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We present the first calculation of next-to-leading order (NLO) factorized QED and QCD contributions
to the short-distance hard coefficients of inclusive lepton-hadron deep inelastic scattering (DIS) in a joint
QED and QCD factorization approach. Unlike the traditional radiative correction approach to handle the
collision-induced QED contributions to DIS, QED radiation from all charged leptons and quarks are treated
equally, and their collinear sensitivities are systematically factorized into corresponding universal lepton
and parton distribution functions. We demonstrate that the NLO factorized short-distance QED
contribution is completely infrared safe and calculable without the need of any parameters other than
the standard factorization scale in the same way as the factorized short-distance QCD contribution. We
discuss the potential impact of this joint factorization approach on the extraction of partonic information
from lepton-hadron DIS.
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I. INTRODUCTION

The experiment of lepton-hadron deep-inelastic scatter-
ing (DIS) at Stanford Linear Accelerator Center (SLAC)
over 50 years ago [1] discovered the partonic structure of
the proton that led to the discovery of the fundamental
theory of strong interactions known as quantum chromo-
dynamics (QCD) (for reviews, see [2,3]). Since then, many
DIS experiments at lepton-hadron facilities around the
world have been carried out and have played a critical
role in the development of our understanding of QCD and
the strong nuclear force, as well as the internal structure of
nucleons and nuclei. With the high luminosity lepton-
hadron fixed target facility at the Jefferson Lab, the future
electron-ion collider (EIC) to be constructed at the
Brookhaven National Lab, and similar facilities around
the world, the lepton-hadron scattering with a large
momentum transfer will continue to play an important
and unique role in our efforts to explore the internal
structure of hadrons and to study the emergence of hadrons

from produced quarks and gluons in the high energy
collisions [4].
For the inclusive DIS between a lepton of momentum l

and a hadron of momentum P, eðlÞ þ hðPÞ → eðl0Þ þ X,
we measure the scattered lepton of momentum l0, from
which we determine the transfer of momentum
qμ ¼ ðl − l0Þμ. When Q2 ¼ −q2 is sufficiently large
(≫ Λ2

QCD), QCD factorization [5] has been successfully
applied to lepton-hadron scattering cross sections by
separating perturbatively calculable short-distance physics
at Oð1=QÞ from the nonperturbative physics that we want
to learn at OðR ∼ 1=ΛQCDÞ with nucleon radius R. By
varying Q2 and the Bjorken variable xB ¼ Q2=2P · q, the
exchanged gauge boson of momentum qμ between the
colliding lepton and hadron has been considered as a good
and controllable hard probe to explore the QCD dynamics
and partonic structure inside the colliding hadron [6,7].
With the large momentum transfer Q2 between the

colliding lepton and the hadron, the hard scattering nec-
essarily generates both collision-induced QCD and QED
radiation, affecting the measured cross sections. The QCD
factorization systematically takes care of the impact from
collision-induced QCD radiation by including the collin-
ear-sensitive, nonperturbative, and process-independent
contributions into the universal parton distribution func-
tions (PDFs) or fragmentation functions (FFs) if specific
hadron(s) are measured in the final state, while showing
that all process-dependent contributions are either calcu-
lable in QCD perturbation theory as contributions from
short-distance partonic scattering to the measured cross
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sections or suppressed by the inverse power of the hard
scale Q2 and can be neglected when Q2 ≫ Λ2

QCD. On the
other hand, historically, the impact of collision-induced
QED radiations from the observed leptons of the lepton-
hadron DIS have been evaluated perturbatively as radiative
corrections (RCs) to the lowest-order Born DIS cross
section in QED [8–13]. Such an approach often needs to
introduce unknown parameter(s) that could affect the
predictive power of RCs.
Furthermore, the collision-induced QED contributions to

an observed cross section in lepton-hadron collisions
can be sensitive to a specific final state that is measured
when we go beyond the inclusive DIS for which only the
scattered lepton is observed. For example, whenwemeasure
a final-state hadron in addition to the scattered lepton,
eðlÞ þ hðPÞ → eðl0Þ þ h0ðP0Þ þ X, semi-inclusive DIS
(SIDIS) allows us to study the transverse momentum
dependent PDFs (or simply, TMDs) from the events when
the momentum imbalance between observed final-state
lepton of momentum l0 and hadron of momentum P0 is
so much smaller than the hard scale of the collisionsQ. The
angular distribution between the leptonic plane, defined by
the momenta of the colliding and scattered lepton (l and l0)
and hadronic plane, defined by themomenta of colliding and
produced hadron (P andP0), is sensitive to the contributions
from different TMDs [14]. Consequently, corresponding
azimuthal angular modulations could provide a powerful
tool to isolate and extract contributions from different
TMDs. However, the collision-induced QED radiations
can change both the value and direction of momentum
transfer qμ between the colliding lepton and the hadron,
which can alter the relation between the hadron’s TMDs and
observed angular distributions between the leptonic and
hadronic planes to reduce the effectiveness of azimuthal
modulations to separate contributions from different TMDs
to the measured SIDIS cross sections [15].
A new joint QED and QCD factorization approach was

recently proposed to treat collision-induced QED and QCD
radiation equally [16]. Like QCD factorization for lepton-
hadron DIS, the short-distance hard partonic scattering in
this joint QED and QCD factorization approach is also
infrared safe and calculable in QED and QCD perturbation
theory, while collinear sensitive, nonperturbative, and
process-independent radiations are systematically factor-
ized into universal lepton distribution functions (LDFs) and
lepton fragmentation functions (LFFs) and other nonper-
turbative contributions are power suppressed by the hard
scaleQ2. With the universal LDFs and LFFs extracted from
data, this joint QED and QCD factorization approach
improves the predictive power by removing the need of
any unknown parameter(s) for including collision-induced
QED radiations other than the standard factorization
scale [17].
In this paper, we present the first complete calculation of

fully factorized next-to-leading order (NLO) QED and

QCD contributions to the short-distance hard coefficients
of the leading electron-quark subprocess, eþ q → eþ X,
of inclusive lepton-hadron DIS in the joint QED and QCD
factorization approach, along with a well-defined pro-
cedure to include available higher order QCD contributions
into this joint factorization approach. Unlike the calculation
of RCs in the literature, which focuses on photon radiation
from the leptons, we evaluate QED radiation from all
charged leptons and quarks at the partonic scattering level,
and systematically factorize all collinear sensitive radia-
tions from leptons and quarks to corresponding lepton and
parton distribution functions, respectively. We demonstrate
that our results for factorized short-distance contributions
are completely infrared safe, only depending on the
standard factorization scale, while all leading power non-
perturbative and collinear sensitive radiative contributions
are included into universal LDFs and LFFs, as well as the
PDFs of colliding hadrons.
It is important to stress that collision-induced radiation in

this joint QED and QCD factorization approach is non-
perturbative since a radiated photon could become a quark-
antiquark pair at a nonperturbative scale in addition to
becoming a lepton-pair via QED interaction. We also
discuss and explore the uncertainty of LDFs and LFFs
and their impact on the precision of theoretical calculations
for inclusive lepton-hadron scattering.
The rest of this paper is organized as follows. In Sec. II,

we introduce the joint QED and QCD factorization
formalism for inclusive DIS at a relatively low Q2 in this
paper to avoid complication from the weak interaction. In
Sec. III, we present the next-to-leading order (NLO) QCD
contribution in this joint QED and QCD factorization
approach, including a well-defined procedure to add
available QCD calculations beyond the NLO. In Sec. IV,
we carry out calculations of the full NLO QED contribu-
tions to the factorized short-distance coefficients of the
leading subprocess, eþ q → eþ X, in this joint QED and
QCD factorization approach. We explore the numerical
impact of the NLO QED contributions to the inclusive DIS
and the role of universal LDFs and LFFs in Sec. V. Finally,
in Sec. VI, we provide a summary of the key results of this
paper and an outlook of the impact of this joint QED and
QCD factorization approach for studying high-energy
lepton-hadron collisions.

II. JOINT QED AND QCD FACTORIZATION FOR
LEPTON-HADRON DIS

The historical lepton-hadron DIS is effectively an inclu-
sive production of a single lepton with its transverse
momentum l0

T ∝
ffiffiffiffiffiffi
Q2

p
much larger than ΛQCD in high-

energy lepton-hadron collisions. At the lowest order in the
QED coupling (the Born cross section), the scattering is
approximated by the exchange of one virtual photon or one
Z0 boson. The Z0 process is relevant for DIS with a larger
momentum transfer than we consider in this paper or for
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parity-violating DIS. Therefore we do not include Z0-boson
exchange in our analysis. The one-photon-exchange con-
tribution is shown in Fig. 1(a).
With this approximation of one-photon exchange, Born

cross section in QED can be expressed in terms of a
hadronic tensor, Wμν

h , and the lowest order leptonic tensor,

Lð0Þ
μν [6,7],

E0 dσ
Born
eh→eX

d3l0 ¼ 2α2em
SðQ2Þ2 L

ð0Þ
μν ðl;l0ÞWμν

h ðq; PÞ; ð1Þ

where the fine-structure constant αem ¼ e2=ð4πÞ, S ¼ ðlþ
PÞ2 ≈Q2=ðxByÞwith y ¼ P · q=P · l. In Eq. (1), the lowest

order unpolarized leptonic tensor is given by Lð0Þ
μν ¼

2ðlμl0
ν þ l0

μlν − l · l0gμνÞ, and corresponding hadronic
tensor for an unpolarized hadron,

Wμν
h ðq; PÞ ¼ −g̃μνF1=hðxB;Q2Þ þ P̃μP̃ν

P · q
F2=hðxB;Q2Þ ð2Þ

with g̃μν ¼ gμν − qμqν=q2, P̃μ ¼ g̃μνPν and nonperturbative
structure functions of hadron h, F1=h, and F2=h. The
unpolarized Born cross section can then be expressed in
terms of the structure functions evaluated at ðxB;Q2Þ,

E0 dσ
Born
eh→eX

d3l0 ¼ 4α2em
yðQ2Þ2 ½xBy

2F1=hðxB;Q2Þ

þ ð1 − yÞF2=hðxB;Q2Þ�; ð3Þ

where we neglected terms proportional to hadron mass.
However, the collision-induced photon radiation can

change the momentum transfer between the colliding
lepton and hadron from qμ to q̂μ, as shown in Fig. 1(b),
making the characteristics of the hard probe experienced by
the colliding hadron from (xB;Q2) to (x̃B; Q̂

2) with

x̃B ¼ Q̂2

2P · q̂
; Q̂2 ¼ −q̂2; ð4Þ

as discussed in detail in Ref. [16]. Furthermore, with
collision-induced radiation from the observed leptons, as
shown in Fig. 2, the momentum of exchanged virtual

photon qμ is no longer fixed by the measured lepton
momenta, l and l0. Instead, it becomes an integration
variable whose value depends on available phase space of
the radiated and unobserved photon of momentum q0. From
the square of the scattering amplitudes in Fig. 2, such
nontrivial QED radiative correction to the DIS cross section
can be represented by the cut diagram in Fig. 3 where the
momentum of exchanged virtual photon qμ could be
perturbatively pinched to be on shell at q2 ∼ 0, when the
exchanged photon is collinear to the colliding hadron (and/
or the colliding lepton),

E0 dσ
RC
eh→eX

d3l0 ∝
Z

d4q

�
Lð1Þ
μν ðl;l0; qÞ 1

q2 − iϵ

×Wμν
h ðq; PÞ 1

q2 þ iϵ

�

→ ∞; ð5Þ

when the scattered lepton momentum l0
T is balanced by the

unobserved photon of momentum q0μT at this order. Having
such an important contribution from QED, which is effec-
tively an inclusive version of the Bethe-Heitler subprocess
that competes with the deep virtual Compton scattering
process for extracting the generalized parton distributions,
should not be a surprise. In order to keeping the exchanged
photon to be virtual (as a hard probe for the colliding hadron)
in the traditional RC approaches, parameter(s) have been
introduced to limit the phase of the radiated and unobserved
photon(s), which necessarily introduces uncertainty into the
predictive power of the RC approaches.
On the other hand, such pinched perturbative singularity

is naturally taken care of in our joint QED and QCD
factorization approach. As demonstrated in this paper, for

(a) (b)

FIG. 1. (a) Inclusive DIS with one-photon exchange. (b) In-
clusive DIS with collision-induced radiation from colliding and
observed leptons.

