarly for the odd sum. The parity-
even isotropic functions are purely real and the parity-odd
ones are purely imaginary.
Since the real survey has nontrivial geometry, we

further need to correct for the geometry using a random
catalog. To do so, we use a generalized extended
Landy–Szalay estimator [40,41]. The survey geometry also
leads to mixing among different angular modes of
ζl1l2l3ðr1; r2; r3Þ. Further details about the survey geom-
etry correction can be found in [29].
We apply this harmonic-based estimator to measure the

4PCF from the DESI DR1 LRG sample [42]. For each

galaxy, we apply default weights following [29,35], which
include the completeness weight, systematic weights, and
redshift failure weights. For fiber-assignment incomplete-
ness, we use the fiducial DESI DR1 completeness
scheme, namely wcomp ¼ 1=fTLID for the data and an
ftile correction applied to the random catalog. Figures 2
and 3 show the measurement of the parity-odd 4PCF
coefficients ζl1l2l3ðr1; r2; r3Þ using DESI DR1 LRG sam-
ple in the NGC and SGC, respectively. We use radial scales
between 20h−1 Mpc < r < 160h−1 Mpc, divided into ten
bins. The top two panels show the 4PCF coefficients
ζl1l2l3ðr1; r2; r3Þ, weighted by the product of r1r2r3,

FIG. 2. Measurement of the parity-odd 4PCFs using the DESI DR1 LRG sample in NGC. The top two panels show a subset of the
angular channels (l1, l2, l3) for the coefficients of the connected 4PCF, weighted by r1r2r3. Points with error bars (red) are the
measurement from the data; the black curves with shaded gray regions indicate the 1σ standard deviation from the Abacus simulations
with altMTL fiber assignment scheme. The bottom panel shows the arrangement of the three radial bins.

FIG. 3. Similar to Fig. 2, this figure shows the measurement of the parity-odd 4PCFs using the DESI DR1 LRG sample in SGC. The
top two panels show a subset of the angular channels (l1, l2, l3) for the coefficients of the connected 4PCF, weighted by r1r2r3. Points
with error bars (blue) are the measurement from the data; the black curves with shaded gray regions indicate the 1σ standard deviation
from the Abacus simulations with altMTL fiber assignment scheme. The bottom panel shows the arrangement of the three radial bins.
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as a function of tetrahedron index. Points with error bars are
the measurement from the data; the black curves with
shaded gray regions indicate the 1σ standard deviation from
the Abacus simulations with alternate merged target ledgers
(altMTL) fiber assignment scheme (see Sec. II C). The
simulations and fiber assignment schemes are described
below. The bottom panel shows the arrangement of the
three radial bins. The radial bin index can be expressed as
i ¼ i1ðn − i2 þ 1Þ þ ði2 − 1Þ, with i1 and i2 being the first
and second bin indices, and n being the total number of
radial bins.

C. Simulations for DR1

Two types of simulations are used for DESI DR1: a suite
of 1000 fast simulations, EZMOCK, which employs approxi-
mate methods for nonlinear gravitational evolution and
galaxy bias [43,44]; and a suite of 25N-body simulations,
ABACUS [45,46], in which galaxies are populated via a halo
occupation distribution model that describes the galaxy–
halo connection [47]. The EZMOCK simulations have a box
size of Lbox ¼ 6h−1 Gpc, which is large enough to be
directly postprocessed to match the DESI DR1 geometry.
In contrast, the ABACUS mocks have a smaller box size of
Lbox ¼ 2h−1 Gpc, which is insufficient to cover the entire
DESI DR1 LRG volume. To compensate, the ABACUS

boxes are tiled to fill the survey footprint. However, this
tiling does not introduce new independent modes, resulting
in an overestimation of the cosmic variance. We later refer
this to as the volume effect.
Both EZMOCK and ABACUS simulations are postprocessed

into three variants that differ in their fiber-assignment
implementation. The “complete” mocks represent the parent
sample, i.e., all galaxies that could have been targeted [48].
The altMTL mocks are the closest to the survey procedure,
since they are generated by running the DESI FIBERASSIGN
code [36] on tiles in the same ordering and cadence as the
data, including the feedback loop to the target list. The FFA
mocks emulate the fiber assignment process, which neces-
sarily results in incompleteness, by repeatedly sampling
from the average targeting probability of galaxies. This
probability is learned from the data as a function of the
number of overlapping tiles and the local angular clustering.
We later refer this to as the fiber assignment effect.
Both the volume effect and the fiber assignment effect

are crucial for obtaining a reliable detection significance,
and require additional calibration when computing both the
autocorrelation and cross-correlation statistics. We will
return to the details of these calibrations when presenting
our results in Sec. IV. In Table II we provide a brief
summary of the mocks.

III. ANALYSIS METHODOLOGY

Motivation To quantify the parity-odd signal, we apply
the null hypothesis by assuming the signal is absent from

the data, then measure the test statistics from the data to
determine to what extent we can reject this null hypothesis.
As previously discussed in [2], this test is highly

sensitive to the covariance estimation for two related
reasons. For a χ2 statistic, the contributions are quadratic
and that both covariance underestimation and coherent
systematic biases can add to the total χ2. Their impact
can accumulate across a high-dimensional data vector.
Moreover, since we make no assumptions about the
configuration dependence of the signal, we may include
redundant or uninformative degrees of freedom but increase
the dimensionality of the test statistic, further amplifying
the cumulative impact of small mismodeling. Moreover, the
simulations used for DESI DR1 are not tuned to match
higher-order clustering, which may cause them to under-
estimate nonlinear gravitational effects. This, in turn, can
produce a data-simulation mismatch in the covariance,
including in the parity-odd sector.
To mitigate these issues, we incorporate two additional

tests. In the first approach, before computing χ2, we reduce
the dimensionality of the 4PCF by selecting from among
the 2760 eigenvectors of the analytic covariance matrix
those with the lowest noise, that is, with the lowest
eigenvalues. In the second approach, following [15], we
perform two types of cross-correlation tests, hereafter
referred to as Type-I and Type-II, which isolate the
deterministic and stochastic components of the measured
statistics, respectively.