FIG. 2. Diagrams contribute to the RC of inclusive DIS cross
sections with a radiated photon of momentum q0 and the
exchanged photon of momentum q.

FIG. 3. The cut diagram representation of the QED radiative
corrections to the inclusive DIS cross sections.
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the region when q2 → 0, the leading power contribution
from the diagram in Fig. 3 to the DIS cross section in its
1=l02

T expansion can be approximated and factorized
into a hard collision between the colliding lepton and an
on-shell photon collinear to the colliding hadron,
eðlÞ þ γðqÞ → eðl0Þ þ γðq0Þ, convoluted with the photon
distribution function of the hadron, while contribution from
other regions of q2 should be perturbatively calculable as a
part of the NLO QED contribution to the factorized short-
distance hard part of this joint factorization formalism. In
this joint factorization approach,we do not need to introduce
any parameters other than the standard factorization scale.
Like other QCD factorization formalisms, predictive power
of this joint factorization is from our ability to calculate the
short-distance hard parts perturbatively in both QED and
QCD and the universality of nonperturbative lepton and
hadron distribution functions.

The proof of the joint QED and QCD factorization
for inclusive DIS in lepton-hadron collisions,
eðlÞ þ hðpÞ → eðl0Þ þ X, is effectively the same as the
proof of QCD factorization for inclusive single hadron
production in hadron-hadron collisions, hAðpAÞ þ
hBðpBÞ → hðphÞ þ X at high transverse momentum
phT [18]. Since the photon, as a gauge boson of QED,
does not carry charge and commutes with gluon fields of
QCD, it is straightforward to verify that the same sequence
of arguments used for justifying the QCD factorization
of inclusive single high-phT hadron production in
Ref. [18] is also valid for deriving the factorization
formalism of inclusive single high-l0

T lepton production
in lepton-hadron collisions, which is the inclusive DIS
when l0

T ∼Q ≫ ΛQCD. We have the corresponding fac-
torization formalism [15,16],

E0 dσ
DIS
eðlÞhðPÞ→eðl0ÞX

d3l0 ≈
1

2S

X
i;j;a

Z
1

ζmin

dζ
ζ2

De=jðζÞ
Z

1

ξmin

dξ
ξ
fi=eðξÞ

Z
1

xmin

dx
x
fa=hðxÞð2ŝÞEk0

dσ̂iðkÞaðpÞ→jðk0ÞX
d3k0

����
k¼ξl;p¼xP;k0¼l0=ζ

ð6Þ

≡ 1

2S

X
i;j;a

De=jðζÞ ⊗ζ fi=eðξÞ ⊗ξ fa=hðxÞ ⊗x Ĥia→jXðŝ; t̂; ûÞ; ð7Þ

where ⊗i with i ¼ ζ, ξ, x represent the convolution of
momentum fraction of flavor “i” as defined in Eq. (6). In
Eq. (7), Ĥia→jX are introduced as the factorized short-
distance partonic hard parts and are given by

ĤiðkÞaðpÞ→jðk0ÞXðŝ; t̂; ûÞ

≡ ð2ŝÞEk0
dσ̂iðkÞaðpÞ→jðk0ÞX

d3k0

����
k¼ξl;p¼xP;k0¼l0=ζ

; ð8Þ

where the σ̂iðkÞaðpÞ→jðk0ÞX are partonic scattering cross
sections with all perturbative collinear divergences along
the “observed” parton momenta, k, p, and k0, removed
order by order in perturbative calculations as demonstrated
in the next two sections. The parton-level Mandelstam
variables in Eqs. (7) and (8) are given by

ŝ ¼ ðkþ pÞ2 ¼ ðxξÞS;
t̂ ¼ ðk − k0Þ2 ¼ ðξ=ζÞT;
û ¼ ðp − k0Þ2 ¼ ðx=ζÞU; ð9Þ

where additional hadron-level Mandelstam variables are
defined as

T ¼ ðl − l0Þ2 ¼ −Q2;

U ¼ ðP − l0Þ2 ¼ −ð1 − yÞS: ð10Þ

In Eq. (6), the indices i, j, a run over all lepton and parton
flavors, De=jðζÞ is a lepton fragmentation function (LFF)
for a produced lepton (or a parton) of flavor j to fragment to
an observed lepton e carrying ζ momentum fraction of the
parent parton j, fi=eðξÞ is a lepton distribution function
(LDF) for finding an active collinear lepton (or a parton) of
flavor i from the colliding lepton e carrying its momentum
fraction ξ, fa=hðxÞ is a parton distribution function (PDF)
for finding an active collinear parton (or a lepton) of flavor
a and momentum p ¼ xP from the colliding hadron h of
momentum P, and the dependence on the factorization
scale (μ ∼ l0

T) is suppressed. The joint QED and QCD
factorization ensures that the partonic hard parts,
Ĥia→jXðŝ; t̂; ûÞ in Eq. (8), are infrared safe, and can be
systematically and perturbatively calculated in a power
series of ðαmemαns Þ with m ≥ 2 and n ≥ 0. The integration
limits in Eq. (6) are given by [16]

ζmin ¼ −
T þU

S
¼ 1 − ð1 − xBÞy;

ξmin ¼ −
U

ζSþ T
¼ 1 − y

ζ − xBy
;

xmin ¼ −
ξT

ξζSþU
¼ ξxBy

ξζ þ y − 1
≡ x̃B: ð11Þ

Corrections to the joint factorization formalism in Eq. (6)
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are suppressed by the inverse powers of the large momen-
tum transfer to be Oð1=l02

TÞ.
By neglecting the mass of leptons and hadrons, we can

express the momentum of the colliding lepton l, the
colliding hadron P, and the scattered lepton l0 in terms
of their light-cone components, defined as v� ≡ ðv0 �
vzÞ= ffiffiffi

2
p

for a four-vector v ¼ ðv0; v⃗T ; vzÞ, in the c.m. frame
of the lepton-hadron collision,

lμ ¼ ð
ffiffiffiffiffiffiffiffi
S=2

p
; 0−; 0⊥Þ;

Pμ ¼ ð0þ;
ffiffiffiffiffiffiffiffi
S=2

p
; 0⊥Þ;

l0
μ ¼ ðl0

Te
yl=

ffiffiffi
2

p
;l0

Te
−yl=

ffiffiffi
2

p
; l⃗0

TÞ; ð12Þ

where l0
T ¼

ffiffiffiffiffiffiffi
l02

T

p
and yl ¼ lnðl0þ=l0−Þ=2 are the trans-

verse momentum and the rapidity of the observed lepton,
respectively.
Unlike in Eq. (3), the joint factorization formula for

inclusive DIS in Eq. (6) does not depend on the structure
functions, which are the consequence of the one-photon
exchange approximation. All leading power nonperturba-
tive physics in the 1=l02

T expansion are represented by the
universal LDFs, LFFs, and PDFs. Like the PDFs, both
LDFs and LFFs are in principle nonperturbative since a
radiated photon can further split into a lepton pair as well as
a pair of quark-antiquark at a nonperturbative scale. The
factorization scale dependence of LDFs and LFFs is
determined by the DGLAP-type evolution equations
[19–22] with evolution kernels perturbatively calculated
in both QED and QCD, which will be discussed further
in Sec. V.
The most important lowest order hard part in Eq. (6) is

given by subprocess eðkÞ þ qðpÞ → eðk0Þ þ q [16],

Ĥð2;0Þ
eq→eX ¼ ð2ŝÞ

�
Ek0

dσðLOÞeq→eq

d3k0

�

¼ e2qð4α2emÞ
�
ŝ2 þ û2

t̂2

�
δðŝþ t̂þ ûÞ

¼ e2qð4α2emÞ
x2ζ½ðζξSÞ2 þ U2�
ðξTÞ2ðζξSþ UÞ δðx − x̃BÞ; ð13Þ

where the superscript (2,0) indicates that the short-distance
hard part Ĥ is calculated at the perturbative order of α2emα0s ,
and eq is the fraction of electric charge carried by a quark of
flavor q.
The next most relevant lowest-order hard part in Eq. (6)

is Ĥð2;0Þ
γq→γX from subprocess, γðkÞ þ qðpÞ → γðk0Þ þ q,

when the center of mass energy of the collision of
lepton-hadron is so high that the photon distribution of
the colliding lepton and the photon fragmentation function
of the observed lepton are sufficiently sizable. We will
explore the impact of these additional subprocesses in a
future publication.

III. NEXT-TO-LEADING ORDER HARD PARTS
FROM QCD

The NLO hard parts for the inclusive DIS cross section in
Eq. (6) are given by QCD corrections at Oðα2emαsÞ and
QED corrections at Oðα3emÞ, which will be studied in the
next section. Because of the exchange of one photon at this
order in QED, the QCD corrections are often presented in
terms of short-distance contributions to the structure
functions in Eq. (3) which are factorized in terms of the
hadron’s PDFs [6,7].
For calculating QCD corrections in this joint QED and

QCD factorization approach while keeping short-distance
QED corrections at the LO, we can simplify Eq. (6) as
follows:

E0 dσ
DIS−QCD
eh→eX

d3l0 ¼ 1

2S

Z
1

ζmin

dζ
ζ2

De=eðζÞ
Z

1

ξmin

dξ
ξ
fe=eðξÞ

×
X

a¼q;q̄;g

Z
1

xmin

dx
x
fa=hðxÞĤea→eXðŝ; t̂; ûÞ;

ð14Þ
which can be further reduced to σBorneh→eX in Eq. (3) if we set
De=eðζÞ ¼ δð1 − ζÞ and fe=eðξÞ ¼ δð1 − ξÞ. With fully
evolved and universal De=eðζÞ and fe=eðξÞ, the difference

between the σDIS−QCDeh→eX in Eq. (14) and σBorneh→eX in Eq. (3) is the
size of radiative corrections from the process-independent
leading power collision-induced radiations in this joint QED
and QCD factorization approach. In the next section, we
evaluate the process-dependent, but, perturbatively calculable
contributions from the collision-induced QED radiations.
Taking the advantage of one-photon exchange and the

expression for σBorneh→eX in Eq. (3), the short-distance hard

part of QCD contributions Ĥð2;nÞ
eðkÞaðpÞ→eðk0ÞXðŝ; t̂; ûÞ in

Eq. (14) can be expressed in terms of the available
short-distance hard parts for the DIS structure functions,

Ĥð2;nÞ
eðkÞaðpÞ→eðk0ÞXðŝ; t̂; ûÞ

¼ ð2ŝÞ 4α2em
ŷðQ̂2Þ2 ½x̂Bŷ

2F̂ðnÞ
1=aðx̂B; Q̂2Þ þ ð1 − ŷÞF̂ðnÞ

2=aðx̂B; Q̂2Þ�;

ð15Þ

for unpolarized DIS. In deriving Eq. (15), we neglected the
term proportional to parton mass and have the kinematic
variables defined as

q̂μ ¼ ðk − k0Þμ ¼ ðξl − l0=ζÞμ;
Q̂2 ¼ −q̂2 ¼ ðξ=ζÞQ2 ¼ −t̂;

x̂B ¼ Q̂2=2p · q̂ ¼ Q̂2=2ðxPÞ · q̂ ¼ x̃B=x;

ŷ ¼ p · q̂=p · k ¼ Q̂2=ðx̂BŝÞ ¼ 1þ û
ŝ
: ð16Þ
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In Eq. (15), F̂ðnÞ
i=aðx̂B; Q̂2Þ with i ¼ 1; 2 are partonic hard

parts for the factorized hadron structure functions. By
substituting Eq. (15) into Eq. (14) and comparing it with
Eq. (3), we have

F1=hðx̃B; Q̂2Þ ¼
X
a;n¼0

Z
1

x̃B

dx
x
fa=hðxÞF̂ðnÞ

1=a

�
x̃B
x
; Q̂2

�

F2=hðx̃B; Q̂2Þ ¼
X
a;n¼0

Z
1

x̃B

dxfa=hðxÞF̂ðnÞ
2=a

�
x̃B
x
; Q̂2

�
; ð17Þ

where fa=hðxÞ are PDFs with parton flavor a ¼ q; q̄, or g.
Since factorized short-distance hard parts do not depend on
the details of the colliding hadron, the partonic hard parts
can be perturbatively calculated by applying the factori-
zation formula in Eq. (17) onto an asymptotic partonic state
of flavor a and momentum p, and expanding both sides of
the formula order by order in the powers of coupling
constant. We derive QCD contributions to the short-dis-
tance hard parts at the power of αns with n ≥ 1,

F̂ðnÞ
1=aðx̂B; Q̂2Þ ¼ FðnÞ

1=aðx̂B; Q̂2Þ

−
Xn
m¼1

X
b

Z
1

x̂B

dx
x
fð0;mÞ
b=a ðxÞF̂ðn−mÞ

1=b

�
x̂B
x
; Q̂2

�

F̂ðnÞ
2=aðx̂B; Q̂2Þ ¼ FðnÞ

2=aðx̂B; Q̂2Þ

−
Xn
m¼1

X
b

Z
1

x̂B

dxfð0;mÞ
b=a ðxÞF̂ðn−mÞ

2=b

�
x̂B
x
; Q̂2

�
;

ð18Þ

where a; b ¼ q; q̄; g. In Eq. (18), both the structure func-

tions of a parton state FðnÞ
i=a with i ¼ 1; 2 and the parton

distribution functions of the same parton state fð0;mÞ
b=a have

collinear divergences that are often regularized by dimen-
sional regularization. The QCD factorization ensures that
all collinear divergences are canceled between the first and
the rest of the terms on the right-hand-side of Eq. (18),

leaving F̂ðnÞ
i=aðx̂B; Q̂2Þ with n ≥ 1 infrared safe order by

order in QCD perturbation theory.
The subtraction terms in Eq. (18) depend on PDFs of

flavor b of an asymptotic parton state of flavor a, fð0;nÞb=a ðxÞ
with a; b ¼ q; q̄; g, evaluated at OðαnsÞ in QCD perturba-
tion theory. Since quarks carry both the color and electric
charge, the quark distribution functions of a hadron of
momentum P in the joint QED and QCD factorization
approach is required to be gauge invariant in both QED and
QCD, and is slightly updated from its definition in QCD
alone [23],

fq=hðx; μ2Þ ¼
Z

dðPþz−Þ
ð2πÞ eixP

þz−

× hhðPÞjψ̄qð0Þ
γþ

2PþΦðFþUÞ
½0;z−� ψqðz−ÞjhðPÞi;

ð19Þ

with μ representing both the renormalization and factori-
zation scale and the gauge link,

ΦðFþUÞ
½0;z−� ¼ Pe−i

R
z−

0
dη−½gsAþa

g ðη−Þta−eAþ
γ ðη−Þ�; ð20Þ

where P denotes path ordering and ta is the generator for
the fundamental representation of SU(3) color for QCD
with color index a ¼ 1;…; 8 and quark color indices
neglected, gs and e are strong interaction charge and
electric charge, respectively, the A with subscripts, g and
γ, represent the gluon and photon fields, respectively, and
superscripts, F and U, indicate the fundamental represen-
tation of SU(3) color for QCD and the U(1) gauge for QED,
respectively. In momentum space, the same quark distri-
bution function can be represented by the cut diagram in
Fig. 4 with the quark lines contracted with the correspond-
ing cut vertex [24], where the gauge link was not explic-
itly shown.
With the one-photon exchange for the QCD contribu-

tions, the structure functions of an asymptotic parton state

FðnÞ
i=a in Eq. (18) can be extracted from the hadronic tensor

Wμν
a on the same partonic state. From Eq. (2), we obtain the

projection operators for the unpolarized structure functions
in d ¼ 4 − 2ϵ dimension,

ð1 − ϵÞFðnÞ
1=aðx̂B; Q̂2Þ ¼ 1

2

�
−gμν þ 4x̂2B

Q̂2
pμpν

�
WðnÞ

a;μνðq̂; pÞ

ð21Þ

ð1 − ϵÞFðnÞ
2=aðx̂B; Q̂2Þ ¼ x̂B

�
−gμν þ ð3 − 2ϵÞ 4x̂

2
B

Q̂2
pμpν

�

×WðnÞ
a;μνðq̂; pÞ ð22Þ

with a ¼ q; q̄; g.
With the lowest order diagram contributing to the

hadronic tensor in Fig. 5, we obtain

FIG. 4. The cut diagram for quark distribution of momentum
fraction x along with corresponding cut vertex.
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−gμνWð0Þ
q;μνðq̂; pÞ ¼ e2qδð1 − x̂BÞ

pμpνWð0Þ
q;μνðq̂; pÞ ¼ 0; ð23Þ

from which we have the short-distance contributions to the
structure functions,

F̂ð0Þ
1=qðx̂BÞ ¼

1

2
e2qδð1 − x̂BÞ;

F̂ð0Þ
2=qðx̂BÞ ¼ x̂Be2qδð1 − x̂BÞ; ð24Þ

which confirms that the Callan-Gross relation [25]
F2ðxBÞ ¼ 2xBF1ðxBÞ is satisfied at this order. From
Eqs. (15) and (24), we obtain the lowest order hard part
for the inclusive DIS,

Ĥð2;0Þ
eq→eXðŝ; t̂; ûÞ

¼ e2qð4α2emÞ
1

Q̂2

�
1þ ð1 − ŷÞ2

ŷ2

�
δð1 − x̂BÞ; ð25Þ

which can be easily verified to be the same as that in
Eq. (13) by using the variables defined in Eq. (16).
For a NLO QCD contribution from an active quark, we

evaluate both real and virtual contributions to the hadronic
tensorWð1Þ

q;μν on the quark state of momentum p ¼ xP from
diagrams in Figs. 6(a) and 6(b), respectively, in d dimen-
sions. After combing the real and virtual contributions and
letting d → 4 (or ϵ → 0), we obtain the following:

−gμνWð1Þ
q;μνðq̂;pÞ¼e2qð1−ϵÞ

�
αs
2π

���
−
1

ϵ

�
Pð0;1Þ
q=q ðx̂BÞð1þϵ lnð4πe−γEÞÞþPð0;1Þ

q=q ðx̂BÞln
�
Q̂2

μ2

�

þCF

�
ð1þ x̂2BÞ

�
lnð1− x̂BÞ
1− x̂B

�
þ
−
3

2

�
1

1− x̂B

�
þ
−
1þ x̂2B
1− x̂B

lnðx̂BÞþ3− x̂B−
�
9

2
þπ2

3

�
δð1− x̂BÞ

�	
; ð26Þ

where color factor CF ¼ ðN2
c − 1Þ=ð2NcÞ with Nc ¼ 3,

Euler constant γE ¼ 0.5772…, and the first order quark-to-
quark splitting function in QCD is given by

Pð0;1Þ
q=q ðxÞ ¼ CF

�
1þ x2

ð1 − xÞþ
þ 3

2
δð1 − xÞ

�
; ð27Þ

with the “+” description defined as

Z
1

0

dx
fðxÞ

ð1 − xÞþ
¼

Z
1

0

dx
fðxÞ − fð1Þ

1 − x
; ð28Þ

Z
1

0

dxfðxÞ
�
lnð1 − xÞ
ð1 − xÞ

�
þ
¼

Z
1

0

dx½fðxÞ − fð1Þ� lnð1 − xÞ
1 − x

;

ð29Þ

where fðxÞ is a test function. With the same hadronic tensor

Wð1Þ
q;μν, we also have

pμpνWð1Þ
q;μνðq̂; pÞ ¼ e2qCF

�
αs
2π

�
Q̂2

4x̂B
: ð30Þ

From Eqs. (21) and (22), we can derive the NLO QCD
contribution to the structure functions of a quark state,

Fð1Þ
i=qðx̂B:Q̂2Þ with i ¼ 1; 2. Their (1=ϵ) collinear divergence

from Eq. (26) should be canceled by the subtraction term in
Eq. (18) as ensured by the factorization.
The subtraction term in Eq. (18) is proportional to

fð0;1Þq=q —the OðαsÞ quark distribution of a quark state in
QCD, which can be derived from its definition in Eq. (19),
or by evaluating corresponding cut diagrams in Fig. 7

FIG. 5. The lowest order cut diagram contributing to the
hadronic tensor of inclusive DIS.