A. Defining autocorrelation and cross-correlation

The conventional way to proceed is to map the 4PCF to
the scalar quantity χ2, what we refer to as the autocorre-
lation test

χ2 ¼ ζ̂iĈ−1
ij ζ̂

j; ð5Þ

where Ĉ is an estimate of the true covariance matrix. It can
be either derived from simulation or analytic calculation
(cf. Sec. IVA). ζ̂ is the measured 4PCF from the data,
which potentially has the underlying parity-violating
signal, ζpv. The components of the data vector,
ζl1l2l3ðr1; r2; r3Þ, are labeled ζi. Throughout the paper,
we use ^ to denote an estimated or measured quantity that

TABLE II. A brief overview of the available simulations. For
ABACUS, both fiber assignment schemes are available, while
EZMOCK is only implemented with FFA. In addition, ABACUS is
subject to the volume replication effect and requires additional
volume correction, whereas EZMOCK uses a sufficiently large
simulation box and does not require such a correction.

Mock Nsim Fiber assign Volume replication

ABACUS 25 FFA and altMTL Yes
EZMOCK 1000 FFA No

J. HOU et al. PHYS. REV. D 113, 103502 (2026)

103502-6



includes statistical fluctuations, in contrast to a determin-
istic term such as a hypothesized signal.
The signal-sensitive Type-I cross statistic χ2× is an

average over N × pairs, follows [15] and was also used
in [29]:

χ2× ¼ 1

N ×

X
μ<ν

ζ̂μ;iĈ−1
ij ζ̂

ν;j; ð6Þ

where μ and ν indicate patches, that is subregions, of the
sky with the normalization factor

N × ≡ NpðNp − 1Þ=2; ð7Þ

with Np being the number of patches. The normalization is
given by the combinatorial factor. We expect the Type-I
cross statistic to have contributions only from signal: the
noise should be uncorrelated between spatially separated
patches, whereas the signal is common to all patches [49].
In addition, we also consider the noise-sensitive Type-II

cross-statistic [15], where the potential common signal is
removed by taking the difference of two patches

χ2Δ ¼ 1

N Δ

X
μ<ν

ðζ̂μ − ζ̂νÞiĈ−1
ij ðζ̂μ − ζ̂νÞj; ð8Þ

with N Δ being the normalization factor, which is defined
such that the expectation value of the Type-II cross statistics
equals the number of degrees of freedom [15,29],

N Δ ≡ ðNp − 1Þ
X
μ

Veff

Vμ
eff

; ð9Þ

with the effective volume being

Veff ≡ VfidNdof

Tr½C−1
th Ĉmock�

; ð10Þ

where Vfid is the fiducial volume of the survey, obtained by
fitting the analytic covariance to the EZMOCK. Ndof is the
number of degrees of freedom for the data vector. Cth is the
analytic covariance [38]. For each patch, we define
the effective volume as Vμ

eff ≡ VfidNdof=Tr½C−1
th Ĉ

μ
mock�, with

Ĉμ
mock being the covariance for the patch μ. If the analytic

covariance accurately approximates the mock covariance
Ĉmock, then Veff ≈ Vfid. However, differences in number
density between patches can lead to deviations.

B. Statistical properties of the correlation tests

Since our goal is to perform a null-hypothesis test, we
focus on comparing the data with the distribution obtained
from the mocks. When an analytic prediction for the
mocks’ distribution is available, we also compare the data
against this theoretical expectation. To enable these

comparisons, we compute the mean and variance of the
relevant statistics. Below, we briefly review the main results
as previously derived in [2,15].
We assume that the observed parity-odd 4PCF is

composed of the following terms

ζ̂ ¼ ζpv þ ζ̂s þ ϵ̂; ð11Þ

where ζpv represents the parity-violating signal, and ϵ̂
corresponds to statistical fluctuations arising from cosmic
variance. ζ̂s accounts for systematic effects. Thus the
covariance due to cosmic variance is given by hϵ̂iϵ̂ji.
While in [2], we discussed various scenarios and concluded
most systematics do not contaminate parity-odd 4PCF at
the signal level, there could still be residual systematics.
Moreover, the stochastic component of the systematics
does not necessarily vanish. The expectation value of the
data χ2data thus reads

hχ2datai ¼ hζ̂iĈ−1
ij ζ̂

ji
¼ Ĉ−1

ij ðζipvζjpvþ 2ζisζ
j
pvþ ζisζ

j
sÞþTr½Ĉ−1Cdata�; ð12Þ

where Ĉ−1
ij ζ

i
sζ

j
pv ¼ Ĉ−1

ij ζ
i
pvζ

j
s, given that the covariance

matrix is symmetric Cij ¼ Cji. The data covariance Cdata

represents the fluctuations arising from cosmic variance
and statistical noise. While a parity-violating signal could
in principle contribute to the data covariance, it is not
expected to appear at leading order when the parity-odd
signal has low signal-to-noise ratio.
The mocks do not have parity violation and the ζpv-

related terms drop:

hχ2mocki ¼ hζ̂iĈ−1
ij ζ̂

ji
¼ Ĉ−1

ij ðζisζjsÞ þ Tr½Ĉ−1Cmock�: ð13Þ

The difference between the χ2 from the data and the mocks
is given by

hχ2datai− hχ2mocki
¼ hζ̂idataðĈ−1Þijζ̂jdatai − hζ̂imockðĈ−1Þijζ̂jmocki
≡ Ĉ−1

ij ðζipvζjpv þ 2ζisζ
j
pvþΔij

ssÞ þ Tr½Ĉ−1ðCdata−CmockÞ�;
ð14Þ

with the residual difference in cross-correlation products
between data and mock catalogs Δij

ab defined as

Δij
ss ≡ ζdata;is ζdata;js − ζmock;i

s ζmock;j
s : ð15Þ

From Eq. (14), the difference between χ2 evaluated on data
and on the mocks can arise from a parity-violating signal,
from systematics, or from a mismatch between data and
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mocks at the noise level. These contributions map onto the
two types of cross-correlations, which allow us to isolate
the signal and the noise-level data-mock mismatch.
Under the assumption that the different sky patches

are statistically independent, the expectation value of the
signal-sensitive statistic hχ2×;datai is

hχ2×;datai ¼
1

N ×

X
μ<ν

hζ̂μ;iĈ−1
ij ζ̂

ν;ji

¼ Ĉ−1
ij

�
ζipvζ

j
pv þ 1

N ×

X
μ<ν

�
ζμ;ipvζ

ν;j
s þ ζμ;is ζν;jpv

þ ζμ;is ζν;js
��

: ð16Þ

Here we presume that the parity-violating signal is identical
across different sky regions, while allowing the systematics
in the μth and νth patches to differ in general [50].
Compared to the derivation in [15], the additional system-
atics-induced term can potentially contaminate the cross
statistic. Notably, the cross-correlation between the signal
and the systematics, or between the systematics in different
subregions, may lead to a negative correlation.
The expectation value of the signal-sensitive statistic for

mocks reads

hχ2×;mocki ¼
1

N ×

X
μ<ν

hζ̂μ;iĈ−1
ij ζ̂

ν;ji

¼ Ĉ−1
ij

�
1

N ×

X
μ<ν

ζμ;is ζν;js þ hϵ̂μ;iϵ̂ν;ji
�
: ð17Þ

The Type-I cross-correlation can in principle be nonzero in
presence of systematics, but as we will show later we did
not find clear evidence of contributions from systematics
due to fiber assignment at the signal level. By contrast, the
second term arises from correlations in the cosmic variance
ϵ across different sky patches in mocks. In typical sit-
uations, the cosmic variance across patches is uncorrelated
and one does not expect this term, i.e., hϵ̂μ;iϵ̂ν;ji ¼ 0 for
μ ≠ ν. While it is generally reasonable to assume statistical
independence between different sky patches in the data, this
assumption does not always hold for the mocks. In such
cases, both types of cross-correlation tests may be affected,
as we will demonstrate in Sec. IV.
Comparing the difference between χ2× for data and

mocks, we arrive at the following:

hχ2×;datai − hχ2×;mocki
≡ Ĉ−1

ij

�
ζipv;dataζ

j
pv;data þ Δ̃ij

ss

þ 1

N ×

X
μ<ν

�
ζμ;ipv;dataζ

ν;j
s;data þ ζμ;is;dataζ

ν;j
pv;data

��
; ð18Þ

where the difference between themean in the data andmocks
of the deterministic-component-sensitive cross-correlation
indicates the parity-violating signal. We have defined the
patch-wise residual difference in cross-correlation products
between data and mock catalogs Δ̃ij

ss by

Δ̃ij
ss ≡ 1

N ×

X
μ<ν

ζdata;μs ζdata;νs − ζmock;μ
s ζmock;ν

s : ð19Þ

When different sky patches share the identical systematics,
Eq. (18) reduces to the first term of Eq. (14). However, with
position-dependent systematics, auto- and cross-statistics
will yield different results, since autocorrelation statistics
compute the 4PCF with systematics applied globally across
the entire survey volume, whereas cross-statistics compute
the 4PCF with systematics applied separately to each
individual patch before combining results. Finally, the
expectation value of the noise-sensitive statistic is given as

hχ2Δi ¼
1

N Δ

X
μ<ν

hðζ̂μ − ζ̂νÞiĈ−1
ij ðζ̂μ − ζ̂νÞji

¼ 1

N Δ
Ĉ−1
ij

X
μ<ν

hζ̂μ;iζ̂μ;ji þ hζ̂ν;iζ̂ν;ji

− ðhζ̂μ;iζ̂ν;ji þ hζ̂ν;iζ̂μ;jiÞ

¼ hχ2Δ0
i − 2N ×

N Δ
hχ2×i; ð20Þ

where first term χ2Δ0
captures the covariance mismatch

between the data and the mocks with the expectation value
given by

hχ2Δ0
i ¼ 1

N Δ

�
ðNp − 1Þ

X
μ

Tr½Ĉ−1Cμ�

þ
X
μ<ν

Δζμν;is Ĉ−1
ij Δζ

μν;j
s

�
; ð21Þ

whereCμ is the covariance for the μth subpatch.We keep the
potential difference in the systematics-induced bias across
different patches Δζμν;is ≡ ζμ;is − ζν;is [51]. We typically do
not expect the second term in Eq. (20) involving χ2× to
contribute under the null hypothesis. For the mocks, in the
absence of parity-violating signals and assuming that differ-
ent sky patches are statistically independent, the expected
Type-I cross-correlation is zero. For the data, if we adopt the
prior that the signal should be positively correlated and that
systematics are negligible, the Type-I cross-correlation
should be non-negative within the statistical uncertainty.
The difference in the pure data-mock between χ2Δ0

in
statistical fluctuation is given as follows:
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hχ2Δ0;data
i− hχ2Δ0;mocki

¼Np−1

N Δ

X
μ

Tr½Ĉ−1ðCμ
data−Cμ

mockÞ�

þ Ĉ−1
ij

X
μ<ν

h
Δζμν;is Δζμν;js

���
data

−Δζμν;is Δζμν;js

���
mock

i
; ð22Þ

which quantifies the mismatch between the statistical
fluctuation of the data and mocks, as well as the potential
contribution due to the systematics.
As discussed above, the autocorrelation is sensitive to

data-mock covariance mismatch. To isolate the potential
parity-violating signal from the autocorrelation, we intro-
duce a corrected autocorrelation χ2data;c by subtracting the
data-mock covariance mismatch χ2Δ0

introduced in Eq. (20)
from the autocorrelation for the μth patch χ2data;μ. The
corrected autocorrelation reads

χ2data;c ≡
XNp

μ

χ2data;μ − Npðχ2Δ0;data
− χ2Δ0;mockÞ

¼
XNp

μ

χ2data;μ − Np

�
χ2Δ;data þ

2N ×

N Δ
χ2×;data

− hχ2Δ;mocki −
2N ×

N Δ
hχ2×;mocki

�
; ð23Þ

where the autocorrelation in the first term can be a summed
contribution from Np sky patches. Accordingly, when
subtracting the data-mock covariance mismatch, we also
account for this Np prefactor.
In the following Sec. IV, we will perform analyses using

both autocorrelation χ2 and two types of cross-correlation
χ2× and χ2Δ. Since the autocorrelation can be sensitive to
data-mock covariance mismatch, the cross-correlations
provide a complementary diagnostic: χ2× isolates determin-
istic contributions such as a parity signal, whereas χ2Δ
isolates stochastic components such as noise, allowing us to
disentangle their contributions to the overall significance.

IV. RESULTS

In this section, we present the detection significance
based on the full autocorrelation statistic χ2, as defined in
Eq. (5) as well as the two types of cross-correlations. We
first present results based on the analytic covariance for all
three statistics, then repeat the analysis with the hybrid
covariance. With the analytic covariance, we additionally
test sensitivity to sky dependence. With the hybrid covari-
ance, we assess scale dependence.
Unless otherwise stated, as a default choice, we consider

23 combinations of l1, l2, and l3, and 120 combinations
of r1, r2, and r3, yielding a data vector of dimensional-
ity 2760.