FIG. 6. Feynman diagrams for the NLO QCD contribution to
inclusive DIS cross sections: (a) real, (b) virtual.

FIG. 7. The cut diagrams contribute to the OðαsÞ quark
distribution of a quark state in QCD in a physical gauge.
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whose ultraviolet (UV) divergence is removed by a
factorization scheme dependent UV counterterm. In the
MS factorization scheme, we have

fð0;1Þq=q ðxÞ ¼
�
αs
2π

�
Pð0;1Þ
q=q ðxÞ

��
−
1

ϵ

�
ð1þ ϵ ln ð4πe−γEÞÞ

�
:

ð31Þ

From Eqs. (18), (21), and (22), we obtain NLO QCD
contributions to the quark channel hard parts of factorized
structure functions in the MS scheme [26,27],

F̂ð1Þ
1=qðx̂B;Q̂2Þ¼ 1

2
e2q

�
αs
2π

��
Pð0;1Þ
q=q ðx̂BÞ ln

�
Q̂2

μ2

�

þCF

�
ð1þ x̂2BÞ

�
lnð1− x̂BÞ
1− x̂B

�
þ
−
3

2

�
1

1− x̂B

�
þ

−
1þ x̂2B
1− x̂B

lnðx̂BÞþ3

−
�
9

2
þπ2

3

�
δð1− x̂BÞ

�	
; ð32Þ

F̂ð1Þ
2=qðx̂B; Q̂2Þ ¼ x̂Be2q

�
αs
2π

��
Pð0;1Þ
q=q ðx̂BÞ ln

�
Q̂2

μ2

�

þCF

�
ð1þ x̂2BÞ

�
lnð1− x̂BÞ
1− x̂B

�
þ
−
3

2

�
1

1− x̂B

�
þ

−
1þ x̂2B
1− x̂B

lnðx̂BÞ þ 3þ 2x̂B

−
�
9

2
þ π2

3

�
δð1− x̂BÞ

�	
; ð33Þ

which indicates that the Callan-Gross relation is slightly
violated for the short-distance contributions from the quark
sector at this order. Substituting Eqs. (32) and (33)
into Eq. (15), we obtain NLO QCD contributions to
partonic hard parts of the inclusive DIS cross section from
the eq → eX subprocess in the joint QED and QCD
factorization approach,

Ĥð2;1Þ
eq→eXðŝ; t̂; ûÞ ¼ e2qð4α2emÞ

�
αs
2π

�
1

Q̂2

�
1þ ð1 − ŷÞ2

ŷ2

�
Pð0;1Þ
q=q ðx̂BÞ ln

�
Q̂2

μ2

�

þ CF

�
ð1þ x̂2BÞ

�
lnð1 − x̂BÞ
1 − x̂B

�
þ
−
3

2

�
1

1 − x̂B

�
þ
−
1þ x̂2B
1 − x̂B

lnðx̂BÞ

þ 3 −
�
9

2
þ π2

3

�
δð1 − x̂BÞ

��
þ 1 − ŷ

ŷ2
½CFð4x̂BÞ�

	
; ð34Þ

which is infrared safe and perturbatively calculable without
any free parameter other than the factorization scale μ2 in
the MS scheme.
In summary, the combination of Eqs. (15), (18), (21), and

(22) provides a systematic way to convert all available
calculations of short-distance QCD contributions to
the factorized DIS structure functions F̂ðnÞ

i=aðx̂B; Q̂2Þ with
i ¼ 1; 2 and a ¼ q; q̄; g at any order in powers of αns to the

corresponding perturbative hard parts Ĥð2;nÞ
ea→eXðŝ; t̂; ûÞ in

this joint QED and QCD factorization approach.

IV. NEXT-TO-LEADING ORDER HARD PARTS
FROM QED

In this section, we present the NLO QED contributions to
the leading subprocess, eðkÞ þ qðpÞ → eðk0Þ þ X, of
E0dσDISeh→eX=d

3l0 in Eq. (6). The NLO QED contributions
to other subprocesses and their numerical impact are expected
to be less significant and will be presented in a future
publication.
Unlike the QCD contributions, the approximation of

one-photon exchange between the colliding lepton and

hadron is not valid when we calculate QED contributions
beyond the LO, since the photon can radiate from both the
lepton and the quark which carries electromagnetic charge.
Therefore, the concept of hadronic tensor and correspond-
ing structure functions that we used to calculate the QCD
contributions in the last section cannot be used for the
calculations of NLO QED contributions.
Like the QCD contributions, QED contributions to the

partonic hard parts Ĥðm;0Þ
ia→jX in Eq. (6) are not sensitive to the

details of colliding and scattered lepton and colliding

hadron. That is, the partonic hard parts Ĥðm;0Þ
ia→jX with m ≥ 2

can be calculated perturbatively by applying the factori-
zation formula in Eq. (6) onto asymptotic lepton and/or
parton states: i; j ¼ e; ē; γ, other leptons or partons, and
a ¼ q; q̄; g, or leptons, and expanding both sides of the
formula order by order in powers of coupling constants
similar to the derivation of Eq. (18).
To compute the NLO QED contributions to the hard part

Ĥð3;0Þ
eq→eX in Eq. (6), we replace the colliding hadron h in

Eq. (6) by an asymptotic quark state of momentum p ¼ xP,
expand both sides of the equation to order α3em, and obtain
symbolically,
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σð3;0Þeq→eX ¼ Dð0;0Þ
e=e ⊗ζ f

ð0;0Þ
e=e ⊗ξ Ĥ

ð3;0Þ
eq→eX ⊗x f

ð0;0Þ
q=q

þDð1;0Þ
e=e ⊗ζ f

ð0;0Þ
e=e ⊗ξ Ĥ

ð2;0Þ
eq→eX ⊗x f

ð0;0Þ
q=q

þDð0;0Þ
e=e ⊗ζ f

ð1;0Þ
e=e ⊗ξ Ĥ

ð2;0Þ
eq→eX ⊗x f

ð0;0Þ
q=q

þDð0;0Þ
e=e ⊗ζ f

ð0;0Þ
e=e ⊗ξ Ĥ

ð2;0Þ
eq→eX ⊗x f

ð1;0Þ
q=q

þDð0;0Þ
e=e ⊗ζ f

ð0;0Þ
e=e ⊗ξ Ĥ

ð2;0Þ
eγ→eX ⊗x f

ð1;0Þ
γ=q ; ð35Þ

where σð3;0Þeq→eX ≡ ð2ŝÞEk0dσ
ð3;0Þ
eðkÞqðpÞ→eðk0ÞX=d

3k0 represents

the partonic cross section atOðα3emÞ regularized in d dimen-
sions. With the zeroth order distribution and fragmentation

functions,Dð0;0Þ
e=e ðζÞ ¼ δð1 − ζÞ,fð0;0Þe=e ðξÞ ¼ δð1 − ξÞ, and

fð0;0Þq=q ðxÞ ¼ δð1 − xÞ, we obtain the following expression for
calculating the NLO QED contributions to the short-
distance hard parts of the leading subprocess:

Ĥð3;0Þ
eq→eX ¼ σð3;0Þeq→eX −Dð1;0Þ

e=e ⊗ζ Ĥ
ð2;0Þ
eq→eX

− fð1;0Þe=e ⊗ξ Ĥ
ð2;0Þ
eq→eX − fð1;0Þq=q ⊗x Ĥ

ð2;0Þ
eq→eX

− fð1;0Þγ=q ⊗x Ĥ
ð2;0Þ
eγ→eX; ð36Þ

where the lowest order hard part Ĥð2;0Þ
eq→eX is given in Eq. (13)

or (25), and Ĥð2;0Þ
eγ→eX is the LOcontribution of the subprocess,

eðkÞ þ γðpÞ → eðk0Þ þ X. Evaluating the LO diagrams in
Fig. 8, we have

Ĥð2;0Þ
eγ→eX ¼ ð4α2emÞ

�
ŝ2 þ û2

ŝð−ûÞ
�
δðŝþ t̂þ ûÞ

¼ ð4α2emÞ
ðζξSÞ2 þ U2

ðξSÞð−UÞðζξSþUÞ δðx − x̃BÞ: ð37Þ

Since the perturbative pinch singularity identified in Eq. (5)
takes place when the exchange photon of momentum q is
collinear to the colliding hadron (and/or colliding lepton), it
is the last term in the joint QED and QCD factorization

approach, fð1;0Þγ=q ⊗x Ĥ
ð2;0Þ
eγ→eX in Eq. (36), which naturally

removes the perturbative pinch singularity of σð3;0Þeq→eX near
q2 ¼ 0, coming from phase space integration of the
exchanged photon of momentum q in Fig. 3.

In Eq. (36), the fð1;0Þq=q is the leading-order (LO) distri-
bution of quarks in QED, and its calculation is the same as

the calculation of fð0;1Þq=q in QCD with the gluon in Fig. 7
replaced by a photon. Similar to Eq. (31), we have in the
MS scheme,

fð1;0Þq=q ðxÞ ¼
�
αem
2π

�
Pð1;0Þ
q=q ðxÞ

×

��
−
1

ϵ

�
ð1þ ϵ ln ð4πe−γEÞÞ

�
; ð38Þ

where the splitting function Pð1;0Þ
q=q ðxÞ ¼ e2qP

ð0;1Þ
q=q ðxÞ=CF.