A. Analytic covariance

The analytic covariance used in this paper is computed
following [38]. We fit the analytic covariance for the
number density and the volume for each sky patch to
EZMOCK. A summary of the fitted fiducial volume Vfid and
effective number density n̄g can be found in Table I.
Autocorrelation with Canalyt We start the discussion with

the autocorrelation tests. Figure 4 presents χ2 for the full
DESIDR1LRG sample, combining both theNGC and SGC
regions. Here we use the analytic covariance matrix tuned
to EZMOCK with the range 20h−1 Mpc < r < 160h−1 Mpc
using ten equally spaced radial bins. This range and spacing
is used in all the following analyses [52]. The histograms
represent the distributions from the EZMOCK (hatched gray),
ABACUS-FFA (filled purple), and ABACUS-altMTL (circled
purple). The solid vertical line shows the measurement from
the DESI data. The dashed line represents the correction
derived from the cross statistics in Eq. (23), with the
uncertainty shown by the shaded region, estimated from
the 1σ deviation of the EZMOCK.
For the mocks, there are two major effects to consider:

the fiber assignment effect and the volume effect. As we

FIG. 4. Distribution of the autocorrelation χ2 for the parity-odd
connected 4PCF, using the full DESI DR1 LRG sample and
combining the NGC and SGC, with each using the corresponding
covariance. The panel shows a comparison between simulations
and data, as well as the detection significance of the parity-odd
4PCF using the analytic covariance matrix. We used the range
20h−1 Mpc < r < 160h−1 Mpc without additional radial cuts
(Δr ¼ 0). The vertical lines indicate the statistics for the DESI
data. The dashed line represents the correction derived from the
cross statistics in Eq. (23), with the uncertainty shown as the
shaded region, estimated from the EZMOCK. The filled colored
histograms correspond to ABACUS-FFA; the circled histogram
corresponds to ABACUS-altMTL; and the hashed histogram
corresponds to EZMOCK-FFA. The black curves show the theo-
retical χ2 distribution. Additionally, the distribution of the
altMTL mocks and the data have been calibrated by multiplying
by the ratios deriving from the fiber implementations in the FFA
and altMTL mocks, whereas the ABACUS mocks are rescaled for
the volume effect.
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discussed in Sec. II C, the FFA fiber assignment scheme
used in the EZMOCK mocks tends to underestimate the
covariance matrix. To address this, we compute the ratio of
the traces of the covariance matrices from the ABACUS

mocks with two different fiber assignment schemes,
and use this ratio to correct the covariance estimate, R ¼
Tr½ĈFFA�=Tr½ĈaltMTL�. Accordingly, the χ2 obtained with
the altMTL fiber assignment needs to be rescaled by R to
account for the difference in fluctuations between the two
fiber-assignment schemes. The ratio is around 0.93 for
NGC and 0.81 for SGC (see also Fig. 12 in Appendix C).
The volume effect applies only to the ABACUS mocks.

While the replication scheme allows covering the full DESI
DR1 geometry, it does not introduce new, independent
k-modes, so it leads to an overestimation of the fluctua-
tions. We correct for this by rescaling with the ratio of the
effective volume of the ABACUS-FFA covariance to that of
the analytic covariance tuned to match the EZMOCK-FFA,
Vabcs
eff =Veff , where Vabcs

eff and Veff are given in Table I.
For the data measurement, as discussed in Sec. III, the

autocorrelation receives deterministic contributions from
underlying signals or systematics, as well as stochastic
contributions arising from mismatches in the statistical
fluctuations between the data and the mocks. In particular,
the latter could be misinterpreted as a genuine detection.
Therefore, here we apply the correction derived from the
cross statistic to correct for the autocorrelation given in
Eq. (23). The width of the shaded region around the dashed
vertical line in Fig. 4 is derived from the EZMOCK. We
compare the data to the ABACUS-altMTL mock to quantify
the data-mock covariance mismatch and set hχ2×;mocki ¼
hχ2×;abcs-altmtli. Here we also consider the volume replication

effect and absorb it into the normalization coefficient
N Δ;abcs ¼

P
μ Veff=V

μ;abcs
eff (see Table I). If the mocks

accurately described the intrinsic fluctuations in the data,
the second term in Eq. (23) vanishes. In the presence of a
data-mock covariance mismatch, we find that the inferred
autocorrelation amplitude is reduced.
Cross-correlation Canalyt Figure 5 shows the two types of

cross-correlations for the DESI DR1 LRG sample between
NGC and SGC. The vertical line indicates the χ2× value
obtained from the DESI data and the histograms shows the
distributions from the mocks. In the left panel, the filled
gray histograms correspond to the EZMOCK-FFAmocks, the
filled purple histograms to the ABACUS-Complete mocks,
and the hatched histogram to the ABACUS-altMTL mocks.
The theoretically predicted distribution of the signal-

sensitive cross statistic is shown as the black curve, with a
zero center with the variance predicted as (for the derivation
see Refs. [15,29]):

Varðχ2×;nullÞ ¼
1

N 2
×

X
μ<ν

Tr½Ĉ−1CμĈ−1Cν�

≈
Ndof

N 2
×

X
μ<ν

V2
fid

Vμ
effV

ν
eff

; ð24Þ

with Vμ
eff being the effective volume for each patch, defined

in Eq. (10). Here, we choose Vfid to correspond to the patch
with the larger volume between the μ and ν patches.
In the left panel of Fig. 5, we show the Type-I cross-

correlation. The EZMOCK-FFA distribution is centered
around zero, with its width reasonably well described by

FIG. 5. Distribution of both types of cross-correlation statistics [χ2× (left and middle) and χ2Δ (right)] for the parity-odd 4PCF between
the NGC and SGC of the DESI DR1 LRG sample. This figure compares simulations with data using the analytic covariance matrix. For
all the panels, the filled gray histograms are for the EZMOCK-FFA, the purple histograms are for the ABACUS mocks, and the black solid or
dashed curves denote the theoretical χ2× distribution, modeled as a Gaussian centered at zero with the width predicted by Eq. (24). Left:
The vertical line indicates the DESI data statistics, which is consistent with zero with a negative value.Middle: Filled purple histograms
correspond to the ABACUS-Complete mocks, and the hatched histogram represents the ABACUS-altMTL mocks. We find that the ABACUS

mocks do not center around zero due to the limited volume effect (for more discussion see below). Right: The vertical line again
indicates the DESI data statistics. The filled gray histograms correspond to the EZMOCK-FFA, while the purple histograms show the
ABACUS mocks. The dark hatched histogram is for ABACUS-altMTL without applying correction. The light dashed histogram is for the
corrected ABACUS-altMTL using Eq. (20) given the shifted ABACUS center in the Type-I cross-correlation shown in the middle panel.
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the black theoretical curve. The data are also consistent
with zero, albeit with a negative value.
The ABACUS mocks exhibit a nonzero mean as shown in

themiddle panel of Fig. 5. This offset arises because theNGC
and SGC patches are built from the same underlying density
realization and therefore not fully statistically independent.
This is the scenario where we discussed in Eq. (17) that the
correlation in the cosmic variance does not vanish, leading to
a biased contribution with nonzero expectation value of the
Type-II correlation for the ABACUS mocks. Although this
correlation is visible in Fig. 5, it is small in practice: it is
negligible in the parity-even sector, where the signal domi-
nates, and only yields a variance discrepancy in the noise-
dominated parity-odd sector [29]. Finally, because the
complete and altMTL samples share the same central value,
the systematic contribution in Eq. (17) is consistent with zero
and cannot account for the offset.
The right panel of Fig. 5 shows the Type-II cross-

correlation. The filled gray histogram is the EZMOCK-
FFA baseline; the darker and lighter purple histograms
are the ABACUS-altMTL results before and after correction,
respectively. As noted above, the ABACUS NGC and SGC
are not statistically independent, and they lead to biases
in the Type-II χ2Δ. To isolate the data-mock covariance
mismatch term χ2Δ0

in Eq. (20), we subtract the total Type-II
correlation by the Type-I correlation for the ABACUS-
altMTL, with the normalization N Δ;abcs. This normaliza-
tion absorbs the volume effect of the ABACUS mocks listed
in Table I. Since the effective volume and the resulting N Δ
are estimated from the EZMOCK, we apply an additional 2%
normalization to the ABACUS-altMTL [53].
We additionally note that the data-mock covariance

mismatch in the parity-odd sector is approximately 16%,
comparable to the approximately 10%mismatch previously
found in the parity-even sector [29].
Sky dependence As a further consistency check, we

further show the Type-I cross statistics for the three patches:

NGC-1, NGC-2, and SGC-3 in Fig. 6. In each panel,
the vertical lines represent the statistic derived from the
DESI data, while the filled gray histograms show the
distribution obtained from the EZMOCK-FFA simulations.
The black curves correspond to the theoretical prediction
for the χ2× distribution, modeled as a Gaussian centered
at zero with variance given by Eq. (24). For different
combination of sky patches, we also find the data to be
consistent with zeros. While we do not show them here, we
also find the correlation between the NGC and SGC for the
ABACUS-altMTL mocks, in particular in the NGC1-SGC3
combination.

B. Hybrid covariance

One potential source of contamination in detection
significance estimates is the mismatch in covariance
between mocks and data, an effect that can be amplified
by the large dimensionality of the data vector. In addition to
performing cross-correlation tests, an effective way to
mitigate this issue is to reduce the size of the data vector.
To this end, we use the analytic covariance matrix to define
a compression scheme for the data vector. The analytic
covariance matrix can be decomposed as

Cth ¼ UΛUT; ð25Þ

with Λ being the diagonal matrix of eigenvalues with the
diagonal entries λi, and U the orthogonal matrix of
eigenvectors. The 4PCF coefficients can be projected onto
the eigenbasis of the analytic covariance as

ζ̃ ¼ UTζ; ð26Þ

we then select the Neig components that have the lowest

statistical noise λ−1=2i .

FIG. 6. Distribution of the Type-I cross-correlation for the parity-odd 4PCF, using the full DESI DR1 LRG sample for three patches:
NGC-1, NGC-2, and SGC-3, with the full analytic covariance matrix. Vertical lines indicate the DESI data statistics, and the filled gray
histograms show the EZMOCK-FFA distribution. The black curves denote the theoretical χ2× distribution, modeled as a Gaussian centered
at zero with the width predicted by Eq. (24).
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This compression method enables us to construct a
hybrid covariance matrix by decomposing the 4PCFs
measured from simulations into the eigenbasis of the
analytic covariance matrix. We select the top Neig eigenm-
odes with the lowest noise and use the corresponding
rotated data vectors ζ̃ to build a covariance matrix in the
compressed basis Ĉhybrid;ij ¼ hζ̃i; ζ̃ji. Using 1000 EZMOCK-
FFA mocks, this procedure allows us to generate hybrid
covariance matrices with up to 200 degrees of freedom.
Autocorrelation with Chybrid Figure 7 shows the

distribution of the autocorrelation χ2 statistic for the
parity-odd 4PCF, measured using the combined
NGC and SGC from the full DESI DR1 LRG sample.
Each panel here corresponds to a different number
of eigenvalues (Neig ¼ 50; 100; 200) used for data

compression. The analysis is performed over the range
20h−1 Mpc < r < 160h−1 Mpc. In each panel, the vertical
line marks the value obtained from the DESI data. The filled
purple histograms depict the χ2 distribution from theABACUS-
Complete mocks, while the hatched histograms show results
from the ABACUS-altMTL mocks. The black curves indicate
the theoretical predictions for a χ2 distribution.
Since we applied the data compression scheme, the

covariance matrix is primarily based on the EZMOCK-FFA
realizations. As discussed in Appendix C, the FFA fiber
assignment implementation leads to an underestimation of
the covariance compared to the altMTL implementation. To
account for this, we rescale all distributions by the ratio of the
covariance estimates from the FFA to the altMTL samples,
which results in a 15%–20% reduction in the χ2 values.

FIG. 7. Distribution of the autocorrelation χ2 statistic for the parity-odd 4PCF measured from the full DESI DR1 LRG sample,
combining the NGC and SGC. Each subpanel corresponds to a different number of eigenvalues used in the data compression:
Neig ¼ 50; 100; 200. The analysis covers the range 20h−1 Mpc < r < 160h−1 Mpc without additional radial cuts (Δr ¼ 0), with both
the data vector and the corresponding EZMOCK-FFA-based covariance matrix compressed by selecting the eigenvectors associated with
the lowest noise. The dashed line represents the correction derived from the cross statistics in Eq. (23), with the uncertainty shown as the
shaded region, estimated from the EZMOCK; filled purple histograms show the distribution from the ABACUS-Complete mocks; circled
histograms correspond to the ABACUS-altMTL mocks; hatched histograms correspond to the EZMOCK-FFA mocks; and black curves
present the theoretical predictions for a χ2 distribution. All distributions are rescaled by the ratio of the fiber implementations in the FFA
and altMTL, reducing the χ2 values by 15%–20%. Overall, the DESI data are found to be consistent with zero signal.