Similarly, fð1;0Þe=e ðξÞ in Eq. (36) is the LO electron
distribution function of a physical electron. Beyond the
LO, electron distribution function of a physical electron,
fe=eðξ; μ2Þ has the same operator definition as that in
Eq. (19) with the quark field replaced by the electron field
and the hadron state jhðPÞi replaced by an electron state
jeðlÞi. From the electromagnetic gauge invariance of the
electron distribution, the gauge link in Eq. (20) is simplified
to have only the photon field. The first order electron

distribution function of an electron, fð1;0Þe=e ðξÞ, can be
derived by using the same cut diagrams in Fig. 7 with
the gluon replaced by a photon and quark lines replaced by
electron lines, and we have

fð1;0Þe=e ðξÞ ¼ fð1;0Þq=q ðξÞ=e2q: ð39Þ
For calculations beyond the NLO [28], we will need quark
distribution function of an electron, fq=eðξ; μ2Þ, which
should have the same operator definition in Eq. (19) with
the hadron state jhðPÞi replaced by an electron state jeðlÞi.
To evaluate the NLO QED contribution in Eq. (36), we

also need a photon distribution function of an asymptotic
quark state, fð1;0Þγ=q ðxÞ. In general, the photon distribution
function of a colliding hadron h at a momentum fraction x,
fγ=hðx; μ2Þ, has a similar operator definition as the gluon
distribution function of the hadron [23] and can be
represented by the cut diagram in Fig. 9 in momentum
space with the corresponding cut vertex for an off-shell
photon of momentum p, where

Pαβ
n ðpÞ ¼ −gαβ þ pαnβ þ nαpβ

p · n
−

p2

ðp · nÞ2 n
αnβ ð40Þ

with the light-cone vector nμ ¼ ðnþ; n−; n⊥Þ ¼ ð0; 1; 0⊥Þ
and p · n ¼ pþ. Replacing the hadron by an asymptotic
quark state, we derive the first order photon distribution
function of a quark in the MS scheme,

fð1;0Þγ=q ðxÞ ¼
�
αem
2π

�
Pð1;0Þ
γ=q ðxÞ

��
−
1

ϵ

�
ð1þ ϵ ln ð4πe−γEÞÞ

�
;

ð41Þ
with

Pð1;0Þ
γ=q ðxÞ ¼ e2q

�
1þ ð1 − xÞ2

x

�
: ð42Þ

To calculate the factorized lepton-hadron DIS cross section
in Eq. (6), we also need the photon distribution function ofFIG. 8. Diagrams contribute to the LO hard part: Ĥð2;0Þ

eγ→eX.
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a physical electron, fγ=eðξ; μ2Þ, which has the same
operator definition and cut-diagram representation as that
of fγ=hðξ; μ2Þ with the hadron state jhðPÞi replaced by an
electron state jeðlÞi. Consequently, the first order photon
distribution function of an electron is related to the first
order photon distribution function of a quark as

fð1;0Þγ=e ðξÞ ¼ fð1;0Þγ=q ðξÞ=e2q: ð43Þ

The Dð1;0Þ
e=e in Eq. (36) is the LO electron fragmentation

function of an electron. In general, the LFF for a fermion
(lepton or quark) of flavor j to fragment into the observed
electrone ofmomentuml0,De=jðζ; μ2Þ is similarly defined as
the quark fragmentation function to an observed hadron [23],

De=jðζ; μ2Þ ¼
X
X

Z
dðl0þz−Þ

2π
e−il

0þz−=ζ

× Tr

�
γþ

4l0þ=ζ
h0jψ̄ jð0ÞΦðFþUÞ

½0;∞� jeðl0Þ; Xi

× heðl0Þ; Xjψ jðz−ÞΦðFþUÞ
½z−;∞� j0i

�
; ð44Þ

where the gauge link is defined in Eq. (20) for a quark to
fragment to an electron, while for a lepton to fragment into an
electron the gauge link Φ → ΦðUÞ with the U(1) gauge of
QED. The LFF in Eq. (44) can also be represented by the cut
diagram in Fig. 10 in momentum space with the correspond-
ing cut vertex. FromOðαemÞ contribution to the cut diagram
in Fig. 10, we derive the first order LFF Dð1;0Þ

e=e ðζÞ in the MS
scheme,

Dð1;0Þ
e=e ðζÞ ¼

�
αem
2π

�
Pð1;0Þ
e=e ðζÞ

��
−
1

ϵ

�
ð1þ ϵ ln ð4πe−γEÞÞ

�
;

ð45Þ

where Pð1;0Þ
e=e ðζÞ ¼ Pð1;0Þ

q=q ðζÞ=e2q.

To evaluate the NLO QED contribution in Eq. (36), the
last unknown is σð3;0Þeq→eX, which is the NLO QED contri-
butions to the leading subprocess, eðkÞ þ qðpÞ → eðk0Þ þ
qðp0Þ of the inclusive lepton-hadron DIS. Unlike the NLO
QCD contributions to inclusive DIS, for which gluons can
only be radiated from quarks, the NLO QED contributions
can have photons radiated from both electron and quark, as
shown in Fig. 11, as well as have two-photon exchange
between the electron and quark, as shown in Fig. 12. That
is, the useful concept of hadronic tensor and structure
functions for calculating QCD contributions to inclusive
DIS as discussed in the last section, which was emerged
naturally from the one-photon exchange, cannot be applied
for the calculations of factorized QED contributions to the
inclusive DIS.
Like the high order short-distance QCD contributions in

hadronic collisions [29], instead of the usual Mandelstam
variables ðŝ; t̂; ûÞ, the σð3;0Þeq→eX is better calculated and
represented with the partonic variables ðŝ; ŵ; v̂Þ with the
two dimensionless variables defined as

ŵ≡ −
û

ŝþ t̂
¼ xWV

ξðxζ − 1þ VÞ ;

v̂≡ ŝþ t̂
ŝ

¼ xζ − 1þ V
xζ

; ð46Þ

where corresponding dimensionless kinematic variables for
observed lepton and hadron are given by

W ≡ −
U

Sþ T
¼ 1 − y

1 − xBy
;

V ≡ Sþ T
S

¼ 1 − xBy: ð47Þ

The inclusive DIS cross section in Eq. (6) has an azimuthal
symmetry with respect to the collision axis, and

FIG. 9. The cut diagram for photon distribution of momentum
fraction x along with corresponding cut vertex.

FIG. 10. The cut diagram for lepton fragmentation function of
momentum fraction ζ along with corresponding cut vertex.

FIG. 12. NLO Feynman diagrams for virtual QED contribu-
tions to σð3;0Þeq→eX in Eq. (36).

FIG. 11. NLO Feynman diagrams for real QED contributions to

σð3;0Þeq→eX in Eq. (36).
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consequently, we should be able to represent the cross
section by two independent variables, e.g., (xB;Q2), (xB; y),
(yl;l02

T), or (W, V) defined above. In terms of the
dimensionless variables (W, V), we have

E0 dσ
DIS
eh→e0X

d3l0 ¼ 1

πVS

dσDISeh→e0X
dVdW

: ð48Þ

Similar to Eq. (6), the factorization formalism can be
expressed in terms of convolution of the parton-level
dimensionless variables (ŵ; v̂),

ð1 − VÞWS
dσDISeh→e0X

dVdW

¼
X
i;j;a

Z
1

ζmin

dζDe=jðζÞ
Z

v̂max

v̂min

dv̂fa=h

�
1

ζ

1 − V
1 − v̂

�

×
Z

1

ŵmin

dŵfi=e

�
VW
ζv̂ ŵ

�
ŝ
dσ̂ia→jX

dv̂dŵ
; ð49Þ

where the integration limits are given by corresponding
dimensionless variables,

ζmin ¼ 1 − V þWV;

v̂min ¼
WV
ζ

;

v̂max ¼ 1 −
1 − V
ζ

;

ŵmin ¼
WV
ζv̂

¼ v̂min

v̂
: ð50Þ

The short-distance partonic cross section in Eq. (49) can be
expressed in terms of the perturbatively calculable hard part
in Eq. (8),

ŝ
dσ̂iðkÞaðpÞ→jðk0ÞX

dv̂dŵ
¼ πv̂ ŝ

2
ĤiðkÞaðpÞ→jðk0ÞXðŝ; t̂; ûÞ: ð51Þ

In terms of these two dimensionless partonic variables
ðŵ; v̂Þ, the LO contribution to the partonic scattering
process, eðkÞ þ qðpÞ → eðk0Þ þ X is given by

ŝ
dσ̂ð2;0Þeq→eq

dv̂dŵ
¼ e2qð4α2emÞ

π

2

�
1þ v̂2

ð1 − v̂Þ2
�
δð1 − ŵÞ; ð52Þ

and corresponding LO hard part,

Ĥð2;0Þ
eq→eqðŝ; t̂; ûÞ ¼

�
2

πv̂ ŝ

�
ŝ
dσ̂ð2;0Þeq→eq

dv̂dŵ

¼ e2qð4α2emÞ
�
1þ v̂2

ð1 − v̂Þ2
�
1

v̂ ŝ
δð1 − ŵÞ: ð53Þ

Using δð1 − ŵÞ ¼ ð−ûÞδðŝþ t̂þ ûÞ and v̂ ¼ 1þ t̂=ŝ, it is

easy to verify that Ĥð2;0Þ
eq→eqðŝ; t̂; ûÞ in Eq. (53) is the same as

that in Eq. (13).
For deriving the NLO short-distance hard part Ĥð3;0Þ

eq→eX in
Eq. (36), we evaluate contributions to

σð3;0Þeq→eX ¼
�

2

πv̂ ŝ

�
ŝ
dσð3;0ÞeðkÞqðpÞ→eðk0ÞX

dv̂dŵ
ð54Þ

by calculating perturbatively the real and virtual Feynman
diagrams in Figs. 11 and 12, respectively. Like the NLO
partonic contributions to the structure functions in QCD,

the σð3;0Þeq→eX has perturbative divergences. We regularize all
perturbative divergences by calculating these diagrams in d
dimensions. After combining the real and virtual contri-
butions together, all perturbative infrared (IR) divergences
are canceled between the real and virtual diagrams, whose
ultraviolet (UV) divergences are removed by the renorm-
alization of QCD perturbation theory in the standard MS

UV-renormalization schedule. The σð3;0Þeq→eX is left with
perturbative collinear (CO) divergences from the phase
space integration when the radiated photon is along the
direction of observed partonic momenta, k, k0, and p, plus
the situation when the exchanged photon is effectively on
shell and collinear to the colliding quark. As ensured by the
joint factorization, all residual perturbative CO divergences

of σð3;0Þeq→eX are canceled by the subtraction terms in Eq. (36).
After adding together all terms on the right-hand side of
Eq. (36) and taking the dimension d ¼ 4 − 2ϵ → 4 (or
ϵ → 0), we obtain the NLO short-distance contributions,