FIG. 8. Distribution of the cross-correlation χ2× statistic for the parity-odd 4PCF, measured from the full DESI DR1 LRG sample using
the hybrid covariance, combining the NGC and SGC. Each subpanel corresponds to a different number of eigenvalues used in the data
compression: Neig ¼ 50; 100; 200. Vertical lines indicate the value measured from the DESI data; filled gray histograms show the
distribution from the ABACUS-Complete mocks; and circled histograms correspond to the ABACUS-altMTL mocks. The black curves
show the theoretical predictions for the cross statistic under the null hypothesis, assuming a Gaussian distribution centered at zero with a
variance given by Eq. (24). Overall, we find the measurement to be consistent with zeros from the DR1 sample.
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Additionally, we apply the Hartlap factor M ≡ ðNm −
Nb − 2Þ=ðNm − 1Þ to debias the inverse of the sample
covariance, following [54]. Overall, we find that the results
from the DESI DR1 sample are all consistent with zero and
agree with the expected data-mock covariance mismatch.
Cross-correlation with Chybrid Figure 8 presents the

distribution of the cross-correlation χ2× statistic for the
parity-odd 4PCF, measured from the combined NGC and
SGC regions of the full DESI DR1 LRG sample using the
hybrid covariance. Each panel of the figure corresponds to
a different number of eigenvalues (Neig ¼ 50; 100; 200)
used in the data compression. In each panel, the vertical
line marks the χ2× value measured from the DESI data. The
filled gray histograms represent the distribution obtained
from the ABACUS-Complete mocks, while the circled
histograms correspond to the ABACUS-altMTL mocks.
For reference, the black curves show the expected dis-
tribution of the cross statistic under the null hypothesis,
assuming a Gaussian distribution centered at zero with
variance given by Eq. (24).
Compared to the case using the analytic covariance

matrix, where the full dimensionality of the data vector is
retained, the excess observed in the ABACUS mocks is
significantly reduced. This 10% effect only begins to
appear when Neig ¼ 200, at which point we also start to
see a shift in the center of the ABACUS-altMTL mock
distributions. These findings reinforce the interpretation
that the excess around the center of the ABACUS distribution
in Fig. 5, obtained with the analytic covariance, mainly
arises from the cumulative effect of statistical noise per
degree of freedom.
To complete the analysis, we perform the Type-II

cross-correlation χ2Δ for the DESI DR1 LRG sample
between NGC and SGC as shown in Fig. 9. As before,
each plot here corresponds to the number of eigenvalues
Neig ¼ f50; 100; 200g. Both the data vector and the cor-
responding EZMOCK-FFA-based covariance matrix are
compressed accordingly. The vertical lines represent the

statistics for the DESI data, the filled gray histograms
correspond to the ABACUS-Complete mocks, the histogram
marked with circles corresponds to the ABACUS-altMTL
mocks. Here, we also apply the fiber correction factor and
the correction factor found in the correlation in the ABACUS

mocks [see Eq. (23)].
After applying the correction to the Type-II cross

statistics, the agreement between the data and the mocks
improves, although some residual discrepancy remains,
especially as Neig increases. To account for this, we still to
include this effect when computing the autocorrelation,
as shown in Fig. 7.
Scale dependence Figure 10 summarizes the detection

significance of the Type-I cross-correlation in theDESIDR1
LRG sample. Colored error bars denote different combina-
tions of sky regions, and each panel corresponds to a choice
of the number of eigenmodes, Neig ¼ f50; 100; 200g. We
impose an additional radial cut of Δr ¼ 14; h−1 Mpc to
enforce aminimum separation between radial bins, ensuring

FIG. 9. Distribution of the χ2Δ statistic for the parity-odd 4PCF, using the full DESI DR1 LRG sample, combining the NGC and SGC.
Each plot corresponds to the number of eigenvalues Neig ¼ f50; 100; 200g. Both the data vector and the corresponding EZMOCK-FFA-
based covariance matrix are compressed accordingly. The vertical lines represent the statistics for the DESI data; the filled gray
histograms correspond to the ABACUS-Complete mocks. The histogram marked by circles corresponds to the ABACUS-altMTL mocks.

FIG. 10. Type-I cross-correlation χ2× with hybrid covariance.
Here we apply additional radial cuts Δr ¼ 14h−1 Mpc to enforce
a minimum separation between the radial bins. Different colored
error bars denote the combination of sky regions, whereas the size
of the error bars are derived from the EZMOCK. They are grouped
into different choices of eigenvalues Neig ¼ f50; 100; 200g.
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that galaxies contributing to the measurement do not
populate adjacent bins.

V. SUMMARY

In this paper, we presented measurements of the parity-
odd 4PCF on the DESI DR1 LRG sample and quantified its
detection significance. We carried out analyses using both
the full analytic covariance matrix with the uncompressed
data vector, as well as a compressed data vector in
combination with a hybrid covariance matrix derived from
both simulations and analytic calculations. We found that,
when using the full analytic covariance without corrections,
the autocorrelation could exhibit significance levels as high
as 4σ. However, this apparent excess is reduced after
correcting for the expected data-mock covariance mismatch
derived from the cross-correlations between different sky
patches. Overall, our results indicate that the signal is
consistent with zero.
In our analysis, we identified two main effects: the

volume effect and the fiber assignment effect. Moreover,
the limited volume of the ABACUS mocks leads to additional
artifacts in the cross-correlation calculations among differ-
ent sky patches, which ultimately require an extra correc-
tion to the significance derived from the autocorrelation
test. As a result, in contrast to [30], we do not find any
tension when comparing different analyses methods.
In addition, we tested various analysis setups, includ-

ing scale dependence by imposing additional radial bin
cuts, partitioning the sky into different patches and testing
various combinations, and performing both auto- and
cross-correlation tests. In particular, the two cross sta-
tistics allow us to isolate the impact of general system-
atics by comparing the data to the ABACUS-Complete
mocks. We find that systematics have subdominant
impact on the signal.
In the following, we highlight several additional points

that are important for the interpretation of our results:
(i) Several key factors play a role in the DESI DR1

sample in contrast to the SDSS BOSS sample [55].
The BOSS sample achieved a completeness exceed-
ing 90%, the DR1 sample has an average complete-
ness of only about 50%. Combined with the low
signal-to-noise ratio anticipated in the parity-odd
4PCF, this lower completeness increases the sam-
ple’s susceptibility to fiber assignment effects.
Furthermore, the limited volume of the ABACUS

simulation presents additional challenges. Together,
these factors make the calibration and correction of
the mocks and covariance matrix particularly diffi-
cult but also essential.