Ĥð3;0Þ
eq→eqðŝ; t̂; ûÞ ¼ e2qð4α2emÞ

αem
π

1

ð1 − v̂Þ2ŝ
�
e2l

2ð1þ v̂2Þ
9v̂

�
3 ln

�ð1 − v̂Þŝ
μ2

�
− 5

�
δð1 − ŵÞ

þ eq

�
a1δð1 − ŵÞ þ a2

1

½1 − ŵ�þ
þ a4

�
þ e2q

�
b1δð1 − ŵÞ þ b2

1

½1 − ŵ�þ
þ b3

�
lnð1 − ŵÞ
1 − ŵ

�
þ
þ b4

�

þ c1δð1 − ŵÞ þ c2
1

½1 − ŵ�þ
þ c3

�
lnð1 − ŵÞ
1 − ŵ

�
þ
þ c4

	
; ð55Þ
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where the perturbatively calculated coefficients ai, bi, and
ci with i ¼ 1; 2; 3; 4 are functions of dimensionless vari-
ables (ŵ; v̂), given in the Appendix. In Eq. (55), we
organize the infra-safe hard contributions in terms of the
power of quark fractional charge eq, which is directly
connected to the photon radiation from a quark. The
dependence on eq provides extremely valuable information
on how the collision-induced QED radiation contributes to
the scattering cross sections, and how perturbative diver-
gences are canceled between the real and virtual diagrams
and the interplay between the radiation from electrons and
those from quarks.
In Eq. (55), the term proportional to e2l is from the one-

loop virtual diagram in (v3) of Fig. 12 interfered with the
corresponding LO tree diagram of eq → eq. The μ
dependence is from the UV renormalization of the one-
loop photon vacuum polarization diagram in the MS
renormalization scheme. The e2l is given by

e2l ¼
X
f

nfce2f; ð56Þ

where the sum of f runs over all fermion flavors which
appeared in the photon vacuum polarization diagram in
(v3) of Fig. 12. For a given flavor f, the unit of electric
charge ef ¼ 1 for leptons and ef ¼ eq for quarks of
fractional charge eq. Since there are three color states
for a given quark flavor, the number of states for a given
flavor in Eq. (56), nfc ¼ 1 and 3 for leptons and quarks,
respectively. For our numerical calculation in the next
section, we include two generations of fermions and neglect
the charm quark mass in this vacuum polarization loop.
In Eq. (55), the term proportional to e3q gets the virtual

contributions from the so-called two-photon exchange
diagrams in (v4) and (v5) of Fig. 12 interfered with the
corresponding LO tree diagram, and the real contributions
from the interference between two real diagrams with the
photon radiated from the electron in (r1) and (r2) of Fig. 11
and those with the photon radiated from the quark in (r3)
and (r4) of Fig. 11. Since the observed momentum of the
scattered electron only fixes total momentum of the two
exchanged photons in (v4) and (v5) of Fig. 12, the virtual
contribution from the two-photon exchange diagrams is IR
sensitive when one of the two exchanged photon momenta
becomes soft. However, it is the joint factorization formal-
ism that ensures that such IR sensitivities are fully canceled
by the real contributions from the interference between the
real diagrams in (r1) and (r2) of Fig. 11 and those in (r3)
and (r4) of Fig. 11, leaving the coefficient of e3q completely
IR safe. Since the one-loop two-photon exchange diagrams
are UV finite, and the interference between the real
diagrams with photon radiated from electron and quark
does not generate CO divergence, the perturbatively calcu-
lated coefficients, ai with i ¼ 1; 2; 3; 4 in the Appendix

have no renormalization and factorization scale μ
dependence.
The contributions proportional to e4q are from Feynman

diagrams with photons radiated from quark lines including
real diagrams (r3) and (r4) of Fig. 11, and virtual diagram
(v2) of Fig. 12, which are effectively the same diagrams as
those for the NLO QCD contributions with the gluon
replaced by the photon. That is, other than the color factor,

this contribution is effectively the same as Ĥð2;1Þ
eq→eqðŝ; t̂; ûÞ

in Eq. (34), which can be verified by recognizing that the
one-photon exchange from the electron makes the dimen-
sionless variables v̂ and ŵ not completely independent in
the perturbatively calculated coefficients, bi with i ¼
1; 2; 3; 4 in the Appendix.
The e2q term in Eq. (55) corresponds to contributions

from Feynman diagrams with the photon radiation only
from the electron, like those of (r1) and (r2) in Fig. 11, plus
virtual diagrams (v1) and (v3) in Fig. 12. This contribution
should be closely related to the traditionally calculated RC
factor, except it is completely IR safe without the need to
introduce any unknown parameter(s). This IR safety is
ensured by the joint QED and QCD factorization. As
explained earlier, when the radiated photon is about back to
back to the scattered electron, the contributions to the e2q
term have perturbative CO divergence from the phase space
where exchange photon is about on shell and collinear to
the colliding quark. Such perturbative CO divergence is
avoided in the traditional RC approach by introducing a
free parameter to limit the phase space of the radiated
photon(s), so that the collision-induced photon(s) is suffi-
ciently collinear to the observed electron while keeping the
exchanged photon (the hard probe) to be sufficiently
virtual. The choice of this unknown parameter is clearly
sensitive to the detector capability to identify the collision-
induced photon(s) at large angles, the specific final state
observed (and its kinematics) and the energy of collisions,
as well as the order of perturbative calculations (or number
of collision-induced photons). On the other hand, such
perturbative CO divergences are naturally removed order
by order in our joint QED and QCD factorization formal-
ism. The coefficient of the e2q term (all ci with i ¼ 1; 2; 3; 4)
in Eq. (55) is completely IR safe without any free and
unknown parameter, other than the standard factorization
scale μ.
The NLO factorized QED contribution to the leading

subprocess eðkÞ þ qðpÞ → eðk0Þ þ X of inclusive DIS in
Eq. (55) provides an ideal example on how perturbative
divergences can be systematically removed in the joint
QED and QCD factorization approach. The NLO factorized
short-distance contributions to other subprocesses in
Eq. (6) are expected to be smaller and can be evaluated
systematically in the sameway as what is presented here for

evaluating Ĥð3;0Þ
eq→eqðŝ; t̂; ûÞ, and will be presented in the

future publications.
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V. NUMERICAL RESULTS AND IMPACTS

In this section, we study the numerical impact of the
collision-induced QED and QCD radiation in the joint
QED and QCD factorization approach. We used CTEQ
CT18 unpolarized PDFs [30] for the following numerical
calculations and did not see much difference from using
another set of PDFs.
Since the physical cross section should not depend on

how we factorize it perturbatively, the renormalization
group improvement on the joint QED and QCD factori-
zation formalism in Eq. (6) naturally leads to DGLAP-type
evolution equations for PDFs, LDFs, and LFFs. Similar to
the DGLAP evolution equation for PDFs in QCD [19–22],

μ2
d
dμ2

fi=hðx; μ2Þ ¼
X
j

Pi=j

�
x
x0
; αsðμÞ

�
⊗x0 fj=hðx0; μ2Þ

ð57Þ

with i; j ¼ q; q̄; g, DGLAP-type evolution equations for
PDFs in the joint QED and QCD factorization approach
have the same form as that in Eq. (57), but the parton
indices i, j need to be extended to include leptons, l; l̄; γ,
with l ¼ e, μ, τ to include the evolution in both QCD and
QED, as well as the mixing evolution from QCD to QED or
vise versa [16,31–36]. The evolution kernels Pi=j can be
calculated perturbatively in both QED and QCD if the
renormalization and factorization scale μ is sufficiently
large,

Pi=jðz; μ2Þ ¼
X
m;n

�
αemðμ2Þ

2π

�
m
�
αsðμ2Þ
2π

�
n

Pðm;nÞ
i=j ðzÞ; ð58Þ

wherem, n ≥ 0withmþ n ≥ 1. Some of the LO kernels in
Eq. (58) relevant to this work are given in the last two
sections. Similar to the evolution equations of PDFs in
Eq. (57), we have DGLAP-type evolution equations for
LDFs of an electron and LFFs to an electron, fi=eðξ; μ2Þ
and De=jðζ; μ2Þ, respectively, in this joint QED and QCD
factorization approach.
Numerically, we found that the modification of PDFs

from QED evolution is relatively smaller for the most
regions of kinematic variables, which is consistent with
what was observed earlier [33,35,36], unless PDFs are
modified significantly at the input scale nonperturbatively.
On the other hand, the impact of QCD evolution is more
significant to the scale dependence of LDFs and LFFs [31],
and in particular, LDFs and LFFs can no longer be evolved
from the mass of electron to the hard scale like what was
done for pure QED evolution [37,38]. Like PDFs, LDFs
and LFFs are nonperturbative in this joint QED and QCD
factorization since the QCD part of the evolution kernels
Pi=j are only valid at a hard and perturbative scale. While
LDFs and LFFs are nonperturbative and their functional

form at the input scale μ0 ¼ mc (the mass of Charm quark)
should be extracted from experimental data, for the purpose
of numerical calculations in this paper, we adopted, as a
model or an approximation, that the input distributions for
LDFs and LFFs at μ0 ¼ mc are chosen to be the same as
those perturbatively evolved from the mass of electron with
purely QED evolution equations, which should be a
reasonable approximation since QCD corrections to evo-
lution kernels of leading LDF fe=e and LFF De=e are
suppressed by an extra factor of αem relative to the LO QED
evolution kernels [31]. We then use these QED evolved
input distributions at μ0 to evolve the LDFs and LFFs to any
factorization scale μ ≥ μ0 with the LO joint QED and QCD
evolution kernels. More detailed discussions will be pre-
sented in a future publication [31].
To quantify the numerical impact of collision-induced

radiations, as a reference, we define the DIS cross section
without the collision-induced QED and QCD radiative
contributions (LO in both QED and QCD hard coeffi-
cients), dσLO−NReðlÞhðPÞ→eðl0ÞX, by setting De=jðζÞ ¼ δejδð1 − ζÞ
and fi=eðξÞ ¼ δieδð1 − ξÞ, and Ĥia→jX ¼ δaqĤ

ð2;0Þ
iq→jX in

Eq. (6),

E0 dσ
NRðLOÞ
eðlÞhðPÞ→eðl0ÞX

d3l0 ≈
1

2S

X
q

Z
1

xmin

dx
x
fq;=hðxÞĤð2;0Þ

eq→eXðŝ; t̂; ûÞ;

ð59Þ

where the superscript “NR(LO)” indicates no QED radi-
ative correction and the cross section is evaluated with the
LO perturbative hard part, and

P
q covers only accessible

quark flavors of QCD. While keeping both QED and QCD
hard coefficients at LO, we define the DIS cross section
with only leading process-independent collision-induced
QED radiative contributions by setting i ¼ e, j ¼ e, and

Ĥia→jX ¼ δaqĤ
ð2;0Þ
iq→jX in Eq. (6),

E0 dσ
RCðLOÞ
eðlÞhðPÞ→eðl0ÞX

d3l0 ≈
1

2S

Z
1

ζmin

dζ
ζ2

De=eðζÞ
Z

1

ξmin

dξ
ξ
fe=eðξÞ

×
P
q

R
1
xmin

dx
x fq=hðxÞĤð2;0Þ

eq→eXðŝ; t̂; ûÞ;

ð60Þ

where the superscript “RC(LO)” indicates QED radiative
correction and the cross section that is evaluated with the
LO perturbative hard part, and fe=eðξ; μÞ andDe=eðζ; μÞ are
perturbatively evolved and universal electron LDF and
LFF, respectively. While both LDFs and LFFs are universal
but nonperturbative distribution functions that need to be
extracted from experimental data, as a model, we could
estimate the LDFs and LFFs by evaluating them purely in
QED perturbatively. Instead of calculating these functions
in d dimensions as we did in the last section, we can use
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electron mass as a natural regulator (or a cutoff) for the
perturbative QED collinear singularity of LDFs and LFFs
and calculate them in QED at d ¼ 4 [16]:

fðNLO;0Þe=e ðξ; μ2Þ ¼ δð1 − ξÞ þ αem
2π

�
1þ ξ2

1 − ξ
ln

μ2

ð1 − ξÞ2m2
e

�
þ
;

ð61Þ

DðNLO;0Þ
e=e ðζ; μ2Þ ¼ δð1 − ζÞ þ αem

2π

�
1þ ζ2

1 − ζ
ln

ζ2μ2

ð1 − ζÞ2m2
e

�
þ
;

ð62Þ

where me is electron mass. The perturbatively calculated
LDF and LFF are only well defined under the integration
due to the “þ” description and the δ function, and satisfyR
1
0 dξfðNLO;0Þe=e ðξ; μ2Þ ¼ 1 and

R
1
0 dζDðNLO;0Þ

e=e ðζ; μ2Þ ¼ 1.
Nonperturbatively, we expect fe=eðξ; μ2Þ → 0 as ξ → 1

and De=eðζ; μ2Þ → 0 as ζ → 1, which is very different from
their perturbative behavior in Eqs. (61) and (62), since the
probability to find an electron carrying 100% of its parent
electron’s momentum is vanishingly small once the elec-
tron is allowed to radiate photons. Furthermore, unlike the
probability to find a parton to carry the most momentum of
the parent hadron, which is small or unlikely, it is much
more likely to find an electron to carry most of the parent
electron’s momentum. That is, nonperturbative LDFs and
LFFs at the input scale μ0 for the DGLAP-type evolution
equations should more likely be peaked at a much larger
momentum fraction, which is different from the typical
behavior of light-flavor PDFs. Since the evolution kernels
are perturbatively calculated in both QED and QCD in
this joint factorization approach, we choose the input scale
μ0 ¼ mc ¼ 1.3 GeV to ensure the reliability of perturba-
tively calculated kernels and parametrize the LDFs and
LFFs at the input scale as

fe=eðξ; μ20Þ ¼
ξað1 − ξÞb

Bð1þ a; 1þ bÞ ; ð63Þ

De=eðζ; μ20Þ ¼
ζαð1 − ζÞβ

Bð1þ α; 1þ βÞ ; ð64Þ

where B is the Beta function, in order to focus on their
asymptotic behavior when the momentum fractions go to 0
and 1. With the Beta function, these parametrized LDFs
and LFFs are normalized to have the same integrated
probability as those in Eqs. (61) and (62). Like input
distributions for PDFs, we could add a polynomial of
momentum fraction to this simple form of input LDFs and
LFFs to add more flexibility to describe their dependence
on the momentum fraction. However, extracting the precise
LDFs and LFFs from published data is not the purpose of
this paper since all published data have been corrected by

traditional RC codes. It is the future data, without being
corrected by traditional RC, that will help determine these
universal distributions. To test the sensitivity of collision-
induced QED radiation to DIS cross sections due to the
uncertainty of LDFs and LFFs, for the simplicity of the
current discussion, we choose fe=eðξ; μ20Þ ¼ De=eðζ; μ20Þ
with two sets of parameters: ða; bÞ ¼ ðα; βÞ ¼ ð50; 1=8Þ
or (5, 1=2), as shown in Fig. 13 to cover the main behavior
of the perturbatively calculated distributions with enough
range of flexibility to show the sensitivity of the cross
section on the input distributions, which is clearly
demonstrated in Fig. 15(b) where the shaded areas cover
both sides of the solid lines generated by the perturbative
input distributions. For the other channels, we set
fē;γ=eðξ; μ20Þ ¼ 0 and De=ē;γðζ; μ20Þ ¼ 0.
To test the impact of evolution, we plot the xB depend-

ence of the ratio of DIS cross section dσLO−RCeh→eX in Eq. (60),
calculated with evolved over nonevolved LDFs and
LFFs in Fig. 14 at

ffiffiffi
S

p ¼ 4.7 GeV (JLab energy) with
0.2 ≤ y ≤ 0.8 (a) and

ffiffiffi
S

p ¼ 140 GeV (EIC energy) with
0.01 ≤ y ≤ 0.95 (b), respectively. The evolution was done
with the leading-order evolution kernels and μ2 ¼ Q2 was
chosen for PDFs, LDFs, and LFFs [31]. As expected, the
effect of evolution is more significant for the steeper input
distribution functions (dashed lines) even with a small
amount of evolution. In addition, the numerical impact of
evolution is enhanced at a small value of xB, for which there
is more phase space available for radiation, and in the larger
xB region, where the distributions and the cross sections are
both steeply falling.
To demonstrate the impact of process-independent col-

lision-induced QED radiative contributions to the DIS cross
sections, in Fig. 15, we plot the xB dependence of the ratio

of DIS cross sections, σRCðLOÞeh→eX in Eq. (60) over σNRðLOÞeh→eX

in Eq. (59), at
ffiffiffi
S

p ¼ 4.7 GeV (JLab energy) with
0.2 ≤ y ≤ 0.8 (a) and

ffiffiffi
S

p ¼ 140 GeV (EIC energy) with

FIG. 13. Two very different choices of input LDF and LFF at
μ0 ¼ mc.
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0.01 ≤ y ≤ 0.95 (b), respectively. The shaded area
covers the range of potential collision-induced QED
contributions to the inclusive lepton-hadron DIS
cross sections calculated with LDFs and LFFs evolved
from two very different input LDFs and LFFs at
μ0 ¼ mc with ða; bÞ ¼ ðα; βÞ ¼ ð50; 1=8Þ or (5, 1=2), as

shown in Fig. 13. The solid lines correspond to σRCðLOÞeh→eX
calculated with the NLO LDF and LFF in Eqs. (61)
and (62), respectively, which are effectively evolved in
QED from a bare electron at μ0 ¼ me. The range of the
shadowed area and uncertainty in Fig. 15 clearly shows that
inclusive lepton-hadron DIS cross sections are very
sensitive to collision-induced QED radiation and the
details of the nonperturbative LDFs and LFFs. Like
PDFs, it is the universality of LDFs and LFFs, once
extracted from data of more physical observables [31],
which will allow us to make true predictions for physical
observables in high energy collisions involving electron
beam(s).
To demonstrate the size of process-dependent collision-

induced QED radiative contributions to the inclusive
lepton-hadron DIS cross sections, we introduce

E0 dσ
RCðLOþNLOÞ
eðlÞhðPÞ→eðl0ÞX

d3l0

≈
1

2S

Z
1

ζmin

dζ
ζ2

De=eðζÞ
Z

1

ξmin

dξ
ξ
fe=eðξÞ

×
X
q

Z
1

xmin

dx
x
fq=hðxÞĤLOþNLO

eq→eX ðŝ; t̂; ûÞ; ð65Þ

where the superscript “RCðLOþ NLOÞ” indicates that
QED radiative correction to the factorized short-distance
hard part of DIS cross section is evaluated with both
LO and NLO QED contributions: ĤLOþNLO

eq→eX ðŝ; t̂; ûÞ ¼
Ĥð2;0Þ

eq→eXðŝ; t̂; ûÞ þ Ĥð3;0Þ
eq→eXðŝ; t̂; ûÞ, keeping the QCD cor-

rections to the hard part at the LO. In Fig. 16, we plot the xB
dependence of the ratio of DIS cross sections, σeh → eX in

Eq. (65) over σRCðLOÞeh→eX in Eq. (60), at
ffiffiffi
S

p ¼ 4.7 GeV (JLab
energy) with 0.2 ≤ y ≤ 0.8 (a) and

ffiffiffi
S

p ¼ 140 GeV (EIC
energy) with 0.01 ≤ y ≤ 0.95 (b), respectively. For calcu-
lating both the numerator and the denominator, we used the
same LDFs and LFFs evolved with LO evolution kernels.
Although αem is a small number, the contributions of NLO
collision-induced QED radiation to the short-distance
perturbative hard part of this joint QED and QCD factori-

zation, Ĥð3;0Þ
eq→eXðŝ; t̂; ûÞ, can be significant in influencing the

(a)

(b)

FIG. 14. xB dependence of the ratio of σRCðLOÞeh→eX , defined in
Eq. (60), calculated with evolved LDFs and LFFs over that
calculated with corresponding input LDFs and LFFs without
evolution.

(a)

(b)

FIG. 15. xB dependence of the ratio of σRCðLOÞeh→eX over σNRðLOÞeh→eX .
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DIS cross sections when there is more phase space for
radiation in the small xB region or when the cross section is
steeply falling at large xB.
Unlike in Fig. 15, we cannot have the solid lines in

Fig. 16, which are supposed to be derived by using
perturbatively calculated LDF and LFF in Eqs. (61) and
(62), respectively, to evaluate the DIS cross sections. This is
due to an intrinsic problem for evaluating a factorized
expression with multiple perturbatively derived functions
that have terms with the “þ” description.
Like all perturbatively calculated IR-safe distributions

beyond the LO in QCD or QED, the perturbatively
calculated NLO hard part in Eq. (36), LDF in Eqs. (61),
and LFF in Eq. (62) have terms proportional to δ function,
terms with the “þ” description, and possibly terms as
analytical functions of various variables. For evaluating the
factorized expression in Eq. (49), taking the term propor-
tional to ½1=ð1 − ŵÞ�þ as an example, we need to evaluate
the following integration:

I ≡
Z

1

ζmin

dζDe=eðζÞ
Z

v̂max

v̂min

dv̂fq=h

�
1

ζ

1 − V
1 − v̂

�

×
Z

1

ŵmin

dŵfe=e

�
VW
ζv̂ ŵ

�
Cðv̂; ŵÞ 1

½1 − ŵ�þ
; ð66Þ

where Cðv̂; ŵÞ is an analytical function of v̂ and ŵ, made of
the coefficients ai, bi, and ci in Eq. (36). The integration
limits in Eq. (66) are given in Eq. (50). With the “þ”
description defined in Eq. (28), we can rewrite Eq. (66) as

I ¼
Z

1

ζmin

dζDe=eðζÞ
Z

v̂max

v̂min

dv̂fq=h

�
1

ζ

1 − V
1 − v̂

�

×

�Z
1

ŵmin

dŵ

�
fe=e

�
ŵmin

ŵ

�
Cðv̂; ŵÞ
1 − ŵ

− fe=eðŵminÞ
Cðv̂; ŵ ¼ 1Þ

1 − ŵ

�

þ lnð1 − ŵminÞfe=eðŵminÞCðv̂; ŵ ¼ 1Þ
	

ð67Þ

with ŵmin ¼ v̂min=v̂ and v̂min ¼ VW=ζ. If we want to use
the perturbatively calculated fe=eðξÞ in Eq. (61) to evaluate
Eq. (67), or more specifically, if fe=eðŵminÞ ¼ δð1 − ŵminÞ,
the first term in Eq. (61), we would have