(ii) In our analysis we observe a negative Type-I cross-
correlation. The value remains consistent with
zero at the 3σ level, indicating that it is compatible
with statistical fluctuations. In addition to statistical
uncertainty, deterministic contributions from

observational systematics may also play a role.
While our tests suggest that fiber assignment is
unlikely to be the dominant factor, other residual
effects, such as spatial variations in the number
density across sky patches, cannot be excluded. It
will therefore be important to revisit this test in
future data releases as number-density uniformity
and systematic control improve.

(iii) The cross-correlation test further assumes that the
signal is shared across different patches. If a large-
scale modulation exists beyond the coherence
length of the sky patches considered in this work
(>500; h−1 Mpc), neither type of cross-correlation
test necessarily applies. In particular, the data-mock
mismatch observed in the Type-II statistic can arise
from this large-scale modulation, and our analysis
cannot rule out this scenario. However, verifying the
impact of this large-scale modulation requires rig-
orous testing, such as verifying that the Type-II
statistic is not contaminated by, e.g., position-
dependent systematics.

(iv) Compared to [30], there are two main differences:
the choice of radial binning and the inclusion of the
Type-II cross-correlation. Despite the different bin-
ning choices, we find broadly consistent results for
the uncorrected autocorrelation and the Type-I cross-
correlation. However, [30] did not report the Type-II
cross-correlation. By contrast, in our analysis, in-
cluding the Type-II cross-correlation alleviates the
previously reported “tension.”

These insights may inform analyses of future DESI data
releases, as well as other ongoing or upcoming galaxy
surveys, such as Euclid [56] and Roman [57].
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APPENDIX A: SPHERICAL HARMONICS,
HELICITY BASIS, AND SCALAR TRIPLE

PRODUCT

The parity-odd scalar observables require a pseudoscalar,
which is the essential quantity in isolating the parity
information. This quantity can be expressed in the har-
monic space, but very often, we also see it arises when
performing the polarization decomposition. Here we make
the connection explicitly by expressing the scalar triple
product in the harmonic basis.
The four-point function of density field in k-space, the

trispectrum, can be decomposed into a parity-odd part Tþ
and a parity-odd part T−, where both TðkÞ and Tð−kÞ are
well defined:

Tðk1;k2;k3Þ¼Tþðk1;k2;k3Þþ iT−ðk1;k2;k3Þ; ðA1Þ

where Tþ and T− are real functions. Due to the translational
symmetry and the momentum conservation, the sum of the
four-momenta is zero

P
4
i¼1 ki ¼ 0.

A direct measurement of the four-point correlation
function does not inherently distinguish between parity-
even and parity-odd contributions. To isolate parity-specific

information, it is necessary to express the four-point
function in a basis that explicitly separates the two
components. In Fourier space, the parity-odd part can be
parametrized as

T−ðk1;k2;k3Þ¼k1 · ðk2×k3Þτ−ðk1;k2;k3;k4;K;K̃Þ;
ðA2Þ

with the scalar triple product k1 · ðk2 × k3Þ being a
pseudoscalar, constructed from a polar vector and a
pseudovector. K ¼ jk1 þ k2j and K̃ ¼ jk1 þ k3j are two
diagonals of the tetrahedra. τ− is a parity-even function that
in the most general case can have six degrees of freedom.
Now we consider a rank-n quantity Fi1::in, this quantity

can be decomposed as [60]

Fi1::inðkÞ ¼
X
l;m

X
λ¼0;�1

Fλ
lmðkÞλYlmðk̂Þϵ̂λi1::inðk̂Þ; ðA3Þ

where λ denotes the helicity state, λYlmðk̂Þ is the spin-
weighted spherical harmonics, and ϵ̂λi1::in is the rank-n
polarization state,

ϵ̂λi1::in ¼
X

i1;…;in ∈ f0;�1g
Cλi1::in êi1 ⊗ … ⊗ êin ; ðA4Þ

where
P

n in ¼ λ, and Cλj1::jn is the Clebsch Gordan
coefficient, and êin is the helicity basis. Here we make a
global coordinate choice for the helicity basis

ê�1 ¼
x̂� iŷffiffiffi

2
p ; ê0 ¼ ẑ; ðA5Þ

with the longitudinal mode aligned with the quantization
axis used to define the spherical harmonics. Alternatively,
we can explicitly write the Cartesian components as

ê�1 ¼
�

1ffiffiffi
2

p ;� iffiffiffi
2

p ; 0

�
; ê0 ¼ ð0; 0; 1Þ: ðA6Þ

For rank-1 tensor, the polarization state is simply ϵ̂λ ¼ êλ
with the Clebsch Gordan coefficient being one. In particu-
lar, when Fi ¼ ki ≡ k as a rank-1 tensor, we have l ¼ 1.
Since we made a global choice of the coordinate for the
helicity basis and the spherical harmonics, and chose them
to be aligned with each other, the helicity state λ becomes
degenerate with them label in the spherical coordinate, and
we are free to set λ ¼ m. Therefore, the wave vector can be
expressed as
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k ¼
X

m¼0;�1

Fm
1mðkÞY1mðk̂Þêmðk̂Þ

¼
ffiffiffiffiffiffi
4π

3

r X
m¼0;�1

kY1mðk̂Þêmðk̂Þ ðA7Þ

in the second line above where we normalize the coefficient
Fm
1m such that jk̂j2 ¼ 1. The scalar triple product can thus be

written as

k1 · ðk2 × k3Þ

¼
X

m1m2m3

Y3
a¼1

kaY1ma
ðk̂aÞϵijkêim1

êjm2
êkm3

ðA8Þ

where ϵijkêim1
êjm2

êkm3
¼ h0; 0j1; m1; 1; m2; 1; m3i is an

invariant scalar and is proportional to the 3 − j symbol

ϵijkêim1
êjm2

êkm3
¼ C

�
1 1 1

m1 m2 m3

�
; ðA9Þ

letting m1 ¼ 1, m2 ¼ 0, m3 ¼ −1, so that we have

ϵijkêiþ1ê
j
0ê

k
−1 ¼ i: ðA10Þ

Meanwhile the Wigner 3 − j for that choice is

�
1 1 1

1 0 −1

�
¼ −1=

ffiffiffi
6

p
; ðA11Þ

therefore, the coefficient C ¼ i=ð−1= ffiffiffi
6

p Þ ¼ −i
ffiffiffi
6

p
.

Inserting this coefficient into Eq. (A8), the triple product
can be simplified as

k1 · ðk2×k3Þ

¼−i
ffiffiffi
6

p �
4π

3

�
3=2Y3

a¼1

kaY1ma
ðk̂aÞ

X
m0s

�
1 1 1

m1 m2 m3

�
:

ðA12Þ

APPENDIX B: MOCK CALIBRATION

As discussed in Sec. IV, there are two major effects in the
mocks: the volume effect and the fiber assignment effect. In
this section, we demonstrate the consequences in the mocks
when correction or calibration is not properly applied. We
highlight what biases or discrepancies may arise, thereby
emphasizing the importance of accurate calibration and
correction.
Figure 11 shows the distribution of different mocks,

analogous to Fig. 4, but without applying calibrations to the
mocks. The EZMOCK distribution (gray histogram) remains

centered around the number of degrees of freedom
expected for a χ2 distribution (black curve). This is not
surprising, as the analytic covariance matrix was calibrated
using the EZMOCK as reference.
In contrast, we find that the ABACUS mocks are centered

at higher values than the expected χ2 distribution. This is
because the ABACUS mocks are generated by replicating the
same mock volume multiple times, resulting in a lack of
independent k-modes and an inaccurate estimate of the true
covariance. Consequently, the variance is overestimated. In
the absence of a true signal, the center of the distribution is
entirely dominated by this inflated variance and shifts the
center to higher values.
To correct for these effects, we first apply the fiber

assignment correction by multiplying the distribution by
the ratio Tr½CFFA�=Tr½CaltMTL� from the covariance matrix
of the FFA-based mocks to those of the altMTL mocks.
Next, we apply the volume correction by computing the
ratio between the covariance matrix derived from the
ABACUS and the EZMOCK-derived analytic covariance
matrix. After these calibration steps, we find all the mock
distributions center around the expected χ2 distribution.

APPENDIX C: IMPACT OF INCOMPLETENESS
DUE TO STATISTICAL FLUCTUATIONS

As seen in Fig. 1, there is a large variation in the galaxy
number density in the DR1 sample. This is essentially due
to the limited number of fibers and during the early stage of
the survey. Not every galaxy gets the chance to be assigned
with a fiber, therefore, the sample exhibits low complete-
ness and is therefore sensitive to the details of fiber
assignment implementation. When constructing the DESI
mocks, two fiber assignment implementation schemes
were applied: the FFA and altMTL. We described the

FIG. 11. Distribution of the autocorrelation χ2 for different
mocks without calibration. In contrast to Fig. 4, the centers of the
distributions can shift significantly if calibration is not properly
applied. This plot demonstrates the importance of proper cali-
brations of the mocks.
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implementation of fiber assignment in [29]. Further details
can be found in [36,61,62]. As a brief summary: altMTL is
close to the realistic fiber assignment run on the data, while
FFA is an emulator-based algorithm that learns the map-
ping between an input and a FIBERASSIGN-processed galaxy
catalog.
For the parity-even 4PCF, we previously found that FFA

underestimates the covariance relative to a more realistic
algorithm; Fig. 12 extends this comparison to the parity-
odd sector. The left panel shows, for the NGC, the ratio of
diagonal covariance elements in ABACUS mocks with fiber
assignment to those in the complete sample. We find the
average ratio between the ABACUS altMTL to the complete
sample (black) to be Tr½CaltMTL�=Tr½Ccomp� ≈ 1.21, whereas
the average ratio between the ABACUS FFA to the complete
sample (orange) to be Tr½CFFA�=Tr½Ccomp� ≈ 1.09. The right
panel presents the same comparison for the SGC and shows
an even stronger deviation from the complete mocks, with
Tr½CaltMTL�=Tr½Ccomp�≈1.43 and Tr½CFFA�=Tr½Ccomp�≈
1.16, potentially due to the lower completeness in the SGC.
An underestimated covariance in the FFA mocks was

also found for the two-point functions [35,63]. Since the
analytic covariance was fit with respect to the FFA-based
EZMOCK, the underestimated covariance due to the fiber
assignment need to be accounted for by applying an
additional correction factor to our significance, and leaving
impact on the detection significance as well as in the mock
calibration (see discussions in Sec. IV and Appendix B).

APPENDIX D: TESTING GAUSSIANITY
OF THE LIKELIHOOD

In this section, we test the validity of the Gaussian
likelihood assumption for the 4PCF. This assumption is
generally motivated by the central limit theorem; since each
element of the binned data vector represents an average

over many Fourier- or position-space modes, their joint
distribution is expected to approach Gaussianity. However,
it is important to explicitly verify this assumption, particu-
larly for higher-order statistics.
Following [64], we repeat the same test as in our

companion parity-even paper [29], but now for the par-
ity-odd 4PCF. We transform the data vector into an
uncorrelated basis using the Cholesky decomposition of
the covariance matrix, Ĉ ¼ LL⊤. This “whitening” pro-
cedure removes linear correlations, such that the trans-
formed components should follow independent standard
normal distributions if the Gaussian assumption holds.
Any systematic deviation from this behavior indicates the
presence of non-Gaussianity either in the data or in the
estimated covariance.
Figure 13 shows the distribution of the normalized

components across all eigenmodes and simulations for
different numbers of degrees of freedom. The black dashed
line denotes the standard normal distribution N ð0; σstdÞ. In
the left plot, The mode-space normalization uses the
inverse Cholesky factor L−1 of the hybrid covariance
matrix Ĉhybrid ¼ LL⊤, based on the EZMOCK. In the left
panel, 800 mocks are used for covariance estimation and
200 for testing. We find that when not sufficiently large
enough of simulation for covariance estimation such that
Ncov ≫ Neig is not well satisfied, as in the case of
Neig ¼ 500, the normalized data vector shows a slight
deviation from Gaussianity, indicating a breakdown of the
Gaussian likelihood assumption in this regime. In the right
panel, we repeat the test with the analytic covariance matrix
Ĉanalyt ¼ LL⊤, and use the Cholesky factor L to normalize
the data vectors in the mode space. Despite the simplified
treatment of survey geometry and sample incompleteness,
the analytic covariance still shows good agreement with a
Gaussian likelihood.

FIG. 12. The figure compares statistical fluctuations in ABACUS mocks under different fiber-assignment schemes by plotting the ratio
of diagonal covariance elements for fiber-assigned mocks to those from complete mocks. In the left panel (NGC), the ratios show that
fiber assignment increases the diagonal covariance by about 9% for FFA (orange) and 30% for altMTL (black). The right panel presents
the same ratio for the SGC, where the increases are larger: about 16% for FFA and 43% for altMTL.
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