I ⇒
Z

1

ζmin

dζDe=eðζÞ
Z

v̂max

v̂min

dv̂fq=h

�
1

ζ

1 − V
1 − v̂

�

× ln

�
1 −

v̂min

v̂

�
δ

�
1 −

v̂min

v̂

�
Cðv̂; ŵ ¼ 1Þ

→ ∞! ð68Þ

That is, once we allow collision-induced radiation, which
contributes to the hard parts perturbatively order by order,
the LDFs and LFFs should vanish as the corresponding
momentum fraction goes to 1. The use of perturbative
evaluated distribution functions, like those in Eqs. (61)
and (62), together with perturbatively calculated hard parts
beyond LO would lead to nonphysical perturbative
divergence.
Corrections to the joint QED and QCD factorization

formalism for inclusive and unpolarized lepton-hadron DIS
in Eq. (6) is suppressed by the inverse power of the
transverse momentum of the observed lepton, 1=l02

T . On
the other hand, traditionally the Lorentz invariant Q2 is the
choice of hard scale for inclusive DIS. From Eq. (12),
we have

l02
T ¼ ð1 − yÞQ2: ð69Þ

When the observed value y ¼ P · ðl − l0Þ=P · l ¼
Q2=ðxBSÞ is small, the choice of l02

T or Q2 is effectively
the same. However, when the numerical value of y is large,
the value of l02

T could become much smaller than the value
of Q2. For example, for the lepton-hadron collider, such as
the EIC, it is expected [4] to have 0.01 ≤ y ≤ 0.95. At
y ¼ 0.95, l02

T ¼ Q2=20. If Q2 ¼ 1 GeV2 is considered a
hard scale, as often referred to in the literature, the

(a)

(b)

FIG. 16. xB dependence of the ratio of σeh → eX over σRCðLOÞeh→eX .
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corresponding observed lepton transverse momentum, l0
T ,

can be as small as 220 MeV. This is not a hard scale.
The value of y plays a critical role in the relationship

between the measured Q2 and the true hard scale l02
T , as

indicated Eq. (69). We included vertical dotted lines in
Figs. 14–16 to indicate the value of xB corresponding to
y ¼ 1 where l02

T is effectively zero.

VI. SUMMARY AND OUTLOOK

The largemomentum transfer between the colliding lepton
and hadron in lepton-hadron scattering necessarily generates
collision-induced QED radiation which could hinder our
ability and precision to explore the internal structure of
nucleons and nuclei, especially the confined three-dimen-
sional partonic structure of hadrons. Instead of trying to
improve the calculation of radiative correction factors to
observables with different final states and kinematics, we
adapt a new joint QED and QCD factorization approach to
evaluate the collision-inducedQEDradiation in the sameway
as we evaluate the collision-induced QCD radiation for all
observables. Effectively, we treat the effect of collision-
induced QED radiation, which depends on specific final
state and its kinematics, as a part of contributions to the
production cross sections rather than a “radiative correction”
to the Born cross section without the QED radiation effect.
In this paper, we presented the first calculation of NLO

factorized QED and QCD contributions to the leading
short-distance hard coefficients of inclusive lepton-hadron
DIS in the joint QED and QCD factorization approach.
Unlike the traditional radiative correction approach to
include QED radiation from leptons, we treat QED
radiation from all charged particles, including quarks,
equally and demonstrated that the NLO factorized short-
distance QED contribution to the leading subprocess
eþ q → eþ X is completely IR safe and calculable with-
out the need to introduce any parameters other than the
standard factorization scale in the same way as the
factorized QCD contribution. Contributions to other sub-
processes in this joint QED and QCD factorization
approach are expected to be relatively small and will be
presented in future publications.
With the perturbatively calculated short-distance hard

parts and the universal LDFs, LFFs, and PDFs, the
lepton-hadron scattering with a large momentum transfer
in this joint QED and QCD factorization approach does not
need any free parameter(s) other than the factorization
scale. Corrections to the factorization formalism in
Eq. (6) are suppressed by the inverse powers of the large
momentum transfer. Instead of the traditional choice of
Q2 ¼ −ðl − l0Þ2, we emphasize that it is critically impor-
tant to have the transverse momentum of the observed
lepton l0

T sufficiently large; in particular, when y is large, a
larger Q2 is needed to make l0

T large enough, ensuring that
the power corrections are sufficiently small.

We emphasized that, like the PDFs, the universal LDFs
and LFFs are nonperturbative in this joint QED and QCD
factorization approach. The renormalization group improve-
ment of the joint QED and QCD factorization formalism in
Eq. (6) naturally led to the DGLAP-type evolution equations
for PDFs as well as LDFs and LFFs [31]. Both QCD and
QED contribute to the evolution of PDFs, LDFs, and LFFs.
We found that the impact of QED evolution on PDFs is
relatively small while the QCD evolution, due to its larger
coupling constant, is more significant for the evolution of
LDFs and LFFs, which should evolve from an input scale
μ0 ∼mc in this joint QED and QCD factorization approach,
instead of me as used in the pure QED evolution. More
detailed discussion on this joint evolution will be presented
in a future publication [31].
We also demonstrated that this joint QED and QCD

factorization is a natural approach to ensure that the short-
distance contribution from the collision-induced QED radi-
ation can be systematically evaluated without introducing
any free parameter(s). As demonstrated in our calculation of

Ĥð3;0Þ
eq→eX, it is the photon distribution of the colliding hadron

that helps to remove the perturbative pinch singularities of
QED radiative contributions beyond the LO.
Precision parity-violated DIS (PVDIS) provides opportu-

nities to expand the phase space in the search of new
interactions beyond the Standard Model, as well as to give
a better access to partonic structure such as the isospin
violation of quark distributions or strangeness content of
the hadron [39–42]. Early experiments have clearly shown
this capability of PVDIS [43–46]. The joint QED and QCD
factorization approach to study the PVDISwill be able to help
reduce the systematic theoretical uncertainty from collision-
induced QED radiation, allowing us to have a better under-
standing of PVDIS so that we will have a precise and better
way to probe the physics beyond the Standard Model.
Although we introduced more universal unknown func-

tions in this joint QED and QCD factorization approach to
lepton-hadron scattering, such as LDFs and LFFs for
describing inclusive lepton-hadron DIS, more factorizable
observables in lepton-hadron scattering could provide
additional information and constraints to help determine
these universal functions [31]. Like QCD factorization, this
joint QED and QCD factorization provides a robust
approach to improve the precision of our calculations
and our predictive power, allowing us to explore new
observables, as well as the consistency in handling the
collision kinematics. Predictions come when we compare
different factorizable observables depending on the same
LDFs, LFFs, and PDFs.
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APPENDIX: HARD COEFFICIENTS OF THE
NEXT-TO-LEADING ORDER QED

CONTRIBUTIONS

The NLO short-distance contributions to the leading
partonic subprocess, eðkÞ þ qðpÞ → eðk0Þ þ X, of inclu-

sive lepton-hadron DIS cross sections, Ĥð3;0Þ
eq→eX, is infrared

safe and perturbatively calculable, and presented in
Eq. (55) with corresponding coefficients ai, bi, and ci
with i ¼ 1; 2; 3; 4 given below:

a1 ¼
π2ð1 − v̂2Þ

2v̂
þ
�
1

v̂
− v̂

�
ln2ð1 − v̂Þ −

�
9v̂
2
þ 7

2v̂

�
ln2v̂þ

�
1

v̂
− v̂

�
lnð1 − v̂Þ

þ
�
5v̂þ 3

v̂

�
ln v̂ lnð1 − v̂Þ −

�
1

v̂
− 1

�
ln v̂; ðA1Þ

a2 ¼ −
ð1 − v̂Þ2

1 − v̂þ v̂ ŵ
−
2ð1 − v̂Þ2
1 − v̂ ŵ

þ 4ð1 − v̂Þ2
ð1 − v̂ ŵÞ2 −

2ð1 − v̂Þ2 lnð1 − v̂Þ
1 − v̂ ŵ

þ 2ð1 − v̂Þð2þ v̂þ 3v̂ ŵÞ ln v̂
1 − v̂ ŵ

þ 2ð1 − v̂Þð1þ v̂ ŵÞ lnð1 − ŵÞ
1 − v̂ ŵ

þ ð1 − v̂Þð2þ 3v̂þ 5v̂ ŵÞ ln ŵ
1 − v̂ ŵ

þ ð1 − v̂Þ lnð1 − v̂þ v̂ ŵÞ

þ 2ð1 − v̂Þ lnð1 − v̂ ŵÞ − ð1 − v̂Þ2
v̂

; ðA2Þ

a3 ¼ 0; ðA3Þ

a4 ¼
2ð1 − v̂Þð1 − v̂2Þ lnð1 − v̂Þ

v̂ð1 − v̂ ŵÞ −
ð1 − v̂2Þ lnð1 − v̂þ v̂ ŵÞ

v̂
−
2ð1 − v̂2Þ lnð1 − v̂ ŵÞ

v̂

−
4ð1 − v̂Þð1þ v̂2Þ ln v̂

v̂ð1 − v̂ ŵÞ −
ð1 − v̂Þð3þ 5v̂2Þ ln ŵ

v̂ð1 − v̂ ŵÞ ; ðA4Þ

b1 ¼ −
ð1þ v̂2Þ

v̂

�
ln
1 − v̂
v̂

−
3

4

�
ln

�
ŝ
μ2

�
−
ð27þ 2π2Þð1þ v̂2Þ

12v̂
−
ð1þ v̂2Þln2ð1 − v̂Þ

2v̂

þ ð1þ v̂2Þln2v̂
2v̂

þ 3ð1þ v̂2Þ lnð1 − v̂Þ
2v̂

−
3ð1þ v̂2Þ ln v̂

4v̂
; ðA5Þ

b2 ¼
ð1 − v̂Þ3ð1þ v̂2Þ

v̂ð1 − v̂ ŵÞ3 ln

�
ŝ
μ2

�
þ ð1 − v̂Þ3ð1þ v̂2Þ

4v̂ð1 − v̂ ŵÞ3 ð3 − 4 ln v̂Þ; ðA6Þ

b3 ¼
ð1 − v̂Þ3ð1þ v̂2Þ

v̂ð1 − v̂ ŵÞ3 ; ðA7Þ

b4 ¼ ð1 − v̂Þ
�
1

2
−

1þ v̂
2ð1 − v̂ ŵÞ þ

1 − v̂þ v̂2

ð1 − v̂ ŵÞ2 þ
ð1 − v̂Þv̂2
ð1 − v̂ ŵÞ3
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�
ŝ
μ2
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þ ð1 − v̂Þ
��

1

2
−

1þ v̂
2ð1 − v̂ ŵÞ þ
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ð1 − v̂Þv̂2
ð1 − v̂ ŵÞ3

�
ln ðð1 − ŵÞv̂Þ

þ 3

4
−

3ð3 − v̂Þ
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1þ 8v̂ − 3v̂2
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4ð1 − v̂ ŵÞ3

�
; ðA8Þ

c1 ¼
ð1þ v̂2Þð3þ 2 ln v̂Þ

2v̂
ln

�
ŝ
μ2

�
þ ð1þ v̂2Þð3þ 2 ln v̂Þ
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c2 ¼
2ð1 − v̂Þð1þ v̂2Þ
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